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We apply the QCD sum rule method to study the light single-gluon hybrid states with various (exotic)
quantum numbers. We construct 24 single-gluon hybrid currents and use 18 of them to calculate the masses
of 44 single-gluon hybrid states with the quark-gluon contents q̄qg (q ¼ u=d) and s̄sg. We concentrate on
the hybrid states with the exotic quantum number JPC ¼ 1−þ, whose masses and widths are calculated to be
Mjq̄qg;1−1−þi ¼ 1.67þ0.15

−0.17 GeV, Γjq̄qg;1−1−þi ¼ 530þ540
−330 MeV, Mjq̄qg;0þ1−þi ¼ 1.67þ0.15

−0.17 GeV, Γjq̄qg;0þ1−þi ¼
120þ160

−110 MeV, Mjs̄sg;0þ1−þi ¼ 1.84þ0.14
−0.15 GeV, and Γjs̄sg;0þ1−þi ¼ 100þ110

−80 MeV. Our results support the
interpretations of the π1ð1600Þ and η1ð1855Þ as the hybrid states jq̄qg; 1−1−þi and js̄sg; 0þ1−þi,
respectively. Considering the uncertainties, our results suggest that the π1ð1600Þ and η1ð1855Þ may also
be interpreted as the hybrid states jq̄qg; 1−1−þi and jq̄qg; 0þ1−þi, respectively. To differentiate these two
assignments and to verify whether they are hybrid states or not, we propose to examine the a1ð1260Þπ
decay channel in future experiments.

DOI: 10.1103/PhysRevD.110.034031

I. INTRODUCTION

A single-gluon hybrid state is composed of one valence
quark and one valence antiquark as well as one valence
gluon. Especially, the hybrid states with JPC ¼ 0�−=
1−þ=2þ−=3−þ= � � � are of particular interest, since these
exotic quantum numbers cannot be accessed by the conven-
tional q̄q meson [1–11]. Experimental confirmation of the
hybrid state is a direct test of QCD in the low-energy sector.
Recently, the BESIII Collaboration performed a partial
wave analysis of the J=ψ → γηη0 decay and observed the
η1ð1855Þ in the ηη0 mass spectrum with a statistical
significance larger than 19σ [12,13]. This state has the
exotic quantum number IGJPC ¼ 0þ1−þ. Its mass and
width were measured to be

η1ð1855Þ∶ M ¼ 1855� 9þ6
−1 MeV=c2;

Γ ¼ 188� 18þ3
−8 MeV: ð1Þ

Besides the isoscalar state η1ð1855Þ, there are three isovector
states, π1ð1400Þ [14], π1ð1600Þ [15], and π1ð2015Þ [16],
which have the exotic quantum number IGJPC ¼ 1−1−þ.
According to PDG, their masses and widths are [1]

π1ð1400Þ∶ M ¼ 1354� 25 MeV;

Γ ¼ 330� 35 MeV; ð2Þ

π1ð1600Þ∶ M ¼ 1661þ15
−11 MeV;

Γ ¼ 240� 50 MeV; ð3Þ

π1ð2015Þ∶ M ¼ 2014� 20� 16 MeV;

Γ ¼ 230� 32� 73 MeV: ð4Þ

The π1ð1400Þ was observed in the ηπ decay channel by
several collaborations [14,17–21]. It was also observed in the
ρπ decay channel by OBELIX [22], but this was not
confirmed by COMPASS [23]. The π1ð1600Þ was observed
in the ρπ, η0π, b1ð1235Þπ, and f1ð1285Þπ decay channels by
several collaborations [15,24–27], while the π1ð2015Þ was
observed in the b1ð1235Þπ and f1ð1285Þπ decay channels
only in the Brookhaven National Laboratory E852 experi-
ments [16,28]. In recent years, the COMPASS and JPAC
Collaborations further examined the ηπ and η0π decay
channels [23,29–31], and their results suggest that there is
only one exotic π1 resonance coupling to both the ηπ and η0π
channels, while there is no evidence for a second exotic
resonance. Its mass andwidth were determined to be 1564�
24� 86 and 492� 54� 102 MeV, respectively [29].
In the past 50 years, there have been a lot of theoretical

investigations on the hybrid states, such as the MIT bag
model [32–34], flux-tube model [35–38], AdS/QCD model
[39,40], lattice QCD [41–45], QCD sum rules [46–51], and
constituent gluon model [52–54], etc. However, their nature
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remains elusive, since we still poorly understand the
gluon degree of freedom. Experimentally, it is not easy
to identify the hybrid states unambiguously, so there is
currently no definite experimental evidence on their exist-
ence. Theoretically, it is also not easy to define the gluon
degree of freedom, and a precise definition of the con-
stituent gluon is still lacking. We refer to Refs. [52–59] for
discussions on how to construct glueballs and hybrid states
using the constituent gluons.
There have been many theoretical calculations on

the masses of the JPC ¼ 1−þ hybrid states [60–66]. For
examples, their masses extracted from the lattice QCD
simulations are about 1.7 [67], 1.8 [68], and 2.0 GeV [69],
while their masses extracted from the flux-tube model and
the constituent gluon model are about 1.9 GeV [70–72].
The QCD sum rule method has been widely applied to
study the JPC ¼ 1−þ hybrid states in Refs. [73–79], and
this method has also been applied to study the JPC ¼ 0þ−

and 2þ− hybrid states in Refs. [80,81]. We refer to
Refs. [82–108] for more theoretical studies. We also refer
to our recent review [11] as well as the reviews [2–10] for
detailed discussions.
Besides the exotic quantum numbers JPC ¼ 0þ−=

1−þ=2þ−, the light single-gluon hybrid states with other
quantum numbers have not been well studied in the
literature. Accordingly, in this paper, we shall systemati-
cally investigate the single-gluon hybrid states with various
(exotic) quantum numbers through the QCD sum rule
method. Especially, we shall concentrate on the hybrid
states with the exotic quantum number JPC ¼ 1−þ and
update the previous calculations on their mass spectrum
[76], given that some QCD parameters have been signifi-
cantly changed in recent years. We shall also update our
previous calculations on their decay properties [109–111],
with more decay channels taken into account (see the
caption of Table III). Assuming their quark-gluon contents
to be either q̄qg (q ¼ u=d) or s̄sg and their isospin to be
either I ¼ 1 or I ¼ 0, we shall calculate their masses and
widths to be

Mjq̄qg;1−1−þi ¼ 1.67þ0.15
−0.17 GeV;

Γjq̄qg;1−1−þi ¼ 530þ540
−330 MeV;

Mjq̄qg;0þ1−þi ¼ 1.67þ0.15
−0.17 GeV;

Γjq̄qg;0þ1−þi ¼ 120þ160
−110 MeV;

Mjs̄sg;0þ1−þi ¼ 1.84þ0.14
−0.15 GeV;

Γjs̄sg;0þ1−þi ¼ 100þ110
−80 MeV:

This paper is organized as follows. In Sec. II, we
construct 24 single-gluon hybrid currents with various
(exotic) quantum numbers. In Sec. III, we use 18 of them
to perform QCD sum rule analyses and calculate masses of
44 single-gluon hybrid states with the quark-gluon contents

q̄qg (q ¼ u=d) and s̄sg. Based on these results, we syste-
matically study the decay properties of the JPC ¼ 1−þ
hybrid states in Sec. IV. The obtained results are summa-
rized in Sec. V.

II. SINGLE-GLUON HYBRID CURRENTS

In this section, we systematically construct the single-
gluon hybrid currents using the light quark field qaðxÞ
and its dual field q̄aðxÞ as well as the gluon field strength
tensorGn

μνðxÞ and its dual field G̃n
μν ¼ Gn;ρσ × ϵμνρσ=2, with

a ¼ 1…3 and n ¼ 1…8 the color indices and μ…σ the
Lorentz indices. Generally speaking, we can construct the
single-gluon hybrid currents by combining the color-octet
quark-antiquark fields

q̄aλabn γ5qb; q̄aλabn qb;

q̄aλabn γμqb; q̄aλabn γμγ5qb;

q̄aλabn σμνqb ð5Þ

and the color-octet gluon fields

Gαβ
n ; G̃αβ

n ; ð6Þ

together with some Lorentz coefficients Γμν…αβ.
As summarized in Fig. 1, there are altogether 24 single-

gluon hybrid currents, denoted as J…JPC=J̃
…
JPC with J the

total spin:

Jαβ1−− ¼ q̄aλabn γ5qbgsG
αβ
n ; ð7Þ

J̃αβ
1þ− ¼ q̄aλabn γ5qbgsG̃

αβ
n ; ð8Þ

Jαβ
1þ− ¼ q̄aλabn qbgsG

αβ
n ; ð9Þ

J̃αβ1−− ¼ q̄aλabn qbgsG̃
αβ
n ; ð10Þ

Jμ
1−þ ¼ q̄aλabn γβqbgsG

μβ
n ; ð11Þ

J̃μ
1þþ ¼ q̄aλabn γβqbgsG̃

μβ
n ; ð12Þ

Jμ
1þ− ¼ q̄aλabn γβγ5qbgsG

μβ
n ; ð13Þ

J̃μ1−− ¼ q̄aλabn γβγ5qbgsG̃
μβ
n ; ð14Þ

Jμ;αβ
2−þ ¼ q̄aλabn γμqbgsG

αβ
n ; ð15Þ

J̃μ;αβ
2þþ ¼ q̄aλabn γμqbgsG̃

αβ
n ; ð16Þ

Jμ;αβ
2þ− ¼ q̄aλabn γμγ5qbgsG

αβ
n ; ð17Þ

J̃μ;αβ2−− ¼ q̄aλabn γμγ5qbgsG̃
αβ
n ; ð18Þ
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J0þþ ¼ q̄aλabn σμνqbgsG
μν
n ; ð19Þ

J̃0−þ ¼ q̄aλabn σμνqbgsG̃
μν
n ; ð20Þ

J0−þ ¼ q̄aλabn σμνγ5qbgsG
μν
n ; ð21Þ

J̃0þþ ¼ q̄aλabn σμνγ5qbgsG̃
μν
n ; ð22Þ

Jαβ
1þþ ¼ A½q̄aλabn σαμqbgsG

β
n;μ�; ð23Þ

J̃αβ
1−þ ¼ A½q̄aλabn σαμqbgsG̃

β
n;μ�; ð24Þ

Jαβ
1−þ ¼ A½q̄aλabn σαμγ5qbgsG

β
n;μ�; ð25Þ

J̃αβ
1þþ ¼ A½q̄aλabn σαμγ5qbgsG̃

β
n;μ�; ð26Þ

Jα1β1;α2β2
2þþ ¼ S½q̄aλabn σα1β1qbgsG

α2β2
n �; ð27Þ

J̃α1β1;α2β2
2−þ ¼ S½q̄aλabn σα1β1qbgsG̃

α2β2
n �; ð28Þ

Jα1β1;α2β2
2−þ ¼ S½q̄aλabn σα1β1γ5qbgsG

α2β2
n �; ð29Þ

J̃α1β1;α2β2
2þþ ¼ S½q̄aλabn σα1β1γ5qbgsG̃

α2β2
n �: ð30Þ

Especially, we shall concentrate on the fifth current Jμ
1−þ

with the exotic quantum number JPC ¼ 1−þ, while this
current also contains the JPC ¼ 0þþ component, so we
need to separate the JPC ¼ 1−þ and 0þþ components in the
calculations, as discussed below. In the above expressions,
fαβg=fα1β1g=fα2β2g are antisymmetric Lorentz pairs.
The four currents Jμ;αβ

2−þ , J̃
μ;αβ
2þþ , J

μ;αβ
2þ− , and J̃μ;αβ2−− all contain

three Lorentz indices with the mixed symmetry, so their
spin-2 components cannot be easily extracted. We shall not
investigate these four currents in the present study, and we
refer to Ref. [81] for detailed discussions. The symbol

FIG. 1. Categorization of the single-gluon hybrid currents.
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A½� � �� represents antisymmetrization in the set fαβg, which
can be done by multiplying the projection operator

Γα0β0;αβ ¼ gα0αgβ0β − gβ0αgα0β: ð31Þ
The symbol S½� � �� represents symmetrization and sub-
tracting trace terms in the two sets fα1α2g and fβ1β2g
simultaneously. In the present study, we need to investigate
only its leading spin-2 component, which can be done by
multiplying the projection operator

Γ0
α0
1
β0
1
;α0

2
β0
2
;α1β1;α2β2

¼ ðgα0
1
α1gβ01β1 − gβ0

1
α1gα01β1Þðgα02α2gβ02β2 − gβ0

2
α2gα02β2Þ

þ ðgα0
1
α2gβ01β1 − gβ0

1
α2gα01β1Þðgα02α1gβ02β2 − gβ0

2
α1gα02β2Þ

þ ðgα0
1
α1gβ01β2 − gβ0

1
α1gα01β2Þðgα02α2gβ02β1 − gβ0

2
α2gα02β1Þ

þ ðgα0
1
α2gβ01β2 − gβ0

1
α2gα01β2Þðgα02α1gβ02β1 − gβ0

2
α1gα02β1Þ

þ � � � ; ð32Þ
where � � � contains the irrelevant terms.
Before performing QCD sum rule analyses, we sepa-

rately discuss the Lorentz structures of the above single-
gluon hybrid currents as follows.

(i) Because of the formula σμνγ5 ¼ ϵμνρσσ
ρσ × i=2, the

two currents J0þþ and J̃0þþ are equivalent, and the
other two currents J0−þ and J̃0−þ are also equivalent.
Hence, we shall study only the currents J0þþ

and J0−þ .
(ii) The current Jαβ1−− , with two antisymmetric Lorentz

indices fαβg, contains both the JPC ¼ 1−− and 1þ−

components, so it couples to both the JPC ¼ 1−− and
1þ− states through

h0jJαβ1−− jX1−−i ¼ if1−−ϵαβμνϵμqν; ð33Þ

h0jJαβ1−− jX̃1þ−i ¼ if̃1þ−ðqαϵβ − qβϵαÞ; ð34Þ

where f1−− and f̃1þ− are two decay constants. Given
the Lorentz structures of Eqs. (33) and (34) to be
totally different, we can clearly separate the two
states X1−− and X̃1þ− at the hadron level; i.e., we can
isolate X1−− by investigating the two-point correla-
tion function containing

h0jJαβ1−− jX1−−ihX1−− jJα
0β0†

1−− j0i
¼ f21−−ϵ

αβμνϵμqνϵα
0β0μ0ν0ϵ�μ0qν0

¼ −f21−−q2ðgαα
0
gββ

0 − gαβ
0
gβα

0 Þ þ � � � ; ð35Þ
while the correlation function of X̃1þ− does not
contain the above coefficient. It is not so easy to
isolate X̃1þ− from Jαβ1−− , but, instead, we can study the
dual current J̃αβ

1þ− that couples to X1−− and X̃1þ− in the
opposite ways. According to the above analysis,

we shall study the single-gluon hybrid currents
Jαβ1−−=J̃

αβ
1þ−=J

αβ
1þ−=J̃

αβ
1−−=J

αβ
1þþ=J̃

αβ
1−þ=J

αβ
1−þ=J̃

αβ
1þþ to inves-

tigate the single-gluon hybrid states of JPC ¼ 1−−=
1þ−=1þ−=1−−=1þþ=1−þ=1−þ=1þþ, respectively.

(iii) The four currents Jα1β1;α2β2
2þþ , J̃α1β1;α2β2

2−þ , Jα1β1;α2β2
2−þ , and

J̃α1β1;α2β2
2þþ all contain various JPC components and so

couple to many states. We shall investigate only
the four J ¼ 2 states of JPC ¼ 2þþ=2−þ=2−þ=2þþ
by calculating the highest-order correlation func-
tions, e.g.,

Πα1β1;α2β2;α01β
0
1
;α0

2
β0
2

2þþ ðq2Þ

¼ i
Z

d4xeiqxh0jT½Jα1β1;α2β2
2þþ ðxÞJα01β01;α02β02†

2þþ ð0Þ�j0i

¼ S0½gα1α01gβ1β01gα2α02gβ2β02 �Π2þþðq2Þ þ � � � ; ð36Þ
where S0½� � �� represents symmetrization and sub-
tracting trace terms in the four sets fα1α2g, fβ1β2g,
fα01α02g, and fβ01β02g simultaneously. The correlation
function Π2þþðq2Þ is contributed only by the JPC ¼
2þþ component, while � � � contains the contributions
from all the JPC components coupling to Jα1β1;α2β2

2þþ .
However, we do not know the explicit expression of
the rearrangement S0½� � ��, so we are not able to
calculate the decay constants of these four currents.

(iv) The current Jμ
1−þ contains both the JPC ¼ 1−þ and

0þþ components, so it couples to both the JPC ¼
1þ− and 0þþ states through

h0jJμ
1−þjX1−þi ¼ ϵμf1−þ ; ð37Þ

h0jJμ
1−þjX0þþi ¼ qμf0þþ ; ð38Þ

where f1−þ and f0þþ are two decay constants. We
can clearly separate the two states X1−þ and X0þþ at
the hadron level by calculating both Π1−þðq2Þ and
Π0þþðq2Þ of the two-point correlation function

Πμν
1−þðq2Þ

≡ i
Z

d4xeiqxh0jT½Jμ
1−þðxÞJν†1−þð0Þ�j0i

¼ ðgμν − qμqν=q2ÞΠ1−þðq2Þ þ ðqμqν=q2ÞΠ0þþðq2Þ:
ð39Þ

Similarly, we shall study the single-gluon hybrid
currents J̃μ

1þþ=J
μ
1þ−=J̃

μ
1−− to investigate the single-

gluon hybrid states of both JPC ¼ 1þþ=1þ−=1−−

and JPC ¼ 0−þ=0−−=0þ−.

III. QCD SUM RULE ANALYSES

In this section, we use the single-gluon hybrid currents
given in Eqs. (7)–(14) and (19)–(30) to perform QCD sum
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rule analyses. We use the current Jμ
1−þ given in Eq. (11)

as an example. Based on Eqs. (37) and (39), we study its
two-point correlation function

Πμν
1−þðq2Þ ¼ i

Z
d4xeiqxh0jT½Jμ

1−þðxÞJν†1−þð0Þ�j0i

¼ ðgμν − qμqν=q2ÞΠ1−þðq2Þ þ � � � ; ð40Þ
at both the hadron and quark-gluon levels, where Π1−þðq2Þ
is contributed by the JPC ¼ 1−þ state X1−þ and � � � is
contributed by the JPC ¼ 0þþ state X0þþ .
We use the dispersion relation to express Π1−þðq2Þ as

Π1−þðq2Þ ¼
Z

∞

s<

ρ1−þðsÞ
s − q2 − iε

ds; ð41Þ

where ρ1−þðsÞ≡ ImΠ1−þðsÞ=π is the spectral density and
s< ¼ 4m2

q is the physical threshold.

At the hadron level, we parametrize ρphen
1−þ ðsÞ as one-pole

dominance for the state X1−þ together with a continuum
contribution:

ρphen
1−þ ðsÞ× ðgμν −qμqν=q2Þ
≡X

n

δðs−M2
nÞh0jJμ1−þjnihnjJν†1−þj0i

¼ f2
1−þδðs−M2

1−þÞ× ðgμν −qμqν=q2Þþ continuum: ð42Þ
At the quark-gluon level, we calculate ρOPE

1−þ ðsÞ through
the method of operator product expansion (OPE). After
performing the Borel transformation at both the hadron and
quark-gluon levels, we use ρOPE

1−þ ðsÞ above the threshold
value s0 to approximate the continuum and derive the sum
rule equation

Π1−þðs0;M2
BÞ≡ f2

1−þe
−M2

1−þ=M
2
B ¼

Z
s0

s<

e−s=M
2
BρOPE

1−þ ðsÞds;

ð43Þ
which can be used to further derive

M2
1−þðs0;MBÞ ¼

R
s0
s<
e−s=M

2
BsρOPE

1−þ ðsÞdsR
s0
s<
e−s=M

2
BρOPE

1−þ ðsÞds
; ð44Þ

f2
1−þðs0;MBÞ ¼ Π1−þðs0;M2

BÞ × eM
2

1−þ=M
2
B : ð45Þ

In the present study, we have considered the Feynman
diagrams depicted in Fig. 2 and calculated ρOPEðsÞ up to the
dimension-eight condensates. The gluon field strength
tensor Gn

μν is defined as

Gn
μν ¼ ∂μAn

ν − ∂νAn
μ þ gsfnpqAp;μAq;ν; ð46Þ

which can be separated into the former two terms (repre-
sented by the single-gluon line) and the third term
[represented by the double-gluon line with a red vertex;

e.g., see the diagram depicted in Fig. 2(c2)]. In the
calculations, we have considered the perturbative term,
the quark condensates, the quark-gluon mixed condensates,
the two-gluon condensate, the three-gluon condensate, and
their combinations. We have taken into account all the
diagrams proportional to αs × g0s and αs × g1s , but we have
taken into account only three diagrams proportional to
αs × g2s . We summarize the obtained OPE spectral densities
in the Appendix. Especially, the one extracted from the
current Jμ

1−þ with the quark-gluon content s̄sg is

Πμ
1−þðM2

B;s0Þ ¼
Z

s0

4m2
s

�
s3αs
60π3

−
m2

ss2αs
3π3

þ s
�hαsGGi

36π2

þ 13hαsGGiαs
432π3

þ 8mshs̄siαs
9π

�
þhg3sG3i

32π2

−
3hαsGGim2

sαs
64π3

−
3mshgss̄σGsiαs

4π

�

× e−s=M
2
Bdsþ

�hαsGGi2
3456π2

−
hg3sG3im2

s

16π2

−
2

9
hαsGGimshs̄siþ

11πhs̄sihgss̄σGsiαs
9

�
:

ð47Þ

FIG. 2. Feynman diagrams for the single-gluon hybrid state: (a)
and (b) are proportional to αs × g0s ; (c) and (d) are proportional to
αs × g1s ; (e) are proportional to αs × g2s .
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The one with the quark-gluon content q̄qg (q ¼ u=d) can
be easily derived by replacing ms → 0, hs̄si → hq̄qi, and
hgss̄σGsi → hgsq̄σGqi. Note that we do not differentiate
the up and down quarks in the calculations, so the states in
the same isospin multiplet have the same extracted hadron
mass; e.g., the two q̄qg states (q ¼ u=d) with the quantum
numbers IGJPC ¼ 0þ1−þ and 1−1−þ, coupled by the same
current Jμ

1−þ , have the same extracted hadron mass.
We use the spectral density ρs̄sg

1−þðsÞ given in Eq. (47)
to perform numerical analyses. It is extracted from the
current Jμ

1−þ with the quark-gluon content s̄sg, which
couples to the state

X1−þ ≡ js̄sg; 1−þi: ð48Þ

We shall use the following values for various QCD
parameters at the renormalization scale 2 GeV and the
QCD scale ΛQCD ¼ 300 MeV [1,112–119]:

αsðQ2Þ ¼ 4π

11 lnðQ2=Λ2
QCDÞ

;

hq̄qi ¼ −ð0.240� 0.010Þ3 GeV3;

hs̄si ¼ ð0.8� 0.1Þ × hq̄qi;
hgsq̄σGqi ¼ ð0.8� 0.2Þ × hq̄qi GeV2;

hgss̄σGsi ¼ ð0.8� 0.2Þ × hs̄si;
hαsGGi ¼ ð6.35� 0.35Þ × 10−2 GeV4;

hg3sG3i ¼ ð8.2� 1.0Þ × hαsGGi GeV2;

ms ¼ 93þ11
−5 MeV: ð49Þ

Note that the value of the gluon condensate hαsGGi is taken
from Ref. [119], which was written in 2018.
The mass M1−þ calculated by Eq. (44) depends on two

free parameters: the Borel mass MB and the threshold
value s0. We shall determine their proper working regions
through three criteria: (a) the sufficiently good convergence
of OPE, (b) the sufficiently large pole contribution, and
(c) the sufficiently weak dependence of the mass M1−þ on
these two parameters.
In order to have the sufficiently good convergence of

OPE, we require the αs × g2s terms to be less than 5% and
the D ¼ 6þ 8 terms to be less than 10%:

CVGA≡
����Πgn¼4

s ð∞;M2
BÞ

Πð∞;M2
BÞ
���� ≤ 5%; ð50Þ

CVGB≡
����ΠD¼6þ8ð∞;M2

BÞ
Πð∞;M2

BÞ
���� ≤ 10%: ð51Þ

As depicted in Fig. 3, we determine the minimum Borel
mass to beM2

B ≥ 2.26 GeV2, when setting s0 ¼ 6.2 GeV2.

In order to have the sufficiently large pole contribution,
we require

PC≡
����Πðs0;M2

BÞ
Πð∞;M2

BÞ
���� ≥ 40%: ð52Þ

As depicted in Fig. 3, we determine the maximum Borel
mass to beM2

B ≤ 2.54 GeV2, when setting s0 ¼ 6.2 GeV2.
Altogether the Borel window is determined to be

2.26GeV2≤M2
B≤2.54GeV2, when setting s0¼6.2GeV2.

Note that this Borel window is not so wide, and it was
pointed in Ref. [120] that the narrow Borel window may
indicate that the understanding of this state as a particle has
limitations, so further studies on the hybrid states and
particles are crucially demanded. We further change s0
and find that there are nonvanishing Borel windows for
s0 ≥ smin

0 ¼ 5.1 GeV2. We choose s0 to be about 10%
larger and determine its working region to be 5.2 GeV2 ≤
s0 ≤ 7.2 GeV2, where we calculate the mass and decay
constant of the single-gluon hybrid state X1−þ ≡ js̄sg; 1−þi
to be

Mjs̄sg;1−þi ¼ 1.84þ0.14
−0.15 GeV; ð53Þ

fjs̄sg;1−þi ¼ 0.300þ0.063
−0.058 GeV4: ð54Þ

Their uncertainties come fromMB and s0 as well as various
QCD parameters listed in Eq. (49). We show the mass
Mjs̄sg;1−þi in Fig. 4 with respect to the threshold value s0
and the Borel mass MB. In the left panel, the mass
dependence on s0 is moderate inside the working region
5.2 GeV2 ≤ s0 ≤ 7.2 GeV2. In the right panel, the mass
curves are sufficiently stable inside the Borel window
2.26 GeV2 ≤ M2

B ≤ 2.54 GeV2.
Similarly, we perform numerical analyses using the other

single-gluon hybrid currents with the quark-gluon con-
tents q̄qg (q ¼ u=d) and s̄sg. The obtained results are

FIG. 3. CVGA=B and PC with respect to the Borel mass MB,
when setting s0 ¼ 6.2 GeV2. These curves are obtained using the
spectral density ρs̄sg

1−þðsÞ extracted from the current Jμ
1−þ with the

quark-gluon content s̄sg.
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summarized in Tables I and II. Especially, we use the
current Jμ

1−þ with the quark-gluon content q̄qg (q ¼ u=d) to
calculate the mass and decay constant of the single-gluon
hybrid state jq̄qg; 1−þi to be

Mjq̄qg;1−þi ¼ 1.67þ0.15
−0.17 GeV; ð55Þ

fjq̄qg;1−þi ¼ 0.243þ0.057
−0.052 GeV4: ð56Þ

5.2 6.2 7.2
1.0

1.5

2.0

2.5

1.0

1.5

2.0

2.5

s0 [GeV2]

M
a
ss
[G
e
V
]

FIG. 4. Mass of the single-gluon hybrid state js̄sg; 1−þi with respect to the threshold value s0 (left) and the Borel massMB (right). In
the left panel, the dotted, solid, and dashed curves are obtained by setting M2

B ¼ 2.26, 2.40, and 2.54 GeV2, respectively. In the right
panel, the dotted, solid, and dashed curves are obtained by setting s0 ¼ 5.2, 6.2, and 7.2 GeV2, respectively. These curves are obtained
using the spectral density ρs̄sg

1−þðsÞ extracted from the current Jμ
1−þ with the quark-gluon content s̄sg.

TABLE I. QCD sum rule results for the single-gluon hybrid states jq̄qg; JPCi, extracted from the single-gluon hybrid currents given in
Eqs. (7)–(14) and (19)–(30) with the quark-gluon contents q̄qg (q ¼ u=d). The results for the isoscalar state jq̄qg; 0GJPCi and the
isovector state jq̄qg; 1GJPCi within the same isospin multiplet are the same as each other.

Working regions

State [JPC] Current smin
0 [GeV2] M2

B [GeV2] s0 [GeV2] Pole [%] Mass [GeV] Decay constant

jq̄qg; 1−−i Jαβ1−− 4.2 2.03–2.48 5.5 40–54 1.80þ0.13
−0.16 0.051þ0.004

−0.004 GeV3

jq̄qg; 1þ−i J̃αβ
1þ− 16.2 3.61–4.58 18.0 40–53 4.05þ0.24

−0.12 0.063þ0.020
−0.020 GeV3

jq̄qg; 1þ−i Jαβ
1þ− 5.0 2.29–2.45 5.5 40–45 1.84þ0.12

−0.14 0.049þ0.004
−0.004 GeV3

jq̄qg; 1−−i J̃αβ1−− 16.3 3.52–4.56 18.0 40–53 4.09þ0.29
−0.14 0.064þ0.021

−0.020 GeV3

jq̄qg; 0þþi Jμ→0

1−þ
20.6 5.11–6.59 24.0 40–56 4.45þ0.22

−0.17 0.124þ0.032
−0.036 GeV3

jq̄qg; 0−þi J̃μ→0

1þþ 7.7 3.58–3.81 8.5 40–45 2.14þ0.17
−0.19 0.105þ0.005

−0.004 GeV3

jq̄qg; 0−−i Jμ→0

1þ− 21.6 5.48–6.52 24.0 40–50 4.49þ0.21
−0.14 0.123þ0.032

−0.037 GeV3

jq̄qg; 0þ−i J̃μ→0
1−−

7.1 3.32–3.73 8.5 40–49 2.16þ0.16
−0.19 0.100þ0.005

−0.005 GeV3

jq̄qg; 1−þi Jμ
1−þ 4.8 2.19–2.28 5.2 40–43 1.67þ0.15

−0.17 0.243þ0.057
−0.052 GeV4

jq̄qg; 1þþi J̃μ
1þþ 13.8 3.59–4.10 15.0 40–48 3.54þ0.16

−0.12 1.370þ0.494
−0.450 GeV4

jq̄qg; 1þ−i Jμ
1þ− 4.6 2.10–2.27 5.2 40–46 1.68þ0.14

−0.16 0.242þ0.055
−0.051 GeV4

jq̄qg; 1−−i J̃μ1−− 13.7 3.57–4.10 15.0 40–49 3.53þ0.16
−0.12 1.366þ0.493

−0.450 GeV4

jq̄qg; 0þþi J0þþ 11.1 3.48–3.91 12.5 40–49 2.94þ0.20
−0.25 2.893þ1.029

−0.948 GeV4

jq̄qg; 0−þi J0−þ 11.1 3.47–3.92 12.5 40–49 2.93þ0.20
−0.25 2.882þ1.026

−0.945 GeV4

jq̄qg; 1þþi Jαβ
1þþ 5.8 1.84–2.06 6.5 40–48 2.11þ0.17

−0.21 0.056þ0.012
−0.013 GeV3

jq̄qg; 1−þi J̃αβ
1−þ

5.5 1.81–2.00 6.2 40–48 2.00þ0.13
−0.16 0.055þ0.007

−0.008 GeV3

jq̄qg; 1−þi Jαβ
1−þ

5.5 1.81–2.00 6.2 40–48 2.00þ0.13
−0.16 0.055þ0.007

−0.008 GeV3

jq̄qg; 1þþi J̃αβ
1þþ 5.8 1.84–2.06 6.5 40–48 2.11þ0.17

−0.21 0.056þ0.012
−0.013 GeV3

jq̄qg; 2þþi Jα1β1;α2β2
2þþ 8.6 3.11–3.37 9.5 40–46 2.44þ0.20

−0.24 � � �
jq̄qg; 2−þi J̃α1β1;α2β2

2−þ
12.7 2.54–3.60 14.0 40–54 3.68þ0.62

−0.18 � � �
jq̄qg; 2−þi Jα1β1;α2β2

2−þ
8.3 3.07–3.41 9.5 40–48 2.40þ0.21

−0.25 � � �
jq̄qg; 2þþi J̃α1β1;α2β2

2þþ 11.7 2.47–3.70 14.0 40–63 3.46þ0.27
−0.11 � � �
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IV. DECAY PROPERTIES OF THE JPC = 1− +

HYBRID STATES

In this section, we systematically study the decay
properties of the JPC ¼ 1−þ hybrid states, whose masses
and decay constants have been calculated in the previous
section. Since we do not differentiate the up and down
quarks within the QCD sum rule method, the masses and
decay constants of the states in the same isospin multiplet
are calculated to be the same:

Mjq̄qg;1−1−þi ¼ Mjq̄qg;0þ1−þi ¼ 1.67þ0.15
−0.17 GeV;

fjq̄qg;1−1−þi ¼ fjq̄qg;0þ1−þi ¼ 0.243þ0.057
−0.052 GeV4;

Mjs̄sg;0þ1−þi ¼ 1.84þ0.14
−0.15 GeV;

fjs̄sg;0þ1−þi ¼ 0.300þ0.063
−0.058 GeV4:

As shown in Fig. 5(a), a single-gluon hybrid state can decay
after exciting one q̄q=s̄s pair from the valence gluon,
followed by reorganizing two color-octet q̄q=s̄s pairs into
two color-singlet mesons. This decay process has been
systematically studied in Refs. [109,110] for the JPC ¼
1−þ hybrid states through the QCD sum rule method, and in

the present study we update these calculations. Besides the
“normal” decay process depicted in Fig. 5(a), there also
exist the “abnormal” decay processes depicted in Figs. 5(b)
and 5(c), where the ηð0Þ mesons are produced by the QCD
axial anomaly. These abnormal decay processes have been
systematically studied in Ref. [111], and in the present
study we also update these calculations.
We shall use the decay modes π1 ≡ jq̄qg; 1−1−þi → ρπ

and η1 ≡ js̄sg; 0þ1−þi!c ηη0 as two examples to separately
study the normal and abnormal decay processes in the
following subsections.

A. Normal decay process

In this subsection, we use the decay mode

π1 ≡ jq̄qg; 1−1−þi → ρπ ð57Þ
as an example to study the normal decay process depicted
in Fig. 5(a) through the three-point correlation function

Tμνðp; k; qÞ ¼
Z

d4xd4yeikxeiqy

× h0jT ½Jρ−ν ðxÞJπþ5 ðyÞJμ†
1−þð0Þ�j0i; ð58Þ

TABLE II. QCD sum rule results for the single-gluon hybrid states js̄sg; JPCi, extracted from the single-gluon hybrid currents given in
Eqs. (7)–(14) and (19)–(30) with the quark-gluon contents s̄sg.

Working regions

State [JPC] Current smin
0 [GeV2] M2

B [GeV2] s0 [GeV2] Pole [%] Mass [GeV] Decay constant

js̄sg; 1−−i Jαβ1−− 4.3 2.07–2.80 6.5 40–63 1.94þ0.20
−0.21 0.054þ0.013

−0.016 GeV3

js̄sg; 1þ−i J̃αβ
1þ− 16.2 3.60–5.40 20.0 40–65 4.06þ0.26

−0.16 0.071þ0.019
−0.020 GeV3

js̄sg; 1þ−i Jαβ
1þ− 5.9 2.54–2.72 6.5 40–45 2.01þ0.17

−0.20 0.050þ0.005
−0.006 GeV3

js̄sg; 1−−i J̃αβ1−− 16.9 3.73–5.30 20.0 40–61 4.12þ0.26
−0.13 0.070þ0.019

−0.020 GeV3

js̄sg; 0þþi Jμ→0

1−þ
20.7 5.18–7.35 26.0 40–63 4.50þ0.23

−0.22 0.136þ0.030
−0.034 GeV3

js̄sg; 0−þi J̃μ→0

1þþ 7.2 3.45–4.08 9.5 40–53 2.26þ0.21
−0.24 0.107þ0.007

−0.005 GeV3

js̄sg; 0−−i Jμ→0

1þ− 21.6 5.36–7.23 26.0 40–59 4.57þ0.22
−0.19 0.134þ0.031

−0.035 GeV3

js̄sg; 0þ−i J̃μ→0
1−−

7.5 3.41–3.98 9.5 40–52 2.30þ0.20
−0.24 0.101þ0.007

−0.006 GeV3

js̄sg; 1−þi Jμ
1−þ 5.1 2.26–2.54 6.2 40–49 1.84þ0.14

−0.15 0.300þ0.063
−0.058 GeV4

js̄sg; 1þþi J̃μ
1þþ 14.1 3.64–4.80 17.0 40–58 3.65þ0.17

−0.17 1.678þ0.530
−0.502 GeV4

js̄sg; 1þ−i Jμ
1þ− 3.9 1.85–2.43 6.0 40–62 1.82þ0.13

−0.15 0.278þ0.059
−0.056 GeV4

js̄sg; 1−−i J̃μ1−− 13.8 3.50–4.80 17.0 40–61 3.64þ0.17
−0.17 1.662þ0.526

−0.498 GeV4

js̄sg; 0þþi J0þþ 11.5 3.53–4.33 14.0 40–55 3.11þ0.22
−0.27 3.535þ1.338

−1.242 GeV4

js̄sg; 0−þi J0−þ 11.3 3.51–4.36 14.0 40–56 3.08þ0.23
−0.28 3.509þ1.328

−1.233 GeV4

js̄sg; 1þþi Jαβ
1þþ 6.6 1.95–2.27 7.5 40–51 2.34þ0.14

−0.16 0.061þ0.012
−0.014 GeV3

js̄sg; 1−þi J̃αβ
1−þ

5.5 1.82–2.25 7.0 40–57 2.08þ0.18
−0.24 0.061þ0.010

−0.010 GeV3

js̄sg; 1−þi Jαβ
1−þ

5.5 1.82–2.25 7.0 40–57 2.08þ0.18
−0.24 0.061þ0.010

−0.010 GeV3

js̄sg; 1þþi J̃αβ
1þþ 6.6 1.95–2.27 7.5 40–51 2.34þ0.14

−0.16 0.061þ0.012
−0.014 GeV3

js̄sg; 2þþi Jα1β1;α2β2
2þþ 9.2 3.22–3.60 10.5 40–49 2.59þ0.19

−0.23 � � �
js̄sg; 2−þi J̃α1β1;α2β2

2−þ
13.4 2.55–4.29 16.0 40–66 3.72þ0.72

−0.13 � � �
js̄sg; 2−þi Jα1β1;α2β2

2−þ
8.1 3.04–3.72 10.5 40–56 2.51þ0.20

−0.24 � � �
js̄sg; 2þþi J̃α1β1;α2β2

2þþ 11.8 2.36–4.47 16.0 40–78 3.54þ0.42
−0.16 � � �
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where p, k, and q are the momenta of π1 ≡ jq̄qg; 1−1−þi,
ρ−, and πþ, respectively. The current Jμ

1−þ has been defined
in Eq. (11), and we select the isovector neutral-charged one

Jμ
1−þ →

1ffiffiffi
2

p ðūaλabn γβub − d̄aλabn γβdbÞgsGμβ
n : ð59Þ

The negative-charged vector current Jρ
−

μ ¼ ūγμd and the
positive-charged pseudoscalar current Jπ

þ
5 ¼ d̄γ5u, respec-

tively, couple to the vector meson ρ− and the pseudoscalar
meson πþ through

h0jJρ−μ jρ−ðk; ϵÞi ¼ mρfρϵμ; ð60Þ

h0jJπþ5 jπðqÞi ¼ f0π ¼
2ihq̄qi
fπ

; ð61Þ

with [87,121,122]

mπ ¼ 140 MeV; fπ ¼ 131 MeV;

mρ ¼ 770 MeV; fρ ¼ 220 MeV: ð62Þ

At the phenomenological side, we write Tμνðp; k; qÞ as

Tμνðp;k;qÞ ¼ gρπϵμναβqαkβ
fπ1fρmρf0π

ðm2
π1 −p2Þðm2

ρ− k2Þðm2
π −q2Þ ;

ð63Þ
where the coupling constant gρπ is defined through the
Lagrangian

L ¼ gρπϵμναβπ
0μ
1 ∂

απþ∂βρ−ν þ � � � : ð64Þ

At the QCD side, we calculate Tμνðp; k; qÞ using the
method of operator product expansion. We work at the pion
pole and choose the terms divergent at the q2 → 0 limit to
derive

Tμνðp; k; qÞ ¼
ϵμναβqαkβ

q2

�hgsq̄σGqi
6
ffiffiffi
2

p
�
3

p2
þ 1

k2

�

−
hq̄qihg2sGGi

18
ffiffiffi
2

p
�
1

p4
þ 1

k4

��
: ð65Þ

We compare Eqs. (63) and (65) to calculate the coupling
constant gρπ . After setting p2 ¼ k2 and performing the
Borel transformation once Bðp2 ¼ k2 → T2Þ, we arrive at

− gρπ
fπ1fρmρf0π
m2

ρ −m2
π1

ðe−m2
π1
=T2

− e−m
2
ρ=T2Þ

¼ −
2hgq̄σGqi

3
ffiffiffi
2

p −
hq̄qihg2sGGi

9
ffiffiffi
2

p 1

T2
: ð66Þ

The formula of the decay width reads

Γðπ01 → ρþπ− þ ρ−πþÞ ¼ 2 ×
g2ρπ
12π

jq⃗πj3; ð67Þ

where q⃗π is the three-momentum of the final state π.
Numerically, we obtain

gρπ ¼ 4.08þ2.40
−1.83 GeV−1; ð68Þ

Γðπ1 → ρπÞ ¼ 242þ310
−179 MeV: ð69Þ

B. Abnormal decay process

In this subsection, we use the decay mode

η1 ≡ js̄sg; 0þ1−þi→c ηη0 ð70Þ

as an example to study the abnormal decay process
depicted in Fig. 5(c), with η0 produced by the QCD
Uð1ÞA anomaly. Before doing this, let us shortly introduce
the two-angle mixing formalism to describe the η and η0
mesons [123–132]:

jηi ¼ cos θ8jη8i − sin θ0jη0i þ � � � ;
jη0i ¼ sin θ8jη8i þ cos θ0jη0i þ � � � ; ð71Þ

with

jη8i ¼ juūþ dd̄ − 2ss̄i=
ffiffiffi
6

p
;

jη0i ¼ juūþ dd̄þ ss̄i=
ffiffiffi
3

p
; ð72Þ

and � � � are contributions from the pseudoscalar glueballs
and charmonium, etc.

FIG. 5. Decay mechanisms of the single-gluon hybrid states through (a) the normal process with one quark-antiquark pair excited from
the valence gluon and (b),(c) the abnormal processes with the η=η0 produced by the QCD axial anomaly.
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The octet and singlet axial-vector currents are defined as

A8
μ ¼ ðūγμγ5uþ d̄γμγ5d − 2s̄γμγ5sÞ=

ffiffiffiffiffi
12

p
;

A0
μ ¼ ðūγμγ5uþ d̄γμγ5dþ s̄γμγ5sÞ=

ffiffiffi
6

p
: ð73Þ

These two currents couple to the η and η0 mesons through

h0jAa
μjPðkÞi ¼ ikμfaP; ð74Þ

where faP (a ¼ 8; 0;P ¼ η; η0) is the matrix for the decay
constants, defined as

 
f8η f0η

f8η0 f0η0

!
¼
�
f8 cos θ8 −f0 sin θ0
f8 sin θ8 f0 cos θ0

�
: ð75Þ

To simply our notations, we further construct the axial-
vector currents

Jημ ¼ A8
μ þ tηA0

μ; ð76Þ

Jη0μ ¼ A8
μ þ tη0A0

μ; ð77Þ

which couple to the η and η0 mesons through

h0jJημjηðkÞi ¼ ikμgη;

h0jJη0μ jη0ðkÞi ¼ ikμgη0 ;

h0jJημjη0ðkÞi ¼ h0jJη0μ jηðkÞi ¼ 0; ð78Þ

with

gη ¼ f8η − f0ηf8η0=f
0
η0 ;

gη0 ¼ f8η0 − f0η0f
8
η=f0η;

tη ¼ −f8η0=f
0
η0 ;

tη0 ¼ −f8η=f0η: ð79Þ
We shall use the following values in the calculations
[133,134]:

θ8 ¼ −22.2°;

θ0 ¼ −9.1°;

f8 ¼ 168 MeV;

f0 ¼ 157 MeV: ð80Þ
The conversion of the gluons into the η and η0 mesons

can be described through the QCD Uð1ÞA anomaly as
[133,135–139]

h0j αs
4π

Gαβ
n G̃n;αβjηi ¼ m2

ηfη; ð81Þ

h0j αs
4π

Gαβ
n G̃n;αβjη0i ¼ m2

η0fη0 ; ð82Þ

with

fη ¼
f8ffiffiffi
6

p cos θ8 −
f0ffiffiffi
3

p sin θ0; ð83Þ

fη0 ¼
f8ffiffiffi
6

p sin θ8 þ
f0ffiffiffi
3

p cos θ0: ð84Þ

To study the abnormal decay process η1 ≡
js̄sg; 0þ1−þi→c ηη0 depicted in Fig. 5(c), with η0 produced
by the QCD Uð1ÞA anomaly, we consider the three-point
correlation function:

T 0
μνðp; k; qÞ ¼

Z
d4xe−ikxh0jT ½Jμ

1−þð0ÞJη†ν ðxÞ�jη0i; ð85Þ

where p, k, and q are the momenta of η1 ≡ js̄sg; 0þ1−þi, η,
and η0, respectively. The current Jην has been defined in
Eq. (76). The current Jμ

1−þ has been defined in Eq. (11), and
we set its quark content to be

Jμ
1−þ → s̄aλabn γβsbgsG

μβ
n : ð86Þ

At the phenomenological side, we write T 0
μνðp; k; qÞ as

T 0
μνðp; k; qÞ ¼ gηη0kμkν

fη1gη
ðm2

η1 − p2Þðm2
η − k2Þ ; ð87Þ

where the coupling constant gηπ is defined through the
Lagrangian

L0 ¼ gηη0η
μ
1ð∂μηÞη0: ð88Þ

At the QCD side, we calculate T 0
μνðp; k; qÞ using the

method of operator product expansion to be

T 0
μνðp; k; qÞ ¼ θskμkν

�
−
2m2

η0fη0

3k2
−
4π2m2

η0fη0mshs̄si
3k6

�
;

ð89Þ

where θs ¼ −1=
ffiffiffi
3

p þ tη=
ffiffiffi
6

p
describes the ss̄ component

contained in the current Jην.
After setting p2 ¼ k2 and performing the Borel trans-

formation once Bðp2 ¼ k2 → T2Þ, we arrive at

gηη0
fη1gη

m2
η1 −m2

η

�
e−m

2
η=M2

B − e−m
2
η1
=M2

B

�

¼ 2θsm2
η0fη0

3
þ 2π2θsm2

η0fη0mshs̄si
3

1

M4
B
: ð90Þ

The formula of the decay width reads

Γðη1 → ηη0Þ ¼ g2ηη0

24πm2
η1

jq⃗ηj3; ð91Þ
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where q⃗η is the three-momentum of the final state η.
Numerically, we obtain

gηη0 ¼ 3.08þ1.30
−0.91 ; ð92Þ

Γðη1→c ηη0Þ ¼ 5.0þ4.6
−3.1 MeV: ð93Þ

Similarly, we study the other normal and abnormal decay
processes. The obtained results are summarized in Table III.

V. SUMMARY AND DISCUSSIONS

In this paper, we study the single-gluon hybrid states
with various (exotic) quantum numbers. We systematically
construct 24 single-gluon hybrid currents and use 18 of
them to perform QCD sum rule analyses. We calculate the
masses of 44 single-gluon hybrid states with the quark-
gluon contents q̄qg (q ¼ u=d) and s̄sg. The obtained
results are summarized in Tables I and II. Especially, the
masses and decay constants of the JPC ¼ 1−þ hybrid states
are extracted from the current Jμ

1−þ given in Eq. (11) to be

Mjq̄qg;1−þi ¼ 1.67þ0.15
−0.17 GeV;

fjq̄qg;1−þi ¼ 0.243þ0.057
−0.052 GeV4;

Mjs̄sg;1−þi ¼ 1.84þ0.14
−0.15 GeV;

fjs̄sg;1−þi ¼ 0.300þ0.063
−0.058 GeV4:

Since we do not differentiate the up and down quarks
within the QCD sum rule method, the masses and decay
constants of the states in the same isospin multiplet are
calculated to be the same:

Mjq̄qg;1−1−þi ¼ Mjq̄qg;0þ1−þi ¼ 1.67þ0.15
−0.17 GeV;

fjq̄qg;1−1−þi ¼ fjq̄qg;0þ1−þi ¼ 0.243þ0.057
−0.052 GeV4;

Mjs̄sg;0þ1−þi ¼ 1.84þ0.14
−0.15 GeV;

fjs̄sg;0þ1−þi ¼ 0.300þ0.063
−0.058 GeV4:

There have been a lot of lattice QCD calculations on
the IGJPC ¼ 1−1−þ hybrid state in the past 50 years
[41,42,140–143], and, especially, the Hadron Spectrum
Collaboration have performed exhaustive analyses
[8,45,64,65,144–146]. Meyer and Swanson summarized
these results, and the naive extrapolation of its mass,
calculated by lattice QCD, to the physical pion mass turns
out to be approximately 1.6 GeV [6]. Therefore, our QCD
sum rule calculation is well consistent with the lattice QCD
calculations.
Based on the mass calculations, we systematically study

the decay properties of the JPC ¼ 1−þ hybrid states. We
have considered the normal decay process depicted in
Fig. 5(a). We have also considered the abnormal decay
processes depicted in Figs. 5(b) and 5(c), with the ηð0Þ

TABLE III. Partial decay widths of the hybrid states jq̄qg; 1−1−þi, jq̄qg; 0þ1−þi, and js̄sg; 0þ1−þi, in units of

MeV. Γðπ1=η1 ⟶a;b;c M1M2Þ are related to the processes depicted in Figs. 5(a)–5(c), respectively. We simply sum over
the partial decay widths to obtain the total decay widths, as listed in the last row. Note that the decay channels

π1 →
b;c

ηπ=η0π and π1=η1 → K�ð892ÞK̄=K1ð1270ÞK̄=K�ð892ÞK̄�ð892Þ have not been investigated in our previous
QCD sum rule studies [109–111].

jq̄qg; 1−1−þi jq̄qg; 0þ1−þi js̄sg; 0þ1−þi
Channel M ¼ 1.67þ0.15

−0.17 GeV M ¼ 1.67þ0.15
−0.17 GeV M ¼ 1.84þ0.14

−0.15 GeV

π1=η1 → ρπ 242þ310
−179 � � � � � �

π1=η1 → b1ð1235Þπ 14.5þ25.9
−13.9 � � � � � �

π1=η1 → f1ð1285Þπ 35.9þ53.9
−36.4 � � � � � �

π1=η1 → ηπ 2.3þ2.5
−1.2 � � � � � �

π1=η1 →
b
ηπ 57.8þ65.0

−31.4 � � � � � �
π1=η1 → η0π 0.43þ0.50

−0.28 � � � � � �
π1=η1→

c
η0π 149þ162

−78 � � � � � �
π1=η1 → a1ð1260Þπ � � � 79.5þ112.4

−74.9 � � �
π1=η1→

a
ηη0 � � � 0.07þ0.12

−0.07 0.93þ1.04
−0.69

π1=η1→
b
ηη0 � � � 1.62þ2.13

−1.61 1.64þ1.51
−1.01

π1=η1→
c
ηη0 � � � 11.5þ11.7

−11.5 5.0þ4.6
−3.1

π1=η1 → K�ð892ÞK̄ þ c:c: 25.3þ34.7
−24.7 25.3þ34.7

−24.7 73.9þ85.7
−58.0

π1=η1 → K1ð1270ÞK̄ þ c:c: � � � � � � 14.6þ19.8
−14.6

π1=η1 → K�ð892ÞK̄�ð892Þ � � � � � � 0.08þ0.39
−0.08

Sum 530þ540
−330 120þ160

−110 100þ110
−80
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mesons produced by the QCD axial anomaly. The obtained
results are summarized in Table III, and, especially,

Γjq̄qg;1−1−þi ¼ 530þ540
−330 MeV;

Γjq̄qg;0þ1−þi ¼ 120þ160
−110 MeV;

Γjs̄sg;0þ1−þi ¼ 100þ110
−80 MeV:

The above QCD sum rule results suggest that the
π1ð1600Þ and η1ð1855Þ can be, respectively, interpreted
as the single-gluon hybrid states jq̄qg; 1−1−þi and
js̄sg; 0þ1−þi, so there exists another isoscalar state
jq̄qg; 0þ1−þi, whose mass and width are smaller than
those of η1ð1855Þ. Considering the uncertainties, our
results suggest that the π1ð1600Þ and η1ð1855Þ may also
be, respectively, interpreted as the single-gluon hybrid
states jq̄qg; 1−1−þi and jq̄qg; 0þ1−þi, so there exists
another isoscalar state js̄sg; 0þ1−þi, whose mass and width
are larger than those of η1ð1855Þ. To differentiate these two
assignments, it is useful to examine the a1ð1260Þπ decay
channel. We find in Table III that the ηð0Þ-relevant decay

modes, as the characteristic decay modes of hybrid states,
are enhanced to some extent. To verify whether the exotic
π1 and η1 resonances are hybrid states or not, we propose to
examine these decay modes in future BESIII, Belle-II,
GlueX, LHCb, and PANDA experiments.
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APPENDIX: SPECTRAL DENSITIES

In this appendix, we show the OPE spectral densities
extracted from the single-gluon hybrid currents given in
Eqs. (7)–(14) and (19)–(30) with the quark-gluon content
s̄sg. Those with the quark-gluon content q̄qg (q ¼ u=d) can
be easily derived by replacing ms → 0, hs̄si → hq̄qi,
and hgss̄σGsi → hgsq̄σGqi:

Παβ
1−−ðM2

B; s0Þ ¼
Z

s0

4m2
s

�
s3αs
240π3

−
m2

ss2αs
24π3

þ s

�hαsGGi
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