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The experimental confirmation of neutrino mass and mixing disagrees with the picture of the Standard
Model, and thus provides a good motivation to look for unknown physics. A seesaw variant in which
neutrino masses are radiatively generated, with neutrinos characterized by Majorana fields and where a set
of three hypothetical neutral heavy leptons are present, has been considered in the present work. We have
calculated, estimated, and analyzed the contributions from virtual light and heavy neutrinos to the gauge
vertex WWZ, in the context of a future electron-positron collider. We have found that contributions to both
CP-even and CP-odd anomalous couplings are generated. Our estimations indicate that contributions as
large as 1073 can be achieved in both cases. This is particularly interesting for the CP-odd effects, which
are expected to appear in the framework of the Standard Model since the three-loop order, thus being quite
suppressed. By considering the expected sensitivity of the International Linear Collider to this gauge
vertex, we conclude that these new-physics effects would be within its reach for e*e™ collisions taking

place at a center-of-mass energy of 800 GeV.
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I. INTRODUCTION

The evidence confirming neutrino oscillations, first
achieved by experimental collaborations at the Super-
Kamiokande experiment [1] and at the Sudbury Neutrino
Observatory [2], showed that the neutrino sector of the
Standard Model [3-5] (SM) does not provide an accurate
description of nature and thus is required to be extended.
Massiveness of neutrinos, entailed by the phenomenon of
neutrino oscillations [6], might be introduced by assuming
neutrinos to be characterized by Dirac fields [7] and
then endowing them with masses just the way it is done
with all other fermions in the Yukawa sector of the SM.
However, aiming at a more sort of natural definition of
neutrino masses, in the sense of explaining their conspicuous
tininess, alternative mechanisms have to be searched for.
A well-known neutrino-mass generating mechanism is the
seesaw [8—10], which propounds that neutrinos, assumed
to be described by Majorana fermion fields [11], have
such small masses due to some high-energy scale, A,
associated to a yet-unknown physical description, beyond
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the Standard Model. The Weinberg operator [12], an effec-
tive Lagrangian term [13] with units (mass)®> and which
introduces violation of lepton number, generates, driven by
the Brout—Englert-Higgs mechanism [14,15], Majorana-

mass terms for neutrinos, with masses given by m,, Nsz
where v = 246 GeV is the SM Higgs vacuum expectation
value. This mass profile matches the one emerged from the
seesaw mechanism, which, in addition, comes along with a
set of heavy-neutral leptons, dubbed “heavy neutrinos,” with
masses ny, ~ A. In this context, current upper bounds on
neutrino mass [16—18], lying within the sub-eV regime, push
the energy scale A towards enormous values, thus yielding
huge heavy neutrino masses. Therefore, direct production of
heavy neutrinos or measurement of their quantum effects on
SM observables do not seem to be achievable. So, while from
a purely theoretical viewpoint, the seesaw explanation is
quite appealing, it comes along with a practical drawback:
the very large size of the high-energy scale A avoids any
possibility of measuring the new physics (NP) through
current and future experimental facilities, perhaps even in
the long term. Pursuing a seesawlike neutrino-mass origin in
which heavy neutrinos bear masses with a more reasonable
size, seesaw variants have been conceived.! The inverse

1 . .
For a review on seesaw variants, see Ref. [19] and references
therein.
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seesaw [20-22] and the linear seesaw [23,24] neutrino-mass-
generating mechanisms are well-known instances. Among
the available seesaw-type mechanisms, we have considered
the model given in Ref. [25] as the framework for the present
investigation. The author of this reference introduced, in the
context of the seesaw mechanism, a condition to render all
tree-level light neutrino mass-terms zero, while keeping
masses of heavy neutrinos untouched. This breaks the
seesaw-type link among heavy and light neutrino masses,
which allows for quite smaller masses for the heavy neutral
leptons. Then, masses of light neutrinos are rather generated
by radiative corrections, which defines a new connection of
neutrino masses, namely, in order for light neutrinos to have
adequate tiny masses, the set of heavy neutrino masses has to
be quasidegenerate.

In accordance with the technique of Feynman diagrams
[26], physics beyond the SM might yield modifications on
low-energy observables through diagrams in which virtual
lines associated with heavy dynamic variables from some
NP description participate. This is the case of the triple
gauge vertex WWZ, which is parametrized by a vertex
function

T =T 4 T3, g

where I'Z00" is associated with CP-conserving effects,

whereas Fj’,gﬂ characterizes physics not preserving CP
symmetry. If the W-boson external lines are taken on shell,
while assuming that the external Z boson is off shell, the
CP-even and CP-odd terms, I'®" and I'%% are respec-
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tively given by~ [27-29]
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in accordance with the conventions of Fig. 1. In this
equation, g, = ecotfy, where Oy, is the weak mixing
angle and e denotes the electric charge of a positron. In the
SM, g; = 1 at the tree level, whereas all other form factors

*A brief discussion on the effective-Lagrangian origin of both

vertex functions I'S%" and I'0% is provided in Appendix A.
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FIG. 1. Conventions for the WWZ vertex, as first posed in
Ref. [27]. Throughout the present paper, the external Z boson is
assumed to be off shell, whereas the external W bosons are taken
on shell.

Wi (P—9q)

AQ, Ak, fi, AR, AQ, f,, and f, vanish, so they are
commonly referred to by “anomalous couplings” (AC).
The one-loop SM contributions to Ax, AQ, A&, and AQ
have been already calculated [30,31], from which
CP-conserving contributions of orders Akgy ~ 1073 and
AQgy ~ 107* have been estimated. On the other hand,
CP-violating contributions from the SM are absent at the
one-loop level, though their emergence at the level of three
loops is expected [32,33].

Our interest, in the present investigation, focuses on
the NP contributions from virtual Majorana neutrinos to
WWZ, produced at one loop, for which we consider both
light and heavy neutrinos, in the framework defined by the
model of Ref. [25]. The associated NP contributions to
the AC Ak, AQ, Ak, and AQ, characterizing this gauge
vertex, are computed, estimated, and analyzed. While both
CP-conserving contributions, AQ and Ak, are generated,
the CP-odd AQ is found to vanish, so the only nonzero
CP-violating contribution turns out to be AX. Anticipating
the presumable presence of ultraviolet divergences, we
utilize the dimensional-regularization method [34,35]. At
the end of the day, we arrive at the conclusion that all the
generated contributions to AQ, Ax, and AR are ultraviolet
finite. Feynman rules for Dirac fields differ from those
for Majorana fermions [36,37]. In particular, given some
physical process, the Majorana framework usually involves
a larger number of contributing diagrams than the Dirac
case. In the present work, the set of Feynman diagrams
contributing via virtual Majorana fermions includes
(1) those diagrams which would contribute to the same
process if such fermions were assumed to be of Dirac type,
and (2) a set of extra diagrams to be taken into account.
We call the extra diagrams, characteristic of Majorana
fermions, “Majorana-type diagrams,” whereas those which
occur in both the Dirac and Majorana cases are referred
to as “Dirac-type diagrams.” We find that the contribu-
tions from Majorana-type diagrams exactly match those of
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Dirac-type diagrams. Our numerical analysis of the WWZ
vertex is carried out in the context of some future electron-
positron colliding facility, such as the highly anticipated
International Linear Collider (ILC) [38,39]. We consider
the process eTe™ — WTW~, which receives contributions
from an s-channel diagram involving a virtual Z-boson
line. Therefore, our calculation is performed under the
assumption that the external Z-boson line is off the mass
shell, in which case, in accordance with the notation

defined by Fig. 1, the WWZ vertex function I'yV* depends

on the squared 4-momentum (2g)?. Moreover, the center-
of-mass energy (CME), /s, of the corresponding e*e™
collision relates to this momentum as s = 4¢>, so all
contributions to AC are CME dependent. The present
investigation aims at the calculation of such off shell
contributions, as well as its analysis and estimation, in
the light of the expected ILC sensitivity [39]. Our estima-
tions indicate that CP-preserving contributions Ax as large
as ~1073 can be generated for an electron-positron collision
at a CME of 800 GeV, thus falling into the sensitivity region
expected for the ILC. On the other hand, the only nonzero
CP-odd contribution, A&, also reaches ~1073, which lies
about one order of magnitude out of the reach of ILC
expected sensitivity.

The rest of the paper has been organized in the following
manner: our analytical calculation of the one-loop contri-
butions from Majorana neutrinos to WWZ, carried out in
accordance with the theoretical framework provided in
Appendixes A and B, is discussed in Sec. II; then, an
estimation of contributions is performed in Sec. III, where a
discussion on our results is developed as well; and, finally,
we present a summary in Sec. IV.

II. VIRTUAL MAJORANA NEUTRINOS
CONTRIBUTION TO WWZ AT ONE LOOP

The main purpose of this section is the description and
discussion of our calculation of the contributions from
the neutrino model of Ref. [25] to the WWZ vertex
function. Details on the neutrino-mass model, relevant to
this calculation, have been comprehensively discussed
in Refs. [25,40,41], so this information is briefly addressed
in Appendix B.

Since the WWZ vertex is assumed to be a contributing
piece of an s-channel diagram for ee™ — WTW~, the
Z-boson external line is taken off shell, whereas both
external W-boson lines are considered to be on the mass
shell. As the calculation is carried out at the one-loop level,
the contributions come exclusively from fermion loops, in
which case all virtual lines are associated with fermion
fields. Therefore, even though the vertex is off shell, no
issues associated with gauge dependence arise. While the
vertices WWZ and WWy share some features, they have
important differences. For starters, from the viewpoint of
the Feynman-diagram technique, a difference emerges,

namely, fermion-loop contributions to WWZ come
along with extra contributing diagrams, with respect to
those contributing to WWy, which is due to the nonzero
coupling Zvv, not occurring in the electromagnetic case.
Nonetheless, the main discrepancy is, perhaps, the require-
ment of U(1), gauge invariance, which imposes restric-
tions on the occurrence of WWy couplings, but which is
inoffensive to WWZ. If the Z-boson field Z, is replaced by
the photon field A, in Egs. (A1) and (A2), electromagnetic
gauge invariance forbids the generation of couplings g, and
§1, which, in contraposition, can be present in the case of
WWZ. From the perspective of the SU(2), ® U(1),-
invariant effective Lagrangian, which extends the electro-
weak SM [42-44], such couplings are generated by
Lagrangian terms with mass units > (mass)® [45], thus
being subjected to a high-energy scale suppression A™",
with n > 2. So, due to electromagnetic gauge symmetry,
the WWy vertex function emerged from such a Lagrangian
fulfills the Ward identity [46], whereas the WWZ vertex
function is not required to abide by it. Note, however, that
invariance under Becchi-Rouet-Stora-Tyutin transforma-
tions [47-49], a local symmetry which remains at the
quantum level after the gauge has been necessarily fixed,’
induces Slavnov-Taylor identities [51-53], which relate
Green’s functions. In this context, the WWZ vertex
function is expected participate in some alike relation.
Slavnov-Taylor identities have an intricate structure, as
compared to Ward identities, and include ghost-field
contributions. In this respect, we find it worth mentioning
that the Background Field Method [54-57], an unconven-
tional quantization method aimed at the preservation of
gauge invariance at the quantum level, and the Pinch
Technique [58-60], a diagrammatic method meant to get
well-behaved, gauge invariant, and gauge independent
Green’s functions, have been found to yield simple
Ward-like identities for the WWZ vertex function [61,62].

A main difference among the Dirac and the Majorana
descriptions of fermions is that in the case of Majorana
fields the relation w° =y, with w° = Cy' the charge-
conjugated field of y and C the charge-conjugation matrix,
holds. This equation, known as the Majorana condition, can
be fulfilled only if y is electrically neutral. The so-far
observed electromagnetic neutrality of the neutrinos [63]
and the relatively recent confirmation, supported by neu-
trino oscillations, that neutrinos are massive, has fed the
interest in the possibility that neutrinos are Majorana
fermions [11], unlike the rest of the SM fermion particles,
which abide by the Dirac description [7]. Whether the
description of neutrinos is correctly achieved by Dirac or
Majorana fields is a question whose answer incarnates a
main objective in neutrino physics. The most representative

3For a review on the Becchi-Rouet-Stora-Tyutin symmetry at
both the classical and quantum levels, in the context of the field-
antifield formalism, see Ref. [50].
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physical process in which to look for Majorana neutrinos is
the neutrinoless double beta decay, whose observation
would be evidence of the Majorana nature of the neutrinos.
A plethora of experimental collaborations have been work-
ing for several years, looking for a measurement of this
physical process [64-69], which, however, has never
been observed [70], thus indicating that, even if neutrinos
turn out to be associated with Majorana fields, the neu-
trinoless double beta decay is quite rare in nature.
Alternative means to determine the Dirac or Majorana
nature of neutrinos exist, such as the one given in Ref. [71].
Further differences among these approaches emerge
at different levels. For instance, the Pontecorvo—-Maki—
Nakagawa—Sakata (PMNS) neutrino mixing matrix [72,73],
here denoted by U,, has either one complex phase, if
neutrinos are Dirac-like, or three complex phases, when
Majorana neutrinos are assumed. The electromagnetic prop-
erties of the neutrinos crucially depend on whether they are
Dirac or Majorana fermions [74]. While all diagonal electro-
magnetic moments of Dirac neutrinos are allowed, Majorana
neutrinos do not have either diagonal magnetic moment or
diagonal electric dipole moment, though their transition
moments can be nonzero. It is well known that the sets of
Feynman rules corresponding to each of such frameworks
also differ from each other [36,37]. In general, the Majorana
description comes along with more flexibility, thus usually
allowing for a larger number of Feynman diagrams contrib-
uting to some given physical process, in comparison with the
Dirac case. This turns out to be the case of the phenomeno-
logical calculation executed for the present investigation. A
relevant observation, regarding the Lgg), tree-level coupling
of the Z boson to neutrinos, is opportune: from Eq. (B21), we
express the neutral-currents Lagrangian for such couplings as

‘CZUI/ = Z?:] Z?:l ‘Cannja Wlth

EZ,W/_ = —iZ”n_kF’,zjnj. (4)
Here, n; denotes a neutrino field, either light or heavy, where
ny =vy, Nnyp=>", n3=VUrs, n4=N1, n5:N2, and
ng = N3. On the other hand, I'} ; is a 4 x 4 matrix, defined
in the space generated by the Dirac gammas, which,
according to Eq. (B21), depends on the 6 x 6 matrix C,
given in Ref. [25] and discussed in Appendix B. If neutrinos
were assumed to be Dirac fermions, the only Feynman rule
for Zngn; would be

Z,lt

= Fll:j‘ (5)

n; Ny

However, since the neutrinos considered for the present work
are of Majorana type, an extra Feynman rule for Znyn; is to
be considered [36]:

Z/l

L 0T ~—
=T =0T C" (6)

n; ny

where FtlkT is the transpose matrix of F’;k and C is the

aforementioned charge-conjugation matrix. While fermion
number flow in Feynman diagrams featuring Majorana
fermions does not apply, the authors of Ref. [36] advise
about the use of some fermion flow to set an orientation for
fermion chains. The fermion flow in Egs. (5) and (6) has been
indicated by the arrows located off the neutrino lines, so
establishing a distinction among these vertices.

The WWZ vertex-function contribution which we aimed
to calculate comprises three sorts of contributing diagrams,
which we gather into three terms. The vertex function,

W%, is then expressed as
WWZ _ 1l / h
Lo ™ = Topu + Topu + Dopu- (7)
3 5 3 : : lin nnl
with the partial amplitude contributions I'zj,, I'77,, and

It given by

6
ln __ I
Fapu - Z Z

k=1 «

6 6
Topn =202

k=1j=1 «

h

h
WH+M%— W,7+'JJJJ\‘\’\‘\’W7

o

rz:;:ﬁ:ii( 'On v aOn ) (10

k=1 j=1

Regarding Eq. (9), it shows two types of triangle diagrams,
differing of each other solely by their vertices Znyn , as the
corresponding fermion flows point in opposite directions.
The first of them is a Dirac-type diagram, that is, the only
Feynman diagram which one would have to consider if
the neutrinos were described by Dirac fields. The second
diagram is a Majorana-type diagram, which does not occur
in the Dirac case, but whose presence is allowed as long
as Majorana fermions are assumed, and which has to be
summed together with the Dirac-type diagram. It turns
out that the properties of the charge-conjugation matrix C
and the Hermiticity of the 6 x 6 matrix C, defined in
Appendix B, conspire to yield

035025-4
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Ny — n; I , ( 1 1)

Wi “ W Wk 73

so the analytical expressions of the Majorana-type diagrams
and their alike Dirac-type diagrams turn out to coincide.
Something similar happens with the contributing diagrams
displayed in Eq. (10), where the first diagram is of Dirac type,
whereas the second one is of Majorana type. These diagrams
include a virtual Higgs-boson line, labeled by /. The Dirac-
type diagram involves two fermion-flow arrows, with each of
them corresponding to one of the two vertices, Znyn; and
hnjny, comprised by the fermion loop. The direction of any
of these fermion flows continues the direction of the other.
This is in contrast with the second diagram shown in this
equation, as the fermion flows of the vertices Zn;n; and
hnjn; pointin opposite directions. This can be understood in
two manners: (1) the vertex Znn; is of Majorana type, thus
corresponding to what is shown in Eq. (6), while hnyn; is left
as a Dirac-type vertex; or (2) the vertex hn;ny is the one to be
inserted as a Majorana-type vertex, but Znn; is kept Dirac
type. Just as it happened with the contributing diagrams in

It we find that the relation

h vh
e g

among Dirac-type and Majorana-type diagrams is fulfilled.
Finally, we find it worth commenting that none of the
diagrams in Egs. (9) and (10) have analogues in the context
of the gauge vertex WWy, as the electromagnetic field does
not couple at tree level neither to neutrinos nor to the

Higgs field.
Whenever a loop calculation is performed, ultra-
violet divergences might come about, thus calling for a
|

B (27[)4—D

By(p1, m, mi) =

Co(p}. (p1 — p2)*. p3. mb.m},m3) =

regularization method and a renormalization scheme.
The superficial degree of divergence of the diagrams
contributing to '/, and 'l exhibited in Eqs. (8) and
(9), is 1, which means that the advent of linear divergences
from these contributions can be anticipated. Moreover, the
diagrams of Eq. (10), constituting the Fﬁ,’,‘,ﬁ‘ contribution, are
expected to produce ultraviolet divergences growing as
large as quadratically, since their superficial degree of
divergence is 2. We utilize the method of dimensional
regularization [34,35], in which the dimension of spacetime
is assumed to be D # 4. Then, by analytic continuation, the
complex quantity ¢ = 4 — D is defined, with ¢ — 0. As part
of the implementation of dimensional regularization, we

carry out the change [ é:[’)z = y4D f(‘ziz)ku
momentum integrals associated to loops in diagrams. Here,
ur is the renormalization scale, which has units of mass so
that the factor y% 2 leaves the units of the loop integrals the
same as they were in four dimensions. To handle the
amplitudes given by the contributing diagrams, we follow
the Passarino—Veltman tensor reduction method [75,76],
which we carry out by usage of the software packages
FeynCale [77-79] and Package-X [80], implemented in
Mathematica, by Wolfram. After full implementation of
the Passarino—Veltman method, all the AC form-factor
contributions, displayed in Egs. (2) and (3), are found to
be functions on a variety of masses: masses of neutrinos my,,

both light and heavy; charged-lepton masses m,; and the
mass of the W boson, my. Provided the vertex WWZ
has been calculated with the external Z boson taken off
shell, the analytic expressions of the contributions also
depend on the squared momentum of the corresponding
external line. Recall that we have denoted s = (2¢)?, in
accordance with the conventions set in Fig. 1. This mass
and s dependence also determines Passarino—Veltman
scalar functions [81] in terms of which the analytic
expressions are given once the tensor reduction method
has been executed. In particular, these NP contributions
depend on 1-point, 2-point, and 3-point scalar functions,
defined as [75,81]

to all the four-

/dekz_lmg, (13)

D 1
= | P (4
: (15)
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Aiming at the general structure of the WWZ vertex
function, given in Eqs. (2) and (3), we split the NP
contribution I'V'# into CP-even and CP-odd terms. The
contributions to the CP-invariant AC AQ and Ak are found
to be ultraviolet finite, and the same goes for f. The only
ultraviolet divergence which remains lies in g;, which is
expected, as this coupling has a tree-level counterpart, so it
can be renormalized. With respect to the CP-violating
contributions, care has to be taken when calculating them,
since the implementation of dimensional regularization in
the presence of the chirality matrix, y5, may yield spurious
contributions [82]. For instance, in the case of amplitudes
involving external photon lines, apparent violations of
Ward identities can be generated, thus misleadingly in-
dicating the presence of anomalies [83—85] in anomaly-free
theoretical frameworks. Of course, note that an issue
so delicate does not occur in the present calculation, in
which fulfillment of Ward identities is not a requirement.
In practice, the main issue lies in Dirac-matrix traces
tr{y*y*y*yPys}, of four gamma matrices and the chirality
matrix. Such traces are inconsistently set to 0 in D
dimensions in the so-called “naive dimensional regulari-
zation” scheme, where {y*,ys} =0, for all 4y =0,1,2,
3,4,...,D —1, is assumed. Another approach is the ’t
Hooft—Veltman one [35], in which {y#,ys} = 0 for u = 0,
1,2,3,and [y,y*] =0 for y = 4,5, ..., D — 1. This allows
for tr{y*y*y*"ys} to be nonzero, though fake-anomaly
terms might be generated in this way. Variants of the ’t
Hooft—Veltman procedure are available [86—89]. To tackle
the issue of the Dirac-matrix traces in D dimensions, we
have left the traces tr{y*y*y*y’ys} unsolved during the
computation in D spacetime dimensions. After processing
the analytical contributions, we have verified that all the
coefficients of such Dirac traces are finite in the ultraviolet
sense, and, after that, we have evaluated such traces in four
spacetime dimensions. It is worth commenting that the
algebraic procedure lead to an exact cancellation of the
CP-odd contribution AQ, which happens as we describe
next. Among the whole set of terms involving traces
tr{y*y*y*yPys}, we notice that the CP-odd anomaly
AQ can only get contributions from the combination
igZ(Wleupaﬁpaqﬁqa + W2€p6a/3paqﬂpy)’ with w1 and wo
given in terms of masses and s. With the aid of Schouten
identities [90], we write this sum as

4A0
Wleupa/ipaqﬂQU + W2€/1(m/3paqﬂpﬂ = m2 qpe(ma/}paqﬂ
W
R (]6)
m2, (2w, —wy)

where the contribution AQ = 7} has been identi-
fied. The relation w; = 2w, tuns out to hold, thus implying
the vanishing of the AQ AC. A similar cancellation of an
NP contribution from Majorana neutrinos to AQ, at the
one-loop level, was reported in Ref. [91]. Regarding the

remaining nonzero CP-odd terms of the WWZ vertex, that
is, AR, f,, and f, in Eq. (3), we arrived at the conclusion
that all of them are free of ultraviolet divergences.

From now on, our discussion is entirely focused in the
NP contributions Ak, AQ, and AX. Let us comment that
the vertex-function term Fﬁ;‘f}, Eq. (10), does not generate
contributions to these ACs. In contraposition, the terms
[l and T2, given by Eqgs. (8) and (9), are the ones
which completely define the NP contributions of interest.
They can be generically written as

6
AC = kzz; za: |Bak‘2AC((xlk)

6 6
+ DY BubBy (Al + CuALG).  (17)

j=1 k=1 «a
where { = k, Q, k. Moreover, Acffxlk), AZ_,‘E,%, and A(,“(% are
functions of masses my, My s M, and on the squared
external Z-boson momentum s. The first term in this
equation, which involves the factors A(jl(;k), comes from

I'" | whereas the second term, in which AC((IZ,Q]. and Ag“{%

appear, is generated by FZ,’,‘,’,. Let us remark that AQSC)J. =0,
so AQ, by contrast with the other AC contributions, lacks
terms proportional to C, ;- We find that the neutrino-indices

symmetry property AC(% = ACE;}L, where a =2, 3, is

fulfilled in the case of the CP-even contributions. Notice
that the AC(@ factors are complex-valued quantities. To
grasp this assertion, take into account that the diagrams
contributing to Fff[’}”, Eq. (8), include a vertex which
connects the external Z-boson line to a couple of
charged-lepton lines. Since the relation 4m2 < s, among
the squared momentum of the virtual Z-boson line and the
mass of any SM charged lepton, must hold for the W-boson
pair production to be allowed, the corresponding amplitude
is complex valued. Moreover, as far as the contributing
diagrams comprising Fﬁl',’fl, Eq. (9), are concerned, the same
line of reasoning applies when the virtual-neutrino lines,
which are connected to the external Z-boson line, corre-

spond to light neutrinos.

III. ESTIMATION OF CONTRIBUTIONS
TO AC AND DISCUSSION

Now we perform an estimation of the contributions
whose analytic calculation we discussed throughout the
previous section. The estimation and analysis of CP-even
and CP-odd AC are addressed in separate subsections.

In Appendix B, the matrices B and C, on whose
entries the NP contributions Ak, AQ, and Ak depend,
are defined and discussed. Notice that these matrices
introduce several parameters. With the sole purpose of

035025-6
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achieving an estimation of contributions, we take a prag-
matic approach by writing the matrix £, used in Eq. (B23)
to parametrize the unitary diagonalization matrix U/, as

where p is a number, both real and positive. We think of p as
being equal to the modulus of the largest entry of &.
Therefore X is a3 x 3 sized complex matrix with the largest
modulus among all its entries being 1. The investigations
developed in Refs. [40] and [41], centered on contributions
from Majorana neutrinos to WWy and ZZZ, have profited
from this procedure to get estimations and then analyze the
contributions from the neutrino-mass model of Ref. [25].
Implementation of Eq. (18) in Egs. (B24) and (B25) yields
the expressions

B= (V{13 +p*XX")2  VOHX(15 + p2XTX)2), (19)
|

C12€13

_ 5
Up = | —s1pc3 — Ci253513€"

5
S12823 — C12€2383€"P

This matrix, which depends on the mixing angles 6,, 6,3,
and 03, is given in terms of sines s;; = sin €, and cosines
¢cji = cos 0. It also includes the parameter 6p, known as
the “Dirac phase.” For our numerical estimations, we
consider the following values for the Up mixing angles:
53, =0.307 £ 0.013, s3; = 0.546 + 0.0021, and s3; =
0.0220 £ 0.0007. These are the best values provided by
the Particle Data Group [63] (PDG), based on measure-
ments from diverse experimental collaborations. For 6;,, a
measurement by Super-Kamiokande Collaboration, re-
ported in Ref. [92], was taken by the PDG. Furthermore,
the PDG 6,5 value comes from measurements by T2K [93],
Minos+ [94], NOvA [95], IceCube [96], and Super-
Kamiokande [97]. Concerning the 6,3 mixing angle, the
PDG considered measurements reported by Double Chooz
[98], RENO [99,100], and Daya Bay [101,102]. For the
Dirac phase we use 6p = —7, which has been favored by
T2K Collaboration [93,103].

While the measurement of neutrino oscillations has led
to the conclusion that light neutrinos are massive, as
opposed to what is assumed in the SM, this phenomenon
does not provide information on the absolute neutrino-
mass scale. Cosmological observations have yielded a
stringent limit on the sum of light neutrino masses, namely,
> m, <0.12eV, at 95% CL [17,18]. Recently, KATRIN

Collaboration announced the achievement of an upper limit
on the effective electron antineutrino mass, defined by

2(eff) 2.9 .
my, = 3;|(U,),;[*m;, [16], from which the upper
bound 0.8 eV, at 90% CL, on neutrino mass was

(13 4+ p>xX7)~!

_( p(15 4+ p2xxH X )
-\ pXi(1; + p2xx7)! '

PPXT(15 + p2XXT) 71X
(20)

Then, our estimations are carried out by considering the
matrix texture

X =e.1;. (21)

Moreover, we take V/ = U,. The PMNS matrix U, is
written, in the case of Majorana neutrinos, as U, = UpUy,
with Uy = diag(1, e”1, '), where ¢, and ¢, are the
so-called Majorana phases, which are exclusive of the
Majorana-neutrinos framework. Let us comment that our
estimations are independent of the Majorana phases. The
matrix factor Up, on the other hand, is conventionally
parametrized as

_‘5
S12513 s13€7'%P
is
C12€23 — S12823813€"P $23€13 . (22)
i5,
—C12823 — §12€23813€°°  €23Cq3

|

established. Remarkably, this limit does not rely on any
cosmological assumption and it applies independently of
whether neutrinos are Majorana or Dirac fermions. By
virtue of the smallness of light neutrino masses, and for the
sake of practicality, for our estimations we take them all to
be the same, so m,, = m, for all j = 1, 2, 3. The neutrino-
mass model under consideration for the present investiga-
tion, given in Ref. [25], established that a quasidegenerate
heavy neutrino mass spectrum is imperious in order to get
light neutrino masses consistent with current upper bounds.
With this in mind, we set all the heavy neutrino masses to
be equal to each other,4 that is, m N, = My, forall j =1, 2,
3. With respect to the heavy neutrino mass my we use for
our estimations, we refer the reader to Ref. [104], where a
study, performed by CMS Collaboration, on the mass of
heavy neutral leptons and its relation with their mixing to
light neutrinos is discussed. That work presents a couple
of remarkable graphs which show, independently of
models, exclusion regions in the planes (|B,y|?, my) and
(IB,y|*.my), in accordance with LHC data. We have
profited from such graphs, using them to select the values
p = 0.58, 0.65, and also to determine that these choices are
consistent with the constraint 700 GeV < my, on heavy
neutrino mass. We take this minimum heavy neutrino mass

*While the near-degenerate heavy neutrino spectrum is im-
posed by the neutrino model [25], we have verified that assuming
mass nondegeneracy does not produce sizable deviations from
our estimations.
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value as a reference for our forthcoming estimations. A
more detailed discussion on these choices for the p
parameter is presented below. As we show later, the
X-matrix texture, given in Eq. (21), and the p parameter,
taken to abide by the CMS constraints of Ref. [104],
provide an estimation of the WWZ contribution, consistent
with experimental data. Bear in mind, however, that other
possibilities exist. The Hermitian matrix n = 1 £ has been
customarily used to characterize nonunitary effects in
light neutrino mixing [105]. Since B, = U,(15 — ) and
By = pU,(15 —n)X, nonunitary effects are, according
to Eq. (17), involved in the NP contributions to WWZ
discussed through the present paper. Moreover, since
n=3p*XX", constraints on 7 can be used to impose
restrictions on p. For instance, detailed analyses on non-
unitary effects were carried out in Refs. [106,107], where
global fits lead to stringent constraints on the matrix 7,
with upper bounds on the moduli of the entries of this
matrix ranging within ~10~7 to 1073, These limits would
set severe restrictions on the p parameter, therefore yielding
an extra suppression on the AC contributions, which we
estimate to amount to about two orders of magnitude.
Nonetheless, keep in mind that the implementation of these
bounds would require further assumptions on the structure
of the matrices mp, and my; (see Appendix B), associated
with the presence of an underlying lepton-number sym-
metry, only slightly violated.

The WWZ vertex can be probed by hadron colliders.
Based on the Tevatron accelerator, the DO detector was
utilized to set an upper bound of order 10~! on Ak and also
an upper limit on AQ, of order 1072, with both constraints
given at 95% CL, which was reported in Ref. [108], were
DO Collaboration considered WW, WZ, and Wy production
from proton-antiproton collisions taking place at a CME of
1.96 TeV. ATLAS and CMS Collaborations, at the Large
Hadron Collider, have also explored this gauge vertex. In
Refs. [109,110], these collaborations reported upper limits
of order 1072, at 95% CL, on both Ax and AQ, by
analyzing WW and WZ production from proton-proton
collisions at a CME of 8 TeV. An ulterior analysis of Wy
production from proton-proton collisions at a CME of
13 TeV was recently performed by CMS Collaboration,
which established a constraint of order 10~ on the AQ
analogue that corresponds to the vertex WWy [111].
Experimental works on the AC of the WWZ and WWy
gauge vertices often assume that AQ, of the WWZ vertex,
coincides with such an analogue, thus implying a direct
translation of the aforementioned upper limit into an
improved upper bound on the WWZ-vertex form factor
AQ. Keep in mind, however, that, as pointed out in
Ref. [45], such an assumption makes sense as a good
approximation as long as the scale of NP lies beyond 3 TeV.
This gauge vertex can also be studied by means of electron-
positron colliders, which offer a cleaner environment, in
comparison with hadron colliders. Whenever the energy

TABLE I. Absolute values of expected ILC upper bounds on
the CP-conserving ACs Ak and AQ, and the CP-violating ACs
A% and AQ, as estimated in Ref. [39].

Coupling /s =500 GeV Vs = 800 GeV
|AKILC| 320 X 10_4 190 X 10_4
|AQy | 1.34x 1073 6.00 x 10~
| ARy c| 533 x 1072 5.77 x 1072
|AQyc| 1.5x 1073 6.00 x 104

threshold 2myy, is surpassed by the CME of some electron-
positron collider, such a machine shall be able to produce
W-boson pairs from the process ee™ — WTW~, which
receives contributions, through s-channel diagrams medi-
ated by a virtual Z boson, from the WWZ vertex. The Large
Electron-Positron (LEP) collider, which terminated oper-
ations in 2000 for its installations to become part of the
Large Hadron Collider, used to be a circular electron-
positron accelerator endowed with four detectors: ALEPH,
DELPHI, L3, and OPAL. The LEP accelerator started
colliding eTe™ pairs at a CME of ~91 GeV, then being
upgraded to eventually reach the threshold for W-boson
pair production, finally reaching its maximum energy at
209 GeV. In 2013, the collaborations which worked at the
four LEP detectors put together data of WW production
from eTe™ collisions at CMEs ranging from 130 GeV to
209 GeV, and then performed a high-precision analysis of
ACs, from which bounds of order 1072 on both Ak and AQ
were established [112]. DELPHI Collaboration used data
taken at different ete~ CMESs, ranging from 189 to
209 GeV, to set constraints on the CP-odd ACs Ak and
AQ of order 1072, at best [113]. Future electron-positron
colliders are in plans, among which the ILC has called for
attention for years. The ILC Technical Design Report [39]
has presented estimations and analyses on the expected
sensitivity of this devise, then arriving at the conclusion that
the ILC will be able to set upper bounds on Ax and AQ of
order 10™* from W-pair production at CMEs of /s =
500 GeV and /s = 800 GeV. That reference also esti-
mated upper bounds on the CP-violating factors Ak and
AQ, from collisions at CMEs of 500 and 800 GeV,
asseverating that the former quantity would be bounded
up to order 1072, whereas the latter is expected to be
constrained up to order 107, Since we utilize the upper
bounds of Ref. [39] for our estimations, we display the
absolute values of their numbers in Table I. Another in-
plans lepton accelerator is the Circular Electron-Positron
Collider, which aims at reaching bounds of order 10~* on
both Ax and AQ [114].

A. CP-even contributions

Now we estimate and discuss the contributions from
Majorana neutrinos, within the neutrino model of Ref. [25],

035025-8



ONE-LOOP CONTRIBUTIONS TO WWZ FROM A SEESAW ...

PHYS. REV. D 110, 035025 (2024)

to the anomalies Ax and AQ, both of them associated to
CP-preserving NP. The one-loop contributions from the SM
to WWZ were addressed long ago in Ref. [30], where a
calculation of this vertex, together with WWy, was executed,
resulting in ACs given as functions on the CME, with the
masses of the Higgs boson and the top quark, not yet
measured at the time, left as further parameters. Shortly
after, this calculation was revisited in Ref. [31], where the
authors pointed out that the SM contributions bear gauge
dependence, thus calling for a more careful treatment. A
remarkable calculation by the authors of this reference,
who followed the pinch technique [58-60], yielded results
both well behaved and gauge independent. Contributions
from the SM to these anomalies are Akgy ~ 10~ and
AQqy ~107* [30,31]. It is worth commenting that
CP-odd contributions Akgy and AQgy, from the SM, have
been found to be absent at one loop. Of course, loop effects,
and thus ACs, can also be generated by NP beyond the
SM. For instance, in Ref. [115] the contributions from the
minimal supersymmetric Standard Model were considered.
In Ref. [116], a calculation of contributions from bileptons,
emerged in the NP framework of the 331 model [117,118], to
WWZ were calculated and estimated. The conclusion of the
authors was that contributions as large as those from the SM
are attainable as long as these bileptons are relatively light. A
follow-up of that work, Ref. [119], considered a variant of the
331 model, which features right-handed neutrinos, and
performed the calculation of the WWZ vertex. Models of
universal extra dimensions [120] have also been utilized to
study WWZ. References [121,122] reported calculations of
contributions to Ax and AQ from the five-dimensional Yang-
Mills theory and from the whole SM defined in five
spacetime dimensions, achieving contributions of around
two orders of magnitude below those from the SM. The
Georgi—-Machacek model [123] was considered in Ref. [124]
to calculate WWZ at one loop, from which estimations of Ak
and AQ were achieved.

As we mentioned above, the Ax and AQ anomaly con-
tributions are complex valued, so we execute our estimations
by rather considering the moduli | Ax| and |AQ|. With respect
to the coefficients AZ(@), which comprise Eq. (17), note that
their neutrino indices run over the six neutrinos. Taking this
into account, we can split these factors into

m
AL, if k=1,2,3,
AL =1 (23)
AgaNj’ if k= 4, 5, 6,
A, ifk=1,23 andi=12,3,
ALY\ i k=1,23, andi = 4,5.6,
M=% (24)
AC&?’@,W if k=4,5,6, andi =1,2,3,

ACE,‘}v)jN,, if k=4,5,6, andi =4,5,6,

where v, v, =v,15,v3 and N, N;= N;,N,,N;.
Moreover, a = 2, 3 in Eq. (24). Now we wish to point
out that, for any fixed a = 1,2, 3 and { = «, Q, these AZ@
factors differ of each other only by their dependence on

both the charged-lepton masses m, and the neutrino masses
©)

eUsN, and

my, and my.. For instance, the coefficients Ax

AKS\ZZM share the same structure in the sense that the
implementation of the changes m, — m,, my, — m,, and
my, = my, on the former yields the latter, that is,
®3)

are taking ml,jev;Nllﬂ,, and my, = my, for all j =1, 2, 3,
the complete sets of 78 different Ax(® factors and 42
coefficients AQ(?), for any fixed lepton flavor @, reduce to a
set of ten quantities in the case { = k and a set of only 6 for
= 0: AL, AL, AL, AL, ALY, and ACL), with

a = 2, 3. Recall that Aé‘flz,g]. and ACS(?]. are symmetric with

3 . .
AK( ) Ak Since, as we explained above, we
TN, N3

respect to their neutrino indices, thus meaning that
ALY = AZY) holds. Using Eqs. (18)~(21), together with
the consideration of quasidegenerate neutrino-mass spec-
tra for light neutrinos and heavy neutrinos, we express the
CP-preserving anomalies as

1
Ak = Z <l s (AKE,},) +,52AK(<11A),)
2 3
m (AKéuL + Ang)v)
,54
(1+7p)

A2
Ak, cos<2¢>AKEi>N>), (25)

+

+ (AKSI\)/N + AKS)S\;N)
2p

+—
(14707

1 (1), a0 )
A — PG A av A 7A avv
0 gj(lﬂ)z( Q' + P*A0u0) + 72 A0

2p? e
m AQm/N . (26)

4

+ (lf—ﬁz)zAQﬁN +
Explicit expressions for the coefficients AZ(@) are provided
in Appendix C. Among these two NP contributions, the
only remaining dependence on the complex phase ¢,
introduced by the matrix texture displayed in Eq. (21),
resides in Ak. The presence of this phase results from
the interplay of the B- and C-matrix factors in

B, BinCiy o €72 which accompanies each AK&?N con-
tribution. This is in contrast with the factors B, B}\C,y.

associated with AK&?N and in which the ¢ dependence

vanishes. Since AQ lacks AQfs,)]\, contributing factors, any

possible dependence on ¢ is absent. We have found that the

contributions from AKS/)N are indeed much smaller than
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|Ak| CP-even
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FIG. 2. One-loop AC contribution |Ax| from Majorana neutrinos
inthe (my, p) plane, plotted in base-10 logarithmic scale. The solid
curve represents the boundary for the region situated in the upper-
right sector of the graph, where the NP |Ak| contribution could be
sensed by ILC [39]. Points (my, ), representing upper bounds for
p and corresponding lower bounds for m, have been included, in
accordance with the CMS analysis of Ref. [104].

those from the dominant terms, by about ten orders of
magnitude, which means that the variation introduced by
the ¢-dependence is not relevant in practice.

Now we further discuss our aforementioned choice of
values for the parameter p, for which we refer the reader to
the graph shown in Fig. 2, where the CP-even contribution
|Ak|, at a fixed CME of /s = 800 GeV, has been plotted
in the (my,p) plane. The p parameter has been taken to
range within the interval 0 < p < 1, which corresponds to
the vertical axis of this graph. On the other hand, values
within 0 GeV < my < 1000 GeV, along the horizontal
axis, have been considered for the heavy neutrino mass
my. Darker tones in the graph represent smaller contribu-
tions, whereas the lighter the color tone the larger the
contribution. Aiming at better appreciating the orders of
magnitude within which this NP contribution ranges for the
different values of (my, p), the |Ax| contribution has been
plotted in base-10 logarithmic scale. The sizes of the
contributions are specified by the labeling bar located
beneath the graph. Lying in the upper-right section of
the graph, a bounded region is displayed. It represents
the set of (my,p) values which yield |Ax| contributions
falling into expected ILC sensitivity [39]. Within this

ILC-sensitivity region, a few points have been plotted,
which correspond to upper limits for p and lower bounds
for my, in accordance with the exclusion regions provided
by the CMS Collaboration in Ref. [104]. Thus, the region
between these points and the boundary for ILC sensitivity
comprehends the whole set of points producing |Ax]|
contributions consistent with both the CMS work and
ILC expectations. Recall that the values p = 0.58, 0.65
have been taken for our estimations and analyses. The
points associated with these values have been plotted in
the graph, from which one can appreciate that the corre-
sponding lower limits for the heavy neutrino mass are
my = 650 GeV and my = 700 GeV, respectively. We
notice that both values p = 0.58, 0.65 are well suited for
/s =800 GeV, because a subset of the corresponding
allowed heavy neutrino masses yields some of the largest
contributions to the AC |Ax].

Another depiction of the contributions |Ak| is provided
by Fig. 3. The upper panel of this figure displays plots of
|Ak| as a function on the heavy neutrino mass, for which

|Ak| CP-even
Logso{|Akl}
: my(GeV)
-3.0 200 400 600 . 800 1000 1200 1400
-3.5
-4.0
-45
-5.0 — /=058, V‘T,sooeev ————— p=0.65, \/‘?7500(39\/
------- p=0.58, \/::sooccv mmm---s- (=065 \/::aoooov
|Ak| CP-even for p=0.65
LogyoflAkl}
1000 \'s (Gev)

] 200 400 600 800

-3.2

........ mN =700GeV s === my=1200GeV

— mn=1000GeV

FIG. 3. One-loop AC contribution |Ax|, in base-10 logarithmic
scale, from virtual Majorana neutrinos. Upper graph: log,o{|Ax|}
as a function on the heavy neutrino mass my, for fixed /s and p.
Lower graph: log,o{| A«|} as a function on the CME /s, for fixed
my and p = 0.65. Both graphs include two horizontal lines,
with the upper one corresponding to expected ILC sensitivity at
/s =500 GeV and the lower one representing ILC sensitivity
at /s = 800 GeV.
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my values lying within 10 GeV < my < 1500 GeV have
been considered. These curves have also been carried out in
base-10 logarithmic scale. Two regions in the graph, which
are bounded from below by horizontal solid lines corre-
sponding to |Ak| = 3.20 x 107* and |Ax| = 1.90 x 1074,
represent the expected experimental sensitivity of ILC at
500 GeV (darkest region) and 800 GeV (lightest region),
respectively, as estimated in Ref. [39]. A vertical dashed
line, at my = 700 GeV, displays the minimum heavy
neutrino mass value, in accordance with our picks for
the parameter p and the results of Ref. [104]. Four curves
have been plotted, with each of them corresponding to
the choices p = 0.58, 0.65 and /s = 500, 800 GeV, in
the parameter space (P, /s). Around my = 700 GeV, the
long-dashed and the solid plots, both of them defined at the
CME value /s = 500 GeV, barely fall into the expected
sensitivity region of ILC corresponding to such a CME.
The curves given by /s = 800 GeV, which are the dot-
dashed and the dotted curves, fall within the ILC sen-
sitivity capabilities for the heavy neutrino mass range
700 GeV < my < 1200 GeV. In fact, both curves reach
corresponding local maxima inside the ILC-sensitivity
region at /s = 800 GeV, near the heavy neutrino mass
value my = 800 GeV. Therefore, the observation of
this effect would be plausible. The lower panel of Fig. 3
shows the behavior of |Ax]|, in base-10 logarithmic scale,
as a function on the CME /s, within the range 0 <
/s <1000 GeV. To carry out these plots, the value p =
0.65 has been utilized. Furthermore, the three plots dis-
played in this graph are distinguished by the following
heavy neutrino mass values: my = 700 GeV, from which
the dotted curve follows; my = 1000 GeV, yielding the
solid plot; and the dot-dashed curve, given by my =
1200 GeV. Just as in the previous graph, the sensitivity
regions for ILC at /s = 500 GeV and /s = 800 GeV,
respectively bounded from below by the upper horizontal
line and the lower horizontal line, have been included. This
graph involves three vertical lines, one of which lies at
\/s = 2my,, thus representing the threshold for W-boson
pair production. The other two vertical lines correspond to
the CMEs /s = 500 GeV and /s = 800 GeV. It can be
appreciated, from this graph, that ILC sensitivity is slightly
reached at /s = 500 GeV by the plot corresponding to
my = 700 GeV, whereas a measurement at a CME of
/s = 800 GeV is more likely to be attainable, since the
three plots reside within the ILC sensitivity region. Indeed
notice, in this context, that the lowest allowed heavy
neutrino mass my = 700 GeV would be optimal in hope
for a signal. The anomaly Ak receives contributions due to
both light and heavy virtual neutrinos, which is illustrated
by Fig. 4, where we show a graph of log;o{|Ak|}, as a
function on the heavy neutrino mass m,, in GeV units, with
10 GeV < my <1500 GeV. The horizontal solid line,
which bounds the colored region from below, represents
the expected sensitivity achievable by ILC at a CME of

|Ak| CP-even for p=0.65
Logso{lAkl}

my(GeV)

200 400 600 | 800 1000 1200 1400

571

;
-6
1

Light & Heavy

FIG. 4. One-loop AC contribution | Ak, in base-10 logarithmic
scale, from Feynman diagrams involving either light neutrinos
(dotted curve), heavy neutrinos (dot-dashed curve), or both (solid
curve). The contribution log,{|Ax|} is displayed as a function on
the heavy neutrino mass my, for \/s = 800 GeV and p = 0.65.
The graph includes a horizontal line, which corresponds to
expected ILC sensitivity at 1/s = 800 GeV.

800 GeV, whereas the vertical dashed line indicates the
minimum my value, at 700 GeV. Three plots have been
included in this graph, all of them carried out by taking
p=0.65 and a CME of /s =800 GeV. For starters,
the horizontal short-dashed line represents the contribu-
tions exclusively associated to virtual light neutrinos.
Meanwhile, the dot-dashed curve depicts the contribu-
tions produced by diagrams solely involving heavy
neutrino virtual lines. The third and last plot, which is
solid, comes from contributing diagrams in which both
heavy and light virtual neutrinos participate, through
Zv;N vertices. With this in mind, note that, among these
three contributions, the dominant effect, for most of the
heavy neutrino mass values within the my range under
consideration, is produced by the diagrams comprising
heavy and light neutrino virtual lines. Such a contribution
turns out to be larger than the smallest contribution,
corresponding to virtual light neutrinos, by up to ~2
orders of magnitude, while being not so far from the
contributions from diagrams with heavy neutrinos only.
Therefore, an observation of this effect should be under-
stood as linked to NP heavy neutrinos.

Aiming at discussing the NP CP-preserving AQ contri-
bution, we have carried out the graph shown in Fig. 5, in
which curves of |AQ], as determined by the heavy neutrino
mass my, have been executed, in base-10 logarithmic scale.
The mass range which we considered is 10 GeV <
my < 1500 GeV, with the vertical dotted line, at my =
700 GeV, displaying the minimum allowed mass of heavy
neutrino. All these curves, performed by usage of /s =
500, 800 GeV and p = 0.58, 0.65, are well beyond the reach
of the estimated sensitivity for ILC, by about one order of
magnitude, so the corresponding ILC sensitivity regions
have not been included in the graph.
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FIG.5. One-loop AC contribution |[AQ|, in base-10 logarithmic

scale, from virtual Majorana neutrinos. We show log,o{|AQ|} as
a function on the heavy neutrino mass my, for fixed /s and p.

B. CP-odd contributions

Next we address those contributions from Majorana
neutrinos to WWZ in which CP symmetry is not preserved,
where only A& remains. The identification and exploration
of sources of CP violation is nowadays quite relevant
indeed, since its occurrence is a necessary condition to
explain the matter-antimatter asymmetry [125]. The only
place in the SM where this phenomenon is generated is the
complex phase in the Kobayashi—-Maskawa mixing matrix
[126], located in the quark sector. In this sense, the CP
violation is a well-motivated means to look for NP, beyond
the SM. While the SM has been found to lack CP-odd
ACs Aigy and AQgy, at the one-loop level, NP models
producing such effects exist. An instance of this is the
investigation developed in Ref. [127], whose authors
profited from a CP-violation phase lying within mass
matrices for neutralinos and charginos, which yields

|

P2

Jakj = (16zmy scy )?

+ Zm%,s(m?, - m%v)(Aga’m

9 (—Zm%vs(mg —m)(m

CP-violating interactions of the W and Z bosons with
supersymmetric particles. According to that work, CP-odd
contributions to WWZ anomalous couplings as large as
1073 might be generated. On the other hand, Ref. [128] has
pointed out that the assumption of NP extra quarks, in the
context of the vectorlike quark model, introduces new
sources of CP nonconservation, thus being able to generate
CP-odd contributions to WWZ anomalies of order 107,
The authors of Ref. [91] explored the CP-odd contributions
to WWZ from Majorana neutrinos in a framework defined
by the sequential introduction, to the SM, of a fourth lepton
family. Contributions were found to be ~10~3. Technicolor
theories were the framework considered by the authors of
Ref. [129] to explore BSM contributions to the CP-odd part
of the WWZ vertex.

Following the structure of the general expression given

in Eq. (17), we identify a coefficient Afcgk) which is both
mass and s independent, and we change its notation as

Az?((fk) — Q. Furthermore, we found that A’?((i),‘ = Gui; + J,
where 7 also does not depend either on masses or on s.
The expressions of Q and j are

2ig?

ig®(2sy — 1)
(167cy)?

Q =
(87cw)?

J = (27)

Regarding the contributing coefficient g, ;, we find it worth
poninting out that it is antisymmetric with respect to
its neutrino indices: Jor; = —Jqjk- About the remaining
©)

akj’
holds as well. The explicit expressions

of the factors g, and Afc(ﬁ)j

contribution A&

~(3 ~(3
8 = -85

an alike antisymmetry property,

are

2 2 )C("jﬂ’”k)

ng mnj 0

_ Ag{l.nj)) _ Zm%VS(m%‘ _ m}%j)Agnk,nj)

2 2
(0= ) (=8 = 0, = ) o (25 4 = i, = o (22 )

un

"y,
+ m}, log (m2k> ((m3, — mﬁ/_)2 —s(mj + m,%/)) - 2my,s(m}, — m%f)), (28)
~(3) ig*m M, 2 (2 2\ e NCED (a.n;)
AKotkj = s(16nmwcw)2 _ZmW(mnk - mn_,)CO =+ 2mW(Al - Al )
e g
- (g =, = tog (2 ) (o= = g (22 ). 29)
my, mnj

The definitions of C.7“"™, A7) and AV, all of them involved in these two equations, are provided in Appendix C.

Once the degenerate spectra for light- and heavy neutrino masses are implemented, the factors A&k

3)

(3) .-
o ) Az

Spllt intO Al’%auy, avuN >
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A/?GA),D, and ARS\), v» Whereas, similarly, g ; unfolds into G, Gaun»> Jany> and Guny- However, the antisymmetry properties of

a

these quantities imply that the coefficients Ai?((i)y, Afc((f]\), N> Jaww» a0d Jgvy vanish. Meanwhile, the relations Al?{(i)N = —AI?S\),D
and G,y = —Jan, are fulfilled. A further cancellation eliminates all the dependence on §,,y, so all what is left from Afcr(lzk)j

contributions resides in j , thus being mass independent. With all this in mind, we write down the total C P-odd contribution

as AK = AKgop + AKpyr, Where

AReon = 3(Q+ 7). (30)

ARy = PPr{ (1 + PXXT)H(X (15 + PXTX*) 7 XT — Hee) (1, + p2XXT)2US ARG U (31)

with &%) a diagonal 3 x 3 matrix with entries (1?32)0,/, =

5aﬂf<£)N. The term AX,,, is, according to Eq. (27), constant

with respect to all masses and s. Moreover, A&, does not
depend on p. By contrast, the term Ak, bears dependence
on these parameters, which is partly encoded in the matrix
AI?S\;, and also depends on the parameters defining the
matrix X. If we implement the X-matrix texture given in

Eq. (21), the total contribution A& reduces to

Notice that the presence of a nonzero phase ¢ is a necessary
condition for the mass- and s-dependent term A&, to
remain. This term has, however, a marginal impact, as it is
smaller than the constant term AkX.,, by more than ten
orders of magnitude. Such a noticeable difference comes
from the contributing factors A:%S)N which are quite
suppressed. Therefore, the CP-odd AC is, in practical
terms, constant: AKX & AK..,. With this in mind, we simply
estimate the CP-odd contribution to be

|AR| = 1.19 x 1073, (33)

Recall that the ILC Technical Design Report has set the
expectations on the ILC sensitivity to CP-odd AC. The
corresponding estimations are displayed in Table I, from
which we conclude that, while a relatively large CP-odd
contribution Ak is generated, it would remain out of ILC
sensitivity.

IV. SUMMARY

The present work has been carried out aiming at an
estimation of effects on the WWZ vertex from neutrinos
beyond the Standard Model, assumed to be described
by Majorana fields. While the seesaw neutrino-mass-
generating mechanism provides a nice explanation of tiny
neutrino masses, which in this approach are determined by
some high-energy scale connecting such masses with the
large masses of a set of hypothetical heavy neutral leptons,
current upper bounds on light neutrino masses, which lie in

[

the sub-eV range, dramatically push the high-energy scale
towards grand-unification sized energy scales, thus avoid-
ing direct production of new-physics particles and also
largely suppressing contributions to Standard Model
observables. For the present investigation, we have con-
sidered a variant of the seesaw mechanism in which the
strong link defined, in the framework of the ordinary
seesaw, among light- and heavy neutrino masses is weak-
ened by leaving the light neutrinos massless at the tree
level, then endowing them with radiatively generated
masses. This path allows for reasonably large values of
heavy neutrino masses. In this context, we addressed the
one-loop contributions to the WWZ vertex from virtual
Majorana neutrinos, both light and heavy, running through
loop lines in Feynman diagrams. Since no new-physics
contributing one-loop diagrams with virtual gauge-boson
lines are induced by this model, the calculation is gauge
independent, even though the vertex has been calculated by
taking the Z-boson external line to be off the mass shell.
The reason for the assumed off shellness of the vertex is
that our study is carried out in the context of some future
electron-positron collider, perhaps the International Linear
Collider, able to produce W-boson pairs, a process which
receives contributions from an s-channel diagram involving
the WWZ coupling, sensitive to the center-of-mass energy
of the collision. In the presence of Majorana neutrinos, a
larger number of contributing diagrams, in comparison to
what we would expect from the Dirac case, is generated.
These extra contributions were found to coincide with those
characterizing the Dirac case. The calculation was per-
formed by following the tensor-reduction method, by
Passarino and Veltman. We focused in the anomaly con-
tributions Ak, AQ, Ak, and AQ, of which the first two are
associated to new physics preserving CP symmetry,
whereas the remaining two are linked to CP violation, a
phenomenon which plays a role in the explanation of
baryon asymmetry. After appropriate implementation of
Schouten identities, we concluded that, at one loop, the
CP-odd contribution AQ vanishes exactly, while A&
remained nonzero. All the nonvanishing contributions were
found to be ultraviolet finite. The neutrino-mass model
used for our phenomenological calculation requires the set
of heavy neutrino masses to be quasidegenerate, so we took
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all of such masses to coincide with each other. Then, our
analytical expressions were given in terms of three param-
eters, namely, the mass of the heavy neutrinos, the center-
of-mass energy of the collision, and a parameter, p, linked
to light-heavy neutrino mixing. Based on previous papers
on the matter, we considered the values p = 0.58, 0.65 for
our estimations. Note that such choices establish a lower
limit ~700 GeV, on the heavy neutrino mass, in accor-
dance with results by CMS Collaboration, at the CERN.
Our estimations for the CP-even anomalies Ax and AQ
were then presented and discussed. Since AQ turned out to
be well below the expected sensitivity of the International
Linear Collider, we centered our attention in Ax. We found
that this new-physics contribution might be within future
experimental sensitivity for an e™e™ collider operating at a
CME of 800 GeV, and that any measurement would be due
to the effects from virtual heavy neutrinos. Contributions
as large as ~1073 were estimated. Then we turned our
attention to the CP-odd contribution Ak, which is absent
in the SM, where it can be generated only since the three-
loop level. Our estimations yield a contribution which
amounts to ~1073. This contribution lies around one
order of magnitude beyond expected sensitivity for the
International Linear Collider. For the sake of completeness,
we also report the following estimations for other ACs,
present in the WWZ vertex function given by Egs. (2)
and (3): |fi| =7.68x1073, |fi| =1.69x10713, and
|f2| = 1.16 x 1078, These values have been determined
by taking /s = 800 GeV, my = 700 GeV, and p = 0.65.
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APPENDIX A: THE WWZ PARAMETRIZATION

Under the assumption of U(1), invariance, the WWZ

e

: : WwzZ _ even
effective Lagrangian LWWZ = £oven, 4 £ is con-
structed. Here, Ly, comprlsed exclusively by CP-

invariant terms, and £9%,,, not abiding by symmetry

with respect to such a discrete transformation, have the
following explicit expressions [45,130]:

Lywz = —igz <91 (Wi W+ — W, W)z

A
+ KWW, 2" + oy Wi, W=,z
w

— (g€ Z (WS, W, — W;ale)), (A1)

. A .
LSz = —igz <1”<le WyzZl 4 — 5 W, W, 2%
w

— i WiW; ("2 + 6”2”)). (A2)

For these equations to be written down, the Lorentz two-
tensors W, = d,W, —o,W;, W,, = 9,W; —9,W,, and
Z,, = 0,Z,—0d,Z, have been defined. These expressions
also involve the dual tensor Z* = %e”””’/’Zaﬁ. The effective-
Lagrangian terms of Eqgs. (Al) and (A2) yield, in accor-
dance with the conventions displayed in Fig. 1, the vertex
function W4 = Tgen + 959, given by Eqs. (2) and (3),
which are displayed above, in the Introduction. For the
connection among the effective-Lagrangian terms and
the vertex functions to consistently happen, the relations
Ak =—g; +k+ 4, AQ=-21 ¢ = —fl, AR =Kk +

m2 _2q2 ~ ~ ~
oA, AQ = —24, 2g; = f1,and f, = must hold.
w

APPENDIX B: THE NEUTRINO MODEL

Throughout the present appendix, we discuss the
neutrino-mass model given in Ref. [25], which is the
framework for our phenomenological calculation.

Assume that a theory beyond the Standard Model (BSM)
is subjected to a couple of stages of spontaneous symmetry
breaking, first at some high-energy scale A and then at
v = 246 GeV, after which the corresponding Lagrangian,
gauge invariant under U(1),, is written as
[’?nass + EWul + ‘CZW + [’hw +

EBSM = (B 1)

The neutrino-mass Lagrangian, £, given by

33
1 ——
Eﬁmss = ZZ ViL mD ]kl/kR+2 jR(mM)ij(lz.R)

=1 k=1

+ H.c., (B2)

comprises three left-handed neutrino fields ”?, ; and three
right-handed neutrino fields 1/9 - together with the charge-
conjugated spinor fields u . The 3 x 3 lepton-number-
violating matrix my; is assumed to originate from the
symmetry breaking at A, whereas the Dirac-like matrix mp,
3 x 3-sized, is assumed to come from electroweak sym-
metry breaking. Then, £, is rearranged as

Lo = =5 e FOM( 1) 41e (B

R

(fr); =10, and

where  (f.); = V?,U (FL); = V?,CR’
(Fg); = y?’R. Moreover,
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M= (,: ) (B4)

Since my; is symmetric, the property MT = M holds,
which guarantees the existence of a diagonalization unitary

matrix [131]
u, u
U — ( 11 12>’
Uy Unxn

here written in terms of 3 x 3 block matrices U ;. In this
context, the diagonalization operates as

M, 0
UT MU = ( )
0 My

(BS)

(B6)

where M, and My are 3 x 3 diagonal real matrices, whose
eigenvalues are, respectively, the three-level light- and
heavy neutrino masses. The diagonalization procedure
induces a change of basis, which defines three massless
neutrino fields v; and three heavy neutrino fields N;, all of
them fulfilling the Majorana condition. In Ref. [25], the
conditions (MZ/I)J-k =0, for j=1, 2, 3, 4, 5, 6, are
introduced as sufficient and necessary for the kth light
neutrino to be massless at tree level. In this manner, the
mass terms for light neutrinos are eliminated from LY,
though keep in mind that such assumptions do not mess
with heavy neutrino masses, which remain nonzero at tree
level. By this mean, the tie originally defined by the seesaw
mechanism to link the masses of light neutrinos to the
masses of their heavy counterparts has been broken.
Light neutrinos, known to be massive in accordance
with the occurrence of neutrino oscillations, do get mas-
sive, but their masses follow from radiative corrections.
Reference [25] provides a calculation of one-loop masses
of light neutrinos, from which a remarkable statement is
made: a new link between light- and heavy neutrino masses
is established, according to which the former are tiny
enough as long as the heavy neutrino mass spectrum is
quasidegenerate.

From the block-matrix form of the unitary diagonaliza-
tion matrix U, as given in Eq. (BS), the following quantities
are defined:

3
Uw, Z Vak Tl kj» (B7)
k=1
3
Bav, = VaU)s (B8)
k=1

Here, a = e, u, 7, that is, this Greek index labels the flavors
of the SM leptons. The 3 x 3 matrix V* is analogous to the
Kobayashi-Maskawa quark-mixing matrix [126], but for

the lepton sector. The set of quantities B, and B,y , just

defined in Eqs. (B7) and (BS), respectively define the 3 x 3
matrices B, and By, which can be accommodated as matrix
blocks into the 3 x 6 matrix

B = (B, By). (B9)

The entries of B are generically denoted as B,;, in which
case the relations

Bazxvvif j=1,2,3,
B, :{ ot

- (B10)
BaNk’lf] = 47 57 67

with Vp =UV1,Up,l3 and Nk = Nl’ N2, N3, hold. The matrix
B satisfies a sort of one-sided unitarity property:

6

BB =15, > BBy =68, (Bll)
j=1

B'B=C. or > ByBu=Cy (Bl2)

a=eu,t

In these equations, 15 has been used to denote the 3 x 3
identity matrix. Furthermore, the quantities Cj; are the
entries of a 6 x 6 Hermitian matrix C, which we express in
terms of 3 x 3 matrix blocks as

CIJU CIJ
C= < N )
CN!/ CNN

The entries of C are related to those of these matrix blocks as

(B13)

Cyypr  if j=1,2,3andk =1,2,3,
Con,» if j=1,2,3andk = 4,5,6,
Cy,, if j=4,56andk =1,2,3,
Cyy, if j=4,56andk =4,5,6,

wherev;,v; = vy, vy, v3and N;, N, = N, N,, N3. Moreover,
the entries of the matrix blocks are defined, in terms of the
unitary diagonalization matrix given in Eq. (BS), as

3

yvl Z Z/{11 Z/{11 jb» (BlS)
j=1

Z/N] Z(ull Jji 12 jb (B16)
3

Crw = Y Un) Uiy (B17)
=1
3

Cyn, = Z(UIZ)ji(uT2)jl' (B18)

J=1
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The matrix C fulfills

6
CCt=C. or Y CiCi=Cy.
i=1

Returning to the Lagrangian Lggy, as expressed in
Eq. (B1), the explicit expressions of the Lagrangian terms
Ly, Lz,,, and L, read

(B19)

'CWL/I Z Z BaujW;EprLUj
a=eut j= 1
+ By WyT"PN;) + He., (B20)
3 3 g
‘CZW = Z Z 4— (Zpy—kyp(lctlj,?v Cv,‘v }/5)
=1 j=1 W
+ (2,0 (iCy, — Ciiy,rs)N; + Hee.)
+Z,Ny (lcNkN CNkN s)N;), (B21)

3 3
g _
‘Chw = kZ]: Zm(}wk«muk + mb_,-)ctl}kev,-
— s

(my, —m, )C5, v+ hvg((my, +my )CRSy
—iys(m, —my, )Cykzv )N+ AN ((my, + mNj)CEJiNj
(

—iys(my, —my )Ciy )N;). (B22)
In these equations, ¢ is the SU(2), coupling constant, cyy is
a short notation for cos Oy, and P, = 1 (1, — y5) is the left
chiral projection matrix. Moreover, W, denotes the SM
W-boson field, whereas Z, does it for the SM Z-boson
field, & is the Higgs field, and /, stands for the SM a-flavor
charged lepton. To write down these couplings, the matrix C
has been expressed as C = CR¢ + iC!™, with CR¢ = Re{C}
and C'™ = Im{C}, which also applies for the matrix blocks
comprising C, shown in Eq. (B13).

The 6 x 6 unitary matrix U/, which diagonalizes the
mass matrix M as displayed in Eq. (B6), can be block-
parametrized, in terms of some 3 x 3 complex matrix &, as
[132,133]

_ ( (1 + £7€7)

* T*—%
| £ (15 + £7¢) ) 23)
—E (13 + & &)

(15 + &Te)

Using this parametrization, the matrices 3 and C, respectively
given in Egs. (B9) and (B13), can be written in terms of &:

B=V/(13+&")72) (Ve +E8)72,  (B24)
! !
_< (1; + &€7) (13+553 §>' (B25)
E(15 + &N £ (15 + &)

If the assumption that the moduli of all the £ entries, |£ |, are
small is taken, the matrix £ reduces to

E=mpmy . (B26)

Moreover, while due to the aforeimposed condition for tree-
level light neutrino mass cancellation we have M, = 0, the
diagonal heavy neutrino mass matrix is given by My =~

myi(1s +3my (E'mp + mpE*)) [25].

APPENDIX C: THE A¢@ FACTORS

In this appendix we provide explicit expressions of
factors A((?), which determine the anomaly CP-even
contributions Ax and AQ, in accordance with Egs. (25)
and (26). Note that all light neutrino masses have been
taken to be equal to each other, so my, =m, forj=1,2,3,
whereas, similarly, all the masses of heavy neutrinos have
been taken the same, that is, my, = my for j=1,2,3.In
this context, we generically label light- and heavy-neutrinos
stuff by the sole index n, thus meaning that, for instance,
m, = m,, my. Corresponding to any contribution A%
ALB) we have, for any fixed lepton flavor a, three different
factors: Agm, AZ“ . and A2 Keep in mind that AZ's),

and AZ_,’ v share the same structure, only differing in their
neutrino-mass dependence, which is given by either m, or

avN 4

my. Among the three factors, on the other hand, AC&LZV is
the one with the most general structure, which indeed
particularizes to that of AC((;%, or ACS;;N if we take
my = m,. Also let us comment that the explicit expressions
of Aé’fjx\,, for both Ax and AQ, are very large, so we opted
for not showing them. Instead, we considered it more
reasonable to solely display the definitions of A{ ((,32,,. These
expressions involve the Passarino—Veltman three-point
scalar function C, defined in Eq. (15), as well as the disc
function [80]

A(p*,mg,m?)
p2

2m0m1

X log<
=p*+mg+mi —\/A(p*. mg.mj

A(p?,mg,m7) =

)+ie>, (C1)

with A(a, b, ¢) = a® + b*> + ¢? the Killen function. For the
sake of succinctness, we use the following notation:

A.B
AP = A(my, m3, m3), (C2)
AW = A(s,m2 m3), (C3)
M = Colmy, miy, s.mi, my.mZ).  (C4)

Then, we write down the A (@) factors as
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W _ 9 (0 0 (1) A ) 2 o
Axal =15 (m.a 75y log (m) i A A02), — % (Gg ) 6 Jog (:11 > 1o Alen)
1 a 1 a.n,a
o ), . A+ o2 o), ©
2 m
2 g 2 2 a,n
A2 — o0 (;7(]3( + égm log (m > + '75.3,1/\5 ) where
D) = 3(8zcy)?(4m3, — s)3 (C10)
2 n 2 n,a,n w w P
A ). (c6)
D?) = 3(16zsmycw)?(4my, — )3, (C11)
2 m2
¢ _ 9 (3) (3) A (an)
Ak = DB <’71 an og< ”> + DB) = (16xmycy)?(4my, — s)s, (C12)
3 n,a,n
+ ng,(inA( ") + 7]4 gmc(() )> ’ (C7) D(l) _ 3(4ﬂcW)2(4m%V - S)SS (C13)
253 — 1 '
800 = Z (0 o g (M) 4 p0) plan) -2 2 (2 — )3
an E(U O1.an 2,an g mn 03.an DV = 3(87TCW) (s(4mW - S)) . (C14)
+64(11(3m A( @ 4 ginc(“”")) (c8)  Furthermore, the coefficients 7@ and 6@, in terms of
' which these contributions have been written, are given by
|
nfin = — (253 — 1)(4m3, — 5)(8mS, + 3smY, + 10sm2m?3, + (24m?%, — s)m — 2((24m3, — s)m?

2
o
iy
+ m¥, (16m3, + s))m% + m}(24m3, — s)),

1
r]gl_in == (253, — 1)(144m}, — 10sm?%, + s*)mS + (6m3, (—8(8s3%, — 5)mjy
i

+ 5(5 = 1853 )m3, + s2s%,) — 3(2s3, — 1)m2(144m3, — 10sm?, + 52))ms + 3(32(s% — 1)m,
+25(30s%, — 11)m$, — 25253, m3, + (253, — V)my(144m3, — 10sm3, + s%) + m2(16(8s%, — 5)m$,
+ 45(22s5% — 9)my, — s2m%))m2 — (25%, — 1)((144m3, — 10sm3, + s2)mS + 3sm?%,(26m3, + s)mi
+ 3(16m¥, + 6sm$, + 5s2mt,)m2 + sm$,(26m3, + 5))),
2
1
Mot = = (=253 = 1) (144mly — 10smfy + 52)m, + (96(sy — 1)y
4
+ 85(1653, — 5)mt, + s2(1 — 853, )m¥, + 2(2s% — 1)m2(144m}, — 10sm3, + s%))m2
— (253, — 1)((144m3, — 10sm3, + s2)ms + 4m3, (12m3, + 8sm3, + s2)m?2 + sm}, (26m3, + 5))),

) = =2(6(25% — 1)(8m2, + 3s)m + (32(s3, + 1)m, + 4s(13 — 3853 )m3, + 65753,
—12(25% — 1)m2(8m3, + 3s))m2 + (253 — 1)(6(8m3, + 3s)myy + 3(16m3, + dsm?, + 3s2)m>
+ sm3, (26m3%, + 5))),

) = 6(2(25% — 1)(8m3, + 3s)m§ + (16miy + (22 — 6053, )m3, + 5% — 6(2s3, — 1)m2(8m%, + 35))m
+ (=325%,m%, + 25(26s3, — 9)my, + 52 (4s% — 3)mPy, + 6(2s%, — )m}(8m3, + 3s) + ma(—16m7,
+4s(18s%, — T)m3, + s2(12s3, = 7)))m2 — (253, — 1)(2(8m3, + 3s)mS + 6s(m?, + s)m}

+ (=16m$, + 18smy, + 53 )m2 + 2smf, (m3%, + 5))),
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’l(ﬁfin = 8s2(4m%v - s)(m§(24m%, —5) +2m2(m3(s — 24m%v) + Sm%vs)
+ (m2 — m3,)(m2(24m3, — s) — 8mj, — 3mb;s)), (C20)
2
qg()m ey (2s2(mS(144mY, — 10m3ys + s2) + mg(3m?,s(26m3, + s) — 3m2(144m, — 10mf,s + 5%))
w
+ 3mZ(mt(144m$, — 10m3%,s + %) — m2m?,(80my, + 36m?%,s + s%) + 16mS, + 6mS,s + Smi,s?)
— mS(144m3, — 10m3,s + s2) + 30mpmy, (8m3, + s) — 6m2(16m%, + 11mS,s) + m$,s(26m3, +5))),  (C21)

ngn = 8s2(mi(144m}, — 10m?%,s + %) + m2(4m3, (12m3, + 8m3ys + s2) — 2m2(144m3, — 10m3,s + s2))
+ mi(144m3, — 10m3ys + s2) + m2(=96m$, — 40m3,s + m3ys?) + mi,s(26m3, + s)), (C22)

nfzm = —8m3, s> (6my(8m3, + 3s) + m2(—12m%(8m3, + 3s) + 48m, + 12m?%,s + 9s2) + 6m3 (8m3, + 3s)
— 4m?(8mf, + 13m3%,s) + m3,s(26m3, + s)), (C23)

s = =243 (2 (8 + 35) = G (i (8mfy + 35) = s(mfy =+ 5)) + mi (G} (8l + 35)
—m2(16m}, + 28m3,s + 7s2) — 16mS, + 18miys + s°) — (m2 — m3,) (2m(8m3, + 3s)

—mas(16m3, + s) 4+ 2my,s(m3, + 5))), (C24)
Ny = A s(m2 =+ i), (C25)
B — _8m2md,s (C26)
’12.an nf"two
B _g. 2 2
n3.an - 8manS’ (C27)
Ny = mEmiys (m2 = m2 + m3,), (C28)

6(12”1 = (4m?, — 5)(2(6m3, + s)mpy — 4((6m3, + s)m>2 + 2m¥, (m3, + s))m2 + s>m?,

+ 12(m3, — mimy)? + 2s(m}y + 8mym3 — mi,)), (C29)
1
Ot = - ((2mfy = 3(m2 = Sm2)miy & 6m3 (m,, = my)(m, + my)my + (m2 = m3)?)s?
W
+ 2m3, (5m$, — 6(2m?2 + 3m2)my, + 3(5my — 12mim2 + Tml)m3, — 8(m2 — m2)3)s
= 12miy ((my = mg)* = mz)((my + mg)* = my)(=my; + miy, + mg)), (C30)
ag,) (24((m2 — m2)? — m3,)m}, + 4s(Smf, + (5m2 — 13m2)m3,
+ 8(mg — my)?)miy, — 257 (=2miy + (mg — Smy)miy, + (mg — m;)?)), (C31)

623”1 =2m3,(6(2m3, — 3s)mf + (—8m3, + 20sm3, + 35 + m2(36s — 24m3,))m>
+12(m3, — mimy)? — s2(9m2 + 2m3,) — 2s(9my — 6m3,m2 + 5mt,)), (C32)
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+2(=2m$, + sm}, — 2s*m3, + my(6m3, — 9s) + m2(—4dmy, + 2sm3, — 4s2))m2 + 4m3,(m}, — m?)?
+ s°m2 + 252 (3mi} — mym2 + myy,) + 2s(3mS — 6mi,my + 5Smy,m2 —2mS,)), (C33)
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aﬁ)m = —4s2(4m3%, — 5)(2mi(6m3, + s) — dm2(m2(6m3, + s) + 6my, — dm?,s) + 2mit (6m3, + s)
— 8m2m%, (m3, + s) + m3,(12m3, — 2m3,s + 52)), (C34)
(2) 4S2
03 an = ——5 (mS(=12my, — 16miys + s*) + mg(ma (36my, + 48m3,s — 3s%) 4 6m3, (6my,
, m’,
—5m¥s — %)) = 3m2(mi(12m3, + 16m3,s — 52) + m2(8m$, — 24m,s — 2m3,s*) + 12m§,
—8mSys + Smiys?) + (m2 — m3)?(m2(12m3, + 16m3ys — s2) + 2m%, (6mY, — Sm3,s — 52))),  (C35)
ag?gm = 8s2(mi(=12m3, — 16m3,s + s2) + m2(m2(24m?, + 32m3%,s — 25) — Sm¥,s(2m¥, + 5))
— (m2 —m3)(m2(12m}, + 16m3,s — 52) + 2m3, (6m3, — 5m¥,s — 5%))), (C36)
afin = —8m3, 52 (6my(2m3, — 3s) — 3m3(4m2(2m3, — 3s) + 8mY, — 4m3,s + 3s2) + 6my(2m3, — 3s)
+ m2(=8my, + 20m3,s + 3s%) + 2m3, (6m}, — Sm¥ys — s2)), (C37)
ag?m = 24m?,s%(m§(6s — 4m%,) + 6m(m2(2m3, — 3s) + 2mY, — 2m3,s + 52) + m2(—6mi(2m3%, — 3s)
+ m2(=8my, + 4m3,s — 8s%) — 12m$, + 10m3ys — 2mi,s> + 5°) + 2(m3 — m3,)?(m%(2m3, — 3s)
+2mf, — 2mis + 57)). (C38)
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