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In many calculations involving polarized twist-2 parton densities to higher order in the strong coupling
constant one uses the Larin scheme to describe chiral effects in dimensional regularization. Upon forming
observables, the scheme dependence cancels. Still one needs a corresponding regularization scheme to
compute the contributing building blocks, like massless and massive Wilson coefficients, as well as the
massive three-loop operator matrix elements used in the variable flavor number scheme. These are matched
to the evolved parton distribution functions in the Larin scheme. Starting with suitable input distributions
we provide the solution of scale evolution of the different polarized parton distribution functions in Bjorken
x space for a wide range of virtualitiesQ2 in the Larin scheme, at next-to-leading, at next-to-next-to-leading
order for the first time. We also illustrate the deviation between the parton distributions in the Larin and MS
schemes numerically.
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I. INTRODUCTION

In the calculation of the scaling violations of polarized
hadronic processes the building blocks of the factorized
processes are scheme dependent. Working in dimensional
regularization one may either use the Larin scheme [1] or
the HVBM scheme [2–7] to describe the Dirac matrix γ5 in
D ¼ 4þ ε dimensions. Computing the Lorentz- and Dirac-
structures of the corresponding scattering processes by
using Form [8], reference to the Larin scheme is particu-
larly efficient. Finally, one forms observables, such as the
structure functions of deep-inelastic scattering [9–14], or
other hard-scattering processes. The initial scheme depend-
ence of the Wilson coefficients and parton distribution
functions (PDFs) cancels in the observables.1

For this reason, we provide the solution of the polarized
partonic evolution equations in the Larin scheme at next-to-
leading order (NLO) and next-to-next-to-leading order
(NNLO) in the present paper, following earlier representa-
tions at NLO in the MS scheme [17]. At leading order (LO)
the evolution of parton distributions is scheme invariant. To
perform a consistent expansion of the corresponding

evolution equations algebraically we work in Mellin–N
space, cf. Ref. [18]. The results are presented in terms of
grids in the virtuality Q2 and the Bjorken variable x for
4 GeV2 ≤ Q2 ≤ 106 GeV2 and 10−9 ≤ x < 1.2 The shapes
of the PDFs are parametrized at Q2

0 ¼ 4 GeV2, fixing
αNLOs ðM2

ZÞ ¼ 0.1191 from the fit [19] and αNNLOs ðM2
ZÞ ¼

0.1147 from the analysis in Ref. [20]. Here the strong
coupling constant is defined by αs ¼ g2s;ren=ð4πÞ≡ asð4πÞ.
In the leading order evolution we use the starting value
αNLOs ðQ2

0Þ, because leading order QCD fits are unstable.
This leads to αLOs ðM2

ZÞ ¼ 0.1247. The values of αsðM2
ZÞ

determined in the polarized data analysis [17] are consistent
with these values, although the current errors are much
larger than for the values obtained using unpolarized deep-
inelastic scattering data due to the current statistics of the
polarized World data.
The polarized anomalous dimensions at LO were

calculated in [21–23], at NLO in [24–26] and NNLO in
Refs. [27–31]. The massless Wilson coefficients at OðasÞ
were computed in [32–36], at Oða2sÞ in [37,38] and at
Oða3sÞ in the nonsinglet case in [39,40] and the singlet case
in Ref. [40]. Finally, the massive Wilson coefficients at LO
were obtained in [41]. Numerical results at NLO were
computed in [42]. In the asymptotic region Q2 ≫ m2

Q the
massive Wilson coefficients and massive operator matrix
elements (OMEs) were calculated at NLO in [43–46], evenPublished by the American Physical Society under the terms of
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1Alternatively, one may consider scheme-invariant evolution
of structure functions, see Refs. [15,16] and references therein.

2Lower values of Q2 lay outside the deep-inelastic region and
require the separation of resonant and (quasi)elastic contributions.
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before [42], and at NNLO in Refs. [47–54] in the single
mass case. The corresponding three-loop two-mass cor-
rections were calculated in Refs. [55–57]. For all quantities
up to Oða2sÞ the transformation from the Larin to the MS
scheme is known. The polarized asymptotic heavy flavor
contributions of Oða3sÞ, i.e. the NNLO corrections, depend
also on the three-loop massless Wilson coefficients and are
given in the Larin scheme. This also applies to the transition
coefficients in the variable flavor number scheme at Oða3sÞ.
In these cases the PDFs in the Larin scheme have to be used
in representing the scaling violations of the corresponding
observables. It finally turns out that the deviations of the
evolution of different parton densities are larger than the
projected accuracy for future polarized deep-inelastic
scattering experiments of Oð1%Þ [58].
The paper is organized as follows. In Sec. II we describe

the parametrization of the polarized parton densities and
details of the evolution. Some numerical comparisons of
the results in the MS and Larin schemes are given in
Secs. III and IV contains the conclusions. The parametri-
zations in the MS and Larin schemes are provided in
ancillary files [59] in form of grids and a numerical
program which allows for spline interpolation in the
kinematic regions to be considered.

II. THE PARAMETRIZATION AND DETAILS
OF THE EVOLUTION

The PDFs of the polarized quarks and antiquarks
Δqiðx;Q2Þ, as well as of the polarized gluon density
ΔGðx;Q2Þ, are parametrized at the scale Q2

0 ¼ 4 GeV2,
cf. [17],3 by

xΔfiðx;Q2
0Þ¼ ηiAixaið1−xÞbið1þ γixÞ; f¼ q;G ð1Þ

with the normalization constants Ai, being given by

A−1
i ¼

�
1þ γi

ai
ai þ bi þ 1

�
Bðai; bi þ 1Þ: ð2Þ

The parameters ηi denote the first moments

ηi ¼
Z

1

0

dxΔfiðx;Q2
0Þ ð3Þ

of the respective distributions. The values of the initial
parameters are given in Table 2 of Ref. [17]. Here ηuv and
ηdv are fixed by theF andD parameters measured in neutron
and hyperon β–decays. Bða; bÞ ¼ ΓðaÞΓðbÞ=Γðaþ bÞ
denotes Euler’s B-function, related to Euler’s Γ-function.

In the case of three massless flavors the following two
flavor nonsinglet distributions contribute

ΔNS;−
3 ¼ ðΔuþ ΔūÞ − ðΔdþ Δd̄Þ; ð4Þ

ΔNS;−
8 ¼ ðΔuþ ΔūÞ þ ðΔdþ Δd̄Þ − 2ðΔsþ Δs̄Þ: ð5Þ

Furthermore, there is the nonsinglet distribution ΔqNS;v,

ΔqNS;v ¼
X3
i¼1

½Δqi − Δq̄i�: ð6Þ

The distributions ΔNS;−
3ð8Þ evolve with the splitting function

ΔPNS;− ¼ PNS;þ and qNS;v with ΔPNS;− þ ΔPNS;s. The
splitting function ΔPNS;s is computable at even values of
N and is continued to N ∈C.4 ΔPNS;s [31,70] is scheme
independent at three-loop order and PNS;þ derives from a
vector current. Therefore, to three-loop order, there is no
impact of the Larin scheme on this quantity. The distribu-
tion (6) can be measured from the interference structure
function g−5 ðx;Q2Þ, see Ref. [71]. For a completely sym-
metric polarized sea, Δus ¼ Δds ¼ Δū ¼ Δd̄ ¼ Δs ¼ Δs̄,
which we will consider, the relation

ΔqNS;vðxÞ ¼ ΔNS;−
8 ðxÞ ð7Þ

holds at the input scale Q2
0.

The polarized singlet distribution is given by

ΔΣ ¼
X3
i¼1

½Δqi þ Δq̄i�; ð8Þ

which evolves together with the polarized gluon distribu-
tion ΔG. The differences in the anomalous dimensions
between the Larin and the MS scheme start at NLO.

They are implied by the correction terms zðkÞ;NSqq and

zðkþ1Þ;PS
qq ; k ≥ 1, cf. [28,31,72].
The evolution equations in the polarized case consist of

three flavor nonsinglet evolution equations to NNLO
[27,30] and the coupled singlet and gluon distribution
evolution [28,31]. In the latter case one solves matrix-
valued differential equations. In Mellin–N space the
corresponding iterative solutions can be obtained analyti-
cally. Here one expands systematically in asðμ2Þ, with
μ2 ¼ Q2 and μ2 ¼ Q2

0 up to a given order l with
Oðal−ms ðQ2Þams ðQ2

0ÞÞ;m∈f0;…;lg, see Ref. [18], Sec. 5.1,
for details. The solution in x-space is obtained by a single
contour integral around the singularities of the problem, see

3Here it has been shown that this parametrization is close to
those obtained in other analyses, see, e.g. [60–67] and Figures 2
and 3, [17], for comparisons at the initial scale Q2

0.

4Our evolution program is written such that all quantities are
free of factors ð−1ÞN . This can be obtained as outlined in
Refs. [68,69].
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Refs. [73,74]. This representation avoids pile-up contribu-
tions for the parton distributions by iterative solutions of the
evolution equation, which were discussed in Ref. [75].
They have, otherwise, to be removed by using the method
described in [76,77], see also [78].5 The evolution of the
strong coupling constant asðQ2Þ is calculated numerically
in the respective regions of constant NF, cf., e.g. [79],
performing the matching at Q2 ¼ m2

c, m2
b, and m

2
t by using

the on-shell masses [80,81],

mc¼1.59GeV; mb¼4.78GeV; mt¼172.5GeV; ð9Þ

according to [82]. The expansion coefficients of the
β-function were calculated in Refs. [83–94].

III. NUMERICAL RESULTS

In the following we consider the evolution of the
nonsinglet distributions (4)–(6) and of the polarized singlet
and gluon distribution. Depending on whether the structure
function g1ðx;Q2Þ is measured at a proton or deuteron
target (after nuclear corrections), cf. [16], both the distri-
butions (4), (5) or only (5) contribute, while (6) appears
only for polarized structure functions with an axialvector–
vector contribution, as e.g. for g−5 ðx;Q2Þ. To three-loop
order the choice of the scheme has, however, no effect on
the evolution of this distribution. For this reason we do not
consider this case here.
The grid files are named PolLO(NLO,NNLO)M(L) for

the PDFs contributing to g1ðx;Q2Þ, respectively. Here, the
files at LO are the same in the Larin (L) and MS (M)
scheme. We use a cubic spline interpolation6 both in x and

Q2 in the parametrized kinematic region, see Sec. I. The
attached FORTRAN code Npolpdf.f provides the values
of the respective distributions.
We first illustrate the evolution of the xΔNS;−

3 ; xΔNS;−
8 ;

xΔΣ and xΔG, as functions in x and Q2 in the MS scheme
in Figs. 1–2 at NNLO. While the maximum of the
distributions deplete in the quarkonic case with growing
values ofQ2, they rise for the gluon. In the gluonic case the
maxima shift more strongly to lower values of x, compared
to the quarkonic cases. The evolution leads to a growth of
the distributions in the range of smaller values of x, while
they are depleted in the large x region for rising values of
the virtuality Q2. The singlet distribution is negative in the
region of smaller values of x due to the negative sea quark
distributions.
We now compare the deviations of the different distri-

butions considered in the Larin (L) and MS scheme (M),

rðx;Q2Þ ¼ fLðx;Q2Þ
fMðx;Q2Þ − 1 ð10Þ

at NNLO for the values of Q2 ¼ 100, 1000 and
10000 GeV2 as functions of x. In Fig. 3 we illustrate
the deviation for the nonsinglet distributions xΔNS;−

3 and
xΔNS;−

8 . The deviations are similar for both distributions
and grow towards small value of x.
In Figs. 4 and 5 we show the deviation for the singlet

distributions xΔΣ and xΔG. While the effect is larger for
xΔΣ due to the change in the quarkonic splitting functions,
the one for xΔG is relatively small, since the splitting

functions ΔPðkÞ
gg are not affected and the changes come only

from convolutions with other splitting functions. The large
relative effects in the range of medium values of x in the
ratio for xΔΣ are due to zero transitions for this quantity.
Similar results are obtained at NLO.
All ratios rðx;Q2Þ turn to zero for x → 1. This is due to

the fact that the difference of splitting functions ΔPþ;ð1Þ;NS
qq ;

FIG. 1. The evolution of the polarized nonsinglet densities xΔNS;−
3 and xΔNS;−

8 in the MS scheme at NNLO. Dotted lines:
Q2 ¼ 4 GeV2, dashed lines: Q2 ¼ 100 GeV2, dash-dotted lines: Q2 ¼ 1000 GeV2, full lines: Q2 ¼ 10000 GeV2.

5One may even expand whole observables in asðQ2Þ and
asðQ2

0Þ to obtain completely scheme-invariant quantities, see
Ref. [16].

6We thank S. Kumano and M. Miyama of AAC Collaboration
for allowing us to use their interpolation routines.
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ΔPð1Þ
qg and ΔPð1Þ

gq are ∝ 1=N3 and ΔPþ;ð2Þ;NS
qq ∝ lnðNÞ=N3,

ΔPð2Þ;PS
qq ∝ 1=N3 and ΔPð2Þ

qg ;ΔPð2Þ
gq ∝ ln2ðNÞ=N3, where

the large N behavior rules that at large values of x.
From Figs. 3 and 4 one sees that the evolution

of the polarized parton densities are different in

the MS and the Larin schemes, although at different
degree. They have to be taken into account in precision
analyses.

FIG. 3. The function rðx;Q2Þ, Eq. (10), for the evolution at NNLO; dotted lines: Q2 ¼ 100 GeV2, dashed lines: Q2 ¼ 1000 GeV2,
full lines: Q2 ¼ 10000 GeV2. Left panel: ΔNS;−

3 . Right panel: ΔNS;−
8 .

FIG. 4. The function rðx;Q2Þ, Eq. (10), for the evolution at NNLO; dotted lines: Q2 ¼ 100 GeV2, dashed lines: Q2 ¼ 1000 GeV2,
full lines:Q2 ¼ 10000 GeV2. Left panel: ΔΣ. Right panel: ΔΣ, enlarging the small and large x regions and excluding the zero-transition
region.

FIG. 2. The evolution of the polarized singlet and gluon densities xΔΣ and xΔG in the MS scheme at NNLO. Dotted lines:
Q2 ¼ 4 GeV2, dashed lines: Q2 ¼ 100 GeV2, dash-dotted lines: Q2 ¼ 1000 GeV2, full lines: Q2 ¼ 10000 GeV2.
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IV. CONCLUSIONS

We have calculated the evolution of polarized parton
distribution functions in the Larin scheme in a wide range
of the kinematic variables x and Q2 at NLO and NNLO.
These distributions can be used to form observables in cases
in which polarized Wilson coefficients, hard-scattering

subsystem cross sections or massive operator matrix
elements were calculated in this scheme only. This allows
for a consistent data analysis. It is already clear from the
results on the nonsinglet distributions leading to corrections
of up to Oð15%Þ in the small x range, x≳ 0.001, that the
polarized parton distributions in both schemes are signifi-
cantly different, given, e.g. the future experimental accu-
racies to be reached at the EIC [58,95]. One therefore needs
the PDFs in the Larin scheme, to describe the flavor
matching in the variable flavor number scheme and for
incorporating the heavy flavor Wilson coefficients in the
polarized case into data analysis of deep-inelastic structure
functions and hard-scattering cross sections at polarized
hadron colliders.
For comparison, we also performed the corresponding

evolution in the MS scheme at LO, NLO and NNLO. We
provide both sets of grids and the corresponding FORTRAN
program in an ancillary file to this paper [59].
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