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The normalization of the leading-twist photon distribution amplitude (DA), f⊥γ , is an important
ingredient in the study of exclusive processes involving the photon emission by means of QCD sum-rules.
In this paper we determine the up-, down- and strange-quark contribution to f⊥γ by exploiting its relation
to the zero-momentum two-point correlation function of the electromagnetic current Jμem and the
electric component of the tensor current Tμν. To that end we employ the gauge ensembles obtained
by using Nf ¼ 2þ 1þ 1 Wilson-Clover twisted-mass quark flavors, generated by the Extended Twisted
Mass (ETM) Collaboration, and after adding all sources of systematic uncertainties, we obtain a
total error of 1.5% and 3.5%, respectively, for the light- (u and d) and strange-quark contribution to
f⊥γ ð2 GeVÞ in the MS scheme, thus improving their accuracy by a factor of 2.3 and 2.8, respectively.

For the strange-quark contribution f⊥γ;sð2 GeVÞ, we observe a discrepancy with respect to previous
lattice calculations. By combining our result with the world average lattice value of the chiral

condensate, we obtain for the susceptibility of the quark condensate χMS
d ð2 GeVÞ ≃ χMS

u ð2 GeVÞ ¼
2.17ð12Þ GeV−2.

DOI: 10.1103/PhysRevD.110.034511

I. INTRODUCTION

QCD sum rules (QCDSR) proved to be an efficient
method to get the phenomenologically interesting infor-
mation about the nonperturbative dynamics of hadrons.
For the description of electromagnetic properties of
hadrons, including the processes with a photon emission,
the authors of Refs. [1,2] modified the standard QCDSR
methodology [3] and studied the correlation functions in
an external electromagnetic field. From the initial appli-
cation in computing the nucleon magnetic moments and

the radiative Δ → pγ decay rate, the approach has been
broadly employed in numerous applications including
the hadronic correction to the Z�γ�γ-vertex, entering the
electroweak contribution to ðg − 2Þμ [4], computation
of the neutron electric dipole moment [5,6], studies of
chirality violation in the exclusive photoproduction of
hard dijets [7], evaluation of the hadronic matrix element
of the radiative decays of heavy-light mesons [8,9] as
well as many other processes involving the leading-twist
photon distribution amplitude (DA) [10–12]. A key
nonperturbative quantity needed in this description
is the susceptibility of the quark condensate, χ, which
measures the response of the chiral condensate to the
presence of an external electromagnetic field. As we shall
see, it is related to the normalization of the leading-twist
photon DA, f⊥γ;q, as f⊥γ;q ¼ χqhq̄qi, where each quantity
depends on the renormalization scale in a given
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renormalization scheme, and q stands for the (light) quark
flavor. It appears that it is more convenient to compute f⊥γ;q
directly on the lattice and then combine the result

with a known value of hq̄qiMSð2 GeVÞ [13] to extract

χMS
q ð2 GeVÞ. The estimate based on the vector meson
dominance for the case of lightest flavors in the isospin

limit mu¼md≡ml
1 yields χMS

l ð2 GeVÞ ¼ 1.9ð1Þ GeV−2,

in good agreement with the QCDSR result, χMS
l ð2 GeVÞ ¼

2.1ð2Þ GeV−2 [10], but both being considerably different
from the values advocated in Refs. [16,17]. This situation
clearly called for a lattice QCD determination of this
quantity. The first such attempts were made in a setup with
Nf ¼ 2 [18] and Nf ¼ 2þ 1 [19] but without accounting
for the effects of renormalization.Another attemptwasmade
in Ref. [20], but a detailed lattice QCD study of f⊥γ;q
with Nf ¼ 2þ 1 staggered quark flavors was performed
in Ref. [21], and then considerably improved in Ref. [22]
where, in the vanishing quark mass limit, the resulting
value of f⊥γ;lð2 GeVÞ ¼ −ð45.4� 1.6Þ MeV has been

quoted. That value then corresponds to χMS
l ð2 GeVÞ ¼

2.3ð1Þ GeV−2. In this paper we calculate f⊥γ;q, with
q∈ fu; d; sg, from the two-point correlation functions
computed on the gauge field configurations generated
by using the twisted mass QCD on the lattice with
Nf ¼ 2þ 1þ 1 Wilson-Clover dynamical quarks [23].
The ensembles of gauge field configurations that we use

correspond to three lattice spacings a∈ ½0.056; 0.08� fm and
the spatial volumes V ¼ L3 with L∈ ½5.0; 7.7� fm [24–27].
After taking the continuum and infinite-volume limits, and
by adding all sources of systematic uncertainties in quad-
rature, we obtain a total error of 1.5% for u, d and 3.5% for
the s quark. That represents the improvement by a factor of
more than 2 over the previous lattice QCD estimate of these
quantities. Our final results in the MS scheme are

f⊥γ;uð2 GeVÞ ¼ −43.73ð64Þ MeV; ð1Þ

f⊥γ;dð2 GeVÞ ¼ −44.45ð74Þ MeV; ð2Þ

f⊥γ;sð2 GeVÞ ¼ −51.0ð1.8Þ MeV; ð3Þ

which include the nonperturbative subtraction and multi-
plicative renormalization constants computed in the
RI”-MOM scheme, cf. Ref. [28], and then converted to
theMS scheme by using the 4-loop perturbative expressions
available in Ref. [29].

II. NORMALIZATION OF THE PHOTON DA
AND ITS RELATION TO THE MAGNETIC

SUSCEPTIBILITY OF THE QUARK CONDENSATE

Let us first consider the coupling of a photon to the
tensor density Tαβ

q ðx; μÞ ¼ ZTðμÞq̄ðxÞσαβqðxÞ, and intro-
duce f⊥γ;qðp2; μÞ as

h0jTαβ
q ð0;μÞjγðp2;ελÞi¼ ieqf⊥γ;qðp2;μÞðεαλpβ−εβλp

αÞ; ð4Þ

where ελ is the photon polarization, we use
σμν ¼ ði=2Þ½γμ; γν�, and eq ¼ eQq is the electric charge
of the q-quark, with e ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

4παem
p

, and Qu ¼ þ2=3,
Qd;s ¼ −1=3. Note that ZTðμÞ is the scale- and scheme-
dependent renormalization constant of the tensor density.
For a real photon p2 ¼ 0, f⊥γ;qð0; μÞ≡ f⊥γ;qðμÞ corresponds
to the normalization of the q-quark contribution to the
leading-twist photon DA [10].2

To leading order in the electromagnetic interaction, the
matrix element defined in Eq. (4) can be expanded as3

h0jTαβ
q ð0;μÞjγðp2;ελÞiQCDþQED

¼ i
Z

d4xh0jTfTαβ
q ð0;μÞJνemðxÞAνðxÞgjγðp2;ελÞiþOðα3=2em Þ

¼ ελ;νH
αβν
q ðpÞþOðα3=2em Þ: ð5Þ

where Jμem ≡P
q eqq̄γ

μq is the electromagnetic current,
and we introduced the hadronic tensor

Hαβν
q ðpÞ≡ i

Z
d4xe−ipxh0jTfTαβ

q ð0; μÞJνemðxÞgj0i: ð6Þ

By virtue of Lorentz invariance the hadronic tensor
Hαβν

q ðpÞ can be written in terms of a single scalar form
factor Hqðp2; μÞ as

Hαβν
q ðpÞ≡ i

Z
d4xe−ipxh0jTfTαβ

q ð0; μÞJνemðxÞgj0i

≡ ieqHqðp2; μÞðgανpβ − gβνpαÞ; ð7Þ

1In this approximation the ρ-meson pole saturates the sum in the
expression given in Ref. [10], so that we have χl¼−fρfTρ=
ðmρhq̄qiÞ. In the numerical evaluation we then use hq̄qi ¼
−ð272ð5Þ MeVÞ3 [13], and fTρ=fρ¼0.68ð2Þ [14], as obtained in
latticeQCD, togetherwithfexpρ ≃208MeVandmρ ¼ 0.77GeV [15].

2To be more specific, f⊥γ;qðμÞ is a factor multiplying the leading
twist photon DA defined through the matrix element of a nonlocal
operator (near light cone, x2 ¼ 0), namely

h0jq̄ðxÞσαβWx
−xqð−xÞjγðp2; ελÞi

¼ ieqχhq̄qiðpβεαλ − pαεβλÞ
Z

1

0

dueipxð2u−1ÞϕγðuÞ;

where Wy
x is the Wilson line. In this way, the distribution is

normalized as usual,
R
1
0 duϕγðuÞ ¼ 1, and f⊥γ;qðμÞ ¼ χðμÞhq̄qiðμÞ.

3Our choice of the sign is consistent with Dμ ¼ ∂μ − ieqAμ,
which is the same convention used in Ref. [10] for the covariant
derivative.
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so that, to leading order in the electromagnetic interaction,
one arrives at Hqðp2; μÞ ¼ f⊥γ;qðp2; μÞ.
The form factor Hqð0; μÞ is also related to the zero-

temperature magnetic susceptibility χqðμÞ of the quark
condensate hq̄qiðμÞ. The latter is defined through the
relation [10]

h0jTαβ
q ð0; μÞj0iB ≡ FαβeqχqðμÞhq̄qiðμÞ; ð8Þ

where Fαβ ≡ ∂
αAβ − ∂

βAα is the electromagnetic field-
strength tensor, corresponding to a constant weak back-
ground magnetic field B, and h…iB means the expectation
value evaluated in such a magnetic background field.

The connection between Hqð0; μÞ and χqðμÞ can be
easily worked out since

h0jTαβ
q ð0; μÞj0iB ¼ i

Z
d4xh0jTfTαβ

q ð0; μÞJνemðxÞgj0iAνðxÞ

þOðα3=2em Þ: ð9Þ

Choosing A0 ¼ 0; Aj ¼ εjklxkBl=2, where B⃗ is the con-
stant and uniform magnetic field, allows us to write, to
leading order in the magnetic field,

h0jTαβ
q ðμÞj0iB ¼ −εjkl

Bl

2

∂

∂pk

Z
d4xe−ipxh0jTfTαβ

q ð0; μÞJjemðxÞgj0ijp2¼0

¼ −eqHqð0; μÞεjkl
Bl

2
½gαjgβk − gβjgαk� ¼ eqHqð0; μÞFαβ; ð10Þ

which, after a comparison with Eq. (8), gives χqðμÞhq̄qiðμÞ ¼ Hqð0; μÞ ¼ f⊥γ;qðμÞ. Similar expressions, relating χqðμÞ to
current-current correlators have already been derived in Ref. [22], where the authors considered a rotating magnetic
background field and the correlation function between the electromagnetic current (Jem) and the magnetic part, Tij

q (i ≠ j),
of the tensor current.

A. Extracting Hqð0;μÞ from Euclidean lattice correlators

To compute the form factor Hqð0; μÞ we will be working in the so-called time-momentum representation and set
p ¼ ðp0; 0; 0; 0Þ. We can write

1

3

X3
j¼1

H0jj
q ðpÞ ¼ i

Z
∞

−∞
dt e−ip0t

Z
d3x

1

3

X
j

h0jTfT0j
q ð0; μÞJjemðx⃗; tÞgj0i ¼ ieqHqðp2

0; μÞp0: ð11Þ

The crucial ingredient that makes this calculation possible
is the observation that for small enough values of jp0j the
previous expression can be analytically continued to
Euclidean time without encountering any obstruction since
QCD has a mass gap.4 For small jp0j we can thus write

−
i
3

X
j

H0jj
q ðpÞ ¼ eqHqðp2

0;μÞp0 ¼−
Z

∞

−∞
dte−p0tCqðt;μÞ;

ð12Þ

where Cqðt; μÞ is the Euclidean lattice correlator

Cqðt; μÞ≡ i
3

Z
d3x

X
j

h0jTfT0j
q ð0; μÞJjemðx⃗; tÞgj0iE; ð13Þ

and the subscript E indicates that the correlation function is
evaluated in the Euclidean theory. The zero-momentum
correlator, Cqðt; μÞ, is the nonperturbative object that we
compute by means of QCD simulations on the lattice.
Besides the finite constants needed to renormalize local
vector currents on the lattice, the only scheme- and scale-
dependent renormalization constant needed in this work is
ZTðμÞ to which we will come back later on. In the
following, for notational simplicity, we will drop out the
renormalization scale dependence.
After taking the p0-derivative of both sides of Eq. (12) at

p0 ¼ 0 we obtain the key expression

2

Z
∞

0

dt tCqðtÞ ¼ eqHqð0Þ; ð14Þ

where we used the fact that CqðtÞ is odd under the
Euclidean time reflection.

4The analytic continuation is possible for jp0j < E0, where E0

is the energy of the lightest hadronic state propagating between
the two currents. In QCD the threshold energy is E0 ¼ 2Mπ .
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Notice, however, that the expression (14) is well defined
only in the chiral limit. For a nonzero quark mass, instead,
the contact term between the tensor and electromagnetic
currents generates a logarithmic divergence in Eq. (14)
which must be properly subtracted away. The logarithmic
divergence is present already in the free theory where the
corresponding correlator Cfree

q ðtÞ, owing to the asymptotic
freedom, is a good approximation of the full QCD
correlator CqðtÞ only for very short time separations
t ≪ Λ−1

QCD. The free theory calculation is discussed in
detail in Appendix A. Here we only quote the final result,
namely,

Cfree
q ðtÞ ¼ −sgnðtÞ eqNc

2π2
m2

q

jtj K1ð2mqjtjÞ ≃
0<t≪m−1

q

−
eqNc

4π2
mq

t2
;

ð15Þ

where K1ðxÞ is the modified Bessel function of the second
kind. Since Cfree

q ðtÞ ∝ mq=t2 at small times, the regularized
time-integral develops a logarithmic divergence

2

Z
∞

Λ−1
dt tCfree

q ðtÞ ≃ eqc0mq logðmq=ΛÞ þ regular terms;

ð16Þ

with c0 ¼ 2Nc=ð2πÞ2 ≃ 0.15 for Nc ¼ 3. In the lattice
regularization, the ultraviolet cutoff Λ−1 is given by the
lattice spacing a. In order to define the form factorHqð0Þ at
nonzero quark mass, it is thus necessary to provide a
prescription on how the logarithmic divergence is sub-
tracted away. To this end we adopt a convenient prescrip-
tion, described in Ref. [21], and define the subtracted
(finite) form factor H̄q via

H̄qð0Þ ¼
�
1 −mq

∂

∂mq

�
Hqð0Þ: ð17Þ

Note that this prescription leaves the chiral limit
unchanged, i.e.,

2

Z
∞

0

dt t

�
CqðtÞ −mq

∂

∂mq
CqðtÞ

�
¼ eqH̄qð0Þ: ð18Þ

As discussed in Refs. [21,22], the log-derivative will not
only cancel the divergent contribution proportional to
mq logðamqÞ, but also the finite terms, proportional to
powers of the quark massmq. The main result of this paper,
which we are going to discuss in the next Sections, is the
accurate determination of H̄qð0Þ for the physical light
(q ¼ u; d) and strange (q ¼ s) quarks, by making use of the
gauge ensembles recently generated by the Extended
Twisted Mass (ETM) Collaboration [24–27].

III. DETAILS OF THE COMPUTATION

Our results have been obtained by using the gauge field
configurations generated by the ETM Collaboration
employing the Iwasaki gluon action [30] and Nf ¼ 2þ
1þ 1 flavors of Wilson-Clover twisted-mass fermions at
maximal twist [23]. This framework guarantees the auto-
matic OðaÞ improvement of on-shell parity-even quantities
[31,32]. Basic information regarding the ensembles of
gauge field configurations used in this work is collected
in Table I. For more details the reader is referred to
Refs. [24–27]. In Table II we give the values of the
renormalization constants needed for the present work.
The ensembles listed in Table I correspond to three values
of the lattice spacing a∈ ½0.056; 0.08� fm, and the size of
the lattice box L∈ ½5.09; 7.64� fm. The mass of the light
sea-quarks has been tuned so as to give (almost) the
physical pion mass. For all the ensembles, the strange
and the charm sea-quarks are set to within about 5% of their
physical masses, defined through the requirement that,
cf. Refs. [25–27],

MDs

fDs

¼ 7.9� 0.1;
mc

ms
¼ 11.8� 0.2: ð19Þ

We work in a mixed-action framework in which the
valence strange quark is discretized as an Osterwalder-
Seiler fermion [32,33]. On each ensemble we evaluate the
lattice correlator CsðtÞ for two different values of the

TABLE I. Parameters of the ETM ensembles used in this work: the light-quark bare mass, (aml ¼ amu ¼ amd) and the
corresponding pion mass (Mπ), the lattice spacing (a), and the spatial size of lattice box L. The lattice spacing values are determined
in a way explained in Appendix B of Ref. [26], i.e., by using fisoQCDπ ¼ 130.4ð2Þ MeV for the pion decay constant. We refer to [26] for
more information regarding the statistics of the used ensembles.

Ensemble β ðL3 × TÞ=a4 a aml Mπ L (fm)

B64 1.778 643 × 128 0.07957(13) 0.00072 140.2(0.2) 5.09
B96 1.778 963 × 192 0.07957(13) 0.00072 140.2(0.2) 7.64
C80 1.836 803 × 160 0.06821(13) 0.00060 136.7(0.2) 5.46
D96 1.900 963 × 192 0.05692(12) 0.00054 140.8(0.2) 5.46
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valence strange quark mass. The two simulated values,
given in Table III, then allow us to interpolate to the
physical strange quark mass which, as in Refs. [26,34], we
define by requiring Mηss0 ¼ 689.9ð5Þ MeV [35], with ηss0

being a fictitious pseudoscalar meson made of two mass
degenerate quarks s and s0 having mass equal to that of the
strange quark. Besides the two valence strange quark
masses, we employ a second value of the valence bare
light quark mass, indicated in Table III as am0

l, different
from the sea light quark mass already given in Table I. For
each flavor q, having results for (at least) two different

valence quark masses is necessary in order to compute the
derivative ∂CqðtÞ=∂mq entering the definition of H̄qð0Þ in
Eq. (18), as we describe in the next section.
The Euclidean correlators Cq¼u;d;sðtÞ in Eq. (13) have

been evaluated for the aforementioned valence quark
masses for each of the ensembles listed in Table I. Note
that CqðtÞ contains both a connected [Cconn

q ðtÞ] and a
disconnected [Cdisc

q ðtÞ] contribution. If we define the
electromagnetic current as,

JμemðxÞ¼
X

q0¼u;d;s;c

Jμq0 ðxÞ; Jμq0 ðxÞ¼eq0 q̄0ðxÞγμq0ðxÞ; ð20Þ

we can write CqðtÞ ¼ Cconn
q ðtÞ þ Cdisc

q ðtÞ, with

ð21Þ

ð22Þ

where by Sqðx; yÞ we denote the propagator of the q-quark,
and h…iU indicates the average over the SU(3) gauge field
configurations, and the trace Tr½…� is taken over the color
and spin indices. The connected and disconnected contri-
butions are sketched in Fig. 1. While the connected part
Cconn
q ðtÞ receives the contribution from the q-quark compo-

nent of the electromagnetic current, the disconnected dia-
gram receives contributions from all quark flavors. The latter
vanishes exactly in the SU(3) limit mu ¼ md ¼ ms of the
three-flavor theory, due to eu þ ed þ es ¼ 0. In absence of

the disconnected contribution, the form factors H̄uð0Þ and
H̄dð0Þ corresponding to the up- and down-quark are exactly
equal. Indeed, for mu ¼ md ≡ml, one has Cconn

u ðtÞ=eu ¼
Cconn
d ðtÞ=ed [see also Eq. (14)]. The disconnected part

of the correlator, for mu ¼ md ≡ml, satisfies instead
Cdisc
u ðtÞ ¼ Cdisc

d ðtÞ, which produces a shift of the form factor
of the down quark which is two times larger (and opposite in
sign) with respect to that of the up quark.
For the connected part, the inversions of the Dirac

operator have been performed using Oð103Þ and Oð60Þ

TABLE II. Renormalization constants (RCs) of the quark
bilinear operators corresponding to the ETM ensembles of Table I.
ZV , ZA, and ZT stand for the RCs of the vector, axial and tensor
operator, respectively. ZT has been determined nonperturbatively
in Ref. [28] in the RI00-scheme and then converted to the MS. The
scale independent renormalization constants ZV and ZA have
been determined in Ref. [26] using the Ward identity method.

Ensemble ZV ZA ZMS
T ð2 GeVÞ

B64 0.706379(24) 0.74294(24) 0.847(1)(1)
B96 0.706405(17) 0.74267(17) 0.847(1)(1)
C80 0.725404(19) 0.75830(16) 0.863(1)(2)
D96 0.744108(12) 0.77395(12) 0.887(1)(2)

TABLE III. Values of the two bare strange-quark masses, amL
s

and amH
s , and of the valence light quark mass am0

l (see text for
details), for each of the four ensembles of Table I.

Ensemble amL
s amH

s am0
l

B64 0.019 0.021 0.0006675
B96 0.019 0.021 0.0006675
C80 0.016 0.018 0.000585
D96 0.014 0.015 0.0004964
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stochastic sources, respectively for the light and the strange
quarks. The sources are randomly distributed over time,
diagonal in spin and dense in color. Various noise-reduction
techniques are instead employed for disconnected loops.
These are the one-end-trick [36], the exact deflation of low-
modes [37], and hierarchical probing [38]. In contrast to the
connected contribution, the disconnected loops have been
computed using a single value of the valence quark mass for
each of the Nf ¼ 2þ 1þ 1 active quark flavors. For the
light quarks u, d, this mass is equal to the sea quark mass
aml, cf. Table I, while for the strange and charm quarks the
simulated valence quark masses are obtained by tuning the
Ω and Λc baryons to their physical values respectively. In
Figure 2 we show the ratio between the disconnected
[Cdisc

q ðtÞ] and connected [Cconn
q ðtÞ] contributions to the

correlator CqðtÞ, for q ¼ u; s. Clearly the disconnected
contribution is orders of magnitude smaller than the
connected one. After inspection, we find that the discon-
nected term produces a shift of the form factor Hqð0Þ of
order 0.5%, 1%, and 0.3%, respectively for q ¼ u; d, and s.
Finally, another feature of our calculation is that the

(completely dominant) connected part of the light- and
strange-quark correlators are always evaluated employing
two distinct discretized versions of the local tensor and
vector currents given by,

T0j;tm
q ¼ ZTðμÞq̄þγ0γjq−; Jj;tmq ¼ ZAq̄þγjq−; ð23Þ

T0j;OS
q ¼ ZTðμÞq̄þγ0γjqþ; Jj;OSq ¼ ZVq̄þγjqþ; ð24Þ

where ZA and ZV are the (finite) renormalization constants
of the axial and vector currents, which in twisted-mass
QCD are chirally rotated with respect to the ones of the
standard Wilson fermions. In the previous equation, the
subscript � on the quark-fields, corresponds to a specific
choice of the Wilson r-parameter (see e.g. [26] and
references therein), given by

rq� ¼ ð−1Þ�: ð25Þ
Since the twisted Wilson term, accompanied by the
appropriate critical mass counterterm (for both sea and
various valence quark fields), is a dimension-five irrelevant
operator, the currents T tm

q ; Jtmq and TOS
q ; JOSq , when plugged

into the expression (13), produce Euclidean correlators
having the same continuum limit. Notice also that the label
“tm” stands for twisted-mass and “OS” for Osterwalder-
Seiler regularization. At finite lattice spacing, however,
the two correlators are affected by different discretization
effects, allowing one to approach the continuum limit from
two different directions. The results shown in Figure 2 have
been obtained by using Cconn

q in the “tm” regularization. In
the following, we will present the results obtained using
both the “tm” and the “OS” currents, which, as it will be
discussed, can simultaneously be used to reach the con-
tinuum limit and achieve a better control of extrapolation.
Moreover, we will oftentimes adopt the notation Xtm ðOSÞ, to
indicate that a given lattice observable X has been evaluated
using the tmðOSÞ current. We emphasize once again that
the values of ZA and ZV for each of our ensembles listed in
Table I are provided in Table II.

FIG. 1. Graphical representation of the quark-line connected (left diagram) and disconnected (right diagram) contributions to the
Euclidean correlator CqðtÞ.

FIG. 2. Ratio between the disconnected [Cdisc
q ðtÞ] and connected [Cconn

q ðtÞ] contributions to the correlator CqðtÞ for q ¼ u (left-plot)
and q ¼ s (right-plot). The data correspond to the results obtained on the D96 ensemble.
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A. Evaluating the derivative ∂CqðtÞ=∂mq

We now discuss a delicate point regarding the derivative ∂CqðtÞ=∂mq for q ¼ u; d; s. We start by splitting it to a valence-
and a sea-quark contribution as

∂CqðtÞ
∂mq

¼ ∂CqðtÞ
∂mq

����
val

þ ∂CqðtÞ
∂mq

����
sea
: ð26Þ

In order to properly define the two contributions, we start from the path integral representation of a generic observable
OðmqÞ. For the sake of simplicity and to avoid unnecessary complications, we consider the continuum action of a single
quark field qðxÞ of the bare quark mass, mq, and we avoid explicitly writing the gauge field. We have

hOðmqÞi ¼
1

ZðmqÞ
Z

½dq̄dq� exp
�
−S0½q̄; q� −mq

Z
d4xq̄qðxÞ

	
Oðq̄; q; mqÞ; ð27Þ

where S0 is the action in the massless limit and ZðmqÞ is the partition function of the theory, i.e.,

ZðmqÞ≡
Z

½dq̄dq� exp
�
−S0½q̄; q� −mq

Z
d4xq̄qðxÞ

	
: ð28Þ

The expressions for the two terms on the right hand side of Eq. (26), read:

∂OðmqÞi
∂mq

����
val

≡ 1

ZðmqÞ
Z

½dq̄dq� exp
�
−S0½q̄; q� −mq

Z
d4xq̄qðxÞ

	
∂

∂mq
Oðq̄; q; mqÞ≡



∂OðmqÞ
∂mq

�
; ð29Þ

∂OðmqÞ
∂mq

����
sea

≡ 1

ZðmqÞ
Z

½dq̄dq� ∂

∂mq

�
exp

�
−S0½q̄; q� −mq

Z
d4xq̄qðxÞ

	�
Oðq̄; q; mqÞ −

∂ lnZðmqÞ
∂mq

hOðmqÞi

¼ −
Z

d4x½hq̄qðxÞOðmqÞi − hq̄qðxÞihOðmqÞi�: ð30Þ

Notice that the two contributions (29), (30) only involve
the expectation values in the theory with a fixed sea-quark
mass mq, and therefore the derivative ∂CqðtÞ=∂mq can be
computed without having to generate new gauge configu-
rations at different values of the sea-quark masses. In
summary, the valence contribution to the derivative can be
evaluated from the slope of the observable OðmqÞ with
respect to the valence quark mass, while keeping the sea
quark mass fixed. The sea quark contribution, instead, is
given (up to a minus sign) by the gauge connected part
of the correlation between the observable OðmqÞ and the
spacetime integral of the scalar density q̄qðxÞ.
Bearing in mind Eqs. (29), (30) we can now discuss our

calculation of ∂CqðtÞ=∂mq. Given the smallness of the
disconnected part, Cdisc

q ðtÞ, of the full correlator CqðtÞ, we
neglect in our calculations its contribution to the derivative
∂Cq=∂mq, considering only the contribution from the
dominant connected part. We start by discussing the
valence contribution to the derivative. If we denote by

mðLÞ
q and mðHÞ

q the respective lowest and highest simulated
valence quark masses for each flavor q ¼ u; d; s, and by
Cqðt; mqÞ the Euclidean correlator evaluated with a given

valence mq (at the fixed simulated values of the sea-quark
masses), we determine the valence contribution as,

∂CqðtÞ
∂mq

����
val

≃
Cqðt; mH

q Þ − Cqðt; mL
q Þ

Δmq
þOðΔmqÞ;

Δmq ≡mH
q −mL

q : ð31Þ
The simulated valence quark masses are ensured to satisfy
jΔmqj≲ 0.1mq of the average mass, in both situations
q ¼ u; d and q ¼ s, cf. Tables I–III. Clearly, our evaluation
of the valence contribution to the derivative using Eq. (31) is
acceptable only ifΔmq is sufficiently small so that the higher
order corrections to Eq. (31) are indeed negligible. We tested
the validity of this assumption on a single ensemble (B64),
and in the (more relevant) case of the strange quark con-
tribution, by considering in addition to the valence masses
given in Table III) two more values, namely, ams ¼ 0.018,
0.020. We evaluated the derivative using all four masses and
found that the typical error committed by estimating the
derivative using Eq. (31) is about 2%, thus similar in size as
our (total) statistical error of H̄sð0Þ. For that reason we
attribute an additional 2% of systematic uncertainty to the
strange quark mass derivative of the correlator evaluated
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using Eq. (31). In the case of the light quark contribution,
instead, no additional systematic uncertainty is added, given
that the contribution of the derivative for q ¼ u; d is approx-
imately one order of magnitude smaller than for q ¼ s, and
this systematic effect is much smaller than the statistical error
of our results.
In the case of the sea quark contribution to the derivative,

we make use of Eq. (30) and of our determination of the light
and strange scalar densities, to compute ∂CqðtÞ=∂mqjsea
using,

∂CqðtÞi
∂mq

����
sea

¼ −
Z

d4x½hq̄qðxÞCqðtÞi − hq̄qðxÞihCqðtÞi�;

q ¼ u; d; s: ð32Þ
It is important to notice that the product mq∂=∂mq entering
Eq. (18) is renormalization group invariant (RGI), hence
Eqs. (31)–(32) can be evaluated using the bare quark masses
and the bare scalar densities.
As it will be detailed in the numerical Section, the

subtraction of the log-derivative in Eq. (18) has a much
higher impact in the case of the strange-quark, where the
contribution is enhanced due to the large quark-mass ratio
ms=ml ∼ 27 with respect to the case of the light quarks. In
practice, it turns out that the subtraction is an order 5% effect
in the case q ¼ u, d, while it is of about 30%–40% in the
case q ¼ s.

IV. NUMERICAL RESULTS

We now turn to the results of our lattice calculation of
H̄qð0Þ for q ¼ u, d, s. At finite lattice spacing we evaluate
the (unsubtracted) form factor Hqð0Þ from the knowledge
of the correlatorCqðnaÞ, with n∈ f1;…; T=ð2aÞg, where T
is the physical temporal lattice extent. We use the following
discretized version of the integral (14),

Hqð0Þ ¼
Xnmax

n¼1

Iqðn; aÞ≡
Xnmax

n¼1

2a2n · CqðnaÞ; ð33Þ

where nmax ≤ T=2a is chosen large enough so that the
sum in the previous equation already converged to its
nmax → ∞ limit within errors. We optimize the value
of nmax so as to exclude from integration the contribution
from the very large Euclidean times which only
increase the noise in the resulting Hqð0Þ, but give no
contribution to its signal. In the plots shown in Fig. 3
we illustrate the behavior of Iqðn; aÞ and of its partial
sums, for a selected gauge ensemble, the “tm” regulari-
zation, and for both the up- and the strange-quark
contributions5 As it can be appreciated from the plots,
the integrand Iqðt=a; aÞ is peaked at very short time
separations t, of the order of the lattice spacing, with
the peak being more pronounced in the case of the strange
quark. This is a manifestation of the logarithmic diver-
gence affecting Hqð0Þ, which is expected to be more
sizable for heavier quarks, and which we subtract away by
using the prescription described above and specified in
Eq. (18). To this purpose, we evaluate on each gauge
ensemble the mass-derivative of the correlator CqðtÞ for
q ¼ u; d; s, using the procedure discussed in Sec. III A.
We then compute the subtracted form-factor H̄qð0Þ as,

H̄qð0Þ¼
Xnmax

n¼1

Īqðn;aÞ≡
Xnmax

n¼1

2a2n ·

�
CqðnaÞ−mq

∂CqðnaÞ
∂mq

�
:

ð34Þ

FIG. 3. The values of Iqðn; aÞ (blue data points) and of its partial sums (red data points) on our finest lattice spacing ensemble and for
the “tm” regularization. The left and right panels correspond to the cases q ¼ u and q ¼ s, respectively. For the strange-quark
contribution the results have been already interpolated to the physical strange quark mass.

5The down-quark contribution is very similar to the up-quark
one. Their difference is proportional to the disconnected diagram
in Fig. 1, which is two orders of magnitude smaller than the
connected part.
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The subtracted counterpart of Fig. 3 is shown in Fig. 4.
The effect of the subtraction amounts to a Oð5%Þ shift
of the form factor in the case of the up- and down-quark,
while for the strange-quark, as expected, such an effect is
much larger and the subtracted form factor H̄sð0Þ is
≃30–40% smaller than the unsubtracted one, Hsð0Þ. In
Fig. 4 we show separately the value of Īqðn; aÞ obtained
by neglecting the sea quark contribution to the derivative
[Eq. (32)]. While the sea quark contribution to the
derivative is smaller than the valence one (by about one
order of magnitude in the case of the strange-quark) it is
non-negligible with respect to our current statistical
accuracy. For that reason both terms in Eq. (26) should
be and are taken into account. The results for the
unsubtracted and subtracted form factors, Hqð0Þ and
H̄qð0Þ, for both regularization schemes and for q ¼ u,
d, s are presented in Table IV.
We now move to the discussion of extrapolation of our

lattice results both to the continuum (a → 0) and to the
infinite volume (L → ∞).

A. Continuum and infinite-volume extrapolation

As described in the previous sections, we evaluated the
(subtracted) form factors H̄u;d;sð0Þ on the ensembles listed
in Table I by using the “tm” and the “OS” regularizations.
Apart from B96, all the ensembles from Table I have very
similar spatial volumes. The ensembles C80 and D96 have
(within uncertainties) the lattice extent L ≈ 5.46 fm, while
for the ensemble B64 it is slightly shorter, 5.09 fm. For the
ensemble B96, instead, it is much larger, i.e., more than
L ≈ 7.5 fm. Our strategy to perform the combined extrapo-
lation to the continuum and infinite volume limit can be
summarized as follows. From the knowledge of the form
factors on the ensembles B64 and B96 we interpolate
H̄qð0Þ at β ¼ 1.778 to the reference lattice extent of
Lref ¼ 5.46 fm. The interpolation is performed separately
for the two regularizations (“tm” and “OS”), using a linear
function in exp−MπL. In this way we can perform the
continuum extrapolation at fixed volume Vref ¼ L3

ref . We
then associate to our extrapolated results at Vref a system-
atic uncertainty ΔLH̄q due to finite size effects (FSE’s),

TABLE IV. Results of the unsubtracted [Hqð0Þ] and subtracted [H̄qð0Þ] form factors obtained for each of the ensembles of gauge field
configurations specified in Table I, for both the light nonstrange q ¼ u; d and the strange quark case q ¼ s. As described in the text, we
use two kinds of regularization schemes, denoted by “tm” and “OS”, and the form factor results are provided for both regularizations.

Ensemble Form factor (MeV) tm (q ¼ u) tm (q ¼ d) tm (q ¼ s) OS (q ¼ u) OS (q ¼ d) OS (q ¼ s)

B64 −Hqð0Þ 46.59(15) 47.29(20) 78.98(18) 45.86(14) 46.58(20) 78.61(18)
−H̄qð0Þ 43.65(21) 44.35(28) 51.01(75) 42.84(19) 43.56(26) 50.69(74)

B96 −Hqð0Þ 46.79(14) 47.51(19) 78.97(17) 46.05(13) 46.76(19) 78.59(17)
−H̄qð0Þ 43.88(20) 44.60(28) 50.97(86) 43.28(23) 43.99(30) 50.64(85)

C80 −Hqð0Þ 46.23(17) 47.03(19) 81.00(18) 45.72(16) 46.52(19) 80.72(17)
−H̄qð0Þ 43.44(33) 44.24(30) 50.18(86) 43.31(28) 44.12(28) 50.02(84)

D96 −Hqð0Þ 46.68(19) 47.38(24) 84.21(25) 46.28(20) 46.98(23) 84.00(24)
−H̄qð0Þ 43.69(24) 44.38(28) 51.10(80) 43.35(26) 44.05(28) 50.95(79)

FIG. 4. The values of Īqðn; aÞ (blue data points) and of its partial sum (red data points) on our finest lattice spacing ensemble and for
the “tm” regularization. The left and right figures correspond to the cases q ¼ u and q ¼ s, respectively. For the strange-quark
contribution the results have been already interpolated to the physical strange quark mass. The data points in light-blue correspond to the
value of Īqðn; aÞ obtained neglecting the sea-quark contribution in Eq. (32) to the quark-mass derivative of the correlator.
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which we estimate as

ΔLH̄q¼ max
r¼tm;OS

�
Δr

qerf

�
Δr

qffiffiffi
2

p
σΔr

q

�	
; q¼u;d;s; ð35Þ

where we have defined

Δr
q ¼ jH̄r

qð0; B96Þ − H̄r
qð0; B64Þj; ð36Þ

and σΔr
q

is its statistical uncertainty. The continuum

extrapolation at V ¼ Vref is carried out through a combined
fit of the two regularizations (“tm” and “OS”) to the
common continuum limit result, using the linear ansatz
in a2

H̄tm
q ð0; a2Þ ¼ Aq þ Btm

q a2; H̄OS
q ð0; a2Þ ¼ Aq þ BOS

q a2;

q ¼ u; d; s; ð37Þ

where Aq; Btm
q and BOS

q are the free fit parameters. We have

minimized χ2 which properly takes into account the
correlation between the data obtained with “tm” and

“OS” regularizations at the same value of β. The results
of the combined continuum and infinite volume extrapo-
lations are shown in the plots shown in Fig. 5. The red
and blue data points correspond to the results obtained with
two regularizations at L ¼ Lref , while the red and blue
bands correspond to the best fit functions with a common
continuum limit value. For both H̄uð0Þ, H̄dð0Þ and H̄sð0Þ
the χ2=Ndof of the fit is 0.6–0.7 with Ndof ¼ 3. In order to
highlight the typical size of the FSE’s we show in the same
figure the raw data obtained on the B64 and B96 ensembles
at a ≃ 0.079 fm. They are shown as light red and light blue
data points for the “tm” and “OS” regularizations, respec-
tively. A few comments are in order: First of all, the
observed FSE’s are very small, completely negligible
(within errors) for H̄sð0Þ, however similar in size to our
statistical error for H̄uð0Þ and H̄dð0Þ. Furthermore, the
typical size of the cutoff effects is very modest and at most
of the order of a few percent for both contributions. As it
can be seen from the plots, the two regularizations give
rise to very similar results already at our simulated values of
the lattice spacing. This is different from what has been
observed in the case of the correlation function of two

FIG. 5. Continuum limit extrapolation of H̄uð0Þ (top-left panel), H̄dð0Þ (top-right panel), and H̄sð0Þ (bottom panel). The dark red and
dark blue data points correspond to our results at L ¼ Lref obtained by respectively using the ‘tm” and “OS” regularization. In order to
highlight the typical size of the FSE’s we also show the raw data of the ensembles B64 and B96 (light red and light blue data points) at
a ≃ 0.079 fm. Finally, the colored bands correspond to the best fit functions obtained in the continuum limit extrapolation using the
ansatz (37).
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electromagnetic currents, hJemJ†emi, which enters the lattice
calculation of the leading order hadronic vacuum polari-
zation contribution to ðg − 2Þμ [26]. Our qualitative explan-
ation of this feature is that, as shown by our tree level
calculation in Appendix, the “tm” and “OS” tensor-vector

correlation functions coincide to all orders in Oðα0sanmr
qÞ,

and they only differ at order OðαsÞ. This is not true for the
vector-vector correlation function (see Appendix E of
Ref. [26]). In the continuum and the infinite-volume limit,
our final results in the MS scheme, read

H̄uð0; 2 GeVÞ ¼ f⊥γ;uð2 GeVÞ ¼ −43.73ð52ÞLref
ð38ÞFSE MeV ¼ −43.73ð64Þ MeV; ð38Þ

H̄dð0; 2 GeVÞ ¼ f⊥γ;dð2 GeVÞ ¼ −44.45ð67ÞLref
ð32ÞFSE MeV ¼ −44.45ð74Þ MeV; ð39Þ

H̄sð0; 2 GeVÞ ¼ f⊥γ;sð2 GeVÞ ¼ −51.0ð1.8ÞLref
ð0ÞFSE MeV ¼ −51.0ð1.8Þ MeV; ð40Þ

where the first error corresponds to the total (statistical and
systematic) error obtained after performing the continuum
extrapolation at L ¼ Lref , and the second one to the
estimate of the FSE’s obtained by using Eq. (35). Our
results can be compared with those of Ref. [22],
namely f⊥γ;uð2GeVÞ≃f⊥γ;dð2GeVÞ¼−45.4ð1.5ÞMeV and
f⊥γ;sð2 GeVÞ ¼ −68ð5Þ MeV. While we find a good agree-
ment with Ref. [22] for f⊥γ;u=d, we disagree by several

standard deviations for f⊥γ;s. It must be noted that, in
contrast to what is done in this work, the strange quark
mass derivative of the form-factor Hsð0Þ, which is needed
in order to cancel the logarithmic divergence of the
unsubtracted form factor (18), has been estimated indirectly
in Ref. [22], from the dependence of the form
factor Hu=dð0Þ on the light quark mass ml. Besides the
observed discrepancy in the strange quark case, we
obtain that the resulting uncertainties in both H̄u=dð0Þ
and H̄sð0Þ are smaller than those quoted in Ref. [22] by
a factor 2.3 and 2.8, respectively. That gain in precision
does not translate to the precision of the value of
susceptibility of the quark condensate. The reason is
that the current value of hq̄qi as extracted from
the simulations with Nf ¼ 2þ 1 dynamical flavors,
hq̄qi ¼ −ð272ð5Þ MeVÞ3 [13], is more accurate than the
one obtained from simulations with Nf ¼ 2þ 1þ 1,
hq̄qi¼−ð286ð23ÞMeVÞ3 [13]. By using the latter value we
obtain χMS

u ð2GeVÞ¼1.87ð45ÞGeV−2 and χMS
d ð2 GeVÞ ¼

1.90ð46Þ GeV−2. However, since the inclusion of the
charm quark in the sea is very unlikely to affect the value
of the quark condensate obtained from simulations with
Nf ¼ 2þ 1, we may as well use the MS value obtained
from simulations with Nf ¼ 2þ 1 at μ ¼ 2 GeV, hq̄qi ¼
−ð272ð5Þ MeVÞ3 [13], which then leads to χMS

u ð2GeVÞ¼
2.17ð12ÞGeV−2 and χMS

d ð2GeVÞ¼2.21ð13ÞGeV−2.

V. CONCLUSIONS

In this work we computed the normalization of the
photon’s leading twist DA, f⊥γ;qð0Þ, by means of numerical

simulations of QCD with Nf ¼ 2þ 1þ 1 dynamical
quarks on the lattice. We rely on the gauge field configu-
rations generated by the ETM Collaboration on which we
compute the desired two-point correlation functions. We
included the disconnected diagrams in our computation
even though we verified that their contribution is orders of
magnitude smaller than the connected ones. The additive
and multiplicative renormalization is carried out fully
nonperturbatively and then converted to the MS scheme
by using the 4-loop perturbative matching.
By using two various lattice regularizations (denoted as

“tm” and “OS” in the text) we were able to better control
the extrapolation to the continuum limit. After a careful
assessment of systematic uncertainties due to continuum
extrapolation (a → 0) and to the physical volume (L → ∞)
we find that the normalization of the leading twist DA of a
photon coupling to u or d quark, in the MS renormalization
scheme, is

f⊥γ;uð2 GeVÞ ¼ −43.73ð64Þ MeV; ð41Þ

f⊥γ;dð2 GeVÞ ¼ −44.45ð74Þ MeV; ð42Þ

while the coupling to the strange quark is,

f⊥γ;sð2 GeVÞ ¼ −51.0ð1.8Þ MeV: ð43Þ

Both results represent improvement with respect to the
previous lattice QCD estimates. It was shown in Ref. [22]
that f⊥γ;u=d are indistinguishable from their values in the

chiral limit, limml→0 f⊥γ;u=d. One can therefore deduce the
value of the magnetic susceptibility of the quark conden-
sate, χd ≃ χu ¼ f⊥γ;u=hq̄qi ¼ 2.17ð12Þ GeV−2, where we

used the FLAG value of hq̄qiMSð2 GeVÞ obtained from
simulations with Nf ¼ 2þ 1 [13]. One would eventually
prefer to use the condensate value from simulations with
Nf ¼ 2þ 1þ 1 but its current value is much less accurate,
although its value is unlikely to change with respect to the
Nf ¼ 2þ 1 result.
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APPENDIX: TREE-LEVEL CALCULATION
OF CqðtÞ

In this appendix we present the calculation of the free-
theory correlator on the lattice, and obtain the relation
appearing in Eq. (16). In the twisted-mass regularization,
the momentum-space free-theory propagator of a quark-
field ψq of mass mq is given by

hψqðpÞψ̄qð−pÞi ¼
−iγμp̃μ þmq þ irγ5 a

2

P
μp̂

2
μP

μp̃
2
μ þm2

q þ a2
4
ðPμp̂

2
μÞ2

; ðA1Þ

where r ¼ �1 is the sign of the twistedWilson term, the γμ are
here the Euclidean gamma matrices (fγμ; γνg ¼ 2δμν), and

p̃μ ¼
1

a
sin ðapμÞ; p̂μ ¼

2

a
sin

�
apμ

2

�
: ðA2Þ

The coordinate-space quark propagator is then given
by (x0 − y0 ¼ t)

hψqðxÞψ̄qðyÞi ¼
Z π

a

−π
a

dp0

2π

Z π
a

−π
a

d3p
ð2πÞ3 e

ip0teip·ðx−yÞ ·
−iγμp̃μ þmq þ irγ5 a

2

P
μp̂

2
μP

μp̃
2
μ þm2

q þ a2
4
ðPμp̂

2
μÞ2

; ðA3Þ

The integral over p0 can be easily computed using the residue theorem. The denominator in Eq. (A1) can be written as

X
μ

p̃2
μ þm2

q þ
a2

4

�X
μ
p̂2
μ

�
2

¼ −
2

a2
AðpÞðcosh ðiap0Þ − cosh ðaEpÞÞ; ðA4Þ

where AðpÞ and Ep are defined as

AðpÞ ¼ 1þ 1

2
a2p̂2; cosh ðaEpÞ ¼ 1þ a2BðpÞ

2AðpÞ ; BðpÞ ¼ m2
q þ p̂2 þ a2

2

X
i<j

p̂2
i p̂

2
j :

The momentum-space lattice quark propagator has two poles in the complex plane at ip0 ¼ �Ep, and the corresponding
residue can be computed using

D−1ðpÞ≡ lim
ip0→Ep

a2
ðip0 − EpÞ

2AðpÞðcosh ðiap0Þ − cosh ðaEpÞÞ
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BðpÞ · ð4AðpÞ þ a2BðpÞÞ
p : ðA5Þ

Using the previous results, Eq. (A3) can be written for t ≠ 0 as
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hψqðxÞψ̄qðyÞi ¼
Z π

a

−π
a

d3p
ð2πÞ3 e

−Epjtj e
ip·ðx−yÞ

DðpÞ ·

�
sgnðtÞ γ0

a
sinh ðaEpÞ − iγ · p̃þmq þ irγ5

a
2

�
p̂2 −

BðpÞ
AðpÞ

��
; ðA6Þ

The free-theory vector-tensor lattice correlator

Cfree;qðt; aÞ≡ −
ieq
3

Z
d3xh0jTfψ̄qð0Þσ0jψqð0Þψ̄qðx; tÞγjψqðx; tÞgj0i;

¼ −
eq
3

Z
d3xTr½γ0γjhψqð0Þψ̄qðx; tÞiγjhψqðx; tÞψ̄qð0Þi�; ðA7Þ

where Tr½:� is intended over both color and Dirac indices, can be evaluated using Eq. (A6). The result is

Cfree;qðt; aÞ ¼ −
8eqNc

ð2πÞ3 sgnðtÞ
Z

π=a

−π=a
d3pe−2EpjtjðamqÞ

sinh ðaEpÞ
a2D2ðpÞ : ðA8Þ

It is interesting to notice that the dependence on the twisted-Wilson term completely disappeared, therefore at tree level the
“tm” and “OS” regularization, which as already discussed in the main text differ by the relative sign of the parameter r
between the forward and backward quark propagators, produce exactly the same result.
The continuum correlator can be then obtained through the replacement

sinhðaEpÞ → aEp → a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

q

q
; D2ðpÞ → 4ðp2 þm2

qÞ; ðA9Þ

so that one has

Cfree;qðtÞ≡ Cfree;qðt; 0Þ ¼ −
2eqNc

ð2πÞ3 sgnðtÞ
Z

∞

−∞
d3pe−2

ffiffiffiffiffiffiffiffiffiffi
p2þm2

q

p
t mqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þm2
q

q

¼ −
eqNc

π2
sgnðtÞ

Z
∞

0

djpje−2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2þm2

q

p
t mqjpj2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jpj2 þm2
q

q

¼ −
eqNc

2π2
sgnðtÞm

2
q

t
K1ð2mqjtjÞ; ðA10Þ

whereKnðxÞ are the modified Bessel functions of the second kind. From the previous equation, usingK1ðxÞ ¼ x−1 þOðxÞ,
it is immediate to show the validity of Eq. (16).
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