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The semi-inclusive deep-inelastic scattering (SIDIS) is the golden process for investigating the nucleon’s
transverse momentum-dependent (TMD) structure. We present the complete expression for SIDIS structure
functions in the TMD factorization formalism at the next-to-leading power. All perturbative elements of the
factorization theorem—coefficient functions and evolution kernels—are presented at one-loop accuracy.
We found several differences with earlier derivations, which are due to accounting for nontrivial kinematics
of the quark-gluon interference terms. As a side result, we present the definition and evolution of twist-three
TMD fragmentation functions, including the leading-order evolution kernel.
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I. INTRODUCTION

The transverse momentum dependent (TMD) factoriza-
tion theorem emerged from the resummation formalism
[1,2] and has since evolved into an independent and
powerful tool for studying the nucleon’s internal structure.
While the leading power (LP) TMD factorization theorem
[3-5] has proven predictive power for various processes, it
also suffers from several theoretical inconsistencies and
practical limitations (see, for instance, discussions in
Refs. [6-10]). Some of these issues are expected to be
resolved or mitigated by including power corrections. For
that reason, within the past few years, many groups have
concentrated efforts on the problem of TMD factorization at
subleading power [11-17]. In this work, we continue our
earlier development on this subject [13,16,18], and derive the
cross section for the semi-inclusive deep-inelastic scattering
(SIDIS) at next-to-leading power (NLP) TMD factorization
and next-to-leading order (NLO) perturbative accuracy.

The foundation of this work is Ref. [13], where the
general operator expression for the hadronic tensor for
Drell-Yan (DY), semi-inclusive deep-inelastic scattering
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(SIDIS) and semi-inclusive annihilation at next-to-leading
power (NLP) and next-to-leading order was derived. The
method proposed in Ref. [13], named TMD operator
expansion, employs the background-field approach and
follows the concept of the operator product expansion in its
original form [19]. Being formulated in the position space,
it allows an easier treatment of higher twist operators that
have involved support properties in the momentum space.
The transition from the operator formulation to the cross
section requires several technically involved steps, the
procedure for which has been elaborated in [16,18]. In
this work, we compile previous results and obtain the
expression for the structure functions of SIDIS at NLP. Let
us emphasize that the derivation made in Ref. [13] is not
complete, in the sense that it does not prove the factori-
zation theorem formally. It is assumed that hadron wave
functions could be separated. To justify this assumption,
one must demonstrate the cancellation of Glauber regions,
such as it done for the LP case [20,21].

The primary motivation is to establish the foundation for
future phenomenological studies of power corrections in
the TMD factorization approach. The more general deri-
vation method used in the present study uncovers several
contributions overlooked in previous computations. A
notable difference is the contribution of genuine twist-three
distributions with vanishing gluon momentum. These terms
are crucial to ensure theoretical consistency and may also
have numerical significance, although it remains to be seen
if they can be observed in modern experiments [22-24].
The upcoming generation of SIDIS experiments [25,26]
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will provide an opportunity to explore these effects in
greater detail. Apart from these overlooked terms, the
results of the present work independently reproduce the
earlier computations, such as [27-29].

The inclusion of NLO terms requires a strict separation
of contributions by their field-theoretical properties. In
particular, the conventional approach of distinguishing
TMD distributions by their dynamical twist [27-31] is
inadequate, as it leads to an incomplete basis of operators
that becomes evident at NLO, where new types of operators
arise. To avoid it, we separate the contributions by the TMD
twist [13]. The TMD distributions with distinct TMD twists
are independent physical functions. Consequently, the parts
of the hadron tensor associated with different TMD twists
are self-contained, with nonmixing nonperturbative distri-
butions, independent coefficient functions, and distinct
interpretations. The scaling properties of each term are
known, which makes possible to consistently account for
QCD evolution in the phenomenology of NLP observables.

The paper accumulates all practically important informa-
tion about the NLP terms. In Sec. II, we provide a summary of
the findings from [13,18], presenting the expressions for the
hadronic tensor for SIDIS at both LP and NLP powers and
discussing their general properties. In Sec. I1I, we present the
relevant TMD distributions, including their definition, inter-
pretation, and evolution equations. The computation of the
SIDIS structure functions is detailed in Sec. IV, leading to the
actual results presented in Sec. IV B. Additional technical
information and intermediate results can be found in the
Appendixes. In Appendix A, we discuss the derivation of a
genuine hadronic tensor from the bare results of Ref. [13]. In
Appendix B, we present expressions for evolution kernels for
TMD parton distribution functions (TMDPDFs) and TMD
fragmentation functions (TMDFFs) of twist-three. Notably,
the evolution kernels for TMDFFs presented in Appendix B 2
are original results derived in this paper. Lastly, Appendix C
outlines the contributions to kinematic power corrections
from various sources and explains their recombination.

II. TMD FACTORIZATION AT NLP

In this section, we present the expression for the hadronic
tensor at NLP TMD factorization derived in Refs. [13,18].
We provide an explanation of its structure, but for the details
of the derivation we refer the reader to the original papers.
The expressions presented in this section are used as the
starting point for the following derivation of the cross section.

The hadronic tensor for SIDIS at NLP TMD factoriza-
tion is naturally split into three terms:

. qs . P &b . ) 2
WH = dxdzs =15 1 7 Lilgrb)
| e <”P+> (Z q_>/<2n>26 2

< (Wt + Wlap + Wiz | 1)

where ¢, P, and p, are momenta of photon, target, and
produced hadrons, correspondingly. The labels 4+ and T
stand for the light-cone and transverse components of
vectors. As usual, we denote two light-cone vectors by
n* and it* [n* = ii> = 0, and (ni1) = 1], and the light-cone
projections as vt = (nv), v~ = (Av), for any vector v*.
The details of the definition of kinematic variables are
unimportant in this section. Therefore, we postpone their
precise definition until Sec. IV A.

In Eq. (1), the term W% represents the LP part. The NLP
terms Wiy p and Wi, p represent the kinematic and
genuine power corrections, correspondingly. The dots stand
for the higher power corrections. In the following sub-
sections, we present these terms one by one providing their
explicit expressions and explaining their features and
origin.

A. LP term

The LP terms have been derived in many works; see, for
instance, [3-5,28]. It can be written in the following
compact form:

Wi = |Cy (42, 0)] Z[Tr P Epy T (x, by, ) AT (2, by, )

+ Te(p T T (6, by, ) Al

"z b 8| (2)

Here, ®,; (&) and A, (A,,) are the TMDPDF and TMDEFF of twist-two for (anti)quarks. Their field-theoretical definition
is provided in Sec. III. The variable Q? is the hard scale of the process, associated with the photon’s invariant mass,
g*> = —Q?. The scale u is the factorization scale for the separation of hard and collinear modes. The scales ¢ and  are
factorization scale of collinear and anticollinear modes (rapidity separation) [32,33]. These scales must satisfy (& = Q*.

The factor |C, |? is the LP hard coefficient function. The NLO expression for |C;|? in the SIDIS case reads [the expression
for C; is given in Eq. (A2)]

€12, Q) = 1+ 2a,(1)Cy (—1 (f) N 311162) _s +%) +o(@), (3)
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where Cp = (N2—1)/2N, [for SU(N.) gauge group],
a, = g*/(4n)? is the QCD coupling constant. Nowadays,
the expression for C; is known as N*LO [34].

The matrices I'* in Eq. (2) stand for the full set of Dirac
gamma matrices projecting good components of quark
spinors. The quark TMD distributions are given by matrix
elements of quark-antiquark fields whose spinor indices are
contracted as @) ~ (gl'g); see Eq. (23). In this work we
discuss only twist-two and twist-three TMD distributions.
These distributions incorporate only the good components
of the spinors (with respect to vector n). The space of I
matrices that survive in this contraction is four dimensional.
The standard basis in this space is denoted by I'", and the
elements of this basis are

(4)

where a is a transverse index. The decomposition of any
matrix A in this space reads

It = {7+,}’+}’5, i0a+}/5},

W Tr[y? Ly Ty | + nTr[y Ty T

1 P— ATy r
:E;FnA[n], A[]—zTr(FA) (5)

where

- ={r.—yr.—ie"r} (6)
and index 7 runs though all elements (4) and (6) are in one-
to-one correspondence. Conventionally, TMDPDF are
constructed with collinear, and thus projected by I'" (4).
The TMDFFs are constructed with anticollinear fields and
thus their components projected with respect to vector 7 by
I'~. The matrices I'~ and I'* are obtained from (4) and (6)
replacing n < 7.

B. Kinematic NLP term
The kinematic part of NLP term reads

Wi o(y) = —ilCy (42 0 22{

n,m

AT Ty T + ATl Ty )

N W Tr[y?Thy Ty | + nTr[y Ty T

LT Ty T3]+ n Tl Uy )

p_p_ P A[11]
q_ ob 2

(2 _ %P (€Y am
q_ nll ob” 2 5 nll

Al (9 Y\l
T

J(0 L D (0 \ar

I[’Lrll (abp <:> ) QLE”]] }7 (7)
q+ ¢

where we have omitted the arguments (X, b;p. ¢ ) for all
TMDPDFs, and (Z, b; u, {) for all TMDFF:s for brevity. The
derivative acts on the following term, and

0,0 = -2 D(b,y) =

’ ob? 2b

pWD(bn“)’ (8)

with D being the Collins-Soper kernel. The Collins-Soper
kernel is the nonperturbative function that describes the
evolution of TMD distributions, see Eq. (74). The second
equality in Eq. (8) is due to the fact that the Collins-Soper
kernel depends only on b2,

The terms proportional to 9,D are the remnants of
cancellation of the special rapidity divergences, which
appear in the (bare) genuine NLP term. These terms play
a special role in the TMD factorization—they restore the
broken boost invariance at NLP [16]. Thanks to these
terms, the expression (7) is independent on the choice of {
(while the £ is fixed due to (£ = Q%). This can be checked
explicitly by rescaling { — a{ and ¢ — {/a, and differ-
entiating the result by a. Note that at the point = ¢ = Q2,

|
which is commonly used for the phenomenology, these
terms vanish.

The kinematic power correction has the same non-
perturbative content and hard coefficient function as the
LP term. This is not accidental but a requirement of
electromagnetic gauge invariance (charge conservation)
for the hadronic tensor, which requires

Wy,

= Wvﬂqﬂ =0. (9)

For the hadronic tensor in the b space this equation reads

~ 0\ ~
g'W,, = (q i+ q n”+l£)W =0. (10)

It is straightforward to check that the LP term (2) does not
satisfy (10), since

.0
WLP*l

i Wi # 0.

(1)

In the momentum space, the expression (11) is proportional
to g7. Thus, the LP term of TMD factorization violates the

034009-3



SIMONE RODINI and ALEXEY VLADIMIROV PHYS. REV. D 110, 034009 (2024)

electromagnetic gauge invariance, but the violation is next C. Genuine NLP term

to leading in the power counting. Taking into account the The genuine NLP term contains the novel nonperturba-

kinematic NLP term, the gauge invariance is improved, jve distributions—TMDPDFs and TMDFFs of twist-three.
5 These are quark-gluon-quark correlators, which depend on

a, <WMP + WkNLP> = iﬁ Wﬁ;w £ 0. (12) three momentum-fraction va.riables (with their sum pqual tF)

zero). The TMDPDFs of twist-three are discussed in detail

o 5 ) ) in the dedicated work [18]. The synopsis of that study and
Here, the violation is of N°LP order (or ~g7/Q in the i eyension to TMDFFs is presented in Sec. III.

momentum space). The accounting of the kinematic N’LP The hadronic tensor for the genuine NLP term derived in
term would improve charge conservation up to N°LP, etc.  Ref. [13] could not be used as it is presented, because it
Complete restoration of electromagnetic gauge invariance  contains complex-valued functions, and distributions with
requires an infinite chain of kinematic power corrections. jndefinite parity. Therefore, prior to operation it should be
The restoration of the gauge invariance also guarantees that presented in the form with explicit complex structure. The

the coefficient function is equal to LP coefficient functions  jatails of this transformation are presented in Appendix A.
at all perturbative orders. This has been checked explicitly  Tpe resulting expression is

in Ref. [13] at NLO.

Wonip = zZ{ / divy ditydity6(ity + By + 013)8(% — it3)
[T””/’ n,n) l,éA[r”’] + 7C(x, ﬁz)d)[r.:]A[lrl’”])
+ T (1, m) (7 (x, ) ) 5/ AT = Ci(x, 1) [FQAEFI;J)
#7200 ) (ol ) BEAT 4 212 BT
+ i7" (n. ) (nc,<x i) 5/ A} — Cr(x. %)@T”AET"])]

o diidivedivs (1 1 1
+/ w5<A—+A—+A—>5(z—w3)

|W1| Wy Wy w3

< [120(00) oz ) AL = T o )0l A
+ T (n, 1) Cy (2, W) BNy AL E — i (n, 7)€, (2, wz)éﬁ?]&,[,‘jg]] } (13)

where A, o and A, 5 are TMDFFs of twist-three, @, o and ®, o are TMDPDFs of twist-three. All of these distributions are
the quark-gluon-quark correlators. The formal definition of these distributions is given in Sec. IIl A. The tensor 7% i

7] _ nt  n
T (i1, n) = <n—>Tr T T] + <—>Tr T 14
) = (2= STl (- 2 T (14)

For simplicity of presentation we omit the arguments of TMD distributions. They are (i1, it,, ii3, b; u, {) for all twist-three
TMDPDFs, (W, W), W3, b; i, £) for all twist-three TMDFFs, (%, b; u, £) for all twist-two TMDPDFs, and (2, b; u, ) for all
twist-two TMDEFFs. The variables & and W are the momentum fractions of partons. In particular, the variables i, and W, are
the momentum fractions of gluon field. The delta functions represent the conservation of momentum; they can be used to
eliminate any two integrations in a convenient manner. We do it after the determination of support ranges for TMDFFs in
Sec. HIC.
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The coefficient functions are

ln|u2|> N In x
L ()

_|_

A
=
e
<
[\

|
N —
<
|38

1 x

1 C 2
+as{2 r (—L2+2L——+”—)

6

(
2o i (e-2ean () () oo

2

%5@2)} } +0(a?), (15)

. 2<CF _%) {5(M2)L R <9(_x —uy)(L = 2) + 0(=x — uy) ln<x + M2|)>]

M2)+ Uy
O(uy) x
(u2)+x + Uy

+Cy [5(u2)(lnx +2) -

X

|} -+ o, (16)

2 11 7
Cy(z,wp) =1+ a,|2Cp| -L -|—2L_7_|_g

1
o= (ot (12 ) Y (1-=
2)z 2 [ws| [,

_c, |W|:|V2_| In <|;—2|)] +O(a?), (17)

where C4 = N, L =In(Q%/u?), 6(x) is the Heaviside
theta function and “plus” distribution is defined as

/ duf () , g(u) = / duf () (g(u) - 9(0)).  (18)

These coefficient functions are originated from a single
complex-values coefficient function given in Eq. (A3). The
derivation of these expressions from Ref. [13] is a some-
what nontrivial task and we present it in Appendix A. The
coefficient functions Cg, C;, and C, cannot be obtained
from each other despite stemming from a common origin.

Let us also stress the nontrivial contribution coming from
the imaginary parts to the hadronic tensor. The C; coef-
ficient function starts at LO with 6(i,), i.e. it produces
terms with vanishing gluon collinear momentum. This is
similar to the famous Qiu-Sterman contribution to the
single-spin asymmetry [35]. These contributions were
overlooked in all earlier studies of SIDIS at NLP (see,
for instance, [15,28,29]). Note that at NLO a similar
contribution appears also in the coefficient function Cy.
This is expected and it can be traced to the structure of the
NLP evolution equations. The logarithm structure of
coefficient functions matches the evolution equations for
twist-three and twist-two TMD distributions. To confirm it,
one should differentiate (13), use the evolution equations

|
collected in Appendix B, and integrate over iis and Ws
where it is possible. The details of this computation can be
found in Sec. 9 of Ref. [13].

The genuine NLP term is transverse up to NNLP,

a]ﬂWgNLP - IW WgNLP - O(NNLP) (19)
At NNLP there are two independent kinematic power
correction parts. One contains only TMD distributions of
twist-two and is responsible for the restoration of QED
gauge invariance, see Eq. (12). The second kinematic
power correction contains a TMD distribution of twist-
two and a TMD distribution of twist-three and restores the
gauge invariance of WgNLP, see Eq. (19). In this sense each

genuine NFLP term is the first term in the series of
kinematic power corrections. The coefficient functions of
such series are the same for all terms (but different for each
series).

III. TMD DISTRIBUTIONS
OF SUBLEADING POWER

The description of SIDIS requires two types of corre-
lators: TMDPDF correlators and TMDFF correlators. Their
operator definitions are similar, yet they exhibit fundamen-
tal differences in their properties and evolution. The NLP
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cross section incorporates TMD distributions of twist-two
and twist-three. The guiding principle for such decom-
position is the scaling properties of distributions. If any two
distributions do not mix under the evolution they are
entirely independent nonperturbative functions. In our
formulation we use the notion of TMD twist [13] to
decompose the operator into independent parts. So, the
twist-two distributions @;; are independent objects com-
pared to twist-three distributions ®g and ®.

In the twist-two case, the TMD distributions are simply
the correlators of quark fields (multiplied by semi-infinite
Wilson lines), so ®;; ~ (P|g...q|P). There are eight
TMDPDFs and two TMDFFs (for spinless particle)
[28,30]. In the twist-three case, the operator has an addi-
tional insertion of the gluon field, @ ~ (P|g...F**...q|P).
The gluon field can be inserted at either light-cone
operators, which lead to a plethora of distributions with
various properties. In total there are 32 TMDPDFs (for
spin-1/2 particle) and eight TMDFFs (for spinless par-
ticle). Luckily, only some of them appear in the SIDIS at
NLP. The TMDPDF:s of twist-three and their properties are
discussed in great detail in a dedicated work [18]. On the
contrary, the TMDFFs of twist-three are practically
unstudied.

A. Formal definition of twist-three distributions

The guiding principle for the computation of power
corrections is the twist decomposition, which separates the
distributions into the independent nonperturbative func-
tions. In expressions (7) and (13), this separation is done
using the geometric definition of the TMD twist. The
(geometric) TMD twist is a conserving QCD quantum
number, and thus TMD distributions of different TMD
twists are strictly independent nonperturbative functions.
The set of TMD distributions with definite TMD twist is
complete, in the sense that no other distributions could
mix with it, and any factorization theorem (of correspond-
ing power) could be described solely in their terms. The
theory of TMD-twist decomposition was developed in
Refs. [13,18]. The formal definition of twist-three TMD
distributions is rather involved, and in fact, unnecessary for
a practice. Nonetheless in this section, we present the main
details of the formal definition, for completeness. For an
extended discussion, we refer the interested reader to
original works.

All TMD matrix elements have a common general
structure. They are correlators of two light-cone operators
separated by the transverse distance. This is a consequence
counting rules that lead to the TMD factorization. The
light-cone operators are semicompact, in the sense that they
contain semi-infinite Wilson lines that continue to the light-
cone infinity and have an open color index. The light-cone
operators can be ordered with respect to geometrical twist,
which is the “dimension-minus-spin” of the operator. The
TMD twist is the pair of numbers (N,M), where N and M

are the twists of each semicompact operator. We use the term
“twist-three” as a general indication of TMD-twist-(1,2) or
TMD-twist-(2,1) when the distinction is inessential.

At NLP only the following semicompact operators
appear:

U,;(4;0)=W_(b)[£noo+b,An+b|q;(An+D),
Ug,i(AZv/ll;b) = Wi(b)[inoo +b,/12n+b]gF”+(/12n+b)
X [An+b,2n+blq;(2in+Db),

U,;(4:b) =;(An+b)[An+b,-noo + bW, (b),
Ug,i(/llv/IZ;b) = E],(/lln—l—b) [ﬂln—i—h,/lzn—i—b]gF‘”' (/127’1—"-19)
X [Ayn+b,£nco+ bW (b),

(20)

where /s are coordinates along the light-cone directions,
b is the transverse vector (b™ = b~ = 0), £ is selected
depending on the process, F, is the gluon-field-strength
tensor, and i is the spinor index of the quark field. In the
above definitions, the gauge link is defined along the
straight path,

[a,b] =P exp (—ig/o1 di(b* —a")A, (bt + a(l - t)))
(21)

W is the transverse gauge link that is required to restore the
QCD gauge invariance [36,37]

W.(b) = P exp (—ig / LA, (bt = noo)>. (22)

[Se]

The subscripts 1 and 2 of the semicompact operators refer
to the twist of these operators. Importantly, only the “good”
spinor components of the operators (20) have twist 1. These
components can be projected by y~y*/2. This projection
reduces the space of possible Dirac combinations to the
basis (4). The bad spinor components do not have definite
geometrical twist and could be simplified using QCD
equations of motions. The operators (20) are defined along
the light-cone direction n, but the same definition is valid
for any direction.

In the case of SIDIS the Wilson lines within the
definition of TMDPDFs are pointing to the +ocon, while
it is —oon for Drell-Yan process. The Wilson lines of
TMDFFs are pointing to the —oon, while it is +ocon for the
annihilation process.

The TMDPDF of TMD-twist-(1,1) is defined as

d>[lr1] (x,b) = /mﬂe_”"“)+ (P, s P,s),

_ r
e U1(/1,b)§U1(0,0)

(23)
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where |P, s) is the hadron state with large component of momentum P. The twist-three TMDPDFs can have TMD-twist-
(1,2) or (2,1), and they are defined as

dAdA +
Dk (s 0,0) = [ 7GR I (P 510,11 8) 5 U GO)P.), (24
dAdA " _ r
)11 22,5, b) = / Dyt € (P[0 (1 D) Uyl O:0) P, ), (25)
where x; = —x, — x;. The three-variable notation is a bit redundant, but it is convenient for discussion of properties of

TMD distributions. Generally, x;, x,, and x5 can be thought of as the collinear momentum fractions of antiquark, gluon, and
quark correspondingly. However, since x; do not have definite sign, this interpretation is correct only for a specific sign
combination. We review the interpretation in Sec. III B.

The distributions ® are associated with the antiquark distributions and have inverted order of quark fields

_ da )
O (x, ) = /_ 2ﬂe—1xﬂP*Tr< Ul(ﬂ;b)Ul(O;O) 5, (26)

_ da,di N

B, (x1. %0, x5, b) = / (21”) 2 pitxidi+0:2)P (P, s| 2(21,42:5) T (0;0)|P, ), (27)

_ dda . r _

& b) = [ G € TP 51 U (24:5) Uy 22, 0:0)P.) (28)

where Tr contracts spinor and color indices. Notice that for all TMDPDFs, the products of operators could be collected into
common T ordering [38]. It gives us the relations

é’n(% b) = (Dn(—X, —b),
‘1)12(3517362’363’ b) = @y (=x3, =X, =Xy, =b),
@,y (x1, X2, X3, b) = @pp(—x3, =xp, =X, =b). (29)

The TMDFFs are defined analogously to TMDPDFs, but with the hadron moved to a final state. The twist-two TMDEFF is
1" .
A1 b) = g [ e IO VD) X0 X1 0:000), (30)

where 1/(2zN..) is a conventional prefactor [39]. The twist-three TMDFFs are

[1"] dﬂld/IZ — ’1 +12)p
A b 9, ’b
21 (21,22.23.b) = 2|112213|N /oo (2” 2

xZTr<0|5U2<Al,Az;b> )(p. X|0,(0:0)[0). (31)
X
M 1 o dhdly ik,
A = R
12(21,22,Z3,b) 2|Z1Z2Z3|N5 . (27[)2 e
r _
X ZTT<O| S Ui (41:6)|p. X){p. X|Uz(4,,0;0)[0), (32)
X
where
1 1 1
—+—+—=0. (33)
21 22 23
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The factor 1/(2|z;z223|N.) mimics the 1/(2zN ) factor for the twist-two distributions, and it is assigned such that the cross
section for LP and genuine NLP have the same common factors. The presence of absolute values is needed since at least one

of the z; is negative.

The barred TMDFFs are associated with antiquark fragmentation and are defined by exchanging U <> U. One has

A[)+

Al
ZZN

1

O|U (4 b)

|p. X)(p. X|U,(0,0)[0). (34)

A[zrl] (Zl,Zz, 23, b) =

1

2|112213|Nc -

|
x> (015 Ua(21. A3 b)
X

0 dﬂ,l d//{z e_i(i_:+%>p+

(27)?

A[IFZ](ZI’ZZ’ Z37b) =

XZO|

Unlike the TMDPDF case, the TMDFF operator cannot be
combined into a single T-ordered operator because of the
hadron in the final state. For this reason, there is no formal
relation similar to (29) between A and A.

The NLP factorization theorem, formulated in terms of
(renormalized) distributions of twist-three, is a well-defined
and finite expression. However, individually the terms of
the factorization theorem could diverge in the regime of the
gluon momentum fraction x, (or 1/z,) approaching zero.
This is a rapidity divergence (according to the general
definition of rapidity divergences [40]), but of a different
nature in comparison to usual rapidity divergences of TMD
factorization. For this reason, it is named “special” rapidity
divergence. To eliminate the special rapidity divergences,
and to make each term of the factorized expression finite,
one should add and subtract certain asymptotic terms. This
lead to the physical TMD distributions of twist-three. We
define [18]

(b;[ll:‘]lz(x]ﬂanx:% b) - (DLT]lZ(xlaxZ#x:% b)

-Ri® q’nh[tﬂ (X1, %2, X3, D),
q)[r]zl(xuxz,x&b)

-[Ry ® ‘I)lﬂu

¢[F]21(x1,x2,x3, b) =
](xl,xz,x3,b), (37)

where R are kernels that could be computed perturbatively,
and ® is an integral convolution. These kernels involve the
derivative of the Collins-Soper kernel. The LO expressions
for kernels R are given in Ref. [18]. In the following, we do
not emphasize the difference between ® and ®, using
everywhere the usual font, but assuming the physical
distributions (with subtraction terms).

2|212213|Nc -

)(p. X|U1(0;0)|0). (35)
o dAdl, _i(i_:+j_§>p+
o (27)°
1(41:b)|p. X){p. X|Uz(4,.0;0)|0). (36)

The matrix elements (23)—(28) are the results of the TMD-
twist decomposition. Each of (23)-(28) is renormalized
independently, i.e., the different distributions do not mix
during the evolution process. However, these distributions
are impractical. They are not the distributions which re-
present the physical process. In particular, matrix elements
@, and ®,; have indefinite complexity, and indefinite
T-conjugation parity. Under these transformations they turn
to each other with a rather complicated rules, for example,

[q)[]l;] (x1 , Xp, X3, b)]* = (D[Zyloryo] <—X3 , =X, —Xq, —b) The full
list of rules is given in Ref. [ 18]. For that reason, it is practical
(and physically motivated, see Sec. III B) to introduce the
following combinations:

<I>LF‘]€B(x1 , X5, X33 b)

r r
_ (DL,]21(X1,X2,X3; b) + ‘DL,]Q(—)%, —Xp, =Xy b) (38)
2 9

T
q’,[,,]G(xl’xz, x3; D)

_ l(I)B—:]Zl (x17x27x3;b) - (DB—.‘]12(_X3’ —X2, _xl;b)
= 5 R

(39)

and the same combinations for @, A, and A. Under the
discrete transformations, ®g, and ® transform onto them-
selves. Therefore, their components (64)—(66) are real valued
and have definite T parity, and could be used as well-defined
TMD distributions. They have a somewhat clearer interpre-
tation, and the physical process cross section is naturally
written in the terms of ®g and ® . The drawback is that ®g,
and @ do not have definite TMD twist, and thus do not
evolve independently. Their evolution equation has a matrix
form (76), and ®g mixes with ®. Still the twist-three
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distributions do not mix with twist-two distributions, which
allows an unambiguous separation of kinematic and genu-
ine parts.

We emphasize that the formal definitions presented in
this section are important for the derivation and justification
of the factorization theorem. However, for any practical
applications one does need to take into account all of these
details. Practically, the only important information is the
parametrization and the evolution equations that are pre-
sented in the following sections.

B. Interpretation of TMDPDFs

The TMDPDFs of twist-two are usually associated with
the distribution of partons within the hadron with a given
momentum fraction x and transverse momentum k;. To
recover this interpretation, one firsts chooses a physical
gauge in which the staplelike Wilson lines become unity
(light-cone gauge with appropriate boundary conditions).
One then inserts the full set of states in between quark fields
and observes that

@y (x, kr) 0</d2bd/1e""'“’++i(bkr)
(P|g(0)|X)(X|q(An + b)|P),  (40)

where @ (x, ky) is the Fourier image of ®,;(x, b). The
particles in the final state must have positive energy, which
restricts 1 —x > 0. The similar analyses for ®,, gives
1 4+ x > 0, and together with (29) results into —1 < x < 1.
The partonic process for ®,; is the same as for (40) but with
exchanged quark and antiquark fields.

In this way, the TMDPDF is the squared amplitude of a
process h(P) — q(xP + kr) + X, i.e., are the distributions
of partons with momentum xP + k; within the hadron. It
can be drawn as

(1)11(1‘>0,/€T)O( B | P

@21(3’;1 < 0,20 < 0,23 > O,kT> X P

Correspondingly, the antiquark distribution @ depicts the
process

Oy (2 < 0,kr) oc L 1 L

(42)

So, the sign of x gives an interpretation of the underlying
process.

A very similar consideration provides the support proper-
ties and interpretation for the TMDPDFs of twist-three. The
variables x; are subject to constraint

X1 +x+x3=0, -1 <xp,x,x3 <1. (43)

Note that it implies that at least one of the xs is negative.
The twist-three distributions describe interference proc-
esses, in which, e.g., a quark-gluon pair is emitted and
only a quark is reabsorbed. For that reason they could not
be interpreted as parton densities, but are probability
amplitudes. Similarly to the twist-two case, the inter-
pretation depends on the signs of the momentum frac-
tions. Furthermore, transverse momenta of partons
associated with operator U, or U, are integrated such that
ky + ky = kr.

It is important to mention that the points x; = 0 are
regular points of the TMDPDFs, which can be nonvanish-
ing at these points. The evolution equations (76) are
discontinuous at these points. Nonetheless, it is expected
that the subtraction term (37) makes the TMDPDFs of
twist-three continuous. At the moment, it is not clear how it
is realized practically.

Each combination of signs x; £ 0 (there are six such
combinations) results into a separate underlying parton
process [18,38], for ®;, and ®,;. Here are several
examples:

(44)
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@12(1’1 > 0,20 > 0,23 < O,kT) X P

(1)21(1'1 > 0,20 < 0,23 > O,kT) X P

Since the twist-three PDFs are interference processes they do not have any good properties, and are complex-value

functions.

On the contrary, the combinations @ and © are real-valued functions, and one can expect a reasonable interpretation for
them. Indeed, combining the interpretations for @, and ®,;, we find that ®g and ®g are the real and imaginary part

(respectively) of the interference processes. For instance,

Dg(x1 < 0,290 < 0,23 > 0,kr) x Re

(P@(xl < 0,22 < 0,25 > O,kT) o Im

and similarly for other combinations of signs. This inter-
pretation picture also holds for antiquark distributions
®g and @ but with exchange of quark and antiquark
fields.

Generally, the distributions ®g and @ are defined for
all six sign combinations of x;s (43). However, the
kinematics of the SIDIS (and also Drell-Yan) fixes
x3 = x > 0. Therefore, there are only three active sectors
(x; <0,x, <0), (x; >0,x, <0), and (x; <0,x, > 0).
The shape of this domain is shown in Fig. 1 (left). All
integrations that are present in the factorization theorem

e

I
(such as convolution with the coefficient functions, or
with the evolution kernel) preserve the value of x3 = x,
but involve all available sectors of (xi, x,). The trajectory
of these integrations is shown in Fig. 1 by the black
line.

C. Interpretation of TMDFFs

The consideration of TMDFFs follows the same general
pattern as for the TMDPDF case. There is, however,
an important difference. Namely, there is no connection
between quark and antiquark distributions, because
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14

FIG. 1. Support regions for TMDPDF ®, (x|, x,, x) of twist-three (left) and TMDFF A.(z;, z,, z) of twist-three (right), x > 0 and

7> 0. The e is @, © or 21. The solid black line shows the of constant x = —x; — x, and z = ZTl‘Fiz The integral convolutions that appear

at NLP (in coefficient functions and in the evolution kernels) evaluates the distributions along these lines. In the case of TMDFF the
region expands to infinities with hyperbolas approaching dashed lines asymptotically.

corresponding fields are separated by the produced-hadron

state and could not migrate to different sides of the cut. For P
that reason, the kinematics of the partonic subprocess o 1
restricts 0 < z < 1 for both A;; and A,;. These partonic A1z, kr) oc 7Lk 1 Lt
processes can be depicted as 1
Px
|

Aq1(z, kr) o< Pty Pl (49) That is, they could be interpreted as the “probability” of a

P (50)
3 parton with momentum P/z + ky to fragment into the

hadron with momentum P.

P;X In contrast to TMDPDFs, the TMDFFs of twist-three do
not possess any symmetry in their variables and they are
nonvanishing only for a single sign combination:

1 1 1
Alz(Zl,Zz,Z:;,b)?éO, for —1 <Zl <0, 22’3 >O, and —+—+—:O,
{1 22 23
1 1 1
AZI(ZI,Zz,Z3,b>§éO, f0r0<z3 < 1, Z1,2<0, and Z—+Z—+Z—:O (51)
1 22 23

The support regions for A}, and A,, are analogous. Combining Eqs. (51) with (38) and (39), we find that the support
regions for Ag is

1 1 1
A@(Z],Zz,Z:;,b)?éO, f0r0<z3 < 1, Z1_2 <0, and Z—+Z—+Z—:0 (52)
1 2 3

Furthermore, the support regions for Ag, B@, and Ag coincide with (52). Note that the kinematics of SIDIS fixes
Z3 = z > 0 (similarly to the TMDPDF case), and the value of z; is preserved by all integrations at NLP. The values of z; ,
are restricted as z;, < —z. The domain of definition is shown in Fig. 1 (right), with the integration trajectory shown by a
black line.
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The inequalities in Eq. (52) are strict. It implies that

AIZ(ZMZZsO) = Al2(Z1’Os 23) = AZI(Ov 12723)

= Ay(21,0,23) = 0. (53)
This is linked to the fact that at these points the particles in
the intermediate state | X) must be all massless, on the mass
shell and carry no traverse momenta [41].

The fact that zs have fixed signs does not leave a lot of
possibilities for the interpretation. The Ag and Ag dis-
tributions are the real and imaginary part of the interference
amplitudes,

Plz+kr

Ag (21,22, 23, kr) o< Re

AO(217223237’I€T) o Im Pl Ly

B T

(55)

and similar (with exchange of quark and antiquark) for A s.
In contrast to TMDPDF all other combinations of processes
are forbidden.

D. Parametrization of TMD distributions

The parametrization of the twist-two TMD correlator
was established long ago [27,42]. In the position space it
reads [43,44]

o (x,b) = f1(x,b) + i€, sy, Mf(x,b),  (56)
+,5
@ (. b) = Agi(x.B) + i(b - sp) Mg (x.B),  (57)

[iﬂrﬂryS]

@7 "(x,b) = s%hy(x,b) — iAb*Mhi; (x, b)
+ ie b, Mhi-(x, b)

M2b2 gaﬂ b bH
s (%—V)smhﬁ(x,b), (58)

where b? < 0, and

gy = ¢ —nfat — atnt, e =et, (59)
M 1is the mass of hadron, and sy and A are components of
the hadron’s spin vector,

(60)

All TMD distributions are dimensionless real functions that
depend on b? (the argument b is used for shortness). So,
there are eight TMD distributions of twist-two.

The parametrization of the TMDFF follows the same
pattern. The main difference is that the operator for TMDFF
is oriented along the n direction, and thus one should
replace n <> i1 in (56)—(58). Also, traditionally the TMD
distributions are defined in the momentum space, where it
is imposed the signs of TMDPDF and TMDEFF coincide. It
leads to the extra (—1) factor for all distributions with odd
number of bs in the position space. There are only two
TMDFF for the spinless hadron,

AV (z,0) = Dy (2.b), (61)
Al (z.b) =0, (62)
A7 (2, b) = icb,my,HE (2, b), (63)

where m;, is the mass of the produced hadron. We follow
the standard practice [29,42] and name TMDEFF analogs
of TMDPDFs by capital letters. The only exception is
unpolarized TMDEFF that is denoted by D.

The parametrization for TMD distributions of twist-three
is derived in Ref. [18]. It reads

(De[y ](x1,2.31 b) = €¢”STqu-T(x1,2,3» b) + ib”sz-L(xl,zsa b)

+.5 o
‘D/-l[y ! ](xl,z.s, b) = S’%MQ-T(X1,2,37 b) - lel; buMzgoL(xl,ZS’ b)

. v v g wp bbbl 0
+ Ay b, M2 £ (x123,b) + B2M>el (% - b—2’> shf 5 (X123, b), (64)
, 4 b
+ iAb* M2 g3 (x1 25, b) + b*M? <7T ~ s1,9:47 (X123, b)), (65)
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at,,S

q”-l[ia H(xl,z,s» b) = Agj%aMh-L (x1.2,37 b) + %aMh-(xl.z,& b) + ig/}“(b : ST)Mzh-DTL(xl.ZJ’ b)
+ i(b"s% - s’}b“)Mzh‘f‘%(me, b) + (bﬂé'{]{ﬂb/,' + €I}ﬁb/;b“)M3hf‘(x1.2’3, b)

7 b _ 4 b
+’1M3b2<%_ b2 hi(xl,2.37b)+l(b'ST)M2 %— B2 h.TTL(xl,z,yb)
: b*s% + s4b*  bPb®
-%mﬂ( T2 - bz(meOhﬁHmZ&bL (66)

where o is @ or ©, and x; ;3 is the shorthand notation for
(x1, X2, x3). The notation for the TMD distributions follows
the traditional pattern used in the parametrization of leading
TMD distributions (56)—(63). Namely, the proportionality
to b is marked by the superscript L, and the polarization by
subscript L (for longitudinal) or 7 (for transverse). In the
tensor case, there are four structures ~b*s%, which are
denoted as h4+, k24, b3+, hI* for antisymmetric, diagonal,
symmetric, and traceless components.

For the TMDFFs of twist-three we use the same
convention for naming as for twist-two case. We obtain

A V(2155 b) = —ib*m2DE (2,55, b).  (67)
A’.’[V_ys](zl,zg, b) = _ie’}”bym%G}(Zl,z,yb), (68)

ALl (z123,b) = —€7"'myH.(21 23, D)
_ (b”é'(;ﬁb/)’ + #ﬁb/ib“)m?,H} (2123, D),
(69)

where z; 53 is the shorthand notation for (z;, z,, z3).
|

Fe{Ql’Q%Taf-Ty }1 ﬂi,

and n[F] = +1 for all other cases. In other terms, for twist-
two distributions #[FI'') = =1 for ' = y*y°, while for
twist-three distributions 7[FI')] = +1 for I' = y*°, and
opposite signs in other cases.

Despite having 32 TMDPDF of twist-three (and eight
TMDFFs) only half of them enter the factorization theorem
for SIDIS. It is related to the internal joined spin of the quark-
gluon pair. As for the twist-two TMD distributions, also

|

The barred distributions ® and A are defined by similar
operators but with quark and antiquark fields exchanged,
compare (23)—(25) to (26)—(28). The parametrization for
barred correlators is identical to the usual ones, but with an
extra bar on the distributions letters. The unbarred ®, A and
barred ®, A distributions are related to quark and antiquark
distributions correspondingly. So, all unbarred distributions
are quark distributions,

F=F (70)

@
where F' is TMDPDF or TMDEFF of twist-two or -three (in
the case of TMDPDF of twist-three we also select x3 > 0).
To establish the relation between barred and antiquark
distributions, one needs to inspect the C-conjugation
property, see, for instance, [28,42]. It gives the relations

F = y|FIF, (71)

where 7[F] = £1 depending on the type of distribution. We
found that n[F] = —1 for

o hep, b, RO AR R RS RTE DR HL HE Y,

[

twist-three distributions divided between T-even and T-odd
distributions. The latter changes the sign upon the reorienta-
tion of the Wilson line from the SIDIS to Drell-Yan case [45]

F(x1,2’3, b) = _F(x1.2,3’ b)| . (72)

SIDIS DY

The T-odd distributions that appear at NLP SIDIS are

T-odd: {f{;. hi. f&. 9&. [&1. Gor- [ Gor for Jor he: hor. hir. h3F}. (73)
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and the same for TMDFF analogs. As usual, we use the
SIDIS definition as primary.

E. Evolution

TMD distributions depend on the scales u and ,
which are hard and rapidity factorization scales. Con-
sequently, each distribution satisfies two evolution equa-
tions [33,46,47]. Herewith, rapidity evolution is universal
for all TMD distributions at NLP. The evolution with y is
distinct for TMD distributions of twist-two, TMDPDFs of
twist-three, and TMDFFs of twist-three.

The evolution of TMD distributions with respect to the
scale ¢ is the same for all distributions of twist-two and
twist-three. It reads [13,15]

CoF(G) = -DbFb.Cn). ()

where D(b, i) is the Collins-Soper kernel [2], and F is any
TMD distribution of twist-two or twist-three. The Collins-
Soper kernel is a universal nonperturbative function, which
describes the soft-interaction in between partons. At small b, it
can be computed perturbatively [48] and known up to N*LO
[49]. At large b, it is dominated by QCD vacuum effects [50].
The latest determinations of Collins-Soper kernel can found in
Refs. [51,52] (from the data), [53,54] (from the Ilattice
simulations), and [55] (from parton shower generator).

The evolution equation with respect to parameter y is
different for twist-two and twist-three cases. All TMDPDFs
and TMDFFs of twist-two evolve with the equation

dF (x,b;p,{) | I ' Yv
2 _ P YV F(x, b;
U dﬂz 3 n ) (x, s H, g)»

(75)

¢

where I, is the anomalous dimension of lightlike cusp
of Wilson lines, and yy, is the anomalous dimension
associated with the vector form factor of the quark. At
LO, these anomalous dimensions are 'y, = 4Cra, and
Yv = —6CFCZS.

The evolution of TMDPDFs of twist-three is rather
involved. The full description and derivation of the
following equation is given in Ref. [18]. The main
complication arises from the sign indefiniteness of
variables x;. Because of it, a part of the anomalous
dimension (for distributions ®;, and ®,;) is complex,
and proportional to the direction of the Wilson line. In
the terms of distributions ®g4 and @, the complex part
transforms into a mixing term. The evolution equation
reads

F I 2 F
“aa ()= (570(c) 10 (1)
d/l F2 2 ¢ 1X2X3 F2

n < 2|]:DA Z”GXIXZX3>(F1)
2710, 11, 2P, F,)

where all distributions are functions of (xy,x,, x3, b; u, {).
The functions Y and ® are multiplicative, while the
kernel P, is the integral kernel that acts on the
TMDPDE. The function ® is discontinuous at x; = 0,
and the function Y has logarithmic singularities in these
points. The LO expressions for these elements are
collected in Appendix B. The pairs (Fy, F,) could be
any of the following:

<f€9L+geL) fo+9s for+ 951 for + 951
forL — oL ’ fé_gé ’ éL—gﬂéL ’ féT_géT ’

(1e)

Other functions (and orthogonal combinations of the ones
above) evolve with the evolution kernel P [18], and do not
appear in SIDIS.

Let us mention a peculiar feature of evolution equa-
tion (76). In the pair (F, F,) (77) exactly one component is
T odd, and one is T even. This feature seems to be
inconsistent with the T invariance of QCD, because of
mixing terms in (76). Nonetheless, the T invariance is
preserved, because for the TMDPDFs with Wilson lines
pointing in the other direction (i.e. for DY-defined

(re
h@L

> (&) U&) -
2y s

|

TMDPDFs) the function ® changes the sign. Therefore,
“modified” universality of naively T-odd TMD distribution
functions (72) is preserved.

The evolution equation for the TMDFFs of twist-
three has simpler structure. It is due to the impossi-
bility to mix the regions with different signs of z; (52).
For that reason the anomalous dimension is strictly real,
and components Ag and Ao evolve independently,
and with the same equation. The evolution equation
reads
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d I_‘Cl.lS 2
P A = {—p In <"—> FYTE L+ [P’EF] A, (78)

A =
du? 2 ¢

where we omit the argument (zy,z,,2z3,b;u,() for
TMDPDF, Iy, is the cusp anomalous dimension,
TFF is the multiplicative factor, and PF is the integral
kernel. The LO expressions for these terms are pre-
sented in Appendix B. The equation (78) is valid only
for TMDFF belonging to the following set:

Ae{Dg —G&,DE + G4, He, Hy ). (79)

For the rest combinations (B12) the kernel PEF must
be replaced by PEF (B13). The evolution kernel Py,
was also derived in Ref. [56], and agrees with our
expressions.

The combinations fg + g5 and f5 — gg (and similar)
can be considered as a single nonperturbative function.
These combinations not only evolve as a single object, but
also appear in the factorization theorem. Also, exactly these
combinations appear in the relations between dynamical
and geometrical twist-three distributions. The complete set
of relations is given in Ref. [18], Egs. (6.11)—(6.26).

IV. DIFFERENTIAL CROSS SECTION
FOR SIDIS AT NLP

The SIDIS is the reaction
(1) + N(P) - £(l') + h(py) + X, (80)

where 7 is the lepton, N is the nucleon target, and /4 is the
produced hadron. The four-momenta of particles are
indicated in brackets. The SIDIS process is considered
in many works. The canonical paper that systematized the
structure functions of polarized SIDIS is Ref. [29]. We use
this paper as the main reference.

In the following sections we present the computation and
the result of the cross section for the polarized SIDIS at
NLP of TMD factorization theorem, using the hadronic
tensor presented in Sec. II. The main technical difficulty in
this computation is the transformation between laboratory
frame (where the structure functions are defined), and the
factorization frame (where the factorization theorem is
derived).

A. Kinematics of SIDIS

The main kinematic variables of the SIDIS are

@ @) (P
2(qP)’ (IP)’ (qP)
_ 2Mx _omy,
7= 7 Yh = 5, (81)

where g = [ - I', Q* = —¢*> > 0, M?> = P? is the mass of
target hadron, m? = p? is the mass of produced hadron
and the leptons are considered massless, [ = > = 0. We
emphasize that the factorized expression derived in this
paper is valid up to NLP. That is, it is valid up to correc-
tions ~M?/Q?, ~m3/Q? ~p3, /Q? etc. Therefore, in the
final expression we systematically drop suppressed terms.
However, in order to obtain corresponding expressions, we
start from the complete kinematic picture, which includes y,
v, and p | terms, and drop the power suppressed terms
after the tensor convolutions. It is necessary because some
combinations have naively singular or naively vanishing
behavior at vanishing masses. Following such a nonmini-
mal procedure we safely recover all NLP corrections.

The azimuthal plane is defined as orthogonal to vectors
g" and P*. The components of vectors belonging to this
plane are denoted by subscript L. The corresponding
tensors are

v Y 1
gh=o 0*(1+7%)
X [4x*P*PY — y2 gt g + 2x(P*q® + q'PY)], (82)
2xP
R il (83)

*V1+7"

We use the definition €°'** = 41, which leads to €!? =
€2l = 1. The spin vector of the target is decomposed as

Sﬂ—S(ﬂ N S| >+S"
| Qy/1+y2 Q\1+y? ’

where | = ¢S,

The azimuthal angles between vectors are defined
according to the Trento convention [57], and shown
in Fig. 2. They can be computed using the tensors g

(84)

FIG. 2. Definition of azimuthal angles for SIDIS in the
laboratory frame. The subscript L labels the transverse com-
ponents of corresponding vectors. The picture is taken
from Ref. [57].
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and ¢. The azimuthal angle for the produced hadron is
defined as

(lPh) —l,lphydf

cos ¢, = ——== ;
VEP %LL VP

where (ab), =a,b,g,". The azimuthal angle for spin
vector is similarly defined as
1,S,e"

—US), sin g = _”72 (86)

VIEST G

sin¢;, = (85)

cos (hg =

The cross section for the SIDIS in the one-photon
approximation reads

2 &, dl' dp,

do = —— -~ “hp we, 87
O T S M2 Q*2E 2E, ™ (87)
|
do - az,
dxdydzdep, dpsdp? — xyQ>2(1

where E' and E;, are energies of final-state lepton
and produced hadrons, respectively. The leptonic tensor
L is

Ly, = 2(LL + L, = (I1)g,,) + 2i2e€,,,lP 1%, (88)

i eCuvpo

where 4, is the helicity of the lepton beam. The had-
ronic tensor (in the TMD factorization) is given in
Eq. (1). In the conventional variables the differential cross
section is

do aem y

=L, W, (89
dxdydzde;, dpsdpl  O0* 8z ™ (#9)

where we have dropped the corrections of order O(y%y3).
The decomposition of the cross section over the structure
functions' is [29]

2
y_ o {FUU‘T + eFyy s + \/2e(1 + €) cos oy Foon

+ £cos(2¢, ) FS ™ 4+ 2,1/26(1 — €) sin g, F "
+ 5 [\/m sin ¢hF§i/r£¢” + esin(2¢;,) F Fin 2"”’}
+ S)4e [\/:FLL +1/2¢(1 — €) cos g[)hFco“ph}
x |5 |[sin(es — ps) (Fin ) + eF i)
+esin(gy + Ps) Fon ) 4 esin(3¢y, — dhs) Fryp 05
2e(1+ &) sin s Fyn?s + \/2¢(1 + &) sin(2¢p, — ¢S)F§}I}<2¢h_¢s)]
+ 1S [m cos(y, — ps)Fsn P75 1\ /2e(1 = £) cos s Fip

+ v/2e(1 =€) cos(2h, — dhs) Fig 0| } (90)

where

7y
e = 4

1-y-
b A il o1)
I—y +7+T

Note that in this decomposition the terms ~y; are omitted.
We have checked explicitly that at NLP such terms do not
appear. The apparent asymmetry in the treatment of y and
7, comes from working in the laboratory frame.

The TMD factorization is derived in the frame where the
target and produced hadrons are back to back [4]. This is a
critical assumption because it allows the mode separation
and counting rules for the field components; see, for

|

instance, [13,15]. In the present approach to the TMD
factorization, the factorization frame could not be defi-
ned for massive hadrons. This would require accounting
the target-mass corrections, and for the moment they
cannot be incorporated into the factorization formalism.
Moreover, the factorization frame is defined ambiguously,
since the vectors n and 7 could be modified by power

'We omit the factor (1 + y2/2x) that is present in the original
expression in Ref. [29]. This factor does not follow from any
invariant decomposition of tensors, and was included in Ref. [29]
in order to match the normalization of the integrated cross
section, see also [58]. In any case, this term is N2LP and thus
irrelevant for the present work.
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corrections, the so-called reparametrization invariance
[59,60]. Both of these effects are of N2LP nature, and
thus they do not affect our computation. Simultaneously, it
grants as a freedom in the definition of the factorization
frame. We define

o 2xP* <P7L _ p 2xz(1 = /1 - yzy%)>
20°V/1 =775 7
_ 2xP*
Q2 ph + (’)(NzLP) (92)
1 2
it = Pr(1+1/1=p%2) - )
p m ( ( 4 yh) P ZXZ
P*
= 57+ O(NLP), (93)

where on the right-hand side we present the leading
term in the power decomposition. These definitions
satisfy n*>=7n*>=0, and (nii) =1, and the vectors
aligned along the large component of the hadrons’
momenta. The component P in these expressions
remains undefined. This is not an issue since it neces-
sarily cancels in all final expressions due to the boost
invariance.

The hadron tensor in the TMD factorization is natu-
rally described in the terms of transverse components
relative to the plane (n,7). By definition of (92), this
plane coincides with the plane (P, p,) and thus the
corresponding tensors (59) are orthogonal to P# and pf,

) | 2
5 = |5 PP
h
72
-z phph — 4x2yﬁP”P”] , (94)
y 2x o
€I;~ — mé‘” pPaphp' (95)

Comparing various invariants in terms of T components
and L components, we find the translation dictionary
between frames.

As it was pointed out before, the relations between
various components are ambiguous at N’LP, therefore,
there is no reason to present them here. It is only important
to mention the key combinations of the factorization
expression,

5= —x+ O(N’LP). ’q’—ﬁ = 7+ O(N2LP),
& =" PL L omewp). (96)
Z

Because of it, the variables X and Z in (1) are equal to x and
z and the present accuracy.

B. Expressions for the structure functions are NLP

The computation of structure functions is lengthy but
straightforward. We contract hadronic and leptonic tensors
(89) and obtain the expression in the terms of factorization
variables, i.e., defined by ¢4, n*, i*. Next, we rewrite these
scalar products in terms of standard variables, and expand
the obtained expression at Q — oo up to the NLP term.
Since the TMD distributions depend on b*> we integrate
over the angular part of b, and express all Fourier
transforms via Hankel transforms. Finally, comparing with
the parametrization (90) we obtain expressions for structure
functions. The algebraic operations are rather bulky and
were performed with the help of FEYNCALC package [61].

As a result of this computation we obtain four types
of terms:

(i) The leading contribution of Wyp (2). It is ~Q°, and

produces the well-known LP TMD factorization.

(ii) The NLP contribution of Wyp (2). It is ~|p, |/(zQ).
These terms appear due to the expansion of scalar
products in the factorization kinematics, and contain
only TMD distributions of twist-two.

(iii) The leading contribution of Wiyip (7). It is ~M/Q,
and contains TMD distributions of twist-two, their
derivatives, and the derivatives of Collins-Soper
kernel.

(iv) The leading contribution of Wynip (7). Itis ~M/Q,
and contains TMD distributions of twist-two and
twist-three.

The terms (ii) and (iii)) have the same hard coefficient
function, and could be combined together. Moreover,
their structure mutually simplifies due to integration by
parts. Since these terms present a theoretical interest we
collected expressions for (ii) and (iii) in Appendix C, before
simplification.

All terms have the form of Hankel transforms of a
product of two distributions accompanied by the coefficient
function. To have a compact expression for the result, we
introduce the short-hand notation for such combination. So,
the terms of types (i), (ii), and (iii) are expressed via

T,1FP] = (€, 4. @Y e / bbby

x (b“;ﬂ)f,( bip,$)Di(z. bs . §). (97)

where J, is the Bessel function of the order n, f is a
TMDPDF, D is a TMDFF, and e¢; is the electric charge of
the quark with flavor i. The sum over flavors i runs through
quark and antiquark flavors. The coefficient function is
given in Eq. (3). The terms of type (iv) have three kinds of
structures:
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TIfD.]

bdb b
Ze / (bM)"J,, ( |pL|>
z
x/_'dwz Z|ws|
o [wo| =z
XDi-<_W2Z ,Wz,Z,b;ﬂ,Z),
Wy + 2

RIfD) =<3 e? / bzdb (oMY, (bh;ﬁ)

i

Cz(Z’ WZ)fi(x’ by, Q)

1—x
X / du,Cr(x, uy)

1
X fi'(_x — Uy, Uy, X, b,[l, é‘)Di(Z’ b’/’lvg’)’

JN¢.D] = xZe%/%(bM)”Jn <b|’Z’L|>

1-x
X / du,nCy(x, uy)
-1

Di(z’ bvﬂvi)»
(98)

X fi'(_x — Up, Uy, X, b,ﬂ, é’)

where f(D) is a TMDPDF (TMDFF) of twist-two and
f. (D.) is a TMDPDF (TMDFF) of twist-three. The coeffi-
cient functions are given in Eqgs. (15)-(17). There is a
freedom to define the convolution for twist-three distribu-
tions by changing the integration variable. For definiteness
we integrate over the gluon momentum fraction. Note that

the integral over w, for J Lz ] is convergent at w, — —z since
TMDFFs vanish once the first argument approaches zero

(53). Also note that the convolutions 7 LR] and J ,[11 ] include
positive and negative ranges of u,, and regular at u, = 0.
The final expressions for the structure functions are

Fyur = Jolf1D1] (99)
Fyyr =0 (100)
2M o o
Foo! = o {% 71Dy = 2kt HY — M?|b|*ihi HY|

Pf1 (DS + GE) + 2hi Ho)
BUFS - g5)Dy + 2hg HY
TV + gh)Dy + zh@HH} (101)

; 2M
R =
0
| b |2 M2
2

= D (for + gor)Dy + [PMPHALHE + |b|2M2hg%HH}

M2| g 200125 1yl
~TJo|firD1 +—— f1TD1+M|b| hH +~70 [

L (DS + GE) + 2hHe) + T [(for -

Fiptt = T HY (102)
Sin ¢ 2M
Fy = ) {—jgz) [f1(Dg — G&) + 2hi Hg)
+ TVN(f& + g5)D1 + 2hgH]
TVIFS - gDy + 2h9HH} (103)
S1n @ 2M
UL/ Y J 12k HY +M2|b|2h1LHL]
+7[91(Dg — G&) = 2hiy o]
st (f&L — 98L)D1 + 2he HY|
- j<11>[(f$L + géL)Dl + 2h@LH1L]} (104)
Fy?? = o[h HY) (105)
Frr :jo[ngl] (106)

2M .
Fyl = o {jl [1D,] + jgz) [91(DS + Gg) + 2hi; Hg)]

BI(fS, + g5.)D) + 2hg HY]

_j [( — gg1)D1 + 2hg HY ]} (107)
Pt = 7, [f D] (108)
=) _ (109)

Fn ) = 7, [y H (110)
Fab) = 7ty (1)

|b|2M2
2 T( (5]

- Gg)
9or)Dy + |b*M?hi Hi + |b|* M h27H']

(112)
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sin(2¢— M ° M2b2
FUT((/ (/)S):_a{jz{fllTDl"‘thTHll"‘ il

° 2
rHE | + T 917 (D§ — G5) + fi7(DE + Gg) — hipHo]

R 1
+ TN(f S — 987Dy — 2hAGHT + 2h2EHT] = T3 [(f&7 + 957)D1 — 2hiFHT + 2hg%HH} (113)
FR009) = 7, (95D (114)
COS P g M o
it =-3 {Jo[zgfrol + M6y D1 + T ([bPM i (D = GS) + [bPMPgi7(DE + ) = 4hi Ho)
2T (far + gor)D1 + |DPMERALHE + |bPM2HEEHY)
—20D[(far - gor)Dr + [P MPHALHE + |b|2M2hg%HH} (115)
cos(2¢— M ° 2
FLT( ) = 5 {j2[ngDl] - ~7<2 )[ %T(Dﬂé - Gé) - gf_T(Dé + Gé) - hf_THGB]
R
— TSy + gDy — 2hALHE + 2h2EHY
1
= IOU(FLy - gDy - WAL 4+ 282 } (116)
where
. 270 1, (¢\[0D(b.u)
bopl)=—|—5+=In(Z )| ——— ,biu, 117
ot €) = s [ 3 (5) () b (1)

is the dimensionless boost-invariant derivative of the
TMDPDEFE. In these expressions we set m;, =M in
the definition of TMDFFs for shortness. To restore
the proper coefficients, one should multiply TMDFFs
by factors (mj,/M)", where n is (1,1,2,2,3) for
(Hi,H., D+, G+, HY), correspondingly.

The structure functions related to the longitudinally

polarized photons Fy;; and F SU"}(?Z_%) are of N’LP.

The expressions for structure functions are given in the
position space, where the TMD phenomenology is usually
performed. The passage to the momentum space is
straightforward (see, for instance, [15,43]). The position
space presentation is not unique for the kinematic power
correction since the derivative term can be integrated by
parts and presented in different ways. In our derivation we
employed the strategy to eliminate the terms ~p ;, which
are produced by the LP hadronic tensor. In Appendix C we
present these terms independently. The final expression is
simply expressed with the derivatives of TMDPDFs, and
this is a consequence of the definition of the azimuthal
angles ¢ and ¢s.

C. Discussion

. COS ¢ sin 2¢
The LP structure functions, namely F 1, Fyyp's Fyp™ s

FLLs Fsli][;"(,li;‘_q%)s F;}r;§¢+¢3), Fsli]nT(3¢_¢S), and Fz();(¢_¢S)s are

|

well known. In position space, the expression for them
can be found in Ref. [43] and agrees with ours. It provides
a cross-check for all the definitions and the computa-
tion code.

The NLP structure functions Foi?, F3t?, Fin? Fsod,
Finds pin@o=ds) peosds ang Fo?9%) can be compared
with the literature only partially since the present formal
derivation included previously overlooked effects and the
complete NLO structure. We agree on all terms that could
be compared with earlier computations (see below). There
are two differences between our and earlier computations.
They are

(i) the part of the genuine twist-three contribution

proportional to C,,
(i1) the terms with derivatives of the Collins-Soper
kernel.
These effects are critical for the consistency of the factori-
zation theorem. Below we discuss these points in more detail.
Both of these effects were overlooked in the previous
derivations [15,27,29] due to the assumption that partons
carry strictly positive collinear momentum. This assumption
is violated for genuine higher-twist contributions, which
represent the quantum interference contribution.

For the first time, we present the complete NLO structure
for genuine terms, including evolution and coefficient
functions. We emphasize that the consistent presentation
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of the factorization theorem requires the decomposition of
twist-three distributions via quark-gluon-quark correlators
since only this basis of twist-three operators is complete
(see general discussion in Refs. [62,63]). The traditional
basis of bi-quark twist-three TMD distributions (e.g.,
[27,29,43]) is incomplete in the sense that NLO effects
induce mixing with other operators (see explicit examples
in Sec. 6 of Ref. [18]). The expression derived here is
general, and its extension to higher perturbative orders
requires only the computation of higher-order coefficient
functions.

Eliminating the new terms, we can compare the LO part
of our result with the expressions presented in the literature.
The computation in Ref. [29] was performed and presented
in momentum space and in terms of bi-quark TMD
distributions. To make the comparison, we have used the
relations between bi-quark TMD distributions and the
(geometric) twist-three distributions derived in Ref. [18].
We agree with Ref. [29]. Also, we compare the kinematic
corrections coming from the LP and NLP term with
Ref. [15], where they are presented independently (see
also Appendix C), and we agree with them as far as we can
understand the notation. Let us note that this comparison is
frame dependent, and apparently, the frames used here and
in Ref. [15] are (potentially) different only at N’LP. The
kinematic part of the expression is also known as the
Wandzura-Wilczek approximation; it has been studied in
Ref. [64] and also agrees with our result.

All TMD distributions at NLP obey the same evolution
equation with respect to the rapidity parameter { (74) with
the same Collins-Soper kernel. It follows from the general
consideration of rapidity divergences [40] or from the form
of soft function [15]. The same rapidity evolution is a
fortunate fact that increases the universality of the TMD
factorization approach and allows for the reuse of results of
the precise extractions (such as [51,52]) at NLP. Recently,
the universality of evolution for twist-three TMD distribu-
tions has been tested with lattice computation [53].

The field-mode decomposition is invariant under the
variation of the rapidity separation of fields. On the level of
cross section, it required the invariance under the rescaling,

(- al, (118)

The cross section must be independent of the parameter «,
analogously to the independence of the parameter u. All
terms without derivatives are trivially invariant under this
transformation. Meanwhile, the terms involving the deriva-
tive with respect to b are invariant only in combinations
with the derivatives of the Collins-Soper kernel (117). That
is, the combinations f(¢)D(Z) are boost invariant, which is
an important check of the result.

The evolution equations for the TMD distributions
presented in Sec. III E are the consequence of operator

structure. In that sense, they are independent entries to
the factorization theorem, and all features of evolution
should be independently realized within the coefficient
function. In particular, the factorization theorem must
provide the mixture mechanism between T-odd and T-even
TMDPDFs of twist-three (76). This mechanism is realized
by the terms proportional to C;. On the level of coefficient
functions, the mixing terms are the ones that are presented
in the second lines of (15) and (16). The confirmation of
cancellation between logarithm parts and evolution equa-
tion for TMD distributions is done in Ref. [13] and gives a
strong check of our result.

Generally speaking, all genuine NLP terms have a single
hard coefficient function. However, it can be observed only
in the position space; see Ref. [13]. The transformation to
the momentum space completely hides this universality
because of the different support for momentum fractions in
TMDPDFs and TMDFFs, producing different complex
logarithm parts. This represents the primary reason why
the coefficient function C, (17) cannot be entirely obtained
from Cp (15) (although the most part can be reconstructed
by x; — 1/z;). Furthermore, the integrand is singular at
u, = 0, and to define it completely, one needs to evaluate
the pole contribution explicitly. It results in a novel
contribution ~C; (16), already at LO. Therefore, practi-
cally, the genuine part of the NLP factorization theorem
incorporates three different hard coefficient functions Cp,
C;, and C,, contrary to the assumption made in Ref. [15].

The LO term of the coefficient function C; is 6(x,) (16)
and thus generates a leading contribution ~f.(—x,0, x).
These terms are similar to the famous Qiu-Sterman
mechanism in the collinear factorization of single-spin
asymmetry [35,65]. Such contributions are present in all

structure functions via the J ,(,I> structures. Currently, there
are no studies of such effects in TMD physics, so there is no
criteria to estimate their size. Some of such contributions
could be zero (at LO) due to symmetries or other effects.
However, some contributions are definitely nonzero. Our
estimation is based on the small-b computation performed
in Ref. [18]. Using this computation, we can declare that
functions fgr(—x,0,x,b) and hg(—x,0, x, b) are nonzero
since they have a nonvanishing small-b limit. These
distributions contribute to F$o? and F}j37S. The size of
these contributions can be estimated by comparing LO
small-b matching for fgr and hg with the small-b
computations for twist-two distributions [44,66]. We
estimate

for(—x,0,x,b) ~ —r1 ]lT(x, b),

he(—x,0,x,b) ~ 27 hi-(x, b). (119)

So, the Qiu-Sterman-like contribution to the structure

functions F fj’,sfb, F 2‘}% has approximately the same non-

perturbative content as LP structure functions Fer* and
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F ;}HT(,(/}_(’&S). The main difference is the order of the Bessel

function, which should numerically enhance the NLP
terms. So,

. 2M 052 sing
F ?;JﬂQS—like z o O lQs—iike 2 0 Furr

(120)

We conclude that the newly observed terms could produce
potentially large effects. Therefore, using the proper TMD
factorization formula instead of a simplified one can lead to
important phenomenological consequences already at LO.
A more detailed investigation of practical implications will
be done in future works.

It is instructive to investigate the integrands’ behavior in
the small-b limit since some integrals are singular at first
glance. Most TMD distributions have a regular form of
small-b expansion,

freg(xv b;u, é’) ~ [C(IH(M%PEbZ;,“v é’) ® F(ﬂOPE)](x)

+ O(b?), (121)
where f is a TMD distribution, F is a collinear distribution,
C is a coefficient function, and  is an integral convolution
in momentum fractions. A similar expression holds for
TMDFFs. Note that F can be twist-two or twist-three
collinear distributions. All TMD distributions of twist-two
have regular small-b expansion [67]. Therefore, the deriv-
atives of TMDPDFs of twist-two produce a singularity (we
eliminate the double-logarithmic terms for simplicity),

e, 0) = 088 3210, @ Fr ) )
+0O(bY). (122)

At higher perturbative orders the singularity is stronger
~a” In"~1(b)/b?. The structure functions are finite because
all singular terms are either accompanied by b? [see, e.g.
(112)], or by a Bessel function of sufficiently high order
[see, e.g., (107)]. The structure functions F‘z}’fj¢ and F CLOLW
have the strongest behavior. Their integrands have loga-
rithm singularity at b — 0, while integrands of all other
structure functions vanish at this point.

Some of the TMD distributions of twist-three possess a
more singular behavior,

fsing(x»bmf) N%[C(ln(ﬂémbzw,ﬁ ® F(popg)](x)
+0(bY), (123)

where F is the collinear distribution of twist-two. In all
cases, when the TMD distribution matches the collinear
distribution with the lower twist, the mismatch in dimen-
sions of operators is compensated by powers of b. The LO

M sin(g—gs)

terms for small-b matching for singular distributions are
presented in Appendix C of Ref. [18]. The singular
distributions are

fsne €{D5 +Gg.f5— 95 for + 950 h27. hap}. (124)

Note that the distributions that mix with f g, by evolution are
also singular but have the leading singularity NLO ~ a2 /b?.
Similarly to the kinematic term, we found that all singular-
ities are compensated by either b or by Bessel functions.
Thus, all structure functions are well defined.

V. CONCLUSION

We have presented the expression for the cross section
for the polarized SIDIS at next-to-leading power (NLP) and
next-to-leading order (NLO) in TMD factorization. The
main result of the paper is the collections of structure
functions (99)—(116). This work is the natural conclusion of
the studies made in Refs. [13,16,18], where we elaborated
the details of the TMD factorization at NLP.

Our computation nontrivially confirms the factorization
hypothesis for SIDIS at NLP, which is not proven so far but
checked at NLO. In many aspects the NLP TMD factoriza-
tion is similar to the LP one. Basically, there are only two
additional elements—the special rapidity divergences, and
the complex part of the hard coefficient function. These
elements appear during the transition from the factorized
operator expression to the momentum representation of
matrix elements. Therefore, we do not foresee any obstacles
for the NLP factorization being valid at all perturbative
orders, although the formal proof could be essentially
difficult.

The description of SIDIS at NLP involves TMD parton
distribution functions (TMDPDFs) and TMD fragmenta-
tion functions (TMDFFs) of twist-two and twist-three. The
twist-three TMD distributions are unexplored objects. The
properties of the TMDPDFs of twist-three were considered
in Ref. [18], whereas the TMDFFs of twist-three are
considered in this work for the first time, and represent
one of the original parts of this work.

The derived expressions are largely consistent with
previous computations, although some new terms have
emerged that were previously overlooked. The main new
findings are the terms with the quark-gluon-quark TMD
correlators with the vanishing collinear part of gluon’s
momentum. These contributions are present in all NLP
structure functions already at LO. The estimation of
magnitude and practical importance of these terms is left
for future works, but already now we can observe that some
of them (120) should be numerically sizable.
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APPENDIX A: COMPLEX STRUCTURE

complex valued. This is how the hadronic tensor is
presented in the original derivation in Ref. [13]. For practical
purposes, one should rewrite this form explicitly revealing
real and imaginary components. The computation is straight-
forward. However, the final expression is rather different
from the starting one, and its origin is not transparent. Here
we present some details of this computation.

OF GENUINE NLP TERM This problem concerns only the genuine power correc-
tion term, since in LP and kinematic NLP terms all
elements are real. In the notation of this work, the genuine
NLP term computed in Ref. [13] [explicitly, the second and

the third lines of (6.17)] is

Each irreducible component of the hadronic tensor has
a definite complexity, such that after convolution with
the leptonic tensor the cross section is real. However,
individually elements of NLP factorization theorem are
|

Wotr = zZ{ (- 2w | flaalcica

- C —,— |C,D b 7A m b
/Wlwz Wy Wy ! ( ) w3l + 00 p21(W123 )

N PP 6(x —fi3) \ir;
Mz)Cl(I),[),zE(Ml,zséb)mA[u ](Z»b)

nt* nt

STl = [T} /A O(x = i3) ~rs
+ <———)Tr[7PFn}/”F+] /[du}cz(ul,uz)Cl(I)szﬂ(uLm;b)MA[ﬂ (2. b)
Tt q - U, — i0
(@] i (L LY e @l gy SE =) gzl
- C N Y A C (D " ’b 7A m ;b
/Wlwz Wi Wy Te: )ng—f—iO p21( 123:b)
v el t ] O+ i) S
+ = = — )Tt Tap Tl | [ [dR]CICy(ats, )@, 15 (i 2,33 b) ———= A" (2, b)
4+ 4- i it — 0
[dW] + 1 [ (Z + Wl) Tl a .
- /szz €ic w_;’w_z ( b)—li_f_oA/),lZ(wl,Z,B,b)
n’ ot S0x 4 i )
+ ———)Trb/ﬂr e /[afu]cT 5(i 3,u2)q>£f;;(u123,b)¥A[ﬁm]<z’b)
1= 4+ uy i0
[dW] 11 S(z+W1) o,
_/wzwg CTC By Wy [11 (x b)—17_|_1()A/[JF,1%(WI,2,3;b) ) (A1)

where we refer to Secs. II and III for the notation. In this expression, we explicitly keep the £i0 prescription for the gluon
poles at i, = 0 and W3' = 0. The signs of i0 are related to the directions of gauge links of TMDPDFs and TMDFFs.

The coefficient function C; is the LP coefficient function (3). At NLO it reads

2
C,=1+a,Cp (—L2+3L —8+%> +0(a?), (A2)

—g® =i
L:1n<"7210>.
u

In the SIDIS kinematics the argument of logarithm is positive, and thus the coefficient function C is real valued, C; = CT.
The coefficient function C, is the coefficient function for the quark-gluon-quark operator. At NLO it has been computed in
Ref. [13] [see Eq. (6.15)]. In the SIDIS kinematics, it reads

where Cr = (N2 —1)/2N?, a;, = ¢*/(4n)?, and

7 a+b b
.b) =1 -L24+L-3+—) - In{———1i0
Cz(a ) +Cls|:CF( + +6) CA a H<a+b l>
CA a+b a
—(c.-=4 1 -
<F 2) b n<a+b
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where C, = N.. Note that this formula is valid only for
SIDIS (g?> < 0). For processes with g> > 0 (Drell-Yan or
semi-inclusive annihilation) the complex part is more
involved.

Inspecting the coefficient functions accompanying
TMDPDFs of twist-three, we observe that C} (i, it,) has
l?tl + ljlz = —x < O, while C2(ﬁ3, ﬁz) has £t3 + il2 =X > O,
due to 6 functions in (A1). The individual signs of i s are

1

Cr(x,uy) =

CA 1 X
+2<c __> E3
F2 (u2)+ Uy

c X [_ ln|u2|> N Inx
X+ up uy ). (ua)y

not defined, and thus logarithms could be complex valued.
We denote

Cl(iy, ) C,

Cr < 11 ”2>
——+ag?2 L2 4 2L ——+—
(“2)+ A { (”2)+ 2 6

Cy(x uy) = 8(uy) + as{ch [5(u2) (—L2 +2L - 15 + ”_2)}

+2 <CF - %) {6(u2)L + ﬁ%

O(uy) x

+Cy [5(u2)(lnx +2) - (). o+ uz] } + O(a?).

Here, the plus distribution is defined as

/ du(f (). g(u) = / duf () (glu) - 9(0)). (A7)

and arises from the decomposition

u—i0

u_lio—&—iné(u),
In(u —i0)  (In|ul = } _iﬂé(—u)
< . )++25() . (A8)

Next, we observe that the coefficient functions satisfy the
relation

CiCy(i13, ity) = (C,Cy(—it3. —ity))", (A9)

where we imposed constraints set by the ¢ function for these
terms. Thus, applying this relation to Eq. (A1), and changing
variables {1, fl,, i3} — {—ii3, —il,, —i; } in these integrals,
we find that coefficients of corresponding terms turn into

. (Co(ity. p))" _ Cy(ty, ip)\
—il, + 00 iy + i0
= —CR + iﬂC[.

CiCy(i3. i1y)
i, + 0

(A10)

0y — lO — CR()C, l’/\tz) + iﬂC[(x, l//\iz), (A4)
where x = —ii; — i,. Inserting the definition of C; and C,,
and resolving the complex structure we obtain
|
1 (x+ u X +u\ 7
|:<L -2 +EIH<T>> 11’1(7 - 79(—)( - I/lz)
n? 5
+ ?5(”2) + O(as5) (AS)
2 6
<9(—x —uy)(L =2) + 0(=x — 1)) In <L”2|))]
X
(A6)

[
In this way, we are able to express all coefficients in the terms
of Cy and C;.

The similar procedure is done for the terms with
twist-three  TMDFF. Inspecting the coefficient func-
tions accompanying TMDEFF of twist-three, we observe
that Ci(Wwi',w5') has W' +5'=-z7' <0, and
Co(W3',w3') has w3! +w3! =z7! > 0. Analysis of the
complex structure gives

7 1 1 T_l -1
C1C2 ~ A :C2 N~ A Cl‘
w3 Wy ws Wy

These coefficient functions are real valued because the
signs of W; are fixed (due to the definition of the domain of
TMDFF). We denote

(Al1)

1 1 Ch(z, W
c; <A—,A—> ¢, =2le?) (A12)
wip Wy Ws
where z = =W W,/ (W + W,), and
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CQ(Z,W2)21+aS 2CF -L +2L—7+€
+2<CF—Q>@<L_2
2) z
+lln<1—i>>1n<1_i)
2 W [wa|
Ca ] 1H<i)]+(’)(a§).
wa =z \ [y

Note that variable W, never reaches the point w, = 0, and
does not receive the complex part from it. Performing
the same transformations as for terms with twist-three
TMDPDFs, we find common a &(z —Ws3), which set
w, < 0. It produces an extra sign factor, due to
i /i) = —1.

Finally, we use the definitions (38) and (39) and replace

(A13)

D, (it 23, b) = Pg (it 23.b) — iP (i1 53.b), (Al4)

D, (~il3,,1,b) = Pg (it 23, b) + i@ (i1 23,b), (AlS)
and similar for @, A, and A. After minor simplifications we
arrive at expression (13).

APPENDIX B: EVOLUTION OF TWIST-THREE
TMD DISTRIBUTIONS AT LO

The evolution equation for the TMD distributions of
twist-three were derived in Refs. [13,18]. Some parts of
these equations (namely, the elements of kernels ) could
be extracted from and compared with the results in the
literature [56,62,68]. The full description and derivation of
the following equations is given in Ref. [18]. Here we
present only the final expressions.

The evolution of twist-three TMD distributions with
respect to rapidity scales is given by LP equation

d
Ca—CF(b,ﬂ,C) = -D(b,u)F(b,u, L),
where F is TMDPDF or TMDFF of twist-two or twist-

three, and D is the Collins-Soper kernel [2]. The evolution
|

(B1)

a
Py, @o1 (X1, %0, x3) = —ES {CAfoz,o(Dlz(xl’ 0,x3) + CA/

with respect to the parameter y is different for TMDPDFs
and TMDFFs and is presented in the following sections.

1. Evolution of TMDPDFs of twist-three

The evolution equation for TMDPDFs of twist-three
reads

()= (52n(7) +7ams) (72)
2 — = ﬂh’l_—’—ﬁrxxx
P () = (50(2) 1) (i

" ( 2|]:DA 2ﬂ®x1x2)C3> (Fl)
270, 11, 2P, F,)’
(B2)

where all distributions are functions of (xi, x,, x3, b;p, ).
The I'¢p is the anomalous dimension of the lightlike cusps
of Wilson lines (see, for instance, [69]). The LO expression
for the function YT is

X1X2X3
TXXX = dy 3CF+CAIH |x—3|
o ol
C
+ 2<CF - —A> In <@>} +0O(a?). (B3)
2 |x1 ]
The function © is discontinuous, and at LO it reads
% X123€(+=-)
—Cr+% xip3€(+—+)
0 X e(——+
®x1x2x3 =as X C b2 ( ) + O(“%)?
-3 X123 €(=++)
CF—C;A X123 €(=+-)
0 x1,2,3€(—l—+—)

(B4)

where x; 3 € (+ — —) means the region (x; > 0,x, <0,
x3 < 0), and similarly for all the others. Importantly, the
equation (B2) is written for the SIDIS-like TMDPDFs
which have Wilson lines pointing to 4oo. For the case of
DY-like TMDPDFs with Wilson lines pointing to —co, the
mixing terms ® should be taken with opposite signs. The
kernel P4 is the integral kernel that acts on the TMDPDEF,

dv {((xz + )@y (X1, X2, X63) — P (x) — v, X3 + 0, %3))

X0(x5, ) x10(x, —v)
- 0 ¢ 9 9 _Q - b ki N
o5y 1 0)2 (P12 (x1, %2, x3) (X = v.x; +0,x3)) o — )
o O -, , 2 2 2
_CA/ dv 12(x; v2x2+v X3) [xZ(v+ xztxl)G(xz,v) +x1( x2+xl)®(x1,—v)
—0c0 X3 (x2 + U) X1 =
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X1 (xpx) — 20x5 — vx1)

+2<CF—%> /wdv‘blz(xz+v,2xl—v,x3) x5

x ©(x,, —11)] } +0(a2), |

where O(a, b) = 0(a)0(b) — 0(—a)0(—b).

O(xy,v) +

Importantly, the equation (B2) is valid only for the following pairs of TMD distributions of twist-three:

<F1> {<f€BL+geL> <fé§+9$
e b
Fy/a fer — JarL fé_gé

The remaining distributions are

<F1> {(f@L—geL) (fé—gé
E b
Fr/)p for + Jar f&+ 98

Their evolution equation is the same as 146 but with P4
replaced by Pp. The later is given in Eq. (3.16) of Ref. [18].
The distributions (B7) do not appear in the NLP factori-
zation theorem for SIDIS or Drell-Yan.

2. Evolution of TMDFFs of twist-three

In position space, the evolution equation for TMDFF of
twist-three has identically the same form as for TMDPDF.
However, the transformation to the momentum-fraction
space makes it look different, since the support regions for
TMDPDFs and TMDFFs are different. In particular, in
the case of TMDFF the evolution preserves the sign of
|

C
Tlglem = dy |:3CF +Ca 1n<‘Z2|> + 2<CF - 2A> In (:zl:>:| + O(a%)
3

|z3]

Note that YEE

X+ (x; —v)?
(BS)
> (fé;L+géL> <f$r+géT>
’ féL_gel;L ’ fér_gér ’
(o)) Gan)-Gi)) ®
he ’ heL ’ thT_ ’ thY_* )
) <fé§L_g$L> (féT_géT>
&Lt géL for+ QQL;T
(o)) G- Gen )y ®
hs/) \h&,/) \h&z) \hij

[

momentum-fractions zs, and thus does not generate com-
plex parts. As a result, there are no mixing terms, and also
the O-function structure simplifies.

The evolution equation reads

24y Tawy (N e pre] g BS
'MW A= Tn? + 1 T P4 | A, (B8)

where TMDFFs are functions of (zy, 25,23, b;u,{). The
[eusp 18 the anomalous dimension of the lightlike cusps of

Wilson lines. The LO expression for the function T, is

(B9)

o o = Yoo (X = z7') (B3). The action of the integral kernel P to TMDFF reads

ag o dp
PEFA(ZleLZS) = _?{CA/ 7 |:— <A(21,ZZ,Z3) -

Al g ) > 0(-v)

(o]
A(l—z:)m k) lf’lzlzz ) Z3) )
(1 —wvz))(1 + vz2)

21

+ <A(Z1 » %2, Z3) -

2122

1—1121

Z;
+ Cy /oo dv A(I_UZ‘ 7ﬁ’Z3)

w  (I=vz)(1 +v25) (21 + 22)°

(1=vz))(1 +vz2)*) 1+ vzy
0(v) ]
221 + 2+ v712, 221+ 2 >
O(—v) + O(v
( (1+wvz,)? =) 1 -z v)

—2(@—%) /oodv

Z 4
A o) 4o i < 0(—v) N 1 —2vz; — ;Jzz ®(v)> } (B10)
(1=vz))(1 +vz2) (21 +22)* \1 + vz, (1-wvzy)
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where 0 is the Heaviside theta function. This equation
was obtained from the universal position-space expres-
sion by computing the Fourier transform (31). It can
be compared with the kernel for TMDPDF 146 by
replacing ®(a,b,c) = acbA(a~',b7',¢c7!), and sub-
sequent replacement x; — z; !, and multiplication by global
factor |z,2,23)~!. Also, in derivation of (B10) we took into
account that A # 0 only in the region z;, < 0 and z3 > 0.

The evolution equation (B8) is valid only for the
following TMDFFs:

PI;?FA(ZI’ZZv Z3) =

a, o dv
_?{CA /_m7 {‘(A(Zlyzz,&) -

AAG{Dé—GL,Dé—i—Gé,H@,He}. (B11)
For other TMDFFs,
ABE{D$+GJ‘,D$—G$,HJ‘ HL} (B12)

the kernel P, must be replaced by the kernel Pz which is

(=)

1+U22

A(l Z;zl s 1+1)Z2 ) Z;) >
(1 —vz;)(1 + vz5)?

+ <A<21,22,Z3) -

+2(cr-

The kernel Py has been derived using the same technique
as the kernel P, (B10). To our best knowledge, the
evolution equations for TMDFFs of twist-three are dis-
cussed here for the first time.

APPENDIX C: KINEMATIC POWER
CORRECTIONS SEPARATELY

The kinematic power corrections have two sources.
The first source is the expansion of kinematic variables
from the contraction of the LP hadronic tensor, for
shortness we call it LP’. The second source is the
NLP hadronic tensor, for shortness we call it kKNLP. In
this Appendix we present the expressions for both terms
separately, and explain the relation which helps to reduce
them to the simple form.

Expanding the contraction of L, W', up to NLP we
obtain the LP’ contribution (here only the terms which
produce nonzero NLP contribution):

eS| = —"’—5' (Tolf\D) + TalhtH]).  (C1)
Slnqﬁ‘LP’ = _%jZ[hlLHl] <C2)
FCO§¢|LP’ = _|pé|x70[91 ] (C3)

Fls | = —%jl [ D1+ thlL]v (C4)

_ ;;;z?if;é) )]

l—l}Zl

2
T4z, * 1wz, bzl ’ Z3) <]

Cz> Joa (A

1 —wvzy)(1 4+ vz,) (1 = UZ1)2®(U)}'

sin(2¢— |p | 1 1
Fine=9) |, = _1PL] <—§jl[ D) +ZJ3[h%THH),

z20
(C5)
os pill
Rl = - gDl (o
1
FC05(2¢ os — _@_ A1 D 7
|LP 20 2\71[ng 1], (C )

where 7, is defined in Eq. (97). These expression agree

with the blue-font part (denoted as kinematic corrections)

of the expressions presented in Sec. 5.2.4 of Ref. [15].
The kNLP terms read

Cm¢|kNLP =0 »71 [lel - 1D,

- ME{bP (ki HY = htHD)].(C8)
P e = g 1 [-MPIBF (it = iy 1)) (€9)
F e = G TiD =il (C10)

an S|kNLP_Z\70|: 17Dy + 2h Hf

+ bzi\/lz( Dy = FirDy)
+b2M2(h1f{1L—ilelL)}, (C11)
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sin(2¢— 1 °
FUT(¢ ¢S)|kNLP_ sz{ hlLTHl 2( fTDl—flLTDl)
M2|b|2 . .

+— (Wi Hi — hizHEY)|,  (CI12)

cos¢ 2M2 2
Frr" e = 0 jo [—ngDl T (917D — §1TD1):| ,
(C13)

cos(2 2
Frr =0s) linee = 20 «72 [gerl glLTD1:|v (C14)

where the definition of operation A is

. 21 o ¢\ [(0D(b,

f(va;ﬂ7C):M a|b|2+ 1 (é:) (%)]
X f(x,byp. ),

. _ [ o 1. (C\ (0D(b,

bten ) =5 53 ) (55|
x D(x, b;u, ).

Here, the first equation is for TMDPDEF, and the second is
for TMDFFE. The expressions (C8)—(C14) agree with the
green-font part (denoted as P, corrections) of expressions

presented in Sec. 5.2.4 of Ref. [15], to our best
understanding.

It is important to note that these corrections are frame
dependent. A small rotation of the vector n* (or 7#) does
not alter the counting for the field mode (if the trans-
formation preserves n?> = ii> = 0), and thus preserves the
structure of factorization theorem [60]. However, some of

the LP’ and kNLP terms are frame invariant up to N°LP. We
have explicitly confirmed this statement for the F ?545 term.

The terms J,(f, f ,) can be rewritten via the terms
Tl fif ») using the integration by parts. These relations are

Tolhifo) = =50 Tues(f1f2) = Tulfrf2). n>0.
(C15)

Tl =2 g7 (i) -2+ 10)7,0012)
= Tu(bPMPfif2). n20. (CL6)

where f, and f, are functions of |b|>. Applying these
relations, one can eliminate the contributions of LP’ terms.
We found that for all terms this can be achieved by turning
the derivative from TMDFF to TMDPDE. This operation
also eliminates some nonderivative KNLP terms. The result
is presented in Egs. (99)-(116).
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