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In this paper, we mainly predict the rates ofM1 radiative and spin-nonflip ππ transitions of the Bc-meson
under the nonrelativistic Cornell potential model with a screening potential effect. We employ the
numerical wave function to determine theM1 radiative transition widths of Bc excited states and utilize the
Kuang-Yan proposed method for the spin-nonflip ππ transitions among Bc states. Our theoretical results are
valuable for studying theM1 radiative and spin-nonflip ππ transition processes of Bc states in experiments.
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I. INTRODUCTION

The study of hadron spectroscopy has always been an
important way for us to understand the nonperturbative
properties of strong interactions, and the Bc-meson family
plays a crucial role in our understanding of the strong
interactions of quantum chromodynamics (QCD). As the
only conventional heavy quarkmesons with distinct flavors,
Bc states provide a unique window of research significance
into heavy quark dynamics. Comparing with the charmo-
nium (cc̄) and bottomonium (bb̄) systems, the Bc-meson
family is unique because of its enhanced stability brought
about by the presence of two distinct heavy quark flavors,
which reduces its width and prevents it from annihilating
into gluons. Additionally, the low-lying excited Bc states
below theBD (BD� orB�D) can only reach the ground state
through radiative decay and hadronic transition, followed by
some weak decays. Therefore, the hadronic transition and
radiative decay rates include almost the total decay width of
the lowest excited Bc states. However, experimental data on
Bc states are still scarce and require more observation and
exploration to discover and understand their properties.
Over the past few decades, there has been some progress

in experimental research on the Bc-meson family, but the

processes have not been smooth sailing. In 1981, it was
predicted that the Bc state would be composed of a quark-
antiquark pair with bottom-charm [1]. Afterwards, it was
proposed in Refs. [2,3] that Bc-mesons can be detected
through hadron collider experiments. A few years later, the
CDF Collaboration observed a Bc-meson with the mass of
M ¼ ð6.40� 0.39� 0.13Þ GeV by the Tevatron collider in
1998 [4,5], which attracted people to carry out experimen-
tal research on the Bc-meson family.
However, no further significant discoveries were made

until 2014, when the ATLAS Collaboration identified
a peak at 6842� 4� 5 MeV [6], which could be interpreted
as a B�

cð23S1Þ excited state or a pair of analytic peaks
resulting from decays of Bcð21S0Þ → Bcð11S0Þπþπ− and
B�
cð23S1Þ → B�

cð13S1Þπþπ− followed by Bcð13S1Þ →
Bcð11S0Þγ. Nevertheless, this informationwas not confirmed
by the LHCb Collaboration with its 8 TeV data sample
until 2018 [7]. Even so, an experimental value is provided for
the transition process of Bcð21S0Þ → Bcð11S0Þπþπ− in
PDG [8]. In the Bcð1SÞπþπ− invariant mass spectrum, the
CMS [9] and the LHCb [10] Collaborations observed
consistent signals emitted by Bcð2SÞ and B�

cð2SÞ states till
2019. It is anticipated that the upgrade of the Large Hadron
Collider (LHC) will provide more data on Bc-mesons in the
future, allowing a complete Bc-meson family to be con-
structed. Because of limited experimental data on Bc states,
there is little theoretical research on the decay processes ofBc

states such as Bcð21S0Þ → Bcð11S0Þπþπ− and B�
cð23S1Þ →

B�
cð13S1Þπþπ−. Further theoretical research for more Bc-

mesons is necessary.
Recently, the BESIII Collaboration provided that

the upper limit on the product branching fraction
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Bðψð2SÞ→γηcð2SÞÞ×Bðηcð2SÞ→πþπ−ηcÞ is determined
to be 2.21 × 10−5 at the 90% confidence level, which is a
significant result in searching for the decay process of
ηcð2SÞ → πþπ−ηc [11]. Among them, the Bðψð2SÞ →
γηcð2SÞÞ process has an important contribution. Thus,
the product branching fraction BðBcð23S1Þ→γBcð21S0ÞÞ×
BðBcð21S0Þ→ππBcð11S0ÞÞ may also be crucial in unrav-
eling the mysteries of the two pion hadronic transition
experiment to explore the Bc states.
On the theoretical side, extensive studies on low-lying

states of Bc-mesons have been carried out in the past
few decades [12–40]. Specifically, the low-lying vector
Bc-meson was studied in the B�

c → Bc þ γ, B�
c → lþ νl

and B�
c → J=ψ þ nh processes within effective theory by

the helicity decomposition method which is very important
research in this area [41]. In recent years, there has also
been some progress in the study of highly excited Bc states
[42–44]. At present, only a small amount of research in the
study of the two pion hadronic transition of Bc states has
occurred [17,44,45]. The nonrelativistic quark model plays
an important role in predicting the energy spectra of low-
lying and highly excited states of the Bc states [21,42,43].
Therefore, it is a good choice for us to use this model to
further study the two pion hadronic transition of Bc states.
We calculate the hadronic transition by the means of

the QCD multipole moment expansion that has been
studied by many scholars [46–51], which has been vali-
dated. In 1981, Kuang and Yan collaborated to put forward
a reasonable approach of the intermediate state and
provided a practicable method for calculating the hadronic
transition for the first time [52]. In the subsequent research,
a series of studies on hadronic transitions of heavy quark
systems are carried out using the Kuang-Yan approach
[17,44,45,53–60]. Therefore, the Kuang-Yan approach is
successful in calculating the spin-nonflip ππ transition of
low excited states, which lays the foundation for us to
utilize this model. At present, there is still very little
experimental data on the hadronic transition of Bc states,
and it is worthwhile for us to study ππ transitions of Bc
states.
In this paper, we extend our study of the previous Bc

mass spectrum [43] to include both the spin-nonflip ππ
transitions and M1 radiative transitions. The theoretical
framework is a nonrelativistic Cornell potential model with
a screening potential effect. In addition, the Bc states that
are discussed are all below or near the BD threshold [61].
This paper is organized as follows. In Sec. II, the

potential model used to obtain the mass spectrum and
accurate wave function of the Bc states is introduced;
additionally, theoretical methods for the M1 radiative and
hadronic transitions were provided. In Sec. III, the analysis
of calculation results of the spin-nonflip ππ and the M1
radiative transitions is performed, and the reliability of our
data is measured by comparing the data. In Sec. IV, we
provide a summary and give our results.

II. THEORETICAL MODELS

In this section, we will introduce the models we used, the
potential model, the magnetic dipole radiative transition,
and the method of the spin-nonflip ππ.

A. Potential model

The mass spectrum of Bc states is calculated by using the
nonrelativistic Cornell potential model with a screening
potential in Ref. [43]. The mass spectra of intermediate
hybrid states also depend on the Cornell potential model. In
addition, our calculations consider the spin mixing of
natural states of Bc states. Here, we briefly introduce the
process of calculating the mixing angles for the Bc states.
For specific potential model processes, please refer to
Appendix A.
The Hamiltonian of the Bc-meson, the L − S coupling

term includes symmetric and antisymmetric parts, where
the antisymmetric part leads to spin mixing of Bc states.
The Hamiltonian of the antisymmetric part is expressed as

Hanti ¼
1

4

��
4

3

αs
r3

−
be−μr

r

��
1

m2
1

−
1

m2
2

�
ðS⃗1 − S⃗2Þ · L⃗

�
: ð1Þ

The mixture of states denotes

L0 ¼ 1LJ cos θ þ 3LJ sin θ; ð2Þ

L ¼ −1LJ sin θ þ 3LJ cos θ; ð3Þ

where θ is the mixing angle.

B. M1 radiative transition

Radiative transitions in heavy quarkonium play a vital
role as they not only serve as the primary decay channels
for particles below the open-flavor threshold, but also aid in
a better understanding of a quarkonium’s internal structure,
including wave functions and QQ̄ interactions [60]. The
M1 radiative transition’s partial widths with spin-flip can
be expressed as [62] (from the initial state i to the final
state f)

Γði → fγÞ ¼ α

3
δSS0�1μ

2ω3
2Jf þ 1

2Lþ 1
jhfjj0ðωr=2Þjiij2; ð4Þ

where

μ ¼ ec
mc

−
eb̄
mb̄

ð5Þ

and

hfjj0ðωr=2Þjii ¼
Z

∞

0

Rn0L0 ðrÞj0ðωr=2ÞRnLðrÞr2dr: ð6Þ
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Parameters ec and eb̄ denote the charges of the c-quark and
b̄-antiquark, respectively, in units of jej. Specifically, ec is
equal to 2=3 and eb̄ is equal to −1=3. Furthermore, mc and
mb̄ refer to the masses of the quarks that were previously
mentioned. α is the fine structure constant, which is a
dimensionless parameter that typically takes α ≈ 1

137
. The

term j0ðω=2Þ is the spherical Bessel function and ω is the
energy of the photon.
According to the conservation of energy and momentum,

the energy of photon can be obtained from

Mi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

f þ ω2
q

þ ω; ð7Þ

where Mi and Mf are the masses of the initial and final
states of the Bc states, respectively.

C. Hadronic transition

For Bc states, the hadronic transition of Bc states is a
process in which a light hadron is released when the cb̄
state transitions to a lower energy level. It can be given by

Φi → Φf þ h; ð8Þ

whereΦi andΦf are defined as the initial and final states of
Bc states, respectively, and h denotes the emitted light
hadron(s) which are kinematically dominated by either
single meson (π0, η, ω, …) or two mesons (2π, 2K, …).
Since the difference in mass between the initial and the

final states is small, the momentum of the light hadron(s) h
is correspondingly low. Without taking into account the
coupling channel effect, the light hadron(s) h is converted
from gluons emitted by the quark or antiquark, so the
momentum of the emitting gluons is low as well. Therefore,
this process cannot be calculated using perturbation QCD.
Gottfried pointed out in Ref. [46] that this situation can be
solved by the method of multipole expansion since the
wavelengths of emitted gluons are larger than the size of
Bc-meson states. After the expansion of the gluon field, the
Hamiltonian of the system can be given by [56]

Heff
QCD ¼ Hð0Þ

QCD þHð1Þ
QCD; ð9Þ

with Hð0Þ
QCD the sum of the kinetic and potential energies of

the bottom-charmed meson, and Hð1Þ
QCD are defined as

Hð1Þ
QCD ¼ Hð1Þ þHð2Þ;

Hð1Þ ¼ QaAa
0ðx; tÞ;

Hð2Þ ¼ −daEaðx; tÞ −maBaðx; tÞ; ð10Þ

where Qa corresponds to the color charge, da to the color-
electric dipole moment, and ma to the color magnetic
dipole moment. Since we are working with cb̄ pairs that

form a color singlet object, there is no contribution from the
Hð1Þ and only El and Bm transitions can take place. The
lowest order term between two color singlets involves two
gluons, and therefore the lowest multipole is the double
electric-dipole term (E1-E1).
Next, we will give the brief outline of the processes

involved in the spin-nonflip ππ transitions. For further
details on specific processes, refer to Ref. [56].
The spin-nonflip ππ transitions of interest in this paper

are mainly E1-E1, and the transition amplitude is obtained
from the S-matrix elements given in Ref. [56],

ME1E1¼ i
g2E
6
hΦfhjx⃗ · E⃗

1

Ei−Hð0Þ
QCD− iD0

x⃗ · E⃗jΦii; ð11Þ

where gE is the coupling constant for electric dipole (E1)
gluon emission, x⃗ is the separation between the quark
and antiquark, E⃗ is the color-electric field, and GðEiÞ ¼

1

Ei−H
ð0Þ
QCD−iD0

is Green’s function, ðD0Þbc ≡ δbc∂0 − gsfabcAa
0

in 1

Ei−H
ð0Þ
QCD−iD0

.

After inserting a complete set of intermediate states and
using a quark confining string (QCS) model, the transition
amplitude in Eq. (11) can be written as

ME1E1 ¼ i
g2E
6

X
kl

hΦfjxkjklihkljxljΦii
EI − Ekl

hππjEa
kE

a
l j0i; ð12Þ

where Ekl is the energy eigenvalue of the intermediate state
jkli with the principal quantum number k and the orbital
angular momentum l and corresponding eigenvalues in
the sector of the lowest string excitation, Ea is the color
electric field.
The intermediate states in the hadronic transition consist

of a gluon and a color-octet cb̄ that are the states after the
emission of the first gluon and before the emission of the
second gluon. Thus, these states are the so-called hybrid
states. A rational model is needed to solve these states,
which cannot be calculated from the first principles of
QCD. In fact, we shall take the QCS model that has already
been used for the study of similar hadronic transitions in the
charmonium and bottomonium sectors [57–59], and this
will be explained later.
The transition amplitude can be divided into two parts

from Eq. (12), which are a heavy quark multipole gluon
emission (MGE) factor (the summation) and an H (hadro-
nization) factor hππjEa

kE
a
l j0i, respectively. Using the eigen-

values and wave functions of the intermediate hybrid
mesons and the initial and the final quarkonium states,
the MGE factor can be calculated. The H factor reflects the
conversion of the two emitted gluons into light hadrons
after hadronization. Because of its low energy, it is highly
nonperturbative so that this matrix element cannot be
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calculated with perturbative QCD. In this case, phenom-
enological methods based on the technology of the soft
pion should be applied [63]. In the center-of-mass frame,
the two pion momenta q1 and q2 are the only independent
variables describing this matrix element that can be written
as [52,56,63,64]

g2E
6
hπαðq1Þπβðq2ÞjEa

kE
a
l j0i

¼ δαβffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2ω1Þð2ω2Þ
p

×

�
C1δklq

μ
1q2μ þ C2

�
q1kq2l þ q1lq2k −

2

3
δklq⃗1 · q⃗2

��
;

ð13Þ

where C1 and C2 are two unknown constants that are
related to our ignorance about the mechanism of the
conversion of the emitted gluons into light hadron(s) and
qμ1 and q2μ are momentum components. The C1 term is
isotropic, and the C2 term has a l ¼ 2 angular dependence.
Thus, C1 is involved in hadronic transitions where Δl ¼
lf − li ¼ 0, while C2 begins to participate when Δl ¼ 2.
The specific calculation processes of the spin-nonflip ππ
transition can be found in Appendix B.
In this article, the intermediate hybrid state is described

by the QCS model [65–67]. The specific introduction
and content of the effective potential is provided in
Appendix C.
Another important characteristic of the hybrid states is

that their mass spectrum has a threshold: once a certain
threshold is reached, no more states can be found. Hybrid
meson masses calculated in the Bc sector are shown in
Table I.

III. NUMERICAL RESULTS AND
PHENOMENOLOGICAL ANALYSIS

In this section, we analyze the results of the spin-nonflip
ππ transition and M1 radiative transition, predict the pos-
sibility of the spin-nonflip ππ transition observation by
comparing data, and provide the value of the product of
some branching fractions, e.g.,BðBcð23S1Þ → γBcð21S0ÞÞ×
BðBcð21S0Þ → πþπ−Bcð11S0ÞÞ.

A. The analysis of spin-nonflip ππ transitions

We use the theoretical model under the framework of
gauge invariant QCD multipole expansion (QCDME) and
the Kuang-Yan approach introduced in Sec. II C to calcu-
late the spin-nonflip ππ transition. The mass spectrum and
the wave function of Bc states are obtained in Ref. [43], and
we have calculated the mass spectrum and the wave
function of the hybrid states using parameters given in
Table II. Then we only need to determine the two unknown
parameters C1 and C2 in Eq. (13). The two parameters are

described as Wilson coefficients, which depend on the
characteristic energy scale of the physical process. In fact,
the above two parameters C1 and C2 depend on the partial
hadron transition experimental width. For the case of the
hadron transition of Bc states, the results obtained by taking
into account both bottomonium and charmonium are
maybe more reliable [17,68,69] than those only considering
bottomonium [45]. In the following calculation, we take
both bottomonium and charmonium into account and fit
their transition rates with the method used in Ref. [17]. The
amplitudes for E1-E1 transitions depend quadratically on
the interquark separation so the scaling law between a cb̄
rate and the corresponding QQ̄ rate is given by [64]

Γðcb̄Þ
ΓðQQ̄Þ ¼

hr2ðcb̄Þi2
hr2ðQQ̄Þi2 : ð14Þ

In Table III, we provide the scaling factors that relate the
input width to the width of cb̄. Among them, the values of
input width (QQ̄) are calculated from the total width and
transition branch ratio given in PDG [8]. Specifically, as

TABLE I. Hybrid meson masses of the cb̄ sector, in MeV.

k l ¼ 0 l ¼ 1 l ¼ 2

1 7254 7556 7730
2 7634 7820 7959
3 7893 8039 8155
4 8105 8227 8328
5 8285 8392 8481
6 8447 8539 8618
7 8589 8670 8740
8 8716 8788 8851
9 8829 8893 8947
10 8932 8988 9040
11 9023 9074 9116
12 9106 9151 9205
13 9178 9215 9273
14 9251 9269 9332
15 9313 9325 9359
16 9351 9404 9464
17 9449 9494 9512
18 9505 - -

Threshold ¼ 9531 MeV

TABLE II. The parameters in the potential model adopted in
this work.

Parameter Value Parameter Value

mb 5.368 GeV mu;md 0.606 GeV
mc 1.984 GeV ms 0.780 GeV
αs 0.3930 σ 1.842 GeV
b 0.2312 GeV2 c −1.1711 GeV
μ 0.0690 GeV rc 0.3599 GeV−1
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mentioned in Ref. [17], the input width of the process
ϒð1DÞ → ϒð1SÞππ is difficult to calculate accurately due
to the lack of experimental values. In our calculation, we
use the transition rate of process ϒ2ð1DÞ → ϒð1SÞπþπ−
given in Ref. [70] as input, with a value of 0.188 keV. For
the spin-nonflip ππ case, because of the lack of exper-
imental values for the process of ϒ2ð1DÞ → ϒð1SÞπ0π0,
we take half of the transition rate of process ϒ2ð1DÞ →
ϒð1SÞπþπ−. And then we obtained the transition rate of
process ϒð1DÞ → ϒð1SÞππ as shown in Table III. The C1

term is isotropic and contributes to the transition between S
and S waves, while the C2 term has a l ¼ 2 angular
dependence and contributes to the transition from D waves
to S waves. Therefore, the parameter C1 is obtained from
the process Bcð23S1 → 13S1 þ ππÞ as input, and the
parameter C2 is obtained from the process Bcð13D1 →
13S1 þ ππÞ as input. By using the fitted input values in
Table III, we can obtain the numerical results forC1 andC2,
respectively. For the spin-nonflip ππ case

jC1j2 ¼ 8.656 × 10−5;

jC2j2 ¼ 1.712 × 10−4: ð15Þ

It should be noted that mixing is involved in our
calculations, so the process of Bcð13D2 → 13S1 þ ππÞ is
not considered as an input for determining parameter C2.
Following the preparation of the above parameters, we

calculate the decay rates of the spin-nonflip ππ hadronic
transitions and compare the numerical results with other
Refs. [17,44,45] in Table IV, which includes our predictions
for the processes of Bcð2SÞ → Bcð1SÞππ, Bcð2PÞ →
Bcð1PÞππ, and Bcð1DÞ → Bcð1SÞππ. For the Bcð2SÞ →
Bcð1SÞππ process, it can be seen that the difference in the
spin-nonflip ππ hadronic transition rates between spin
triplets and spin singlets is relatively small, within about
10 keV. Our results are larger than the other theoretical

values in Refs. [44,45]. Furthermore, it should be noted that
the authors of Ref. [44] only calculated the hadron
transition rates of the spin-nonflip πþπ−, so the result is
smaller than the results of ours and those in Refs. [17,45].
Although we used the method in Ref. [17] to fit the
transition rate of the process Bcð23S1Þ → Bcð13S1Þππ for
Bc states, there is still a difference of 4 keV compared to the
results in Ref. [17]. And the transition rate of the process
Bcð21S0Þ → Bcð11S0Þππ is about 10 keV smaller than the
results in Ref. [17]. In general, we find that the decay rates
of the processes Bcð2SÞ → Bcð1SÞππ are relatively high,
which are worth exploring experimentally.
We can find a surprising conclusion from the processes

of Bcð2PÞ → Bcð1PÞππ. Although all processes, except
for Bcð23P0Þ → Bcð13P0Þππ, Bcð2P1Þ → Bcð13P2Þππ,
Bcð23P2Þ → Bcð13P0Þππ, Bcð23P2Þ → Bcð1P1Þππ, and
Bcð23P2Þ → Bcð13P2Þππ, are suppressed, it can still be
concluded from these significant decay rates that our
numerical results are higher than those in Refs. [17,45],
which is caused by our adjustment of parameter C2.
Finally, it can be observed from the processes Bcð1DÞ →

Bcð1SÞππ we predicted above that our results are
higher than those in Refs. [17,44,45]. Furthermore, when
comparing the processes of Bcð1D2Þ → Bcð11S0Þππ and
Bcð1D2Þ → Bcð13S1Þππ, we find that their numerical
results are very similar, as demonstrated in Ref. [17].
Actually, Ref. [17] reported higher values for the processes
Bcð13D1Þ → Bcð13S1Þππ and Bcð13D3Þ → Bcð13S1Þππ
than those in Refs. [44,45]. In fact, only the transition
rate of bottomonium has been considered to determine C2

in the Refs. [17,45], while we consider the fitting results of
both charmomium and bottomonium as input, so the
transition rates of Bcð1DÞ → Bcð1SÞππ are higher than
the results of these references. Thus, the transition rates of
the processes Bcð1DÞ → Bcð1SÞππ still need further exper-
imental verification.

TABLE III. The hadronic transition input width of the Bc states fitted by charmonium and bottomonium.

Transition ðQQ̄Þ∶ Rate [keV] hr2ðcb̄Þi=hr2ðQQ̄Þi
Reduced cb̄
rate [keV]

23S1 → 13S1 þ ππ ðcc̄Þ: 156� 4
a 0.7 76� 2

ðbb̄Þ: 8.46� 0.7a 1.86 29.27� 2.42
Average 53� 2

13D1 → 13S1 þ ππ ðcc̄Þ: 74.3� 3
a 0.65 31.4� 1

ðbb̄Þ: 0.413c 1.61 1.071
Average 16.2� 0.5

13D2 → 13S1 þ ππ ðcc̄Þ: 123.5a 0.72 64
ðbb̄Þ: 0.284b 1.68 0.531
Average 33

aFrom PDG Ref. [8].
bFrom Γð13D2 → 13S1 þ πþπ−Þ ¼ 0.188 keV in Ref. [70].
cFrom Γð13D2 → 13S1 þ ππÞ ¼ 0.284 keV as an input.
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TABLE IV. Decay rates of spin-nonflip ππ transitions between Bc states. Here, mixing angles θ1P ¼ −24.3°,
θ2P ¼ −28.4°, θ1D ¼ −41.7° [43], IS, FS, and TW represent initial states, final states, and this work, respectively;
the decay rates are given in units of keV.

IS FS TW MGI [44] GI [17] [45]

21S0 11S0 þ ππ 46 25 57 42

23S1 13S1 þ ππ 53 21 57 41

23P0 13P0 þ ππ 104 2.8 0.97 12
1P1 þ ππ 0 0 0 0
1P0

1 þ ππ 0 0 0 0
13P2 þ ππ 0.029 1.2 × 10−4 0.055 5.5 × 10−3

2P1 13P0 þ ππ 0 0 0 0
1P1 þ ππ 0.08 1.5 2.7 11
1P0

1 þ ππ 0.020 0.77 0.020
13P2 þ ππ 0.191 6.3 × 10−4 0.037 0.012

2P0
1 13P0 þ ππ 0 0 0 0

1P1 þ ππ 0.015 1.4 0.10
1P0

1 þ ππ 0.004 1.6 1.2 11
13P2 þ ππ 0.034 2.7 × 10−4 4.0 × 10−3

23P2 13P0 þ ππ 0.350 5.7 × 10−3 0.011 0.018
1P1 þ ππ 0.215 2.7 × 10−3 0.021 0.020
1P0

1 þ ππ 0.052 9.7 × 10−4 4.0 × 10−3

13P2 þ ππ 8.9 3.0 1.0 11

13D1 13S1 þ ππ 16.2 0.15 4.3 0.75

1D2 11S0 þ ππ 9.4 0.20 2.1
13S1 þ ππ 9.0 0.066 2.2

1D0
2 11S0 þ ππ 13.3 0.12 2.2

13S1 þ ππ 8.2 0.13 2.1

13D3 13S1 þ ππ 17.4 0.23 4.3 0.84

TABLE V. Partial widths of the M1 transitions for the S, P, and D wave Bc states compared with the other model predictions.

Eγ (MeV) ΓM1 (eV)

Initial state Final state [13] [16] GI [17] [18] Ours [13] [16] GI [17] [18] MGI [44] [45] Ours

13S1 11S0 72 62 67 55 47 134.5 73 80 59 83.6 52 40.4

23S1 21S0 43 46 32 32 35 28.9 30 10 12 8.3 10 3.3
11S0 606 584 588 599 604 123.4 141 600 122 559.3 650 562

21S0 13S1 499 484 498 520 528 93.3 160 300 139 320.6 250 144

13P2 1P1 0.13
1P0

1 3.2

23P2 1P1 15.7
1P0

1 131.7
2P1 0.10
2P0

1 2.3

1D0
2 13D1 0.1

13D3 0.022

13D3 1D2 0.018
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B. The analysis of M1 transitions

We have sorted out the predicted values of the M1
transitions for the 1S, 2S, 1P, 2P, and 1D wave of Bc states
and compared them with other Refs. [13,16–18,44,45] as
shown in Table V. From the change in photon energy (Eγ),
it is not difficult to see that our results are relatively similar
to others’, the difference being within tens of MeV, while it
can also be seen that the mass spectrum of several
theoretical models are within a reasonable range, since
the photon energy depends on the mass spectrum. In
comparison, except for the processes of Bcð13S1Þ →
Bcð11S0Þγ and Bcð23S1Þ → Bcð21S0Þγ, our results are
consistent with or larger than those of other references.
In fact, the E1 transition rates of the Bc states are much
larger than the M1 transition rates [17,44,45], but we can
still draw some conclusions from the comparisons:

(i) Compared with P and D waves, the M1 transition
rates of the S waves are generally larger, and the S
wave states Bcð23S1Þ and Bcð13S1Þ are worth dis-
cussing, which are conducive to the determination of
their values in experiment.

(ii) The M1 transition rate of the processes of
Bcð23S1Þ → Bcð11S0Þγ calculated in this work is
similar to those compared with Refs. [17,44], but
about 400 eV higher than those in Refs. [13,16,18].

(iii) Based on the calculated data, we have provided
the prediction value of product branching
fraction BðBcð23S1Þ→ γBcð21S0ÞÞ×BðBcð21S0Þ→
ππBcð11S0ÞÞ as 4.31 × 10−5.

In general, the M1 transition rate of the process of
Bcð23S1Þ → Bcð11S0Þγ in the S wave states is compara-
tively the highest at about 500 eV, and if the M1 transition
is to be used to determine Bcð23S1Þ, this process is
undoubtedly the best choice. However, according to our
prediction, if there is a contribution of M1 radiative
transition to the dipion transition in the Bc states, the
process of Bcð23S1Þ → Bcð21S0Þγ can also be explored to
determine Bcð23S1Þ, although the M1 radiative transition
rate of the process of Bcð23S1Þ → Bcð21S0Þγ is very small.

IV. SUMMARY

So far, the Bc-meson family remains to be further
explored. In this paper, we mainly studied the decay rates
of spin-nonflip ππ andM1 radiative transitions of Bc states
based on the Cornell potential model with a screening
potential effect.
We have adopted the Kuang-Yan approach, the QCDME

method to calculate the process of the spin-nonflip ππ
transitions, and the QCS model to calculate the spectrum
of the intermediate hybrid mesons. Our results about
the S wave states are basically consistent with those in
Refs. [17,45]. However, for P wave states, the process of
the Bcð23P0Þ → Bcð13P0Þππ transition has a decay rate
of 104 keV, which is higher than those in Refs. [17,44,45].

As for D wave states, our results are higher than those in
other literature [17,44,45] as well, due to the consideration
of both charmonium and bottomonium. Although the M1
radiative transition rates are very small, we can give some
useful information for Bc states. Taking inspiration from
Ref. [11], we have given the prediction value of the
product branching fraction BðBcð23S1Þ → γBcð21S0ÞÞ ×
BðBcð21S0Þ → ππBcð11S0ÞÞ as 4.31 × 10−5, although this
prediction still needs further data and experimental verifi-
cation. The determination of the Bcð23S1Þ state may be
achieved through the processes of Bcð23S1Þ → Bcð11S0Þγ
and Bcð23S1Þ → Bcð21S0Þγ.
All in all, we expect that our numerical results will

provide some reference for the study of the properties of Bc
states and make some contributions to further studies.
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APPENDIX A: THEORETICAL MODELS
OF MASS SPECTRUM

This appendix is a brief introduction to the nonrelativ-
istic Cornell potential model with a screening potential
effect. In the nonrelativistic case, the Hamiltonian of the
model is

H ¼ H0 þ V; ðA1Þ

and H0 denotes

H0 ¼
X2
i¼1

�
mi þ

p2

2mi

�
; ðA2Þ

where mi (i ¼ 1, 2) are the masses of b̄ and c quarks,
respectively. And for the Cornell potential [71],

GðrÞ ¼ −
4αs
3r

; ðA3Þ

sðrÞ ¼ brþ c; ðA4Þ

whereGðrÞ and sðrÞ are the Coulomb and linear potentials,
respectively, and the parameter c denotes the scaling
parameter [72]. When considering the screening effect
[73], the linear potential can be changed to

sðrÞ0 ¼ bð1 − e−μrÞ
μ

þ c; ðA5Þ

where μ is a screening parameter.
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For the form of the spin-dependent term, reference was
made to the Godfrey-Isgur (GI) model [12,74–77]. And it
makes corresponding corrections to the spin correlation
term of the linear potential after incorporating the screening
effect. Thus, we have

V ¼ Hconf þHcont þHso þHten; ðA6Þ

in which Hconf ¼ GðrÞ þ sðrÞ0 contains the Coulomb-like
and screening potential interaction. The color contact
interaction can be written as

Hcont ¼ 32παs
9m1m2

�
σ

π
1
2

�
3

e−σ
2r2 S⃗1 · S⃗2: ðA7Þ

The third term

Hso ¼ HsoðcmÞ þHsoðtpÞ ðA8Þ

is the spin-orbit interaction, where

HsoðcmÞ ¼ 4αs
3

1

r3

�
1

m1

þ 1

m2

�
2

L⃗ · S⃗1ð2Þ ðA9Þ

and

HsoðtpÞ ¼−
1

2r
∂Hconf

∂r

�
S⃗1
m2

1

þ S⃗2
m2

2

�
·L⃗

¼−
1

2r

�
4αs
3

1

r2
þbe−μr

��
1

m2
1

þ 1

m2
2

�
L⃗ · S⃗1ð2Þ ðA10Þ

is the Thomas precession term with the screening effect.
Additionally, we define

Hten ¼ 4

3

αs
m1m2

1

r3
T; ðA11Þ

which depicts the color tensor interaction, and

T ¼ 3S⃗1 · r⃗S⃗2 · r⃗
r⃗2

− S⃗1 · S⃗2; ðA12Þ

hTi ¼

8>><
>>:

− L
6ð2Lþ3Þ J ¼ Lþ 1

1
6

J ¼ L

− ðLþ1Þ
6ð2L−1Þ J ¼ L − 1

; ðA13Þ

where T is the tensor operator, S⃗1 and S⃗2 are the spins of the
quark and antiquark contained by the meson, and L⃗ is the
orbital angular momentum [78].
The eigenvalues and eigenvectors of the mass spectrum

of Bc states are calculated by using the simple harmonic
oscillator (SHO) base expanding method. In configuration

and momentum space, SHO wave functions have explicit
form, respectively,

ΨnLML
ðrÞ ¼ RnLðr; βÞYLML

ðΩrÞ; ðA14Þ

ΨnLML
ðpÞ ¼ RnLðp; βÞYLML

ðΩpÞ; ðA15Þ

where

RnLðr; βÞ ¼ β
3
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n!

Γ
�
nþ Lþ 3

2

�
vuut ðβrÞLe−r2β2

2 L
Lþ1

2
n ðβ2r2Þ;

ðA16Þ

RnLðp; βÞ ¼
ð−1Þnð−iÞL

β
3
2

e
− p2

2β2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n!

Γ
�
nþ Lþ 3

2

�
vuut

�
p
β

�
L

× L
Lþ1

2
n

�
p2

β2

�
; ðA17Þ

where YLML
ðΩrÞ is a spherical harmonic function, RnL

(n ¼ 0; 1; 2; 3;…) is a radial wave function, and L
Lþ1

2
n ðxÞ

denotes a Laguerre polynomial.
The introduction of the truncation parameter rc can

reasonably consider the correction of the mass spectrum
and wave function of Bc states by the spin-orbit and tensor
terms, and can overcome the singular behavior of 1=r3 in
these two terms. In addition, this method has successfully
processed the mass spectra of bb̄, cc̄, and cb̄ [42,79,80]. In
a small range r∈ ð0; rcÞ, we set 1=r3 ¼ 1=r3c.

APPENDIX B: THE CALCULATION PROCESS
OF SPIN-NONFLIP ππ TRANSITION

In this appendix, we provide specific calculation proc-
esses for the spin-nonflip ππ transition and explanations.
The transition rate is given by [60]

ΓðΦi →ΦfþππÞ¼ δlilfδJIJF

�
GjC1j2−

2

3
HjC2j2

�
jA1j2

þð2liþ1Þð2lfþ1Þð2Jfþ1Þ

×
X
k

ð2kþ1Þð1þð−1ÞkÞ
	
s lf Jf
k Ji li



2

×HjC2j2jA2j2; ðB1Þ

with
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A1 ¼
X
l

ð2lþ 1Þ
�
li 1 l

0 0 0

��
l 1 li
0 0 0

�
fl11if ;

A2 ¼
X
l

ð2lþ 1Þ
�
lf 1 l

0 0 0

��
l 1 li
0 0 0

�	
li l 1

1 k lf



fl11if ;

ðB2Þ

where

f
lPiPf

if ¼
X
k

1

Mi −Mkl

�Z
drr2þPfRfðrÞRklðrÞ

�

×

�Z
dr0r02þPiRklðr0ÞRiðr0Þ

�
: ðB3Þ

RklðrÞ is the radial wave function of the intermediate quark-
gluon states, whereas RiðrÞ and RfðrÞ are the radial wave
functions of the initial and final states, respectively. The
mass of the decaying meson is Mi, whereas the ones
corresponding to the hybrid states areMkl. The quantitiesG
and H are phase-space integrals

G ¼ 3

4

Mf

Mi
π3

Z
dM2

ππK
�
1 −

4m2
π

M2
ππ

�
1=2

ðM2
ππ − 2m2

πÞ2;

H ¼ 1

20

Mf

Mi
π3

Z
dM2

ππK

�
1 −

4m2
π

M2
ππ

�
1=2

×

�
ðM2

ππ − 4m2
πÞ2

�
1þ 2

3

K2

M2
ππ

�

þ 8K4

15M4
ππ
ðM4

ππ þ 2m2
πM2

ππ þ 6m4
πÞ
�
; ðB4Þ

with the momentum K given by

K ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ðMi þMfÞ2 −M2

ππ�½ðMi −MfÞ2 −M2
ππ�

q
2Mi

; ðB5Þ

in whichmπ is the mass of pion and the invariant mass lying
the interval 4m2

π ≤ M2
ππ ≤ ðMi −MfÞ2.

APPENDIX C: THE INTRODUCTION
AND EFFECTIVE POTENTIAL

FOR HYBRID MESONS

In this appendix, we briefly introduce the QCS model
and provide the effective potential of the hybrid states.
The meson is composed of quark and antiquark that are

connected by an appropriate color electric flux tube
(string). The string can carry energy momentum only in
the region between the quark and the antiquark. Even the
string and the quark-antiquark pair as a whole can rotate or
vibrate. When not considering the vibration of string, the
dynamics of the string, the quark, and the antiquark

can be described using the Schrödinger equation with a
constrained potential. When the string vibrates, the gluon
excitation effect is taken into account, which describes a
new state of gluons and quark-antiquarks, known as a
hybrid state.
The effective potential for hybrid mesons can be

expressed as [67]

VhybðrÞ ¼ VGðrÞ þ VSðrÞ þ ½VnðrÞ − σðrÞr�; ðC1Þ

where VGðrÞ is one-gluon exchange potential and VSðrÞ is
a color confining potential. It is obvious that when n ¼ 0 in
Vn, the effective potential becomes a descriptive potential
of a quark-antiquark pair. Here, we talk about the hybrid
meson and take n ¼ 1. And then the effective vibrational
potential can be given by [66]

VnðrÞ ¼ σðrÞr
	
1 −

2nπ
2nπ þ σðrÞ½ðr − 2dÞ2 þ 4d2�



−1=2

;

ðC2Þ

where

σðrÞ ¼ bð1 − e−μrÞ
μr

; ðC3Þ

where the vibrational potential energy can be estimated
using the Bohr-Sommerfeld quantization and assuming the
quark mass to be very heavy so that the ends of the string
are fixed [66]. To relax the last assumption one can define a
parameter d given by

dðmb;mc; r; σ; nÞ ¼
σðrÞr2αn

4ðmb þmc þ σðrÞrαnÞ
; ðC4Þ

in which d is the correction of the finite heavy quark mass.
αn relates to the shape of the vibrating string [66] and can
take the values 1 ≤ α2n ≤ 2. We take α1 ¼

ffiffiffiffiffiffiffi
1.5

p
.

Because of the screening potential effect, the effective
string tension σðrÞr is a function of the distance r between
c and b̄. For theoretical self-consistency, the form of VSðrÞ
is taken from the Cornell potential model with the screen-
ing potential. The specific potential VGðrÞ and VSðrÞ are
given by

VGðrÞ ¼ −
4αs
3r

;

VSðrÞ ¼ σðrÞrþ c: ðC5Þ

The threshold of the hybrid potential is defined as

VhybðrÞ⟶r→∞ b
μ
þ c: ðC6Þ
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