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In this study, the impact of triangle singularity is investigated in the isospin breaking process
J=ψ → ΛΛ̄π. The triangle singularity is found to play a significant role in the process, resulting in the
creation of a resonancelike structure around 1.4 GeV in the ΛπðΛ̄πÞ invariant mass spectrum. To amplify
the impact of this triangle singularity, the presence of two Σ�ð1

2
−Þ states around 1.4 GeV and 1.6 GeV is

essential, yet these states have not been definitively identified in the current baryon spectrum. We
recommend that experiments, particularly the Beijing Spectrometer and the future Super Tau-Charm
Factory, investigate the process J=ψ → ΛΛ̄π to offer direct evidence for our predicted triangle singularity
and additional evidence regarding the Σð1

2
−Þ states.
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I. INTRODUCTION

The current Beijing Spectrometer (BESIII) experiment
has accumulated a wealth of data, and future Super Tau-
Charm Factory (STCF) experiments are expected to have
higher luminosity. This makes the experiment in the
tau-charm energy region a crucial location for studying
nonperturbative QCD through precise measurements of
specific QCD processes [1,2]. Even more intricate struc-
tures could be unveiled if a sufficient number of events are
available in the future. For example, the existence of a
triangle singularity (TS) is one of the most fascinating
topics [3], representing a unique feature of final state
interaction when a particular kinematic configuration called
Coleman-Norton theorem takes effect. Although proposed
by L. D. Landau in 1959 [4], the concept of triangle
singularity may hold significant importance in elucidating
various anomalies [3,5–54] (a comprehensive review can
be found in Ref. [55]). However, as highlighted by

Refs. [48,49,56], the concept of triangle singularity itself
has not been definitively examined.
Based on previous studies, three main factors make it

challenging to examine triangle singularities in experi-
ments: interference with threshold cusps, mixing with
resonances, and the lack of precise predictions due to
unknown vertices [13,48]. Therefore, in response to these
challenges and with a focus on BESIII and STCF,
Refs. [48,49,51,54] have proposed several processes in
which the predicted pure effects of triangle singularities
could potentially be examined in the future.
Upon reviewing previous works [48,49], we have

identified two inherent weaknesses, stemming from the
discussions on the background generated by the tree
diagrams. One issue is the potential omission of several
tree diagrams, leading to inaccuracies in estimating the
background. In this scenario, the significance of the
triangle singularity is not entirely clear. The other concern
is that the signal of the triangle singularity is significantly
smaller than the contribution from the background chan-
nel. This implies that the signal of the triangle singularity
can only have an observable effect when it interferes with
the background channel. Therefore, in previous calcula-
tions, it was always essential to treat an interference angle
between the background and TS signal as a free parameter,
making it impossible to determine accurately. Therefore,
as emphasized in our previous works [48,49], we assumed
the phase angle to be zero. This implies that for certain
specific phase angles, the effect of the triangle singularity
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may be significantly suppressed, making it still unob-
servable in experiments.
Therefore, we need to develop improved processes to

assist experiments in detecting the signals of triangle
singularities. Inspired by the concept introduced in pre-
vious studies [5–8], where the triangle singularity effect
plays a crucial role in the isospin breaking process
ηð1405=1475Þ → πf0ð980Þ → 3π, this study focuses on
the J=ψ → ΛΛ̄π process. The inner triangle loop in this
process involves Σ�ðΣ̄�Þ, Σ̄ðΣÞ, and π, and we have chosen
this specific process for the following reasons:
Within the triangle loop, the triangle singularity and

isospin breaking effect occur simultaneously. Given that
the isospins of J=ψ ,ΛðΛ̄Þ, and π are 0, 0, and 1, respectively,
the isospin is not conserved in this process. Clearly, if this
process occurs through strong interactions obeying the
isospin conservation, the outcome should be zero.
Nevertheless, due to the mass discrepancies among Σð�Þ

particles with varying charges [57], the Σð�ÞΣ̄π loops with
different charge states will not cancel each other out. More
significantly, the triangle singularities will also occur in these
loops. Consequently, the locations of the triangle singularities
will be distinct from each other as a result of the mass
variations of Σð�Þ, as illustrated in Fig. 2 below. Therefore,
this isospin breaking process may exhibit a resonancelike
structure around 1.4 GeV in the ΛπðΛ̄πÞ invariant mass
spectrum, as shown in Fig. 2. This scenario bears a striking
resemblance to the J=ψ → γηð1405=1475Þ → γπππ process
via the K�K̄K triangle loop.
The contribution of background will be suppressed due

to isospin breaking. Given that the J=ψ → ΛΛ̄π process
involves isospin breaking, the tree diagrams associated
with this process are expected to be suppressed.
Consequently, the background of this process will be
significantly reduced compared to conventional scenarios.
This reduction in background enhances the prominence of
the triangle singularity effect. As a result, the interference
effects may be less significant, and the phase angle is less
likely to introduce uncertainty when observing the tri-
angle singularity signal.
A large number of J=ψ events have been accumulated in

BESIII and are anticipated in future STCF experiments. In
comparison to the ψð2SÞ selection used in our previous
studies [48,49], the J=ψ is the most prevalent charmonium
worldwide. As of now, BESIII has accumulated over 109

J=ψ events [1], and in the future STCF the number of J=ψ
events is expected to be even greater, given that the
luminosity of STCF is approximately 102 times higher
than that of BESIII [2]. Therefore, the present and
upcoming experimental settings offer an excellent platform
for conducting more accurate measurements in J=ψ phys-
ics. This suggests that the observation of the triangle
singularity in the J=ψ → ΛΛ̄π process is more likely to
occur in the future.

Moreover, the properties of the resonances participating in
the triangle loop are also crucial in augmenting the signifi-
cance of the triangle singularity. For instance, when the
triangle singularity occurs, the relative momentum between
particles is not very high, leading to a significant suppression
of high partial wave interactions. So the triangle singularity
becomes a valuable probe for testing the existence of a
resonance that can decay into the final state in an S-wave
configuration. Thus, in the J=ψ → ΛΛ̄π process, it provides
a nice place to examine the existence of the Σ� particles with
masses around 1.4 GeVand JP ¼ 1

2
−, which decays into Λπ

in S-wave. Fortunately, based on previous studies, there is a
potential candidate: the Σð1381Þ [58–60], suggested by a
multiquark model, which could play a significant role in this
process. The clear contribution of the triangle singularity in
this process could support its existence.
The remainder of this paper is structured as follows: In

Sec. II, a brief introduction to the model will be provided.
Section III will present the numerical results and the
corresponding discussions. Finally, a summary will be
provided in Sec. IV.

II. MODEL SETUP

The mechanisms involving the one triangle loop of
the J=ψ → ΛΛ̄π process are illustrated in Fig. 1, where
Figs. 1(a) and 1(b) are actually conjugate to each other. In
this mechanism, the J=ψ decays initially into Σð�ÞðΣ̄�Þ and
Σ̄ðΣÞ, followed by the decay of Σð�ÞðΣ̄�Þ into ΛπðΛ̄πÞ,
while the Σ̄ðΣÞ remains unchanged. Finally, π catches Σ̄ðΣÞ
and rescatters into Λ̄πðΛπÞ via an excited Σ̄�ðΣ�Þ. Therefore,
when a triangle singularity occurs, all the particles forming
the triangle loop are on their mass shells, resulting in a peak
in the ΛπðΛ̄πÞ invariant mass spectrum.
Similar to our previous studies [48,49], we utilize the

effectiveLagrangianmethod to conduct the entire calculation.
This approach allows us to express the general form of the
amplitude that characterizes the loop diagram in Fig. 1 as

MLoop ¼ i
Z

d4q
ð2πÞ4

V3F ðp3 þ p4 − q;mΣ;ΛΣÞ
ðp3 þ p4 − qÞ2 −m2

Σ þ imΣΓΣ

×
V1F ðp2 þ q;mΣ� ;ΛΣ�Þ

ðp2 þ qÞ2 −m2
Σ� þ imΣ�ΓΣ�

V2F ðq;mπ;ΛπÞ
q2 −m2

π þ imπΓπ

×
V4F ðp3 þ p4; mΣ� ;ΛΣ� Þ

ðp3 þ p4Þ2 −m2
Σ� þ imΣ�ΓΣ�

; ð1Þ

FIG. 1. The decay mechanisms of J=ψ → ΛΛ̄π0 process via
triangle loops, where (a) and (b) are just conjugate to each other.
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whereVi are the interactions of each vertex as given in Fig. 1.
For the interactions between J=ψ and Σð�ÞΣ̄ð�Þ, the relevant
effective Lagrangians are [61–67]

LψP11P̄11
¼ −gψP11P̄11

P̄11γμψ
μP11 þ H:c:; ð2Þ

LψS11P̄11
¼ −gψS11P̄11

P̄11γ5γμψ
μS11 þ H:c:; ð3Þ

LψD13P̄11
¼ −gψD13P̄11

P̄11ψμD
μ
13 þ H:c:; ð4Þ

LψP13P̄11
¼−igψP13P̄11

P̄11γ
5γνð∂μψν−∂νψμÞPμ

13þH:c:; ð5Þ

with P11, S11, D13, P13 being the fields of excited baryons
with quantum numbers JP ¼ 1=2þ, 1=2−, 3=2−, and 3=2þ
respectively. For the interactions between baryons and pion,
the effective Lagrangians are [68]

LπP11P11
¼ −gπP11P11

P̄11γ5γμτ · ∂μπP11 þ H:c:; ð6Þ

LπP11S11 ¼ −gπP11S11P̄11τ · πS11 þ H:c:; ð7Þ

LπP11D13
¼ −gπP11D13

P̄11γ5γ
μτ · ∂μ∂νπDν

13 þ H:c:; ð8Þ

LπP11P13
¼ gπP11P13

P̄11τ · ∂μπP
μ
13 þ H:c: ð9Þ

In Eq. (1), a form factor F ðq;m;ΛÞ ¼ Λ4

ðq2−m2Þ2þΛ4 is

introduced to describe the structure effects of interaction
vertices and off-shell effects of internal particles.
Furthermore, it can also avoid the ultraviolet divergence
that appears in our calculation. As emphasized in our
previous work, when triangle singularity happens, all the
particles that compose the triangle loop are on-shell,
leading to F ðq;m;ΛÞ ¼ 1. This indicates that the form
factor will not affect the height of the peak caused by the
triangle singularity very much [48,49]. Furthermore, the
form factor F ðq;m;ΛÞ includes a free parameter Λ,
representing the momentum cutoff and commonly para-
metrized as Λ ¼ mþ αΛQCD. In our following calculation,
we take ΛQCD ¼ 0.22 GeV. Since α affects little on the
behavior of MLoop, it will still be taken as 1 [48].
The Dalitz plots and invariant mass spectra we need can

be obtained by

dΓ ¼
X jMLoopj2

96ð2πÞ3m3
J=ψ

dm2
23dm

2
34 ð10Þ

or

dΓ ¼
X jMLoopj2

96ð2πÞ3m3
J=ψ

dm2
24dm

2
34; ð11Þ

where
P

denotes the summations over spins of initial and
final particles, and the invariant masses are defined as
m2

23¼ðp2þp3Þ2,m2
24¼ðp2þp4Þ2,m2

34¼ðp3þp4Þ2 [57].

III. NUMERICAL RESULTS AND DISCUSSIONS

A. Triangle singularity effect caused by difference
charge configurations in the isospin breaking

process J=ψ → ΛΛ̄π
With the preparations given in Sec. III, we proceed to

present the numerical calculations and corresponding dis-
cussions. In Fig. 1, the charge configuration with primary
decay process where J=ψ is decaying into two neutral Σð�Þ0
particles is not included. This is because under this situation
the isospin factor of V3 vertex, i.e., the interaction between
Σ�0 and Σ0π0, is zero, due to the Clebsch-Gorden coef-
ficient of isospin factor h1; 0; 1; 0j1; 0i ¼ 0. Thus, the
neutral channel will have no contribution to the process.
For a single loop diagram in Fig. 1, after multiplying the
isospin factors of all the vertices Viði ¼ 1;…; 4Þ, the signs
of the amplitudes of the two kinds of charge configurations
in the triangle loop are opposite. Therefore, if the Σð�Þ
particles have no mass differences in charges, the contri-
butions of these two charge configurations will cancel each
other and make the total amplitude of the process still be
zero. However, if we take into account the practical masses
differences of charge states [57], we will find some changes
on the line shapes in ΛπðΛ̄πÞ invariant mass spectrum, as
shown in Fig. 2.
In Fig. 2, for instance, we choose Fig. 1(b) to illustrate

the line shapes of the mΛπ invariant mass spectrum. Here,
Σ̄�� and Σ�0 are assigned as Σ̄�ð1670Þ� and Σ�ð1381Þ0,

FIG. 2. The mΛπ invariant mass spectra of the J=ψ → ΛΛ̄π
through Fig. 1(b), where ð�;∓;�Þ, i.e., black solid line and red
dashed line, denotes that the triangle loop is composed by
Σ̄��Σ∓π�. The enlarged subfigure with green dot-dashed line
denotes the total contribution of these two kinds of charge
configurations, which represents the difference between them.
It should be noticed here that in this figure the maximum of the
value has been normalized to 1.0, and Σ̄�� ¼ Σ̄�ð1670Þ�,
Σ�0 ¼ Σ�ð1381Þ0.
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respectively, with all coupling constants set to 1. In
review of particle physics (RPP) [57], the masses of Σ−

and Σþ are 1197.449 MeVand 1189.37 MeV, respectively,
and the mass of Σ�ð1670Þ is just around 1662 MeV [57].
After applying Coleman-Norton theorem, the positions of
triangle singularities are given as 1.40909 GeV and
1.40073 GeV for the different kinds of charge intermediate
states, respectively. From Fig. 2, it can be observed that the
line shapes of the black solid line and the red dashed line
exhibit slight differences in the following two aspects: The
central value of the peak in the black solid line is slightly
larger than that in the red dashed line due to variations in
the positions of the triangle singularities, and the height of
the black solid line is slightly lower than that of the red
dashed line, attributed to differences in the phase spaces.
Crucially, the nonzero total contribution of the green dot-
dashed line arises from the mass distinction of Σ∓ in these
two charge configurations. Consequently, a resonancelike
structure emerges around 1.4 GeV in the Λπ invariant mass
spectrum, with a width of approximately 20 MeV.

B. Discussions on the Dalitz plots
with different Σ�0 selections

In Fig. 2, we only take into account the contribution of
Fig. 1(b). Given that Fig. 1(a) is simply the conjugate of
Fig. 1(b), it is conceivable that the line shapes of the Λ̄π
invariant mass spectrum will be identical if we solely
consider the contribution from Fig. 1(a). To account for all
the contributions, we should sum the amplitudes of these
two diagrams coherently, and the interference effects
between them are necessary. In Fig. 3, we give the
Dalitz plots in addition to their projections on the invariant
masses, where the two terms in Fig. 1 are included. In
Fig. 1, the Σ��ðΣ̄��Þ is set as Σ�ð1670Þ�ðΣ̄�ð1670Þ�Þ, and
the Σ�0ðΣ̄�0Þ is set as Σ�ð1381Þ0ðΣ̄�ð1381Þ0Þ.
From Fig. 3, it is evident that the triangle singularity

effects occurring in this process will result in two
intersecting bands in both the Λ̄π − Λπ and ΛΛ̄ − Λπ
Dalitz plots. Therefore, as a result of this intersection, the
peak in the Λ̄π invariant mass spectrum will be signifi-
cantly enhanced, increasing the likelihood of observing
this peak in experiments. In the bottom-left subfigure,
a minor cusp emerges around 1.33 GeV, coinciding with
the location of the Σπ threshold. A sudden decrease
around 1.82 GeV is also observed, attributed to the
limitation of phase space.
In the bottom-right panel of Fig. 3, when only Fig. 1(b)

is taken into account, a flat plateau will be observed in the
ΛΛ̄ invariant mass spectrum from 2.6 GeV to 2.9 GeV.
Conversely, as a result of the intersection of the two bands,
a small peak will emerge on the plateau, located around
2.85 GeV.
Although Fig. 3 has shown the basic phenomenon of our

predicted triangle singularity, the currently missing status

of Σ�ð1381Þ indicates that choosing different Σ�0ðΣ̄�0Þ to
study the phenomena must be necessary. Thus, in Fig. 4,
Σ�ð1381Þ is changed to the well established Σ�ð1385Þ and
contents similar to Fig. 3 are presented.
As shown in Fig. 4, when Σ�0ðΣ̄�0Þ changes from

Σ�ð1381Þ0ðΣ̄�ð1381Þ0Þ to Σ�ð1385Þ0ðΣ̄�ð1385Þ0Þ, the
line shapes change a lot. From the plots in the first
row, the bands in the Dalitz plots are no longer uniform,
indicating a typical P-wave contribution. From the
bottom row, it can also be observed that both the Λ̄π
and ΛΛ̄ invariant mass spectra are significantly sup-
pressed. The changes can be attributed to the JP quantum
number of the exchanged Σ�0ðΣ̄�0Þ. If the quantum
number of Σ�ð1381Þ is JP ¼ ð1

2
Þ−, the interactions

between Σ�ð1381Þ and Σπ, as well as Λπ, are both
in S-wave. For the Σ�ð1385Þ, the quantum number is
JP ¼ ð3

2
Þþ, indicating that both interactions with Σπ

and Λπ transition to P-wave. The interactions in higher
partial waves may diminish the impact of triangle
singularities and threshold cusps, a conclusion that has
been previously explored and presented in Refs. [3,69].
To validate this hypothesis, it would be intriguing to

examine an alternative configuration, where Σ�0ðΣ̄�0Þ
corresponds to Σ�ð1381Þ0ðΣ̄�ð1381Þ0Þ, and Σ��ðΣ̄��Þ cor-
responds to Σ�ð1620Þ�ðΣ̄�ð1620Þ�Þ. At this point, given

FIG. 3. The Dalitz plots in addition to their projections on Λπ
and ΛΛ̄ invariant masses of J=ψ → ΛΛ̄π process, where both
the two terms presented in Fig. 1 are considered. The Σ��ðΣ̄��Þ is
set as Σ�ð1670Þ�ðΣ̄�ð1670Þ�Þ, while the Σ�0ðΣ̄�0Þ is set as
Σ�ð1381Þ0ðΣ̄�ð1381Þ0Þ. For the four subfigures, the top-left is
the Dalitz plot of Λ̄π − Λπ invariant mass spectra, the top-right is
the Dalitz plot of ΛΛ̄ − Λπ invariant mass spectra, the bottom-left
is the distribution of dΓ=dmΛ̄π , and the bottom-right is the
distribution of dΓ=dmΛΛ̄. It should be noticed here that both the
maximum values of the distributions in the bottom row have been
normalized to 1.0.
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that the JP values of Σ�ð1670Þ and Σ�ð1620Þ are ð3
2
Þ− and

ð1
2
Þ−, respectively, the interactions between Σ��ðΣ̄��Þ and

Λπ�ðΛ̄π�Þ transition from D-wave to S-wave. These
modifications are reflected in the results depicted in Fig. 5.

Upon comparing the panels in Figs. 3 and 5, it
becomes evident that when the interactions between
Σ��ðΣ̄��Þ and Λπ�ðΛ̄π�Þ transition from D-wave to
S-wave, the peak height is significantly enhanced.
Furthermore, two distinct bands also emerge, precisely
positioned at the thresholds of Σπ and Σ̄π, respectively.
This means that the cusp effect at this time is enhanced a
lot. Furthermore, from the invariant mass spectra in the
bottom row, it can be seen that when the partial wave of
interaction is reduced, the triangle singularity effects are
enhanced a lot, with a factor of around 2.0. Thus, we
may also get the conclusion that higher partial wave will
suppress the effect of triangle singularity in addition
with the cusp effect.

C. Analysis on the background and the significance
of triangle singularity effect

If the triangle singularity effects mentioned in the
previous subsection can be detected in experiments, dis-
cussions on the background are absolutely essential.
Similar to our previous works [48,49], the background
contributions are depicted as shown in Fig. 6.
We illustrate the two possible mechanisms for this

isospin process at the tree level in Fig. 6. Clearly, in the
background, either the interaction between J=ψ and ΛΣ̄�0
or the interaction between Λ� and Λπ violates the isospin
conservation law of strong interactions. Therefore, these
strength of interactions must be similar as that of the
electroweak type. According to Ref. [70], typically the
relative strengths of the strong, electromagnetic, and weak
forces are approximately 1, 10−2, and 10−7, respectively.
Hence, it is reasonable to assume that either the interaction
between J=ψ and ΛΣ̄�0 or the interaction between Λ� and
Λπ occurs through electromagnetic process at the quark
level. Upon consulting RPP [57], we observe that
the branching ratios for the J=ψ → Σ�ð1385Þ−Σ̄þ and
J=ψ → Σ�ð1385Þ0Λ̄ processes are ð3.1� 0.5Þ × 10−4 and
< 4.1 × 10−6, respectively. In other words, the ratio
between them is, at most, 100. Therefore, the inference
regarding the type of interactions at the J=ψΛΣ̄�0 andΛ�Λπ
vertices is justified.
The aim of this study is to investigate whether the

triangle singularity effect remains observable after account-
ing for the background. The key focus area is the invariant
mass ofΛπðΛ̄πÞ around 1.4 GeV. Near this region, there are

FIG. 5. Similar contents as given in Fig. 3, where Σ��ðΣ̄��Þ in
Fig. 1 is changed to Σ�ð1620Þ�ðΣ̄�ð1620Þ�Þ and the Σ�0ðΣ̄�0Þ is
still Σ�ð1381Þ0ðΣ̄�ð1381Þ0Þ. In the above row, the figures are just
Dalitz plots, the same as in Fig. 3. In the bottom row, “ratio on
dΓ=dm” means that the figure draws the relative magnitude of
the invariant mass spectra between the Σ�ð1620Þ�Σ�ð1381Þ0
ðΣ̄�ð1620Þ�Σ̄�ð1381Þ0Þ case and the Σ�ð1670Þ�Σ�ð1381Þ0
ðΣ̄�ð1670Þ�Σ̄�ð1381Þ0Þ case.

FIG. 6. The background of J=ψ → ΛΛ̄π0 process considered in
this work, where (a) and (b) are just conjugate to each other.

FIG. 4. Similar contents as given in Fig. 3, where Σ��ðΣ̄��Þ in
Fig. 1 is still Σ�ð1670Þ�ðΣ̄�ð1670Þ�Þ and the Σ�0ðΣ̄�0Þ has
changed from Σ�ð1381Þ0ðΣ̄�ð1381Þ0Þ to Σ�ð1385Þ0ðΣ̄�ð1385Þ0Þ.
In the above row, the figures are just Dalitz plots, the same as
Fig. 3. While in the bottom row, “ratio on dΓ=dm” means that the
figure draws the relative magnitude of the invariant mass spectra
between the Σ�ð1670Þ�Σ�ð1385Þ0ðΣ̄�ð1670Þ�Σ̄�ð1385Þ0Þ case
and the Σ�ð1670Þ�Σ�ð1381Þ0ðΣ̄�ð1670Þ�Σ̄�ð1381Þ0Þ case.
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two well established resonances Λð1405Þ and Σ�ð1385Þ for
the diagrams shown in Fig. 6. However, apart from the
J=ψ → Σ�ð1385Þ0Λ̄ process, the J=ψ → Λð1405ÞΛ̄ and
Λð1405Þ → Λπ processes have not been observed [57].
This implies that the background originating from Λð1405Þ
cannot be calculated with high precision. Fortunately, the
branching ratio of J=ψ → ΛΣ̄−πþ have been measured by
previous experiments as ð8.3� 0.7Þ × 10−4 [57]. If we
assume that this process is dominated by Λð1405Þ, the
coupling constant gJ=ψΛð1405ÞΛ can then be extracted.
Taking into account the isospin breaking effect of approx-
imately 1%, we can calculate the contribution of Λð1405Þ
to J=ψ → ΛΛ̄π0.
Since the J=ψ → ΛΣ̄−πþ process primarily occurs

through Λð1405Þ, the triangle singularity effect remains
prominent when factoring in the background contribution
around 1.4 GeV in the ΛπðΛ̄πÞ invariant mass spectrum.
This suggests that detecting it in future experiments holds
promise.
Regarding the loop diagram, experimental data on

the branching ratios of the J=ψ → Σ�ð1670ÞΣ̄ and
J=ψ → Σ�ð1620ÞΣ̄ processes are currently unavailable,
and as a result, the corresponding coupling constants
cannot be accurately estimated. When comparing the
J=ψ → Σ�ð1385ÞΣ̄, J=ψ → Σ�ð1670ÞΣ̄ and J=ψ →
Σ�ð1620ÞΣ̄ processes, it is observed that the J=ψ →
Σ�ð1385ÞΣ̄ process takes place in the S-wave, whereas
the others occur in the P-wave. The branching ratio of the
J=ψ → Σ�ð1620=1670ÞΣ̄ process may be slightly lower
than that of J=ψ → Σ�ð1385ÞΣ̄. Taking into account that
the phase space of the J=ψ → Σ�ð1385ÞΣ̄ process is
slightly larger, this will also result in a slightly lower
branching ratio for the J=ψ → Σ�ð1620=1670ÞΣ̄ processes.
Considering these two points, we assume that the
branching ratio of the J=ψ → Σ�ð1385ÞΣ̄ process is
approximately five times greater than that of the J=ψ →

Σ�ð1620=1670ÞΣ̄ processes, i.e., BrðJ=ψ→Σ�ð1620=1670ÞΣ̄Þ
BrðJ=ψ→Σ�ð1385ÞΣ̄Þ ¼ 1

5
.

As for the interactions between Σ�ð1381Þ and Λπ=Σπ, we
assume that they are similar to those of Σ�ð1385Þ in order to
extract the coupling constants.
All the coupling constants mentioned in this study can be

compiled in Tables I and II. Table I consists of the coupling
constants extracted from existing experimental data, while
Table II comprises the coupling constants derived from
estimated branching ratios.
With the these coupling constants, the significance of

triangle singularity related to the background can be
estimated. In Fig. 7, as an example, we display the Λ̄π
invariant mass spectrum, which includes the contributions
of both the background and the loop diagram with the
Σ�ð1670ÞΣ�ð1381ÞðΣ̄�ð1670ÞΣ̄�ð1381ÞÞ configuration. In
the background, we include both the contributions from
Λð1405Þ and Σ�ð1385Þ as intermediate states.

As shown in Fig. 7, around 1.4 GeV, the peak position of
the triangle singularity is nearly identical, though slightly
higher, than the background attributed to Λð1405Þ. It is
clear that the contribution from the background is sup-
pressed, likely due to the background originating from an
isospin breaking process. However, the contribution from
the loop diagram is almost the same as that of the tree
diagram. After integrating the Λ̄π invariant mass spectrum,

TABLE I. The coupling constants extracted from RPP [57].

Couplings Branching ratio Value

gJ=ψΣð1385ÞΣ ð3.1� 0.5Þ × 10−4 ð2.7� 0.2Þ × 10−4 GeV−1

gJ=ψΣð1385ÞΛ < 4.1 × 10−6 < 3.101 × 10−5 GeV−1

gΣð1385ÞΛπ ð87.0� 1.5Þ% 9.034� 0.081 GeV−1

gΣð1385ÞΣπ ð11.7� 1.5Þ% 6.830� 0.432 GeV−1

gΣð1620ÞΛπ ð9.0� 3.0Þ% 0.273� 0.045
gΣð1620ÞΣπ ð17� 5Þ% 0.392� 0.052
gΣð1670ÞΛπ ð10� 5Þ% 3.713� 0.765 GeV−2

gΣð1670ÞΣπ ð45� 15Þ% 10.299� 1.600 GeV−2

gΛð1405ÞΣπ ∼100% ∼1.569
gJ=ψΛð1405ÞΛ ð8.3� 0.7Þ × 10−4 ð1.335� 0.021Þ × 10−3

TABLE II. The estimated coupling constants calculated by the
estimated branching ratios.

Coupling constant Branching ratio Value

gΛð1405ÞΛπ ∼1% ∼0.131
gJ=ψΣð1670ÞΣ ∼6.2 × 10−5 ∼7.129 × 10−3

gJ=ψΣð1620ÞΣ ∼6.2 × 10−5 ∼1.475 × 10−3

gΣð1381ÞΛπ ∼85% ∼2.585
gΣð1381ÞΣπ ∼15% ∼0.815

FIG. 7. The Λ̄π invariant mass spectrum of the background and
loop diagram. Here, the black solid line is the contribution of the
loop diagram, where we set Σ��ðΣ̄��Þ as Σ�ð1670Þ�ðΣ̄�ð1670Þ�Þ
and Σ�0ðΣ̄�0Þ as Σ�ð1381Þ0ðΣ̄�ð1381Þ0Þ. The red and green
dashed lines are the contributions of the background, where
the intermediate states are Σ�ð1385Þ and Λð1405Þ, respectively.
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we have determined the branching ratios for the loop,
and the Σð1385Þ and the Λð1405Þ background components,
to be approximately 6.76 × 10−6, 1.18 × 10−5, and
9.27 × 10−6, respectively. This indicates that the contribu-
tions of the triangle singularity and background are
comparable. Although the position of the triangle singu-
larity coincides with that of the Λð1405Þ, it is evident
from Fig. 7 that their line shapes differ. This results in the
triangle singularity effect being much sharper than the
resonance structure.
After estimating the backgrounds, the significance of the

triangle singularity is determined using the variable

ratioðmΛ̄πÞ ¼
ðdΓ=dmΛ̄πÞTS

ðdΓ=dmΛ̄πÞbackground
; ð12Þ

which represents the relative magnitude between the
triangle singularity and background in the Λ̄π invariant
mass spectrum. This ratio excludes the interference con-
tamination from the loop diagrams and the background,
and it circumvents the phase angle issue as discussed
in Refs. [48,49], as mentioned in the introduction. If the
triangle singularity effect can still be identified from this
ratio, its detection in experiments is assured.
Using the ratio determined from Eq. (12), one can plot

the distributions in ½Σ��;Σ�0� ¼ ½Σ�ð1670Þ�;Σ�ð1381Þ0�,
½Σ�ð1670Þ�;Σ�ð1385Þ0�, and ½Σ�ð1620Þ�;Σ�ð1381Þ0�
cases. The results are presented in Figs. 8–10, respectively.
Figures 8–10 display the relative contribution from the

triangle singularity for all ½Σ��;Σ�0� cases. It is evident that
a peak around 1.4 GeV emerges in the Λ̄π invariant
mass spectrum, despite the significant differences in line
shapes. The narrow peaks are a result of the widths of the
triangle singularity and the peak in the background being
20 MeV and 60 MeV, respectively. This indicates that the
triangle singularity effect is significant compared to the

background, and the signal peak of triangle singularity is
much sharper than the resonance structure. Especially for
the Σ�ð1620Þ�ðΣ̄�ð1620Þ�Þ and Σ�ð1381Þ0ðΣ̄�ð1381Þ0Þ
cases, the contribution of the triangle singularity at the
peak is approximately four times larger than that of the
resonance, as illustrated in Fig. 10.
In Fig. 11, we illustrate the peak structure from the loop

and background, with the triangle singularity peak domi-
nating in the region around 1.4 GeV. The ratio of each
background is much smaller than that of the loop diagrams,
and the branching ratios of the loop diagrams and all the
backgrounds to J=ψ are estimated to be approximately
1.56 × 10−5 and 2.4 × 10−5, respectively. It has been
observed that there is a significant contribution from the
long tails to the tree diagrams. This phenomenon suggests
that if both Σ�ð1620Þ and Σ�ð1381Þ indeed exist, the peak
around 1.4 GeV in the Λ̄π invariant mass spectrum may be
predominantly influenced by the triangle singularity effect.

FIG. 8. The relative contribution between triangle singularity
effect and backgroundon the Λ̄π invariantmass spectrum,where the
Σ��ðΣ̄��Þ andΣ�0ðΣ̄�0Þ in Fig. 1 are set asΣ�ð1670Þ�ðΣ̄�ð1670Þ�Þ
and Σ�ð1381Þ0ðΣ̄�ð1381Þ0Þ, respectively.

FIG. 9. The relative contribution between triangle singularity
effect and background on the Λ̄π invariant mass spectrum, where
the Σ��ðΣ̄��Þ and Σ�0ðΣ̄�0Þ in Fig. 1 are set as Σ�ð1670Þ�
ðΣ̄�ð1670Þ�Þ and Σ�ð1385Þ0ðΣ̄�ð1385Þ0Þ, respectively.

FIG. 10. The relative contribution between triangle singularity
effect and background on Λ̄π invariant mass spectrum, where
the Σ��ðΣ̄��Þ and Σ�0ðΣ̄�0Þ in Fig. 1 are set as Σ�ð1620Þ�
ðΣ̄�ð1620Þ�Þ and Σ�ð1381Þ0ðΣ̄�ð1381Þ0Þ, respectively.
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D. The possible existence of missing Σ�ð12− Þ
In the above calculations, we have included two Σ�ð1

2
−Þ

states in the singularity calculation. One is the not-well-
established Σ�ð1620Þ, the other is the still missing
Σ�ð1381Þ. From Figs. 8–10, it is evident that both of their
effects on the final results are substantial. For Σ�ð1381Þ,
the triangle singularity effect attributed to it is more
significant than that caused by Σ�ð1385Þ. This can be
observed by comparing the line shapes in Figs. 8 and 9.
This is the outcome of the interactions of Σ�ð1381Þ and
Σ�ð1385Þ with Σπ=Λπ transitioning from S-wave to P-
wave, respectively. Consequently, the triangle singularity
effect will be greatly suppressed for the P-wave case,
indicating that the influence of the triangle singularity
generated via Σ�ð1385Þ has almost no impact on the width
of the entire peak.
Regarding Σ�ð1620Þ—its presence directly results in the

triangle singularity when Σ�0 is considered to be Σ�ð1381Þ.
The Σ�ð1670ÞΛπ interaction occurs in D-wave, while that
of Σ�ð1620ÞΛπ takes place in S-wave. If one replaces
Σ�ð1670Þ with Σ�ð1620Þ, it will significantly enhance the
triangle singularity. Therefore, the loop diagram will have
the most significant impact on the J=ψ → ΛΛ̄π0 process
around 1.4 GeV in the ΛπðΛ̄πÞ invariant mass spectrum.
In conclusion, if future experiments can confirm the

predictions of this study, it will not only validate the
concept of triangle singularity but also provide a secondary
investigation into the existence of the two Σ�ð1

2
−Þ states

around 1.4 GeV and 1.6 GeV.

IV. SUMMARY

While the concept of triangle singularity was introduced
in 1959 [4], a definitive investigation on it is still lacking

to this day. To address this issue, our previous studies
have suggested certain processes in which pure triangle
singularities could potentially be observed in future
experiments [48,49].
In our previous studies, we observed that the strength of

the triangle singularity is influenced by its interference with
the background, which is attributed to the limited impact of
the triangle singularity. However, the interference phase
angle is completely undetermined, which could hinder the
observation of the triangle singularity effect in the experi-
ment. To address these issues, we suggest a new process,
J=ψ → ΛΛ̄π0, where the mass discrepancy between Σð�Þ
particles of varying charges will induce a triangle singularity
with a width of approximately 20 MeV. This approach
effectively resolves the resolution problem. In particular, this
process involves isospin breaking, resulting in a significant
suppression of the background. As illustrated in Figs. 8–10,
the triangle singularity can disregard the phase angle. This
implies that the observation of the triangle singularity effect
can be more pronounced in practice. Given the substantial
number of J=ψ events collected at BESIII and the antici-
pated future STCF, the predictions made in this study are
more likely to be confirmed.
In addition to confirming the presence of the triangle

singularity, the findings of this study also suggest the
existence of a Σ�ð1

2
−Þ state near 1.4 GeV, specifically the

Σ�ð1381Þ as previously predicted in Refs. [58–60]. When
compared to Σ�ð1385Þ, the interaction between Σ�ð1381Þ
and Λπ=Σπ takes place in the S-wave, greatly amplifying
the significance of the triangle singularity, as illustrated in
Figs. 8–10. For the not-well-established Σ�ð1620Þ, replac-
ing Σ�ð1670Þ with this particle will make the triangle
singularity effect more pronounced, especially cooperating
with Σ�ð1381Þ.
Thus, we encourage future experiments perform a

detailed analysis on the ΛπðΛ̄πÞ invariant mass spectrum
of J=ψ → ΛΛ̄π0 process, especially around 1.4 GeV. We
recommend that experimentalist and theorists conduct
further research on the Σ�ð1

2
−Þ spectrum, as this will greatly

aid in the verification of triangle singularities.
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FIG. 11. The Λ̄π invariant mass spectrum of the background
and loop diagram. Here, the black solid line means the con-
tribution of background as in Fig. 6, where the intermediate states
include Λð1405Þ and Σ�ð1385Þ. While for the contribution of
loop diagram, we set Σ��ðΣ̄��Þ as Σ�ð1620Þ�ðΣ̄�ð1620Þ�Þ and
Σ�0ðΣ̄�0Þ as Σ�ð1381Þ0ðΣ̄�ð1381Þ0Þ.
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