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We apply the QCD sum rule method to study the light single-gluon hybrid states with various (exotic)
quantum numbers. We construct 24 single-gluon hybrid currents and use 18 of them to calculate the masses
of 44 single-gluon hybrid states with the quark-gluon contents gqgg (¢ = u/d) and 5sg. We concentrate on
the hybrid states with the exotic quantum number J*¢ = 1=F, whose masses and widths are calculated to be
Mgggi-1-+) = LOTE013 GeV, Tgp1-1-+) = 5301330 MeV, Mz 01—+ = 1.6725015 GeV, g0 1-+) =
12075 MeV, M [fsg:071-+) = 1.847014 GeV, and Cissg0t1-+) = 10074,° MeV. Our results support the
interpretations of the 7;(1600) and #7,(1855) as the hybrid states |Ggg; 171"") and |§sg;0T17T),
respectively. Considering the uncertainties, our results suggest that the 7z;(1600) and 7, (1855) may also
be interpreted as the hybrid states |Ggg; 1717F) and |Ggg; 07 17T), respectively. To differentiate these two
assignments and to verify whether they are hybrid states or not, we propose to examine the a;(1260)z

decay channel in future experiments.

DOI: 10.1103/PhysRevD.110.034031

I. INTRODUCTION

A single-gluon hybrid state is composed of one valence
quark and one valence antiquark as well as one valence
gluon. Especially, the hybrid states with JP¢ = 0¥~/
1=t/2*t= /37" /... are of particular interest, since these
exotic quantum numbers cannot be accessed by the conven-
tional gg meson [1-11]. Experimental confirmation of the
hybrid state is a direct test of QCD in the low-energy sector.
Recently, the BESIII Collaboration performed a partial
wave analysis of the J/w — yny' decay and observed the
n1(1855) in the ny’ mass spectrum with a statistical
significance larger than 19¢ [12,13]. This state has the
exotic quantum number [6JPC = 01", Its mass and
width were measured to be

n1(1855): M = 1855 + 9% MeV/c?,
I'= 188 + 187 MeV. (1)

Besides the isoscalar state 77, (1855), there are three isovector
states, 7;(1400) [14], #;(1600) [15], and z,(2015) [16],
which have the exotic quantum number /¢JP¢ = 17177,
According to PDG, their masses and widths are [1]
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71(1400): M = 1354 + 25 MeV,
I =330 + 35 MeV; (2)

71(1600): M = 166112 MeV,
' = 240 & 50 MeV; (3)

71(2015): M =2014+20 4+ 16 MeV,
I'=230£32 £+ 73 MeV. (4)

The 7,(1400) was observed in the nz decay channel by
several collaborations [ 14,17-21]. It was also observed in the
pr decay channel by OBELIX [22], but this was not
confirmed by COMPASS [23]. The 7, (1600) was observed
inthe pz, 'z, by (1235) 7, and f (1285)x decay channels by
several collaborations [15,24-27], while the z;(2015) was
observed in the b, (1235)z and f,(1285)z decay channels
only in the Brookhaven National Laboratory E852 experi-
ments [16,28]. In recent years, the COMPASS and JPAC
Collaborations further examined the nz and 5’z decay
channels [23,29-31], and their results suggest that there is
only one exotic 7; resonance coupling to both the nz and 1/
channels, while there is no evidence for a second exotic
resonance. Its mass and width were determined to be 1564 +
24 + 86 and 492 4+ 54 4+ 102 MeV, respectively [29].

In the past 50 years, there have been a lot of theoretical
investigations on the hybrid states, such as the MIT bag
model [32-34], flux-tube model [35-38], AdS/QCD model
[39,40], lattice QCD [41-45], QCD sum rules [46-51], and
constituent gluon model [52—-54], etc. However, their nature
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remains elusive, since we still poorly understand the
gluon degree of freedom. Experimentally, it is not easy
to identify the hybrid states unambiguously, so there is
currently no definite experimental evidence on their exist-
ence. Theoretically, it is also not easy to define the gluon
degree of freedom, and a precise definition of the con-
stituent gluon is still lacking. We refer to Refs. [52-59] for
discussions on how to construct glueballs and hybrid states
using the constituent gluons.

There have been many theoretical calculations on
the masses of the J°¢ = 1=* hybrid states [60-66]. For
examples, their masses extracted from the lattice QCD
simulations are about 1.7 [67], 1.8 [68], and 2.0 GeV [69],
while their masses extracted from the flux-tube model and
the constituent gluon model are about 1.9 GeV [70-72].
The QCD sum rule method has been widely applied to
study the JP€ = 1=F hybrid states in Refs. [73-79], and
this method has also been applied to study the J©€ = 0+~
and 27~ hybrid states in Refs. [80,81]. We refer to
Refs. [82-108] for more theoretical studies. We also refer
to our recent review [11] as well as the reviews [2—10] for
detailed discussions.

Besides the exotic quantum numbers JFC€ =07/
177 /2%, the light single-gluon hybrid states with other
quantum numbers have not been well studied in the
literature. Accordingly, in this paper, we shall systemati-
cally investigate the single-gluon hybrid states with various
(exotic) quantum numbers through the QCD sum rule
method. Especially, we shall concentrate on the hybrid
states with the exotic quantum number J”¢ = 1=F and
update the previous calculations on their mass spectrum
[76], given that some QCD parameters have been signifi-
cantly changed in recent years. We shall also update our
previous calculations on their decay properties [109-111],
with more decay channels taken into account (see the
caption of Table III). Assuming their quark-gluon contents
to be either ggg (¢ = u/d) or §sg and their isospin to be
either I = 1 or I = 0, we shall calculate their masses and
widths to be

M g4g1-1-+) = 1.675515 GeV,

Digggi-1-1) = 5301350 MeV,

M gqg0t1-+) = 1677013 GeV,

Digggor1-+) = 120150 MeV,

M 55g001-+) = 1.84-J_r(())_'ll;1 GeV,

Dissgot1-+) = 10074)° MeV.
This paper is organized as follows. In Sec. II, we
construct 24 single-gluon hybrid currents with various
(exotic) quantum numbers. In Sec. III, we use 18 of them

to perform QCD sum rule analyses and calculate masses of
44 single-gluon hybrid states with the quark-gluon contents

Gqg (g = u/d) and §sg. Based on these results, we syste-
matically study the decay properties of the J¢ =17
hybrid states in Sec. IV. The obtained results are summa-
rized in Sec. V.

II. SINGLE-GLUON HYBRID CURRENTS

In this section, we systematically construct the single-
gluon hybrid currents using the light quark field g,(x)
and its dual field g,(x) as well as the gluon field strength
tensor G, (x) and its dual field G, = G"** x €,,,,,/2, with
a=1...3 and n = 1...8 the color indices and y...c the
Lorentz indices. Generally speaking, we can construct the
single-gluon hybrid currents by combining the color-octet
quark-antiquark fields

425y, GuAilqy,
R DO e T
Qalzha/wqb (5)

and the color-octet gluon fields

Gl GY (6)
together with some Lorentz coefficients T

As summarized in Fig. 1, there are altogether 24 single-
gluon hybrid currents, denoted as J‘J',;C /]J',.zc with J the
total spin:

y _ 7
I = G, 287599,G (7)
~af} _ ~aoff
I = GaAiysav9,GY (8)
T = G, q,9,G . ©)
*77?- = Qaﬂszbgngﬂ’ (10)
P = 3501p0,9:G (1)
j//]£++ = qaﬂzbyﬂqhgséﬁﬂ’ (12)
T = A G’ (13)
1+ qatn’VpY59b9sCGn »
T = §.28y575959,GY . (14)
Je — g gabyrg, g G 15
-+ 9atn V" 4p9sCn ( )
T = 4,080 q 0,6 16
2++ qatn V" 4p9sCn ( )
Iy = 4. v'r5a,9,Gi (17)
) _ ~aff
BB = G, 28" r5q,9,G (18)
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FIG. 1. Categorization of the single-gluon hybrid currents.
Jor+r = qaﬂﬁbaﬂvqbgsGﬁv, (19) jgﬁl»azﬁz _ S[q_a/lﬁbﬁalﬁ' ngsé?ﬁz], (28)
i _ = jab Y
Jo+ = Gy Gﬂvagan ) (20) ];]_/ilsazﬁz _ S[cja/lﬁba"“ﬁ‘qubgsGZZﬂz], (29)
Jo-r = Gat5’ 0,759,956’ (21) - ~
a’n Ouy s J;ﬁl,azﬁz _ S[qaﬂzbﬁalﬁl75ngsGZ2/jz]- (30)
Jore = G’ 0,,75459,Gr’ (22)
o ’ Especially, we shall concentrate on the fifth current J’l’_+
— : . PC _ 1—+ . .
J7€+ = A[g A8t g, gsGZ.ﬂ]7 (23) with the exotic ql.lantum nl]l)lglbel’ J 177, while this
current also contains the J¥C = 0™ component, so we
7 - A PC — 1=* and 0 components in the
J?. — Alg atbeg, g GF . 24 need to separate the J an p :
1= (930 995G (24) calculations, as discussed below. In the above expressions,
JP = ALG A0 sy Gll (25) {ap}/{aip,}/{a:p,} are antisymmetric Lorentz pairs.
= arn SAbIsHmals The four currents J’;ﬂﬂ , J’;f’f, J’z‘f’_ﬁ , and J’z‘ﬂﬂ all contain
4B _ A(s gab ap =~ three Lorentz indices with the mixed symmetry, so their
it = Alqukio™r5959,Cnl. (26) spin-2 components cannot be easily extracted. We shall not
aprarfs  oln rab wp investigate these four currents in the present study, and we
Sy = S[q. o’ q,9,Gi"]. (27)  refer to Ref. [81] for detailed discussions. The symbol
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Al - -] represents antisymmetrization in the set {af}, which
can be done by multiplying the projection operator

Fa’ﬂ’;aﬂ = 9da9pp — 9pa9dp- (31)

The symbol S[---] represents symmetrization and sub-
tracting trace terms in the two sets {a;a,} and {f,5,}
simultaneously. In the present study, we need to investigate
only its leading spin-2 component, which can be done by
multiplying the projection operator

/
r,
1

o B Br.an s

= (9, 95,5, = I, 9 ) (G0, 955, — Iy, 9e,,)

+ (ga’lazgﬁ’lﬂl - gﬂ’lazga’lﬁl)(ga’zal gﬁ’z/iz - 9/3’2011 ga’zﬁ2>

+ (guﬂla] gﬁllﬂz - .g/i’l a gdlﬁz)(ga’zuzg/i’zﬁ] - g/i’zazga’z/il)

+ (goflazgﬁllﬁz - g/i’l azga’lﬁz)(ga’zm 9/3’2/51 - gﬁ’zal ga’z/}l)

, (32)

where - - - contains the irrelevant terms.

Before performing QCD sum rule analyses, we sepa-
rately discuss the Lorentz structures of the above single-
gluon hybrid currents as follows.

(@)

(i)

Because of the formula 6,75 = €,,,,06”° x i/2, the
two currents Jy++ and Jy-+ are equivalent, and the
other two currents J-+ and J,-+ are also equivalent.
Hence, we shall study only the currents Jg+
and Jy-+.

The current J?é_, with two antisymmetric Lorentz
indices {af}, contains both the J*¢ = 17~ and 17~
components, so it couples to both the J°¢ = 17~ and
17~ states through

<O|J?€.|X1_—> - ifl__eaﬁ;quCIw (33)

O |Xy ) = ify- (g = Pe). (34)
where f;-- and f 1+ are two decay constants. Given
the Lorentz structures of Eqgs. (33) and (34) to be
totally different, we can clearly separate the two
states X ;- and X 1+ at the hadron level; i.e., we can
isolate X-- by investigating the two-point correla-
tion function containing

OV 1X,-) (X 1772 0)

= fi-ePe,q, e?PHY € dy

= —F@ S~ TP
while the correlation function of X, does not
contain the above coefficient. It is not so easy to
isolate X;+- from J?fj_, but, instead, we can study the
dual current J ‘f’f_ that couples to X;-- and X,+- in the
opposite ways. According to the above analysis,

(35)

(iii)

@iv)

we shall study the single-gluon hybrid currents
J(l’fj_/j?f-/]?f_/jff_/J?’L/i?.#ffﬁ/j‘fﬂ to inves-
tigate the single-gluon hybrid states of J€ = 177/
1T=/15= /17 /1t /17T /171 /11, respectively.
The four currents J' g‘fi’ abz jgf"%ﬂ 2 ng/f“%ﬂ 2, and
J g‘ﬁ‘ @2 411 contain various JP€ components and so
couple to many states. We shall investigate only
the four J = 2 states of JFC = 2+ /2=+ 2=+ /2++
by calculating the highest-order correlation func-
tions, e.g.,

Halﬁl o faa, .0 p (q2)

o+
iy / dxeit (O TP Y02 () 3P0 () o)

= g% PP g n PP (gP) + -

where S'[- -] represents symmetrization and sub-
tracting trace terms in the four sets {a;a, }, {15},
{a|d,}, and {p B} simultaneously. The correlation
function IT,++ (¢?) is contributed only by the J7¢ =
2 component, while - - - contains the contributions
from all the JP¢ components coupling to Jg‘ﬁ‘ @b,
However, we do not know the explicit expression of
the rearrangement S'[---], so we are not able to
calculate the decay constants of these four currents.
The current J%_. contains both the J7¢ = 17" and
0** components, so it couples to both the J¢ =
17~ and O states through

(36)

O\ X -+) = €' f1-+, (37)

(O [Xo+) = ¢"forr, (38)

where f|-+ and fy+ are two decay constants. We
can clearly separate the two states X;-~ and Xg++ at
the hadron level by calculating both IT;-+ (¢?) and
IIy++(g*) of the two-point correlation function

. (¢*)

.y / dhxe ™ (O[T, (x)J%F, (0)]/0)

= (9" = ¢"q"/ ")+ () + (¢"¢"/ ") Tho++ ().
(39)

Similarly, we shall study the single-gluon hybrid
currents J,. /J._/J}-- to investigate the single-
gluon hybrid states of both JFC€ = 1++/1t=/17~
and JP€ =0=t/07—/0"".

III. QCD SUM RULE ANALYSES

In this section, we use the single-gluon hybrid currents
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rule analyses. We use the current J%_. given in Eq. (11)
as an example. Based on Eqgs. (37) and (39), we study its
two-point correlation function

m.(¢*) =i / d*xe' (0| T[J_. (x)J41. (0)]|0)

= (¢ = q"¢" /M- (¢*) + - -, (40)
at both the hadron and quark-gluon levels, where IT;-+ (qz)
is contributed by the JP¢ = 1T state X;-+ and --- is

contributed by the JP¢ = 0+ state X++.
We use the dispersion relation to express I1;-+(g?) as

M) = [ © ) (41)

s—q* —ie

S<

where p;-+(s) = Imll;-+(s)/z is the spectral density and
s< = 4mj is the physical threshold.
At the hadron level, we parametrize p‘l)}_‘fn(s) as one-pole

dominance for the state X;-+ together with a continuum
contribution:

PP (s) % (¢ — " 4"/ 47)
= S 5(s = M2) O )% 1)

= f1.8(s —M3_.) x (¢ — ¢"¢"/q*) + continuum. ~ (42)

At the quark-gluon level, we calculate pQPE(s) through

the method of operator product expansion (OPE). After
performing the Borel transformation at both the hadron and
quark-gluon levels, we use pP*F(s) above the threshold
value s, to approximate the continuum and derive the sum
rule equation

M2 /M2 So 2
I, (50, M%) = f1_.e -/ B—/ e=$/MzpOPE (5)ds,
\)

S

(43)
which can be used to further derive

IR e/ MispOPE(s)ds

fxg €_S/M%p(1:)£E(S)dS

N

M%*Jr(SO’MB) =

, (44)

Fr(s0. M) =T (5. M3) x &Mi=/Ms (45

In the present study, we have considered the Feynman
diagrams depicted in Fig. 2 and calculated popg () up to the
dimension-eight condensates. The gluon field strength
tensor Gy, is defined as

G, = 90,A} —0,A] + g, f"PIA, Ay L, (46)

which can be separated into the former two terms (repre-
sented by the single-gluon line) and the third term
[represented by the double-gluon line with a red vertex;

FIG. 2. Feynman diagrams for the single-gluon hybrid state: (a)
and (b) are proportional to a, x ¢2; (c) and (d) are proportional to
a, X g} (e) are proportional to a, x g2.

e.g., see the diagram depicted in Fig. 2(c2)]. In the
calculations, we have considered the perturbative term,
the quark condensates, the quark-gluon mixed condensates,
the two-gluon condensate, the three-gluon condensate, and
their combinations. We have taken into account all the
diagrams proportional to a, x ¢2 and a; x g!, but we have
taken into account only three diagrams proportional to
a, X g>. We summarize the obtained OPE spectral densities
in the Appendix. Especially, the one extracted from the
current J_. with the quark-gluon content sg is

so (S, m2s’a (a,GG)
- s
607> 37 367>
13(a,GG)a, 8m,(5s)a, 3G
(5660 i) 40

0.0 = [

4my

43273 Or 3272
_3a,GG)mia;  3my(g,56Gs)a,
647 4z

0, GG (G )m?

1672

1172(3s5){g,56Gs)a;
7).

x e~5/Mi s 4 <<

2 _
-5 (a,GGYmy(5s) +

(47)
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The one with the quark-gluon content gqgg (¢ = u/d) can
be easily derived by replacing m; — 0, (5s) = (gq), and
(g,56Gs) — (g,GgoGq). Note that we do not differentiate
the up and down quarks in the calculations, so the states in
the same isospin multiplet have the same extracted hadron
mass; e.g., the two gqg states (¢ = u/d) with the quantum
numbers /¢J¢ = 0" 17+ and 1717+, coupled by the same
current J’l‘,+, have the same extracted hadron mass.

We use the spectral density p* (s) given in Eq. (47)
to perform numerical analyses. It is extracted from the
current J’IL with the quark-gluon content §sg, which
couples to the state

X+ = |§sg; 17T). (48)
We shall use the following values for various QCD

parameters at the renormalization scale 2 GeV and the
QCD scale Agep = 300 MeV [1,112-119]:

¥
(Qz) W/AQCD)’
(Gq) = —(0.240 £ 0.010)* GeV?,
(5s) = (0.8 £0.1) x (gq),
(9,GoGq) = (0.8 £0.2) x (3q) GeV?,
(g,50Gs) = (0.8 £0.2) x (5s),
(a,GG) = (6.35 £ 0.35) x 1072 GeV*,
(g3G?) = (8.2 £ 1.0) x (a,GG) GeV?,
m, =937 MeV. (49)

Note that the value of the gluon condensate (a,GG) is taken
from Ref. [119], which was written in 2018.

The mass M-+ calculated by Eq. (44) depends on two
free parameters: the Borel mass Mp and the threshold
value s,. We shall determine their proper working regions
through three criteria: (a) the sufficiently good convergence
of OPE, (b) the sufficiently large pole contribution, and
(c) the sufficiently weak dependence of the mass M-+~ on
these two parameters.

In order to have the sufficiently good convergence of
OPE, we require the o, x ¢g> terms to be less than 5% and
the D = 6 4 8 terms to be less than 10%:

%" (0o, M2
ovG,=| (M) 5q, (50)
(oo, M%)
HD=6+8 M2
oVGy=| T MB)] o, (51)
I(c0, M3)

As depicted in Fig. 3, we determine the minimum Borel
mass to be M4 > 2.26 GeV?2, when setting s, = 6.2 GeV>.

70% ‘ ‘ 70%
5 60% T 60% g
5 50% 3 [ | 50% g
8 Q0% ----mm e m e deaaa o ommmm e 40% =
5 : : 2
%n 30% 3 ! 30% ‘«»é
Z 20% ~ _ : : 120% ©
o) =~ | | 2
O 100 - Pl NP il ]
T I S g
0 . [=77°="9 |7 =======- falalalelleddeededed |
1.5 1.9 226 2.54 29 33
Borel Mass? [GeVz]
FIG. 3. CVGy,p and PC with respect to the Borel mass My,

when setting 5, = 6.2 GeV?. These curves are obtained using the
spectral density p}*’ (s) extracted from the current J_, with the
quark-gluon content §sg.

In order to have the sufficiently large pole contribution,
we require

W50 MB)1 S 409 52
H(oo,MB) o (52)

As depicted in Fig. 3, we determine the maximum Borel
mass to be M% < 2.54 GeV?2, when setting s, = 6.2 GeV>.

Altogether the Borel window is determined to be
2.26GeV? <M?%<2.54GeV?, when setting s5,=6.2GeV>.
Note that this Borel window is not so wide, and it was
pointed in Ref. [120] that the narrow Borel window may
indicate that the understanding of this state as a particle has
limitations, so further studies on the hybrid states and
particles are crucially demanded. We further change s,
and find that there are nonvanishing Borel windows for
5o > sl = 5.1 GeV2. We choose s, to be about 10%
larger and determine its working region to be 5.2 GeV? <
5o < 7.2 GeV?, where we calculate the mass and decay
constant of the single-gluon hybrid state X |-+ = [§sg; 17)
to be

M|§sg;l_+> = 1844:(())11;1 GCV, (53)
f|§sg;l’+> = 0300j8856§ GeV*. (54)

Their uncertainties come from Mg and s as well as various
QCD parameters listed in Eq. (49). We show the mass
M g54.1-+) in Fig. 4 with respect to the threshold value s,
and the Borel mass Mp. In the left panel, the mass
dependence on s, is moderate inside the working region
5.2 GeV? < 55 < 7.2 GeV?. In the right panel, the mass
curves are sufficiently stable inside the Borel window
2.26 GeV? < M% < 2.54 GeV2.

Similarly, we perform numerical analyses using the other
single-gluon hybrid currents with the quark-gluon con-
tents ggg (¢ = u/d) and §sg. The obtained results are
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2.5 2.5 2.5 ; ; 2.5
>
L
<
2]
3
=
1.0 ‘ 1.0 1.0 . - . . 1.0
5.2 6.2 7.2 1.5 1.9 226 254 2.9 33
s0 [GeV?] Borel Mass® [GeV?]

FIG. 4. Mass of the single-gluon hybrid state |5sg; 1=) with respect to the threshold value s (left) and the Borel mass M (right). In
the left panel, the dotted, solid, and dashed curves are obtained by setting M% = 2.26, 2.40, and 2.54 GeV?, respectively. In the right
panel, the dotted, solid, and dashed curves are obtained by setting s, = 5.2, 6.2, and 7.2 GeV?, respectively. These curves are obtained
using the spectral density pi*/ (s) extracted from the current J4_, with the quark-gluon content §sg.

summarized in Tables I and II. Especially, we use the M ggg1-+) = 1677013 GeV, (55)
current J’l’ _. with the quark-gluon content gqg (¢ = u/d) to
calculate the mass and decay constant of the single-gluon flaqgn—) = 0.243f8"85527 GeV*. (56)

hybrid state |ggg; 17") to be

TABLEL QCD sum rule results for the single-gluon hybrid states |Ggg; J7€), extracted from the single-gluon hybrid currents given in
Egs. (7)~(14) and (19)—(30) with the quark-gluon contents Gqg (¢ = u/d). The results for the isoscalar state |Gqg; 0°J7C) and the
isovector state |Ggg; 19J7C) within the same isospin multiplet are the same as each other.

Working regions

State [JF€] Current spin [GeV?] M3 [GeV?] s [GeV?] Pole [%] Mass [GeV] Decay constant
|gqg:177) Je 4.2 2.03-2.48 5.5 40-54 1.807 012 0.0517050% GeV?
|gqg; 177) jﬂ;ﬁ’_ 16.2 3.61-4.58 18.0 40-53 405702 0.06370929 GeV?
|gqg; 1+7) i 5.0 2.29-2.45 55 40-45 1.847012 0.049109% GeV?
lgqg:177) J. 16.3 3.52-4.56 18.0 40-53 4.0970% 0.0647003) GeV?
|Ggg; 07 F) 70 20.6 5.11-6.59 24.0 40-56 4.45102 0.12470932 GeV?
|Gqg;0~") 0 7.7 3.58-3.81 8.5 40-45 2.145517 0.105050 GeV?
|Gqg;07") Jr0 21.6 5.48-6.52 24.0 40-50 4.49+021 0.12310032 Gey3
i —0.14 —0.037

|Gqg;0%7) 0 7.1 3.32-3.73 8.5 40-49 2.1610:18 0.100700: GeV?
|gqg; 1) J 4.8 2.19-2.28 5.2 4043 1675515 0.24379057 GeV*
|Gqg; 11+) T 13.8 3.59-4.10 15.0 40-48 3.54701¢ 13707043 GeV*
|Gqg; 17) T 4.6 2.10-2.27 52 40-46 1681014 0.2427109% GeV*
|Gqg; 177) T 13.7 3.57-4.10 15.0 40-49 3.53701¢ 136670450 GeV*
|Gqg; 07F) Jo+ 11.1 3.48-3.91 125 40-49 2.947020 2.8937092 Gev*
|Gqg: 0*) Jo-+ 11.1 3.47-3.92 125 4049 2.937920 2.8827) 5% GeV*
|Gqg; 1) 7, 5.8 1.84-2.06 6.5 40-48 211550 0.0560013 GeV?
lgqg; 17) Jer, 5.5 1.81-2.00 6.2 4048 2.0070:13 0.055%00 GeV?
|gqg: 17F) I, 5.5 1.81-2.00 6.2 40-48 2.001012 0.055*0%97 GeV?
|gqg; 17) jfll& 5.8 1.84-2.06 6.5 40-48 211593 0.056700!3 GeV?
|Gqg; 2++) Jabrah, 8.6 3.11-3.37 9.5 40-46 2441020 -
|Gqg;27+) Jabrah, 12.7 2.54-3.60 14.0 40-54 3.681062

|Ggg;2™") ngﬁlf“zﬂz 8.3 3.07-3.41 9.5 40-48 240102

|Gqg; 2++) Jabrah, 11.7 2.47-3.70 14.0 40-63 3.46:0%
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TABLE IL
Egs. (7)—(14) and (19)-(30) with the quark-gluon contents §sg.

QCD sum rule results for the single-gluon hybrid states |§sg; J7C), extracted from the single-gluon hybrid currents given in

Working regions

State [JF€] Current smin [GeV?] M?% [GeV?] so [GeV?] Pole [%] Mass [GeV] Decay constant
|§sg;177) I 4.3 2.07-2.80 6.5 40-63 1.941020 0.05410013 GeV?
5593 1+7) Jer. 16.2 3.60-5.40 20.0 40-65 4.061026 0.071:001% Gev?
|5s5g: 177) . 5.9 2.54-2.72 6.5 40-45 2.01707 00500095 Gevs3
|5sg;177) b 16.9 3.73-5.30 20.0 40-61 412302 0.070%39% GeV?
|55g;0+F) =0 20.7 5.18-7.35 26.0 40-63 450103 0.13670%) GeV?
559507 ) 0 7.2 3.45-4.08 9.5 40-53 2.26192! 0.107:5507 GeV?
|559;07) Ji0 21.6 5.36-7.23 26.0 40-59 4.5710% 0.134750% GeV?
|559;0+7) Jh=0 7.5 3.41-3.98 9.5 40-52 2.3092) 0.1017050 GeV?
|5sg; 17F) T 5.1 2.26-2.54 6.2 40-49 1.847014 0.300799%3 Gev*
|55g; 1++) ., 14.1 3.64-4.80 17.0 40-58 3.65101 1.6787030 GeV*
|5s5g; 177) T 39 1.85-2.43 6.0 40-62 1.8270.13 0.278700% Gev*
|59, 177) - 13.8 3.50-4.80 17.0 40-61 3.641017 16620320 Gev*
|5sg;07) Jor+ 115 3.53-4.33 14.0 40-55 3.1170% 3.5354]3%8 Gev*
|559;07F) Jo-+ 11.3 3.51-4.36 14.0 40-56 3.0870% 3.5091155% GeV*
|55g; 17) J 6.6 1.95-2.27 7.5 40-51 2.347 014 0.06130017 GeV?
5593 17) e, 5.5 1.82-2.25 7.0 40-57 2.08+918 0.06130919 GeV?
5595 17F) 70, 5.5 1.82-2.25 7.0 40-57 2.08108 0.061-5010 GeV?
5593 14F) Jer, 6.6 1.95-2.27 7.5 40-51 2.347014 0.061501; GeV?
|55g;2+F) Jeibroats 9.2 3.22-3.60 10.5 40-49 2.597053 e
|5sg;27F) by 13.4 2.55-4.29 16.0 40-66 372072

|§sg;27F) Jgfl af 8.1 3.04-3.72 10.5 40-56 2.517039

|559;2) Jarbroafs 11.8 2.36-4.47 16.0 40-78 3.547048

IV. DECAY PROPERTIES OF THE Jf¢=1-+
HYBRID STATES

In this section, we systematically study the decay
properties of the J*¢ = 17" hybrid states, whose masses
and decay constants have been calculated in the previous
section. Since we do not differentiate the up and down
quarks within the QCD sum rule method, the masses and
decay constants of the states in the same isospin multiplet
are calculated to be the same:

M Gagi-1-+) = Mgegor1—+) = 1.671015 GeV,
Flaagi-1-) = Flaagor1-+) = 0.2432003] GeV*,
Misigo1-) = 1841513 GeV,
Flssgo1-+) = 0.300100% GeV*.

As shown in Fig. 5(a), a single-gluon hybrid state can decay
after exciting one ggq/s§s pair from the valence gluon,
followed by reorganizing two color-octet gg/Ss pairs into
two color-singlet mesons. This decay process has been
systematically studied in Refs. [109,110] for the J©€ =
1~ hybrid states through the QCD sum rule method, and in

the present study we update these calculations. Besides the
“normal” decay process depicted in Fig. 5(a), there also
exist the “abnormal” decay processes depicted in Figs. 5(b)
and 5(c), where the 7"/ mesons are produced by the QCD
axial anomaly. These abnormal decay processes have been
systematically studied in Ref. [111], and in the present
study we also update these calculations.

We shall use the decay modes 7, = |Gqg; 1717") - prx
and 7, = [§sg;0717F) 5y’ as two examples to separately
study the normal and abnormal decay processes in the
following subsections.

A. Normal decay process

In this subsection, we use the decay mode
7 =1Gqg; 1717%) = pu (57)

as an example to study the normal decay process depicted
in Fig. 5(a) through the three-point correlation function

Tw(p.k.q) = /d4xd4yeikxeiqy

< (O[T (x)J2" () /4%, (0)]]0),  (58)
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M;

/M,

M,

(a)

FIG. 5.

Decay mechanisms of the single-gluon hybrid states through (a) the normal process with one quark-antiquark pair excited from

the valence gluon and (b),(c) the abnormal processes with the 7/5’ produced by the QCD axial anomaly.

where p, k, and ¢ are the momenta of 7, = |gqg; 1717T),
p~,and 7™, respectively. The current J/_, has been defined
in Eq. (11), and we select the isovector neutral-charged one

1 _ _
(@, A8y puy, — d, 28y 5dy) g, G (59)

=

The negative-charged vector current Jﬁ_ = uy,d and the

S =

positive-charged pseudoscalar current J gﬁ = dysu, respec-
tively, couple to the vector meson p~ and the pseudoscalar
meson 7+ through

<0|le4_ |p_(k, €)> = mpfpew (60)
- 2i(4q)
(015 |z(q)) = fr = . (61)
fx
with [87,121,122]
m, = 140 MeV, fr==131 MeV,
m, =770 MeV, f, =220 MeV. (62)

At the phenomenological side, we write T, (p, k. q) as
Juif pmof
myz, = p*)(my = k*)(m; — %)’

(63)

T/w(p7 kv Q) = gpﬂeﬂyaﬂqakﬂ (

where the coupling constant g,, is defined through the
Lagrangian

L= gﬂﬂeﬂmﬁﬂ?"()aiﬁdﬁp‘” 4 (64)

At the QCD side, we calculate T,,(p.k,q) using the
method of operator product expansion. We work at the pion
pole and choose the terms divergent at the g> — 0 limit to
derive

T (p k) = S (000600 (3, 1)
) e

We compare Eqgs. (63) and (65) to calculate the coupling
constant g,,. After setting p? = k* and performing the
Borel transformation once B(p?> = k* — T?), we arrive at

Jufomof s (e—m?,I/T2 _ e—mg/ﬁ)

7 ml—my,
_ _2(940Gq) _(29)(:GG) 1 (66)
3v2 o2 T’
The formula of the decay width reads
Gor =
L(r) = pta +p7a") =2x 521G (67)

where ¢, is the three-momentum of the final state 7.
Numerically, we obtain

Gpr = 4.08178) GeV!, (68)

[(r, — pr) = 242119 MeV. (69)

B. Abnormal decay process

In this subsection, we use the decay mode
m = [5sg;0717) Sy’ (70)

as an example to study the abnormal decay process
depicted in Fig. 5(c), with 5 produced by the QCD
U(1), anomaly. Before doing this, let us shortly introduce
the two-angle mixing formalism to describe the 7 and #/
mesons [123-132]:

n) = cos Og|ng) — sinGolno) + - -,

In') = sinBg|ng) + cos Oylng) + - - -, (71)
with
Ins) = |uit + dd — 2s5)/\/6.
) = |uit + dd + s5)//3, (72)

and - - - are contributions from the pseudoscalar glueballs
and charmonium, etc.
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The octet and singlet axial-vector currents are defined as
A}, = (fiy,ysu+ dy,rsd = 257,758)/ V12,

AG = (iyrsu + dy,ysd + 3y,155)/ V6. (73)

These two currents couple to the 7 and 7’ mesons through

(0[AGIP(K)) = ikuf, (74)

where f4 (a = 8,0; P =n,1') is the matrix for the decay
constants, defined as

o B (fgcosﬁg

ff;, fg, fgsinfyg

To simply our notations, we further construct the axial-
vector currents

—fo sin HO > . (75)

focos b,

Jh = AS +1,A9, (76)
T = AS +1,AY, (77)

which couple to the # and #' mesons through

(15 ln(k)) = ik,gy.
(O ' (k) = ik, gy,
(il (k) = (0l

n(k)) =0, (78)
with
6= 15— L2181 19,
gy = 15 = FO15/10.
by =—15/f0.
ty = =fal F- (79)

We shall use the following values in the calculations
[133,134]:

Oy = —22.2°,

0, = —9.1°,

fs = 168 MeV,

fo =157 MeV. (80)

The conversion of the gluons into the # and ' mesons
can be described through the QCD U(1), anomaly as
[133,135-139]

As ~af ~

<O| EGnﬂGn,aﬂliﬁ = m%fn’ (81)
av ap

<0| E GnﬂGn,aﬂ|’7/> = mi’f}]/’ (82)

with
fn —%cos 03 —\];—%sinHO, (83)
fn= %Sinég —l—\];—%coseo. (84)
To study the abnormal decay process n; =

|55g;0717T) 5 i depicted in Fig. 5(c), with #/ produced
by the QCD U(1), anomaly, we consider the three-point
correlation function:

T (p: k. q) =/d4xe'i"x<0|T[J’f+(0)JT(X)]|7’/’>’ (85)

where p, k, and ¢ are the momenta of 7, = [5sg;07171), n,
and 7/, respectively. The current J; has been defined in
Eq. (76). The current J’l’ _, has been defined in Eq. (11), and
we set its quark content to be

Jﬂ

-+ - falzbyﬁsbgsGﬁﬂ' (86)

At the phenomenological side, we write T}, (p, k. q) as

Ing
T(p.k.q) = gyrk,k, (m2 v (87)

= P2 (my = k%)’

where the coupling constant g,, is defined through the
Lagrangian

L= Guyry (01 (88)

At the QCD side, we calculate T),(p.k,q) using the
method of operator product expansion to be
2m$,f,7/ 4ﬂ2m$,f,7/ms<s"s>)

T;w(p7 k, (’I> = gskﬂkv (_ 312 - 3%6

(89)

where 0, = —1/v/3 + ty/ V/6 describes the s§ component
contained in the current J7.

After setting p?> = k> and performing the Borel trans-
formation once B(p* = k* — T?), we arrive at

/ S . <e—mg/M§ _ e—mﬁl/Mg>
n

g
" g —m

_29smi,f,7/ Zﬂzé’xmi,f”/m‘v(s"s) 1

—. 90
3 3 w00
The formula of the decay width reads
Cln = ) = 522 3, 1)
! 24zm2 M

m
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TABLE III.

Partial decay widths of the hybrid states |Ggg; 17177), |ggg; 0T17), and |§sg; 0" 17T}, in units of

MeV. (7 /0, iy M| M,) are related to the processes depicted in Figs. 5(a)-5(c), respectively. We simply sum over
the partial decay widths to obtain the total decay widths, as listed in the last row. Note that the decay channels

7 /157771'/77,7[ and 7,/ — K*(892)K/K(1270)K/K*(892)K*(892) have not been investigated in our previous

QCD sum rule studies [109-111].

|Ggg:17171) |ggg:0717T) 55907 17)

Channel M = 1.677013 Gev M = 1.677013 Gev M = 1.84701% GeV
m/m = pn 2421079
7 /m = b (1235)x 14.5739
m/m = f1(1285)x 35.9457
m/n = nx 2312

65.0
™ /m % onm 5785314
m/m = 0-43f8]25§)
T /m=n'n 149557
m/m — a;(1260)x 795045

0.12 1.04

m/m= 0.07207 0.93%0
7 /m~ ' 115514 50137
7 /m — K*(892)K +c.c. 2535347 2531317 73.915%0
1 /m = Ki(1270)K +c.c. - e 14.61178
7 /m = K*(892)K*(892) 0.08" 58
Sum 530734 120760 100255

where Ejn is the three-momentum of the final state 7.
Numerically, we obtain

T Smr') = 50746 MeV. (93)
Similarly, we study the other normal and abnormal decay
processes. The obtained results are summarized in Table III.

V. SUMMARY AND DISCUSSIONS

In this paper, we study the single-gluon hybrid states
with various (exotic) quantum numbers. We systematically
construct 24 single-gluon hybrid currents and use 18 of
them to perform QCD sum rule analyses. We calculate the
masses of 44 single-gluon hybrid states with the quark-
gluon contents gqg (¢ = u/d) and §sg. The obtained
results are summarized in Tables I and II. Especially, the
masses and decay constants of the J’¢ = 1=* hybrid states
are extracted from the current J’l’,+ given in Eq. (11) to be

M gq91-+) = 1-67J—r(()).'1175 GeV,
flagg—+) = 0.2437003] GeV*,
Missg1-+) = 1.842575 GeV,
flssg1-+) = 0.30015 0% GeV*.

Since we do not differentiate the up and down quarks
within the QCD sum rule method, the masses and decay
constants of the states in the same isospin multiplet are
calculated to be the same:

M G171 = Migggor1-+) = 1672015 GeV,
Flaggi-1+) = Flaagor1-+) = 02435555 GeV*,
M|§sg;0+l’+) - 184‘1—811;‘ GCV,
flssg0r1-+) = 03001508 GeV*.

There have been a lot of lattice QCD calculations on
the I6JPC€ =171~ hybrid state in the past 50 years
[41,42,140-143], and, especially, the Hadron Spectrum
Collaboration have performed exhaustive analyses
[8,45,64,65,144-146]. Meyer and Swanson summarized
these results, and the naive extrapolation of its mass,
calculated by lattice QCD, to the physical pion mass turns
out to be approximately 1.6 GeV [6]. Therefore, our QCD
sum rule calculation is well consistent with the lattice QCD
calculations.

Based on the mass calculations, we systematically study
the decay properties of the J°¢ = 17" hybrid states. We
have considered the normal decay process depicted in
Fig. 5(a). We have also considered the abnormal decay
processes depicted in Figs. 5(b) and 5(c), with the ;1(’)
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mesons produced by the QCD axial anomaly. The obtained
results are summarized in Table III, and, especially,

Uiggga-1-+) = 5302?8 MeV,
Tggg0+1-+) = 1202]70 MeV,
Tjssg0r1-+) = 100740° MeV.

The above QCD sum rule results suggest that the
71(1600) and 7,(1855) can be, respectively, interpreted
as the single-gluon hybrid states |Ggg;1717") and
|§5g;0717), so there exists another isoscalar state
|gqg;0717"), whose mass and width are smaller than
those of #,(1855). Considering the uncertainties, our
results suggest that the z;(1600) and #;(1855) may also
be, respectively, interpreted as the single-gluon hybrid
states |ggg; 1717") and |gqg;0"17"), so there exists
another isoscalar state |5sg; 07 17"), whose mass and width
are larger than those of 77, (1855). To differentiate these two
assignments, it is useful to examine the a;(1260)x decay
channel. We find in Table III that the 5)-relevant decay

|

modes, as the characteristic decay modes of hybrid states,
are enhanced to some extent. To verify whether the exotic
71 and 77; resonances are hybrid states or not, we propose to
examine these decay modes in future BESIII, Belle-II,
GlueX, LHCb, and PANDA experiments.
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APPENDIX: SPECTRAL DENSITIES

In this appendix, we show the OPE spectral densities
extracted from the single-gluon hybrid currents given in
Egs. (7)-(14) and (19)—(30) with the quark-gluon content
§sg. Those with the quark-gluon content Ggg (¢ = u/d) can
be easily derived by replacing m; — 0, (§s) — (4q),
and (g,50Gs) — (g,40Gq):

H?g_ (Mz’ SO) _ /so < s3as B m§s2as n s<<aSGG> _
4m?

24073 2473 4872

(a,GG)?

(0,GG)a, 2m,(5s)a\ (53G%) (a,GG)m
115273 9

(a,GG)m(5s) 4

967> 247>

46087> 18

x e~ /Mids + <— -

(A1)

9

m?n(ss)’a, + §JT<.S_‘S> <gss'oGs>as> ,

. so (SPa,  m2sta a,GG) (a,GG)a, 8m(5s)a; 3G3 a,GG)m?
8 ) - [ (200 (-1500) (000t (90 (0G0
4m?

1272
a,GG)? (@G)m? , 2
115272 1272 9

607> 67>

x e~S/Myds + <<

28873 9

(a,GG)ay

24 67>

16

(a,GGYm(5s) ——mm?(5s)*a, + 2ﬂ<5_‘s> <gS§6Gs>as> , (A2)

9 9

24073 87 4872

% (M3, s,) = / ! < sa, m§s2a3+s(<asGG> -
1t ’ -
4m?

115273 3z

2my(5s)a,\  (G)  (a,GG)m3
967> 872

GG)? GG)my(S. 4 8
x e~ /Mids + <— <Z%08ﬂ>2 {a, ém&ss} - §m%n’<§s>2as, - §ﬂ<§s><g‘Y§6Gs)as>, (A3)
~ o (sa,  m2s? GG) (a,GG)a, 8m(ss)a (3G*)  {(a,GG)m?
Haé’f M2, :/0 70 _mss Ay _<as _\%s s s s s s s
M) = | Aeor T 2w T\ T T sse T 3 )T Toan
GG)? 3GHm? 2 16 32
x e=5/Mi s + (<f’;52ﬂ>2 —<954ﬂ3’"s—3<aSGG>mS<s-s>—97zm§<§s>2as—9n<5s><gss-acs>as), (A4)
(M2, 50) /So sSa,  mista, . (a,GG) 13{(a,GG)a, 8my(3s)a N (3G 3{a,GG)m2a,
(M3, 50) = - s -
B )L \608 353 367> 43273 97 327 6473
(@G )m3

iy 4

_3m; <gs§0Gs>as> « -5/ Mads + ((aSGG>2

345677

1672 9

2 _ 1, -
— ) (a,GG)m(5s) +—n(3s) (gssaGs>as> .

(AS)
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A (M2 50) — /So <s3as dm2s’a (_ (a,GG) 5(a,GG)a; 32ms(s"s>as> B (g3G?) n 3(a,GG)m?a;
4

2 \ 1573 373 on? 10873 O Ar? 1673
3m(g;50Gs)a o (a,GG)*  (giG*)m f 8 (a,GG)m(5s)a;
LA UL SIMed — - GG —

+ 7 ) XA T g ean 2 g\ ®G0Im(ss) - 37
28

- 377.’<§S> <gxs"o"Gs)aS) , (A06)

so (3 5m?s’a (a,GG) 13(a,GG)a, 16m(5s)a (g3G?) (a,GG)Ym? 3{a,GG)m3a
", MZ’ _ / ofsTay  Jnmg s 0 s s s s s D s 0 sy
- (M. 50) 60 127\ 3622 | 4322 | ox T30 4n? 6473

3m,(g,56Gs)a oo (a,GG)> (gG*Ym? 4 I _
-I—T) M ds 4 < 45677 487 —|—§(aSGG>mS<ss> —3ﬂ<ss)<g5soGs)as , (A7)
T (012, 5y) = /So s‘a,  Smis’a; s of - (a,GG) 5(a,GG)a,  64m(5s)a,\  (5;G°) N (a,GGYm?
! B a2 \ 1573 37 7> 10873 Or 47? i
3(a,GG)m*a; 3m,{g,56Gs)a o (a,GG)* 16 _
+ 16]7;3 - p X e /MBdS+ —W—3<QSGG>W£S<SS>
GG S. 28
- Mw + 5 7(59) <gS§aGs>as> : (A8)
n

" so [ $3a (a,GG) {a,GG)a, 4m(5s)a @G  (a,GG)m? 3{a,GG)m’«a
H++(MB7SO): - - . - -

2 1207° 247? 5767° 3 327° 1272 6413
32 13(g,56Gs)mga; Y (a,GG)? (G Ym? 1
’z SNGSOTIIG ) pesiM g 4 (- - “{a,GG
g (s)a, + 127 XS | = T e T3 (@ OCIM(SS)
GG)m,(5s 8am3(3s)’ay 1
- (GO, IR L a(5) g,50Gs)a, ) (49)
~ 5 so [ s3a (a,GG) 37{a,GG)a, 16m(5s)a, (@G (a,GG)m? 13(a,GG)m3a
l_IO* (MB9 S()) = 3 s 2 3 - + 5 5 - 3
am2 \307 61 144r 3 A 3 167
128 _ 5(g,56Gs)mga; o (a,GG)* (giG*)m?> 4
+Tﬁ<ss>2as—T x e /Msds + 622 " 22 g((xSGG) +(58)
GGYm,(5s)a, 32mm?(5s)? 20
_a,GG)my(Ss)a, _ 32mm; (Ss) a, + —n(3s)(g,50Gs)ay |, (A10)
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