PHYSICAL REVIEW D 110, 035021 (2024)

Cosmological dynamics of string theory axion strings
Joshua N. Benabou®,"*" Quentin Bonnefoy®,'*" Malte Buschmann®,***
Soubhik Kumar®,”'*% and Benjamin R. Safdi 12
]Berkeley Center for Theoretical Physics, University of California, Berkeley, California 94720, USA
*Theoretical Physics Group, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA
3Department of Physics, Princeton University, Princeton, New Jersey 08544, USA
*GRAPPA Institute, Institute for Theoretical Physics Amsterdam,
University of Amsterdam, Science Park 904, 1098 XH Amsterdam, The Netherlands
3Center for Cosmology and Particle Physics, Department of Physics,
New York University, New York, New York 10003, USA

® (Received 19 January 2024; accepted 21 July 2024; published 19 August 2024)

The quantum chromodynamics (QCD) axion may solve the strong CP problem and explain the dark
matter (DM) abundance of our Universe. The axion was originally proposed to arise as the pseudo-Nambu-
Goldstone boson of global U(1)p Peccei-Quinn (PQ) symmetry breaking, but axions also arise generically
in string theory as zero modes of higher-dimensional gauge fields. In this work we show that string theory
axions behave fundamentally differently from field theory axions in the early Universe. Field theory axions
may form axion strings if the PQ phase transition takes place after inflation. In contrast, we show that string
theory axions do not generically form axion strings. In special inflationary paradigms, such as D-brane
inflation, string theory axion strings may form; however, their tension is parametrically larger than that of
field theory axion strings. We then show that such QCD axion strings overproduce the DM abundance for all
allowed QCD axion masses and are thus ruled out, except in scenarios with large warping. A loop-hole to
this conclusion arises in the axiverse, where an axion string could be composed of multiple different axion
mass eigenstates; a heavier eigenstate could collapse the network earlier, allowing for the QCD axion to

produce the correct DM abundance and also generating observable gravitational wave signals.

DOI: 10.1103/PhysRevD.110.035021

I. INTRODUCTION

Axions emerge naturally in the context of string theory
compactifications [1-5]. In these constructions the four-
dimensional axions arise as the zero modes of higher-
dimensional gauge fields. Axions from string theory could
include the quantum chromodynamics (QCD) axion, which
may solve the strong CP problem related to the absence of a
neutron electric dipole moment [6-9]. The QCD axion may
also explain the dark matter (DM) abundance in the
Universe [10-12]. String theory may also give rise to a
large number of axionlike particles, with one being the QCD
axion; this scenario is known as the axiverse [4,5], and it has
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been realized recently in explicit string theory compactifi-
cations [13-16].

One advantage of string theory axions over field-theory
axions, where the axion arises as the Goldstone mode of a
spontaneously broken U(l)PQ symmetry called the Peccei-
Quinn (PQ) symmetry [6,7], is that string theory axions
may more naturally evade the so-called PQ quality
problem [17-22]. In the field theory constructions we
require a high-quality U(1)pg symmetry such that QCD
instantons provide the dominant source of the axion’s
potential to the precision required by experimental
measurements of the neutron electric dipole moment.
However, global symmetries are expected to be violated
in the context of quantum gravity (see, e.g., [23,24] and
references therein). Under the assumption that this break-
ing arises through Planck-suppressed operators, field
theory models with high-quality PQ global symmetries
have been designed, but they require nonminimal struc-
tures at the PQ scale to make the symmetry accidental at
low energies (see, e.g., [25] for examples). String theory
constructions mitigate the PQ quality problem by protect-
ing the axion mass by the higher-dimensional gauge
invariance of the gauge field that gives rise to the axion

Published by the American Physical Society
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at low energies. In such scenarios, only nonperturbative
effects, whose strength depends on the compactification
details, can give the axion a mass. Reference [16], for
example, considered a large ensemble of orientifold
compactifications in type IIB string theory on Calabi-
Yau hypersurfaces and found that the strong-CP problem
was solved to adequate precision in approximately 99.7%
of the different compactifications, with stringy instanton
effects contributing sufficiently subdominant bare axion
masses.

The strong motivation for string theory axions sparked
thorough studies of the various roles they can play
in cosmology (see, e.g., the recent string cosmology
reviews [26-29]). However, there have been few studies
of cosmic axion strings in the context of string theory,
despite their possibly important roles [30-33]. This work
investigates the structure, formation mechanisms, dynam-
ics, and phenomenology of axion strings in string theory
and, more generally, extra dimension ultraviolet (UV)
completions.

Cosmic axion strings are known to produce rich cos-
mological histories, and thus they have been extensively
scrutinized in field theory models. On the one hand, the
effective field theory (EFT) of string theory axions is
identical to that of field theory axions (or their super-
symmetric counterparts). On the other hand, however, in
certain cosmological scenarios axion strings may form, and
at the cores of those strings the axion-only EFT is singular,
with the UV completion being restored (see [34] for a
review). This implies that the cosmology of axion strings is
sensitive to the UV completion of the theory.

String theory axions are associated to axion strings
whose core is not smoothed out in any EFT description
(see, e.g., [33,35-40]) and is instead resolved in terms of
fundamental strings or wrapped branes in the string theory
UV completion. These fundamental objects indeed have
the appropriate (electric or magnetic) charges under the
higher-dimensional gauge fields which give rise to
the axion to be axion strings in four spacetime dimensions
(4D). The cosmological evolution of a network of such
fundamental one-dimensional objects significantly differs
from the one of their field theory counterparts, due to their
tension, possible instabilities, and different reconnection
probabilities [41-50]. Cosmic superstrings have also been
extensively discussed recently as sources of gravitational
waves (GWs) [51-58]. However, the role played by axions
on the cosmological dynamics of the strings, and con-
versely, the role played by the strings on the axion
cosmology, has not been previously explored. In this
work, we delve into the physics of axion strings in string
theory compactifications, and we show that it is qualita-
tively different than that of field theory axions.

Field theory axion strings always form as long as
the reheating temperature Try = f,, the axion decay

constant,' for any inflationary mechanism. The reason
for this is straightforward: string formation requires a
spontaneously-broken global symmetry according to the
Kibble-Zurek mechanism [59,60], which is the spontane-
ously-broken U(1)po symmetry in the field theory axion
constructions. On the other hand, for string-theory axions,
topological defects do not form even when Tyry 2 f,.
Above such temperatures, the 4D EFT breaks down but
the PQ symmetry is not restored; instead, it is replaced by a
higher-dimensional gauge invariance (thereby solving the
aforementioned PQ quality problem). Consequently, as we
argue in more detail below (see also [24,61]), string theory
axion strings do not form in the standard thermal cosmol-
ogy, i.e., in scenarios when the last stages of inflation,
reheating, and the subsequent thermal history are well
described by an EFT; their formation requires additional
ingredients. Such special circumstances in which string
theory axion strings can form are actually known. For
example, D-brane annihilation after D-brane inflation [62]
can produce fundamental (F-) and D-strings, or more
generally D(1 + p)-branes wrapped on p-cycles [63,64].
Also, if Try was larger than the (warped down) string scale,
then a Hagedorn phase transition can take place as the
Universe cools, producing F-strings [45,65,66]. Therefore,
it is important to understand the properties and the evolution
of the resulting axion string network.

In this context, we show that the tension of string theory
axion strings is parametrically larger than the tension of
field theory axion strings unless the extra dimensions are
strongly warped. (In the latter case, one recovers the field
theory relation for the string tension, as expected from
gauge-string dualities.) The expected range of string
tensions p.y is as follows. An upper bound has been
conjectured in the context of the weak gravity conjecture
(WGC) by [67-69],

Hett s KfaMpl’ (1)

with k a numerical factor of order unity. This is the so-
called “magnetic axion WGC.” Meanwhile, the tension of
the strings is bounded from below by

ﬂf% 10g(mr/H) S Hett (2)

as a result of the axion configuration, where m,. is the mass
of the modulus field that regulates the string core (m, ~ f,
being natural for field theory axions), and H is the Hubble
parameter. Axion strings saturating the lower limit emerge
in field theory UV completions and for strongly-warped
extra dimensions; we illustrate how the upper limit is

'In this paper, the axion decay constant f, is defined to be the
periodicity of the canonically-normalized axion, which is closely
related to the PQ symmetry breaking scale in field theory models.
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saturated for axion strings arising in flat compactifications
of string theory.

A large axion string tension impacts how strings emit
axions; for example, the density of strings, the amount of
axions they radiate, as well as the balance between axion
and GW emissions, are all affected. Combining all effects,
we find that if string theory axion strings do form in flat
compactifications, then the axion generated by the strings
cannot be the QCD axion, as otherwise, the relic DM
abundance of those axions would overclose the Universe,
even allowing for extra entropy dilution by a possible
period of early matter domination. This effectively rules out
axion string production of QCD axion DM in string theory
UV completions in nonwarped scenarios. However, we
identify an exception to the previous claim in axiverse
constructions: if the axion sourced by the string network is
instead a linear combination of the QCD axion and other
heavier axions, then we show that the QCD axion can
constitute the DM. Furthermore, unlike in field theory
constructions, we show that this scenario can give rise to
observable GW signals.

The key points of this article are given below for clarity:

(i) Axions from string theory compactifications do not
form cosmological axion strings during the post-
inflationary thermal evolution of the Universe (up to
caveats described in the text), in stark contrast to
field theory axions.

(i1) String theory axion strings may form at the end of
D-brane inflation. If they do form, then the cosmo-
logical evolution of string theory axion strings is
qualitatively different than that of field theory axion
strings if the string theory axion arises from an
unwarped cycle. In particular, the DM abundance is
overproduced for all allowed f, for a network of
QCD axion strings with the axion arising from an
unwarped cycle. In the case of axions arising from
warped cycles the cosmological evolution is the
same as for field theory strings.

(iii) The case of string theory QCD axion strings from
unwarped cycles can be “saved” by having the axion
sourced by the string be a linear combination of the
QCD axions and heavier axions within the context
of an axiverse. This scenario can give rise to the
observed abundance of DM in the form of QCD
axions in addition to novel GW signatures, which
are absent for field theory scenarios.

II. AXION STRINGS IN 4D VERSUS
HIGHER-DIMENSIONAL FIELD THEORY

Axion strings are characterized by the property that, in
traversing a circle enclosing an axion string core, the
axion, which is a periodic field, undergoes a full field
excursion. The axion-only picture of axion strings is
clearly singular since, in that picture, the axion field
would have an infinite derivative at the core. In PQ UV

completions, the radial mode, which is otherwise massive
and frozen at its vacuum expectation value (VEV), is
restored at the location of the string core and resolves the
singularity by driving the full complex PQ field to zero. PQ
axion strings have been the subject of extensive analytic
and numerical work since they play important roles in
determining the QCD axion DM abundance if the PQ
symmetry is broken after inflation [70-88].

The PQ axion theory may be realized through a minimal
scalar sector with Lagrangian

f2 2

c-loor-ia(lop-2). o
with @ connected to the Standard Model (SM) through SM
or new vectorlike fermions and possibly a Higgs coupling.
At high temperatures the field @ is in thermal equilibrium
with the SM, and ® has a symmetry-restoring thermal mass
Miperm ~ VAo T. Assuming the reheat temperature after
inflation Try is above f,, then when the Universe cools
down below f, the field ® undergoes U(1)p, symmetry
breaking, leading to the axion a as a Goldstone mode and
the radial mode s as a heavy state with mass m; = /21 f,:

o= Jats) \/g ) giats, (4)

Let us consider an infinitely straight and static PQ axion
string (see [34] for a review). For a string stretched in the 2
direction, the solution is given by

D(r,0,7) = f—ag(mxr)e"‘), (5)

V2

where r is the radial direction from the string core and 6 is
the polar angle. The dimensionless function g(x) goes to
zero as x — 0 to regulate the singularity at the string core,
while g(x) — 1 for x > 1. When r > 0, the axion field is
well defined and undergoes the expected winding as we go
around the string, a(r,8)/f, =6 mod 2z. The energy
density in the string is given by

2\ 2
pu=(T0P ao(l0P-Z) 9

while the tension ,ueff2 is computed to be
2n IR 2
Hett = A de% dr TPsyr = ﬂfa 10g (ymsrlR)’ (7)

*Note that we differentiate pi. from y by defining x to be the
near-core tension, with p.y the IR-divergent quantity that is
regulated by the finite distance to the next nearest string in a
cosmological context.
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where y is some constant of order unity. Note that ry is an
IR cutoff, which regulates the logarithmically divergent
contribution to the tension that arises from the gradient
energy in the axion field. In practice, we expect rr to
be the distance to the next string, which should be of
the order of 1/H, where H is the Hubble parameter. The
dimensionless constant y of order unity accounts for the
UV and IR finite contribution to the tension from the radial
mode, which is of order zf2. In practice, for the QCD
axion, we may take m, ~ f, ~ 10" GeV to obtain the
correct relic DM abundance [86]. Then, near the QCD
phase transition H ~ Tgcp/M,y, with Tocp ~ 100 MeV

and M, the reduced Planck mass, such that log(m,/H) ~

102 while log(y) ~ 1. Thus, the tension of PQ axion strings
is dominated by the surrounding axion field configuration.

A. Flat extra dimension

Let us now contrast the field theory axion string
described above with a string theory axion string. As a
proxy for a complete string theory compactification, we
consider first a simpler extradimensional setup with an
axion arising from a one-form gauge field [89,90], which
already captures the physics we wish to highlight. We first
consider the case of a flat 5D theory with the fifth
dimension compactified on a S'/Z, orbifold, while in
the next subsection, we deal with the case of a warped extra
dimension.

In the field theory setup, the singularity in the axion field
configuration at the string core is regulated by the heavy
radial mode. In the extradimensional UV completions, the
singularity is also potentially regulated by a massive scalar
mode (a modulus field), though the exact nature of that
modulus field is model dependent. In the construction
below we illustrate the case in which the radion that
controls the size of the fifth dimension is the modulus
that regulates the string core, but we show later in this
subsection that the dilaton—or a linear combination of the
radion and dilaton—could also play that role.

We denote the 5D gauge field by A, and study the
coupled dynamics of A5 and the radion p. The latter appears
in the parametrization of the 5D metric as [91],

b
452 = Gy =75 g, (x)d0de + (0%, (9

and its potential stabilizes the size of the fifth dimension
(p) = b via, e.g., the Goldberger-Wise mechanism [92,93].
Here, ¢ ranges from 0 to z, with orbifold boundary
conditions at ¢ = 0 and ¢ = z eliminating the zero mode
of A, so that only the zero mode of As survives in the low
energy theory. Substituting the metric (8) into the 5D
general relativity action we find

/ d*xdpv/=G (2M3RY))

1 3
ZEM[%] / dx, /——g_<R<4) _2_pzaﬂpaﬂp>, 9)

where M5 is the 5D Planck scale and R®) (R¥) is the 5D
(4D) Ricci scalar. Here the 4D reduced Planck scale M, is
determined by M5 and the size of the extra dimension:
M} /4 = 2zbMZ. We also introduce a radion potential
V(p), such that £, > — [d*x,/=gV(p), whose form
depends on the details of the stabilization mechanism
and will be specified below.

To include A5 in the analysis, we start with the action of a
U(1) gauge theory,

1
SU(I) = —@/d4Xd¢\/ —GFMNFMN, (10)
5

with Fy;y the 5D field strength tensor and g5 the 5D gauge
coupling. We then define the dimensionless 4D axion
field 9(x) through the gauge-invariant Wilson loop
(see, e.g., [89]):

19(x)=2[d¢A5, (11)

with 9(x) having periodicity 2z as a result of large U(1)
gauge transformations and for a spectrum of integer
charges. We then focus on the ¢-independent modes,
since the ¢-dependent modes acquire masses through the
Kaluza-Klein (KK) mechanism. Combining (8) and (10)
with (11) leads to the axion action

1
S@ = —/d4x1/—98ﬂ27‘g‘21ngﬂ 0ﬂ196y19, (12)
where we defined the effective 4D gauge coupling
=—. (13)

Then, it is convenient to define the axion as a = f,9, such
that a is canonically normalized and periodic with period
2znf,, with the decay constant

1
- 27Tbg4 ’

fa (14)

Thus, we obtain the following 4D action for the radion-
axion system,
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]\{2
4 3 p!
Sp—a = d Xy/—9 —4—}02(0;“00”,0) - V(p)

- % (%)zaﬂaaﬂa> . (15)

Note that this action is essentially identical to that which
describes the coupling of a volume modulus to an axion in
a 6D construction, as derived, for instance, in [33]. More
generally, although we focus on the case of the radion
from a single extra dimension, the solutions to be
discussed next capture qualitative features of several other
scenarios. For instance, canonically normalizing the

radion, d¢ = \/%Mpld?” = Mpldlogp\g with a vanishing
integration constant, leads to the action:

1 29
Spa = /d4xw/—g<—§(aﬂ(p)2 - V(e Wpl)

pre A
3 Mp)
—%aﬂaaﬂa) (16)

This is nothing but the action that couples an axion to a
dilaton (for a specific axion-dilaton coupling). The axion
strings in a theory of a radion, dilaton, and axion would
also be described through a similar EFT, where now ¢
corresponds to the (canonically-normalized) combination
of the radion and dilaton which couples to the axion.
Let us now consider infinitely straight static string
solutions extended in the Z direction. As in the PQ case,
the azimuthal angle is denoted by € and the radial distance
away from the string core is r. String solutions with
winding number unity have a(r,8) = f,60, such that the
axion field undergoes one full period of field excursion
when traversing a spatial circle enclosing the string core.
Let us then take the Ansatz p = p(r); the equation of
motion for p(r) obtained from (15) is then
p// _ p_/2 + p_/ + 2
P r

2p°V'(p)
3(2”94)2M;2,1 rp 3M§1

=0. (17)

We now compute p(r) at small » to understand the radion
contribution to the string tension. Note that at small r we
expect the extra dimension to decompactify (p — oo) for the
axion string configuration to be nonsingular. This limit
requires that the canonically normalized radion travels an
infinite field space distance, in which case the Swampland
Distance Conjecture (SDC) [94] states that the EFT should
break down. In the present case, an irreducible source of
breakdown is clearly associated with the appearance of light
KK modes. In the cases where p corresponds to a dilaton, the
core of the axion string instead corresponds to a region where
massive string theory modes become tensionless. A general

treatment of infinite distance limits in the context of string
theory axion strings can be found in [38,39,95-99].

In the decompactification limit the stabilization poten-
tial V(p) is expected to asymptote to a constant, which we
take to be zero, lim,_, V(p) = 0 (see, e.g., [100-102]).
This can be checked explicitly using the stabilization
potentials that we consider below. Correspondingly, the
potential contribution in (17) can be dropped for analyzing
the small-r behavior.’

At small r we then find, to leading order in 1/r, the
solution

1
p(r) x ———=———log(cr/b), 18
(V%= losler/t). (19

where c¢ is a constant prefactor that we determine below.
This solution is valid for r < b, as we see below from the
numerical solution. Defining z = re, the radion and axion
profiles may be combined into

M, 1 i
T—\/7 p+ld~ 40gCZ/b, ( )

while in terms of z, the kinetic terms in the action read

s, / d4x\/:§<—%> (Tsz)ﬂaﬂ% (20)

Therefore 7 is a natural complex field to consider close to
the string core and its profile is antiholomorphic with
respect to z. Such near-core solutions have been extensively
studied in the context of supersymmetric theories [33,36]
and the swampland program [38,39,95-99]. (Actually, even
if we do not deal with supersymmetry here, our 4D EFT
precisely corresponds to the bosonic sector of a super-
symmetric one with Kéhler potential « log(z + 7).)

The holomorphic or antiholomorphic solutions are
Bogomol'nyi-Prasad—Sommerfield (BPS) [103,104]: they
saturate the following inequality on the (UV part of the)
string tension g,

1 /b\2
,u:/dzx— <—> |5)T‘2
2\p
1 /b\2 1 /b\2
A (O [l (B
2 \p 2 \p
1 /b\2
Zi/2<p) dz A dz. (21)

The resulting lower bound, saturated by the current
solution, only depends on IR data:

*More precisely we require lim,_, V'(p) = 0 sufficiently
quickly, as we discuss below in more details for the case of
the Goldberger-Wise potential.
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1B\ 3 dp
1/5(;) dt Adr=— EMplb/p—z/\da

= (o) Vortatts, 2)

where rr is an IR cutoff for when the approximation
in (18) is no longer valid. This result agrees with the direct
computation, as it should:

R 3M? 1 /b\2f2
~?2 d Plypy —(2) La
H ﬂA rrhpzp EEAVIA:

b
_ (p (m)mfazwp] <Vorf, My (23)

Assuming that p(r) falls monotonically with r, which we
later confirm numerically, the smallest that p(rr) can be is
b, since this is the VEV asymptotically far from the string
core. Taking p(rr) > b leads to the inequality in the last
line above. As we see below in the numerical calculations
of the tension, it appears that the axion strings saturate this
inequality.* That is, we conjecture that the tension of axion
strings arising from flat extradimension axions is given by

Hett = Kf (M + zf3log(m,/H) + O(f2).  (24)

2 _ 2p?
where m: = W

normalized radion at its minimum and where x is a

V”(b) is the mass of the canonically-

numerical coefficient, which we compute to be x =

V67 in this model. The second term above is the axion
contribution to the tension, which is cut off in the IR by the
Hubble radius (we leave off subleading nonlogarithmi-
cally-divergent terms of order f2). This axion contribu-
tion, as in the field theory case, originates from the large-r
region, r > 1/m,, for which the radion contribution is
subdominant. As we comment on further, the result in (24)
is important because the term of order f,M dominates
over the axion contribution to the tension for f, <5 x
10'® GeV. This means that such strings will behave
fundamentally differently from field theory axion strings
in a cosmological context.

“The same result can be obtained by considering the BPS
string magnetically charged under A, in 5D, which yields the
correct description of the string near the core where the fifth
dimension decompactifies. Our solution captures a smeared
version of that string. [Forces on such BPS objects exactly
balance, so that solutions can be superposed and even smeared.
The resulting brane is again BPS in one dimension less, and it is
charged under the (smeared) zero mode of the initial gauge field:
in the present case this yields the axion.]

For later purposes, we note the large-r asymptotic:

B 272 [/ 1\2 1
r=ole i () vole)) @

This asymptotic form of the solution is valid for m,r > 1.
To see this, one may compute the coefficient of the higher-
order 1/r* term in (25) in the physical limit My > f,;in
order for the 1/7* term to be subdominant compared to the
1/r? term, we need m,r > 1.

Below, we compute the tension numerically to provide
evidence for the conjecture in (24). Our numerical results
support the scaling log(c) ~ M,/ f,. We also see that the
dominant contribution to the string tension is at length
scales exponentially smaller than 1/M,, from the string core

for realistic values f, ~ 10'" GeV, as we quantify further
below. However, this brings the axion-radion EFT described
above into question since that EFT is not valid below a
length scale ~1/f,, when the KK excitations become
dynamic (the KK scale could be even smaller if 27zg, is
small). This suggests, in agreement with [33,35-40], that
(i) we must go beyond the axion-radion EFT to accurately
resolve the string core, and (ii) unlike in the field theory case
the axion string core in the extra dimension case is really an
object with no physical size. Indeed, we explain in the next
section that in the context of string theory the axion string
cores are fundamental strings or wrapped D-branes, which
have no thickness in the transverse dimensions.

To study (17) numerically, we must specify a radion
potential. Goldberger-Wise stabilization provides a moti-
vated choice, which may be obtained as follows, similar to
the analysis in [105]. Consider a free 5D scalar field ¥ with
an action

1 1
Sy = / d*xdpv/—-G <—§aM\PaMlP S MW AB> ,
(26)

where we include a bulk cosmological constant term Ag.
This has a solution for the extradimensional profile of ¥,

Y(¢) = Aexp(Mypg) + Bexp(=Mypg),  (27)

with the constants A and B determined by imposing
boundary conditions ¥(0) = v, and ¥(z)=v,. Sub-
stituting W(¢p) back into (26) with the metric (8) and
integrating over ¢ yields the Goldberger-Wise potential for
the radion,

Myb? b*A
V(p) =5 5 (acot(Myp) = pesch(Mynp)) + ==,

(28)

035021-6



COSMOLOGICAL DYNAMICS OF STRING THEORY AXION ...

PHYS. REV. D 110, 035021 (2024)

with a = vi +v2 and B = 2v,v,. We impose > 0 and
Ap <0, such that the potential has a unique global
minimum.

Defining 7 = r/b, p = p/b, (17) can be written as the
dedimensionalized equation of motion

0, (29

ﬁ,,_[ﬂ P2 fa\* 1 2p°bPaV
p 7 3

—+—-+5 > —=
p T My) Pp 3M3 dp
where here the primed quantities are with respect to 7. In
particular, for the Goldberger-Wise potential we have

oV MY (bMy)?
v % [a(—z coth(p) — pesch? (7))
+ B(p coth(p) + 2)eschp) - ZABﬁ] : (30)

where we define the dimensionless quantities p = zMyp,
& =a/M, p = /My, and Ay = Ag/Ms3,. For a given set
of order one parameters (&, ﬁ AB), we numerically deter-
mine the unique root p,, of (30), which allows us to evaluate
the last term of (29) as a function of p using p = pp,.. By
definition we have p, = #Myb, such that parametrically
b~ My'. Therefore, m, ~Mg/M,. We solve for the
precise value of m, numerically by computing the second
derivative of V at p = p,. Recalling (14), it follows that
My ~ f,, such that the only dependence of (29) on
dimensionful parameters is from the fourth and last terms
which are parametrically (f,/My)*

We use a fourth-order collocation method” to solve (29)
on a finite interval [7 i, Fmax] SPanning 15 decades, with

boundary conditions p' = — % A’;‘;l % at 7 = Ty, [from (18)]

and p=1-p'7/2 at ¥ = Fpuy [from (25)]. Our fiducial
choice of parameters entering in the potential is
(&,ﬁ, AB) =(3,1.9,-04), and we also set 2zg; =1 so
that f, = b~'. In Fig. 1 we illustrate the resulting radion
profile for f, /M, = 5 x 1073, compared to the asymptotic
form at small and large r in (18) and (25), respectively.
We verify that for sufficiently low f,/M,, the profile
satisfies two key properties: (i) the radion approaches its
VEV for r Z b, and (ii) the regime of validity of the small r
Ansatz extends up to r~ b. Together with (23), these
properties confirm the conjecture (24). Together with (18),

they also imply that log(c) ~ —\/%% Let us then
define the “width” of the string as the distance r from

the string core that contains half of the UV part of the
tension (note that for field theory strings we have rie~ fah.

>This method is based on the algorithm of [106], implemented
in Scipy’s [107] SciPy.integrate.solve bvp.

100 —— T
10721 T i
— ‘\v
I !
o 107°F 5 b
=2 ;
QU \:
N
< o
, [
1070 F = 7
1078 | L Ll s jlxxxxnl R
1072 107! 10 10! 107 10°
r/b
FIG. 1. Radion profile for a static infinite string in an

unwarped 5D construction (solid black). The small and large r
Ansdtze in (18) and (25), respectively, are illustrated in dashed
grey. Here, f,/My =5 x 1073,

Then the above observations imply p(ri) ~2b, giving

2

log(cri/b) ~ =2 %% Hence,

3 My, M,
log (r%Mm) ~— Efa +log(2ﬂg4fa . (31)

meaning at least half of the tension is contained within a
region much smaller than a Planck length from the string

0 j T T T 7

750} -

< 100 ]
£ i
'QD |-

< =150 B

—200F ]

_QFO L A M| - L L TR | o:

? 102 101
fu/A{pl

FIG. 2. The string width of the infinite string Ansatz in units of
the Planck length from the 5D EFT. Note that the width is defined
as the radial distance n from the string core which corresponds
to half of the UV part of the tension. The analytic estimate for
the width in (31) is illustrated in dashed grey. Interestingly, we
find that the width of the strings is exponentially smaller than
M;ll, suggesting that the cores of such strings are 1D objects with
no physical width.
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for f, < M. In Fig. 2 we confirm this scaling holds to
leading order by measuring log(c) from the numerical
profiles.

Lastly, we point out that the above exponential depend-
ence of the string width on M,/ f, seems to be largely
independent of the choice of potential. Any potential falling
at least as quickly as 1/p at large p can be neglected at small
r in (17), such that the small r behavior of p is given
by (18). Further, (25) shows that the only dependence of the
large r behavior of p on the potential is through m,. As a
test, we repeat the logic of the preceding paragraphs for a
potential of the form V(p) = —v?e=2/?p?, similar to that
considered in, e.g., [33]. We find that as long as m,. is not
exponentially suppressed relative to f,, with an exponent
of order M,/ f,, then (31) holds to leading order.

B. Warped extra dimension

We now consider the scenario of a warped extra
dimension where the spacetime is a slice of a five-
dimensional anti—de Sitter (AdS) geometry. We parametrize
the metric as

ds? = e~ Wdg dxidx’ + p(x)*dg?, (32)

where p(x) is the radion and k determines the AdS
curvature scale. As above, the extra dimensional coordinate
¢ ranges from O to z due to an orbifolding ¢ <> —¢
identification. Substituting this Ansarz in the 5D General
Relativity action and integrating over the extra dimension
we find [93]

2M3

Se =1 / d*xy/=g(1 — e72) R

-2 [ @yt et (33)

To obtain the low energy effective U(1) action, we use an
Ansatz where As = As(x*) and A, =A,(¢) [90]. The
equation of motion for A, can be written as

05(6_2kp¢FM5) =0. (34)

Here the subscript 5 refers to the coordinate ¢. To solve (34),
we can write e **?F s = f,(x*) for some general function
fu(x*). By integrating over the extra dimension, with a
boundary condition, A,(¢p =0)=A,(¢=7)=0, we
obtain

2kmp
FﬂS = W%ASEW‘I’. (35)

Substituting this back into the U(1) action, we arrive at

1
Suay =— 4 PxV—=GG"NGABF 4 F g,

2kn? 5
:—g—g/d“x —gmgﬂ dﬂA50DA5. (36)

We can rewrite this in terms of the canonically normalized
radion field,’ ¢/F = e~*" where F? = 24M3 /k:

sun =2 | ST

Correspondingly, the gravity action gives

2 oo (3] o

—2/d4x\/—g()”(pd/‘q0. (38)

2
L9U0As0As. (37)

We verify that in the limit £ — 0, the above action reduces to
the corresponding action in flat space.7 Note that canonically
normalizing the radion requires an extra Weyl rescaling to
obtain a pure Einstein-Hilbert term. This is performed in
Appendix D, where it is shown that at leading order in ¢/ F,
one can simply neglect the first line of (38) when one studies
the radion-axion system.

The axion can be defined as before from the Wilson
loop (11). Since As is independent of ¢, we have § = 27As,
and we identify 9 = a/ f, with the canonical axion field a
having a period of 2z f,. Using this we can rewrite

%g’”d ao,a, (39)

1 (@
(F/¢)

Suay = —§/d4x\/—_9

with

k.
Gl(F/ (@) =]

In the limit of k — 0, this reduces to f, = 1/(27g4{p))
upon using (13), as expected. We also see that the scale f,
can be parametrically below the 5D UV scale v/k/gs for a
significant warp factor (¢)/F < 1. Unlike the flat space,
we note that ¢ does not travel an infinite field space
distance towards the core of the string so that the SDC does
not allow us to predict a dramatic breakdown of the EFT at
the core of the string. The absence of an infinite distance
appears to be consistent with the holographic picture of our

fi= (40)

Note that @ has a very different phenomenology than its flat
space analog of (16). For instance, its interactions are stronger
than gravitational in the warped case.

"To show this, one can repeat the flat-extra-dimension analysis
starting with a metric Ansarz, ds® = g, (x)dx*dx” + p(x)>dg?
which differs from (8) via a 4D Weyl rescaling factor (p)/p(x).
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warped scenario, which is purely field theoretical and does
not require quantum gravity. To our knowledge, few studies
of the SDC on warped geometries have been attempted so
far [108—110] and none in the context of axion strings. This
represents an interesting avenue for future work.

We now describe the axion string solution when we have
an infinite string lying along the Z direction with
a(r,0) = f,0. As before, r is the radial direction away
from the string core. Close to the string where p — o
(¢ < F) the approximate equation of motion for the radion
is then given by

4p')* 1
P

, ko
ggFZrZ

9"+ —Vip) =0, (41)
where we include the contribution from a stabilizing radion
potential V().

The potential term may be neglected close to the string,
and (41) is then solved by an Ansatz of the form ¢ = Cr®

with @ = vk/(Fgs). Using this we can compute the
contribution to the string tension from the inner core,

T 71'/ "dr r[CPa?r2e? 4 a2, (42)
0

where both the radion and the axion contribute equally. The
integral is dominated by the region near r; where we choose
to cut off the integral:

Hin = ”a¢(r1)2~ (43)

Assuming ¢(r;) < (p) and (@) < F, we may obtain an
upper bound on y;,:

(@)

pin < 7a(@)? = 7f () = \/gﬂfaMpl?' (44)

Taking k ~ Ms ~ M, then the above relation reduces to
tin < f2. This implies that in a warped extradimensional
scenario, the string theory axion string tension is similar to
that of field theory axion strings; in particular, the tension is
dominated by the axion contribution, given its logarithmic
divergence. This is expected since both the axion and the
radion are “composite” degrees of freedom in the 4D
holographic theory. On the other hand, as the amount of
warping decreases, the upper limit on the inner core tension
in (44) reaches the flat extra dimension result in (24).
Let us now repeat the procedure of Sec. I A to study the
radion profiles numerically. In Appendix D we rederive the
radion equation of motion in the warped geometry without
recourse to approximations and verify that it reduces to the
flat geometry result (17) in the limit of zero warp factor. We
then solve the equation of motion numerically. As in the flat
geometry case, we assume the radion is stabilized by the
Goldberger-Wise mechanism. To obtain the radion potential

T T T

0.07 F T A

T

pl

—1
a

M
J.

r =

0.06 |

T
r
1

T
AA}A L

0.05

5 0.04 F
9. [

T
1

0.03 F

0.02 F

0.01F

1 1

Il
1071 1078 107° 1072 10!

FIG. 3. Radion profile for an infinite string, as in Fig. 1, but for

the warped 5D geometry. In dashed grey we illustrate the small-r
asymptotic expectation ¢ o Yk (Fgs) Here, f,/M = 1072, and
(0, 0y, M5/, g%k) =(2,1,2,1). (See Appendix D for details.).

for the warped geometry, we repeat the procedure of the
previous section; however, now we add interaction terms for
the bulk scalar ¥ on each boundary i orthogonal to the fifth
dimension, with i = A for the UV boundary at ¢) = 0 and
i = v for the IR boundary at ¢ = z. In particular, we
include the actions [92,93]

5= - / QG (22 — )2, (45)

with ¢; the induced metric on boundary i. The potential
obtained is [93]

k3

= WMg(PA‘(Uv - Uh(Q”/F)G)Z’ (46)

V()

which is valid to leading order in € = M3,/4k*> < 1 when
the 4; is large (in units of M\},z) on each brane such that ¥
takes the values v, (v;) at ¢ = 0 (¢ = x). We impose v;, >
v, such that (46) has a minimum at

The resulting string profile is shown in Fig. 3 for f,/M; =
102 and a fiducial choice of parameters specified in
Appendix D. We confirm that y;, < f2. However, unlike
in the flat geometry, the majority of the tension is not
contained in a region exponentially smaller than My,
suggesting that in this case the string tension may be
reliably computed in the EFT. This might be expected
from the dual conformal field theory perspective where both
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the radion and the axion are composite degrees of freedom
with the heavier degrees of freedom reliably integrated out.

III. STRING TENSION FROM WRAPPED BRANES

We argued in the previous section that the core of the
cosmic strings that we study are not resolved in a controlled
EFT in four dimensions, and for string theory axions (of the
closed-string type) it turns out that they also are not in
higher spacetime dimensions. Instead, the only (known)
controlled description of those objects is found in (super)
string theory, as extended fundamental string theory objects
wrapped on some compactification cycle. In this section,
we explore the top-down string theory perspective on the
tension of a given axion string. Namely, given some
compactification schemes yielding a 4D axion, we identify
the brane which carries the relevant charge in 10D and
compute the 4D tension of the resulting string. We will see
that those tensions are much larger than in field theory
setups, except when the brane sits at the bottom of a warped
throat. The results, obtained by ignoring the backreaction
of the brane on the background fields, match the EFT
expectations for the warped and unwarped string tensions
detailed in the previous section. That the BPS condition
allows one to track objects over weak and strong back-
reactions is a crucial property of D-brane physics.

We do not attempt to scan full-fledged string compacti-
fications; instead, we extract generic scalings for the two
paradigmatic scenarios of large and warped extra dimen-
sions. Also, although we focus here on ten-dimensional
string theory, similar estimates can be performed in eleven-
dimensional M-theory, where the strings correspond to
wrapped M2 or M5 branes. We stress that the cases we
study do not capture all possibilities, instead, they serve as
examples that saturate the bounds found in (1) and (2). For
instance, mildly warped M-theory setups presented in [4]
yield axion string tensions that interpolate between the two
extremal values. We also do not discuss open string sector
axions that arise from matter fields, as they would behave
similarly to the normal field theory axion scenario.®

¥For instance, open and closed string axions differ significantly
when it comes to axion string formation. Let us consider again the
5D gauge field that we studied in Sec. II. If it arose from the open
string sector, then it might correspond to the IR version of a
Higgsed non-Abelian open string gauge field, itself coupled to
heavy charged matter. Through the phase transition associated
with this Higgsing, this charged matter may generate 't Hooft-
Polyakov-like configurations carrying a magnetic flux. In 5D,
such magnetic monopoles have the worldvolume of a string and
exactly correspond to axion strings in 4D. Therefore, this
scenario would give an example of an axion string which can
be smoothly described in a 5D field theory, albeit not in a 4D field
theory when the Higgs VEV is larger than the inverse 5D radius.
Instead, closed string axions are associated with p-forms which
are fundamental, in particular, they are not UV-completed by a
field theory with charged matter at any energy.

Let us start by describing how the axion string uplifts to
higher-dimensional objects as one resolves distances
smaller than the KK scale. An axion string satisfies

/da =2xf,n, (48)
v

for a curve y encircling the string and an integer winding
number zn. One says that the string is magnetically charged,
with charge n, under the dimensionless axion 8§ = a/f,,.
The meaning of this is the following. In general, in a
d-dimensional spacetime and given a p + 1-form field
Cp+1, a p-brane with worldvolume £, ,; can be electrically
charged under C,; or magnetically under the dual C,_,_3
defined via *dC,; = dCy_,_3, with x the Hodge star
operator. The electric coupling is captured by the action

—Tp/ V01p+] + Qp/ Cer], (49)
Zp+l Zp+1

with Q, the electric charge of the brane, T, the brane
tension, and vol, | the p + 1-form volume element of the
brane worldvolume. The charge can be extracted through
the integral de_,;_z *dC),,;, where S,_,, is a surface
enclosing the brane. The equation of motion of C, ,
whose kinetic-term action reads

1
— / dCpyy A *dC,. (50)

2
is dxdC,; = Q,6(Z,. ), where 6(X,.,) is the Poincaré
dualof X, ? Therefore, using Stokes theorem for a surface

Sg4-p-1 spanning S,_,_,,
d(*dcp-H)

/ *de+1 :/
Sd—p—Z Sd—p—]

= Qpﬂ_ i 5(Z])+l) = Qp' (51)

The magnetic charge is, in turn, measured by 217 f S, dC,y
»

for a surface S,., enclosing a (d — p — 4)-dimensional
magnetic brane. Specializing now to the axion string, we
may introduce the 2-form C, dual to the axion in 4D; i.e.,
dypa = *dupC,, and we see that the electric charge of the
string under C, is the topological axion charge of the
string, Q, = 2anf,.

Let us now reinterpret the axion string in the context of
compactifications. At some scale, the relevant spacetime

°de Rham duality ensures that each nontrivial p-cycle X, is
associated to a nontrivial (d — p)-cohomology class. Informally,
we may represent the latter by a (d — p) form (X, ), with indices
along the (d— p) directions transverse to the p-cycle and
coefficient given by a Dirac delta function with support on X,,.
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dimension is some integer d > 4, and the relevant field is
either a fundamental axion or a p-form field C,, of higher
degree, from which the axion emerges in the low-energy
4D spacetime. In the latter case, one writes

fioclch, (52)

for a p-cycle Q. It is then clear from the above discussion
that the axion string uplifts to an object of dimension
(d — p — 3) magnetically charged under C,,,

27mo</ dc,. (53)
yxQ

From the 4D perspective, this object appears as a string.

If all KK scales are lower than the string scale, then one
can track the decompactifications until the generating EFT
in 10D, which approximates the full string theory at low
energies, breaks down. In that EFT one finds the original
p-form that gives rise to a given axion in 4D. Nevertheless,
the core of the appropriate magnetic solitons corresponding
to a 4D axion string remains singular and their tension
cannot be reliably computed in the EFT. Fortunately, the UV
string theory contains excitations which are extended
objects carrying electric or magnetic charge under the
massless p-form fields of the EFT. For Ramond-Ramond
(RR) forms, they correspond to D-branes, while they
correspond to the fundamental string or its magnetic dual,
the NS5 brane, for the Neveu-Schwarz-Neveu-Schwarz
(NSNS) 2-form. Dp branes exist for p odd in type IIB
theory, p even in IIA, and p =1, 5 in type I (and do not
exist in heterotic theories). Those objects can be reliably
studied, and their tension extracted, in a weakly coupled
limit of the full string theory.

In string theory, there are various ways to realize axion
strings by wrapping p-branes on a (p — 1)-cycle Q (of
volume V) of the compact manifold and dimensionally
reducing the appropriate (p + 1)-forms. Taken in isolation
in the 10D bulk (without background branes), these
extended objects are BPS, so that their fundamental tension
T and charge Q as defined in (49) satisfy

Q2

77 =—=-
2K

(54)

where k7§ = 4’{M8 with M, =1/I, = 1/(2zVd') the
string scale and g, the string coupling. In our conven-
tions [4], the p-forms have mass dimension four in 10D.
For a Dp- brane Tp, = 22MP*' /g, while Tp = 2zM?
and Tngs = 7 22 M9 for the F-string and NS5-brane, respec-
tively. Stnng theory constructions also feature non-BPS

branes, whose tension is larger than the one of a would-be
BPS brane of the same charge. Furthermore, we stress that

the brane action of (49) only describes the coupling to the
graviton and the minimal couplings to form fields, and it
lacks couplings to the dilaton or brane fields, as well as
nontopological p-form couplings. For simplicity, we focus
on backgrounds where the fields concerned by these extra
couplings (which depend on the brane under scrutiny)
vanish, so that we can reliably use the above brane action.

We now consider a spacetime with topology M, x X, for
M,, the 4D Minkowski space and X, a 6D compact
manifold, such that an appropriate 10D string EFT yields
a massless axion in 4D. The 4D Planck mass reads

Vv 4
M2 =X =Ty, (55)
ST

with Vy the volume of X. Upon wrapping a p-brane on a
(p —2)-cycle Q, the resulting string tension is

For simplicity we will repeatedly assume that X admits a
global product structure of the form X = Q x Q| , with Q|
the dimensions not spanned by €2, such that we may write
Vy = VoV, with V| the volume of Q.

A. Flat extra dimensions

We first consider flat extra dimensions, namely the case
where the geometry is factorizable: the metric of spacetime
is block diagonal on M, x X, so that the block with M,
indices does not depend on X coordinates, and reciprocally.
We also take vanishing fluxes and trivial dilaton profiles. In
order to obtain an axion in 4D, one looks for either a KK
scalar or a KK 2-form zero mode of the 10D fields on X.

1. Compactifying a (p + 1)-form down to a 4D 2-form

We start with the case where the 4D axion is dual to a 4D
2-form C,, obtained from dimensional reduction of a form
Cp1 of equal or higher degree. For generic p, this situation
is, for instance, encountered in type II string theory, in
which case an appropriate Dp brane, electrically charged
under C,, corresponds to the axion string.

We KK-reduce Cp,; on a basis of harmonic forms
dual to a basis of the (p — 1)-th homology group of X,

Coi1 = pr 1 A CT, (57)

where C9 is a function of the 4D coordinates only. For
51mp11c1ty let us assume that the rank of the (p — 1)-th
homology group is 1, so that it is generated by a single
homology class [Q]. This allows us to avoid discussing
mixings between axion fields, though we expect the con-
clusions to hold if we relaxed this assumption. (We inves-
tigate the cosmology of strings in the presence of several
axions in Sec. VII.) We then have a single 4D 2-form,
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= [ cpn (58)
Q

where we normalize @ so that [, @ = 1. We also assume
that X = Q x Q,, but as above we expect the qualitative
features of the argument to remain the same if this is not the
case. Wrapping a charged p-brane on Q leads to a stable
configuration, whose worldvolume becomes that of a 4D
string x Q. It inherits the following coupling to the 4D

2-form:
0, ( / C,,H) -0, [ e ()
string Q string

Thus, this wrapped brane is magnetically charged under the
axion and corresponds to its string.
Canonically normalizing the 2-form requires a rescaling

(4],
-1/2
C2 - (/ w N *CU) C2 = VQCz (60)
X \/ V.,

From this, we read off the axion decay constant from the
charge of the minimally charged brane,

Q2 Qp
=== ,]— 61
fa 2” 2ﬂ' VJ_ ( )
and relate it to its tension,
p="T,Vo=\2nfM,, (62)

where in the second equality we assume that the brane is
BPS in 10D. We also find

f 92—5 17 4
M, 2\/_71 v,

(63)

where 0 = 0, 1, 2 for F strings, D-branes, and NS5-branes,
respectively. Hence, we see that, in the controlled g, <
LV, > ZZ_” limit, the axion string tension is much larger
than the usual field theory result, y ~ f2.

We stress that the above applies to the limit case
p + 1 =2, where the harmonic (p — 1 = 0)-form w is a
constant (= 1 given our normalizations), and the canonical
normalization of C, in 4D reads

C Laxt) e, = & 64
A K = .
2 = /X 2 \/V_X ( )

The corresponding axion string is an unwrapped 1-brane.

2. Compactifying a (p + 1)-form down to a 4D axion

We now consider the case, related to the previous one by
electromagnetic duality, where the axions come from the
4D scalar zero modes of a (p + 1)-form,

p+1 pr+1 (65)

w

where O, is the charge of a p-brane electrically charged
under C),,, and the axion normalization is chosen so that it
is dimensionless given our conventions for C,, and @, |,
and so that it has periodicity a — a + 2z. Therefore, when
a single homology class [€2] generates the (p + 1)-th
homology group and X = Q x Q,, the axion decay con-
stant can be read from its kinetic term,

1 \%
fg:—zAwA*w: . (66)
We then infer

f g(S l§7+1
My 2v2z Vo'

(67)

The axion string of a,, is charged under the 2-form C5” dual
to the axion in 4D. To highlight the UV origin of this
2-form, we write
d4Daw>
o

*dcpﬂzzw:*d( il ) Z*(

d4DC w
- Z*Xa)[ﬂrl f Q
a,=<p

(68)

where we use the relation d;op = d4p +dy, that w
is harmonic on X, that, for a y,-form @w; on Y, and a
yp-form @, on Y, ky .y@ Awy=(—1)>dm¥i=)
*y, @1 A *y,m,, and finally that the axion is not canonically
normalized in 4D while p-forms are in our conventions;
hence, da, = f;j *dC5”. Introducing the dual C;_p of
Cpi1 such that xdC,; = dC;_,, one sees that Gy is
related to one of the KK zero modes of C;_ o

dC7_p = d(z w5‘1’cg)) - Z @s_pdspC7, (69)
and that we should identify C§ = / [y ws_,*ws_,C5” and

ws_, & (kxw,)/(fq,Qp). This tells us that the string
magnetically charged under the axion is obtained by
wrapping the (6 — p)-brane which has magnetic charge
under C,,,; on a cycle belonging to the class [Q*] de Rham
dual to %y, . [This is a (5 — p)-homology class of X, so

035021-12



COSMOLOGICAL DYNAMICS OF STRING THEORY AXION ...

PHYS. REV. D 110, 035021 (2024)

we do get a string. Also, it makes sense to apply de Rham
duality to %y, |, which is closed since @, is harmonic.]
Under our assumption that X = € x €, and that there is a
unique class of (p + 1)-cycles (hence of (5 — p)-cycles), we
find that [Q*] = [Q, ]. The stable brane is that wrapped on
Q. Dirac quantization condition for a minimally charged
brane implies

Q])Q6—p =2n, (70)

so that the string tension is again
p=Te Vo, = V21fM,, (71)

in agreement with the result found in (62).

B. Warped compactifications

We now turn to warped compactifications, where the
entries of the metric with M, indices depend on the
coordinates on X. For simplicity, let us take a spacetime
M, x I} x X5, where X5 is some 5D manifold of coor-
dinates z" and I, = §,/Z, is an orbifolded circle with
coordinate ¢ and radius p, equipped with a metric of the
form

dstop = e % g,p , dxtdx” + p?dgp* + dsis, (72)

so that the compactification on X5 is not warped. We also
assume a trivial dilaton profile. An example would be a
slice of the AdSs x X5 geometry obtained from the near
geometry of a stack of D3-branes, where X5 could, for
instance, be S5 for branes in flat space, or T|; with
topology S? x $3 for branes at a conical singularity. We
can then perform the KK reduction on X5 by following the
steps in the previous section. In order to get an axion in 4D,
one can focus on KK scalars, vectors, or 2-form zero modes
of the 10D fields on Xs5.

1. Compactifying a (p + 1)-form down to a 2-form
on a slice of AdS;

We start again with the case where the 4D axion is dual
to a 4D 2-form C,, and we assume that this 4D 2-form
descends from a 2-form on AdSs, itself descending from a
(p + 1)-form in 10D. This case also captures that of
Sec. II B, where the 4D axion descends from a wrapped
gauge field on AdSs: 2-forms and vectors are electric-
magnetic duals of one another in 5D. Axion strings
correspond to 1-branes extending in 4D and pointlike
on I; x X5. They have tension ysp in 5D and, following
the logic of Sec. III A 1, we obtain their charge,

u
Oxsp = \/E% . (73)
M

The charge is measured with respect to the canonically
normalized 2-form in 5D, and M5 is the 5D Planck mass:
M3 = (4r/g?)M3V . On this warped space, we can show
that a flat KK profile is consistent for the 2-form, as long
as appropriate boundary conditions are chosen. Therefore
the canonically normalized 2-form in 4D is obtained
through the rescaling

k

C) = (|
2 eZk/m -1

C,, (74)

and the 4D charge of the D1-brane is

[k 2k Hsp
0, = o2kpm _ 1Q2,5D = o2kpr _ lMg/z . (75)

Using now the values of the 4D tensions and Planck
masses,

“dkp , -
,bl = IMSDe P branc’ MPI = TMS’ (76)
we obtain
Q2 ek/’(z{/)bmne_n) 2

2 \/Zﬂ; M pl
Due to its position-dependent tension, the brane will
be driven to the IR brane'” (Dorane = ), Where we see that
its tension is warped down with respect to the value found
for flat extra dimensions, f,M,. Instead, we now find

i~ f2, in line with the results of Sec. II B. This result is in
line with the expectation that string theory in warped
backgrounds has field theory duals, allowing one to describe
the axion strings at the IR brane.

2. Compactifying a (p +1)-form down to an axion
on a slice of AdS;

We now turn to the case where the 4D axion is simply the
zero mode of a scalar on AdSs. Axion strings correspond to
2-branes in 5D wrapped on /;, which carry magnetic axion
charge in 5D. From the logic of Sec. Il A 2, we obtain

Hsp = \/iﬂ(fa,SDMS)S/Z’ (78)

where the axion decay constant in 5D f,sp can be read
from the 5D axion kinetic term: f? 1, (da)?/2. The wrapped

'"The warping is often supported by fluxes, for instance, by an
RR 4-form flux in the case of a stack of D3-branes at the orbifold
fixed point. This flux can cancel the force felt by other probe
branes, such as another D3-brane displaced in the bulk. Here,
we focus on branes which are not affected by the flux, such as
D1-branes produced after D3-brane inflation.
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brane then has a tension

1— e—2kpn:
K= TﬂSD- (79)

The KK profile for the axion zero mode is flat so that the
4D axion decay constant reads

=2k,
1 —e=krm 3/2

fo=— —pr K
a k a,5D \/ZﬂMpl

(80)

As the brane extends out of the warped region, we recover
the flat space relation.

IV. AXION COSMOLOGY IN FIELD THEORY
VERSUS STRING THEORY UV COMPLETIONS

In the previous sections we describe the structure of field
theory and string theory axion strings, but just because the
strings exist mathematically does not mean that the strings
form dynamically in a cosmological context. We begin by
reviewing the argument for dynamical string formation in
the field theory axion scenario, before arguing against
axion string formation in extradimensional constructions
under the standard cosmological paradigm of a generic
scalar-field-driven inflationary epoch followed by reheat-
ing. On the other hand, we then discuss how string theory
axion strings may form at the end of inflation in the context
of D-brane inflation.

We note that the statements we make about axion strings
in string theory apply equivalently to cosmic superstrings
in string theory, which are known to form during D-brane
inflation but not through standard thermal evolution. This
is because, as we show in the previous sections, axion
strings in string theory are special types of cosmic super-
strings that source gauge field configurations that appear as
axions from a 4D perspective. Any claims about cosmic
superstring formation thus apply to axion string formation
in string theory.

A. No string theory axion string formed after reheating

We denote the reheat temperature after inflation by Try.
(Our logic also extends to the case where the maximum
temperature 7',,, reached during reheating is much larger
than Try, upon replacing Try by T phay.) Let us assume for
simplicity that the Universe is radiation-dominated below
Try until matter-radiation equality. In the minimal PQ
theory of (3), the PQ scalar @ acquires a thermal mass
Myerm Which restores the PQ symmetry for 7' 2 f,. Thus, if
Try Z fa» then the PQ symmetry is restored; in the
unbroken phase (®) = 0 but ® acquires nontrivial thermal
fluctuations about this mean value through interactions
with the SM bath. The axion field, which is the phase of @,
thus has random and uncorrelated values over spatial scales
much larger than 1/T < H™'.

When the UV PQ theory has a U(1)pq global symmetry,
the theory undergoes a second-order phase transition to the
broken phase where (@) #0 for T < f,. Thus, by the
Kibble-Zurek mechanism [59,60], global strings develop,
which are characterized by closed curves encompassing
strings where the axion field has a full 2z f, field excursion.
A key point of string formation is that in the high-
temperature theory, there are no preferred values for the
axion field; it takes on random uncorrelated average values
over causally disconnected Hubble patches. The radial
mode is massive and nonrelativistic at temperatures below
f4; this mode freezes out to its VEV except at the location
of string cores. Let us stress that, although we focused the
discussion on the minimal model of (3), the conclusion
only depends on the fact that there exists a PQ-preserving
point in field space that the Universe selects at high enough
temperatures, so that it also holds in more elaborate PQ UV
completions.

In contrast, the extra dimension UV completion does not
have a symmetry-breaking phase transition as 7 crosses f,
even if Try > fa.11 The first point to note is that in the flat
extra dimension case, the radion is decoupled from the
thermal plasma at temperatures below TRy and cannot
adjust to smooth out the core of a would-be axion string.
Indeed, the radion is a gravitational degree of freedom and
thus it scatters with the SM plasma in the early Universe
with a scattering rate I'~T7°/M7,. Thus the radion is
decoupled from the SM plasma at temperatures 7' < M.
On the other hand, the reheat temperature is constrained by
the BICEP2/Keck Array upper limit on the tensor-to-scalar
ratio to be less than Tgy < 10'° GeV [111]. Thus, post-
reheating the radion was never thermalized and instead was
frozen at its homogeneous initial misalignment value until
Hubble dropped below its mass. After this point the radion
redshifts like matter and decays to SM final states.

Let us return to the EFT description of flat extradimen-
sional strings given in Sec. I A. Consider the scenario
where Try > f, ~ 1/b, such that the 5D gauge field A, is
in thermal equilibrium with the SM plasma. During
inflation the field component A5 acquires a homogeneous
VEV (As) that is related to the specific field value of A5 at
the point of space we inflated from. This VEV translates to
an axion misalignment angle (9), where 9 is the dimen-
sionless axion field defined in (11); the misalignment angle
takes on a random value between 0 and 2z with equal
probability.

""As noted previously, in scenarios where Ty is larger than
the warped down string scale, there can be a Hagedorn phase
transition producing F-strings [45,65,66]. Here, we consider
scenarios where the warped down string scale is larger than

the scale of inflation Viln/f4, so that a Hagedorn phase transition

does not occur; if strings are generated by a Hagedorn phase
transition, then the cosmology would proceed as in Sec. V.
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Postreheating, the field A5 has nontrivial thermal fluc-
tuations, but its VEV is preserved by thermal fluctuations.'
When T drops below f, there is no phase transition, but
instead the 5D KK modes of A, become massive, decouple
from the SM plasma, and then decay into lighter states.
Since the thermal fluctuations in § do not create singular
field configurations, the axion field J relaxes to its infla-
tionary-selected VEV ;= (9) during the subsequent
expansion of the Universe, such that at the QCD phase
transition the cosmology is that of a constant initial
misalignment angle 9;.

In the case of extra dimension axions, there is in fact no
difference between Try > f, and Try < fu- f Tryg < fa»
then the cosmology is, as in the field theory case, that of a
constant initial misalignment angle §;. Importantly, as
discussed above, the case Tgy > f, is equivalent to this
cosmology; the dynamics are set by a homogeneous
constant initial misalignment angle 9; (see also arguments
in [24,61]). Not only does this imply that axion strings
do not form, except in special inflationary scenarios such as
D-brane inflation discussed in the next subsection, it also
implies that isocurvature constraints arising from quantum
fluctuations of the axion (or As) during inflation are always
relevant constraints for the string theory axion. In contrast,
for the PQ axion these constraints are only relevant if
Tru < fa4» as in the other case, the isocurvature perturba-
tions are erased by the initial conditions of the axion field.
Upper limits on the isocurvature perturbations from Planck
measurements constrain the Hubble parameter H;,; during
inflation to be less than [111]

- ] f. 0.408

Hinf~8.6x 10 GeV<m> . (81)
Note that at present the strongest upper limit on Hy is
H,; <6 x 10" GeV, and this upper limit should only
improve by a factor of ~5 in the future [112]; this implies,
in particular, that a string theory QCD axion is incompat-
ible with a near-term detection of primordial Cosmic
Microwave Background B-mode polarization from infla-
tion, except in special inflationary scenarios such as
D-brane inflation that do produce axion strings.

It is worth commenting on the expected axion mass in
the case without axion strings from the misalignment angle
alone. We assume a radiation-dominated cosmology below
the temperature at which the axion field begins to oscillate
and compute the DM abundance for different values of f,,
and the initial misalignment angle §; using the code
package MiMeS [113]. MiMes solves the axion equations
of motion assuming a radiation-dominated universe with
the axion susceptibility presented in [114]. (See [113] for

"In contrast, in the field theory case postreheating for 7 > f,
the axion, which is the phase of the complex PQ scalar field, does
not have normally distributed thermal fluctuations.

more details.) For the 68% (95%) confidence intervals on
the mass prediction we assume 9; = [0.16,0.84]z (9; =
[0.025,0.975]x) and find for each 9; the correct f, at which
Q, =Qpy = 0.12h72 [115]. The axion mass m, that
produces the correct DM abundance is predicted to lie
in the range (1.86, 53.3) peV [(0.0777, 118) peV] at 68%
(95%) confidence. Of course, there may be anthropic
reasons why, for a smaller value of m,, the initial mis-
alignment angle of our observable Universe is selected
to be near zero in order to give conditions necessary for
life [116,117].

B. Axion strings in D-brane inflation

There is a well-studied nonthermal production mecha-
nism for axiverse cosmic strings: strings can form at
the end of D-brane inflation [41,42,64]. D-brane infla-
tion'? [62,125] identifies the inflaton with the modulus
encoding the separation between a brane and an antibrane,
extended in the four noncompact spacetime dimensions,
and possibly in compact ones. With a suitable metric and
fluxes, an isolated brane does not move in the compact
dimension by itself, but in the presence of another brane,
there can be an attractive force between them, mediated by
long-distance closed string exchange. If that potential is
flat enough, then it can support a sufficiently long period
of inflation.

At large brane separation, the open strings stretched
between them are very massive and do not influence the
dynamics. However, at small separations, the lightest mode
becomes tachyonic and induces brane-antibrane annihila-
tion. As in the Kibble-Zurek mechanism, this tachyon
condenses to a vacuum manifold whose topology is con-
sistent with the formation of cosmic strings [32,126—128].
Some of these strings are D-branes of lower dimension,
which can be identified given their RR charges. In more
detail, each of the brane-antibrane pair is associated with a
U(1) gauge theory and the tachyon degree of freedom
couples to one combination of the U(1) x U(1) theory.
Tachyon condensation then breaks that U(1) and gives rise
to cosmic strings, similar to a field theory scenario. In the
core of the string, a nonzero field strength survives and
induces a coupling to lower degree RR forms through the
Wess-Zumino couplings of the annihilating branes. For the
most-studied D3-D3 brane system, the strings would be
D1-branes extended along one noncompact space dimen-
sion. As they turn into D1-branes via S-duality, it is also
expected that F-strings are formed in the process, as well as
any bound state of F- and D-strings of charge (p, ¢). The

more general case of D(3 + p)-D(3 + p) brane inflation

YOther inflation models involving D-branes have been
proposed, for instance, the closely-related setup with branes at
angles [118] or the D3-D7 system [119]. Cosmic strings can also
be formed in these models [120-124].
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leading to D(1 + p)-branes wrapped down to 4D strings
has also been discussed [41,42].

The above mechanism of cosmic string formation, how-
ever, relies on two important aspects. First, the inflaton
potential needs to be flat enough to support a sufficient
number of e-foldings and be consistent with the observa-
tions. Second, for our purpose, we also need to understand
whether the cosmic string actually has an axion associated
with it. The first aspect requires a precise computation in a
string-theoretic EFT. Brane-antibrane systems generically
do not have a flat-space potential compatible with inflation,
although fine-tuning allows one to evade this [118,129].
However, these early works assumed an unspecified mecha-
nism for moduli stabilization, which was then shown to be a
crucial part of the discussion in [130] (KKLMMT). In
particular, KKLMMT considered a warped geometry which
led to an exponential flattening of the inflaton potential,
along with a stabilization of all the moduli—a significant
improvement over earlier constructions. However, it was
found that generic stabilization mechanisms could still
make the inflaton too heavy to support inflation, and some
degree of fine-tuning (roughly a percent) might be needed.

The second aspect of producing cosmic axion strings is,
however, more challenging, at least in the context of the
KKLMMT construction. This construction involves a Z,
orientifold which removes the zero mode of the axion fields
that couples to the D- and F-strings [43]. As a result, while
the cosmic strings can still be metastable, they would not
source axions. It may be possible to find other similar
constructions to KKLMMT where the axion field does
survive in the low-energy spectrum, though the fact that in
this canonical D-brane inflation picture there is no axion in
the low-energy EFT may also be taken as an additional
argument against cosmic axion strings in string theory. A
similar projection of the NSNS and RR 2-forms out of the
spectrum is found in the D3-D7 inflation model [119]. In
the following sections, however, we will assume that an
axion zero mode does survive in the low energy EFT in
order to discuss the cosmological dynamics of an axion
cosmic superstring network generated from, e.g., D-brane
inflation. On the other hand, the construction of fully-
controlled D-brane inflation models whose cosmic super-
string networks source axions in the EFT would be an
interesting direction for future work.

V. STRING NETWORK EVOLUTION

As we discuss in Sec. 1V, string theory axion strings,
unlike field theory axion strings, require special infla-
tionary conditions to form, such as forming through
D-brane annihilation at the end of brane inflation. In this
section, we suppose that string theory axion strings do form
in the early Universe, and we discuss the evolution of the
resulting string network and the radiation it produces.

As we show in Sec. IIl, axion strings in string
theory may be interpreted as wrapped D-branes or

F-strings that magnetically source the axion. Such cosmic
superstrings have been discussed extensively in the liter-
ature as possible sources of GWs, primordial density
perturbations, microlensing signals, and other early
Universe signatures [49,57,131,132]. Here, we consider
the possibility that these superstrings also source axions,
and we discuss how the axions modify the superstring
network and the resulting radiation.

Let us consider a network of cosmic superstrings that are
magnetically charged under an axion a with decay constant
S as shown in Sec. 111, in the absence of strong warping in
the extra dimensions, the tension of the strings may be
written as

H= KfaMpl’ (82)

where k is a number of order unity. (The string theory

calculations of Sec. III suggest k = v/27, but here we keep
this coefficient more general.) Note that D-brane inflation
may (or may not) form multiple types of strings, such as a
network of F- and D-type strings [43]. Such mixed string
networks'* have string junctions, since F-strings can end on
D-strings; the evolution of such mixed string networks is
more complicated, and we do not consider this possibility
further in this work for simplicity. Rather, we suppose that
the only strings present cosmologically are those that
source the axion of interest a.

A. Network evolution: No axion emission

Let us briefly summarize the evolution of cosmic super-
string networks, characterized by a tension u, without
accounting for radiation loss in the form of axions.
Afterwards, we discuss how to incorporate axion emission.
In this section, we assume the string network, for flat-extra-
dimension strings, evolved entirely during the radiation-
dominated era. The standard assumption for cosmic string
networks is that they approach a scaling solution via string
intersections with the scaling solution maintaining energy
conservation through GW radiation.

We denote the string reconnection probability as P; this
is the probability that if two strings intersect they will
intercommute (exchange ends). The probability that the
strings pass through each other unaffected is 1 — P. The
probability P should depend both on the relative velocity
between the strings and their relative angle, but it is
common to characterize the network by the network-
averaged quantity P. For field theory local and global
strings P~ 1," but for D-brane string networks it is
expected that P ~ (0.1,1) [44]. (P may be even smaller

“These are commonly termed (p, g) string networks in the
superstring literature.

Bp may also be artificially reduced in field theory models:
e.g., for N decoupled copies of Abelian-Higgs model, we have
P=1/N.
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if the strings are able to “miss” each other in one of the
extra dimensions.) Suppose that we start with a network
consisting of long strings, with lengths much larger than a
horizon size. As the strings evolve according to their
Nambu-Goto equations of motion, they can intersect,
forming, for example, closed string loops. Left in isolation
a closed string loop will disappear by GW radiation. In
particular, a string loop L of length ¢ emits energy with rate

dEGW o

dr rG[L]G#Z’ (83)

where r;[L] is a dimensionless constant that depends on the
shape (but not the size) of L and where G is Newton’s
constant. For typical string loops expected in cosmological
context rg[L] ~ 50 [133-136]. In this work we assume, for
simplicity, that all rg[L] take the same value rg[L]~
rg =~ 50. This implies that a loop in isolation changes length
with time according to £(t) = £y — rgGut, with £, the
initial length, implying the strings with length smaller than
roughly rsGut at given cosmological time ¢ will decay
within a Hubble time.

Modern simulations [137,138] in addition to older works
and analytic arguments [139-141] (see [51] for a review of
different approaches) suggest that regardless of the initial
string network properties the string network reaches a
scaling solution. One way of characterizing the scaling
solution is through the differential number density of
subhorizon-size loops of length ¢ per unit length, n(Z, 1).
In the scaling regime, the number density at any time may
be related to a universal function n(x) through n(¢,t) =
t~#n(x) with x = #/t. The velocity-dependent one-scale
(VOS) model [142-145] is a semianalytic approach to
describing the string network whereby one models the
production of loops through a loop-production function that
splits loops off of long strings. The VOS equations of
motion then relate the average distance between long strings
and the average string velocity, solving the VOS equations
of motion with an Ansatz for the loop-production function,
and imposing energy conservation, which then leads to
solutions for the loop number density. VOS-derived number
densities suggest that (for P = 1)

a

e — 84
(x + rgGu)>? (84)

n(x) ~

for x < 0.1 and a = 0.18; these values agree with those in
modern numerical simulations such as [138], and so we
adopt them throughout this work. On the other hand, some
simulations such as [146,147] predict more small-scale
loops relative to (84), but we do not consider these results
here (i) because they do not so clearly obey energy
conservation, and (ii) because such results would produce
more axion and GW radiation relative to our fiducial choice
in (84). (Hence, our results are more conservative from an
observational perspective.)

Generically, one expects that the energy density in the
string network during the scaling regime grows as the
reconnection probability P decreases, since the network is,
e.g., able to less efficiently lose energy to small loops.
However, dedicated simulations with P < 1 [148] suggest
that the string energy density is roughly constant over the
range 0.1 < P < 1, which is the range of probabilities we
are primarily interested in for D-brane networks, and so we
adopt the P = 1 results above in the analyses that follow.

Let us now compute the energy production rate I'gy of
energy per unit time per unit volume by string loops within
the scaling regime (similar derivations can be found in
Refs. [149-151]). We may write this rate as

Tow = raGu? / dZn(?.t) ~ (16a/3)H3 u(rgGu)~'/?

16/ 8k
N———H3 /.M
3\/@ fa pl’ (85)

where in the last line we use the expression for y in (82).
(Note that (85) only accounts for emission from loops with
x < 0.1.) In addition to the energy production rate into
GWs it is also important to know the frequency spectrum of
emitted GWs.

An individual string loop of length # may emit GW
radiation with a complicated spectrum at frequencies above
roughly the first harmonic frequency w; = 4x/¢, depend-
ing on the loop shape and, in particular, the distribution of
cusps and kinks on the loop. Simulations suggest, however,
that averaged over an ensemble of loops of length # one
may approximate dESy/dw < w™/3 for @ > w; [136],
where dEéW /dw denotes the energy loss per unit time per
unit frequency of a loop of length #. Here, however, we
follow [51] and let, for loops of length 7,

dEg, . 0
do EGW{

w < W

ol >, (86)
with 2 > ¢ > 1. Recall that Egy is given in (83) and is
independent of the string length #. For w > w; one
expects, for example, ¢ = 4/3 (¢ = 5/3) if the emission
is dominated by cusps (kinks) [51]. We may then compute
the network-averaged emission rate per unit time per unit

volume per unit frequency by

dlgw dESy
= [ d¢n(l.t)——. 87
dw / n(#.1) dw (87)

To make progress analytically we approximate the loop
number density in (84) to be

2 X;% X < Xyy
n(x)mzq W xyy = rgGu.  (88)
=z X > Xyv,
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Note that the overall factor of 2/5 is chosen such that the total number of loops, integrated over ¢, matches the value found
using (84). Then, we may perform the integral in (87) to compute

da  g-1 H2 g8
Sry/Xuv 2q+1 wy’
=rgGu
dw 20 q—1 H? 5 (o
S\ /Xy 2—¢q 1429 \ @

Note that integrating (89) over @ returns the full emission
rate in (85).

The emission rate in (89) is the instantaneous GW
emission rate, but more often we are interested in the full
energy density frequency spectrum dpgw /0w at some time
t. The energy density spectrum may be related to the
instantaneous emission spectrum by (see, e.g., [152])

4(g-1) \/Z
2q+1 w,’
Xuv

aﬂGW(a), t)
5-8n-H?

ow

1—‘GW

Integrating the equation above over @ shows that most of
the energy is contained in the high-w tail, which gives the
logarithmically divergent contribution to the energy density

pow(t) = TowH ' log(f,/H) + -, (92)

where we take the UV cutoff to be f, and neglect
subleading finite terms.

B. Network evolution: Including axion emission

We now include the effects of axion emission on the
network evolution and compute the resulting axion energy
density and frequency spectrum. A string L of length ¢
loses energy to axion radiation at a rate [152,153]

dE,
dr

ralL]f3. (93)

where r,[L] is a shape parameter that does not depend on
the string length. Such a formula is valid for global axion
strings, and from the perspective of the axion the extra-
dimensional strings look like global strings; in particular,
the axion field winds around the string cores in the same
way it does for global strings. In the context of global string
simulations the network-averaged quantity r,[L] has been

- [3(q— 1)(%)2 -5 (%)" +502- q)(%)], » > wp.

w < Wy,

2
@

Ipcw t(R(A)\? dlgw (', o)
oo _A ar (R(t)) w0

where o = wR(t)/R(f) with R the scale factor.
Substituting (89) into the expression above and neglecting
any possible change in the relativistic degrees of freedom
for simplicity yields the result

@ < Wy

o1

measured to be r,[L]~r,~O(10) [72,76,153,154].
Referring to (83), we see that the energy loss of string
loops to axions is parametrically the same as that to GWs
(see also [155]):

Eow _rq & (94)

E, r,87

Thus, the string loop density takes the same form as (84)
but with the replacement

8
LIKZ'

(95)

r¢g > r=rg+r

Numerically, we expect r ~ 50—100. The GW emission rate
is then nearly the same as that given in (85) except that r
and rg enter separately:

16rsV 8rka
Tow = ——ay— H\ [ fM3). (96)

3r3/2

The axion emission rate is closely related to that of GWs:

16r,(87)%*a
o =—=5mam H, /M) (97)
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With the change given in (95), the GW energy density
spectrum is the same as that given in (91). Similarly, the
axion energy density is, to leading order in large

log(fa/H),
/)a(t) = 1—‘aI-I_l log(fa/H) +e (98)

The differential axion spectrum calculation is analogous
to that performed previously for GWs. If the differential
axion spectrum dE’/dw takes the form of (86), for
2 > g > 1, then the result in (91) applies also for the
axion spectrum, given the substitution in (95). Let us
assume this is the case for the moment, though we revisit
this point later in the next paragraph. For the QCD axion
DM calculation that we present in the next section, we need
the axion number density n,(¢), which may be calculated
through

dwdp,(w, 1)
)= [ —————=. 99
mlt) = [ e (99)
Performing this integral using (91) we calculate
3(g -1
na(t) _ Fa (q )XZUV
16zgH

2g-1 r,
=24/—— Hf\/faM . 100
\/; q \/;\/Ea fa fa pl ( )
Note that some global string simulations suggest that
q = 1 (e.g., [86]), in which case the formula above does not
apply. In this case, repeating the above procedure we
compute

—1 ~4 2 r, \/ faMpl
i )xy ﬁﬁﬁ“’f “Tog(fu/H)’

to leading order in large log(f,/H). Note also that by
computing the ratio p,/n, we may infer that at time ¢ the
typical axion energy is @ ~ HM,/f,.

(101)

VI. THE QCD AXION DM MASS FOR STRING
THEORY AXION STRINGS

In the field theory UV completion for the QCD
axion, where the PQ symmetry is broken after inflation
with Ng, = 1, such that the axion DM abundance is
predominantly produced by string radiation [78], it
has been most recently estimated that the correct DM
abundance is obtained for an axion mass in the range
m, € (40, 180) peV [86] (but see [84]). In this section, we
imagine that the QCD axion DM abundance is produced
by a network of string theory axion strings, and we
compute the axion mass that gives the correct DM
abundance assuming both unwarped and warped axion

strings.]6 We show that the unwarped QCD axion string
result is in strong tension with observational upper limits
on the QCD axion mass, while the warped result is the
same, with a few caveats, as that from field theory UV
completions.

A. Axion strings from warped compactifications

Let us first review how to estimate m, in the standard
field theory axion string scenario, with Ny, = 1. In this
case, the string network evolves as under the m, =0
scenario until shortly before the QCD phase transition,
when m,(T) ~3H(T). Note that during the QCD phase
transition m,, rises rapidly with inverse temperature: we use
the approximation (for 7> A) [156]

A n

(1) = a3 (102)

with a, % 4.6 x 1077, n~8.16, and A = 400 MeV. Note

that for 7 <« A the axion mass asymptotes to its zero-

temperature value [157]:

fam? = Af, A =754 MeV. (103)

We define the time (temperature) when 3H(T) = m,(T) as
t. (T).

The network itself does not begin to collapse at 7, ; rather,
the network collapses within approximately a Hubble time
of the time 7.y, which may be estimated by setting the
energy density in domain walls to the energy density in
strings. Let us imagine a generic axion string loop at the
time 7., which we take to be circular with radius
Fioop = H™'/+/E, with & ~ O(1-10) the number of strings
per Hubble patch [34]. The energy associated with the
axion string forming the circumference of this loop is
approximately

Estring ~ 2ﬂr/'4eff ~ 277/"eff/(H\/E)' (104)
On the other hand, for N4, = 1 the string loop bounds a
single domain wall configuration, with the domain wall
stretched over an area approximately ﬂi”lzoop with surface
tension, due to the axion configuration in the vicinity of the
domain wall, 6 =~ 8m, f2 [158]. The energy associated with
the domain wall is

Egy ~ an'rlzoop ~ 8m,fin/(H*E). (105)
Equating Eg,, ~ Eqy, then leads to the collapse time
estimate

In Appendix C we consider string theory axion strings that
source axionlike particles and not the QCD axion; we show they
are constrained by contributions to N.
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\/ Elog(m,/H)
z2OOH( Teon)-

( coll)

ma coll

(106)

where in the second line above we take the benchmark
values at the QCD phase transition for the PQ string
&~ 17 and log(m;/H) ~70 [86]. Note that this implies
T*/ Tcoll ~ 2.

Axions are no longer efficiently created for 7' < T,
since the string network collapses within a Hubble time of
Teon- In fact, we argue that—by number density—most
axions are created by T,. The reason is that while a
significant amount of energy is deposited into axions
between T, and T, that energy is deposited into fewer
axions, by number, given the rapid increase of m, with
time, as we explain further below.

Let us suppose that the axion-string network emits
axions with an instantaneous differential emission spectrum
x k~? for some index ¢ for H <k < f,; Ref. [86]
measured ¢ = 1.02 = 0.04. Larger g values produce more
DM, so to be conservative let us assume ¢ = 1.06. In this
case, the axion number density at T, is estimated to be

\/5_* log. .

with &, =~ 17 and log, =log(f,/H(T,)) =~ 70 the values at
T, and with 6~ 113 measured in simulations [86].
Assuming number density conservation for 7 < 7', one
may then redshift the result in (107) to, e.g., matter-
radiation equality or today to compute the DM abundance.
To achieve the correct DM abundance, one finds the string-
induced DM abundance Q" to be [86]

QS () 12h—2 fa 1.172 éloﬁ
“ ' 4.1x10'° GeV 5 V1770°

The contribution to Q5 from axions produced between T,
and T,,; was estimated in [86] to raise 5 by, at most, a
factor of 3/2.

The result in (108) was computed for global axion strings,
suggesting m, ~ (40, 180) peV in that case to obtain the
observed DM abundance [86]. On the other hand, we claim
that this result also applies to string theory axion string
networks where the axion arises from a strongly warped
cycle, since in this case—as shown in Secs. II and IT1Il—the
tension of the axion string is the same as that found in field
theory axion models. The tension of the axion strings
dictates the evolution of the network, with one possible
exception. In the field theory axion models the intercom-
mutation of axion strings is purely deterministic (i.e.,
P =1). On the other hand, string theory axion strings
may have P < 1 due to either the quantum nature of the
string cores (F-strings or wrapped D-branes) or due to the
string missing each other in the additional extra dimensions.

8nf2H

n(T.) ~ (107)

(108)

We suspect that P < 1 raises the number of strings per
Hubble ¢ relative to the P = 1 scenario, though the P < 1
case has never been simulated for warped axion strings
where the energy loss is dominated by axion emission
instead of GW emission. Increasing &, as seen in (108),
would raise the DM abundance at fixed f,, thus requiring a
larger m, to obtain the correct DM abundance. However,
without dedicated simulations of the P < 1 scenario we are
unable to quantify this effect, though it would be an
interesting direction for future work.

B. Axion strings from unwarped compactifications

We now consider the scenario where the axion arises
from an unwarped cycle so that the axion string tension is
that given in (82). First, we repeat the calculation for the
collapse time of the string network for the case of string
theory axion strings. Towards that end, it is useful to
calculate the expected string length in Hubble units
(¢/H™") for string loops, which we may do using (84)
to find

rk fy,

p

(109)

Then, equating the string tension with the domain wall
tension we see that the network collapses at a temperature
2

A

Tcoll ~ M )
a

(110)
where we use the zero-temperature relation for m,f,
in (103). This relation is justified since for m, ~ 10 peV
the collapse temperature is 7o ~ O(0.1 MeV), with the
collapse temperature only being lower for higher axion
masses. On the other hand, the network does not efficiently
produce axions at temperatures below that where the
typical axion momentum, k~ HMy/f,, drops below
m,. We define this temperature as Tyg, and it is given
approximately by Tyg ~A;. We may then estimate the
contribution to the DM abundance from the string network
prior to the epoch defined by Tnr by

Str man,(Txg) (TMRE> 3

a ~

Tire T'nr
AT
VMaMp Tyre
10 peV

mg

~10* (111)

with Tyrg~ 1 eV the temperature of matter-radiation
equality. Thus, we conclude that string theory axion strings
overproduce the DM abundance for any allowable QCD
axion mass m,, given that neutron star and stellar cooling
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constraints impose that m, < 10-30 meV, depending on
the UV completion [159]. (The QCD axion mass would
have to be around 100 keV to produce the correct DM
abundance.) In Appendix A we calculate the abundance
more carefully by including O(1) numerical factors and
accounting for axions emitted up to the time of collapse with
energies @ > m,, and we find that the above conclusion is
unchanged. Note also that while the calculation above is
strictly only valid for P = 1, going to P < 1 only increases
the number of strings per Hubble and thus exacerbates the
problem of overproducing the DM abundance.

Even a period of early matter domination (EMD) is not
sufficient to dilute the axion abundance. If an EMD occurs
before the network collapses and before the axions become
nonrelativistic, then the network will adjust to a scaling
solution during the EMD era. Therefore, axions are not
diluted when the EMD ends, in contrast to other forms of
radiation not sourced by the network. On the other hand, if
an EMD occurs after the network collapses, then the
situation is different. First, we consider the case where
EMD starts immediately below 7T\r, to estimate the
maximal amount of dilution. Since EMD has to end by
Try ~ 4 MeV to ensure successful big bang nucleosyn-
thesis (BBN), the axion abundance can be diluted max-
lmally by a factor of RNR/RRH ~ (TRH/TNR)4/3 ~ 10_2,
which is not sufficient, given (111). Here Ryg and Rgy are
scale factors at Tyg ~ A and Tryy ~ 4 MeV, the end of the
assumed EMD period, respectively. In Appendix B we give
a more detailed estimate of entropy dilution from an EMD
period, reaching the same conclusion.

To further dilute the QCD axion abundance we need
the network to collapse earlier. Along these lines, in the
following section, we show that the QCD axion may
constitute the DM if it is accompanied by a heavier axion,
such that a linear combination of the two axions is sourced
by the string network. The heavier axion causes an early
collapse of the network, raising 7., above Tngr, as we
elaborate below.

VII. AXIVERSE STRING COSMOLOGY

We now examine how the QCD axion abundance is
altered if the strings source a linear combination of axion
mass eigenstates, as is likely to happen in axiverse con-
structions (see, e.g., [160-169] for field theory examples of
multiaxion scenarios). We consider a 4D EFT of the
axiverse with n, axions and n; instantons given by

Kl” a;
L>-—10,a;0'a; - A} {1 —cos <Q,”~—|—5,,>}, (112)

2 " fa,

where summation of repeated indices is understood, with
i,je{l,....,n,} and n€{l,...,n;}. K is a nondegenerate
symmetric kinetic matrix, and f, is the decay constant of
axion a;; i.e., a; = a; + 2xnf,.. We also define 9; = a;/f,,

with periodicity 2z.Q is the matrix of instanton charges
associated to instanton scales A,. In this field basis of
2z-periodic scalars, the charges Q,; are integers. We take
A; < Ay foreach i, and below we focus on the case where
QCD generates the weakest instanton."” Note that Ay is
defined for QCD in (103). We assume that there are no
temperature-dependent instanton potentials other than that
from QCD.18 For the QCD instanton potential, we assume
the temperature dependence (102) until 7= 152 MeV,
when the temperature-dependent growth saturates the
zero-temperature result; for 7 < 152 MeV we assume a
constant value for m,f, equal to A. This is a rough
approximation since the parametrization in (102) is tech-
nically only valid for 7" > 400 MeV, but this approxima-
tion is sufficient for the accuracy of the calculations in this
section.

We denote the basis of mass eigenstates by ¢, and the
associated masses M, . We suppose that additional bare
masses are negligible, which is expected for axiverse axions.
We further assume that n, > n; such that, barring certain
alignments of the instanton charges, through a field redefi-
nition we may set §; = O for all 7, in which case we maintain
the solution to the strong CP problem. Lastly, we suppose
that all strings in the network source the axion §; with
winding number 1, whereas the other J; for i > 1 have
winding number 0, while 9; is not a mass eigenstate.
Namely, we assume that the strings produced after inflation
source only the axion 9. This would be expected if the
string cores are resolved by the same kind of higher-
dimensional D-branes wrapped on the same cycle of the

internal manifold, as may happen after D(3 + p)-D(3 + p)-
brane inflation with p > 0.

A. Cosmology with two axions: Generalities

We now focus on the case n; = n, = 2, choosing the
instanton charges so that Npyw = 1 when circling around
the string under consideration.'” We show how the abun-
dance of QCD axions emitted by the network can avoid the
overclosure issue encountered in the single axion story. The
intuition is that the heavy axion state can cause the string
network to collapse earlier, thus reducing the abundance of
the lighter QCD axion state. This can be seen via an
estimate similar to (111) which shows the abundance scales

as l/m};/z.

If this is not the case, then the QCD axion DM abundance
may be further diluted.

ISNote, however, that for instanton potentials coming from D-
brane wrapping cycles in the compactified dimensions, a temper-
ature-dependent potential could arise if the dilaton VEV or
volume modulus changes with temperature.

®In Appendix E we derive a general relation for the instanton
charges in order to give Npw = 1 for an arbitrary number of
axions.
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The axions associated with each instanton are

9ocp = 0119 + 0129,

In, = 02191 + Onds. (113)

Let (d}.d)) denote the axion basis after canonically
normalizing the axions. Writing the Cholesky decompo-
sition of the kinetic mixing matrix as K = V'V and
denoting the mass matrix in the basis (a;,a,) by M, it
follows that the mass matrix in the basis (a},d))
is (V"))TMV-'. For concreteness, let us take

K = (l i) To avoid fields with negative norms and

tachyonic instabilities we must impose |e| < 1. Then

1 — €

y-l = ( 0 Vll‘fz), and by Taylor expanding (112),
Vi-¢?

we obtain the mass matrix of the canonically normalized

axions
2 2
1 a/ T M/ M/ ! a/
£:>—§< }) JU ) (e
“) \Mia, My ) \%
with
2 _ a2
Mu’l = Mg,
. MEE =20, 0,
@ 1-¢
—eM2 + M2,
K 1
where

QAL+ QA

2
Mﬂ] 2
ap
2 A4+Q2 A4
2 1271 22422
Muz - 2
a
A4 A2
M, = 010nA] + 02102 2 (116)
faJa,

Diagonalizing (114), we see that the mass eigenbasis
(@1, @>) is related to the basis (), d)) by a rotation

(#)=ro(2). o= (20 0. )

where

M? — M?,
cos 20 = alAz e
2M2,
sin 260 = 12
A2

(a0 = (a3 - )" 4o, ) s)

such that the masses of the eigenstates are

1
2 2 2 2
M3, fE(Ma,] + M2 —A )
1
2 2 2 2
M2, fE(Ma,] + M2+ A ) (119)

In order to compute the abundances of ¢ and ¢, axions
emitted by the network, we need to first understand how the
axion energy emitted by a string loop is split between them.
We focus on a; for this purpose since we are considering a
scenario where only a; is sourced by the network. The
matrix sending the basis (¢,, ¢;) back to the original basis
(ay,a,) is P = V~'R(=0). It follows that the 2-form dual
to a;, which couples to the string world sheet X#(z, ), can
be written C = P12C1 + P11C2 with d4d(ﬂi = *d4dCl-. Let
us assume that the mass of each eigenstate is negligible
relative to f, , which holds until the A, instanton becomes
relevant and quickly stops the emission of the heavy axion.
Then the action for the string and the fields (¢, ¢,) is

1

~ 2nf,,

V2

with y,, = 9,X*9,X),, u the string tension and F; the field

strength of C;. After fixing the Lorentz gauge 0/C; ,, =0

and the string world sheet diffeomorphism invariance, the
equation of motion for the dual axion fields is [152]

dedoe9,X#9,X*C,,(X), (120)

0,0°CY" = g; / do(X*X" — X*X")5 (x — X), (121)

with gi:\/iﬂfa]P”. Therefore, C; xg;, so dE, /dt,
which can be obtained from the stress-energy tensor
of @, sourced by the string, scales like g7. The emission
rates from a given string loop are thus dE, /df=

rag/\/ g1 + g5 Explicitly,

€

Py, = —sin(@) — mcos(&),
Py = cos(0) — \/le__ésin(e). (122)

We see that the presence of kinetic mixing e can alter
the emission of ¢; and ¢,. In the fine-tuned cases where
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€ = —sin(0) (e = cos(d)), the network does not emit the
lighter (heavier) mass eigenstate at all. However, barring
such extreme cases, for typical values of ¢ and 8, we can
capture the generic properties of the cosmological evolution
by working with ¢ = 0, which we will do in the following.
The presence of kinetic mixing, along the lines of [170], can
be taken into account by redoing the following analysis
starting with (122).

We also assume that A, > A; =75 MeV, and that r, =
fa,/fa is O((Ay/A;)?). Then we find

2 2
dE([,l . 5 Q22rf
— =rsSn0xr,——-5—,

03, + 051
21 2y

dr
dE 03,
Q%l + Q%erzc’

P2

Tl r,co8’ 0~ r,

(123)

such that, unless the instanton charges are tuned or there is a
hierarchy amongst the f, , the rates of energy emitted into
each mass eigenstate are comparable. Further, the mass-
decay constant relations are

~ A2
falMlﬂl ~ AIRQ’

faM,, zA%\/ 03 + r%'Q%r (124)
where we define
RQE|Q11Q22—Q21Q12|’”J‘" (125)

\ @51+ 0%

Lastly, let us comment on the periodicity of the (canonically
normalized) QCD axion. At energies below A,, setting
9y, = 0in (113) gives 9 = (= 02/ 0Q>1)9>, such that the
periodicity of 9, is A9 = =270,/ gcd(Q2, Oy;), With
gcd the greatest common divisor. Hence, the periodicity of
19QCD is

(126)

2
Adocp = —(Q“ _ Q21Q12) wed 705

Q22 (Q217 Q22) .

Therefore, defining the domain wall (DW) number as

NCD _ 101102 — 021012
bW ged(Qs1. O) 7

(127)

it follows that 9%, = dqcp/Npw is 27 periodic. Writing
the Lagrangian (112) in terms of Jqcp we obtain

1
LD EfZlQCD

(ai('lé)CD)z - A? 1 —cos (N]%SVDgéQCD) . (128)

where we define the decay constant of e, as

\ @5 + 17203

4 129
fal | gcd (021, O] (129)

Jagen =

As we now discuss, the DW number of the QCD axion is
generally different from the DW number which determines
whether the string network collapses due to DW formation.

When T drops below A,, the first relation of (123)
remains valid, but we can approximate d£,, /dt ~ 0. Below
T =~ A,, domain walls develop and potentially make the
string network collapse. Whether that happens immediately
or at much lower temperatures depends on Q,;, which is
the DW number associated to the part of the potential
generated by the strongest instanton. In particular, for
T = A, only the A3(1 — cos(Q,;9;)) part of the potential
in (112) is active and Q,; determines the DW structure; if
0y, # 1, then the network will be stable until T ~ Agep.”
However, we focus on the case where the network decays
early, so as to reduce the QCD axion abundance and take
0>, = 1 in what follows.”!

Let us denote the DW tension by o. In the limit A, > A
of primary interest we can identify ¢ = 8/, A3 from the
single-axion calculation [171]. The domain wall tension
causes the network to collapse, as we discuss further below,
shutting off the emission of the lighter QCD axions.

B. Cosmology with two axions: No warping

When there is no warping the string tension g is
parametrically ~f, M, as given in (82). Therefore, assum-
ing the entire network evolution occurs during a radiation-
dominated era, the temperature at which the domain wall
tension drives the network to collapse is

1 90 \i [7o
Teop ~ PN iy
(327[ )2 Y coll Mp]

with g, (T) the number of relativistic degrees of freedom at
temperature 7', which we evaluate numerically using
formulae from [172], and where r is defined in (95).

Let the ¢, states become nonrelativistic at temperature
T\wr,p,- We focus on the case Ty > T'xg,g,» Such that the
network collapses before the lighter mass-eigenstate ¢
becomes nonrelativistic.”* Thus, we require

(130)

*Note that if the lightest axion was an ultralight axionlike
particle instead of the QCD axion, the network would persist until
T ~ Ay, at which point Npw would be given by (E3).

IITo enlarge the parameter space in terms of instanton charges,
notice that the same result could be achieved with Q,; # 1 if there
is more than one instanton stronger than QCD. The only criterion
is that the potential has Npw = 1 at T = A,.

221f this is not the case, then it is straightforward to show that
the QCD axion DM abundance would still be overproduced.
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(131)

A2 > V KRQ < Gx coll )i 1 Mpl
log

A .
4 g*,QCD (fa] ) QCD fal

At the time of collapse, the ¢, have characteristic energy
@con ~ H(Teou)Mp1/ fo,» Which then redshifts as

R coll

o(T < Tean) =5~ (132)

Dol -

From entropy conservation (T g*ﬁs(T)‘%/R), it follows
that the temperature at which the emitted axions become
nonrelativistic is

Q - p(m (Tcoll) ( Rcoll >4 (RNR.(/;,>3
LSt
o3 Pco RNR.(/)] RO

T - K\/TTr 1 g*scoll §
MR 12872 10g (M /A0)2 \ 91 s Nk,
o My
X< > Ve, M, (133)
G+ coll AZ

Let us assume that Tng, < 100 MeV, such that we
may set M, to its zero-temperature value. We also assume,
for simplicity, that the strings radiate axions with a
conformal spectrum dE/dk « 1/k. Then, the present-day
abundance is

T3 r ]20 03,

2\/§ﬂ2 Gx.,5,09+.coll ( 90 >‘!‘ rq& 1 A_%
rv/klog(My/As) Ay 3H%M§1 (1+ ”%ng) ¢

1) 1.8 x 103 GeV Gx.coll ( 90 )%(}’a>< o
‘ A2 Gx.s.coll \IGx.coll 10 0.18

135 x5 coll G coll

where we use (98), (124), and (123). Here p.o = 3H(2)M§1
denotes the critical density at the present day. Above, we
use Hy=14x10"* GeV, T, =2.4x 1071 GeV, and
Jx50 = 3.36. For A, sufficiently large such that the DM
abundance is not exceeded and f, > 10° GeV, our
assumption that Txg ,, < 100 MeV is indeed valid.

Note that (134) suggests we may achieve the correct DM
abundance (or a subleading DM abundance) from strings
for Ay 2 10° GeV. In the limit f, < f,, the DM abun-
dance is further suppressed by the factor r3 = / faz,
allowing for smaller A, without overproducing the DM
abundance. With that said, there are a few caveats to the
result in (134), which we expand upon below: (i) the QCD
axion ¢; has a misalignment contribution to its DM
abundance, which should be accounted for; and (ii) the
relic abundance of ¢, may give rise to an EMD period,
which then leads to a more complicated relation than (134).
In the numerical results we illustrate below, we allow for
the initial misalignment angle of ¢, which we denote by
@;;» to be in the range ¢;; €[0.025,0.975|z, and we
compute the misalignment contribution to the DM abun-
dance using MiMes [113] (see Sec. IV for details).

We now discuss the period of EMD that can be brought
upon by the relic population of cold ¢,’s. The ¢, become
nonrelativistic before the network collapses, and, if stable,
their relic density is set by Tnr, ~ /My, fa, ~ Mo
Assuming entropy conservation, the ¢, density at temper-
ature 7 is given by

() () mmr e

22
erzz

Ry,  (134)

Rnrg, |
Py, (T) N/)(/)Z(TNR,(/)Z)< R(pz)
~ 16\/57[2 A2T3 ftll %M
135 M)
% g*,NR.(ng*.s(T) < 90 )Tlt

g*.s,NR,(pz

(1+r20%)~
9« NR.g, f=a

(135)

Therefore, using (135) we can obtain the temperature 7'y,
where ¢, axions would dominate the total energy density,

32\/§ raag*,s.domg*,/\2 ( 90 )%

Tdom ~
9 K g*,domg*,s.Az

fa, ;
1+ r30%)™
WL+ 70

g*,/\z

x A2

(136)

AtT = Ty, the Universe enters a period of EMD, which is
allowed as long as ¢, decays sufficiently quickly to respect
observational constraints from BBN. In this case, the QCD
axion DM abundance is diluted by the entropy injected by
the decay of ¢, axions. The details of this scenario are
worked in Appendix F, where we self-consistently account
for the decays of ¢, to photons and to gluons, when
kinematically accessible.

For illustrative purposes, let us consider the scenario
where f, = f,, = f,. We also make the choice, relevant
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FIG. 4. The space of (f,, = f,. /) for the two-axion scenario
for our fiducial choice of dimensionless parameters. Excluded
parameter space is shaded gray. Within the viable parameter
space, the fraction of the DM abundance sourced by the string
network and misalignment is indicated according to the color bar.
We allow for an initial misalignment angle ; in [0.025, 0.975]x.
Thus, axions may constitute the DM for f, =5 x 10'° GeV,
where the abundance is set almost entirely by misalignment of the
lighter eigenstate. For smaller f, the QCD axion may only
constitute a subdominant fraction of the DM (<25%), as in the
lower left corner of the viable region, where the string network
provides the dominant contribution. (Going beyond our canonical
choice of dimensionless parameters, however, for example, by
allowing f,, # f,,, the correct DM abundance may be achieved.)
In the region below the solid black line the ¢, eventually
dominates the energy density, initiating an EMD era, and must
subsequently decay before BBN. The blue star indicates the
choice of parameters for which we show the GW signal in Fig. 5.

for determining the duration of the EMD epoch, that
the heavy axion couples to electromagnetism with coupling
(see Appendix F) g,,., = apmC,,/(27f,), Where apy is
the fine structure constant, and we take C,, = 1. In
Fig. 4 we illustrate the parameter space for this model as
spanned by f, and A,, making the additional assumptions
that k = 72, rg =287, r, =10, r=100, a=0.18,
and (Q11, 012, 021, 02) = (2,1, 1,2), in addition to vary-
ing the initial misalignment angle of the QCD axion within
the range previously mentioned. Note that within the
allowed parameter space neutron star cooling provides a
lower bound on f, at the level f, 2 3 x 10% GeV, up to
minor model dependence depending on the UV comple-
tion [159]. There is an additional constraint on the gluon
coupling of massive axionlike particles from observations
of Supernova 1987A, which is relevant for the ¢,
parameter space. We use the bound of [173], which found
drey /A2 4% 1078 TeV~! for masses up to ~200 MeV
(see Appendix F for the conventions of these couplings).
We also exclude the regions of parameter space where the

reheat temperature from EMD would be below the
temperature of BBN and where the misalignment con-
tribution to the DM abundance would overproduce the
observed abundance, within the amount we allow our-
selves to tune the initial misalignment angle.

Combining all the constraints mentioned above, we
deduce that the QCD axion may only compose a subdomi-
nant (<25%) fraction of the DM (the starred point in Fig. 4),
unless the present-day axion abundance is set almost
entirely by misalignment, in which case it may be all of
the DM but the strings do not play an important role.
Allowing for a small hierarchy between the decay constants
fa,/fa, 2 10, it is possible to have the QCD axion con-
stitute the DM with the dominant contribution being from
the string network for f, ~ 10° GeV. Interestingly, as we
discuss further in Sec. VIIC, even if the string-generated
axions are only a subfraction of the DM abundance, as is the
case by the starred point in parameter space in Fig. 4, the
string network may still give rise to a GW signal within
reach of future observations.

Lastly, let us comment on how the phenomenology
discussed in this section generalizes to n, > 2 axions.
We assume that Q,, | = 1, such the collapse of the network
is set by the heaviest instanton and that there is no kinetic
mixing or large hierarchies amongst the f, . Then, there are
at least two important differences with respect to the case
n, = 2. First, unless the instanton charges are tuned, we
naively expect that the energy emitted from a shrinking loop
of string is split roughly equally into each mass eigenstate.
Thus, the abundance of QCD axions emitted by the string
network is suppressed by a factor « 1/n,, making it harder
for the QCD axions generated from the string to account for
the full DM abundance in the limit n, > 1. Secondly, the
abundance may be further diluted due to a period of EMD in
several steps if, after the heaviest mass eigenstate decays,
some of the lighter mass eigenstates also come to dominate
the energy density.

In Appendix G we discuss the scenario of a warped axion
string that produces two or more mass-eigenstate axions. In
this case, the heavier axion may also reduce the relic
abundance, though the effect is less dramatic since the
QCD axion does not overproduce the relic abundance in the
single axion case.

C. Gravitational wave signal from unwarped
axion strings

We now compute the GW signal from the network in the
two-axion unwarped scenario. We further restrict to the
part of parameter space where there is no period of EMD.
From (91), the GW spectrum at the time of network
collapse is

dp 32)” \/ﬁa
dloga}:< 165r3/2 )Hgoll\/m(xf(x», (137)
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where f(x) is shorthand for the bracketed term in (91) and x = @/wy . The GWs redshift freely after the network
collapses, so that the present-day GW spectrum is, using (130),

Rcoll 4
Ry

dp g t a)RO
d log w ol Rcoll

WdQawo _ h* dp, [to, @] = s
dlog(w)  peodlogw 0 Peco
| 3
16(22°) 9col¥iso o T
2025 3
gi,s,coll
1 T, Ko
~ 14 x 10,5, <%)

Note in (138) @ denotes the present day frequency whereas
in (137) w denotes the frequency at the collapse time, and
the two are related by an appropriate redshift factor. Lastly,
we need to evaluate

1
1 3
Ryw 454\/rx @ G ol faMp
Reon®ocon  16-2imTo i 5 Ay
coll®0 co Og*,collg*,s,o

(139)

In Fig. 5 we show the result of (138) for the case where the
QCD axion constitutes 25% of the DM, for our fiducial
choice of parameters (the starred point in parameter space in
Fig. 4). We also assume the GW emission is cusp-dominated
(g =5/3). In this case the GW signal is within reach
of proposed future probes such as the Einstein Telescope

1070 —— T
L PPTA

1075

10~10F SKA

-h?

,ig 1072+
10—14k
10710k
10-18 s I s I s L I 1 1 1
107" 107 1077 107° 107 107" 100 107
f/Hz
FIG. 5. The present-day GW spectrum for the two-axion

scenario, compared to existing and projected constraints from
GW observatories (shaded). Here f, =3 x 10® GeV, A, =
7.8 x 103 GeV, corresponding to the QCD axion constituting
25% of the DM. This point in parameter space corresponds to the
blue star in Fig. 4, and the choice of dimensionless parameters is
the same as in Fig. 4.

revka\ - [fa,
h H%M%l < Gr3/2 ) x M [xf(x)]|x7 Row

pl " Reoll €0 coll

L

Mp] " Reoll 90, coll

(138)

(ET) [174] and the Big Bang Observer (BBO) [175], but not
detectable by LISA [176], Square Kilometer Array
(SKA) [177], Parkes Pulsing Timing Array (PPTA) [178],
or LIGO’s O5 observing run (LIGOS) [179].

VIII. DISCUSSION

The so-called “postinflationary scenario” has been
treated as a leading and predictive picture of axion
cosmology for decades, where PQ symmetry breaking
below the reheating scale after inflation gives rise to a
network of axion strings. At the same time, axions
emerging in the context of string theory compactifications
have been pursued in part due to their ability to more
naturally address the PQ quality problem. However, as we
show, these two pictures are at odds.

QCD axion strings from string theory axions do not
generically form. The strings must be formed at high
temperatures, in the context of the UV theory, and while
field theory axion strings form generically, we show that
string theory axion strings require special inflationary
conditions such as D-brane annihilation at the end of
D-brane inflation. Moreover, even in the case of D-brane
inflation in the canonical model of KKLMMT [130], the
resulting cosmic superstring network does not source
axions, since the axion is projected out of the EFT by
an orientifold.

Even if QCD axion strings from string theory axions did
form (for example, at the end of D-brane inflation), we
show that they overproduce the DM abundance, unless the
axion arises from a strongly warped cycle. One possible
way out of the above conundrum, which we discuss, is if
string theory produces an axiverse, and a heavier axion
state collapses the axion string network at an earlier time
before the QCD phase transition. We show that the relic
abundance of QCD axions produced prior to the network
collapse can make up a sizeable fraction of the DM in this
case. Moreover, strong GW signals are possible, due to the
enhanced tension of the axion strings, and this could be
observable in future GW observatories.

035021-26



COSMOLOGICAL DYNAMICS OF STRING THEORY AXION ...

PHYS. REV. D 110, 035021 (2024)

Our work relies heavily on analytic estimates for the
axion production rates from cosmic superstrings. On the
other hand, dedicated simulations of cosmic superstrings
that self-consistently account for axion production have
never been performed and would greatly increase the
accuracy and robustness of the conclusions of this work.
Such simulations would need to self-consistently evolve
both the axion field sourced by the D- or F-strings in
addition to the strings themselves, accounting for the
possibility of a nontrivial interconnection probability for
the string cores. Moreover, string theory may give rise to
more complicated networks [43] containing both F- and
D-strings, as well as other branes wrapped on the internal
manifold. Those various strings could end on each other,
forming, e.g., junctions, which were not considered in this
work. Some of them could develop instabilities, e.g., due to
background branes. Here, we have considered the simplest
cosmic superstring scenario that is most analogous to the
field theory axion string network, but we have only
scratched the surface of possibilities. Exploring the more
general parameter space for axion superstring networks
would be an interesting direction for future work.

This work is of direct experimental relevance because it
demotivates, though does not exclude, the QCD axion mass
prediction for the postinflationary axion scenario since this
scenario does not generically arise in string theory QCD
axion constructions. In field theory axion constructions this
cosmological scenario predicts m, € (40, 180) peV to
achieve the observed DM abundance [86]. String theory
QCD axions most generically achieve the relic abundance
through the misalignment mechanism and not from string
production, in which case the QCD axion mass is predicted
to lie in the range (1.9,53) peV, without allowing for more
than 1o tuning of the initial misalignment angle. On the
other hand, given the unknowns related to the UV com-
pletion of the axion theory, inflation, and possible anthropic
selection effects, a broad experimental search program for
QCD axions is necessary over the full possible mass
range [180].

3
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APPENDIX A: MORE PRECISE QCD AXION
DM ABUNDANCE CALCULATION

Here we compute the abundance of axions emitted by
strings up until the time of network collapse, taking into
account that the emitted axions are nonrelativistic at late
times. As the precise form of the axion emission spectrum
at energies @ < m, is not known, we approximate that
emission is cut off completely in this regime, i.e.,

dpew _ [ (RI)\ dlgw(!.@')

(A1)

with © the Heaviside step function. In the following let us
assume that ¢ > 1 to be conservative, and for simplicity, we
ignore the time dependence of m,. Then (90) is unchanged
for @ > m,, and for w < m,, we have the modification

w < \/m,m,
(A2)

which reduces to (90) for m, = w. Then we obtain, after the appropriate replacements for the axion energy emission rate,

Xuv @
H=Ir,——=F|—
nat) = Lo g <m>

f<%) - % (%)é (- Q)(z(;(jlr_l)l()Zq - l)g <%>" +2(612;—;) <%>2

(A3)
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Hence, writing n, = Cf ,/f.MF H, with the prefactor C
given as in (100), we obtain

Qstr & mng(Teon) <TMRE> 3
a ~y

4
TMRE Tcoll

—C %]_- wo(teon)\ A (Ad)
2]'[ mg, TMRE '
By the time 7., of network collapse, we have
m K maMpl K m
= =—x10*—=%. AS
wolteon) 327 A2 327 peV (A5)

Let us assume that m, 2 1 neV such that the argument of F
is much less than unity. Keeping the leading order term in
F, we have finally

4 “1(g—1)10(g -1 1
Qs{[Nloﬁ 6 < K ) (q ) O(q )raa peV
V2r q 2q-1 M
(A6)
Hence, the DM abundance is overproduced for any
allowed m,,.

APPENDIX B: QCD AXION DM ABUNDANCE
WITH EARLY MATTER DOMINATION

Here we show that even with a period of EMD, the QCD
axion DM abundance from string axion string networks is
still overproduced. We denote the reheat temperature by
Try and assume instantaneous reheating. BBN constrains
Try > 4 MeV [181,182]. If the string network evolves for
long enough during EMD then it attains a scaling regime
with £ constant, and the formulae concerning the emission
of axions and GWs are unchanged up to order one
dimensionless prefactors. For simplicity, we assume that
the axion emission becomes inefficient during the EMD
era. The ratio of Hubble rates between the time when the
axions become nonrelativistic and the time of reheating is
Hygr/Hgy ~ (A /Try)?. Hence this scenario is consistent
only if Try < A;. Then, assuming the axion is emitted with
spectral index ¢ = 1, we have

Qi ~ pa(TNR (RNR> (RRH>
Pco Rgy
TRH ¥y o
~3.4Q. —
(i) (o) () (6%)
K

r\ -3 43 x 10%8f
I log (22X V" Ja Bl
x <100> <,;f> Og( 10° GeV > (BI)

where we use that (Ryg/Rru)® = (Hru/Hnr)? and
Txr ~ A;. Hence even if Try = 5 MeV, then the DM is
overproduced unless f,, < 108 GeV, which is excluded by
neutron star cooling [159].

APPENDIX C: ALP STRING NETWORKS

Here we considerthe case of non-warped compactifi-
cations where the axion sourced by the string network
is an axion-like particle (ALP) which is not the QCD
axion. In this scenario (130) implies that the collapse

temperature is Teoy ~ foqr/Ma/Mpi, such that for m, <
1073 eV(10'?> GeV/f,)? the string network may survive
until the time of BBN, in which case f, is constrained
by the contribution to N from relativistic axions
emitted by the network. Using the energy density of
string theory axions (98) and the bound from [152] (see
also [183]), we find the constraint f, < 7.4 x 103 GeV,
for r, = 10, a = 0.18, ¢, = 0.25, x = 7v/2, r = 100, and
log(f./H) = 70.

APPENDIX D: STRING PROFILES
IN THE WARPED 5D GEOMETRY

Here we rederive the radion equation of motion in the 5D
warped geometry without recourse to approximations and
verify that it reduces to the flat geometry result in the limit
of zero warp factor. With the same notation as in the main
text, (36) and (38) give the combined action

S¢ + Suq :—/d4x\/—l—(€0/F))
—/d“x\/—_ga”(pd“(p

‘_/dw_ (Flo) -

(0,924,

(D1)
Here F = /24M3 /k. We can do a Weyl transformation to

reduce the Ricci term R™ in its canonical form. To that end,

we define g,, = h(¢)g,,, where h(p) =1/(1 — (¢/F)?).
Then we can derive

2
(1= @/ FP)VARY = VT3R5 12 70,000 ).

(D2)

The part of the action containing A5 and ¢ becomes after
simplification,
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(0,9)
(1—(p/F)*)?

- [ atv=3vte)

1 _
SG+SU(1) %—5/d4X\/—g

_l T 2kn2(aﬂA5)2
gg/d \/_9((1;/(”)2_1)(1_((”/”2)'
(D3)

As a check, we can take the limit of k — 0 using ¢/F =
exp(—kmp) (ignoring the potential momentarily),

1 _6M:
SG + SU(I) = —5/ d4x —gﬁ(aﬂp)z
1 _1
- Tg d4x\/ —g; (O”AS)Z (D4)

The 1/k appears in the gauge boson kinetic term because of
the Weyl rescaling, h(¢)=1/(1- (¢/F)?), which
becomes 1/(2kzp) in the limit of small k. Therefore, to
reduce to the case of flat extra dimension, we should
identify, (p) = 1/(2kx), and use 1/g; = (2z(p))/g3. We
also use the relation between the 5D and 4D Planck scales,
M} ~8M3r(p) = 4M3/k. Then the above reduces to

3M21 (0 ﬂ)2
S +Su) = _Tp/d4x\/—_§;—2
(aMAS)Z
200"

- / x5 (Ds)

This matches with the 4D action for a flat extra dimension
(15). Let us denote w = ¢/F. Specializing to the string
Ansatz w = y(r), As = 0/(2x), the equation of motion for
y, from (D3), is

1 k1
"o N2(4 = Q) — —w(l 2
Vi T ') (4 -2y) Fzggrzl//( +w?)
1 aV
——(1-y?)2—=0, D6
-r? (D6)

which reduces to (41) in the limit y < 1. To solve this
numerically, we define as in the flat geometry p = p/b,
7= r/b, and solve (D6) in the form
11 1 ~/ ~/\2 ”1//(4 — 2‘/’)
P2 = bk(p)? |7+ T
7 11—y

N2 1 1 14921 (k)2
T\F) ikl wr?  \F
F) kgsnbk1 -y~ 7 F

bk (1—y?)?oV

—— =0, D7
kK oy dp (D7)

where here the primed quantities are with respect to 7.
Analogously to the flat geometry, the small r asymptotic

form is p = ——L—1log(cr), and at large r we have for
P iFrgs 08 g

p~ b+ p/r* for some . Hence, the boundary conditions

may be chosen as p/ = —£ \/Egsl(nbk)% at # = Py, and p =

1-p'7/2 at 7 = Fn.. Note that the Goldberger-Wise
potential (46) gives

v

nk* FAM3
p

72Mg + W3(T}v - 17hl//€)(25u - ih(z + €)W€)7

(D8)

3
where we define the dimensionless quantities 7, = v,/ M3,

oy, :vh/M%,,. Our fiducial choice of parameters is
(Dp, 0, Ms/k, g2k) = (2,1,2,1). For a given value
of f,/Mpy, we determine bk from (40). In particular,
for small f,/My, our choice of parameters gives

_ 1 k(o 1 ,—=bk
fu/Mpl—gs\/;;Mp,F 03¢ -

APPENDIX E: DOMAIN WALL NUMBER
IN AXIVERSE SCENARIO

In this appendix, we compute the domain wall number
Ny, in the axiverse construction discussed in Sec. VII.
Here, we allow for an arbitrary number of axions. The
condition which allows the string/DW network to even-
tually collapse; i.e., the condition which implies that the
domain wall number Ny of the zero-temperature potential
is equal to one. To begin, note that Npy is the number of
local minima of the instanton potential as 9; varies from 0
to 2z. Denoting the vector 4 = (9,,....9, )", a local
minimum occurs if and only if

Ajsin ((Q9),)

_Y T :
0_(319 Q : ’

A;,sin((Q9),,)

(E1)

and the Hessian (52%-) = QTdiag[A}cos((Q9);)]Q is
i

positive definite.

Let us take the case n; = n, for simplicity, and suppose
that Q is invertible, which is expected in axiverse con-
structions [184]. Then (E1) is equivalent to cos((Q9),) =
41 for all i. The positive definiteness of the Hessian then
implies that cos((Q9);) = 1 for all i (assuming all the A;
are nonzero). That is, there must exist some N & Z"« for

which 8/(27) = Q~'N. We may express Q' = det}Q) ol

where C is the matrix of cofactors, which has integer
entries. In particular,
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4 1 T T
th = det(Q) ((C )1,1? e (C )l,na)N' (Ez)

By Bézout’s identity, for any multiple k of the greatest
common divisor (gcd) of the elements of the first row of
CT, there exists an N such that the dot product above is
equal to k. Thus

det(Q)
ng((CT)1,1-~-(CT)1,na> .

In particular, we have Npy < | det Q|, such that Npy = 1
is ensured if |detQ| =1. Note that for n, =2, (E3)

reduces to Npw = [(Q11Q2 — Q12021)/ ged(Q, Q12)|-

APPENDIX F: EARLY MATTER DOMINATION
FROM HEAVY AXIONS IN UNWARPED
SCENARIO

The ¢, states could decay to SM fields, in particular, to
SM gauge fields, or to other axions.” In the case of strong
hierarchies between the instanton scales, Ref. [170] showed
that decays into axions are suppressed relative to the photon
channel, which has decay rate

3 9
_ My, Gy

PrYy T 64r ’

I (F1)
where the axion-photon coupling is given by g,,,, =
agmCa,,/(27f,,), Where agy is the fine structure constant,
and C,,, is assumed to be O(1). If the SM lives on a brane
that overlaps with the cycle on which the p-form is
wrapped down to an axion, then e.g., axion-fermion
couplings may be generated, such that decays into electrons
may also be relevant. However, as this is highly model
dependent we do not consider this possibility here. On the
other hand, decays into QCD states are relevant (and less
model dependent) as there is generically the axion-gluon
coupling £ D — & 94cp GG, . with a; the dimension-
less SU(3) gauge coupling. Writing dgcp in the mass-
eigenstate basis using (113), the ¢, component has coef-
ficient ¢,/ f,,, with

cg=r;""'011cos(6) + Q1 5in(6)
_ QllQerf_l + 0120071¢

\/ Q%l + Q%zrjzf

Thus ¢, couples to gluons via

(F2)

SThere could be additional decay channels if there are dark
sector D-branes, which are generically expected, and which could
host dark U(1)’s or confining gauge groups.

dragc, o
A PG MGy s

LD - (F3)

with A = 327° fa,- The total decay rate to gluons is
calculated at one-loop in perturbative QCD as [185]

32za’cIM 83a,
| P Azg 7 [1 + 47r‘ ] O(M,, —A,qcp).  (F4)

where «, is evaluated at the renormalization group scale
M, and we impose that the rate vanishes outside of the
regime of validity of perturbative QCD, which we may take
as Apqcep ~ 1.8 GeV [185]. For the parameter space of our
interest (specifically, above Try < Tgpy line in Fig. 4), we
find M,,, > Ayqcp and therefore we can parametrize the
width as T, o, = #*M;, /(64nf% ), where

P2
83
+ af). (F5)

,B2E aEMCazy 2+a?cé 1
2 321 4

Approximating that the ¢, axions decay instantaneously at
the time ft4. =T ,;Zl,mt, the reheat temperature TRy is
determined by continuity of the energy density,

2

V3 4
Prot(Tru) = 5= (Tru) Ty = gMglriz,tot,

30 (Fo)

giving

T —ﬁA—% 2 My__v50 %
Ry \3647f3 7, /Taee

(1+r;0%).  (F7)

To proceed with the calculation of the abundance, let us
approximate that the EMD era ends instantaneously at the
reheat temperature 7ry. From (130) and (136) we find that
necessarily the network collapses before the ¢, states may
dominate, such that at 7 = T, the Universe is still
radiation dominated. We enter an EMD era if ¢, decays
after it dominates the energy density which is achieved if
[y, 1ot < Hgom» €quivalently,

A <W<> fa (g)
W rK ) \/TeMp \ Gen,

1
2
« (g*,domg*.s,A2> (1 +7‘]20Q%2)_%.

g*,s.domg*,Az

(F8)

Assuming an EMD era occurs, the final ¢; abundance
depends on whether the ¢; axions become nonrelativistic
during or after the EMD era. First, let us consider the case
where the ¢; axions become nonrelativistic during the
EMD era. From (132) and using that H> « R~3 during the
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EMD era, it follows that the Hubble scale Hyg ,, when ¢,
becomes nonrelativistic obeys the relation,

R H =
Mlﬂl ~ Dcoll RLOH (Hﬂ> : (F9)
dom NR,¢,

The present-day ¢; can then be computed as
Q - pqal (Tcoll) (Rcoll > 4 ( Rdom )4
oSt Pco Rdom RNR,(p]

()
Rru Ry

2k MAMy T} <gcollgdec)% p
log

576 x 108 f2,fa, HZMA\ ga, ()
9509580\ 02,201 2 2)1/2R F10

X 2ri(L+05r5) "Ry, (F10)
Ys.collYs,dec

where we use R « H=%/3 for the factors accounting for
redshifting during the EMD era and the relations (F9),
Hyy ~ Tay/M pi- We find the same result if the ¢; becomes
nonrelativistic after EMD. Note that the A, dependence
of (F10) is the result of two competing effects. For smaller
A, the network collapses later (130), which tends to
increase the ¢, abundance. On the other hand, smaller
A, also lowers the Try, implying the EMD era persists
longer and leads to more dilution of the ¢, abundance. The
second effect turns out to be more important than the
first. Lastly, we also express the BBN constraint Tgy >
4 MeV [181,182] using (F7) which gives,

2
Ay > (1.7 x 105 GeV) <wgfﬁ)3
€

fal 64”2\/9*,dec % -1/3 2 A2 \—1
g <Mp1¢§6> (pr) P (14r705) 7. (F11)

APPENDIX G: AXIVERSE STRING
COSMOLOGY: WARPING

We may repeat analysis in Sec. VII B for an axion string
that sources two axion mass eigenstates but for strings from
warped compactifications. We assume the tension is g =
nf2 log(ms/H) with m ~ f,, , ignoring subdominant UV
contributions.

We work with the same axion EFT as in the previous
subsection. The Hubble rate at the time of collapse of the
string-domain-wall-network is modified from that previ-
ously found in (130) and we use (106) instead to write

4A%
7/ Eeoll a; log(ms/Hcoll) ‘

H(Tcoll) = (Gl)

The abundance of ¢; is computed as in the
unwarped scenario; however, now we have p, (Tcon) =
4EH?(Toon) e and the typical axion momentum is
w ~ &\/EH log(m,/H), with §, = 6.2+ 0.4 measured
from field theory simulations [86]. For numerical evalu-
ation, we take 6, = 6.2, and assume the functional form
&=0.24log(m,/H), consistent with the simulations
of [86].

Therefore, assuming that ¢; becomes nonrelativistic
after the network collapses, its abundance from string
emission is set by

1
T Mga] Tcoll G scoll 3
NR,¢p, ~

Hcoll(sl Vv Z.a:coll 10g<ms/Hcoll) g*J,NR.q)l

_ Ml/)] 1 < V fcoll f M 1)
2A2 51 \Y écoll log(ms/Hcoll) ane
1 1
" 3/ 90 \1
« ( Gx.s5.coll >2< )4’
g*.S,NR,(p] G coll
Self consistency requires T, < Tcon, Which is valid in
the case we are considering, A, > A;. Note that this
calculation is unlike in the single-axion case where the
QCD axion becomes nonrelativistic before the network
collapses.

If T\r,,, < 100 MeV, then we may ignore the temper-
ature dependence of M, and we obtain

5
Q N”_3 <&>%g*,s.og*,(zoll < 90 )il\_% éoll
1.Ste 135 Mp1 x5 coll G+ coll A2 515&%0011
am\\z T3 103
X<IOg<f]2‘>> 202 fQ2222 Ry
A3 HyMy (1 +r305,)

o 67X107°GeV ( fu \igoan (90 )¢
¢ Ay 10'° GeV Gx,5,c0ll \Gx,coll

M
4coll 1 fal m % F}Q%Z R
X 1 0g A2 (1 + 2Q2) Q-
018 2 U S5%)

However, unlike in the unwarped case, Tyg,, > 100 MeV
holds in a portion of the viable parameter space. In this case
we find

fa L9/ A, 0197
Q, o~ 11x107 |
g ™ 5 (1012 Gev) \1 Gev

0.27 0.95
g*,s,NR,(/;l G.coll 1.05 (1 fal m 09
X 127 coll { 108 2
g*,s,coll 2

22
x ”fQ2222 %2 02101'
(1+r;0%) 57 Eeo

1

2

(G2)

(G3)

(G4)
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On the other hand, the ¢, become nonrelativistic before
the network collapses, and, if stable, their relic density is set

VM, My~ Ay /M /f,- Thus we have

by Tnr et

RNR. 3
P, .str (T) ~ Py, (TNR.(pz) (T(M)

3 3 1
N 275/2 A2T3 <fu] >2 féliIR,mz <log <mx];ul> > 2
45 M, Vo, A5

1
Xg*,NR,(ng*,s(T)< 90 )4(1 2 2)_%

g*,NR.(ﬂz

g*,S,NR,(pZ
(G5)

which is comparable to the energy density of the ¢,
states produced through misalignment for order one
initial misalignment angles, since their oscillation temper-
ature satisfies Tog ~ Tngyp,» and thus p,, o (Tngrp,)~
P(pz.mis.(TNR,(pz) ~f 31H2(TNR,¢2>- The ¢, axions would
dominate the universe at the temperature

3
4, (fa \Er
T VA a -lﬂzl ﬂl
dom ™73 2<M> NG og! A2

pl
1
o < 90 >4g*,s.domg*.NR.lﬂ2 (1

g*.domg*.s,NR,(/)z

+ ”%ng)_%v (G6)

9+ NR.¢p,

up to order one modifications due to the misalignment
contribution, which we account for numerically. The ¢,
dominate before decaying if

A2 < (327[%)%]%] < G+ dec >%
~\ 3p M 9+ NR,¢,

Xé:NRflle ( 412
54 A5

)r;%u L R0L)E (G)

Note that the time at which ¢, dominates the energy
density must occur before BBN, and for self-consistency,
we must have Ty < Tmrg- If there is no EMD period and

m [peV]
102 10!

10° 10* 10° 10° 1071 1072

1013 100

107

107 -

NS cooling

Ay [GeV]

10°F

103 /

10t

.....f........l FRRRTITT EETERRTTT B RTI
107 108 102 10 10™ 10'2 10 10 10'

fa [GeV]

FIG. 6. The space of (f,, A,) for the two axion scenario in the
warped case, for our fiducial choice of dimensionless parameters.
The color scheme is as in Fig. 4.

@, 1s stable up until today, then the string contribution to
the relic abundance of ¢, is

3
~ 0.85 fa] gi,NR.(/}Z A2
Qs 10" GeV) g.,xnry, 10° GeV

3
o () e 1
A ) Ve (14 203)

(ST

(G8)

We are left with a small region of parameter space where,
at the time of matter-radiation equality, ¢, has not yet
decayed and is nonrelativistic. In this region the mass of the
heavier eigenstate is an eV to keV and its axion-photon
coupling is constrained by observations of the Leo T dwarf
galaxy [186], x-ray observations of galaxies [187], and
XMM-Newton observations of the Milky Way [188] (for a
summary of these limits, see [189]). The combination of
these constraints excludes almost all of the aforementioned
region, leaving only a small subregion centered around
fa~10'° GeV, with a weak hierarchy of instanton scales
Ay /A, ~ 130. The allowed parameter space is summarized
in Fig. 6.
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