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We develop a systematic approach to analyze polarization correlations of two baryons B1B̄2 produced in
the electron-positron annihilation process. With spin density matrices for arbitrary spin particles established
in the standard, the Cartesian, and the helicity forms, we provide analyses of polarization correlations for
two baryons with various spin combinations. This framework can be applied to determine the spin and the
parity of excited baryons, and therefore offers opportunities for the investigation of baryon spectrum and
transition form factors in present and future electron-positron annihilation experiments.
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I. INTRODUCTION

Quantum chromodynamics (QCD), as the accepted theory
for strong interactions, has been widely tested at high-energy
scales, where the strong coupling constant is small and one
can apply perturbation theory. However, nonperturbative
properties of QCD at low-energy scales continue to chal-
lenge our understanding [1]. The phenomenon of color
confinement obstructs the direct observation of elementary
degrees of freedom, i.e., quarks and gluons, making the
exploration of the spectrum and interactions of hadrons a
crucial and formidable frontier in modern particle physics.
The quark model is proven successful in describing

ordinary mesons and baryons as qq̄ and qqq states.
However, other configurations, including multiquarks,
glueballs, and hybrids, are not excluded by QCD.
Recently, some exotic mesons, which exhibit quantum

numbers that cannot be constructed in a pure qq̄ state,
were observed in experiments. These states have been
widely pursued and survive as candidates of glueballs or
hybrid mesons [2–16]. On the other hand, hybrid baryon
candidates [17–24] received much less attention because
of the lack of exotic properties for their spin and parity, JP.
These baryons can be identified by investigating their
unique strong decay amplitudes or distinct production
patterns in processes like J=ψ hadronic decays [25–29].
Currently, there is a gap between experimental measure-

ments and theoretical predictions of the baryon spectrum
[30–37], particularly concerning hyperons with increased
strangeness, such as the Ξ baryons. The identified Ξ
baryons are markedly fewer than their Σ and Λ counter-
parts. Furthermore, for most discovered excited Ξ�

states, the precise determination of spin and parity are
missing [16]. This is due to lower production rates
of Ξ� and prior measurements focusing on individual Ξ�,
hindering simultaneous determinations of spin and parity
[38–45]. Electron-positron annihilation into two baryons
with opposite strangeness ensures strangeness conserva-
tion and generates adequate production cross sections.
Analyzing the polarization correlations of the two-baryon
system allows for concurrent assessment of both spin and
parity. Investigations into these processes at facilities like
BABAR [46], BESIII [47,48], Belle II [49] and the proposed
STCF [50], offers valuable opportunities to study properties
of excited baryons.
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Previous studies on polarization correlations have
focused on baryons with spins of 1=2 or 3=2 and estab-
lished parity [51–61]. Building on these, the BESIII
Collaboration has reported a series of measurements on
ground-state octet and decuplet baryons [62–70]. For other
excited baryons, determining both parity and whether spin
exceeds 3=2 is essential. Spin density matrices, where we
decompose the polarization information, are developed in
two primary formats; the standard form [71–74] and the
Cartesian form [54,75–80]. The standard form allows for
the straightforward decomposition of matrices for high
spins but lacks clarity in interpreting spin components
(parameters). Conversely, the Cartesian form provides
clearer physical interpretations of spin components but
lacks a general method for decomposing matrices for high
spins. Although these forms are intrinsically consistent, a
direct method to associate their expressions remains absent.
Besides the spin and parity quantum numbers of indi-

vidual baryons, more information can be obtained from the
study of effective transition form factors, which describe
the production of various baryons via a virtual photon or
some resonance states [31,81–87]. Within the helicity
formalism, transition form factors are captured in the
helicity transition amplitudes and reflected in the polari-
zation correlation coefficients of two-baryon systems [88].
The electron-positron annihilation process, with its rich
two-baryon production channels, offers a fertile ground for
studying these form factors. Furthermore, it is possible to
search for CP violation by comparing the production
processes of B1B̄2 and its conjugate B̄1B2, which is directly
linked to the asymmetry between matter and antimatter.
In this paper, we explore the polarization dynamics of the

eþe− → B1B̄2 process, where B1B̄2 are two baryons with
various potential spin combinations and parity combina-
tions. We decompose density matrices for any spin particles
in both standard and Cartesian formats and connect these
two forms by linking their expressions. We then give the
application of the spin density matrix in the helicity
formalism and represent the polarization correlations of
a two-baryon system with the polarization correlation
matrix. We outline the method to derive the polarization
correlations for baryons produced in electron-positron
annihilation. We introduce a parameter as the product
of the parities of the two baryons and detail the polarization
correlation matrices for the spin combinations of
(1=2; 1=2), (1=2; 3=2), and (1=2; 5=2). In this connection,
it is also interesting to note that the polarization correlation
of baryons can be used to test the Bell’s inequality [89–97].
This paper will spur studies of the Bell’s inequality for
high-spin baryons.
The polarization of baryons is usually deduced from decay

processes. The representations of baryon decays have been
widely discussed, e.g., in Refs. [51–54,73,74,88,98–108]. In
this paper, we present a systematic approach for expressing

the decay of any JP baryon with polarization transfer
matrices. For two-baryon systems with established spins
and parities, specific polarization correlation matrices and
decay formulas enable the measurement of polarization
correlations and transition form factors. Our analysis
extends to excited baryons with unknown spins and parities,
particularly the Ξ�. Taking the eþe− → Ξ−Ξ̄�þ process as an
example, we introduce a technique to identify the spin and
parity of the Ξ̄�þðΞ�−Þ.
In Sec. II, we introduce the methodology for decom-

posing spin density matrices for high spins, focusing on the
spin-5=2 case. In Sec. III, we present the production density
matrix of two baryons and detail the polarization correla-
tion matrices for the spin combinations of (1=2; 1=2),
(1=2; 3=2), and (1=2; 5=2). In Sec. IV, we outline the
general steps for calculating polarization transfer matrices
for baryon decays and demonstrate how to determine the
spin and parity of the Ξ�− using the eþe− → Ξ−Ξ̄�þ process
as an example. In Sec. V, we establish the correspondences
between helicity amplitudes and transition form factors for
the processes under consideration. In Sec. VI, we give a
brief summary.

II. SPIN DENSITY MATRIX

In this section, we provide the general expressions for
polarization correlations of a two-baryon system. We
decompose the spin density matrix for any spin particles
in both standard and Cartesian forms, focusing on
constructing orthogonal and complete spin projection
matrices and the complete set of spin components
(parameters). We establish the association between these
forms by linking the matrices and their components.
As an example, we present the spin density matrix for
spin-5=2 particles. Moving to the application of the spin
density matrix within the helicity formalism, we express
it with polarization expansion coefficients and polariza-
tion projection matrices. We refine the selection of
polarization projection matrices to directly connect the
polarization expansion coefficients in the helicity for-
malism with spin components in the Cartesian form.
Finally, we present the spin density matrix for a two-
baryon system, capturing polarization information within
the polarization correlation matrix.

A. Decomposition of the spin density matrix

First, we review the decomposition of the spin density
matrix in the standard form. Using spherical tensor oper-
ators, the spin density matrix for any spin particles can be
represented as [74]

ρs ¼
1

2sþ 1

�
I þ 2s

X2s
L¼1

XL
M¼−L

rs;LM Qs;L
M

�
; ð1Þ
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rs;LM are real multipole parameters andQs;L
M denote Hermitian

basis matrices. These matrices are defined as follows:

M≥1; Qs;L
M ¼ð−1ÞM

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2Lþ1

s

r �
Ts;L
M þTs;L†

M

�
;

M¼0; Qs;L
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2Lþ1

2s

r
Ts;L
0 ;

M≤−1; Qs;L
M ¼ð−1ÞM

2i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2Lþ1

s

r �
Ts;L
−M−Ts;L†

−M

�
: ð2Þ

Here, ðTs;L
M Þmm0 ¼ hsmjsm0;LMi represent the Clebsch-

Gordan coefficients. Then, we have Tr½Qs;L
M Qs;L

M � ¼
ð2sþ 1Þ=ð2sÞ. This approach enables the straightforward
decomposition of the spin density matrix for any spin
particles, where polarization information of particles is
contained in the multipole parameters rs;LM . In this form,
we can easily obtain the algebraic structure of the spin
projection matricesQs;L

M . ForM ¼ 0, the projection matrices
are diagonal. As the absolute value of M increases, the
nonzero components of the matrices move further away from
the diagonal elements. Moreover, the value of M is directly

related to the rotation properties of Qs;L
M , which will be

discussed in more detail in the next section. Nonetheless,
the physical interpretations of these spin components are not
intuitive in this form.
We decompose the spin density matrix in the Cartesian

form to provide physical interpretations for spin compo-
nents. In Refs. [54,75–80], the decomposition of spin
density matrices for spin 1=2; 1, and 3=2 particles has
been established. We introduce a universal method for
decomposing the density matrix for any spin particles.
For the spin density matrix of spin-s particles, a

ð2sþ 1Þ × ð2sþ 1Þ matrix satisfying the Hermiticity con-
dition ρ ¼ ρ†, its general expression can be written as

ρs ¼ a0I þ a1Si1Σi1 þ a2Ti1i2Σi1i2 þ � � �
þ a2sTi1i2���i2sΣi1i2���i2s ; ð3Þ

where Σi1i2���in are traceless matrices and symmetric under
index permutation, and a0; ...; a2s denote normalization
coefficients. We note that a summation is implied over
repeated indices. This convention applies to all formulas in
this paper. In the z-representation, Σi1 can be expressed as

ðΣxÞmm0 ¼ 1

2
ðδm;m0þ1 þ δmþ1;m0 Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsþ 1Þðmþm0 − 1Þ −mm0p

;

ðΣyÞmm0 ¼ i
2
ðδm;m0þ1 − δmþ1;m0 Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsþ 1Þðmþm0 − 1Þ −mm0p

;

ðΣzÞmm0 ¼ ðsþ 1 −mÞδm;m0 ; ð4Þ

where m and m0 run from 1 to 2sþ 1. These matrices satisfy algebraic relations ΣiΣj − ΣjΣi ¼ iεijkΣk and
ΣiΣjδi;j ¼ sðsþ 1Þ. The matrices Σi1i2���in with different numbers of indices are designed to be orthogonal to each other.
They are constructed from Σi1 , given by

Σi1i2���i2n ¼ 1

ð2nÞ!
�
Σfi1Σi2 � � �Σi2ng þ b1δfi1;i2Σi3Σi4 � � �Σi2ng þ � � � þ bnδfi1;i2δi3;i4 � � � δi2n−1;i2ng

�
;

Σi1i2���i2nþ1 ¼ 1

ð2nþ 1Þ!
�
Σfi1Σi2 � � �Σi2nþ1g þ c1δfi1;i2Σi3Σi4 � � �Σi2nþ1g þ � � � þ cnδfi1;i2δi3;i4 � � � δi2n−1;i2nΣi2nþ1g

�
; ð5Þ

where f� � �g denotes the symmetrization of the indices, and the coefficients bi and ci are determined by the following
relations:

Tr½Σi1i2���i2n � ¼ 0; Tr½Σi1i2���i2nΣj1Σj2 � ¼ 0;…;Tr½Σi1i2���i2nΣj1Σj2 � � �Σj2n−2 � ¼ 0;

Tr½Σi1i2���i2nþ1Σj1 � ¼ 0; Tr½Σi1i2���i2nþ1Σj1Σj2Σj3 � ¼ 0;…;Tr½Σi1i2���i2nþ1Σj1Σj2 � � �Σj2n−1 � ¼ 0: ð6Þ

All indices in the above formulas can be taken as z in calculations for simplicity and without loss of generality. Moreover,
these matrices adhere to the relation δi1;i2Σi1i2���in ¼ 0.
The rank-n spin tensor Ti1���in is constructed from 2nþ 1 independent spin components,

SL���LL; SxL���LT; S
y
L���LT;…; Sx���xxT���TT; S

x���xy
T���TT: ð7Þ
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We use the convention that the y index appears at most
once. For any component, the total number of the subscripts
L and T is n, and the total number of the superscripts x and
y corresponds to the number of T subscripts. This notation
system indicates the symmetry of specific spin compo-
nents, directly reflected in the associated project matrices.
The spin components in Eq. (7) are defined using a set of

orthogonal spin projection matrices,1

Sx���xxL���T ¼ hΣx���xx
L���T i; Sx���xyL���T ¼ hΣx���xy

L���T i; ð8Þ

where hΣi1���im
L���T i≡ Tr½ρsΣi1���im

L���T � and the matrices Σi1���im
L���T are

linear combinations of Σi1���in . For Σi1���in related to Σx���xx
L���T ,

the z superscripts match the L subscripts, while the x and y
superscripts correspond to the T subscripts, with y appear-
ing an even number of times. For Σi1���in linked to Σx���xy

L���T , the
conditions are similar, but y occurs an odd number of times.
This notation system highlights the correlation between the

indices of spin components and those of the corresponding
matrices, indicating the dependencies of the physical
interpretations of the spin components on the orientation
of coordinate axes. For instance, the axis-dependent physi-
cal interpretations of the spin-3=2 components are detailed
in Ref. [54], revealing potential nonzero polarization
correlations for the spin-3=2 baryon pairs producing in
annihilation.
We then detail the specific expressions of the project

matrices. For longitudinal spin components, the represen-
tation is direct,

SL���LL ¼ hΣL���LLi ¼ hΣz���zzi: ð9Þ

For spin components with 2t − 1 transverse indices, the
project matrices are combinations of the Σi1���in matrices
with 2t − 1 transverse indices,

Sx���xxL���T ¼ hΣx���xx
L���T i ¼ hΣx���xz���z þ d1Σx���xyyz���z þ � � � þ dt−1Σxy���yz���zi;

Sx���xyL���T ¼ hΣx���xy
L���T i ¼ hð−1Þt−1Σy���yz���z þ e1Σxxy���yz���z þ � � � þ et−1Σx���xyz���zi: ð10Þ

The coefficients for these expressions are determined by ensuring orthogonality with matrices Σi1���in that potentially have
f1; 3;…; 2t − 3g transverse indices,

Tr½Σx���xx
L���T Σzzx���xz���z� ¼ 0; Tr½Σx���xx

L���T Σzzzzx���xz���z� ¼ 0;…;Tr½Σx���xx
L���T Σz���zxz���z� ¼ 0;

Tr½Σx���xy
L���T Σzzy���yz���z� ¼ 0; Tr½Σx���xy

L���T Σzzzzy���yz���z� ¼ 0;…;Tr½Σx���xy
L���T Σz���zyz���z� ¼ 0: ð11Þ

For spin components with 2t transverse indices, the project matrices derive from combinations of the Σi1���in matrices with 2t
transverse indices,

Sx���xxL���T ¼ hΣx���xx
L���T i ¼ hΣx���xz���z þ d1Σx���xyyz���z þ � � � þ dtΣy���yz���zi;

Sx���xyL���T ¼ hΣx���xy
L���T i ¼ hð−1Þt−1Σxy���yz���z þ e1Σxxxy���yz���z þ � � � þ et−1Σx���xyz���zi: ð12Þ

The coefficients for these expressions are determined by ensuring orthogonality with matrices Σi1���in that potentially have
f0; 2;…; 2t − 2g or f2; 4;…; 2t − 2g transverse indices,

Tr½Σx���xx
L���T Σzzx���xz���z� ¼ 0; Tr½Σx���xx

L���T Σzzzzx���xz���z� ¼ 0;…;Tr½Σx���xx
L���T Σz���zz���z� ¼ 0;

Tr½Σx���xy
L���T Σxzzy���yz���z� ¼ 0; Tr½Σx���xy

L���T Σxzzzzy���yz���z� ¼ 0;…;Tr½Σx���xy
L���T Σxz���zyz���z� ¼ 0: ð13Þ

In the last step, we derive the normalization coefficients ai in Eq. (3). The spin density matrix is typically normalized as
Tr½ρs� ¼ 1, resulting in a0 ¼ 1=ð2sþ 1Þ. The determination of the normalization coefficient an relies on the para-
metrization of Ti1���in . We suggest a scheme as follows:

Ti1���in ¼
X

j1;…;jm

Tr½Σi1���inΣj1���jm
L���T �

Tr½Σj1���jm
L���T Σj1���jm

L���T � S
j1���jm
L���T ; ð14Þ

1To establish a more intuitive connection, we use the same subscript and superscript notation for the projection matrix Σx���xx
L���T and the

spin component Sx���xxL���T . To avoid confusion between the subscript L in Σx���xx
L���T and the superscript L in Qs;L

M , one can alternatively use
ΣZ���X to denote the projection matrix.
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where the summation ensures that Si1���imL���T can cover all
possible spin components as detailed in Eq. (7). Then, the
normalization coefficient before Ti1���in is given by

an ¼
Tr½Σz���zzΣz���zz�P

i1;…;inðTr½Σi1���inΣz���zz�Þ2 : ð15Þ

The total degree of polarization from the spin density
matrix is given by

d ¼ 1ffiffiffiffiffi
2s

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2sþ 1ÞTr½ρ2s � − 1

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2sþ 1

p ffiffiffiffiffi
2s

p
�
a1Si1Si1 þ a2Ti1i2Ti1i2 þ � � �

þ a2sTi1i2���i2sTi1i2���i2s
�
1=2

; ð16Þ

where d∈ ½0; 1�.
The methodology above provides a generalized approach

for decomposing the spin density matrix of any spin
particles in the Cartesian form. To bridge it with the
standard form, we establish connections for projection
matrices between these forms,

M ≥ 1; as;LM Qs;L
M ¼ Σx���xx

L���T ;

M ¼ 0; as;L0 Qs;L
0 ¼ ΣL���L;

M ≤ −1; as;LM Qs;L
M ¼ Σx���xy

L���T : ð17Þ

The total number and the transverse (T) number of the
subscripts of matrices Σx���xx

L���T and Σx���xy
L���T match the indices L,

M of Qs;L
M . The coefficients as;LM are determined by

M ≥ 1; as;LM ¼ 2s
2sþ 1

Tr
h
Σx���xx
L���T Q

s;L
M

i
;

M ¼ 0; as;L0 ¼ 2s
2sþ 1

Tr
h
ΣL���LQ

s;L
0

i
;

M ≤ −1; as;LM ¼ 2s
2sþ 1

Tr
h
Σx���xy
L���T Q

s;L
M

i
: ð18Þ

Then, we obtain the relations of the spin components
(parameters) between these two forms, given by

M ≥ 1; as;LM ts;LM ¼ Sx���xxL���T ;

M ¼ 0; as;L0 ts;L0 ¼ SL���L;

M ≤ −1; as;LM ts;LM ¼ Sx���xyL���T : ð19Þ

B. Spin density matrix of spin-5=2 particles

As an example and for later use, we present the spin
density matrix for spin-5=2 particles. The standard form
expression, directly derived from Eq. (1), is omitted for

brevity. We focus on the expressions in the Cartesian form
and link them with counterparts in the standard form.
In the Cartesian form, the spin-5=2 density matrix is

represented as

ρ5=2 ¼
1

5
I þ 2

35
SiΣi þ 1

56
TijΣij þ 1

162
TijkΣijk

þ 1

360
TijklΣijkl þ 1

450
TijklmΣijklm; ð20Þ

where Σi, Σij, Σijk, Σijkl, and Σijklm are complete, ortho-
normal, and Hermitian basis matrices. the matrices Σi in
the Sz representation are determined by Eq. (4), detailed
in Appendix A. Following Eq. (5), the remaining basis
matrices are constructed from Σi,

Σij ¼ 1

2
ΣfiΣjg −

35

24
δfi;jgI; ð21Þ

Σijk ¼ 1

6
ΣfiΣjΣkg −

101

120
δfi;jΣkg; ð22Þ

Σijkl ¼ 1

24
ΣfiΣjΣkΣlg −

95

336
δfi;jΣkΣlg þ 27

128
δfi;jδk;lgI;

ð23Þ

Σijklm ¼ 1

120
ΣfiΣjΣkΣlΣmg −

29

432
δfi;jΣkΣlΣmg

þ 11567

120960
δfi;jδk;lΣmg: ð24Þ

Coefficients in these formulas are derived according to
Eq. (6). The polarization information is defined through
the spin vector Si and the spin tensors Tij, Tijk, Tijkl, and
Tijklm, constituting 35 independent spin components. These
spin components include,

Si∶SL; SxT; S
y
T; ð25Þ

Tij∶SLL; SxLT; S
y
LT; S

xx
TT; S

xy
TT; ð26Þ

Tijk∶SLLL; SxLLT; S
y
LLT; S

xx
LTT; S

xy
LTT; S

xxx
TTT; S

xxy
TTT; ð27Þ

Tijkl∶SLLLL; SxLLLT; S
y
LLLT; S

xx
LLTT; S

xy
LLTT;

SxxxLTTT; S
xxy
LTTT; S

xxxx
TTTT; S

xxxy
TTTT; ð28Þ

Tijklm∶SLLLLL; SxLLLLT; S
y
LLLLT; S

xx
LLLTT; S

xy
LLLTT; S

xxx
LLTTT;

SxxyLLTTT; S
xxxx
LTTTT; S

xxxy
LTTTT; S

xxxxx
TTTTT; S

xxxxy
TTTTT: ð29Þ

The indices of these spin components indicate the relation
between their physical interpretations and the orientations
of the coordinate axes. Detailed definitions and physical
interpretations of these spin components are provided in
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Appendix A. The coefficients in Eq. (20) are determined
by Eq. (15).
The relations between the spin projection matrices in

the standard form and those in Cartesian form are deter-
mined by Eq. (17), and the correlations of spin components
are inferred by Eq. (19). The coefficients as;LM are presented
in Appendix A.

C. Application of the spin density matrices
in helicity formalism

This paper focuses on analyzing the polarization of
particles within the helicity formalism. Here, the spin
density matrix is generally expressed as

ρs ¼
X4sðsþ1Þ

μ¼0

SμΣμ; ð30Þ

where Sμ denote the polarization expansion coefficients,
and Σμ are the polarization projection matrices. In Sec. II A,
we note that spin projection matrices are more explicitly
defined in the standard form, whereas the Cartesian form
offers clearer physical interpretations for spin components.
To deepen our understanding of the spin density matrix
within the helicity formalism, we aim to establish con-
nections between Σμ and Q

s;L
M . Additionally, we present the

correlations between Sμ and the Cartesian form spin
components.
For a particle with spin 1=2, the formulation in Eq. (30)

includes,

Sμ ¼ fS0; S1; S2; S3g; ð31Þ

Σμ ¼
1

2
fI; σx; σy; σzg; ð32Þ

where σx, σy, and σz are the Pauli matrices. Then, the

relation between Σμ and Q1=2;L
M is given by

Σμ ¼
1

2
fI; Q1=2;1

1 ; Q1=2;1
−1 ; Q1=2;1

0 g: ð33Þ

The trace of the density matrix, Tr½ρs�, equals S0 and
corresponds to the cross section, usually not normalized
to 1. To align with conventional spin components in the
Cartesian form, the polarization expansion coefficients are
divided by S0, resulting in

fS1; S2; S3g=S0 ¼ fSxT; SyT; SLg: ð34Þ

For spin-3=2 particles, Σμ can be chosen from the basis

matrices Q3=2;L
M [53]. However, we prefer the refined

selection scheme [54,109],

8>>>><
>>>>:

Σ0; Σ1; Σ2; Σ3;

Σ4; Σ5; Σ6; Σ7;

Σ8; Σ9; Σ10; Σ11;

Σ12; Σ13; Σ14; Σ15

9>>>>=
>>>>;

¼ 1

4

8>>>>>><
>>>>>>:

I; 2
ffiffiffiffi
15

p
5

Q3=2;1
0 ; 2

ffiffiffiffi
15

p
5

Q3=2;1
1 ; 2

ffiffiffiffi
15

p
5

Q3=2;1
−1 ;ffiffiffi

3
p

Q3=2;2
0 ; Q3=2;2

1 ; Q3=2;2
−1 ; Q3=2;2

2 ;

Q3=2;2
−2 ; 2

ffiffiffiffi
15

p
3

Q3=2;3
0 ;

ffiffiffiffiffi
10

p
Q3=2;3

1 ;
ffiffiffiffiffi
10

p
Q3=2;3

−1 ;

Q3=2;3
2 ; Q3=2;3

−2 ;
ffiffi
6

p
3
Q3=2;3

3 ;
ffiffi
6

p
3
Q3=2;3

−3

9>>>>>>=
>>>>>>;
; ð35Þ

where Q3=2;L
M are defined in Eq. (2). The specific expressions of Σμ are provided in Appendix B. In this scheme, Sμ

correspond directly to the Cartesian form spin components, expressed as

1

S0

8>>>><
>>>>:

S0; S1; S2; S3;

S4; S5; S6; S7;

S8; S9; S10; S11;

S12; S13; S14; S15

9>>>>=
>>>>;

¼

8>>>><
>>>>:

1; SL; SxT; SyT;

SLL; SxLT; SyLT; SxxTT;

SxyTT; SLLL; SxLLT; SyLLT;

SxxLTT; SxyLTT; SxxxTTT; SyxxTTT

9>>>>=
>>>>;
: ð36Þ

For higher spin states, we also aim to establish direct correspondences between Sμ and the spin components in the
Cartesian form. For this purpose, the projection matrices can be chosen as

ΣLðLþ1ÞþM ¼ 2s

ð2sþ 1Þas;LM
Qs;L

M ; ð37Þ

where as;LM is derived from Eq. (18). The correspondences between Sμ and the Cartesian form spin components are then
given by

1

S0
fSLðLþ1Þ−L;…; SLðLþ1Þ;…; SLðLþ1ÞþLg ¼ fSx���xyT���T ;…; SL���L;…; Sx���xxT���T g: ð38Þ
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The total degree of polarization is

d ¼ 1ffiffiffiffiffi
2s

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2sþ 1ÞTr½ρ2s � − 1

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX2s
L¼1

XL
M¼−L

�
SLðLþ1ÞþM

as;LM S0

�
2

vuut : ð39Þ

In the method above, we introduce coefficients between
Σμ and Qs;L

M , which allows us to establish a direct
correspondence between Sμ and the spin components in
the Cartesian form. Additionally, an alternative approach
aligns Σμ with Qs;L

M , as demonstrated in the analysis for
spin-3=2 particles detailed in Ref. [53]. This method
introduces specific coefficients to bridge Sμ with the
Cartesian form spin components. Our selection scheme
simplifies their application across different research areas,
as polarization expansion coefficients or spin components
often emerge as outcomes in various studies.
Using the coefficients a5=2;LM in Appendix A, one can

detail all polarization projection matrices for spin-5=2
particles, achieving a full decomposition of the spin density
matrix. The polarization description of spin-5=2 particles is
much more complex than that of spin-1=2 particles with
only three polarization coefficients or spin-3=2 particles
with 15 polarization coefficients. We will focus on a
selected subset of these spin components.
In this study, we investigate the decay of a spin-5=2

excited baryon into a spin-1=2 baryon and a pseudoscalar
meson, a common decay mode for these baryons. We
average over the azimuthal angle ϕ of the daughter baryon
to evaluate the influence of the parent baryon polarization
on the polar angle θ distribution of the daughter baryon. In
this case, only the longitudinal spin components SL, SLL,
SLLL, SLLLL, and SLLLLL are relevant. Consequently, for
spin-5=2 baryons, we concentrate primarily on these
components. According to Eq. (37), the corresponding
polarization projection matrices are defined as

Σ0¼
1

6
I; Σ1¼

ffiffiffiffiffi
21

p

21
Q5=2;1

0 ; Σ2¼
ffiffiffiffiffi
70

p

56
Q5=2;2

0 ;

Σ3¼
5
ffiffiffi
6

p

108
Q5=2;3

0 ; Σ4¼
ffiffiffiffiffiffiffiffi
210

p

144
Q5=2;4

0 ; Σ5¼
ffiffiffiffiffiffiffiffi
210

p

120
Q5=2;5

0 ;

ð40Þ

whereQ5=2;L
0 is defined in Eq. (2). The specific expressions of

these matrices are presented in Appendix B. The associated
polarization expansion coefficients are expressed as

1

S0

�
S1; S2; S3; S4; S5

� ¼ �SL; SLL; SLLL; SLLLL; SLLLLL�:
ð41Þ

In the preceding analysis, we have already outlined the
polarization representation for individual particles. We
concentrates on the polarization description for the pro-
duction of two baryons, B1B̄2. The spin density matrix of a
two-baryon system is represented by

ρB1B̄2
¼
X
μ;ν¼0

SμνΣμ ⊗ Σν; ð42Þ

where Sμν is the polarization correlation matrix, Σμ and Σν

are the polarization projection matrices for the baryon B1

and antibaryon B̄2, respectively.

III. PRODUCTION PROCESS

In this section, we provide the method to calculate Sμν for
B1B̄2 produced in eþe− annihilation. Within the helicity
formalism, we detail the production density matrix of B1B̄2.
This matrix depends on the helicity amplitudes Ai;j and
corresponds to the spin density matrix of the two-baryon
system. We identify nonzero polarization correlation com-
ponents based on their physical properties. For the con-
jugate process B̄1B2, we derive the polarization correlations
by detailing the behavior of helicity amplitudes under CP
transformation. This enables the research for the CP-
violation signals by comparing helicity amplitudes between
these conjugate processes. In this paper, we only discuss
the two-body baryon production processes. For three-body
production processes involving two baryons, the polariza-
tion correlations between two baryons are more compli-
cated [110,111]. We leave the analysis of three-body or
multibody production processes involving high-spin bary-
ons to future studies.
In experimental searches for excited baryons, the process

typically involves detecting one ground state baryon while
reconstructing the invariant mass spectrum of the recoiled
baryon. Therefore, we conduct detailed analyses for spin
combinations of (1=2; 1=2), (1=2; 3=2), and (1=2; 5=2)
in two-body productions. We derive specific expressions
of Ai;j, introduce parametrization schemes for them, and
detail the corresponding polarization correlation matrices.
Then we establish numerical boundaries for the polariza-
tion correlation coefficients.

A. General framework

Firstly, we introduce the coordinate systems and related
angles in the helicity formalism, as shown in Fig. 1. We
consider the production of B1B̄2 in the c.m. frame of the
initial electron and positron. The positron moving direction
is taken as the z-axis of the c.m. frame. The helicity angle
of B1, θB, is defined as the angle between the B1 and the
positron. For the B1 coordinate system, where we project its
polarization components, zB1

aligns with its moving direc-
tion, yB1

is defined by the cross product of the moving
directions of the positron and B1, and xB1

is determined by
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the right-hand rule. For the B̄2 coordinate system, we
have fx̂B̄2

; ŷB̄2
; ẑB̄2

g ¼ fx̂B1
;−ŷB1

;−ẑB1
g.

The coordinate systems and decay angles for baryon
decay processes are defined in the rest frame of the parent
particle. Taking the decay process B1 → B3π as an exam-
ple, the decay angles θB3

and ϕB3
represent the polar and

azimuthal angles of B3 in the rest frame of B1. The
coordinate system for B3 is defined as follows. ẑB3

is
aligned with the direction of its motion, ŷB3

is the cross
product of ẑB1

and ẑB3
, and xB3

is determined using the
right-hand rule. This approach to define helicity systems
and angles is similarly applied to multistep decays or the
decays of B̄2, see for instance in [54].
Under the one-photon exchange approximation, the

production density matrix is given by [53]

ρ
λ1;λ2;λ01;λ

0
2

B1B̄2
∝ Aλ1;λ2A

�
λ0
1
;λ0

2
ρ
λ1−λ2;λ01−λ

0
2

1 ; ð43Þ

where Aλ1;λ2 and Aλ0
1
;λ0

2
represent the transition amplitudes

with helicities λ1; λ01 for B1 and λ2; λ02 for B̄2. The matrix ρ1
is given by

ρi;j1 ðθBÞ ¼
X
κ¼�1

D1�
κ;ið0; θB; 0ÞD1

κ;jð0; θB; 0Þ; ð44Þ

where DJ
κ;ið0; θB; 0Þ denotes the Wigner D-matrix. κ ¼ �1

is the helicity difference between the positron and electron.
For unpolarized electron-positron beams, a summation over
κ ensures the helicity conservation in the e−eþ annihilation
into a virtual photon.
We focus on the production of B1B̄2 via intermediate

states with JPm ¼ 1−, such as γ� or vector mesons like ψ .
Considering parity conservation in the decay process
γ�ðψÞ → B1B̄2, the transition amplitudes Ai;j, as defined
in Eq. (43), follow the relationship,

Aλ1;λ2 ¼ PB1
PB̄2

Pmð−1ÞJ−s1−s2A−λ1;−λ2 ; ð45Þ

where J, s1, and s2 denote the spins of γ�ðψÞ, B1, and B̄2,
respectively.
The production matrix corresponds to the two-baryon

spin density matrix detailed in Eq. (46). So that, we can
obtain the polarization correlation matrix as follows:

Sμν ¼
Tr
h�

ρ
λ1;λ2;λ01;λ

0
2

B1B̄2

�
ðΣμ ⊗ ΣνÞ

i
Tr½ðΣμ ⊗ ΣνÞðΣμ ⊗ ΣνÞ�

; ð46Þ

where Σμ and Σν are detailed in Eqs. (33), (35), and (37).
We formulate the selection rule for the possible compo-

nents of Sμν based on their properties. This is an extended
analysis for the method provided in Ref. [54]. When
examining the properties of projection matrices, the sub-
script M of Qs;L

M represents the rotation properties, as
mentioned in Sec. II A. The production of B1B̄2 can be
treated as the Wick helicity rotation or Wigner rotation
from the intermediate states into B1B̄2 [74,77,88]. In our
analysis, we consider the spin-1 intermediate states. The
rotation difference is limited to a maximum of 2. So certain
components are forbidden when the associated matrices
Qs;L

M satisfy the condition jjMB1
j − jMB̄2

jj > 2. Using
Eqs. (33), (35), and (37), we can systematically exclude
these prohibited components. Furthermore, according to the
established coordinate systems in Fig. 1, parity conservation
aligns with the y-axis, whereas the x- and z-axes are
associated with parity violation [54]. Based on the corre-
spondence between the polarization coefficients and the
Cartesian form spin components, detailed in Eqs. (34), (36),
and (38), when the total number of the longitudinal and x
indices is even, the components satisfy parity conservation
and are allowed; otherwise, they are prohibited.
The properties of Sμν could be understood from the

perspective of the spins of B1B̄2. As spins increase, we
obtain a greater variety of Ai;j and an enriched collection of
Σμ and Σν. According to Eqs. (43) and (46), it results in a
broader array of Sμν with more complex dependencies on

FIG. 1. Definition of coordinate systems and angles in the helicity formalism. The helicity angle θB for the B1B̄2 production process is
the angle between B1 and the positron. The decay angles θB3

and ϕB3
for the decay process, B1 → B3π, are the polar and azimuthal

angles of B3 in B1 rest frame.
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the production angle. This mechanism is crucial for
identifying the spin and parity of excited baryons through
polarization correlations.
For the conjugate process eþe− → B̄1B2, similar results

can be obtained by applying a CP transformation to the
previously analyzed process. The behavior of the helicity
amplitudes under the CP transformation is represented by

AB1B̄2

i;j ⟶
CP transform

AB̄1B2

−i;−j: ð47Þ

For processes where CP is conserved, this formula
becomes an equality. CP-violation tests can be conducted
by comparing helicity amplitudes between these conjugate
production processes.

B. Baryons with spin combination of (1=2, 1=2)

We consider the production process that the JP of B1 and
B̄2 are taken as ð1

2
ÞPB1 and ð1

2
ÞPB̄2 respectively. The anti-

baryon B̄2 has an opposite parity to its corresponding
baryon B2, PB̄2

¼ −PB2
. The product of parities of B1 and

B2 is defined as

PB1B2
¼ PB1

PB2
¼ −PB1

PB̄2
: ð48Þ

Considering parity conservation, as detailed in (45), out of
the four possible helicity transition amplitudes, two are
independent,

h1 ¼ A1=2;1=2 ¼ PB1B2
A−1=2;−1=2;

h2 ¼ A1=2;−1=2 ¼ PB1B2
A−1=2;1=2: ð49Þ

The transition amplitude matrix is given by

Ai;j ¼
 

h1 h2
PB1B2

h2 PB1B2
h1

!
: ð50Þ

When B̄2 is the corresponding antibaryon of B1, PB1B2
¼ 1

and Eq. (50) is reduced to the form presented in Ref. [53].
By substituting Eq. (50) into Eqs. (43) and (46), one

can identify the polarization correlations. With the
parametrization h1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − αψ

p
=2 and h2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ αψ

p
×

exp½−iϕ1�=
ffiffiffi
2

p
, we obtain,

Sμν ¼
	
Cμν for μ ¼ 0; 3;

PB1B2
Cμν for μ ¼ 1; 2;

ð51Þ

where the coefficients Cμν are functions of the angle θB
and parameters αψ and ϕ1. The nonzero components are
given by

C0;0 ¼ 1þ αψcos2θB;

C0;2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2ψ

q
cos θB sin θB sinϕ1;

C1;1 ¼ sin2θB;

C1;3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2ψ

q
cos θB sin θB cosϕ1;

C2;0 ¼ −C0;2;

C2;2 ¼ αψC1;1;

C3;1 ¼ −C1;3;

C3;3 ¼ −αψ − cos2θB: ð52Þ
For the conjugate process eþe− → B̄1B2, similar results

can be obtained by applying a CP transformation to the
previously analyzed process. Considering both CP and
parity conservation, as detailed in Eqs. (47) and (45), we
obtain the helicity amplitude matrix for B̄1B2 production as

AB̄1B2

i;j ¼ PB1B2
AB1B̄2

i;j . This allows us to derive the polari-
zation correlation matrix for B̄1B2, where coefficients have
the similar expressions as those for B1B̄2, except for
substituting θB with θB̄. Here, θB̄ is the angle between
the antibaryon B̄1 and the positron. UnderCP conservation,
the parameters αψ and ϕ1 should remain consistent for
these conjugate production processes. By comparing these
parameters in B1B̄2 and B̄1B2 production processes, one
can precisely test CP violation. For example, the BESIII
Collaboration reported the first measurement of CP vio-
lation by comparing the processes eþe− → ΛΣ̄ and
eþe− → Λ̄Σ [70].
It is worth mentioning that we apply a uniform

parametrization scheme for the helicity amplitudes in
both B1B̄2 and B̄1B2 production processes. This method
ensures consistency in parameters αψ and ϕ1 across
them. This differs from Ref. [70], where helicity amplitudes
for Λ̄Σ0 and ΛΣ̄0 were parametrized differently.
Specifically, hΛ̄Σ

0

2 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ αψ

p
exp½−iϕΛ̄Σ0

1 � and hΛΣ̄
0

2 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ αψ

p
exp½−iðπ − ϕΛΣ̄0

1 Þ�, leading to a phase relation

ϕΛ̄Σ0

1 þ ϕΛΣ̄0

1 ¼ π.
Considering the range of αψ , which is −1 ≤ αψ ≤ 1, one

can determine the boundaries for the polarization correla-
tions in Eq. (51). We define the following normalized
polarization coefficients,

Sy ¼ S2;0=S0;0 ¼ −S0;2=S0;0;

Sxz ¼ S1;3=S0;0 ¼ −S3;1=S0;0;

Sxx ¼ S1;1=S0;0;

Syy ¼ S2;2=S0;0;

Szz ¼ S3;3=S0;0: ð53Þ
The boundaries for these normalized components are
illustrated in Fig. 2. These boundaries show the natural
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constraints for the polarization correlations and would
broaden our understanding of the polarization-related
physical mechanisms in this process.

C. Baryons with spin combination of (1=2, 3=2)

For the case where B1 is spin 1=2 and B̄2 is spin 3=2, the
one-photon approximation constrain the helicity transitions
jλ1 − λ2j ≤ 1. Considering parity conservation, as detailed
in (45), only three independent transition amplitudes are
obtained,

h1 ¼ A1=2;1=2 ¼ −PB1B2
A−1=2;−1=2;

h2 ¼ A1=2;−1=2 ¼ −PB1B2
A−1=2;1=2;

h3 ¼ A1=2;3=2 ¼ −PB1B2
A−1=2;−3=2: ð54Þ

In terms of the transition amplitude matrix form, we have

Ai;j ¼
�
h3 h1 h2 0

0 −PB1B2
h2 −PB1B2

h1 −PB1B2
h3

�
: ð55Þ

The polarization correlation matrix can be obtained by
substituting Eq. (55) into Eqs. (43) and (46). With the
following parametrizations,

h1 ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − αψ

p
exp ½iϕ1�;

h2 ¼
ffiffiffi
2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ αψ − α1

p
;

h3 ¼
ffiffiffi
2

p

2

ffiffiffiffiffi
α1

p
exp ½iϕ3�; ð56Þ

where −1 ≤ αψ ≤ 1 and 0 ≤ α1 ≤ 1þ αψ , we have

Sμν ¼
	
Cμν for μ ¼ 0; 3;

PB1B2
Cμν for μ ¼ 1; 2;

ð57Þ

where coefficients Cμν are functions of the angle θB and
parameters αψ , α1, ϕ1, ϕ2,

C0;0 ¼ 1þ αψcos2θB;

C0;3 ¼
1

4

�
2Ds

1 þ
ffiffiffi
3

p
Ds

2

�
sin 2θB;

C0;4 ¼ −ð1 − α1Þ þ ðα1 − αψ Þcos2θB;

C0;5 ¼
ffiffiffi
3

p

2
Dc

2 sin 2θB;

C0;7 ¼
ffiffiffi
3

p
Dc

3sin
2θB;

C0;11 ¼ −
1

10

�
3Ds

1 −
ffiffiffi
3

p
Ds

2

�
sin 2θB;

FIG. 2. Boundaries of the normalization polarization coefficients for the spin combination of (1=2; 1=2).

ZHANG, PING, LIU, SONG, YANG, and ZHOU PHYS. REV. D 110, 034034 (2024)

034034-10



C0;13 ¼ −
ffiffiffi
3

p
Ds

3sin
2θB;

C1;1 ¼ −
1

4
Dc

1 sin 2θB;

C1;2 ¼ −
1

2
ð2 − α1Þsin2θB −

ffiffiffi
3

p

4
Dc

3ð3þ cos 2θBÞ;

C1;6 ¼
ffiffiffi
3

p

2
Ds

3ð3þ cos 2θBÞ;

C1;8 ¼ −
ffiffiffi
3

p

2
Ds

2 sin 2θB;

C1;9 ¼
9

20
Dc

1 sin 2θB;

C1;10 ¼
3

10
ð2 − α1Þsin2θB −

ffiffiffi
3

p

10
Dc

3ð3þ cos 2θBÞ;

C1;12 ¼ −
ffiffiffi
3

p

2
Dc

2 sin 2θB;

C1;14 ¼ −
3

2
α1sin2θB;

C2;0 ¼
1

2
Ds

1 sin 2θB;

C2;3 ¼
1

2
ðα1 − 2αψÞsin2θB þ

ffiffiffi
3

p

4
Dc

3ð3þ cos 2θBÞ;

C2;4 ¼ −
1

2
Ds

1 sin 2θB;

C2;5 ¼
ffiffiffi
3

p

2
Ds

3ð3þ cos 2θBÞ;

C2;7 ¼ −
ffiffiffi
3

p

2
Ds

2 sin 2θB;

C2;11 ¼
3

10
ð2αψ − α1Þsin2θB þ

ffiffiffi
3

p

10
Dc

3ð3þ cos 2θBÞ;

C2;13 ¼
ffiffiffi
3

p

2
Dc

2 sin 2θB;

C2;15 ¼
3

2
α1sin2θB;

C3;1 ¼ −
1

2
ðαψ − 2α1Þ −

1

2
ð1 − 2α1Þcos2θB;

C3;2 ¼ −
1

4

�
2Dc

1 −
ffiffiffi
3

p
Dc

2

�
sin 2θB;

C3;6 ¼
ffiffiffi
3

p

2
Ds

2 sin 2θB;

C3;8 ¼ −
ffiffiffi
3

p
Ds

3sin
2θB;

C3;9 ¼
3

10
ð3 − α1Þcos2θB þ 3

10
ð3αψ − α1Þ;

C3;10 ¼
1

10

�
3Dc

1 þ
ffiffiffi
3

p
Dc

2

�
sin 2θB;

C3;12 ¼
ffiffiffi
3

p
Dc

3sin
2θB: ð58Þ

The D-type functions above are defined as

Ds
1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αψÞð1þ αψ − α1Þ

q
sinϕ1;

Dc
1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − αψÞð1þ αψ − α1Þ

q
cosϕ1;

Ds
2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α1ð1 − αψÞ

q
sin ðϕ1 − ϕ3Þ;

Dc
2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α1ð1 − αψÞ

q
cos ðϕ1 − ϕ3Þ;

Ds
3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α1ð1þ αψ − α1Þ

q
sinϕ3;

Dc
3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α1ð1þ αψ − α1Þ

q
cosϕ3: ð59Þ

For the conjugate process eþe− → B̄1B2, the helicity

amplitude matrix is obtained by using AB̄1B2

i;j ¼−PB1B2
AB1B̄2

i;j

due to the CP and parity conservation, as detailed in
Eqs. (47) and (45). Correspondingly, the polarization
correlation coefficients for B̄1B2 are consistent with those
for B1B̄2, where θB should be replaced by θB̄. Parameters,
αψ , α1, ϕ1, ϕ2, for these conjugate processes should be
consistent under CP conservation.
Normalizing the polarization correlations in Eq. (57)

by the cross section term S0;0, one can obtain normalized
polarization correlation coefficients. By considering the
ranges of αψ and α1 specified in Eq. (56), we determine the
boundaries for these normalized correlations. In Fig. 3, we
illustrate the boundaries for the components only associ-
ated with the polarization of B̄2. We can find that the
constraints for polarization of the spin-3=2 baryons
differ from those in the spin-3=2 baryon pairs production
process [54]. This difference shows the unique polarization
transfer mechanisms for the production of the spin-3=2
baryons with different associated baryons.

D. Baryons with spin combination of (1=2; 5=2)

For the production process of two baryons with spin 1=2
and spin 5=2, the analysis is similar to that in the above
subsections. Considering parity conservation, as detailed
in (45), there are three independent helicity transition
amplitudes under the constraint of helicity transitions
jλ1 − λ2j ≤ 1,

h1 ¼ A1=2;1=2 ¼ PB1B2
A−1=2;−1=2;

h2 ¼ A1=2;−1=2 ¼ PB1B2
A−1=2;1=2;

h3 ¼ A1=2;3=2 ¼ PB1B2
A−1=2;−3=2: ð60Þ

The transition amplitude matrix can be expressed as

Ai;j¼
�
0 h3 h1 h2 0 0

0 0 PB1B2
h2 PB1B2

h1 PB1B2
h3 0

�
: ð61Þ

For simplicity, we are focusing solely on the longitudinal
polarization components of the spin-5=2 baryon. By
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substituting Eq. (61) into Eqs. (43) and (46), the polari-
zation correlation matrix is given by

Sμν ¼
	
Cμν for μ ¼ 0; 3;

PB1B2
Cμν for μ ¼ 1; 2;

ð62Þ

where the coefficients Cμν are functions of θB, αψ , α1,
and ϕ1, given by

C0;0 ¼ 1þ αψcos2θB;

C0;2 ¼ −
1

3
ð8 − 3α1Þ −

1

3
ð8αψ − 3α1Þcos2θB;

C0;4 ¼
6

7
ð4 − 5α1Þ þ

6

7
ð4αψ − 5α1Þcos2θB;

C1;1 ¼
1

4
Dc

1 sin 2θB;

C1;3 ¼ −
6

5
Dc

1 sin 2θB;

C1;5 ¼
50

21
Dc

1 sin 2θB;

C2;0 ¼ −
1

2
Ds

1 sin 2θB;

C2;2 ¼
4

3
Ds

1 sin 2θB;

C2;4 ¼ −
12

7
Ds

1 sin 2θB;

C3;1 ¼ −
1

2
ð1 − 2α1Þcos2θB −

1

2
ðαψ − 2α1Þ;

C3;3 ¼
3

10
ð8 − 11α1Þcos2θB þ 3

10
ð8αψ − 11α1Þ;

C3;5 ¼
100

21
ð1 − αψÞ −

25

42
ð4 − α1Þð3þ cos 2θBÞ; ð63Þ

where the D-type functions are defined in Eq. (59). For the
conjugate process eþe− → B̄1B2, the helicity amplitude

matrix follows the relation AB̄1B2

i;j ¼ PB1B2
AB1B̄2

i;j . So polari-
zation correlation coefficients for B̄1B2 align with those for
B1B̄2 with the replacement of θB with θB̄. Under the CP
conservation, the parameters αψ , α1, ϕ1, and ϕ2 should
remain consistent across these conjugate processes.
Taking into account the ranges of αψ and α1, one can

determine the boundaries for the normalized polarization
correlations in Eq. (62). In Fig. 4, we show the boundaries
for components solely related to the polarization of B̄2.

IV. DECAY CHAINS

In this section, we explore the technique for experimental
measurements of polarization correlations through the

FIG. 3. Boundaries of the normalization polarization coefficients only associated with the polarization of B̄2 for the spin combination
of (1=2, 3=2), where SyT ¼ S0;3=S0;0, SLL ¼ S0;4=S0;0, SxLT ¼ S0;5=S0;0, SxxTT ¼ S0;7=S0;0, S

y
LLT ¼ S0;11=S0;0, and SxyLTT ¼ S0;13=S0;0.
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decay processes. Baryon decay has been widely dis-
cussed, and the expressions can be categorized into three
types: Cartesian spin components [54,99,100], multipole
parameters [51,73,101–104] or real multipole parameters
[53,74], and spin density matrix elements [52,105–108].
We follow the first type, and one can transform the
expressions into other types according to the relations
given in Sec. II. The analysis presented in this section is
an extension of the work in Refs. [53,54]. Within the
helicity formalism, baryon decay can be represented with
the polarization transfer matrix [53,54]. We outline the
general steps to calculate the polarization transfer matrix
for the spin-J parent baryon, focusing on the predominant
decay pathway involving a transition to a spin-1=2 baryon
and a spin-0 pseudoscalar meson. We present the helicity
amplitudes for the decay process, analyze their parity, and
relate them to the canonical amplitudes. We detail decay
expressions for baryons with spin 1=2, 3=2, or 5=2 within
this decay mode.
For two-baryon systems with established spins and

parities, we give the joint angular distribution of all
products, enabling the measurement of the associated
parameters. Our analysis extends to excited baryons with
unknown spins and parities, particularly the Ξ�. Identifying
spin and parity is crucial. Taking the eþe− → Ξ−Ξ̄�þ
process as an example, we introduce a technique to identify
the spin and parity of the Ξ̄�þðΞ�−Þ. Variations in spin and
parity lead to distinct changes in the joint angular distri-
bution of the final products. We specify the moments of the
angular distributions sensitive to the spin and parity.
In the moment analysis, different moments are projected

onto the polarization correlations of two baryons through
the corresponding polarization transfer matrices. We note
that there are other forms of moment analysis for single-
baryon decays [51,73,101–104], in which the angular
distribution of final-state particles is described with multi-
pole and decay multipole parameters multiplied by the
corresponding Wigner-D functions. These parameters
thus represent the independent moments of the angular

distribution, which can be projected using the corre-
sponding Wigner-D functions. This method of moment
analysis is widely used in spin and parity analysis via
the decay of a single particle [38–44,112–116]. In our
approach, we focus on the polarization correlations of
two baryons, which allows for the projection of numerous
moments and accurate determination of the spin and the
parity of excited baryons. An alternative approach to the
moment analysis using multipole and decay multipole
parameters in the polarization correlations of two baryons
is left for future studies.

A. General description

For the decay process JPB →1=2þþ0−, the spin density
matrix of the daughter baryon is expressed as [53,54]

ρd1=2 ¼
X
μ;ν

SμaμνΣd
ν ; ð64Þ

where Sμ denote the polarization coefficients of the parent
baryon. aμν represents the polarization transfer matrix,
which describes the polarization transfer from a spin-J
parent baryon to a spin-1=2 daughter baryon. Typically,
different symbols are assigned to the polarization transfer
matrices based on the spin of the parent particle. For
instance, bμν is used for parent particles with spin 3=2 [54],
while dμν is introduced for those with spin 5=2. In the above
formula, aμν is used as a universal symbol, with specific
substitutions made according to the spin of the parent
particle.
In general, the polarization transfer matrix aμν can be

expressed as

aμν¼
2Jþ1

2π

X
κ;κ0

X
λ;λ0

BλB�
λ0 ðΣμÞκ;κ0 ðΣνÞλ0;λDJ�

κ;λðΩÞDJ
κ0;λ0 ðΩÞ;

ð65Þ

FIG. 4. Boundaries of the normalization polarization coefficients only associated with the polarization of B̄2 for the spin combination
of (1=2; 5=2), where SLL ¼ S0;2=S0;0 and SLLLL ¼ S0;4=S0;0.
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where DJ
κ;λðΩÞ ¼ DJ

κ;λð0; θ;ϕÞ denotes the Wigner
D-matrix with J is the spin of the parent baryon, and
Bλ, Bλ0 represent the helicity amplitudes for this decay
process. The variables κ; κ0 and λ; λ0 denote the helicities of
the parent and daughter baryons, while Σμ and Σν are their
polarization projection matrices respectively.
We explore the properties of polarization transfer matri-

ces from the perspective of spins. In our analysis, the spins
of the final products are limited to 1=2 and 0. Bλ and Bλ0 are
distinctly constrained. However, the calculation of polari-
zation transfer matrices involves the polarization projection
matrices of the parent particle and the Wigner D-matrices,
which are dependent on the spin of the parent particle. An
increase in the spin enriches the transfer matrix with more
elements and more dependencies on the angles of the final
products. This, combined with the effects in the production
process, establishes a basis for identifying the spins and
parities of excited state particles by analyzing the angular
distribution of all products.
The relation between the helicity amplitudes Bλ and the

canonical amplitudes AL is given by [88]

Bλ ¼
X
L

�
2Lþ 1

2J þ 1

�
1=2

hL; 0; S; λjJ; λiAL; ð66Þ

where hL; 0; S; λjJ; λi denotes the Clebsch-Gordan coef-
ficients, which involve spin of the parent particle J, the spin
of the daughter particle S, and the orbital angular momen-
tum L. Canonical amplitudes, labeled as AS, AP, AD, AF…,
represent different angular momentum states. For the decay
process JPB → 1=2þ þ 0−, we have

B−1=2 ¼
ffiffiffi
2

p

2
ðAJ−1=2 þ AJþ1=2Þ;

B1=2 ¼
ffiffiffi
2

p

2
ðAJ−1=2 − AJþ1=2Þ: ð67Þ

These amplitudes account for both parity-conserving and
parity-violating effects. The conservation of parity in these
decays is determined by the relationship,

B1=2 ¼ PBPB0Pmð−1ÞJ−s1−s2B−1=2; ð68Þ

with PB, PB0 , and Pm being the parities of the parent and
daughter particles, and J, s1, and s2 being their spins. In our
case, this means that,

B1=2 ¼ ð−1ÞJþ1=2PBB−1=2: ð69Þ

This relation indicates that AJ−1=2 aligns with the parity-
conserving aspect for ð−1ÞJþ1=2PB ¼ 1 and the parity-
violating aspect for ð−1ÞJþ1=2PB ¼ −1. Meanwhile, AJþ1=2

corresponds to parity-conserving aspect for ð−1ÞJþ1=2PB ¼
−1 and the parity-violating aspect for ð−1ÞJþ1=2PB ¼ 1.

Under the normalization condition jAJ−1=2j2þjAJþ1=2j2¼
jB−1=2j2þjB1=2j2¼1, we parametrize these amplitudes as
follows [99]:

αD ¼ −2Re


A�
J−1=2AJþ1=2

� ¼ jB1=2j2 − jB−1=2j2;
βD ¼ −2Im



A�
J−1=2AJþ1=2

� ¼ 2Im


B1=2B�

−1=2
�
;

γD ¼ jAJ−1=2j2 − jAJþ1=2j2 ¼ 2Re


B1=2B�

−1=2
�
; ð70Þ

where βD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2D

p
sinϕD, and γD ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2D

p
cosϕD.

By substituting Eqs. (33), (35), and (40) into Eq. (65)
respectively, we derive specific expressions for the polariza-
tion transfer matrices. The matrices aμν and bμν for parent
particles with spins 1=2 and 3=2 are already provided in
Refs. [53,54] and are included in Appendix C. Additionally,
we provide expressions for the polarization transfer matrix
dμν,which relates to the longitudinal polarization components
of the spin-5=2 parent baryons, also detailed inAppendixC. It
is worth noting that αD, βD, and γD serve as hyperon decay
parameters in weak decay processes. In strong decay proc-
esses, where parity is conserved, these parameters are set to
αD ¼ 0, βD ¼ 0, and γD ¼ ð−1ÞJþ1=2PB.
Combining the polarization correlations with the decay

transfer matrices, the joint angular distribution of the final
products can be represented as

W ∝
X
μ¼0

X
ν¼0

SB1B̄2
μν aB1

μ0a
B̄2

ν0 ; ð71Þ

where SB1B̄2
μν , aB1

μ0 , and aB̄2

ν0 are determined according to the
spin combinations of B1B̄2. When dealing with cascade
decays, one can simply extend the decay chains, such as
aB1

μ0 →
P

μ2���μn a
B1
μμ2 � � � aBn

μn0
. For processes with determined

spins and parities, applying the relevant formulas allows for
the measurement of the corresponding polarization corre-
lation coefficients, form factors, decay parameters, and
so on.
In our analysis, we also encounter excited states with

unknown spins and parities, especially when studying the
production of the Ξ�. By substituting the polarization
correlation matrices into Eq. (71) and applying the maxi-
mum likelihood fit method, one can identify the specific
matrix that best fits the experimental data. As the spin of the
excited baryon increases, the underlying physical mecha-
nism results in a more complex angular dependence pattern
of the joint angular distribution of the final products.
Intuitively, this complexity enables us to extract a broader
range of moments of angular distribution. In the following
subsection, we will explicitly detail the moments sensitive
to the spins and parities of the excited baryons.
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B. Determination of the spin and parity of Ξ̄�

Taking the process eþe− → Ξ−Ξ̄�þ as an example, we
show how to determine the spin and parity of the Ξ̄�þðΞ�−Þ.
The primary decay mode of a Ξ̄�þ generally falls into two
cases; Ξ̄�þ → Ξ̄π below the ΛK production threshold, or
Ξ̄�þ → Λ̄K above this threshold. For simplicity, we focus
on the decay mode Ξ̄�þ → Ξ̄þπ0. Using the possible
polarization correlation matrices of Ξ−Ξ̄þ� as detailed
in Eqs. (51), (57), and (62), along with the polarization
transfer matrices aμν, bμν, and dμν in Appendix C, we derive
the polarization correlation matrix for Ξ−Ξ̄þ. For spin-5=2
bartons, we focus solely on the components related to
longitudinal polarization, necessitating averaging over the
azimuthal angle ϕΞ̄ of the daughter baryon Ξ̄þ. To ensure
comparability, we utilize the same approach for cases
where the spin of the Ξ̄þ� is either 1=2 or 3=2.
When the Ξ̄�þ is spin 1=2, the polarization correlation

matrix for Ξ−Ξ̄þ can be expressed as

SΞΞ̄μν ¼ 1

2π

Z
2π

0

X
ν0¼0

SΞΞ̄
�

μν0 a
Ξ̄�
ν0νdϕΞ̄: ð72Þ

For the Ξ̄�þ with spins 3=2 or 5=2, we can obtain the
polarization correlation matrix of Ξ−Ξ̄þ by replacing aμν
with bμν or dμν respectively. The general expression for SΞΞ̄μν
can be written as

SΞΞ̄μν ¼

0
BBBB@

S0;0 0 0 0

0 S1;1 0 S1;3
S2;0 0 0 0

0 S3;1 0 S3;3

1
CCCCA: ð73Þ

The explicit expressions of polarization correlation coef-
ficients S0;0; ...; S3;3 depend on the spin of the Ξ̄�þ. If the
Ξ̄�þ is spin 1=2, the expressions for these coefficients are
given by

S0;0 ¼ C0;0;

S1;1 ¼ C1;3 sin θΞ̄;

S1;3 ¼ PΞ�C1;3 cos θΞ̄;

S2;0 ¼ PΞ�C2;0;

S3;1 ¼ PΞ�C3;3 sin θΞ̄;

S3;3 ¼ C3;3 cos θΞ̄; ð74Þ

where PΞ� is the parity of the Ξ�− and these coefficients Cμν

are detailed in Eq. (52).

When the Ξ̄�þ is spin 3=2, the expressions for these
coefficients are given by

S0;0 ¼ C0;0 −
1

4
ð1þ 3 cos 2θΞ̄ÞC0;4;

S1;1 ¼ −
4

5
sin θΞ̄C1;1 þ

1

4
ðsin θΞ̄ þ 5 sin 3θΞ̄ÞC1;9;

S1;3 ¼ PΞ�

�
2

5
cos θΞ̄C1;1 −

1

4
ð3 cos θΞ̄ þ 5 cos 3θΞ̄ÞC1;9


;

S2;0 ¼ PΞ�

�
C2;0 −

1

4
ð1þ 3 cos 2θΞ̄ÞC2;4


;

S3;1 ¼ PΞ�

�
−
4

5
sin θΞ̄C3;1 þ

1

4
ðsin θΞ̄ þ 5 sin 3θΞ̄ÞC3;9


;

S3;3 ¼
2

5
cos θΞ̄C3;1 −

1

4
ð3 cos θΞ̄ þ 5 cos 3θΞ̄ÞC3;9: ð75Þ

These coefficients Cμν are shown in Eq. (58).
When the Ξ̄�þ have a spin 5=2, these coefficients are

given by

S0;0 ¼ C0;0 −
3

14
ð1þ 3 cos 2θΞ̄ÞC0;2

þ 3

32
ð9þ 20 cos 2θΞ̄ þ 35 cos 4θΞ̄ÞC0;4;

S1;1 ¼
18

35
sin θΞ̄C1;1 −

1

4
ðsin θΞ̄ þ 5 sin 3θΞ̄ÞC1;3

þ 45

32
ð2 sin θΞ̄ þ 7 sin 3θΞ̄ þ 21 sin 5θΞ̄ÞC1;5;

S1;3 ¼ PΞ�

�
6

35
cos θΞ̄C1;1 −

1

6
ð3 cos θΞ̄ þ 5 cos 3θΞ̄ÞC1;3

þ 15

32
ð30 cos θΞ̄ þ 35 cos 3θΞ̄ þ 63 cos 5θΞ̄ÞC1;5


;

S2;0 ¼ PΞ�

�
C2;0 −

3

14
ð1þ 3 cos θΞ̄ÞC2;2

þ 3

32
ð9þ 20 cos 2θΞ̄ þ 35 cos 4θΞ̄ÞC2;4


;

S3;1 ¼ PΞ�

�
18

35
sin θΞ̄C3;1 −

1

4
ðsin θΞ̄ þ 5 sin 3θΞ̄ÞC3;3

þ 45

32
ð2 sin θΞ̄ þ 7 sin 3θΞ̄ þ 21 sin 5θΞ̄ÞC3;5


;

S3;3 ¼
6

35
cos θΞ̄C3;1 −

1

6
ð3 cos θΞ̄ þ 5 cos 3θΞ̄ÞC3;3

þ 15

32
ð30 cos θΞ̄ þ 35 cos 3θΞ̄ þ 63 cos 5θΞ̄ÞC3;5:

ð76Þ

These coefficients Cμν are shown in Eq. (63).
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We observe that changes in the spin and parity of the Ξ̄�þ

alter the specific formulation of the SΞΞ̄μν . As the spin of the
Ξ̄�þ increases, the polarization correlation matrix exhibits
more complex angular dependences. Additionally, the
parity of the Ξ�−ðΞ̄�þÞ influences the signs of the polari-
zation coefficients S1;3, S2;0, and S3;3. These changes in the
polarization correlation matrix are evident in the angular
distribution of the products in Ξ−Ξ̄þ decay processes.
We focus on their primary decay channels, Ξ− → Λπ−

and Ξ̄þ → Λ̄πþ. The joint angular distribution for the decay
products is given by

Wðω; ηÞ ¼
X3
μ¼0

X3
ν¼0

SΞΞ̄μν aΞμ0a
Ξ̄
ν0; ð77Þ

where ω⃗ denotes the set of parameters associated with
helicity amplitudes. For the Ξ̄�þ with spin 1=2, ω⃗ ¼
fαψ ;ϕ1;αΞ;αΞ̄g, and for the Ξ̄�þ with spins 3=2 or 5=2,
ω⃗ ¼ fαψ ; α1;ϕ1;αΞ;αΞ̄g. η ¼ fθΞ; θΞ̄; θΛ;ϕΛ; θΛ̄;ϕΛ̄g
represents the angles of all products. By analyzing the
angular distributions of Λ and Λ̄, we can extract the
coefficients of the polarization correlation matrix SΞΞ̄μν ,

μμν ¼
1

16π2

Z
Wðω; ηÞaΞμ0aΞ̄ν0dΩΛdΩΛ̄

¼ EμðαΞÞĒνðαΞ̄ÞSΞΞ̄μν ; ð78Þ

where EμðαΞÞ and ĒνðαΞ̄Þ are functions of decay param-
eters αΞ and αΞ̄ respectively, given by

EμðαΞÞ ¼
	
1 μ ¼ 0;
1
3
α2Ξ μ ¼ 1; 2; 3:

ð79Þ

Furthermore, we analyze the spin and parity of the Ξ̄�þ by
examining the angular distribution of the polar angle θΞ̄. We
investigate the following moments of angular distributions,

Mαμν ¼
1

64π3

Z
Wðω; ηÞaΞμ0d0ανaΞ̄ν0dΩΛdΩΛ̄dΩΞ̄

¼ 1

4π

Z
d0ανμμνdΩΞ̄; ð80Þ

where d0αν denotes a modified version of dμν in Appendix C,
where we omit decay parameters and unnecessary coeffi-
cients. The nonzero coefficients are detailed as follows:

d00;0 ¼ 1;

d02;0 ¼ 1þ 3 cos 2θΞ̄;

d04;0 ¼ 9þ 20 cos 2θΞ̄ þ 35 cos 4θΞ̄;

d01;1 ¼ sin θΞ̄;

d03;1 ¼ sin θΞ̄ þ 5 sin 3θΞ̄;

d05;1 ¼ 2 sin θΞ̄ þ 7 sin 3θΞ̄ þ 21 sin 5θΞ̄;

d01;3 ¼ cos θ;

d03;3 ¼ 3 cos θΞ̄ þ 5 cos 3θΞ̄;

d05;3 ¼ 30 cos θΞ̄ þ 35 cos 3θΞ̄ þ 63 cos 5θΞ̄: ð81Þ

In Table I, we detail the potential moments for all
products when Ξ̄þ�ðΞ�−Þ possesses spins of 1=2, 3=2,
or 5=2. As the spin of the Ξ̄�þðΞ�−Þ increases, there is a
noticeable expansion in the range of potential moments.
This provides us with a method to verify the high spin of
the Ξ̄�þðΞ�−Þ by observing these additional moments.
Additionally, the parity of the Ξ�− affects the sign corre-
lation between moments Mα;1;1 and Mα;1;3, as well as
betweenMα;3;1 andMα;3;3. For instance, when the Ξ�− has a
spin of 1=2þ, the momentsMα;1;1 andMα;1;3 share the same
sign. In contrast, when the spin is 1=2−, these moments
exhibit opposite signs. Additionally, every increase in
spin by 1, while parity remains unchanged, alters the sign
correlation between these moments. These contrasts show

TABLE I. The potential moments corresponding to angular
distribution as defined in Eq. (80). When the spin state of the
Ξ�−ðΞ̄�þÞ is 1=2, 3=2, or 5=2, the coefficients Cμν are determined
by Eqs. (52), (58), and (63), respectively.

JP for the
baryonΞ�− ð1=2ÞPΞ� ð3=2ÞPΞ� ð5=2ÞPΞ�

M0;0;0 C0;0 C0;0 C0;0

M2;0;0 0 − 4
5
C0;4 − 24

35
C0;2

M4;0;0 0 0 128C0;4

3

M1;1;1
2
27
α2Ξα

2
Ξ̄C1;3 − 8

135
α2Ξα

2
Ξ̄C1;1

4
105

α2Ξα
2
Ξ̄C1;1

M3;1;1 0 64
189

α2Ξα
2
Ξ̄C1;9 − 64

189
α2Ξα

2
Ξ̄C1;3

M5;1;1 0 0 1024
33

α2Ξα
2
Ξ̄C1;5

M1;1;3
1
27
PΞ�α2Ξα

2
Ξ̄C1;3

2
135

PΞ�α2Ξα
2
Ξ̄C1;1

2
315

PΞ�α2Ξα
2
Ξ̄C1;1

M3;1;3 0 − 16
63
PΞ�α2Ξα

2
Ξ̄C1;9 − 32

189
PΞ�α2Ξα

2
Ξ̄C1;3

M5;1;3 0 0 2560
33

PΞ�α2Ξα
2
Ξ̄C1;5

M0;2;0
1
3
PΞ�α2ΞC2;0

1
3
PΞ�α2ΞC2;0

1
3
PΞ�α2ΞC2;0

M2;2;0 0 − 4
15
PΞ�α2ΞC2;4 − 8

35
PΞ�α2ΞC2;2

M4;2;0 0 0 128
9
PΞ�α2ΞC2;4

M1;3;1
2
27
PΞ�α2Ξα

2
Ξ̄C3;3 − 8

135
PΞ�α2Ξα

2
Ξ̄C3;1

4
105

PΞ�α2Ξα
2
Ξ̄C3;1

M3;3;1 0 64
189

PΞ�α2Ξα
2
Ξ̄C3;9 − 64

189
PΞ�α2Ξα

2
Ξ̄C3;3

M5;3;1 0 0 1024
33

PΞ�α2Ξα
2
Ξ̄C3;5

M1;3;3
1
27
α2Ξα

2
Ξ̄C3;3

2
135

α2Ξα
2
Ξ̄C3;1

2
315

α2Ξα
2
Ξ̄C3;1

M3;3;3 0 − 16
63
α2Ξα

2
Ξ̄C3;9 − 32

189
α2Ξα

2
Ξ̄C3;3

M5;3;3 0 0 2560
33

α2Ξα
2
Ξ̄C3;5
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the underlying reasons to determine the spin and parity of
the Ξ�−ðΞ̄�þÞ effectively.
Considering the cascade decays of Ξ−Ξ̄þ, analysis

for the moments of angular distributions is similar. For
instance, in the cascade decay of Ξ−, Ξ− → Λπ−, followed
by Λ → pπ−, we simply replace aΞμ0 with

P
3
μ0¼0

aΞμμ0a
Λ
μ00 in

Eqs. (77), (78), and (80), and include an additional phase
space integral dΩp=ð4πÞ in Eqs. (78) and (80).
Correspondingly, in Eq. (78), EμðαΞÞ is substituted with
EμðαΞ;αΛÞ, which is given by

EμðαΞ; αΛÞ ¼
(
1þ 1

3
α2Ξα

2
Λ μ ¼ 0;

α2Ξ
3
þ α2Λ

3
− 2

9
α2Ξα

2
Λ μ ¼ 1; 2; 3:

ð82Þ

This modification enhances the magnitude of the coeffi-
cients but preserves their sign. Consequently, resulting in
Table I, this adjustment only affects the magnitude of the
coefficients for the projected moments, without altering
their sign. Thus, our prior analysis remains valid.

C. Discussion

In Sec. III, we present an analysis of the polarization
correlations of two baryons with various spin combinations
produced in the annihilation process. Specifically, we
provide detailed formulas focusing on spin combinations
of (1=2; 1=2), (1=2; 3=2), and (1=2; 5=2). Following this,
we introduce the method used to determine the spin and
parity of excited baryons in Sec. IV B. Several important
aspects are highlighted for clarity.
For baryons with spins lower than 5=2, which constitute

the majority of the predicted baryon spectrum, the absence
of moments unique to spin 5=2 helps exclude the possibil-
ity of higher spins. In the experiment, this approach has
been used in analysis of the spin of Ξð1530Þ [45].
Combined with the measured mass and width, this method
helps to identify new baryons. For example, a penta-quark
Σ� state with JP ¼ 1=2− near 1360–1380 MeV may exist,
and it is around the decuplet Σ�ð1385Þ state [117–119].
For baryons with spins of 5=2 or higher, the method

effectively rules out their presence in lower spin states of
1=2 or 3=2, but does not exclude the possibility of them
having higher spins beyond 5=2. This limitation arises
because the potential moments of angular distribution for
higher-spin baryons can overlap those for lower spin
particles, as shown in Table I. When considering the effect
of parity, we can find that identifying a baryon with spin
5=2þ does not preclude the possibility of it being a particle
with spins as 7=2−, 9=2þ, and so on. Likewise, a baryon
identified as having a spin of 5=2− could still be a particle
with spins as 7=2þ, 9=2−, and so on. To confirm a baryon
with spin J, it is necessary to construct polarization
coefficients for baryons with potential spins J − 1, J,
and J þ 1, and ensure that the fit for the baryon with spin
J surpasses those for the other two spin cases.

In our analysis, we consider two baryons produced in the
eþe− annihilation process via spin-1 intermediate states,
and one of the baryons is constrained to spin 1=2. In cases
where the other baryon has a spin of 5=2 or higher, it is
necessary to maintain sufficient angular momentum
between the two baryons. This could potentially lead to
a reduction in the production cross section [120].
Therefore, exploring these high-spin excited baryons
may require examining other spin combinations, such as
(3=2; 5=2), (5=2; 5=2), and so on.
For simplicity, our analysis focuses solely on detailing

the longitudinal polarization components for baryons
with spin 5=2. To ascertain the spin and parity of the
Ξ̄�þðΞ�−Þ, we average over the azimuthal angle ϕΞ̄ in the
decay Ξ̄�þ → Ξ̄þπ0. Once the spin and parity are deter-
mined, the entire polarization correlations should be used
to analyze the transition form factors. We have already
provided the complete expressions for spin combinations
of (1=2; 1=2) and (1=2; 3=2) in Eqs. (51) and (57).
Additionally, in Sec. II, we provide a detailed method-
ology for constructing polarization projection matrices
for baryons with spins 5=2 or higher, making the
derivation of the associated polarization correlation matri-
ces a straightforward process.
From the discussion above, it is evident that the study of

the baryons with any spin can be conducted. For particle
identification, focusing solely on the longitudinal polari-
zation components of the excited baryons is effective.
However, for measuring transition form factors or other
parameters, the complete polarization correlation matrix
should be used.

V. TRANSITION FORM FACTORS
AND HELICITY AMPLITUDES

The polarization correlations of two baryons produced
in the eþe− annihilation process can be described using
either helicity amplitudes Ai;j or transition form factors.
These approaches are essentially equivalent. Following
the definition of the transition form factors in
Refs. [53,81,121,122], we clarify the direct relationship
between the helicity amplitudes and transition form factors,
bridging these two methods. The spinors used in this
section, u and v for spin 1=2, uα and vα for spin 3=2,
and uαβ and vαβ for spin 5=2, are detailed in Appendix D.

A. Baryons with spin combination of (1=2; 1=2)

When the baryon B1 has JP ¼ ð1
2
ÞPB1 with mass M1,

and the antibaryon B̄2 has JP ¼ ð1
2
ÞPB̄2 with mass M2, the

transition form factors are introduced by [81]

hB1ðp1; s1ÞB̄2ðp2; s2ÞjJμð0Þj0i ¼ ūðp1; s1ÞΓμvðp2; s2Þ;
ð83Þ
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where p1, p2 and s1, s2 denote momenta and spins of B1

and B̄2 respectively, Jμð0Þ is the electromagnetic current.
The transition form factors are contained in the vertex Γμ.
For PB1B2

¼ 1, the vertex can be decomposed as [81]2

Γμ ¼ F1ðq2γμ − =qqμÞ þ F2ðP · qγμ − Pμ=qÞ: ð84Þ

For PB1B2
¼ −1, we have

Γμ ¼ G1ðq2γμ − =qqμÞγ5 þG2ðP · qγμ − Pμ=qÞγ5: ð85Þ

Here, P ¼ 1
2
ðp1 − p2Þ, q ¼ p1 þ p2. We classify the tran-

sition form factors associated with γ5 as Gi, and those
unrelated to γ5 as Fi. When the sign of PB1B2

shifts, a swap
of Fi ↔ Gi is required, along with the multiplication of Γμ

by −γ5 from the left.
For the conjugate process, the transition form factors are

defined similarly by

hB̄1ðp1; s1ÞB2ðp2; s2ÞjJμð0Þj0i ¼ ūðp2; s2ÞΓμvðp1; s1Þ:
ð86Þ

For PB1B2
¼ 1, the vertex can be decomposed as

Γμ ¼ F1ðq2γμ − =qqμÞ þ F2ðP · qγμ − Pμ=qÞ: ð87Þ

For PB1B2
¼ −1, we have

Γμ ¼ −G1ðq2γμ − =qqμÞγ5 −G2ðP · qγμ − Pμ=qÞγ5: ð88Þ

When the sign of PB1B2
changes, it requires a swap of

Fi ↔ Gi, along with the multiplication of Γμ by −γ5 from
the right.
To transform the B1B̄2 production process into its

conjugate B̄1B2 production process, the following substi-
tutions for the transition form factors are necessary,

F1 → F1; F2 → F2; ð89Þ

G1 → −G1; G2 → −G2: ð90Þ

The analysis of the conjugate process in later subsections
mirrors the approach taken here. Thus, detailed expressions
are not repeated. Instead, we detail how to perform
substitutions for the transition form factors.
Since polarization correlations can be expressed using

either helicity amplitudes or form factors, we link these two

forms for both B1B̄2 and B̄1B2 production processes. For
PB1B2

¼ 1, we establish the following relationships:

h1 ¼
1

2

ffiffiffiffiffi
q2

q
Q−

1 ½2ðM1 þM2ÞF1 þ ðM1 −M2ÞF2�;

h2 ¼
ffiffiffi
2

p

2
Q−

1 ½2q2F1 þ ðM2
1 −M2

2ÞF2�: ð91Þ

For PB1B2
¼ −1, the relations are

h1 ¼
1

2

ffiffiffiffiffi
q2

q
Qþ

1 ½2ðM2 −M1ÞG1 − ðM1 þM2ÞG2�;

h2 ¼
ffiffiffi
2

p

2
Qþ

1 ½2q2G1 þ ðM2
1 −M2

2ÞG2�: ð92Þ

Here Q�
1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 − ðM1 �M2Þ2

p
. In relation to these equa-

tions, if the sign of PB1B2
changes, a simple substitution is

required: M1 → −M1.

B. Baryons with spin combination of (1=2; 3=2)

For the case where B1 has JP ¼ ð1
2
ÞPB1 with mass M1,

and B̄2 has JP ¼ ð3
2
ÞPB̄2 with mass M2, the transition form

factors are introduced by [81]

hB1ðp1; s1ÞB̄2ðp2; s2ÞjJμð0Þj0i ¼ ūðp1; s1ÞΓαμvαðp2; s2Þ:
ð93Þ

When PB1B2
¼ 1, the vertex Γαμ is decomposed as

Γαμ ¼ G1ðqαγμ − =qgαμÞγ5 þ G2ðqαp2μ − p2 · qgαμÞγ5
þ G3ðqαqμ − q2gαμÞγ5: ð94Þ

For PB1B2
¼ −1, we have

Γαμ ¼ F1ðqαγμ − =qgαμÞ − F2ðqαp2μ − p2 · qgαμÞ
− F3ðqαqμ − q2gαμÞ: ð95Þ

For the conjugate process, the substitutions for the tran-
sition form factors are as follows:

G1 → G1; G2 → G2; G3 → G3; ð96Þ
F1 → −F1; F2 → F2; F3 → F3: ð97Þ

For PB1B2
¼ 1, the relationships between the transition

form factors and the helicity amplitudes are

h1 ¼
ffiffiffiffiffi
q2

p
Q−

1ffiffiffi
6

p
M2

½2M2G1 þ 2M2
2G2 þQ2G3�;

h2 ¼
Q−

1

2
ffiffiffi
3

p
M2

½2Q−
3G1 þM2Q2G2 þ 2q2M2G3�;

h3 ¼
Q−

1

2
½2ðM1 þM2ÞG1 þQ2G2 þ 2q2G3�: ð98Þ

2In this paper, we focus on discussing the production processes
of two baryons with different masses and Fi is the transition form
factor for these processes. For the baryon pair production
processes, there are different conventions for the form factors.
These form factors have been widely studied and can be found
e.g., in [53,81].
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For PB1B2
¼ −1, the relations are

h1 ¼
ffiffiffiffiffi
q2

p
Qþ

1ffiffiffi
6

p
M2

½2M2F1 þ 2M2
2F2 þQ2F3�;

h2 ¼
Qþ

1

2
ffiffiffi
3

p
M2

½2Qþ
3 F1 þM2Q2F2 þ 2q2M2F3�;

h3 ¼
Qþ

1

2
½2ðM2 −M1ÞF1 þQ2F2 þ 2q2F3�: ð99Þ

Here, Q2 ¼ q2 −M2
1 þM2

2 and Q�
3 ¼ q2 −M2

1 �M1M2.

C. Baryons with spin combination of (1=2; 5=2)

For the case where B1 has JP ¼ ð1
2
ÞPB1 with mass M1,

and B̄2 has JP ¼ ð5
2
ÞPB̄2 with mass M2, the transition form

factors are introduced by [81]

hB1ðp1; s1ÞB̄2ðp2; s2ÞjJμð0Þj0i ¼ ūðp1; s1ÞΓαβμvαβðp2; s2Þ:
ð100Þ

For PB1B2
¼ 1, the vertex Γαβμ is decomposed as

Γαβμ ¼ F1qβðqαγμ − =qgαμÞ − F2qβðqαp2μ − p2 · qgαμÞ
− F3qβðqαqμ − q2gαμÞ: ð101Þ

For PB1B2
¼ −1, we have

Γαβμ ¼ G1qβðqαγμ − =qgαμÞγ5 þ G2qβðqαp2μ − p2 · qgαμÞγ5
þG3qβðqαqμ − q2gαμÞγ5: ð102Þ

For the conjugate process, the substitutions for the tran-
sition form factors are as follows:

G1 → G1; G2 → G2; G3 → G3; ð103Þ

F1 → −F1; F2 → F2; F3 → F3: ð104Þ

For PB1B2
¼ 1, the relationships between the transition

form factors and helicity amplitudes are

h1 ¼
ffiffiffiffiffi
q2

p
Q−

1 ðQþ
1 Þ2

2
ffiffiffiffiffi
10

p
M2

2

½2M2F1 þ 2M2
2F2 þQ2F3�;

h2 ¼
Q−

1 ðQþ
1 Þ2

4
ffiffiffi
5

p
M2

2

½2Qþ
3 F1 þM2Q2F2 þ 2M2q2F3�;

h3 ¼
Q−

1 ðQþ
1 Þ2

2
ffiffiffiffiffi
10

p
M2

½2ðM2 −M1ÞF1 þQ2F2 þ 2q2F3�: ð105Þ

For PB1B2
¼ −1, the relations are

h1¼
ffiffiffiffiffi
q2

p
ðQ−

1 Þ2Qþ
1

2
ffiffiffiffiffi
10

p
M2

2

½2M2G1þ2M2
2G2þQ2G3�;

h2¼
ðQ−

1 Þ2Qþ
1

4
ffiffiffi
5

p
M2

2

½2Q−
3G1þM2Q2G2þ2M2q2G3�;

h3¼
ðQ−

1 Þ2Qþ
1

2
ffiffiffiffiffi
10

p
M2

½2ðM1þM2ÞG1þQ2G2þ2q2G3�: ð106Þ

VI. SUMMARY

This paper presents a polarization analysis of the process
eþe− → B1B̄2, involving the baryon B1 and the antibaryon
B̄2 with a variety of potential spin combinations. This
analysis aims to investigate baryon properties, including
spin, parity, decay parameters, and form factors.
We present a universal methodology for decomposing

spin density matrices for high-spin particles in both
standard and Cartesian forms. The key step involves
establishing complete sets of orthogonal spin projection
matrices and spin components for each form. These two
forms offer varied insights into the spin density matrix. The
standard form clarifies the algebraic structure and rotation
properties of spin projection matrices, while the Cartesian
form offers a clearer physical interpretation of spin com-
ponents. By linking spin projection matrices and spin
components across these two forms, we unify them.
Following this, we present the complete decomposition
of the spin density matrix for spin-5=2 particles. Then we
analyze the application of the spin density matrices within
the helicity formalism, where the matrices are expressed
with the polarization projected matrices and polarization
expansion coefficients. We introduce a refined selection
scheme for polarization projection matrices, linking them
to spin projection matrices in the standard form through
specific coefficients. This scheme ensures a direct match
between the polarization expansion coefficients in the
helicity formalism and the spin components in the
Cartesian form. Subsequently, we present the spin density
matrix for the two-particle system, where spin information
is captured within the polarization correlation matrix Sμν.
Next, we outline the method to calculate the polarization

correlations of two baryons, B1B̄2, produced in electron-
positron annihilation. Within the helicity formalism, we
present the general expressions of the production density
matrix of B1B̄2. This matrix is formulated based on helicity
amplitudes Ai;j and corresponds to the spin density matrix
of the two-baryon system. We analyze the selection rule for
the possible correlation components based on their physical
properties. Then, our analysis focuses on spin combinations
of (1=2; 1=2), (1=2; 3=2), and (1=2; 5=2), for which we
identify the nonzero helicity amplitudes and link them to
transfer form factors Fi or Gi. We present parametrization
schemes for these amplitudes, detail the polarization
correlation coefficients, and establish boundaries for the
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normalized coefficients. For the conjugate production
process B̄1B2, the polarization correlation coefficients have
similar expressions, except for replacing θB with θB̄. These
conjugate production processes offer new avenues to search
for CP violations.
Finally, we elaborate on the technique for the exper-

imental measurement of polarization correlations via the
decay processes. Within the helicity formalism, the decay
expressions are represented by polarization transfer matri-
ces. We outline the steps to calculate these matrices. Then
we provide explicit expressions for aμν, bμν, and dμν,
corresponding to the transfer matrices for parent baryons
with spins 1=2, 3=2, and 5=2, respectively. For baryons
with established spins and parities, employing the relevant
polarization correlation matrices and polarization transfer
matrices allows for exploring associated parameters in
specific processes. Our research further extends to the
baryons with undetermined spins and parities, particularly
the excited Ξ� baryons. Through the analysis of the
eþe− → Ξ−Ξ̄�þ process, we present a method to ascertain
the spin and parity of the Ξ̄�þðΞ�−Þ. The crucial part of
this approach is identifying the potential moments of the
angular distributions that are sensitive to the spin and parity
of the Ξ̄�þðΞ�−Þ.
The electron-positron annihilation process, which is

abundant in two-baryon production channels, offers excel-
lent opportunities to investigate the spins and parities of
excited baryons, as well as to study the transfer form factors
or the so-called effective transfer form factors between
various baryons. This process enables a comprehensive
understanding of the properties of baryons, consequently
enhancing our knowledge of QCD properties at low-energy
scales.
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APPENDIX A: THE DEFINITION AND
PROBABILITY OF THE SPIN COMPONENTS

FOR SPIN 5=2

In Eq. (20), we provide the general decomposition of
the spin density matrix for spin 5=2. Here, we clarify the
definitions and the physical interpretations of the 35
independent spin components.

The spin vector Si consists of three components

SxT ¼ hΣx
Ti; SyT ¼ hΣy

Ti; SL ¼ hΣLi: ðA1Þ

According to Eqs. (9)–(13), the corresponding projection
matrices are defined as

Σx
T ¼ Σx; Σy

T ¼ Σy; ΣL ¼ Σz: ðA2Þ

Based on Eq. (4), the matrices Σi in the Sz representation
are given by

Σx ¼ 1

2

0
BBBBBBBB@

0
ffiffiffi
5

p
0 0 0 0ffiffiffi

5
p

0 2
ffiffiffi
2

p
0 0 0

0 2
ffiffiffi
2

p
0 3 0 0

0 0 3 0 2
ffiffiffi
2

p
0

0 0 0 2
ffiffiffi
2

p
0

ffiffiffi
5

p

0 0 0 0
ffiffiffi
5

p
0

1
CCCCCCCCA
;

Σy ¼ i
2

0
BBBBBBBB@

0 −
ffiffiffi
5

p
0 0 0 0ffiffiffi

5
p

0 −2
ffiffiffi
2

p
0 0 0

0 2
ffiffiffi
2

p
0 −3 0 0

0 0 3 0 −2
ffiffiffi
2

p
0

0 0 0 2
ffiffiffi
2

p
0 −

ffiffiffi
5

p

0 0 0 0
ffiffiffi
5

p
0

1
CCCCCCCCA
;

Σz ¼ 1

2

0
BBBBBBBB@

5 0 0 0 0 0

0 3 0 0 0 0

0 0 1 0 0 0

0 0 0 −1 0 0

0 0 0 0 −3 0

0 0 0 0 0 −5

1
CCCCCCCCA
: ðA3Þ

The relationship of these matrices toQ5=2;1
M is established in

Eqs. (17) and (18), where coefficients t5=2;1M have values

n
t5=2;11 ; t5=2;10 ; t5=2;1−1

o
¼
	
5

6

ffiffiffiffiffi
21

p
;
5

6

ffiffiffiffiffi
21

p
;
5

6

ffiffiffiffiffi
21

p �
: ðA4Þ

The spin vector Si is determined by Eq. (14), and
represented as

Si ¼ ðSxT; SyT; SLÞ: ðA5Þ

The rank-two spin tensorTij comprises five spin components,

SLL ¼ hΣLLi; SxLT ¼ hΣx
LTi; SyLT ¼ hΣy

LTi;
SxxTT ¼ hΣxx

TTi; SxyTT ¼ hΣxy
TTi: ðA6Þ
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The projection matrices corresponding to these components,
as defined in Eqs. (9)–(13), are

ΣLL ¼ Σzz; Σx
LT ¼ Σxz; Σy

LT ¼ Σyz;

Σxx
TT ¼ Σxx − Σyy; Σxy

TT ¼ Σxy: ðA7Þ

The association of these matrices with Q5=2;3
M is specified in

Eqs. (17) and (18), where the coefficients t5=2;2M are

(
t5=2;22 ; t5=2;21 ; t5=2;20 ;

t5=2;2−1 ; t5=2;2−2

)
¼
(

2
3

ffiffiffiffiffiffiffiffi
210

p
; 1
3

ffiffiffiffiffiffiffiffi
210

p
; 2
3

ffiffiffiffiffi
70

p
;

1
3

ffiffiffiffiffiffiffiffi
210

p
; 1
3

ffiffiffiffiffiffiffiffi
210

p
)
:

ðA8Þ

The matrix representation of the rank-two spin tensor Tij

is derived using Eq. (14) and is expressed as

Tij ¼ 1

2

0
B@

SxxTT − SLL 2SxyTT 2SxLT
2SxyTT −SxxTT − SLL 2SyLT
2SxLT 2SyLT 2SLL

1
CA: ðA9Þ

The rank-three spin tensor Tijk includes seven spin
components,

SLLL ¼ hΣLLLi; SxLLT ¼ hΣx
LLTi; SyLLT ¼ hΣy

LLTi;
SxxLTT ¼ hΣxx

LTTi; SxyLTT ¼ hΣxy
LTTi;

SxxxTTT ¼ hΣxxx
TTTi; SxxyTTT ¼ hΣxxy

TTTi: ðA10Þ

The corresponding projection matrices are determined by
Eqs. (9)–(13) and given by

ΣLLL ¼ Σzzz; Σx
LLT ¼ Σxzz; Σy

LLT ¼ Σyzz;

Σxx
LTT ¼ Σxxz − Σyyz; Σxy

LTT ¼ Σxyz;

Σxxx
TTT ¼ Σxxx − 3Σyyx; Σxxy

TTT ¼ 3Σxxy − Σyyy: ðA11Þ

The relation of thesematrices toQ5=2;3
M is defined in Eqs. (17)

and (18), where the coefficients t5=2;3M are given by

8>>><
>>>:

t5=2;33 ; t5=2;32 ; t5=2;31 ;

t5=2;30 ; t5=2;3−1 ;

t5=2;3−2 ; t5=2;3−3

9>>>=
>>>;

¼

8>><
>>:

6
ffiffiffiffiffi
15

p
; 3

ffiffiffiffiffi
10

p
; 6;

3
ffiffiffi
6

p
; 6;

3
2

ffiffiffiffiffi
10

p
; 6

ffiffiffiffiffi
15

p

9>>=
>>;: ðA12Þ

The rank-three spin tensor Tijk is defined using Eq. (14), and
the calculation process is similar to that for Si and Tij.
Although not difficult to calculate, the expressions for Tijk

and higher orders likeTijkl andTijklm are lengthy and thus are
not presented with the details.

The rank-four spin tensor Tijkl comprises nine polari-
zation components, represented as follows:

SLLLL ¼ hΣLLLLi; SxLLLT ¼ hΣx
LLLTi;

SyLLLT ¼ hΣy
LLLTi; SxxLLTT ¼ hΣxx

LLTTi;
SxyLLTT ¼ hΣxy

LLTTi; SxxxLTTT ¼ hΣxxx
LTTTi;

SxxyLTTT ¼ hΣxxy
LTTTi; SxxxxTTTT ¼ hΣxxxx

TTTTi;
SxxxyTTTT ¼ hΣxxxy

TTTTi: ðA13Þ

The corresponding projection matrices for these compo-
nents are defined in Eqs. (9)–(13), and their expressions are

ΣLLLL ¼ Σzzzz; Σx
LLLT ¼ Σxzzz;

Σy
LLLT ¼ Σyzzz; Σxx

LLTT ¼ Σxxzz − Σyyzz;

Σxy
LLTT ¼ Σxyzz; Σxxx

LTTT ¼ Σxxxz − 3Σxyyz;

Σxxy
LTTT ¼ 3Σxxyz − Σyyyz;

Σxxxx
TTTT ¼ Σxxxx − 6Σxxyy þ Σyyyy;

Σxxxy
TTTT ¼ Σxxxy − Σxyyy: ðA14Þ

The relationship between these matrices and Q5=2;4
M is

detailed in Eqs. (17) and (18), where the coefficients t5=2;4M
are specified as

8>><
>>:

t5=2;44 ; t5=2;43 ; t5=2;42 ;

t5=2;41 ; t5=2;40 ; t5=2;4−1 ;

t5=2;4−2 ; t5=2;4−3 ; t5=2;4−4

9>>=
>>; ¼

8>><
>>:

20
ffiffiffi
6

p
; 10

ffiffiffi
3

p
; 10
7

ffiffiffiffiffi
42

p
;

10
7

ffiffiffiffiffi
21

p
; 4
7

ffiffiffiffiffiffiffiffi
210

p
; 10
7

ffiffiffiffiffi
21

p
;

5
7

ffiffiffiffiffi
42

p
; 10

ffiffiffi
3

p
; 5

ffiffiffi
6

p

9>>=
>>;:

ðA15Þ

Similarly, the rank-five spin tensor Tijklm consists of
eleven spin components, expressed as

SLLLLL ¼ hΣLLLLLi; SxLLLLT ¼ hΣx
LLLLTi;

SyLLLLT ¼ hΣy
LLLLTi; SxxLLLTT ¼ hΣxx

LLLTTi;
SxyLLLTT ¼ hΣxy

LLLTTi; SxxxLLTTT ¼ hΣxxx
LLTTTi;

SxxyLLTTT ¼ hΣxxy
LLTTTi; SxxxxLTTTT ¼ hΣxxxx

LTTTTi;
SxxxyLTTTT ¼ hΣxxxy

LTTTTi; SxxxxxTTTTT ¼ hΣxxxxx
TTTTTi;

SxxxxyTTTTT ¼ hΣxxxxy
TTTTTi: ðA16Þ

The relevant projection matrices for these components are
outlined in Eqs. (9)–(13), with their expressions being
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ΣLLLLL ¼ Σzzzzz; Σx
LLLLT ¼ Σxzzzz;

Σy
LLLLT ¼ Σyzzzz; Σxx

LLLTT ¼ Σxxzzz − Σyyzzz;

Σxy
LLLTT ¼ Σxyzzz; Σxxx

LLTTT ¼ Σxxxzz − 3Σxyyzz;

Σxxy
LLTTT ¼ 3Σxxyzz − Σyyyzz;

Σxxxx
LTTTT ¼ Σxxxxz − 6Σxxyyz þ Σyyyyz;

Σxxxy
LTTTT ¼ Σxxxyz − Σxyyyz;

Σxxxxx
TTTTT ¼ Σxxxxx − 10Σxxxyy þ 5Σxyyyy;

Σxxxxy
TTTTT ¼ 5Σxxxxy − 10Σxxyyy þ Σyyyyy: ðA17Þ

The association of these matrices with Q5=2;5
M is determined

in Eqs. (17) and (18), and the coefficients t5=2;5M are8>>>>><
>>>>>:

t5=2;55 ; t5=2;54 ; t5=2;53 ;

t5=2;52 ; t5=2;51 ; t5=2;50 ;

t5=2;5−1 ; t5=2;5−2 ; t5=2;5−3 ;

t5=2;5−4 ; t5=2;5−5

9>>>>>=
>>>>>;

¼

8>>>>><
>>>>>:

20
ffiffiffiffiffi
15

p
; 10

ffiffiffi
6

p
; 20
3

ffiffiffi
3

p
;

5
ffiffiffi
2

p
; 10
7

ffiffiffiffiffi
14

p
; 10
21

ffiffiffiffiffiffiffiffi
210

p
;

10
7

ffiffiffiffiffi
14

p
; 5
2

ffiffiffi
2

p
; 20
3

ffiffiffi
3

p
;

5
2

ffiffiffi
6

p
; 20

ffiffiffiffiffi
15

p

9>>>>>=
>>>>>;
:

ðA18Þ
The total degree of polarization is determined by Eq. (16),
given by

d ¼ 1ffiffiffiffiffi
2s

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2sþ 1ÞTr½ρ2s � − 1

q

¼
ffiffiffi
6

pffiffiffi
5

p
�
2

35
SiSi þ 1

56
TijTij þ 1

162
TijkTijk

þ 1

360
TijklTijkl þ 1

450
TijklmTijklm

�
1=2

: ðA19Þ

Following the approach presented in Ref. [78], we offer
the probabilistic interpretation for these spin components.
We introduce the spin projection operator along the ðθ;ϕÞ
direction as

Σin̂i ¼ Σx sin θ cosϕþ Σy sin θ sinϕþ Σz cos θ: ðA20Þ

The probability of finding this specific eigenstate from the
spin density matrix can be expressed as

Pðmðθ;ϕÞÞ ¼ Tr½ρjmðθ;ϕÞihmðθ;ϕÞj�: ðA21Þ

We focus on providing the physical interpretations for the
following longitudinal polarization components,

SL ¼ hΣzi; SLL ¼ hΣzzi; SLLL ¼ hΣzzzi;
SLLLL ¼ hΣzzzzi; SLLLLL ¼ hΣzzzzzi: ðA22Þ

Similar methods can be employed to determine other spin
components. While the calculations for these components
are direct, their expressions can be lengthy. To maintain
focus and conciseness, we have chosen not to present the
specifics of these additional components. Using the short-
hand notation, jmzi ¼ jmð0;0Þi, the probabilistic interpre-
tation of longitudinal spin components can be represented
as follows:

SL ¼ 5

2

�
Pz

�
5

2

�
− Pz

�
−
5

2

�
þ 3

2

�
Pz

�
3

2

�
− Pz

�
−
3

2

�
þ 1

2

�
Pz

�
1

2

�
− Pz

�
−
1

2

�
; ðA23Þ

SLL ¼ 10

3

�
Pz

�
5

2

�
þ Pz

�
−
5

2

�
−
2

3

�
Pz

�
3

2

�
þ Pz

�
−
3

2

�
−
8

3

�
Pz

�
1

2

�
þ Pz

�
−
1

2

�
; ðA24Þ

SLLL ¼ 3

�
Pz

�
5

2

�
− Pz

�
−
5

2

�
−
21

5

�
Pz

�
3

2

�
− Pz

�
−
3

2

�
−
12

5

�
Pz

�
1

2

�
− Pz

�
−
1

2

�
; ðA25Þ

SLLLL ¼ 12

7

�
Pz

�
5

2

�
þ Pz

�
−
5

2

�
−
36

7

�
Pz

�
3

2

�
þ Pz

�
−
3

2

�
þ 24

7

�
Pz

�
1

2

�
þ Pz

�
−
1

2

�
; ðA26Þ

SLLLLL ¼ 10

21

�
Pz

�
5

2

�
− Pz

�
−
5

2

�
−
50

21

�
Pz

�
3

2

�
− Pz

�
−
3

2

�
þ 100

21

�
Pz

�
1

2

�
− Pz

�
−
1

2

�
: ðA27Þ

The domains for these polarization components can be obtained from these probability interpretations,

SL∈
�
−
5

2
;
5

2


; SLL∈

�
−
8

3
;
10

3


; SLLL∈

�
−
21

5
;
21

5


; SLLLL∈

�
−
36

7
;
24

7


; SLLLLL∈

�
−
100

21
;
100

21


: ðA28Þ
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APPENDIX B: SPIN-3=2 AND SPIN-5=2 POLARIZATION PROJECTION MATRICES

In this section, we present explicit expressions of the polarization projection matrices for spin-3=2 and spin-5=2 particles
in the helicity formalism.
For spin 3=2 particles, we follow the matrix basis set selection in Refs. [54,109],

Σ0¼
1

4

0
BBB@
1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

1
CCCA; Σ1¼

1

10

0
BBB@
3 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −3

1
CCCA; Σ2¼

1

10

0
BBB@

0
ffiffiffi
3

p
0 0ffiffiffi

3
p

0 2 0

0 2 0
ffiffiffi
3

p

0 0
ffiffiffi
3

p
0

1
CCCA;

Σ3¼
i
10

0
BBB@

0 −
ffiffiffi
3

p
0 0ffiffiffi

3
p

0 −2 0

0 2 0 −
ffiffiffi
3

p

0 0
ffiffiffi
3

p
0

1
CCCA; Σ4¼

1

4

0
BBB@
1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 1

1
CCCA; Σ5¼

ffiffiffi
3

p

12

0
BBB@
0 1 0 0

1 0 0 0

0 0 0 −1
0 0 −1 0

1
CCCA;

Σ6¼
i
ffiffiffi
3

p

12

0
BBB@
0 −1 0 0

1 0 0 0

0 0 0 1

0 0 −1 0

1
CCCA; Σ7¼

ffiffiffi
3

p

12

0
BBB@
0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

1
CCCA; Σ8¼

i
ffiffiffi
3

p

12

0
BBB@
0 0 −1 0

0 0 0 −1
1 0 0 0

0 1 0 0

1
CCCA;

Σ9¼
1

6

0
BBB@
1 0 0 0

0 −3 0 0

0 0 3 0

0 0 0 −1

1
CCCA; Σ10¼

ffiffiffi
3

p

6

0
BBB@
0 1 0 0

1 0 −
ffiffiffi
3

p
0

0 −
ffiffiffi
3

p
0 1

0 0 1 0

1
CCCA; Σ11¼

i
ffiffiffi
3

p

6

0
BBB@
0 −1 0 0

1 0
ffiffiffi
3

p
0

0 −
ffiffiffi
3

p
0 −1

0 0 1 0

1
CCCA;

Σ12¼
ffiffiffi
3

p

12

0
BBB@
0 0 1 0

0 0 0 −1
1 0 0 0

0 −1 0 0

1
CCCA; Σ13¼

i
ffiffiffi
3

p

12

0
BBB@
0 0 −1 0

0 0 0 1

1 0 0 0

0 −1 0 0

1
CCCA; Σ14¼

1

6

0
BBB@
0 0 0 1

0 0 0 0

0 0 0 0

1 0 0 0

1
CCCA; Σ15¼

i
6

0
BBB@
0 0 0 −1
0 0 0 0

0 0 0 0

1 0 0 0

1
CCCA: ðB1Þ

For spin-5=2 particles, the matrix basis subset associated with longitudinal polarization components is given by

Σ0¼
1

6

0
BBBBBBBBB@

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

1
CCCCCCCCCA
; Σ1¼

1

35

0
BBBBBBBBB@

5 0 0 0 0 0

0 3 0 0 0 0

0 0 1 0 0 0

0 0 0 −1 0 0

0 0 0 0 −3 0

0 0 0 0 0 −5

1
CCCCCCCCCA
; Σ2¼

1

56

0
BBBBBBBBB@

5 0 0 0 0 0

0 −1 0 0 0 0

0 0 −4 0 0 0

0 0 0 −4 0 0

0 0 0 0 −1 0

0 0 0 0 0 5

1
CCCCCCCCCA
;

Σ3¼
1

108

0
BBBBBBBBB@

5 0 0 0 0 0

0 −7 0 0 0 0

0 0 −4 0 0 0

0 0 0 4 0 0

0 0 0 0 7 0

0 0 0 0 0 −5

1
CCCCCCCCCA
; Σ4¼

1

48

0
BBBBBBBBB@

1 0 0 0 0 0

0 −3 0 0 0 0

0 0 2 0 0 0

0 0 0 2 0 0

0 0 0 0 −3 0

0 0 0 0 0 1

1
CCCCCCCCCA
; Σ5¼

1

120

0
BBBBBBBBB@

1 0 0 0 0 0

0 −5 0 0 0 0

0 0 10 0 0 0

0 0 0 −10 0 0

0 0 0 0 5 0

0 0 0 0 0 −1

1
CCCCCCCCCA
: ðB2Þ
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APPENDIX C: POLARIZATION TRANSFER MATRIX

In Sec. IV, we describe the decay processes of baryons using transition matrices aμν, bμν, and dμν. These matrices are
crucial for understanding the polarization dynamics in baryon decays, and we provide detailed expressions for each matrix.
For the decay process 1=2 → 1=2þ 0, the polarization transition matrix aμν contains 14 nonzero elements. Among these,

10 terms do not involve αD, given by [53]

a0;0 ¼ 1;

a1;1 ¼ γD cos θ cosϕ − βD sinϕ;

a1;2 ¼ −βD cos θ cosϕ − γD sinϕ;

a1;3 ¼ sin θ cosϕ;

a2;1 ¼ βD cosϕþ γD cos θ sinϕ;

a2;2 ¼ γD cosϕ − βD cos θ sinϕ;

a2;3 ¼ sin θ sinϕ;

a3;1 ¼ −γD sin θ;

a3;2 ¼ βD sin θ;

a3;3 ¼ cos θ: ðC1Þ

The remaining four terms, which are dependent on αD, are expressed as

fa0;3; a1;0; a2;0; a3;0g ¼ αDfa0;0; a1;3; a2;3; a3;3g; ðC2Þ

where the items in the left-hand list are equal to the corresponding items in the right-hand list multiplied by αD, for
example, a0;3 ¼ αDa0;0.
For the decay process 3=2 → 1=2þ 0 the polarization transition matrix bμν includes 52 nonzero elements. Of these, 36

terms do not involve αD, given by [54]

b0;0 ¼ 1;

b1;1 ¼ −
4

5
γD sin θ;

b1;2 ¼
4

5
βD sin θ;

b1;3 ¼
2

5
cos θ;

b2;1 ¼ −
4

5
ð−γD cos θ cosϕþ βD sinϕÞ;

b2;2 ¼ −
4

5
ðβD cos θ cosϕþ γD sinϕÞ;

b2;3 ¼
2

5
sin θ cosϕ;

b3;1 ¼
4

5
ðβD cosϕþ γD cos θ sinϕÞ;

b3;2 ¼
4

5
ðγD cosϕ − βD cos θ sinϕÞ;

b3;3 ¼
2

5
sin θ sinϕ;
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b4;0 ¼ −
1

4
ð1þ 3 cos 2θÞ;

b5;0 ¼ − sin θ cos θ cosϕ;

b6;0 ¼ − sin θ cos θ sinϕ;

b7;0 ¼ −
1

2
sin2θ cos 2ϕ;

b8;0 ¼ −sin2θ sinϕ cosϕ;

b9;1 ¼
1

4
γDðsin θ þ 5 sin 3θÞ;

b9;2 ¼ −
1

4
βDðsin θ þ 5 sin 3θÞ;

b9;3 ¼ −
1

4
ð3 cos θ þ 5 cos 3θÞ;

b10;1 ¼
1

8
½2βDð3þ 5 cos 2θÞ sinϕ − γDðcos θ þ 15 cos 3θÞ cosϕ�;

b10;2 ¼
1

8
½2γDð3þ 5 cos 2θÞ sinϕþ βDðcos θ þ 15 cos 3θÞ cosϕ�;

b10;3 ¼ −
3

8
ðsin θ þ 5 sin 3θÞ cosϕ;

b11;1 ¼ −
1

8
½2βDð3þ 5 cos 2θÞ cosϕþ γDðcos θ þ 15 cos 3θÞ sinϕ�;

b11;2 ¼ −
1

8
½2γDð3þ 5 cos 2θÞ cosϕ − βDðcos θ þ 15 cos 3θÞ sinϕ�;

b11;3 ¼ −
3

8
ðsin θ þ 5 sin 3θÞ sinϕ;

b12;1 ¼
1

4
sin θ½4βD cos θ sin 2ϕ − γDð1þ 3 cos 2θÞ cos 2ϕ�;

b12;2 ¼
1

4
sin θ½4γD cos θ sin 2ϕþ βDð1þ 3 cos 2θÞ cos 2ϕ�;

b12;3 ¼ −
3

2
sin2θ cos θ cos 2ϕ;

b13;1 ¼ −
1

4
sin θ½4βD cos θ cos 2ϕþ γDð1þ 3 cos 2θÞ sin 2ϕ�;

b13;2 ¼ −
1

4
sin θ½4γD cos θ cos 2ϕ − βDð1þ 3 cos 2θÞ sin 2ϕ�;

b13;3 ¼ −3sin2θ cos θ sinϕ cosϕ;

b14;1 ¼
1

2
sin2θðβD sin 3ϕ − γD cos θ cos 3ϕÞ;

b14;2 ¼
1

2
sin2θðγD sin 3ϕþ βD cos θ cos 3ϕÞ;

b14;3 ¼ −
1

2
sin3θ cos 3ϕ;

b15;1 ¼ −
1

2
sin2θðβD cos 3ϕþ γD cos θ sin 3ϕÞ;

b15;2 ¼ −
1

2
sin2θðγD cos 3ϕ − βD cos θ sin 3ϕÞ;

b15;3 ¼ −
1

2
sin3θ sin 3ϕ: ðC3Þ
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The remaining 16 terms, which depend on αD, are
expressed as

8>>>>>>>>><
>>>>>>>>>:

b0;3; b1;0; b2;0;

b3;0; b4;3; b5;3;

b6;3; b7;3; b8;3;

b9;0; b10;0; b11;0;

b12;0; b13;0; b14;0;

b15;0

9>>>>>>>>>=
>>>>>>>>>;

¼αD

8>>>>>>>>><
>>>>>>>>>:

b0;0; b1;3; b2;3;

b3;3; b4;0; b5;0;

b6;0; b7;0; b8;0;

b9;3; b10;3; b11;3
b12;3; b13;3; b14;3;

b15;3

9>>>>>>>>>=
>>>>>>>>>;
: ðC4Þ

For the decay process 5=2 → 1=2þ 0, when focusing
only on the longitudinal polarization components of the
parent particle, the polarization transition matrix dμν con-
tains 18 nonzero elements. Among these, 12 terms do not
involve αD, given by

d0;0 ¼ 1;

d2;0 ¼ −
3

14
ð1þ 3 cos 2θÞ;

d4;0 ¼
3

32
ð9þ 20 cos 2θ þ 35 cos 4θÞ;

d1;3 ¼
6

35
cos θ;

d3;3 ¼ −
1

6
ð3 cos θ þ 5 cos 3θÞ;

d5;3 ¼
15

32
ð30 cos θ þ 35 cos 3θ þ 63 cos 5θÞ;

d1;1 ¼ −
18

35
γD sin θ;

d3;1 ¼
1

4
γDðsin θ þ 5 sin 3θÞ;

d5;1 ¼ −
45

32
γDð2 sin θ þ 7 sin 3θ þ 21 sin 5θÞ;

d1;2 ¼
18

35
βD sin θ;

d3;2 ¼ −
1

4
βDðsin θ þ 5 sin 3θÞ;

d5;2 ¼
45

32
βDð2 sin θ þ 7 sin 3θ þ 21 sin 5θÞ: ðC5Þ

The remaining 6 terms, which depend on αD, are
described as

	
d0;3; d1;0; d2;3;

d3;0; d4;3; d5;0

�
¼αD

	
d0;0; d1;3; d2;0;

d3;3; d4;0; d5;3

�
: ðC6Þ

APPENDIX D: CONVENTION FOR THE SPIN-1=2,
SPIN-1, SPIN-3=2, SPIN-5=2 SPINORS

In this section, we present the field spinors for particles
with spins 1=2, 1, 3=2, and 5=2 in the Pauli-Dirac
representation. We denote the mass of particle as m and
the four-momentum as

pμ ¼ ðE; jp⃗j sin θ cosϕ; jp⃗j sin θ sinϕ; jp⃗j cos θÞ: ðD1Þ

For spin 1=2 fields, which satisfy the Dirac equation
[123], the polarization vectors with helicity λ ¼ �1 are
given by

uðp;�Þ¼
 ffiffiffiffiffiffiffiffiffiffiffiffi

Eþm
p

χ�
� ffiffiffiffiffiffiffiffiffiffiffiffi

E−m
p

χ�

!
;

vðp;�Þ¼
 ffiffiffiffiffiffiffiffiffiffiffiffi

E−m
p

χ∓
∓ ffiffiffiffiffiffiffiffiffiffiffiffi

Eþm
p

χ∓

!
; ðD2Þ

where χ� are the two-component spinors defined as

χþ ¼
 

cos θ
2

sin θ
2
eiϕ

!
;

χ− ¼
 

− sin θ
2

cos θ
2
eiϕ

!
: ðD3Þ

For spin-1 fields, which are solutions to the Proca
equation [124], the polarization vectors for helicities
λ ¼ �1; 0 are given by

εμðp;�Þ ¼ 1ffiffiffi
2

p

0
BBBBB@

0

∓ cos θ cosϕþ i sinϕ

∓ cos θ sinϕ − i cosϕ

� sin θ

1
CCCCCA;

εμðp; 0Þ ¼ 1

m

0
BBBBB@

jp⃗j
E sin θ cosϕ

E sin θ sinϕ

E cos θ

1
CCCCCA: ðD4Þ

For higher-spin spinors, solutions are obtained using
Klein-Gordon equations for integer spins, and Rarita-
Schwinger equations [125] for half-integer spins. We
follow conventions in Ref. [126].
For spin 3=2, the polarization vectors with helicities

λ ¼ �3=2;�1=2 are given by
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uμ
�
p;� 3

2

�
¼ εμ�ðpÞu�ðpÞ;

uμ
�
p;� 1

2

�
¼

ffiffiffiffiffiffiffiffi
1=3

p
εμ�ðpÞu∓ðpÞ þ

ffiffiffiffiffiffiffiffi
2=3

p
εμ0ðpÞu�ðpÞ;

vμ
�
p;� 3

2

�
¼ εμ�� ðpÞv�ðpÞ;

vμ
�
p;� 1

2

�
¼

ffiffiffiffiffiffiffiffi
1=3

p
εμ�� ðpÞv∓ðpÞ þ

ffiffiffiffiffiffiffiffi
2=3

p
εμ�0 ðpÞv�ðpÞ; ðD5Þ

For spin 5=2, the polarization vectors with helicities λ ¼ �5=2;�3=2;�1=2 are given by
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