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Lorentz-violating extension of Wigner function formalism and chiral kinetic theory
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The quantum kinetic equation for the gauge-invariant Wigner function, constructed from spinor fields that
obey the Dirac equation modified by CPT and Lorentz symmetry-violating terms, is presented. The
equations for the components of the Wigner function in the Clifford algebra basis are accomplished.
Focusing on the massless case, an extended semiclassical chiral kinetic theory in the presence of external
electromagnetic fields is developed. We calculate the chiral currents and establish the anomalous magnetic
and separation effects in a Lorentz-violating background. The chiral anomaly within the context of extended
quantum electrodynamics is elucidated. Finally, we derive the semiclassical Lorentz-violating extended

chiral transport equation.
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I. INTRODUCTION

The fermionic constituents of the Standard Model
of particle physics are mainly the charged Dirac and
Weyl particles which also appear in condensed matter as
quasiparticles. Various methods have been employed to
study the dynamical features of spin-1/2 fermions. Never-
theless, an intuitive understanding of physical phenomena
involving them is offered by kinetic theory. A systematic
construction of kinetic theory begins with the quantum
kinetic equation satisfied by the relativistic Wigner func-
tion [1,2]. It is the relativistic quantum field theory counter-
part of the classical distribution function. In high-energy
physics, quantum kinetic theory has predominately been
investigated to elucidate phenomena arising in the heavy-ion
collisions due to the chiral nature of quarks in a novel phase
of quark-gluon plasma. A comprehensive review of quantum
transport theory derived by means of the Wigner function
method and its applications is provided in [3].

One of the main properties of quantum field theory
models is the invariance under Lorentz transformation.
However, there are debates about the violation of Lorentz
symmetry under certain conditions, such as very high
energies. For instance, it may arise from the string theory
as outlined in [4,5]. On the other hand, Lorentz symmetry
violation may stem from anisotropy in spacetime. A brief
historical overview and current status of ideas regarding

“Contact author: dayi@itu.edu.tr

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2024/110(3)/035020(9)

035020-1

potential sources of Lorentz violation in particle physics can
be found in [6]. Our discussion is based on the Standard
Model extension (SME), an effective field theory that
incorporates Lorentz- and CPT-violating terms into the
Standard Model of particle physics [7,8]. The SME assumes
that a fundamental theory, which may be string theory,
undergoes spontaneous Lorentz symmetry breaking. This
results in a low-energy effective action with explicit
Lorentz symmetry-violating (LSV) terms while maintain-
ing microcausality, positivity of energy, and energy-
momentum conservation. Notably, in SME particle and
observer Lorentz transformations are not treated on equal
footing. Observer frames differ in orientation and velocity,
hence they are related to coordinate changes. The funda-
mental theory’s Lorentz symmetry is spontaneously bro-
ken, so that observer Lorentz symmetry is conserved.
However, particle Lorentz symmetry is broken because it is
defined by rotations and boosts of the localized field while
keeping the expectation values of tensor fields unchanged.
Restricting the minimal SME to Abelian gauge theory, one
obtains the extended quantum electrodynamics (QED)
whose fermionic sector is given by the Dirac spinors
coupled to electromagnetic gauge fields in the presence of
Lorentz- and CPT-violating terms. This framework is also
utilized to discuss violation of emergent Lorentz symmetry
in Dirac and Weyl semimetals [9].

We deal with the modified Dirac equation with a certain
set of LSV terms: a, and c,,. The Boltzmann equation for
this choice of LSV coefficients has been examined in [10].
The spinor fields obeying the modified Dirac equation can
be quantized using the customary methods of field theory,
and the extended QED is invariant under the gauge trans-
formations. Thus, one can construct the extended relativistic
gauge-invariant Wigner function and derive the quantum
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kinetic equation as in the ordinary relativistic kinetic theory.
We expand the Wigner function in the Clifford algebra basis
where the coefficients are scalar, pseudoscalar, vector, axial-
vector, and tensor field variables. The quantum kinetic
equation yields the coupled equations of these fields, which
simplify when the mass is set to zero. We then consider the
massless particles and explore the chiral kinetic theory
which is manifestly observer Lorentz invariant. One of the
peculiar aspects of chiral fermions is the emergence of
anomalous effects like chiral magnetic [11,12] and separa-
tion [13-15] effects. By choosing the distribution function
appropriately we will be able to calculate vector and axial-
vector particle currents and show that these anomalous
effects get contribution from the LSV terms. Moreover, by
studying their conservation we will demonstrate that the
chiral anomaly is also altered.

In the next section we discuss the relativistic gauge-
invariant Wigner function and the quantum kinetic equa-
tion for Dirac particles within extended QED. In Sec. III
the quantum kinetic equations of the chiral vector fields
will be presented. Two of the three coupled equations are
solved in a semiclassical approach. In Sec. IV we employ
the modified Fermi-Dirac distribution function [10] and
calculate the chiral vector fields, which are then used to
establish four-currents generating anomalous magnetic
and separation effects. The vector current is shown to
be conserved, while the axial-vector four-current leads to
the chiral anomaly. In Sec. V, an observer Lorentz-
invariant semiclassical chiral kinetic equation is derived.
It is followed by a discussion of results and potential future
studies in the final section.

II. QUANTUM KINETIC EQUATION

We deal with the Dirac fermion of mass m and charge ¢
in the presence of external electromagnetic fields. There
may be several Lorentz symmetry-violating terms that are
coordinate reparametrization and gauge invariant [16].
However, we consider a restricted set of Lorentz sym-
metry-violating coefficients described by the Lagrangian
density of the Dirac spinors y coupled to the electromag-
netic gauge field A,, given as (¢ = 1)

L =y(x)[["(iho, - qA,) — My (x), (1)

where d, = d/dx* and

l"ﬂ :yﬂ—i—cbﬂy‘/, M:m—i—aﬂy".

The Minkowski metric is g, = diag(1,-1,-1,-1), and Yu
are the ordinary y matrices satistying {y,.7,} = 2g,,. The
LSV coefficients a, and c,, are real and constant. The
former violates also the CPT invariance. By varying (1)
with respect to  and y, one derives the equations of
motion as

[[*(iho, — qA,) — My (x) =0, (2)
(%) [ (ihd) + qA,) + M] = 0. (3)

In [7,16] it has been demonstrated that the spinor
operators can be defined as in the ordinary case: In the
“concordant frame” where the LSV coefficients are small,
there exists a transformation of the spinors y(x) that leads to
a free Hamiltonian possessing two positive and two negative
eigenvalues. Hence, one introduces plane wave solutions
and define wave packets. Then, one proceeds as in the
ordinary quantum field theory and introduces the spinor
operators yr(x) and yr(x). Therefore, by means of the four-
momentum p* one can define the Wigner operator as

d4y

. N 1. 1
Wa/}(x’ p) _/(Zﬂh)4 e_lp.)/hl///;’ <x+§y)l//a <x—§y>

By normal ordering (::) and ensemble averaging ({(---))
the Wigner operator, one acquires the Wigner function
W(x,p) = (:W(x, p):). In the presence of electromagnetic
interactions, one can introduce the gauge-invariant Wigner
function by means of the gauge link as in the ordinary
formalism [1,2]. The derivation of the quantum kinetic
equation satisfied by the Wigner function relies only on the
Dirac equations. Therefore, employing the modified Dirac
equations (2) and (3), it is accomplished as follows:

[T,K* —M|W(x,p) =0, (4)
where
ih
K = (ﬂ” + %D") (5)
We defined
D' = 0" - qjo(A)F"0,,,
h
= p” _7qj1<A>FﬂDapw

where 0, =0/dp,, and jy(A), j;(A) are the spherical
Bessel functions in A = dj,d,. Written in the Clifford
algebra basis the Wigner function becomes

1 1
W= 3 (]—' + P+ vV, + " A, + Ea"”Sﬂy) (6)

Let us choose ¢
introduce

= c,, without loss of generality and

Hv v

G/w = 9w + Cuv = Guw (7)

which is a nondiagonal metric [17].
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One can show that (4) leads to the following set of
coupled equations:

G*K,\V, —mF —a'V, =0,  (8)

iIG*K; A, +mP+a' A, =0, (9)

G, K'F —iG"K;S,, —mV, —a,F =0, (10)
1
iG,,K*P + EeﬂmﬂG’“ﬂKﬂS"/” -mA, —a,P=0, (11)
iG,, K"V, — G, K"V, — €,,,,G" KA
-mS,, —i(a,V, —a,V,) = €,,,a°A° = 0. (12)

In the subsequent sections we consider the chiral fermions
in the semiclassical limit.

III. CHIRAL VECTOR FIELDS

Observe that for m = 0 the equations of the fields V,,
Ay, (8), (9), (12), decouple from the rest,

G*K,;V, - a"V, =0, (13)
iGHK, A, + a*' A, =0, (14)

iG,,K*V, — iG,K*V, — €,,,,G"K,;A°
—i(a,V, —a,V,) = €,,,a° A’ = 0. (15)

In fact, we will deal with the vector field Vﬂ and the axial-
vector field A, for m =0 in the semiclassical limit,
keeping at most the 7i-dependent terms. Thus, in terms of

DH = o — qF*"a,,, (16)
(5) becomes
ih
Kﬂ = p” — ?DI‘
Now, by introducing
P =G¥p,—a, (17)
Dt = G*D,, (18)
the real parts of (13)—(15) can be expressed as
p-V=0, (19)
f -
ED A =0, (20)
h - D —a AP
> (DY, = D,V,) = €uqpp* A’ = 0. (21)

Moreover, the imaginary parts of (13)—(15) are written as

AD-V =0, (22)
p-A=0, (23)
_ _ h Ra Ap
PV =PV, + Ee"”“ﬂD AP = 0. (24)

These two sets of coupled equations can be unified by
launching the chiral vector fields

1
J, =

= (V+zA), (25)

where y = = labels the right- and left-handed vector fields.
Then (19)-(24) can be combined into

p-J,=0, (26)
b-7,=0. (27)
hoo ]
EeﬂuaﬂD Ty = _Z(pﬂj)ﬂ/—pyj)m)' (28)

We would like to solve these equations by expanding the

chiral vector fieldsinzas 7, = J )((0) +nJ )((1). Although in
the ordinary case these solutions have been discussed in
several papers like [18-20], a comprehensive presentation
can be found in [21]. Therefore, we mainly follow the
formulation of [21]. The zeroth order solution of (26)
and (28) can easily be identified as

T = b, Vs(p%), (29)

where f )({0) is a general distribution function. Equation (29)
should also satisfy (27),

D puf8(5%)] = G (0 — aFx05)
% [(Gyop” = a,)1"6(5°)]
= qGMF, G5y 8(p?)
+2qGH b, paF G 38 (7)

+ pus(p?)Dfy) = 0. (30)
It is convenient to define
Fr = GHF 5GP, (31)

which is antisymmetric
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Fom = G”“FaﬁGﬁ” = G"”FaﬂG”ﬂ = —G"ﬂFﬁaG“’“ = —Fm,
(32)
The first and the second terms in (30) vanish due to F’ =0,

and p, p,F* = 0. Hence it yields the modified Vlasov
equation

B 8(P)D Y = p,3(p*) G (0, — gF 105) f3 =0. (33)
At the 7 order (26)—(28) yield
p-Jy) =0, (34)

D-JV=o, (35)

DT = 2 (5,70 - 7). G0
To solve (36), note that

DA 5(5%) | = 8D 1y = aF 1 8(5?)
- 2qu/)ﬁ/}l—]/3f)((0>5’(p2).
By making use of the Schouten identity
kpevpai =+ kvepa/lp =+ kpeo%/w =+ kaeiﬂlzp + k/lemzpa = O’ (37)
and defining the dual of F as

= 1 -

F, = §€uvpaFM’ (38)

we get
_euya/}Faﬂppl_)ﬁ = _2[_71,/1[_7”[_7/} - 2F[iyl_7vl_7ﬂ
+ paeﬂ/)ﬂupappﬂ - ZF/wpz' (39)

The third term on the right-hand side is equal to the term on
the left-hand side up to a minus sign, thus (39) yields

Tap = = 0 _
€yuaﬂF pppp/)’f)(()(s/(pZ)

= (Fupbu + Fpp )PP 18 () = Fuuf8(?),  (40)

where we employed the identity & (p?) = —d(p?)/p>
Therefore, the left-hand side of (36) is expressed as

uapD* TV = €,4,0p5(PY) PP D 1Y)
=~ _ =~ _ _ 0 _
—2q(F b+ Egp )PP 108 (Y).  (41)

Now, we plug (41) into (36) and multiply it with p*,

—2p2(qF 0P 108 (0% - 2T = 0. (42)

Its general solution can be written as
D oF 50525 FVs(52) L H . 8(p2). (43
w =xaFpp [ 8 (P*) + Dufy '6(P*) +H,5(p?). (43)

where f;((l) is a general distribution function and H, is a
vector field satisfying

p*H,8(p*) = 0. (44)

and

€wapd (PP DfY5(52) = =2 (puH, — PyH,)5(P2).
(45)

By introducing the four-vector n,, which is defined to
satisfy n> = 1, one can solve (44) and (45) as

— X =va s £0)
Hﬂ = 2]_)—'”€m/aﬂp n Dﬂf)( . (46)

By means of the Schouten identity (37) and the
modified Vlasov equation (33), we can show that it indeed
satisfies (45),

1
n
—1 _ _ _
= ﬂ (pye/)aﬁu + Po€apuy + Pa€puup
_ _ — —2\ 7 0
+ Pp€uupa + pyevpaﬁ)ppna(s(pz)Dﬂf)(( )
—1 _ _ _ o = 0
= ﬂ (pzeaﬂuuna +p- neﬁuuppp)é(pQ)Dﬁf)(( )

= uv/i/)ppé(pz)Dﬂf)((()) .

_ — _ N 0
(pyey/m/)’ - pyeup(l/i)ppnaé(pz)l)ﬁf)(( )

]l

Therefore, we conclude that the semiclassical solution
of (26) and (28) is
T4 = 0'£,0(%) + hax P p.f3) 8 (5)

n _
+ 2 el pn,5(p?) Dyt (47)

2p-n

where we defined the distribution function f, =

f)((0> + hf)((”. Obviously, it should also satisfy (27). We
will come back to it in Sec. V. Now, we will specify the
equilibrium distribution function and calculate chiral
currents.
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IV. FERMI-DIRAC DISTRIBUTION
AND THE CHIRAL CURRENTS

The equilibrium distribution function of the particles
which obey Fermi-Dirac statistics in the LSV background
is studied in [10]. There, the standard relativistic kinetic
theory formulation of gases [22] is employed by incorpo-
rating the LSV modifications of the equations of motion:
The massless particles obey the extended dispersion
relation

p-p=0, (48)
and the constraint

G5l u" (G u, — 1 = 0. (49)

PH

u, = dx, /dx is the four-velocity of the fluid where 7 is the
proper time in the absence of LSV. By introducing

i, = Glu, (50)

(49) can be expressed as

i

Lt =1 (51)

The Boltzmann and relativistic Uehling-Uhlenbeck
equations have been derived following the ordinary rela-
tivistic theory in terms of the one-particle phase space
distribution function f(x, p), and p* = G*p,. Then, the
H-theorem is demonstrated by making use of the extended
transport equations and introducing the entropy-density
four-current

1

3
= s | SR I ) = DI = (2. p)

—f(x. p)Inf(x. p)]. (52)

which yields the total entropy

s— /d3xs0 :ﬁ/cﬁmﬁp[(ﬂx,p) 1)

xIn(1 = f(x. p)) = f(x. p) In f(x, p)).
(53)

The Boltzmann constant is set k = 1. Observe that (53) is
independent of the LSV coefficients. Thus, as in the
ordinary case, one can observe that for particles with
momentum p;, p, scattered to particles with momentum
D3, Pa» the total entropy (53) is stationary when ¢(x, p) =
—In[f(x, p)/(1 = f(x, p))] satisfies the condition

d(x. p3) + d(x. ps) — p(x, p1) = p(x. py) = 0. (54)

For momentum conserving scatterings, the most general
solution of (54) can be shown to be

1
f(x.p) :m,

(55)
where a(x) and f,(x) are arbitrary. Equation (55) should
obey the Uehling-Uhlenbeck equation which is solved by
the Fermi-Dirac distribution function

1

feo(x,p) = prEy

for du, /0x” = 0. On mass-shell p* = 0, thus the equilib-
rium distribution function for chiral fermions and anti-
fermions is given by

eoq _ 2 O(it - p) O(—ii- p) (57)
d (2zh)? |ewr=r)IT 41 e=(wr=m)/T 4 1]
Now by expressing it in p we get
eq 2 g(ﬁp) n 9(_ﬁp>
L 2ah)? |elEbrma)/T 4| gm(@pw—ia)/T 4 |
(58)

W, are given by the total chemical potential 4 and the chiral
chemical potential ps as pgp; = pu = pus. Observe that the
chemical potentials y, are effectively shifted with @ - a,
reminiscent of expressing the distribution function (57) in
terms of p,, which is the LSV extended momentum
appearing in the dispersion relation (48).

We would like to study the chiral vector field (47) by
choosing f, as the modified Fermi-Dirac distribution
function (58) and setting n = #. In this frame we introduce
E,=F,i*, and B, = (1/2)€,,,0"F*, so that the field
strength and its dual can be expressed as

Fv = EFi — BV + it By, (59)
F* = B*w* — B*it* + "5y, (60)
At the zeroth order in Planck constant f5' should satisfy

the LSV Vlasov equation (33), which for constant temper-
ature 7, leads to

v, a ) £9 B2 Loy af;q
G ﬂ(aﬂ - qF;wzap>f)( = (a My + qF ua) ou =0
X

It is satisfied by letting u = (ug +uy)/2 and ps =
(ur — pr)/2, to fulfil the conditions

ou =—E,, O s = 0. (61)
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Observe that £, = G, E' where E,, is the electric field, hence (61) coincides with d,u = —E;, d,us = 0, which are the
relations obeyed in the ordinary chiral kinetic theory [18].

The chiral vector field can be expressed as

Tk = Duf7'6(P*) + hayF,,p* 78 (p*) +

= P.f'8(p?) + hqx(B,

2p

where the last term can also be written as follows:

h)( - —v~a( AP, K
2]—9 . aé(pz)euva/}p u (aﬂu )pK

ofs
o(u-p)

Let us deal with vanishing vorticity ’u* =0 and
constant electromagnetic fields E,,, B,,. Then, by employing
the identity p*8”(p?) = —258'(p?) and the relation

€Wpﬂ€ﬂaaa = 5’3(‘%5& - 5§5§) + 5?:(55;5‘& - 5’35@
+ 80(843% — B50%). (63)

one can easily observe that (62) satisfies the remaining
equation (27).
Chiral current is defined as

Jx) = / & pTh(x. p). (64)

By the change of variables p, — p,, we get

. 1 _
70 =157 / &I D), (65)
where |G| = det G.

To perform the integrals over p* = (p° p), let us
designate |p| = P and note that

[Tapr
0 e[P_”)(_ﬂ'a] /T +1

— _T*RILL,,, (-Aﬂﬁww), (66)

where Liy(x) are the polylogarithms whose properties
which we use in the calculations can be found in [23].
By performing the integrals we get

Jy = n, " + &,B*, (67)

with

h)( HVTAS( 752 (AP 75\ (7
+_—_ﬁ€ﬂvaﬂp u 5(p2)(a/3u )(pK =+ aK)

€yvaﬂpv ﬁaé(ﬁ2>bﬂf§q

N

2p -

it, — B,it,) p* [ (P*) + hqye s’ E* B 8 (P?)

ofs’
- AL 000000 2
3ap-iia) (62)
|
= ] e @ TRy )] (6
S (M, + i - a) (69)
4 74ﬂ2h2|G| Hy u-a.

Then, the vector and axial-vector currents defined by j# =
Jr + i and j& = ji — j; are established as

j* = nit* + qEBH, (70)
J§ = nsit* + q&sB, (71)
where
n= _ [ﬂ3 + (@i - a)ﬂ
37’ h|G|
1 - -
+ g A U ) )+l a)?]
T2
i a), 7
+ g @ ™)
1 - ~
ns = 62RG| [(/l)( +it-a) + 2T (u, + it - a)}, (73)
Hs
S - 74
= 22nG) (74)
u+ii-a
SR 75
‘s 2212 |G| 73)

In the absence of LSV terms, the magnetic parts of
the currents (70) and (71) are known as chiral magnetic
effect (CME) and chiral separation effect (CSE). We found
that these effects are modified in two ways. First, the
magnetic field is replaced by B, whose dependence on the
magnetic field B, = (1/2)e,, 451" F* is not direct. Second,
the coefficients (74) and (75) depend on the LSV terms.

By making use of (61) one observes that the vector current
1s conversed but the axial-vector current is anomalous,
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d,j* =0, (76)

4 _

0,js ==——>—E-B.
w53 = 212G

(77)

The chiral anomaly in this context has been studied
in [24,25]. In [24] a =0, and the chiral current was
defined as G,,J5 where Js is the ordinary axial-vector
current. Thus, its magnetic part is similar to (70). By
studying the index theorem, they concluded that the chiral
anomaly is the same as in the ordinary Lorentz-invariant
theory. The same conclusion is drawn in [26]. However,
in [25], the chiral anomaly was calculated by employing
the Fujikawa method as

¢

0, jt =———FE-B.
w5 = R G)

This coincides with our result (77).

V. CHIRAL TRANSPORT EQUATION

As we have already mentioned, (47) should also
satisfy (27),

- %eﬂmﬁf’”pnpn”ﬁaé( "Q)Dﬁf;((o) +

2(p-n)

_ 1
— GL(PF)]0,0fY) =
PO FNOpal” =5,

1

—U asl =2\ 0 THY — —2\ T~ 0
D! | P n"8(P) D 1, | = ~aF" .8 (p*)D,f -

—_ —_ _ _ =~ _ 0 _
D-J, = D"|p.f,6(p%) + hayF,p f8 (p?)

h)( AU S( 7 N (0)
+2p—_n€ﬂmﬂp n“s(p*)DPf,” | =0. (78)

Following the approach in [21], we will show that (78)

leads to the LSV extended chiral transport equation. Since

F w18 antisymmetric, the first term can easily be shown

to be

D! [puf,8(p?)] = 8(p*)PuD" £ (79)

Let us focus on the second term of (78). First, note that
AP pyF, p* = FF 457, (80)

which is derived by means of the Schouten identity (37). By

employing the identity (37) and the relations p25’ ( f;z) =
—8(p?), p*6"(p*) = —28'(p?), we get

DHF,,pP 18 (p7)]) = Fpp?S (P)D fY. (81)

The third term of (78) can be expressed as

q _ Zuw _v= 10
ﬂPyFﬂ n, & (p*)p 'Df;(( )

€yuaﬂﬁyna5(l—72) [Gg(allea)

q
4p - n

—  y—asl =2\ 0
)2 eyua/}(aﬂnﬂ)ppn p 5(p2)Dﬁf)(()

o\ mas 52\ S £0)
+2p—.n€ﬂuaﬁ(a}n )p 5(p2)Dﬁf){ . (82)

Here, we utilized the following equality, derived by making use of the Schouten identity (37):

W F o pn,pi8 (B2)D, 1y = (b m)F” pi8 (P)D, £, + n, B pipd (5*)D, 1 + F"n,p* (P)D,fy",  (83)
and the commutator relation
D, D,\fy" = qe* GLG)[(0uF o) = (95Fac )0}, (84)
Now, by inserting (79), (81), and (82) into (78), one establishes
8 (ﬁz R F "”ny) {i? Bfy =B (PP + o5 (52) GH( )
pen 2(p-n) 4p - n
- GO PNy =3 g @) Pt ORI + g G PSP | =0, (55
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Obviously, one should keep only the terms up to the #
order. Equation (85) is the semiclassical chiral transport
equation, which is observer Lorentz invariant. The &
function dictates the mass-shell condition.

VI. DISCUSSIONS

We studied the fermionic part of the extended QED which
is the modified Dirac equation with a set of LSV terms, in
the presence of external electromagnetic fields. It is observer
Lorentz symmetric as is reminiscent of the spontaneously
broken Lorentz invariance of the fundamental theory which
may be string theory. We proceed by quantizing spinor fields
using standard methods and utilizing these spinor operators
to construct a relativistic Wigner function through conven-
tional quantum field theory techniques.

The quantum kinetic equation governing the Wigner
function is accomplished by following the well-established
formulation of [2]. By decomposing the Wigner function in
terms of the Clifford algebra generators constructed from
the y matrices, we derive a set of coupled equations
satisfied by the scalar, pseudoscalar, vector, axial-vector,
and antisymmetric tensor fields. Notably, in the massless
limit, the equations of the vector and axial-vector fields are
decoupled from the rest. In fact, we focus on the chiral
fermions and adopt the semiclassical approximation where
the terms up to the first order in Planck constant are
considered.

Within this semiclassical approximation we solve two
of the three kinetic equations of the chiral vector fields.
Subsequently, we compute particle four-currents by
adopting the analog of the Dirac-Fermi distribution
proposed in [10]. The extended magnetic and separation
effects are established. The vector current is conserved and
the axial-vector current is anomalous, where the chiral
anomaly depends on the LSV coefficients. Then, by
imposing the third equation which should be satisfied
by the chiral vector fields, the chiral semiclassical kinetic
equation is accomplished.

How can one experimentally test the results of the
modified chiral kinetic theory? This may be achieved
through the currents (70) and (71), which yield the CME
and CSE. In high-energy physics, experimental evidence
for the CME is investigated in heavy-ion collisions. The
current experimental status has been recently reviewed
in [27]. We have seen that LSV parameters modify the
coefficient of the magnetic field (74), by |G|~!, which
would be nearly impossible to detect. However, note that
the modified current is along B, hence the direction of the
CME is altered by LSV parameters. Although this effect is
small, it is the unique source in the deviation in the
direction. This can even help in experimentally observing
the CME, which has been investigated only along the
direction of the magnetic field.

In principle, one could derive semiclassical kinetic
equations for massive fermions by examining the defining
equations (8)—(12). However, even in the case of ordinary
Dirac fermions, this task is intricate, as evidenced by the
complexities encountered when employing the approaches
outlined in [28,29].

Integration of (85) over the zeroth component of momen-
tum to obtain the nonrelativistic (3D) chiral kinetic theory
is a desired step, albeit complicated by the presence of G,
A pragmatic solution involves setting ay = 0, Go, = Jy,,,
yielding po = pg, which facilitates to get the mass-shell
condition dictated by the Dirac 6 function.

By integrating the equations governing the components
of the Wigner function (8)—(12), with respect to the zeroth
component of momentum, one can derive what is known as
the equal-time formulation, a technique elucidated in detail
in [30-33].

While our study primarily focuses on establishing
chiral currents under conditions of vanishing vorticity,
the presence of vorticity may necessitate modifications
to the theory, akin to conventional scenarios as discussed
in [34,35].

[1] H.-T. Elze, M. Gyulassy, and D. Vasak, Transport equations
for the QCD quark Wigner operator, Nucl. Phys. B276, 706
(1986).

[2] D. Vasak, M. Gyulassy, and H.-T. Elze, Quantum transport
theory for Abelian plasmas, Ann. Phys. (N.Y.) 173, 462
(1987).

[3] Y. Hidaka, S. Pu, Q. Wang, and D.-L. Yang, Foundations
and applications of quantum kinetic theory, Prog. Part. Nucl.
Phys. 127, 103989 (2022).

[4] V. A. Kostelecky and S. Samuel, Spontaneous breaking of
Lorentz symmetry in string theory, Phys. Rev. D 39, 683
(1989).

[5] V. Alan Kostelecky and R. Potting, CPT and strings, Nucl.
Phys. B359, 545 (1991).

[6] J.P.S. Melo and J. A. Helayél-Neto, Re-assessing special
aspects of Dirac fermions in presence of Lorentz-symmetry
violation, arXiv:2404.03692.

[7] D. Colladay and V. A. Kostelecky, CPT violation and the
Standard Model, Phys. Rev. D 55, 6760 (1997).

[8] D. Colladay and V. A. Kostelecky, Lorentz-violating exten-
sion of the Standard Model, Phys. Rev. D 58, 116002 (1998).

[9] V. A. Kostelecky, R. Lehnert, N. McGinnis, M. Schreck,
and B. Seradjeh, Lorentz violation in Dirac and Weyl
semimetals, Phys. Rev. Res. 4, 023106 (2022).

035020-8


https://doi.org/10.1016/0550-3213(86)90072-6
https://doi.org/10.1016/0550-3213(86)90072-6
https://doi.org/10.1016/0003-4916(87)90169-2
https://doi.org/10.1016/0003-4916(87)90169-2
https://doi.org/10.1016/j.ppnp.2022.103989
https://doi.org/10.1016/j.ppnp.2022.103989
https://doi.org/10.1103/PhysRevD.39.683
https://doi.org/10.1103/PhysRevD.39.683
https://doi.org/10.1016/0550-3213(91)90071-5
https://doi.org/10.1016/0550-3213(91)90071-5
https://arXiv.org/abs/2404.03692
https://doi.org/10.1103/PhysRevD.55.6760
https://doi.org/10.1103/PhysRevD.58.116002
https://doi.org/10.1103/PhysRevResearch.4.023106

LORENTZ-VIOLATING EXTENSION OF WIGNER FUNCTION ...

PHYS. REV. D 110, 035020 (2024)

[10] R. Potting, The Boltzmann equation and equilibrium
thermodynamics in Lorentz-violating theories, Eur. Phys.
J. Plus 138, 342 (2023).

[11] D.E. Kharzeev, L. D. McLerran, and H.J. Warringa, The
effects of topological charge change in heavy ion collisions:
“Event by event P and CP violation,” Nucl. Phys. A803,
227 (2008).

[12] K. Fukushima, D. E. Kharzeev, and H. J. Warringa, Chiral
magnetic effect, Phys. Rev. D 78, 074033 (2008).

[13] D. Kharzeev and A. Zhitnitsky, Charge separation induced
by P-odd bubbles in QCD matter, Nucl. Phys. A797, 67
(2007).

[14] M. A. Metlitski and A.R. Zhitnitsky, Anomalous axion
interactions and topological currents in dense matter, Phys.
Rev. D 72, 045011 (2005).

[15] K. Jensen, P. Kovtun, and A. Ritz, Chiral conductivities and
effective field theory, J. High Energy Phys. 10 (2013) 186.

[16] V. A. Kostelecky and R. Lehnert, Stability, causality, and
Lorentz and CPT violation, Phys. Rev. D 63, 065008
(2001).

[17] D. Colladay and P. McDonald, Redefining spinors in
Lorentz-violating quantum electrodynamics, J. Math. Phys.
(N.Y.) 43, 3554 (2002).

[18] J.-H. Gao, Z.-T. Liang, S. Pu, Q. Wang, and X.-N. Wang,
Chiral anomaly and local polarization effect from the
quantum kinetic approach, Phys. Rev. Lett. 109, 232301
(2012).

[19] Y. Hidaka, S. Pu, and D.-L. Yang, Relativistic chiral kinetic
theory from quantum field theories, Phys. Rev. D 95,
091901 (2017).

[20] Y. Hidaka, S. Pu, and D.-L. Yang, Nonlinear responses of
chiral fluids from kinetic theory, Phys. Rev. D 97, 016004
(2018).

[21] A.Huang, S. Shi, Y. Jiang, J. Liao, and P. Zhuang, Complete
and consistent chiral transport from Wigner function for-
malism, Phys. Rev. D 98, 036010 (2018).

[22] C. Cercignani and G. Kremer, The Relativistic Boltzmann
Equation: Theory and Applications, Progress in Mathemati-
cal Physics Vol. 22 (Birkhauser, Basel, 2002).

[23] O.F. Dayi and E. Kilingarslan, Nonlinear chiral plasma
transport in rotating coordinates, Phys. Rev. D 96, 043514
(2017).

[24] P. Arias, H. Falomir, J. Gamboa, F. Mendez, and F. A.
Schaposnik, Chiral anomaly beyond Lorentz invariance,
Phys. Rev. D 76, 025019 (2007).

[25] A.P. Baeta Scarpelli, T. Mariz, J. R. Nascimento, and A. Y.
Petrov, On the anomalies in Lorentz-breaking theories, Int.
J. Mod. Phys. A 31, 1650063 (2016).

[26] A. Salvio, Relaxing Lorentz invariance in general pertur-
bative anomalies, Phys. Rev. D 78, 085023 (2008).

[27] D.E. Kharzeev, J. Liao, and P. Tribedy, Chiral magnetic
effect in heavy ion collisions: The present and future,
arXiv:2405.05427.

[28] N. Weickgenannt, X.-1. Sheng, E. Speranza, Q. Wang,
and D.H. Rischke, Kinetic theory for massive spin-1/2
particles from the Wigner-function formalism, Phys. Rev. D
100, 056018 (2019).

[29] K. Hattori, Y. Hidaka, and D.-L. Yang, Axial kinetic theory
and spin transport for fermions with arbitrary mass, Phys.
Rev. D 100, 096011 (2019).

[30] S. Ochs and U. Heinz, Wigner functions in covariant and
single-time formulations, Ann. Phys. (N.Y.) 266, 351
(1998).

[31] P. Zhuang and U. Heinz, Relativistic kinetic equations for
electromagnetic, scalar, and pseudoscalar interactions, Phys.
Rev. D 53, 2096 (1996).

[32] Z. Wang, X. Guo, S. Shi, and P. Zhuang, Mass correction to
chiral kinetic equations, Phys. Rev. D 100, 014015 (2019).

[33] O.F. Dayi and S.E. Giirleyen, Nonrelativistic transport
theory from vorticity dependent quantum kinetic equation,
Phys. Rev. D 106, 045030 (2022).

[34] O.F. Dayi and E. Kilincarslan, Quantum kinetic equation in
the rotating frame and chiral kinetic theory, Phys. Rev. D 98,
081701 (2018).

[35] O.F. Dayi and E. Kilingarslan, Quantum kinetic equation
for fluids of spin-1/2 fermions, J. High Energy Phys. 11
(2021) 086.

035020-9


https://doi.org/10.1140/epjp/s13360-023-03889-3
https://doi.org/10.1140/epjp/s13360-023-03889-3
https://doi.org/10.1016/j.nuclphysa.2008.02.298
https://doi.org/10.1016/j.nuclphysa.2008.02.298
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1016/j.nuclphysa.2007.10.001
https://doi.org/10.1016/j.nuclphysa.2007.10.001
https://doi.org/10.1103/PhysRevD.72.045011
https://doi.org/10.1103/PhysRevD.72.045011
https://doi.org/10.1007/JHEP10(2013)186
https://doi.org/10.1103/PhysRevD.63.065008
https://doi.org/10.1103/PhysRevD.63.065008
https://doi.org/10.1063/1.1477938
https://doi.org/10.1063/1.1477938
https://doi.org/10.1103/PhysRevLett.109.232301
https://doi.org/10.1103/PhysRevLett.109.232301
https://doi.org/10.1103/PhysRevD.95.091901
https://doi.org/10.1103/PhysRevD.95.091901
https://doi.org/10.1103/PhysRevD.97.016004
https://doi.org/10.1103/PhysRevD.97.016004
https://doi.org/10.1103/PhysRevD.98.036010
https://doi.org/10.1103/PhysRevD.96.043514
https://doi.org/10.1103/PhysRevD.96.043514
https://doi.org/10.1103/PhysRevD.76.025019
https://doi.org/10.1142/S0217751X16500639
https://doi.org/10.1142/S0217751X16500639
https://doi.org/10.1103/PhysRevD.78.085023
https://arXiv.org/abs/2405.05427
https://doi.org/10.1103/PhysRevD.100.056018
https://doi.org/10.1103/PhysRevD.100.056018
https://doi.org/10.1103/PhysRevD.100.096011
https://doi.org/10.1103/PhysRevD.100.096011
https://doi.org/10.1006/aphy.1998.5796
https://doi.org/10.1006/aphy.1998.5796
https://doi.org/10.1103/PhysRevD.53.2096
https://doi.org/10.1103/PhysRevD.53.2096
https://doi.org/10.1103/PhysRevD.100.014015
https://doi.org/10.1103/PhysRevD.106.045030
https://doi.org/10.1103/PhysRevD.98.081701
https://doi.org/10.1103/PhysRevD.98.081701
https://doi.org/10.1007/JHEP11(2021)086
https://doi.org/10.1007/JHEP11(2021)086

