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Previously, it was found that pion superfluidity could be realized in the quantum chromodynamics
(QCD) epoch of the early Universe, when lepton flavor asymmetry jle þ lμj is large enough to generate
a charge chemical potential jμQj larger than vacuum pion mass. By following the same logic, kaon
superfluidity might also be possible when jle þ lμj is so large that jμQj becomes larger than vacuum kaon
mass. Such a possibility is checked by adopting Ginzburg-Landau approximation within the three-flavor
Polyakov–Nambu–Jona-Lasinio model. Consider the case with full chemical balance, though kaon
superfluidity could be stable compared to the chiral phases with only σ condensations, it would get killed
by the more favored homogeneous pion superfluidity. If we introduce mismatch between s and d quarks,
kaon superfluidity would require so large s quark density that such a state is impossible in the early
Universe.
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I. INTRODUCTION

One important mission of nuclear physics is to explore
possible phases of quantum chromodynamics (QCD) sys-
tems under different circumstances. Usually, neutron stars
are believed to be in the low energy regime of QCD with
hadrons the basic degrees of freedom, and many relevant
phases had been proposed for them, such as neutron Cooper
pairing [1], pasta structure [2,3], pion condensation [4–6],
and kaon condensation [7], see also the review [8]. On the
other hand, relativistic heavy ion collisions (HICs) are
expected to be in the high energy regime of QCD with
quarks and gluons the basic degrees of freedom, and the
transition between quark gluon plasma (QGP) and hadron
phases were widely studied [9,10]. However, the line
between QGP and hadron phases is never very clear due
to two facts: no sign of ordered phase transition was ever
found in HICs [11–14] and quarkyonic matter was supposed
to be possible in neutron stars [15–19].
The QCD epoch of the early Universe is another play-

ground of high energy nuclear physics. Previously, pri-
mordial magnetic field was assumed to be generated in
the electroweak epoch which then leaves relic in recent
galaxies according to scaling law [20–22], and lepton
flavor asymmetry was taken as a free parameter there since
the early lepton flavors could not be constrained by recent
observations for they are not conserved [23,24]. It turns out

that pion superfluidity could be favored for large enough
lepton flavor asymmetry [23–25] and the QCD transition
becomes of first order after taking the magnetic effect into
account [26]. The first-order transition could generate
gravitational wave directly in the QCD epoch, and the
European Pulsar Timing Array group considered it to be a
possible origin of their updated observations [27]. Inspired
from the studies on neutron stars [4–7] and pure isospin
matter [28–31], if the lepton flavor asymmetry is so large
that the chemical potential of K� is larger than their mass,
kaon condensation can possibly be realized in a similar way
as pions in the early Universe [23–26]. But it is also possible
that pion superfluidity would kill kaon superfluidity at large
charge density, in a similar way to the killing of rho
superconductivity at finite isospin density [32]. Indeed, in
the case of full chemical balance, no sign of kaon super-
fluidity was found for however large isospin chemical
potential in the three-flavor chiral perturbation theory with
mesons the basic degrees of freedom [33].
This work is devoted to exploring the possibility of kaon

superfluidity in the early Universe by adopting the three-
flavor Polyakov–Nambu–Jona-Lasinio (PNJL) model with
quarks and gluons the basic degrees of freedom, the same as
QCD. Note that gluons are important for realistic study as
they contribute significantly to thermodynamic quantities at
large temperature, such as entropy. If, due to its internal
structure, kaon mass is greatly reduced to be comparable to
pionmass in themedium, as that happens in neutron stars [7],
kaon superfluidity could probably coexist with pion super-
fluidity. The paper is organized as follows. In Sec. II, for-
malisms are developed for chiral phases in Sec. II A and pion/
kaon superfluidity in Sec. II B, respectively, for the general
casewith a primordialmagnetic field. Specifically, the part for
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kaon condensation is developed by applying Ginzburg-
Landau approximation based on the background of pion
superfluidity. Within the subsections, the nontrivial sectors
of strong interaction are presented in detail in Secs. II A 1
and II B 1, and the trivial sectors of electroweak interaction
are simply summarized in Secs. II A 2 and II B 2. In Sec. III,
numerical results are demonstrated for the case without
primordial magnetic field. Finally, a brief summary is given
in Sec. IV.

II. THE THREE-FLAVOR PNJL MODEL

In this section, we adopt the three-flavor PNJL
model [34–36] for the QCD sector and develop the
formalism for a finite primordial magnetic field.

A. Chiral phases in the magnetic field

Usually, chiral symmetry breaking and restoration
are related to the expectation values of scalar field con-
densates. Below, we specifically refer to such phases as
chiral phases to distinguish from pion or kaon superfluidity
phase by following the previous convention [26]. Due to
the Meissner effect, the chiral phases and pion/kaon
superfluidity should be treated separately in an external
magnetic fieldH, and Gibbs free energy must be adopted to
determine the ground state [37]. As magnetization is small
in chiral phases [26], we would directly use H instead of
magnetic induction intensity B in the following.

1. The strong interaction sector

In a primordial magnetic field, the Lagrangian of the
PNJL model can be modified from the previous one [26] to

LPNJL ¼−
H2

2
þ ψ̄

�
i=D− iγ4

�
igA4þQqμQþ

μB
3

�
−m0

�
ψ

þG
X8
a¼0

½ðψ̄λaψÞ2þðψ̄ iγ5λaψÞ2� þLtH −VðLÞ

ð1Þ

by adopting the covariant derivative Dμ ¼ ∂μ þ iQqeAμ.
Here, the field variables are defined as the following: ψ ¼
ðu; d; sÞT is the three-flavor quark field, H is the magnetic
field with Aμ the corresponding vector potential, and the

Polyakov loop is L ¼ 1
Nc
treig

R
dx4A4

with A4 ¼ A4cTc=2
the non-Abelian gauge field. For the quarks, the current
mass and electric charge number matrices are, respectively,

m0 ≡ diagðm0u; m0d; m0sÞ;

Qq ≡ diagðqu; qd; qsÞ ¼
1

3
diagð2;−1;−1Þ; ð2Þ

and the interaction vertices λiði ¼ 1;…; 8Þ are Gell-Mann
matrices in flavor space and λ0 ¼ ffiffiffiffiffiffiffiffi

2=3
p

13. For later use,
the ’t Hooft term, LtH ≡ −K

P
t¼�Detψ̄Γtψ , can be

rewritten as

LtH ¼ −
K
2

X
t¼�

ϵijkϵimnðψ̄ iΓtψ iÞðψ̄ jΓtψmÞðψ̄kΓtψnÞ ð3Þ

with Γ� ¼ 14 � γ5 for right- and left-handed channels,
respectively. Here, one should note the correspondences
between 1, 2, 3 and u, d, s and the Einstein summation
convention for the flavor indices i, j, k, m, n. The pure
gluon potential could be obtained by fitting to the lattice
QCD data [34]:

VðLÞ
T4

¼ −
1

2

�
3.51 −

2.47

T̃
þ 15.2

T̃2

�
L2 −

1.75

T̃3

× ln ½1 − 6L2 þ 8L3 − 3L4�; ð4Þ

where T̃ ≡ T=T0 is the reduced temperature with
T0 ¼ 0.27 GeV.
In the chiral phases, we only consider chiral condensates

σi ≡ hψ̄ iψ ii with i flavor index, then the ’t Hooft term LtH
can be effectively reduced to four fermion interaction terms
in Hartree approximation [35]:

L4
tH ¼ −

K
2

X
s¼�

ϵijkϵimnhψ̄ iΓsψ iiðψ̄ jΓsψmÞðψ̄kΓsψnÞ

¼ −
K
6

�
2
X

f¼u;d;s

σfðψ̄λ0ψÞ2 − 3σs
X3
i¼1

ðψ̄λiψÞ2 − 3σd
X5
i¼4

ðψ̄λiψÞ2 − 3σu
X7
i¼6

ðψ̄λiψÞ2 þ ðσs − 2σu − 2σdÞðψ̄λ8ψÞ2

þ
ffiffiffi
2

p
ð2σs − σu − σdÞðψ̄λ0ψÞðψ̄λ8ψÞ −

ffiffiffi
6

p
ðσu − σdÞðψ̄λ3ψÞðψ̄λ0ψ −

ffiffiffi
2

p
ψ̄λ8ψÞ

�
− ðλa → iλaγ5Þ ð5Þ

with ϵijk the Levi-Civita symbol. As a consequence, the Lagrangian becomes the one with only four fermion effective
interactions,

L4
PNJL¼−

H2

2
−VðLÞþ ψ̄

�
i=D− iγ4

�
igA4þQqμQþ

μB
3

�
−m0

�
ψþ

X8
a;b¼0

½G−
abðψ̄λaψÞðψ̄λbψÞþGþ

abðψ̄iγ5λaψÞðψ̄iγ5λbψÞ�;

ð6Þ
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where the nonvanishing elements of the symmetric coupling matrices G� are given by [35]

G∓
00 ¼ G∓ K

3

X
f¼u;d;s

σf ; G∓
11 ¼ G∓

22 ¼ G∓
33 ¼ G� K

2
σs; G∓

44 ¼ G∓
55 ¼ G� K

2
σd; G∓

66 ¼ G∓
77 ¼ G� K

2
σu;

G∓
88 ¼ G∓ K

6
ðσs − 2σu − 2σdÞ; G∓

08 ¼ ∓
ffiffiffi
2

p
K

12
ð2σs − σu − σdÞ; G∓

38 ¼ −
ffiffiffi
2

p
G∓

03 ¼ ∓
ffiffiffi
3

p
K

6
ðσu − σdÞ: ð7Þ

By contracting a pair of field and conjugate field further in L4
tH, we find

L2
tH ¼ −

Xið≠j≠kÞ
s¼�

Khψ̄ jΓsψ jihψ̄kΓsψki½ψ̄ iΓsψ i� ¼ −2Kσjσkψ̄
iψ iði ≠ j ≠ k; j < kÞ; ð8Þ

and we could obtain the total dynamical quark masses as

mi ¼ m0i − 4Gσi þ 2Kσjσk ð9Þ

after taking the initial four quark interactions into account. Then, the gap equations directly follow the definitions of chiral
condensates, that is,

σi ≡ hψ̄ iψ ii ¼ −
i
V4

Tr Si; ð10Þ

where the effective quark propagators are given by [38]

ŜiðkÞ ¼ i
Z

ds exp

�
−iðm2

i þ k24 þ k23Þs − i
tanðqieHsÞ

qieH
ðk21 þ k22Þ

�
½mi − γ4k4 − γ3k3 − γ2ðk2 þ tanðqieHsÞk1Þ

− γ1ðk1 − tanðqieHsÞk2Þ�½1þ γ1γ2 tanðqieHsÞ� ð11Þ

for the case with a constant magnetic field.
By adopting vacuum regularization, the explicit forms of the gap equations are [38]

−σf ¼ Nc
m3

f

2π2

�
Λ̃f

�
1þ Λ̃2

f

�1
2

− ln

�
Λ̃f þ

�
1þ Λ̃2

f

�1
2

��
þ Nc

mf

4π2

Z
∞

0

ds
s2

e−m
2
f s

�
qfeHs

tanhðqfeHsÞ − 1

�

− 6
X
u¼�

jqfeHj
2π

X∞
n¼0

αn

Z
∞

−∞

dk3
2π

mf

En
f
Fu
f ðEn

f ; L; T; μQ; μBÞ; ð12Þ

where the reduced cutoff Λ̃f ¼ Λ=mf , Landau level factor αn ¼ 1 − δn0=2, particle energy En
f ðk3; mfÞ ¼

ð2njqfeHj þ k23 þm2
f Þ1=2, and the fermion distribution function

Fu
f ðEn

f ; L; T; μQ; μBÞ≡ Le−
1
TðEn

f−uðqfμQþ
μB
3
ÞÞ þ 2Le−

2
TðEn

f−uðqfμQþ
μB
3
ÞÞ þ e−

3
TðEn

f−uðqfμQþ
μB
3
ÞÞ

1þ 3Le−
1
TðEn

f−uðqfμQþ
μB
3
ÞÞ þ 3Le−

2
TðEn

f−uðqfμQþ
μB
3
ÞÞ þ e−

3
TðEn

f−uðqfμQþ
μB
3
ÞÞ :

Eventually, the quark part of thermodynamic potential can be consistently obtained as [39]

ΩqðHÞ ¼ 2G
X

f¼u;d;s

σ2f − 4K
Y

f¼u;d;s

σf − Nc

X
f¼u;d;s

�
m4

f

8π2

�
Λ̃f

	
1þ 2Λ̃2

f


	
1þ Λ̃2

f


1
2 − ln

�
Λ̃f þ

	
1þ Λ̃2

f


1
2

��

−
1

8π2

Z
∞

0

ds
s3

	
e−m

2
f s − e−m

v
f
2s

� qfeHs

tanhðqfeHsÞ − 1

�
−

1

8π2

Z
∞

0

ds
s3

e−m
v
f
2s

�
qfeHs

tanhðqfeHsÞ − 1 −
1

3
ðqfeHsÞ2

�

þ 2T
X
u¼�

jqfeHj
2π

X∞
n¼0

αn

Z
∞

−∞

dk3
2π

Ku
f ðEn

f ; L; T; μQ; μBÞ
�
; ð13Þ
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with

Ku
f ðEn

f ; L; T; μQ; μBÞ ¼
1

Nc
ln ½1þ 3Le−

1
TðEn

f−tðqfμQþ
μB
3
ÞÞ þ 3Le−

2
TðEn

f−tðqfμQþ
μB
3
ÞÞ þ e−

3
TðEn

f−tðqfμQþ
μB
3
ÞÞ�:

And the Gibbs free energy for the QCD sector is ΩM
χ ¼ − H2

2
þ VðLÞ þΩqðHÞ [26].

With the free energy at hand, the gap equation for L can be given by ∂LΩM
χ ¼ 0 as

T3

�
−
�
3.51 −

2.47

T̃
þ 15.2

T̃2

�
Lþ 1.75

T̃3

12Lð1 − LÞ2
1 − 6L2 þ 8L3 − 3L4

�
¼ 6

X
f¼u;d;s

X
u¼�

jqfeHj
2π

X∞
n¼0

αn

Z
∞

−∞

dk3
2π

×
e−

1
TðEn

f−uðqfμQþ
μB
3
ÞÞ þ e−

2
TðEn

f−uðqfμQþ
μB
3
ÞÞ

1þ 3Le−
1
TðEn

f−uðqfμQþ
μB
3
ÞÞ þ 3Le−

2
TðEn

f−uðqfμQþ
μB
3
ÞÞ þ e−

3
TðEn

f−uðqfμQþ
μB
3
ÞÞ ; ð14Þ

and the entropy, electric charge, and baryon densities follow the well-known thermodynamic relations as

sMχ ¼ 2Nc

X
f¼u;d;s

X
u¼�

jqfeHj
2π

X∞
n¼0

αn

Z
∞

−∞

dk3
2π

�
Ku

f ðEn
f ; L; T; μQ; μBÞ þ

1

T

�
En
f − u

�
qfμQ þ μB

3

��
Fu
f ðEn

f ; L; T; μQ; μBÞ
�

þ T3

�
1

2

�
4 × 3.51 − 3 ×

2.47

T̃
þ 2 ×

15.2

T̃2

�
L2 þ 1.75

T̃3
ln ½1 − 6L2 þ 8L3 − 3L4�

�
; ð15Þ

nq;MQ ¼ 2Nc

X
f¼u;d;s

X
u¼�

jqfeHj
2π

X∞
n¼0

αn

Z
∞

−∞

dk3
2π

uqfFu
f ðEn

f ; L; T; μQ; μBÞ; ð16Þ

nMB ¼ 2
X

f¼u;d;s

X
u¼�

jqfeHj
2π

X∞
n¼0

αn

Z
∞

−∞

dk3
2π

uFu
f ðEn

f ; L; T; μQ; μBÞ: ð17Þ

2. The electroweak interaction sector

In free gas approximation, the thermodynamic potentials for the quantum electroweak dynamics (QEWD) sector can be
simply given by [40,41]

Ωγ ¼ 2T
Z

d3k
ð2πÞ3 log ð1 − e−k=TÞ; ð18Þ

ΩM
l ¼

Xi¼e;μ;τ�
−T

X
u¼�

Z
d3k
ð2πÞ3 log

h
1þ e−ðk−uμiÞ=T

i
þ 1

8π2

Z
∞

0

ds
s3

e−m
2
i s

�
eHs

tanhðeHsÞ − 1 −
1

3
ðeHsÞ2

�

− 2T
X
u¼�

jeHj
2π

X∞
n¼0

αn

Z
∞

−∞

dk3
2π

log
h
1þ e−ðϵni ðk3;eHÞ−uð−μQþμiÞÞ=T

i�
; ð19Þ

where ϵni ðk3; eHÞ ¼ ðk23 þ 2njeHj þm2
i Þ1=2 and the degeneracy is one for (anti-)neutrinos due to their definite chiralities.

Then, the corresponding entropy, electric charge and lepton flavor densities follows directly as

sγ ¼ 2

Z
d3k
ð2πÞ3

�
− log

	
1 − e−k=T



þ k=T

ek=T − 1

�
; ð20Þ

sMl ¼
Xi¼e;μ;τ

u¼�

�Z
d3k
ð2πÞ3

�
log

h
1þ e−ðk−uμiÞ=T

i
þ ðk − uμiÞ=T
1þ eðk−uμiÞ=T

�
þ 2

X
u¼�

jeHj
2π

X∞
n¼0

αn

Z
∞

−∞

dk3
2π

×

�
log

h
1þ e−ðϵni ðk3;eHÞ−uð−μQþμiÞÞ=T

i
þ ðϵni ðk3; eHÞ − uð−μQ þ μiÞÞ=T

1þ eðϵni ðk3;eHÞ−uð−μQþμiÞÞ=T

��
; ð21Þ
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nl;MQ ¼ 2T
X
u¼�

jeHj
2π

X∞
n¼0

αn

Z
∞

−∞

dk3
2π

−u
1þ eðϵni ðk3;eHÞ−uð−μQþμiÞÞ=T ; ð22Þ

nMi ¼ T
X
u¼�

Z
d3k
ð2πÞ3

u

1þ eðk−uμiÞ=T
þ 2T

X
u¼�

jeHj
2π

X∞
n¼0

αn

Z
∞

−∞

dk3
2π

u

1þ eðϵni ðk3;eHÞ−uð−μQþμiÞÞ=T : ð23Þ

So, in the chiral phases, the total thermodynamic
potential, entropy, electric charge and lepton densities
are, respectively,

ΩM ¼ Ωγ þΩM
l þ ΩM

χ ; sM ¼ sγ þ sMl þ sMχ ;

nMQ ¼ nl;MQ þ nq;MQ ; nMl ¼
X
i¼e;μ;τ

nMi ð24Þ

after combining the QEWD and QCD sectors together.
According to the conventions [23,24], the following
reduced quantities are frequently utilized

bM ¼ nMB =sM; lM ¼ nMl =sM; lMi ¼ nMi =sM: ð25Þ

B. The superconducting pion or kaon superfluidity

Since a homogeneous pion or kaon superfluid is also
a type-I electric superconductor, the external magnetic
field will be entirely expelled from the bulk due to the
Meissner effect [37]. Then, the formalism is as if no
external magnetic field exists, see that for the pion super-
fluidity in Ref. [26]. In this section, we would devote more
effort to deriving the thermodynamic potential for kaon
condensate based on the pion superfluidity.

1. The strong interaction sector

Without magnetic field in the bulk, the Lagrangian is
given by [34–36]

LPNJL ¼−VðLÞþ ψ̄

�
i=∂− iγ4

	
igA4þQqμQþ

μB
3



−m0

�
ψ

þG
X8
a¼0

½ðψ̄λaψÞ2þðψ̄ iγ5λaψÞ2� þLtH: ð26Þ

For the pion or kaon superfluidity, we choose the following
scalar and charged pseudoscalar condensates to be nonzero

σf ¼ hψ̄ fψ fi; Δπ ¼ hūiγ5di; Δ�
π ¼ hd̄iγ5ui;

ΔK ¼ hūiγ5si; Δ�
K ¼ hs̄iγ5ui: ð27Þ

Without loss of generality, we set Δπ ¼ Δ�
π and ΔK ¼ Δ�

K
in the following. To facilitate the study, we would like
first to reduce LtH to an effective form with four-fermion
interactions at most. By applying the Hartree approximation

to contract a pair of quark and antiquark in each six-fermion
interaction term [26,35], we immediately find

L4
tH ¼−Kfϵijkϵimnσiðψ̄ jψmψ̄kψn − ψ̄ jiγ5ψmψ̄kiγ5ψnÞ

þ 2Δπ½s̄sðūiγ5dþ d̄iγ5u−ΔπÞþ s̄iγ5sðūdþ d̄uÞ�
þ 2ΔK½d̄dðūiγ5sþ s̄iγ5u−ΔKÞþ d̄iγ5dðūsþ s̄uÞ�g;

ð28Þ

where the second and third terms in the brace are induced by
π� and K� condensations, respectively. Armed with the
reduced Lagrangian density

LPNJL ¼ −VðL;LÞ

þ ψ̄

�
i=∂ − iγ4

�
igA4 þQqμQ þ μB

3

�
−m0

�
ψ

þG
X8
a¼0

½ðψ̄λaψÞ2 þ ðψ̄iγ5λaψÞ2� þ L4
tH; ð29Þ

the left calculations can just follow that of two-flavor case in
principle.
By contracting quark and antiquark pairs once more in

the interaction terms of Eq. (29), we obtain the quark
bilinear as

L2
PNJL ¼ ψ̄

�
i=∂ − iγ4

�
igA4 þQqμQ þ μB

3

�
−m

− iγ5
	
λ1Πþ λ4K


�
ψ ; ð30Þ

where the scalar and pseudoscalar masses are, respectively,

mi ¼ m0i − 4Gσi þ 2Kðσjσk þ Δ2
πδi3 þ Δ2

Kδi2Þ;
Π ¼ ð−4Gþ 2Kσ3ÞΔπ; K ¼ ð−4Gþ 2Kσ2ÞΔK ð31Þ

with i ≠ j ≠ k. Due to the non-diagonal nature of the
pseudoscalar masses Π and K, the full propagator of ψ
cannot be further reduced and it is hard to derive the
eigenenergy analytically. Since mπ ≪ mK in the vacuum
and μd ¼ μs, we expect ΔK ≪ Δπ in the superfluid phase,
so it is a good approximation to neglect ΔK for u and d
quarks and assume mu ¼ md ≡ml. Eventually, to give
consistent result on the kaon vacuum mass, we would adopt
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the following approximate scalar and pseudoscalar masses
for further study

ml ¼ m0l − 4Gσl þ 2Kσlσs;

ms ¼ m0s − 4Gσs þ 2Kðσlσs þ Δ2
πÞ;

Π ¼ ð−4Gþ 2KσsÞΔπ; K ¼ ð−4Gþ 2KσlÞΔK; ð32Þ

where ml, ms, and Π are exactly the same as those without
kaon condensation [25]. However, even with those sim-
plifications, it is not possible to work out a simple analytic
form for the bilinear thermodynamic potential from (30),
that is,

Ωbl ¼ −
1

V4

Tr ln

�
k − iγ4

�
igA4 þQqμQ þ μB

3

�
−m

− iγ5ðλ1Πþ λ4KÞ
�

ð33Þ

in energy momentum space.
Inspired from the fact that only one local minimum of

thermodynamic potential is involved with respect to Δπ in
the pion superfluidity [26], the same fact should be true
with respect to ΔK in the kaon superfluidity. Hence, ΔK is
expected to change smoothly within pion superfluidity, and
we could take Ginzburg-Landau approximation to expand
Ωbl in orders of K and calculate to a convergent order.
Then, the thermodynamic potential can be separated into
two parts, Ωbl ¼ Ω0

πs þ Ω0
K, where

Ω0
πs ≡ −

1

V4

Tr ln S−1πs ; ð34Þ

Ω0
K ≡ −

1

V4

Tr ln ð1 − Sπsiγ5λ4KÞ

¼ 1

V4

X
n¼1

1

n
TrðSπsiγ5λ4KÞn ð35Þ

are the ones with pion and kaon condensations, respec-
tively. Here, Sπs is the three-flavor fermion propagator in
the pion superfluidity with its inverse defined by [25,26]

S−1πs ≡ k − iγ4
�
igA4 þQqμQ þ μB

3

�
−m − iγ5λ1Π: ð36Þ

Only u and d quarks couple with each other in S−1πs , so the
propagator of s quark can be directly given by

Ss ¼
�
k − iγ4

�
igA4 þQsμQ þ μB

3

�
−ms

�
−1
: ð37Þ

For the u and d quark parts, the matrix elements of Sπs had
been worked out to be [29]

Suu ¼
X
t¼�

k̃0 þ tϵlðkÞ − μQ
2

k̃20 − ðE−t
k Þ2 Λtγ

0; ð38Þ

Sdd ¼
X
t¼�

k̃0 þ tϵlðkÞ þ μQ
2

k̃20 − ðEt
kÞ2

Λtγ
0; ð39Þ

Sud ¼
X
t¼�

−iΠ
k̃20 − ðE−t

k Þ2 Λtγ
5; ð40Þ

Sdu ¼
X
t¼�

−iΠ
k̃20 − ðEt

kÞ2
Λtγ

5 ð41Þ

with the help of massive energy projectors

Λ� ¼ 1

2

�
1� γ0

γ · kþml

ϵlðkÞ
�
: ð42Þ

Here, we have defined k̃0 ≡ k0 þ igA4 þ μQþ2μB
6

and Et
k ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½ϵlðkÞ þ t μQ
2
�2 þ Π2

q
with ϵiðkÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

i

p
. Note the

orthogonality: Λt1Λt2 ¼ Λt1δt1;t2 .
The explicit form of the thermodynamic potential had

been worked out for the pion superfluidity in our previous
works [25,26], refer to Eq. (66). We now focus on deriving
the explicit expression for the kaon part,Ω0

K. As the s quark
propagator is diagonal in Sπs, it is easy to check that odd
terms of K do not contribute in Ω0

K, thus we have

Ω0
K ¼ 1

V4

X
n¼1

1

n
TrðSsiγ5Suuiγ5ÞnK2n: ð43Þ

If we define an effective s-quark propagator

S5s5 ≡ iγ5Ssiγ5 ¼ γ0
X
u¼�

Λs
u

k̃0s þ uϵsðkÞ
ð44Þ

with k̃0s ¼ k̃0 −
μQ
2

and Λs
u ¼ 1

2
ð1þ uγ0 γ·kþms

ϵsðkÞ Þ, the kaon

part can be further reduced to

Ω0
K ¼

X
n¼1

β02n
n

K2n; β02n ≡ 1

V4

TrðSuuS5s5Þn: ð45Þ

By substituting the explicit expressions of Suu and S5s5
from Eqs. (38) and (44), respectively, the expansion
coefficient β02n can be calculated to any given order in
principle. The quark propagators are diagonal in color
space, so the trace over Dirac space is the most tough part in
the calculation.
As we can see, the basic element in the trace terms is

SuuS5s5 ¼
X
t;u¼�

½k̃0s þ tϵlðkÞ�ΛtΛs
u

½k̃20 − ðE−t
k Þ2�½k̃0s þ uϵsðkÞ�

: ð46Þ
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To help evaluate higher order coefficients, it is useful to
check the commuting relation between Λt and Λs

u and we
find

Λs
uΛt ¼ ΛtΛs

u þ δΛu;t; δΛu;t ≡ 1

2
ut

δm
ϵlϵs

γ · k ð47Þ

with δm≡ms −ml. The term δΛu;t bears the following
properties:

ΛðsÞ
t0 δΛu;t ¼ δΛu;tΛ

ðsÞ
−t0 ; ð48Þ

δΛu;tδΛu0;t0 ¼ −
1

4
utu0t0fðk;ml; msÞ ð49Þ

with fðk;ml; msÞ≡ ðkδmϵlϵs
Þ2. Now, we can evaluate the trace

over Dirac space order by order by utilizing the properties

of ΛðsÞ
t and recursions, that is,

αt;u ≡ TrDΛtΛs
u ¼ TrDΛs

uΛt ¼ 1þ tu
k2 þmsml

ϵlϵs
; ð50Þ

αt1;u1;t2;u2 ≡ TrDΛt1Λ
s
u1Λt2Λ

s
u2 ¼ TrDΛt1ðΛt2Λ

s
u1 þ δΛu1;t2ÞΛs

u2 ¼ δt1;t2δu1;u2αt1;u1 þ δ2αt1;u1;t2;u2 ;

δ2αt1;u1;t2;u2 ≡ TrDΛt1δΛu1;t2Λ
s
u2 ¼ −

1

2
u1t1u2t2fðk;ml; msÞ; ð51Þ

αt1;u1;;t3;u3 ≡ TrDΛt1Λ
s
u1Λt2Λ

s
u2Λt3Λ

s
u3 ¼ δt1;t2δu1;u2TrDΛt1Λ

s
u1Λt3Λ

s
u3 þ TrDΛt1δΛu1;t2Λ

s
u2Λt3Λ

s
u3

¼ δt1;t2δu1;u2αt1;u1;t3;u3 þ δt1;−t3δu2;u3δ
2αt1;u1;t2;u2 þ TrDΛt1δΛu1;t2δΛu2;t3Λ

s
u3

¼ δt1;t2δu1;u2αt1;u1;t3;u3 þ δt1;−t3δu2;u3δ
2αt1;u1;t2;u2 þ

1

2
αt1;u3δ

2αt2;u1;t3;u2 ; ð52Þ

αt1;u1;;t4;u4 ≡ TrDΛt1Λ
s
u1Λt2Λ

s
u2Λt3Λ

s
u3Λt4Λ

s
u4 ¼ δt1;t2δu1;u2αt2;u2;;t4;u4 þ TrDΛt1δΛu1;t2Λ

s
u2Λt3Λ

s
u3Λt4Λ

s
u4

¼ δt1;t2δu1;u2αt2;u2;;t4;u4 þ δt3;t4δu3;u4

�
δt1;−t3δu2;u3δ

2αt1;u1;t2;u2 þ
1

2
αt1;u3δ

2αt2;u1;t3;u2

�

þ 1

2
αt1;−u2;−t3;u4δ

2αt2;u1;t4;u3 : ð53Þ

We notice that the coefficients are all even functions of δm, and the leading nontrivial dependence is of quadratic except αt;u.
Then, the expansion coefficients for the kaon part of thermodynamic potential follow as

β02n ≡ 1

V4

X
k

X
qj

X
t1;u2;;tn;un¼�

αt1;u1;;tn;un
Y

i¼1;…;n

½k̃0s þ tiϵlðkÞ�
½k̃20 − ðE−ti

k Þ2�½k̃0s þ uiϵsðkÞ�
; ð54Þ

where qj (j ¼ 1, 2, 3) are the color charges of quarks
and the conventions αt1;u1;;t1;u1 ¼ αt1;u1 and αt1;u1;;t2;u2 ¼
αt1;u1;t2;u2 should be understood. At finite temperature and
chemical potential, we should work in Euclidean space
by shifting k0 to iωm in β02n and complete the summation
over the Matsubara frequency ωm ≡ ð2mþ 1ÞπT in order
to facilitate numerical calculations, see the Appendix for
more details.
By the way, if we neglect δm dependence in αt1;u1;;tn;un ,

only the terms with t1 ¼ � � � ¼ tn and u1 ¼ � � � ¼ un, ðn ¼
1; 2;…Þ are nonzero and we simply have

αt1;u1;;tn;un ¼ αt1;u1
Yn
i¼1

δt1;tiδu1;ui : ð55Þ

Then, the coefficients β02n would be greatly simplified to

β02n ¼
1

V4

X
k

X
qj

X
t;u¼�

αt;u

�
k̃0s þ tϵlðkÞ

½k̃20 − ðE−t
k Þ2�½k̃0s þ uϵsðkÞ�

�n

:

ð56Þ

Note that β2 in Eq. (56) is exactly the same as that in
Eq. (54) as αt;u does not depend on δm. With this
approximation, the summation over n can even be carried
out analytically in Ω0

K to arrive at

Ω0
K ¼ −1

V4

X
k

X
qj

X
t;u¼�

αt;u ln

×

�
1 −

½k̃0s þ tϵlðkÞ�K2

½k̃20 − ðE−t
k Þ2�½k̃0s þ uϵsðkÞ�

�
: ð57Þ
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We have checked numerically that such an approximation is very bad whenms ≫ ml, so we will stick to the exact form (54)
in the following.
Eventually, the coupled gap equations follow directly from the definitions of condensates

σs ≡ hs̄si ¼ ∂Ω0
πs

∂ms
; 2σl ≡ hūui þ hd̄di ¼ ∂Ω0

πs

∂ml
;

2Δπ ≡ hūiγ5di þ hd̄iγ5ui ¼ ∂Ω0
πs

∂Π
;

2ΔK ≡ hūiγ5si þ hs̄iγ5ui ¼ ∂Ω0
K

∂K
ð58Þ

and the minimal condition ∂L½VðL;LÞ þ Ωπs� ¼ 0 as [25]

σs ¼ −2Nc

Z
Λ d3k
ð2πÞ3

ms

ϵsðkÞ
þ 2Nc

Z
d3k
ð2πÞ3

ms

ϵsðkÞ
X
u¼�

dV1

�
L; u; ϵsðkÞ;

−μQ þ μB
3

�
; ð59Þ

2σl ¼ −2Nc

Z
Λ d3k
ð2πÞ3

X
t¼�

ml

ϵlðkÞ
ϵlðkÞ þ t μQ

2

Et
lðkÞ

þ 2Nc

Z
d3k
ð2πÞ3

X
t;u¼�

ml

ϵlðkÞ
ϵlðkÞ þ t μQ

2

Et
lðkÞ

dV1

�
L; u; Et

lðkÞ;
μQ þ 2μB

6

�
; ð60Þ

2Δπ ¼ −2Nc

Z
Λ d3k
ð2πÞ3

X
t¼�

Π
Et
lðkÞ

þ 2Nc

Z
d3k
ð2πÞ3

X
t;u¼�

Π
Et
lðkÞ

dV1

�
L; u; Et

lðkÞ;
μQ þ 2μB

6

�
; ð61Þ

2ΔK ¼ 2
X
n¼1

β02nK
2n−1; ð62Þ

T4

�
−
�
3.51 −

2.47

T̃
þ 15.2

T̃2

�
Lþ 1.75

T̃3

12Lð1 − LÞ2
1 − 6L2 þ 8L3 − 3L4

�
¼ 6T

Z
d3k
ð2πÞ3

X
u¼�

�X
t¼�

dV2

�
L; u; EtðkÞ; μQ þ 2μB

6

�

þ dV2

�
L; u; ϵsðkÞ;

−μQ þ μB
3

��
: ð63Þ

Note that Δπ ¼ 0 and ΔK ¼ 0 are trivial solutions of Eqs. (61) and (62), respectively. As pion superfluidity is usually more
favored than kaon superfluidity in this study, Δπ (or Π) and ΔK (or K) are actually true order parameters for I3 [28] and I8
flavor symmetries, respectively. The total self-consistent thermodynamic potential can be found to be

ΩπKSF ¼ VðL;LÞ þΩ0
πs þΩK þ 2Gðσ2s þ 2σ2l þ 2Δ2

πÞ − 4Kðσ2l þ Δ2
πÞσs ð64Þ

by utilizing the definitions of condensates and their relations to scalar and pseudoscalar masses, refer to Eqs. (32) and (58).
Here, the pion bilinear [25,26] and full kaon parts of thermodynamic potential are, respectively,

Ω0
πs ¼ −2Nc

Z
Λ d3k
ð2πÞ3

�X
t¼�

Et
k þ ϵsðkÞ

�
− 2T

Z
d3k
ð2πÞ3

X
u¼�

�X
t¼�

Fl

�
L; u; Et

k;
μQ þ 2μB

6

�
þ Fl

�
L; u; ϵsðkÞ;

−μQ þ μB
3

��
;

ð65Þ
�
FlðL; u; x; yÞ ¼ log

�
1þ 3Le−

1
Tðx−uyÞ þ 3Le−

2
Tðx−uyÞ þ e−

3
Tðx−uyÞ

��
; ð66Þ

ΩK ≡ Ω0
K þ ð4G − 2KσlÞΔ2

K ¼
X
n¼1

β2n
n

K2n; β2n ¼ β02n þ
δn;1

4G − 2Kσl
: ð67Þ

The contribution of ΩK is usually small compared to that of Ω0
πs but is important for the evaluation of ΔK. Following that,

the entropy, electric charge and baryon densities of the system can be approximately evaluated by simply neglectingΩK and
we have [25]
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sπKSF ¼ 2

Z
d3k
ð2πÞ3

X
t;u¼�

�
Fl

�
L; u; Et

lðkÞ;
μQ þ 2μB

6

�
þ
3
	
Et
lðkÞ − u μQþ2μB

6



T

dV1

�
L; u; Et

lðkÞ;
μQ þ 2μB

6

��

þ 2

Z
d3k
ð2πÞ3

X
u¼�

�
Fl

�
L; u; ϵsðkÞ;

−μQ þ μB
3

�
þ
3
	
Et
lðkÞ − u −μQþμB

3



T

dV1

�
L; u; ϵsðkÞ;

−μQ þ μB
3

��

þ T3

�
1

2

�
4 × 3.51 − 3 ×

2.47

T̃
þ 2 ×

15.2

T̃2

�
L2 þ 1.75

T̃3
ln ½1 − 6L2 þ 8L3 − 3L4�

�
; ð68Þ

nπKSFQ ¼ Nc

Z
Λ d3k
ð2πÞ3

X
t¼�

t
ϵlðkÞ þ t μQ

2

Et
lðkÞ

− 3

Z
d3k
ð2πÞ3

X
t;u¼�

t
ϵlðkÞ þ t μQ

2

Et
lðkÞ

dV1

�
L; u; Et

lðkÞ;
μQ þ 2μB

6

�

þ
Z

d3k
ð2πÞ3

X
t;u¼�

udV1

�
L; u; Et

lðkÞ;
μQ þ 2μB

6

�
− 2

Z
d3k
ð2πÞ3

X
t;u¼�

udV1

�
L; u; ϵsðkÞ;

−μQ þ μB
3

�
; ð69Þ

nπKSFB ¼ 2

Z
d3k
ð2πÞ3

X
t;u¼�

udV1

�
L; u; Et

lðkÞ;
μQ þ 2μB

6

�
þ 2

Z
d3k
ð2πÞ3

X
t;u¼�

udV1

�
L; u; ϵsðkÞ;

−μQ þ μB
3

�
: ð70Þ

2. The electroweak interaction sector

In free gas approximation, the thermodynamic potentials
for the QEWD sector are [40]

Ωγ ¼ 2T
Z

d3k
ð2πÞ3 log ð1 − e−k=TÞ; ð71Þ

Ωl ¼ −T
Xi¼e;μ;τ

u¼�

Z
d3k
ð2πÞ3

�
2 log

h
1þ e−ðϵiðkÞ−uð−μQþμiÞÞ=T

i

þ log
h
1þ e−ðk−uμiÞ=T

i�
; ð72Þ

and the corresponding entropy, electric charge and lepton
flavor densities are, respectively,

sγ ¼ 2

Z
d3k
ð2πÞ3

�
− log

	
1 − e−k=T



þ k=T

ek=T − 1

�
; ð73Þ

sl ¼
Xi¼e;μ;τ

u¼�

Z
d3k
ð2πÞ3

�
2 log

h
1þ e−ðϵiðkÞ−uð−μQþμiÞÞ=T

i

þ log
h
1þ e−ðk−uμiÞ=T

i
þ 2ðϵiðkÞ − uð−μQ þ μiÞÞ=T

1þ eðϵiðkÞ−uð−μQþμiÞÞ=T

þ ðk − uμiÞ=T
1þ eðk−uμiÞ=T

�
; ð74Þ

nlQ ¼ 2T
Xi¼e;μ;τ

u¼�

Z
d3k
ð2πÞ3

−u
1þ eðϵiðkÞ−uð−μQþμiÞÞ=T ; ð75Þ

ni ¼ −
∂Ωl

∂μi
¼ T

X
u¼�

Z
d3k
ð2πÞ3

�
2u

1þ eðϵiðkÞ−uð−μQþμiÞÞ=T

þ u

1þ eðk−uμiÞ=T

�
; i ¼ e; μ; τ: ð76Þ

So, in the pion or kaon superfluidity, the total thermo-
dynamic potential, entropy, electric charge, and lepton
densities are, respectively,

Ω ¼ Ωγ þΩl þΩπKSF; s ¼ sγ þ sl þ sπKSF;

nQ ¼ nlQ þ nπKSFQ ; nl ¼
X
i¼e;μ;τ

ni ð77Þ

after combining the QEWD and QCD sectors together.
According to the conventions, we define the following
reduced quantities:

b ¼ nπKSFB =s; l ¼ nl=s; li ¼ ni=s: ð78Þ

III. NUMERICAL RESULTS FOR THE CASE
WITHOUT MAGNETIC FIELD

To carry out numerical calculations, we fix the electron
and muon masses from the Particle Data Group as me ¼
0.53 MeV and mμ ¼ 113 MeV and suppress the contribu-
tion of heavy τ lepton. The model parameters for the strong
interaction sector are fixed as [42,43]

m0l ¼ 5.5 MeV; m0s ¼ 140.7 MeV; Λ¼ 602.3 MeV;

GΛ2 ¼ 1.835; KΛ5 ¼ 12.36 ð79Þ
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by fitting to the observations

mπ ¼ 135 MeV; mK ¼ 497.7 MeV;

mη0 ¼ 957.8 MeV; fπ ¼ 92.4 MeV: ð80Þ

As the total lepton and charge densities are well constrained
in the early Universe, the densities of e, μ and τ leptons can
be determined separately once we fix the flavor asymmetry
between e and μ leptons. Then, the flavor asymmetry
between e and τ leptons or μ and τ leptons can also be
uniquely fixed. In the following, we will take e and μ
leptons to present the flavor asymmetry without loss of
generality. In this work, we only consider the case without
primordial magnetic field, and simply set l ¼ −0.012 and
le¼0 as the results would not be affected qualitatively [25].
As we have mentioned, in the case of full chemical balance
with μd ¼ μs, we expect jKj ≤ jΠj since π� mass is much
smaller than K� mass. So we mainly focus on the pion
superfluidity regime and check if kaon superfluidity could
coexist with that in the following.
For the lepton flavor asymmetry le þ lμ ¼ −0.3, the

coefficients β2n (n ¼ 1, 2, 3) are illustrated as functions
of temperature in the upper panel of Fig. 1, and the
corresponding kaon part of thermodynamic potential ΩK

is shown for different temperatures in the lower panel of
Fig. 1. Note: so many terms are involved in the full
evaluation of β6 that we only consider β06

V for demon-
stration here and in the following; the largest value of Π is
about 0.36 GeV in this case, so the range K∈ ½0; 0.4� GeV
is large enough to cover all possible minima of ΩK.
According to the upper panel, the signs of β2 and β4 keep
positive up to Tc ¼ 0.21 GeV, while the sign of β6 changes
from negative to positive with increasing temperature. For
all the chosen temperatures, it is easy to check from the
lower panel that the quartic approximation up to oðK4Þ is
very precise compared to that up to oðK6Þ. Since there is no
extra minimum of ΩK in the considered range except at
K ¼ 0, the kaon superfluidity is not favored in this case.
The medium part β06

M would become important with
increasing temperature but should be at most of the same
order as β06

V, therefore the quartic approximation is still
very good and the quantitative results remain. In that sense,
though the expressions of β2n are very complicated for
n ≥ 3, we can safely stick to the quartic Ginzburg-Landau
approximation.
In Fig. 1, the charge chemical potential μQ is never found

to satisfy jμQj > mV
Kð∼0.5 GeVÞ, so we are not surprised to

find that kaon superfluidity is not favored. How about the
case when we achieve jμQj > mV

K by increasing jle þ lμj?
For a fixed temperature, T ¼ 0.06 GeV, the coefficients
β2n (n ¼ 1; 2; 3) are illustrated as functions of lepton flavor
asymmetry le þ lμ in the upper panel of Fig. 2, and the
correspondingΩK is shown for different le þ lμ in the lower
panel of Fig. 2. Similar to Fig. 1, the quartic approximation
up to oðK4Þ is very precise compared to that up to oðK6Þ
according to the lower panel. According to the upper panel,
β2 decreases with increasing jle þ lμj and becomes negative
when jμQj > mV

K in the chiral phases; however, β2 increases
with increasing jle þ lμj and keeps positive in the pion
superfluidity. As β4 is positive for both cases, we conclude
that kaon superfluidity is possible in the background of
chiral phases but would get killed by pion superfluidity.
Combine the results in Figs. 1 and 2, both β2 and β4 keep
positive with increasing T or jle þ lμj, thus kaon super-
fluidity is not possible to coexist with pion superfluidity in
the case of chemical balance.
According to Ref. [30], the pion superfluidity could be in

Sarma phase for mV
π < jμQj < 0.23 GeV and in Larkin-

Ovchinnikov-Fudde-Ferrell (LOFF) phase for jμQj >
0.23 GeV at small baryon density and zero temperature.
Besides, by following the discussions on two-flavor color
superconductor [44], the LO phase with an antipodal-wave
form ΠðzÞ ¼ Π cosðqzÞ is expected to be favored in the
mismatch range δμ≡ jðμQ þ 2μBÞ=6j∈ ð0.7; 0.8ÞΠ0,
where Π0 is the pion condensate at δμ ¼ 0. So, ΠðzÞ could
vanish at spatial points zn ¼ ð2nþ 1Þ π

2
q−1; n ¼ 0;�1;…

in the LOFF phase and kaon condensation would be
nonzero there if jμQj > mK, see the discussions on the

K

FIG. 1. Upper: the coefficients β2n (n ¼ 1; 2; 3) as functions of
temperature T for lepton flavor asymmetry le þ lμ ¼ −0.3, lower:
the corresponding kaon part of thermodynamic potential ΩK as a
function of K for T ¼ 0.1; 0.15; and 0.2GeV with solid lines to
oðK6Þ and dotted lines to oðK4Þ.
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upper panel of Fig. 2. By choosing a large enough lepton
flavor asymmetry, le þ lμ ¼ −1.5, the mismatch and pion
condensate are shown together as functions of μQ in Fig. 3
by evolving the temperature in the range (15,64) MeV.

As Π ≤ Π0 for a given μQ, we never find δμ to be in the
range ð0.7; 0.8ÞΠ0 for jμQj > 0.23 GeV, hence the LOFF
phase cannot be realized and the inhomogeneous kaon
superfluidity is disfavored.
In order to check how hard can kaon superfluidity be

realized in the early Universe, we introduce the strangeness
chemical potential μS to s quark and then the full chemical
potential changes to μs ¼ ð−μQ þ μBÞ=3þ μS. As we can
tell, μS now plays a role of mismatch between s and d
quarks, so s quark density increases with μS and d quark
density would get suppressed since the total baryon density
is small. Eventually, it can be realized that kaon super-
fluidity, instead of pion superfluidity, is the ground state
of the system. For T ¼ 0.06 GeV and le þ lμ ¼ −1.2, the
kaon part of thermodynamic potential ΩK and s quark
density ns are illustrated as functions of μS in Fig. 4. We can
easily identify a first-order transition from pion super-
fluidity to chiral phases around μS ¼ 0.45 GeV in the
upper panel, but the latter is unstable to kaon superfluidity
as jμQj > mK there. According to the lower panel, ns is
required to be three orders larger than nd in order to realize
kaon superfluidity. If the original mismatch between s and
d quarks is generated in the electroweak epoch (10−11s after
big bang), it is impossible to obtain such a large mismatch
in the QCD epoch (10−6s after big bang) since the lifetime
of s quark is 10−8s.

FIG. 4. For the temperature T ¼ 0.06 GeV and lepton flavor
asymmetry le þ lμ ¼ −1.2, the kaon part of thermodynamic
potential ΩK (upper panel) and s quark density ns (lower panel)
as functions of strangeness chemical potential μS in the pion
superfluidity (black solid lines) and chiral phases (blue
dashed lines).

FIG. 3. For the lepton flavor asymmetry le þ lμ ¼ −1.5, the
mismatch δμ and pion condensate Π as functions of μQ by
evolving the temperature in the range (15,64) MeV. The vertical
line corresponds to μQ ¼ −0.23 GeV.

FIG. 2. Upper: the coefficients β2n (n ¼ 1; 2; 3) as functions of
lepton flavor asymmetry le þ lμ at temperature T ¼ 0.06 GeV in
pion superfluidity (thick lines) and chiral phases (thin lines),
lower: the corresponding kaon part of thermodynamic potential
ΩK as a function of K in the pion superfluid phase for le þ lμ ¼
−0.5;−1 and −1.5 with solid lines to oðK6Þ and dotted lines
to oðK4Þ.
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IV. SUMMARY

In this work, the possibility of kaon superfluidity is
checked for the QCD epoch of the early Universe by
considering the case with a vanishing primordial magnetic
field and a large lepton flavor asymmetry. We work within
the three-flavor Polyakov–Nambu–Jona-Lasinio model and
adopt the Ginzburg-Landau approximation to develop a
formalism for the study of kaon condensation within pion
superfluidity. Actually, numerical calculations show that
quartic Ginzburg-Landau approximation is precise enough
to determine the value of kaon condensates. In the case of
full chemical balances among elementary particles, kaon
superfluidity could be stable compared to the chiral phases
with only σ condensations, but it would get killed by the
true ground state—homogeneous pion superfluidity. As
baryon density is small in the early Universe, we can only
find Sarma gapless phase but not LOFF phase for the
pion superfluidity at low temperature, so inhomogeneous
kaon superfluidity seems impossible either. If we relax the

chemical balance between s and d quark by introducing the
strangeness chemical potential μS, kaon superfluidity could
be theoretically realized by increasing μS whence pion
superfluidity becomes disfavored. But the corresponding s
quark density is so larger than d quark density that we do
not think that is realistic whence the lifetime of s quark is
self-consistently taken into account. By the way, a primor-
dial magnetic field is not expected to cure the issue since s
and d quarks respond the same to it. In a word, kaon
superfluidity is impossible in the early Universe.
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APPENDIX: EXPANSION COEFFICIENTS

At finite temperature and chemical potential, the coef-
ficient β02n in Eq. (54) becomes

β02n ≡ −
Z

d3k
ð2πÞ3 T

X
m

X
qj

X
t1;u2;;tn;un¼�

αt1;u1;;tn;un
Y

i¼1;…;n

h
iω̃m;j −

μQ
2
þ tiϵlðkÞ

i
½ω̃2

m;j þ ðE−ti
k Þ2�

h
iω̃m;j −

μQ
2
þ uiϵsðkÞ

i ; ðA1Þ

where iω̃m;j ¼ iωm þ iqjT þ μQþ2μB
6

with the fermion Matsubara frequency ωm ≡ ð2mþ 1ÞπT. To facilitate numerical
calculations, we are going to complete the summations over ωm and qj analytically, that is, explicitly evaluating the general
term

ξ2n ≡ −T
X
m

X
qj

Y
i¼1;…;n

h
iω̃m;j −

μQ
2
þ tiϵlðkÞ

i
½ω̃2

m;j þ ðE−ti
k Þ2�

h
iω̃m;j −

μQ
2
þ uiϵsðkÞ

i : ðA2Þ

By introducing contour integral around the imaginary axis, the summation over ωm can be alternatively presented as

ξ2n ≡
�Z

i∞þε

−i∞þε
þ
Z

−i∞−ε

i∞−ε

�
dk0
4πi

tanh
k0
2T

X
qj

Y
i¼1;…;n

h
k̃0j −

μQ
2
þ tiϵlðkÞ

i
½k̃20j − ðE−ti

k Þ2�
h
k̃0j −

μQ
2
þ uiϵsðkÞ

i ðA3Þ

with k̃0j ¼ k0 þ iqjT þ μQþ2μB
6

. Then, by including the vanishing integral over lines with jk0j ¼ ∞, the contour integral can
be separated into two clockwise integral loops forℜðk0Þ > 0 andℜðk0Þ < 0. To carry out the complex variable integral, it is
convenient to rewrite the coefficient as

ξ2n ≡
�Z

i∞þε

−i∞þε
þ
Z

−i∞−ε

i∞−ε

�
dk0
4πi

X
qj

h
k̃0j −

μQ
2
þ ϵlðkÞ

inþTn
2

h
k̃0j −

μQ
2
− ϵlðkÞ

in−Tn
2 tanh k0

2T

½k̃20j − ðE−
kÞ2�

nþTn
2 ½k̃20j − ðEþ

k Þ2�
n−Tn
2

h
k̃0j −

μQ
2
þ ϵsðkÞ

inþUn
2

h
k̃0j −

μQ
2
− ϵsðkÞ

in−Un
2

ðA4Þ

by collecting all the terms with same ti or ui together. Here, we have defined Tn ≡P
i¼1;…;n ti andUn ≡P

i¼1;…;n ui which
are both in the range ½−n; n�. Then, n�Tn

2
; n�Un

2
∈ ½0; n�.
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Eventually, we apply the theorem of complex variable integral to find

ξ2n ≡ −
X
v¼�

X
qj

(
∂

nþTn
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2

− 1
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!
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; ðA5Þ

where the conventions ∂0x=0! ¼ 1 and ∂−1x =ð−1Þ! ¼ 0 should be understood. The summation over qj can be completed ahead
by utilizing the following property

X
qj

tanh
x − iqjT

2T
¼

X
qj

tanh
x − iqjT

2T
¼

X
qj

1 − e−x=Tþiqj

1þ e−x=Tþiqj
¼ 3þ 2T∂x

X
qj

ln
	
1þ e−x=Tþiqj




¼ 3þ 2T∂x ln
	
1þ 3Le

−x
T þ 3L�e−2x

T þ e
−3x
T



¼ 3 − 6gðx; T; L; L�Þ ¼ −3þ 6g�ð−x; T; L; L�Þ;
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−3x
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1þ 3Le
−x
T þ 3L�e−2x

T þ e
−3x
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with limx→∞gðx; T; L; L�Þ ¼ limx→−∞g�ð−x; T; L; L�Þ ¼ 0. By following the assumption L ¼ L�, we have gðx; T; L; LÞ ¼
g�ðx; T; L; LÞ and then the function be simply rewritten as gðx; T; LÞ instead. With the help of gðx; T; LÞ, the coefficient can
be separated into vacuum and medium parts, that is, ξ2n ≡ ξV2n þ ξM2n with
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Correspondingly, the coefficient β02n can be separated into vacuum and medium parts, that is, β02n ≡ β0V2n þ β0M2n with

β0V2n ≡
Z

d3k
ð2πÞ3

X
t1;u2;;tn;un¼�

αt1;u1;;tn;unξ
V
2n; ðA9Þ

β0M2n ≡
Z

d3k
ð2πÞ3

X
t1;u2;;tn;un¼�

αt1;u1;;tn;unξ
M
2n: ðA10Þ

Keep in mind that ξV=M2n depends on both ti and ui. Usually, β0M2n is convergent as limk→∞ k3ξM2n ¼ 0, while β0V2n is divergent
and can be regularized by three-momentum cutoff.
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