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We study a simple extension of the Standard Model featuring a dark sector with an ultralight pseudo-
Nambu-Goldstone boson as a dark matter candidate. We focus on the mass range Oð10−20–10−10Þ eV,
relevant for strong gravity applications, and explore its production and evolution in the early Universe. The
model is formulated in such a way that dark matter does not couple directly to photons or other Standard
Model particles avoiding some of the most stringent cosmological bounds related to axionlike particles. In
this work, two different scenarios are considered depending on whether dark matter is produced in a
preinflationary or postinflationary regime. We also discuss the effect from emergent topological defects
such as cosmic strings and domain walls and estimate the spectrum of stochastic gravitational waves
produced by their decay, enabling us to test the model at current and future gravitational-wave experiments.
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I. INTRODUCTION

There are remarkable amounts of evidence about the
existence of a Dark Matter (DM) component in the
Universe [1], amounting to 27% of its total energy density
[2,3]. A viable candidate must be electrically neutral (at
least effectively [4]), cosmologically stable, and nonrela-
tivistic during the period of matter-radiation equality.
Among such candidates, weakly interacting massive par-
ticles (WIMPs) have been broadly studied and became
widely popular due to their weak scale nature [5–7].
However, with the lack of both direct and indirect

experimental evidence for WIMPs, the scientific commu-
nity has been gradually increasing its attention to alter-
native candidates [7,8], such as axionlike particles (ALPs)
[9]. The latter can emerge in various contexts [10–15] and
provide an excellent solution for both thermal and non-
thermal DM [16–18].
Ultralight scalar particles such as ALPs are also well

motivated in the context of strong gravity (SG). In general,
relativistic ultralight bosons (scalars or vectors) can form
self-gravitating lumps achieving a compactness compa-
rable to that of black holes [19–23] typically described in
the context of general relativity minimally coupled to the
bosonic field. A number of studies by the SG community
developed in recent years, see, e.g., Refs. [24–44], postu-
late that such particles account for, at least, a fraction of the
observed DM abundance in the Universe. In this article,
focusing on the case of a real pseudo-Nambu-Goldstone
Boson (pNGB), we explore under which circumstances
such an assumption is valid. In particular, we discuss DM
production mechanisms valid in the mass range of interest
for SG scenarios, its relic abundance in the same region,
and the impact of cosmological and SG constraints. Last
but not least, we investigate whether an ultralight pNBG
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can be associated to additional observables such as a
stochastic gravitational waves background (SGWB) from
the decay of long-lived topological defects [45–49] and in
which frequency range it can be tested.
A comprehensive study of simple Standard Model (SM)

extensions relevant for SG applications was carried out in
Ref. [50]. In this article, we focus on what was denoted as
Model 1 in Table 1 of Ref. [50], in which, in addition to the
SM particle content, it also contains a new CP-even Higgs
boson, h2, and an ultralight real pNGB denoted as θ. In the
SG context, the latter were studied, e.g., in Refs. [40–44]
and can lead to the formation of astrophysical objects such
as oscillatons [51–53]. These are slightly time dependent
and decay but can be very long lived, at least for the case of
spherical stars [54]. With recent LIGO and Virgo data,
searches for evidence of superradiance instabilities in the
form of a SGWB [55–58] have excluded the mass of real
pNGB in the range ½1.3; 17� × 10−13 eV. While this type of
DM candidate has already been studied in other contexts
[59–61], in this article, we make the first study directly
targeted at the mass range relevant for SG, i.e.,
∼Oð10−20–10−10Þ eV. The presence of a Z2 discrete
symmetry forbids direct couplings to photons of the form
θFμνFμν, thus avoiding leading-order cosmological bounds
[62] related to ALPs.
This article is organized as follows. In Sec. II, we revisit

the key aspects of the model. In Sec. III, we discuss the
production mechanisms viable in both pre- and postinfla-
tionary regimes. In Sec. IV, we study the implications for
the SGWB produced through the decay of topological
defects; lastly, we draw our conclusions in Sec. V.

II. MODEL

In this section, we revisit the basic details of Model 1 in
Ref. [50], in which it was presented in greater detail. This
consists of an extension of the SM with an additional
complex singlet ϕ charged under a global Uð1ÞG symmetry
such that the scalar potential

VðH;ϕÞ ¼ V0ðHÞ þ μ2ϕϕϕ
� þ 1

2
λϕjϕϕ�j2

þ λHϕH†Hϕϕ� þ Vsoft; ð1Þ

invariant under the transformation

ϕ → eiαϕ: ð2Þ

In Eq. (1), V0ðHÞ denotes the SM potential

V0ðHÞ ¼ μ2HH
†H þ 1

2
λHðH†HÞ2; ð3Þ

and Vsoft is a term that softly breaks the Uð1ÞG global
symmetry

Vsoft ¼
1

2
μ2sðϕ2 þ ϕ�2Þ: ð4Þ

The NGB field is described as a phase, θ, of the field ϕ,

ϕ ¼ 1ffiffiffi
2

p ðσ þ νσÞeiθ=νσ ; ð5Þ

where σ represents radial quantum fluctuations about the
vacuum expectationvalue (VEV) νσ. The soft breaking term,
Eq. (4), is responsible for generating a mass to the NGB,
proportional to μs. As will be clear later, we are interested in
the scenario where νσ ≫ νh, where νh ¼ 246 GeV is the
usual SMHiggs doublet VEVin theSM.Themassmatrix for
the physical states ðh; σ; θÞ reads as

M2 ¼

0
B@

v2hλH vhvσλHϕ 0

vhvσλHϕ v2σλϕ 0

0 0 −2μ2s

1
CA; ð6Þ

where M2 can be diagonalized by the orthogonal trans-
formation

m2 ¼ O†M2O ¼

0
B@

m2
h1

0 0

0 m2
h2

0

0 0 m2
θ

1
CA; ð7Þ

with

O ¼

0
B@

cos α sinα 0

− sin α cos α 0

0 0 1

1
CA: ð8Þ

The eigenvalues of the mass matrix are

m2
h1;2

¼ 1

2

h
v2hλH þ v2σλϕ

∓
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v4hλ

2
H þ v4σλ2ϕ þ 2v2hv

2
σð2λ2Hϕ − λHλϕÞ

q i
; ð9Þ

m2
θ ¼ −2μ2s ; ð10Þ

and the scalar mixing angle α satisfies

tan ð2αÞ ¼
�

2λHϕνhνσ
λHν

2
h − λϕν

2
σ

�
: ð11Þ

In what follows, we fix h1 to be the SM Higgs boson
with a mass of 125 GeV. The couplings between h1, h2, and
θ with the remaining SM particles are shown in Ref. [50].
The mass of the second scalar (h2) is a free parameter of the
model. However, as discussed below, the hierarchy νσ ≫ νh
is necessary in order to produce θ as DM, which results in
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mh2 ≫ mh1 . This further results in an extremely suppressed
coupling of h2 and θ to the SM particles, preventing them
from reaching thermal equilibrium in the early Universe.
The physical quartic couplings read as

λθθθθ ¼ −
m2

θ

6ν2σ
; ð12Þ

where λθθθθ < 0 indicates an attractive ultralight DM sce-
nario, instead of a repulsive one, as discussed in Ref. [63].
The current LHC constraints coming from precise Higgs

couplings measurements impose an upper bound on the
scalar mixing angle α of Eq. (8), which can be translated into
jsin αj ≲Oð0.1Þ [64,65]. Furthermore, due to the mass
hierarchy mh2 ≫ mh1, the only contribution to the invisible
decay width of the 125 GeV Higgs boson is the channel
h1 → θθ. In the limit where mθ ∼ 0 eV, the partial decay
width of a Higgs boson for such a channel can be cast as [50]

Γh1→θθ ¼
1

32π2
m3

h1

ν2σ
sin2 α: ð13Þ

Thus, the constraint on the scalar mixing angle discussed
above imposes a lower bound on the VEV, of νσ > 75 GeV,
which is well bellow the ranges of νσ relevant for this work
(see the discussion in Sec. III), and the mixing between h1
and h2 can safely be ignored.

III. DARK MATTER

As discussed above, the mass range of interest in this
article is mθ ∼Oð10−20–10−10Þ eV. The latest bounds on
light axions [66] point to masses that cannot be below
2 × 10−20 eV. On the other hand, the bound could be
weaker if our candidate does not represent the total amount
of DM [67]. Additionally, when mθ ∼ 10−33 eV, which is
approximately the value of the Hubble constant today, θ
behaves like dark energy [68].
An ultralight scalar DM can be produced in the early

Universe mainly through four different mechanisms [14]:
the misalignment mechanism [4,69–73], the decay of
thermal relics [74], thermally (via freeze-out) [14,75,76],
and via the decay of topological defects [77]. The mis-
alignment mechanism and the decay of topological
defects are widely studied in the context of the QCD axion
[14,70–72,78], whose results are also applicable for a
pNGB. If thermally produced, ultralight DM [79,80] can
become hot and jeopardize the period of structure for-
mation [81]. It follows from νσ ≫ νh that the DM candidate
considered in this article is neither produced by the decay of
thermal relics nor via freeze-out as the couplings between
the DM and SM particles are strongly suppressed. Other
mechanisms, for instance freeze-in [82], also provide
negligible contributions due to tiny portal couplings
between the Higgs boson and the dark sector.

To understand how θ is produced, let us briefly revisit the
pNGB cosmology at the early Universe. Our DM candi-
date, θ, emerges as a NGB when the global Uð1ÞG
symmetry is spontaneously broken, occurring at early
times when T ∼ νσ [14,76,83], and acquires a tiny mass
via the soft term Vsoft, becoming a pNGB. The spontaneous
symmetry breaking (SSB) may happen before the end of
inflation (we call it scenario I) or after it (scenario II), with
very different consequences. We will now address in detail
the two scenarios.
The temperature of the Universe at the time of inflation is

given by the Gibbons-Hawking expression [14,76,84]

TI ¼
HI

2π
; ð14Þ

where HI is the inflationary Hubble parameter with an
upper bound that comes from the Planck and BICEP2
[14,85] measurements,

HI < 8.8 × 1013 GeV: ð15Þ

However, it is important to note that HI can be smaller and
that its value depends on which inflationary landscape is
being considered [86,87].
When the global Uð1ÞG symmetry is spontaneously

broken, θ can acquire any random initial value in the range
ð0; 2π�. If SSB occurs before the end of inflation (scenario I),
the initial values belong to different and causally discon-
nected patches of the Universe. Rapid expansion during
inflation dilutes away the phase transition relics, and con-
tributions from topological defects are washed out
[4,14,69,88]. In scenario I, the observableUniverse originates
from a single causally connected region at the time of SSB
featuring a single initial field value for the pNGB,whose relic
abundance is dominated by the misalignment mechanism.
On the other hand, if SSB happens after the end of

inflation (scenario II), the pNGB field will acquire different
randomly chosen values in different causally disconnected
regions of the Universe. In this case, the formation of
cosmic strings is expected [76,89], that can later decay and
produce DM. Additionally, if the potential has N distinct
degenerate minima in θ, the formation of domain walls
(DWs) [14,76] will occur. When N > 1, stable DW are
produced, as is our case with N ¼ 2. The energy density of
stable DWs evolves slower than radiation and matter, and it
can dominate the energy density of the Universe. This is the
so-called DW problem [90], which will be further discussed
below. There is a large controversy about the appropriate
approach to determine the production of ultralight particles
(and, in particular, ALPs) from topological defects [91]. In
our analysis, we simply provide an estimate of such a
contribution. For the case of scenario II, the relic abundance
of θ is produced via the misalignment mechanism and
through the decay of topological defects.
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The soft-breaking term in the broken phase of ϕ can be
cast as

Vsoft ¼
μ2s
2
ðσ þ νσÞ2 cos

�
2
θ

νσ

�
: ð16Þ

It is clear that the potential has N ¼ 2 degenerate minima
given by θ → θ þ 2πνσk=N, where k ¼ 0, 1, which makes
the theory invariant under a remnant discrete Z2 symmetry.
The latter emerges upon SSB of Uð1ÞG, with the pNGB
transforming as θ → −θ. We now define the so-called
misalignment angle [14] as

ΘðxÞ≡ θðxÞ
νσ=2

: ð17Þ

We can expand the soft-breaking term [Eq. (16)] near to the
minimum and for simplicity consider only the first term in
the angle

Vsoft ≃
1

8
m2

θν
2
σΘ2: ð18Þ

This means that as a first approximation we disregard the
anharmonic terms, which become important only for large
value of Θ [77,92–94], which is not our case as jΘj ≪ 1 in
order to represent the total DM density.
The equation of motion for Θ can be obtained by varying

the action, S ¼ R
d4xR3L, where R is the scale factor, and

for the Friedmann-Robertson-Walker metric, we obtain

Θ̈þ 3HΘ̇þm2
θΘ ¼ 0; ð19Þ

which is an equation similar to the one describing the
harmonic oscillator with time dependent friction. We note
that θ is naturally stable; therefore, the decay-type term,
ΓθΘ̇, is absent in Eq. (19) [76]. Although σ couples to θ in
general, such an interaction is small enough to assume that
the fields are approximately decoupled. This condition,
together with the differential equation above, places us in
the exact same scenario as the θ misalignment production
in the axion scenario.
After the SSB of Uð1ÞG, the pNGB field assumes some

initial nonzero value, θini. Then, as the initial value of θ is
not necessarily aligned with the minimum of the potential,
the pNGB field rolls down the potential and begins to
oscillate coherently when mθ ≃ 3HðToscÞ [14], at some
temperature given by1

Tosc ≃ 1.5 keV

�
mθ

10−20 eV

�
1=2

�
3.9

g�ðToscÞ
�

1=4
; ð20Þ

where g�ðToscÞ denotes the effective number of degrees of
freedom at T ¼ Tosc, with Tosc greater than the temperature
of the matter-radiation equality (Teq ∼ 1 eV) [14,69,91].
This in turn allows us to extract a lower bound on mθ,

mθ ≳ 4.5 × 10−27 eV; ð21Þ

which is consistent with the preferred range for SG
applications.
The energy density originating from the coherent oscil-

lation of θ at the minimum of the potential contributes to
the final energy density of DM. This mechanism is called
misalignment [14] and occurs in both scenarios I and II.
After this brief discussion about the pNGB cosmology, we
will now estimate the final relic density of θ.

A. Preinflationary scenario

The first scenario to discuss considers SSB of the Uð1ÞG
symmetry before the end of inflation (and assuming that the
reheating temperature does not restore the symmetry after
inflation). As we mentioned above, in this case, θ will be
predominantly produced via the misalignment mechanism,
and isocurvature perturbations will appear [14]. The cosmic
microwave background (CMB) constrains the amplitude of
the isocurvature perturbations, imposing a limit on the
inflationary Hubble parameterHI as a function of the VEV,

HI

νσ
≲ 3 × 10−5jΘij: ð22Þ

However, as the Hubble scale at inflation is unknown, a
certain degree of freedom is still allowed [69].
To determine the relic abundance of the θ field, we need

to understand how its energy density has evolved during the
early stages of the Universe evolution. The energy density
of θ coherent oscillations can be obtained from the energy-
momentum tensor [14], resulting in

ρmis
θ ¼

�
νσ
2

�
2
�
Θ̇2

2
þ 1

2
m2

θΘ2

�
: ð23Þ

Notice that Eq. (19) contains two real roots, implying that
the system behaves as an overdamped oscillator. When the
global Uð1ÞG symmetry is spontaneously broken, Θ
acquires an initial random value, Θi. At timescales before
Tosc, that is, when T ≫ Tosc, we have Θ̇ ≃ 0, and therefore
Θ is approximately constant. At a later time, when
T ≪ Tosc, the field rolls down the potential and begins
to oscillate. Since Θ is approximately constant until Tosc,
we can conclude that ρmis

θ , in Eq. (23), is also approx-
imately constant during this period [14,76]. Therefore, we
can take the energy density at Tosc to be

1In this work, we assume the Standard Cosmology scenario,
where the early Universe is dominated by radiation, with
H ≃ 1.66

ffiffiffiffiffi
g�

p
T2=MPl, after inflation (MPl is the Planck mass).
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ρmis
θ ðRoscÞ ≃

m2
θΘ2

i

2

�
νσ
2

�
2

; ð24Þ

where Θi describes the initial misalignment angle when the
field starts to oscillate. After Tosc, the angle decreases
behaving as nonrelativistic matter, ρmis

θ ∝ R−3. The energy
density of θ at some instant after Tosc can be calculated
using the redshift of the energy density in that period
[14,73],

ρmis
θ ðRÞ ¼ ρmis

θ ðRoscÞ
�
Rosc

R

�
3

≃
m2

θΘ2
i

2

�
νσ
2

�
2
�
Rosc

R

�
3

:

ð25Þ

As alluded to above, notice that for a given mass, mθ, the
energy density of θ is controlled by its initial value,
vanishing in the case of Θi ¼ 0. Using the definition of
entropy density and assuming that it is constant, one
obtains

�
Rosc

R0

�
3

¼ gsðT0Þ
gsðToscÞ

�
T0

Tosc

�
3

; ð26Þ

where gsðT0Þ ¼ 3.91 and T0 ¼ 2.3 × 10−4 eV is the tem-
perature today [95].
The DM relic density is defined as

Ωθh2 ¼
ρmis
θ ðR0Þ
ρcrit=h2

: ð27Þ

Taking ρcrit¼1.05×10−5h2GeV=cm3≃8.15×10−47h2GeV4

[95], one can write

Ωθh2 ¼ 0.11

�
mθ

10−20 eV

�
1=2

�
νσ

1017 GeV

�
2

×

�
Θi

1.5 × 10−1

�
2

F ðToscÞ; ð28Þ

where F ðToscÞ≡ ð 3.91
gsðToscÞÞð

g�ðToscÞ
3.4 Þ3=4 varies in the range

from 1 to ∼0.3. This results in an upper limit on Θi

compatible with Ωθh2 ≤ 0.11 that reads as

Θi ≤ 0.15

�
10−20 eV

mθ

�
1=4

�
1017 GeV

νσ

�
F ðToscÞ−1=2: ð29Þ

In Fig. 1, we show the solution of Eq. (28) for three
representative values of the DM mass, for instance, mθ ¼
10−10 (blue curve), 10−15 (green curve), and 10−20 eV (red
curve). As can be observed, for the mass range of interest in
our discussion, it is always possible to saturate the DM relic
abundance with the θ field by fixing the initial value of the
misalignment angleΘi ¼ 4.7 × 10−4; 8.4 × 10−3, and 1.5 ×
10−1 for mθ ¼ 10−10, 10−15, and 10−20 eV, respectively.

B. Postinflationary scenario

Let us now consider the scenario where the global
symmetry breaking occurs after the end of inflation, i.e.,
TI > νσ . As previously discussed, in this case, DM is
produced through the decay of topological defects (cosmic
strings and DWs) [96] besides the misalignment mecha-
nism that is also present. Cosmic strings emerge when the
Uð1ÞG gauge symmetry is spontaneously broken at T ∼ νσ.
After that, a potential with degenerate minima and a Z2

discrete symmetry arises. This symmetry, when sponta-
neously broken at Tosc, produces DWs.
The approach to obtain the contribution from misalign-

ment is in many aspects identical to what is described above
for scenario I.However, a few differences regarding thevalue
ofΘi need to be accounted for. In particular, when the Uð1ÞG
symmetry is spontaneously broken, the Universe is divided
into several causally disconnected patches, each ofwhich has
an independent value ofΘi. Therefore,Θi is no longer a free
parameter as before, and it is reasonable to consider the
average of an uniform distribution [14,76,97], Θ2

i → hΘ2
i i,

where, neglecting the anharmonic effect, one has

hΘ2
i i ¼

1

2π

Z
π

−π
dΘiΘ2

i ¼
π2

3
: ð30Þ

Notice that from TI > νσ and using Eqs. (14) and (15),
one can obtain the upper limit on the Uð1ÞG breaking scale
as νσ ≲ 1.4 × 1013 GeV. Thus, the contribution from the
misalignment mechanism for this scenario is obtained from
Eqs. (28) and (30) and can be written as

Ωmis
θ h2 ≃ 1.6× 10−15

�
mθ

10−20 eV

�
1=2

�
νσ

109 GeV

�
2

F ðToscÞ:

ð31Þ

FIG. 1. Abundance of ultralight DM for the case where the SSB
occurs before the end of inflation, for mθ ¼ 10−10, 10−15, and
10−20 eV for blue, green, and red curves, respectively. Here, we
fixed νσ ¼ 1017 GeV.
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With the considered values for the ultralight scalar mass in
a range relevant for compact astrophysical objects, the
misalignment contribution to the total relic density of θ is
extremely suppressed as previously noticed in other works
[76,97]. Therefore, one must closely inspect the contribu-
tion from other sources such as the decay products of
topological defects.
The global Uð1ÞG symmetry breaks spontaneously when

T ∼ νσ , which induces the formation of cosmic strings
[77,98]. Such strings decay into pNGBs [76,99,100] at
mθtstr ∼ 1, and the energy stored in the cosmic strings is
released dominantly into DM. The evolution of the energy
density of these strings is described by the scaling solution

ρstringðtÞ ¼ ξ
μstring
t2

; ð32Þ

where ξ represents the number of strings in a Hubble
volume. We will assume ξ ∼ 1 [101], and

μstring ¼ πν2σ log

�
t
d

�
ð33Þ

is the energy of a string per unit length, with t ¼ 1=H and
d ∼ 1=mh2 the width of the string [100].
When H ∼mθ, the Z2 discrete symmetry, which

emerges after SSB of Uð1ÞG, breaks and leads to the
formation of stable DWs [89,97]. To avoid the DW problem
[90], we consider an additional generic term in the
potential, δV, which slightly breaks the discrete Z2

symmetry and lifts the degeneracy between the two Z2

symmetric vacua evident in Eq. (16). Additionally, we
require that Vsoft > δV since the bias term can contribute to
the θ mass. The new δV term produces a pressure on the
walls and eventually annihilates them. The total potential
[Eq. (1)] can then be rewritten:

VðH;ϕÞ ¼ V0ðHÞ þ μ2ϕϕϕ
� þ 1

2
λϕjϕϕ�j2 þ λHϕH†Hϕϕ�

þ Vsoft þ δV: ð34Þ

The δV contribution was first proposed by Sikivie in
Ref. [102] and represents a pressure term [77,103–105].
Here, we are not concerned about an exact expression for
δV, as our focus is rather on the difference in the values of
the potential calculated at each minimum ΔV ≃ δV
[78,106]. A detailed discussion about DWs dynamics with
pressure terms can be found in Ref. [107].
When the DWs are produced, each cosmic string

becomes attached to the DWs and a string-wall network
emerges. As for the case of strings, numerical studies show
that the energy density of the Z2 DWs is described by the
scaling solution [105]

ρwallðtÞ ¼ A
σwall
t

: ð35Þ

where A ≃ 0.8� 0.1 is the area parameter [108] and σwall is
the tension of the DW [78,109]

σwall ¼ 2mθν
2
σ: ð36Þ

As mentioned above, the pressure term lifts the degeneracy
between the two vacua, producing a volume pressure pV ∼
ΔV on the DWs, proportional to the difference between the
minima. Besides the volume pressure, DWs are also
affected by a tension force pT ∼ σwall=t such that their
decay occurs when pV ∼ pT , which implies [97]

Hdecay ¼
ΔV
Aσwall

: ð37Þ

Then, combining Eqs. (36) and (37), we obtain the temper-
ature at which the DWs decay:

Tdecay ≃ 1.98 × 108 GeVA−1=2
�
g�ðTdecayÞ

10

�−1=4

×

�
mθ

10−20 eV

�
−1=2

�
vσ

109 GeV

�
−1=2

�
ΔV

MeV4

�
1=2

:

ð38Þ

As DWs predominantly decay into DM and also produce
gravitational waves (GWs), their presence does not conflict
with the predictions of big bang nucleosynthesis (BBN).
The DW’s decay products, DM and GWs, do not inject
energy into the Standard Model particles comprising the
primordial thermal bath. Consequently, the thermal equi-
librium and nucleosynthesis processes during BBN remain
unaffected by the presence of DWs [14,97,105]. However,
it is important to highlight that this is only true in the
presence of a tiny coupling between DM and SM particles
in order to avoid thermalization.2 Therefore, to ensure
compatibility with observational constraints and theoretical
predictions, it is sufficient to impose a requirement that
DWs decay before the epoch of matter-radiation equality,
i.e., Hdecay > Heq (Teq ∼ 1 eV), which yields the condition

ΔV > 2.5 × 10−35 MeV4 A

�
mθ

10−20 eV

��
νσ

109 GeV

�
2

:

ð39Þ

As we mentioned before, another lower bound on ΔV that
we will impose here arises from requiring that the DWs
should decay before they dominate the energy density of
the Universe, which happens when tr ∼ ðGσwallÞ−1, where
G ¼ 6.7 × 10−39 GeV−2 is the gravitational constant.
Therefore, we require

2For a detail discussion about DWs decay and BBN, see
Ref. [110].
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1

GAσwall
≫ H−1

decay; ð40Þ

and using Eqs. (36) and (37), we obtain

ΔV ≫ 2.68 × 10−48 MeV4 A2

�
mθ

10−20 eV

�
2
�

νσ
109 GeV

�
4

:

ð41Þ

Additionally, we need to ensure that DWs decay before
they start dominating the energy density of the Universe as
the misalignment mechanism has been required to occur
during a radiation-dominated period.
As shown in Refs. [77,101,108], the DM particles

produced through the decay of the DWs are mildly
relativistic and become nonrelativistic before the BBN.
However, a more detailed studied about the energy of
pNGB produced through decay of DW needed to be
developed since the results used for the pNGB scenario
is obtained for axions. Some bounds on VEV of global
symmetry and pNGB mass can emerge in a more detailed
study, as was done in Ref. [111]. As a good approximation,
we can use the results for axion to estimate the energy
density of DM produced through the decay of the DWs.
As we mentioned before, the DWs predominantly decay

into DM and GWs. However, as we will explore in the
following section, the final amount of GWs is significantly
suppressed, though it can be experimentally probed.
Therefore, we will assume that at the time of DWs decay3

ρwallθ ðtdecayÞ ≃ ρwallðtdecayÞ, where ρwallθ ðtdecayÞ represents the
energy density of θ produced through DWs decay. We can
redshift Eq. (35), where the produced DM behaves as
matter (nonrelativistic), as

ρwallθ ðt0Þ ≃ ρwallðtdecayÞ
�
RðtdecayÞ
Rðt0Þ

�
3

; ð42Þ

where

ρwallðtdecayÞ ¼ 2σwallHdecay: ð43Þ

Putting everything together, the relic density of pNGB
produced via the decay of DWs is given by

Ωwall
θ h2 ≃ 1.5 × 10−29A1=2

�
g�ðTdecayÞ

10

�−1� mθ

10−20 eV

�
3=2

×

�
νσ

109 GeV

�
3
�

ΔV
MeV4

�
−1=2

: ð44Þ

Last but not least, the total relic density of the ultralight
scalar in a regime where the global Uð1ÞG is broken in a
postinflationary era reads as

Ωθh2 ≃ Ωmis
θ h2 þ Ωwall

θ h2; ð45Þ

where the cosmic strings contribution is negligible, as
shown in Ref. [77], and thus neglected in the remainder of
this analysis.
In Fig. 2, we present the allowed parameter space in the

plane (ΔV; νσ) for the scenario where the SSB occurs after
the end of inflation. The DM relic density that saturates the
measured value, i.e.,Ωθh2 ¼ 0.11, is achieved along the blue
line. The gray region represents DM overdensity with
Ωθh2 > 0.11, while the light blue indicates Ωθh2 < 0.11
where DM is underabundant. The yellow region is excluded,
as the necessary requirement for DW decay before the
matter-radiation equality does not hold. The green region
is excluded due to Vsoft < δV. The red region represents the
end of inflation. The left panel specializes to an ultralight
scalar mass of 10−15 eV, while the right panel considers
mθ ¼ 10−20 eV. Notice that for the latter case there are no
allowed points that could explain the measured relic abun-
dance of DM. In turn, under the conditions of a postinfla-
tionary scenario, oscillatons resulting from a clump of
ultralight real scalars with mass close to 10−20 eV cannot
be described in the context of amodelwhere θ fully describes
the DM component of the Universe, which contrasts with the
preinflationary regime discussed for scenario I.
In Fig. 3, we present the allowed parameter space in the

plane (mθ, Ωθh2), with the Uð1ÞG breaking VEV, νσ ,
represented in the color bar, for the scenario where SSB
occurs after the end of inflation. The white shaded region
indicates the excluded mass range due to searches for
superradiance instabilities in the form of a SGWB at the
LIGO-Virgo experiment [57,58]. This figure corroborates

FIG. 2. Viable parameter space in the plane (ΔV; νσ) for the
scenario where the SSB occurs after the end of inflation. The
correct DM relic density is achieved along the blue line, the gray
region represents Ωθh2 > 0.11, while the light blue means
Ωθh2 < 0.11. The yellow region is excluded because the neces-
sary requirement of DWs to decay before matter-radiation
equality does not hold. The green region is excluded due to
Vsoft < δV. The red region represents the end of inflation.

3It is worth noting that, while DWs behave as nonrelativistic
matter and θ produced by DWs are mildly relativistic, this
relation is subject to a correction factor of order Oð1Þ, which
represents the mean energy of pNGB radiated from DWs. For a
deeper understanding on this point, see Refs. [77,101,108].
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the observation related to Fig. 2, where it is verified that a
mass of 10−20 eV is not compatible with a full description
of DM. Indeed, only masses larger thanOð10−18Þ eV fulfill
such a requirement as it is evident in Fig. 3. Likewise, ΔV
has to be above Oð10−24Þ MeV4. One must also note that
vσ does not play a relevant role in the considered region.

IV. GRAVITATIONAL WAVES FROM
DOMAIN WALLS

The decay of DWs can generate not only DM but also a
spectrum of SGWB [78,112–114], expected with the
characteristic peak frequency and amplitude features
depending on the model’s parameters. These can poten-
tially be observed at current and future GW observatories,
offering a unique probe of the Universe’s earliest moments.
The SGWB amplitude at the peak frequency can be

written as [108,109,115]

ΩGWh2ðt0Þpeak ¼ 5.2 × 10−20A4ϵ̃gw

�
g�ðTdecayÞ

10

�
1=3

×

�
σ

TeV3

�
4
�
MeV4

ΔV

�
2

; ð46Þ

where ϵ̃gw ≃ 0.7 is the efficiency parameter and the peak
frequency of the GW is given by

fpeakðt0Þ ≃ 3.99 × 10−9 Hz A−1=2
�
TeV3

σ

�
1=2

�
ΔV

MeV4

�
1=2

:

ð47Þ

The full spectrum is obtained by multiplying the peak
amplitude by the spectral function as

ΩGWh2 ≃ ΩGWh2peak ×

8>><
>>:

�
fpeak
f

�
; if f > fpeak�

f
fpeak

�
3
; if f < fpeak:

ð48Þ

In Fig. 4, we show examples of the SGWB given by
Eq. (48) for different values of νσ. The experimental
sensitivities of GAIA [116], SKA [117], LISA [118],
μARES [119], BBO [120], LIGO [121], and the Einstein
Telescope (ET) [122] are shown in the shaded regions. The
energy density of a SGWB behaves like radiation [78].
Therefore, considering cosmological observations obtained
from the PLANCK satellite and the limits on the effective
number of neutrino species (ΔNeff ) derived from the CMB,
one can extract an upper bound on the energy density
amplitude of approximately ΩGWh2 ≲ 10−6. The excluded
region is represented by the red shaded horizontal band on the
four panels. It is clear from our results that, although the
detection of a SGWB is not precluded, it is only possible for a
restricted set of parameters and only at SKA and THEIA.
Notice that the SGWB discussed here is of cosmological
nature and not to be confused with that indicated in the
vertical band of Fig. 3, which is of an astrophysical origin.
To conclude, in our analysis, we revisit in the left panel

of Fig. 5 the viable parameter space in the plane ðΔV; νσÞ
for mθ ¼ 10−15 eV, as already presented in Fig. 2, left
panel. The added red triangles represent points that not only

FIG. 3. Viable parameter space in the plane (mθ, Ωθh2), with
the color bar denoting νσ , for the scenario where SSB occurs
after the end of inflation. The white shaded region is excluded due
to the constraints imposed by the LIGO-Virgo experiment in the
searches for superradiance instabilities for a mass range
½1.3; 17� × 10−13 eV [57,58].

FIG. 4. GW spectrum from DWs for different values of νσ
(black curves) where each graph represents different values of
mθ. The shaded region represents the experimental sensitivities of
GAIA, SKA, μARES, LISA, BBO, LIGO, THEIA, and ET. The
red shaded region is excluded due to the ΔNeff constraint.
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saturate the DM relic abundance but can also be tested by
future GW experiments such as SKA and THEIA. In the
right panel, we show the spectrum of GWs produced from
DWs, where the black curves represent a choice of param-
eters that correspond to one of the red triangles in the left
panel. The red triangles correspond to what we consider the
most phenomenologically interesting solution of our analy-
sis where the model describes DM in a postinflationary
regime; it can clump in the form of oscillatons and can be
potentially tested in both astrophysical (LIGO-Virgo) and
cosmological channels (SKA, THEIA).

V. CONCLUSIONS

We investigated a model that is a simple extension of the
Standard Model by the addition of a complex singlet. When
this new field acquires a nonzero VEV, a Nambu-Goldstone
boson emerges. This NGB acquire mass through an addi-
tional soft breaking term in the potential becoming an
pseudo-Nambu-Goldstone boson. We are focused on the
scenario where the pNGB is an ultralight particle, in the
mass range Oð10−20–10−10Þ eV, which makes it stable and
therefore a good DM candidate.
Our motivation to explore this range of masses is

primarily related to the strong gravity implications from
the fact that ultralight relativistic bosons can clump and
form objects with a compactness similar to that of black
holes. With current experimental facilities, such objects are
under active study and can be probed upon the measure-
ment of an astrophysical SGWB emergent from super-
radiance instabilities.
We have discussed the mechanisms of DM production

relevant for the considered mass range. In particular, due to
extremely suppressed couplings with SM particles, DM is
nonthermally produced through the misalignment mecha-
nism and/or the decay of topological defects. However,
when the breaking of the global Uð1ÞG symmetry occurs
before the end of inflation, there is no contribution from

topological defects, and it takes place predominately via
misalignment. Indeed, we have noted that it is always
possible to find a misalignment angle that saturates the
observed DM relic abundance for the entire mass range
relevant for strong gravity applications. For a postinfla-
tionary regime, the main mechanism at play for DM
generation is the decay of DWs. In this case, it is only
possible to satisfy the entire DM relic density for ultralight
scalar masses larger than approximately 10−16 eV. Besides
the known astrophysical SGWB observables at LIGO-
Virgo frequencies, the model can also offer a cosmological
SGWB potentially observable at SKA and THEIA.
With this article, we expect to provide valuable infor-

mation to the strong gravity community, where for the case
of oscillatons their solutions can be concretely/numerically
mapped to viable DM scenarios in simple extensions of the
SM of particle physics.
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FIG. 5. Left: viable parameter space in the plane ðΔV; νσÞ for
mθ ¼ 10−15 eV as already presented in Fig. 2. The red triangles
represent the set of parameters that provide the correct DM
abundance and within reach of the experimental sensitivity of the
SKA and THEIA experiments. Right: spectrum of GWs produced
from DWs, where the black curves represents a choice of
parameters corresponding to one red triangle in the left panel.
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