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Chiral phase transition in soft-wall AdS/QCD with scalar-dilaton coupling
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The chiral phase boundary of nuclear matter is expected to have a critical point where the rapid crossover
of lattice methods at zero chemical potential becomes a first-order phase transition. Phenomenological
models based on the AdS/CFT correspondence, known as AdS/QCD, have succeeded in capturing many
features of nuclear matter, with recent progress in producing the expected critical point. We study a model
that produces a critical point in the chiral phase diagram by introducing a coupling between the scalar chiral
field and the dilaton. We examine the effect of the scalar-dilaton coupling on the critical point. We also
study the zero-temperature chiral dynamics, which must allow for spontaneous chiral symmetry breaking in
the limit of zero quark mass. We find that when the scalar-dilaton coupling is large enough to ensure correct
zero-temperature chiral dynamics, a critical point is present only if the quark mass is greater than 12.8 MeV.
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I. INTRODUCTION

The exploration of the phase structure of quantum
chromodynamics (QCD) at extreme temperature and
density is an important project for both theory and experi-
ment [1-3]. Lattice QCD finds a crossover phase transition
at zero quark chemical potential [4,5], while other models
find a first-order phase transition at high chemical poten-
tial [6]. In combination, these models suggest the existence
of a critical point, but its exact location in the phase
diagram remains an open question [7,8].

Experimentally, the search for the critical point requires a
reduction in center of mass energy [9], motivating the
recently completed beam energy scan at the Relativistic
Heavy Ion Collider [10], as well as current and future fixed-
target experiments [11-13]. From the theoretical perspec-
tive, lattice methods suffer from a well-known sign problem
at finite chemical potential [14]. Extrapolation techniques
allow lattice analysis up to a baryon chemical potential
~300 MeV, with no evidence of a critical point [15].

The AdS/CFT correspondence [16—18] has emerged as a
powerful tool to study various aspects of QCD, including
the phase diagram [19,20]. The soft-wall AdS/QCD
model, which uses a background dilaton field to encode
confinement, has been extensively used to analyze hadron
spectra [21,22] and the QCD phase diagram [23]. While
there has been success in finding a critical point in the
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deconfinement phase transition using holographic tech-
niques [24-32], producing a critical point in the chiral
phase transition has been more elusive.

In this work, we consider a modified soft-wall
AdS/QCD model with a coupling between the scalar
and dilaton fields. Prior work has shown that the intro-
duction of such a coupling can improve the resulting meson
spectra and introduce a critical point in the chiral phase
diagram [33]. We focus on the effect of scalar-dilaton
coupling on the critical point in the QCD phase diagram
and the zero-temperature chiral dynamics.

II. SOFT-WALL MODEL WITH SCALAR-
DILATON COUPLING

We use an anti—de Sitter (AdS) black hole metric

L2 dz?
ds? == (—f(z)dt2 + dx? +]%> (1)

with the AdS curvature L = 1 throughout the rest of this
work. Following established procedure [34—36], we model
finite temperature and chemical potential with a charged
black hole described by the SD AdS-Reissner-Nordstrom
blackness function

f=1-a+o(2) v e(2) @

Zh Zh

where z;, is the black hole horizon, and Q is related to the
black hole charge ¢ by Q = qzz. The quark chemical
potential and temperature are determined by the charge and
horizon position
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p=xZ, 3)
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where 0 < Q% < 2 and k = 1 [37]. Note that x is the quark
chemical potential, with a value one-third of the baryon
chemical potential. These relationships are invertible
for z;, and gq.

In the soft-wall model of AdS/QCD, confinement is
introduced via a dilaton field that smoothly cuts off the
action, as opposed to a hard cutoff of the holographic
coordinate [21]. The dilaton is required to be quadratic in
the IR limit to produce linear confinement as evidenced by
radially excited meson spectra m2 ~ n [22]. Previous work
has considered UV modifications to the dilaton to achieve
proper chiral dynamics [38—41], but this is not necessary in
a model with chiral-dilaton coupling [42]. For simplicity,
we use a purely quadratic dilaton

D(2) = pyz* (5)

where p, ~ Agep sets the confinement scale. Follow-
ing [43], which determined the parameters by a global
fit to meson spectra, we take p, = 440 MeV.

The relevant matter fields are described by the action

S dx\/=ge I {Tr[|[DX|* + V (X, ®)]

T 2%
+ yRe[det(X)]}. (6)

where X contains the scalar and pseudoscalar meson fields.
The ‘t Hooft determinant term provides mixing between
light and heavy flavors. We omit the vector and axial-vector
meson fields to focus on the chiral dynamics.

A quartic term in the scalar potential is required for
spontaneous chiral symmetry breaking [38]. Including
the coupling between the dilaton and scalar field, the
potential is

Vo (X, ®) = m2XP + W ®IX] + 42X (7)

The AdS/CFT dictionary sets the 5D masses of the fields
m? = (A — p)(A+ p —4), where A is the dimension of the
corresponding p-form QCD operator [18,21]. The scalar
field is dual to the gg operator, so its mass is m% =-3.In
this flavor-symmetric model, we are most interested in
qualitative behavior, which is not very sensitive to the values
of the free parameters in the scalar potential, as long as the
‘t Hooft determinant coefficient y is negative to produce a
first-order transition in the chiral limit [39]. For the sake
of comparison, we choose values equivalent to the model
in [44], setting 1, = 4.2 and y = —22.6, with the fitting of
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FIG. 1. A sketch of the Columbia plot, which shows the
expected order of the chiral phase transition as a function of
light and strange quark masses [46,47].

these values to experimental data reserved for an antici-
pated 2 + 1-flavor version of this model.

The scalar-dilaton coupling term gives the chiral field an
effective mass that runs with energy scale

m: — =3+ ﬂly%}zz. (8)

This running mass has been used to obtain the correct mass
splitting between excited states of meson chiral partners
[43], to reproduce the Columbia plot (Fig. 1) at zero
chemical potential [44], to obtain the correct chiral tran-
sition behavior [42], and to produce a critical point in the
chiral phase diagram [33]. It is worth noting that models
with a modified dilaton profile but without the running
mass (8) achieve the first three of these goals [39,40] but do
not produce the critical point [45].

The scalar field has a z-dependent vacuum expectation
value (VEV) that describes the chiral symmetry breaking of
the model. In a three-flavor model, the VEV becomes

x(z) 0 0
xaz) 0 . )
25(2)

X) ==

In this work, we will focus on the flavor-symmetric case
Xu=Jxa=xs Varying (6) with respect to y yields the
following equation of motion:

" E /_L/ /
x <Z+¢ f>"

1
— == [(=3 = D)y + 44y +3437%] =0,

= (10)
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where y — 6v/21; is defined for convenient notation.
As the chiral field is the source of the ggq operator, the
AdS/CFT dictionary identifies its coefficients at the UV
boundary with the sources of chiral symmetry breaking,

)((Z—>0)~mq§z+%z3, (11)

where { = /N, /(2x) [48], the quark mass m,, is the source
of explicit chiral symmetry breaking, and the chiral con-
densate ¢ is the source of spontaneous chiral symmetry
breaking.

ITII. NUMERICAL PROCEDURE

Finding the chiral condensate requires solving (10)
numerically and using the AdS/CFT dictionary to relate
the solution for y(z) to the parameters m,, 6. The presence

|

of a singular point at z = z;, presents a challenge to this
procedure. A commonly used numerical method begins
with a UV approximation for the chiral field and integrates
toward the horizon [40,43,49]. While this method works
well near the chiral transition temperature, it is less reliable
at low temperatures. Instead, we use a method that starts
with the asymptotic solution at the black hole horizon gz
and integrates toward the UV boundary [41]. A comparison
between these two methods is discussed in the Appendix.

The near-horizon solution is approximated by the Taylor
series

yu—1)=dy+d (1 -u)+dy(1—u)>+... (12)

where u = z/z;, and the higher-order coefficients are
solved by substitution into (10). The result is

(3 + Ayziu? = 3dydy — 4d3A,), (13)

__dy
di = 2(0*-2)
1
= 1oty {B0(-6+ 0+ €°) +4d3(14 - 13070,

+ d3[(42 - 390%)A3 — 24d,(Q - 2) 4] — 2d,(Q* —2)(4Q% — 8 — A1) 2242
+3dy[—14 + 130 + 8d, 43 — 4d, Q% + 1y (307 — 2)2242] } (14)

For each value of T, u, we vary d, and compare the numerical solution to the UV expansion of the chiral field

o

¢

y(u—=0)~mlzu—3m22hz0u° +

1
Zud + 1 [m33 (A — 3623) + 2m,Cu2 (A = 2)|z3u log(zpu) + ... (15)

The terms of order u and u* have their coefficients defined by the AdS/CFT dictionary and the other coefficients are found

by solving (10) order by order.

We evaluate the numerical solution and its derivative at a small value u; ~ 107> and calculate the coefficients by
comparing to the UV expansion (15). Keeping terms up to order >, the relationships are analytically solvable,

m

_ 1= \/1 =323 Byuv — uixyv)

! 343Cu;zy,

, (16)

3.3
3l/tl- Zh/l?a

o= C<1 =343 (2ruv + uiriy) = /1= 340Cxuv - ”‘%/UV)> ' (17)

where yyy = y(u;) and y{;y = x'(u;). The quadratic relationship has another set of solutions, which produce unphysical
values of my, 6 < 0. In the two-flavor case, ;3 = 0 and the above relationships cannot be used. Instead we find

3yuv — ui)(bv
_ 18
AT (18)
uyuy — X
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IV. RESULTS

In this section, we find the dependence of the chiral
condensate ¢ on quark mass m, for various values of the
scalar-dilaton coupling 4;. We show that there is a mini-
mum value of A; that allows for spontaneous chiral
symmetry breaking in the chiral limit m, — 0. We show
how the (pseudo)critical temperature is found and how
crossover and first-order transitions are distinguished.
Finally, we show how the location of the critical point is
affected by the value of 4.

A. Spontaneous chiral symmetry breaking

Separate sources of spontaneous and explicit chiral
symmetry breaking are required in the theory. The original
soft-wall model did not achieve this, finding o~ m,
instead [22]. Including a quartic term in the scalar potential
allows these quantities to be independent, crucially main-
taining spontaneous chiral symmetry breaking in the chiral
limit m, = 0 [38].

The relationship between m, and o in this model
depends on the strength of the scalar-dilaton coupling 4;.
We check this relationship in both the two-flavor (13 = 0)
and three-flavor (13 # 0) cases. In the two-flavor case,
the relationship between ¢ and m, is one-to-one for quark
mass m, > 0. For small values of the scalar-dilaton
coupling, the spontaneous chiral symmetry breaking van-
ishes as m, — 0, but at higher values of 4; > 6.0, o is
nonzero in the chiral limit, as seen in Fig. 2.

In the three-flavor case, we find the same requirement
A1 > 6.0 for o to remain finite as the quark mass goes to
zero. In Fig. 3, it is evident that ¢ becomes multivalued for
intermediate values of ;. In these cases, the smaller value
of ¢ is thermodynamically favored. This means that in the
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FIG. 2. The relationship between ¢ and m, for a variety of
values of the scalar-dilaton coupling 4; with two flavors at zero
temperature and chemical potential. For 1; > 6.0, the chiral
condensate is present even in the chiral limit m, = 0.
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FIG. 3. The relationship between ¢ and m, for a variety of

values of the scalar-dilaton coupling 4; with three flavors. When
o is multivalued, the lowest value is thermodynamically favored.
For 4, > 6.0, the chiral condensate is present even in the chiral
limit m, = 0.

case of e.g.,, 4y =15.7 it appears that there are finite
solutions of ¢ at zero quark mass, but these solutions
are unphysical, and the lower branch of the graph shows
o ~m, at small quark mass for these values of 1;.

Another hallmark of chiral symmetry breaking is the
Gell-Mann—Oakes—Renner (GOR) relation, which relates
the pion mass and pion decay constant to the quark mass
and chiral condensate, 2m o = fZm3 [50]. The GOR
relation arises from the minimal AdS/QCD setup, through
an analysis of the axial-vector and pseudoscalar sectors
[21,22,51]. The equations of motion for these sectors are
not directly coupled to the scalar potential, so considering
higher-order terms in the scalar potential does not affect this
result, which has been confirmed numerically [41,43,52].
Numerical investigation of meson spectra and the GOR
relation is reserved for future work.

B. Chiral phase transition

For a given value of the chemical potential 4 and quark
mass m,, we find the values of ¢ for a range of temper-
atures. The order of the chiral phase transition is deter-
mined by the way in which ¢ transitions to a smaller value.
Smooth transitions are considered crossover, while a first-
order phase transition is characterized by the chiral con-
densate becoming multivalued, as illustrated in Fig. 4.

In crossover transitions, the pseudocritical temperature
is the temperature where the chiral susceptibility |do/dT |
1s maximized. For first-order transitions, the critical
temperature occurs at the lowest temperature where o is
multivalued.

The values of 4, that produce unphysical chiral dynamics
at zero temperature also show unphysical behavior in the
chiral phase transition. The chiral condensate is plotted as a
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FIG. 4. These plots illustrate the difference between a crossover phase transition and a first-order phase transition. At zero chemical
potential (left), the transition is smooth, but at higher u (right), the value of 6 becomes multivalued, indicating a first-order phase

transition. Both plots use m, = 15 MeV and 4; = 6.
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FIG. 5. The two-flavor results in the chiral limit for chiral

condensate ¢ as a function of temperature at zero chemical
potential. For scalar-dilaton coupling 4; < 6, ¢ vanishes at low
temperatures.

function of temperature at 4 = 0 in the chiral limit for two
flavors (Fig. 5) and three flavors (Fig. 6). Note that the two-
flavor case allows negative values of ¢ <> —¢ as solutions.
This symmetry is broken in the three-flavor case and
also when m, > 0, although negative solutions are still
present [39]. These nonphysical solutions are ignored in the
rest of the analysis.

The chiral phase transition has the expected low T
behavior in the chiral limit. As this parameter is decreased,
the “bump” below the critical temperature becomes more
pronounced. When 1, is below a certain value, the chiral
condensate disappears at low temperature. This unphysical
result is further evidence for a minimum value for the
scalar-dilaton coupling in this model.

C. Phase diagram and critical point

The chiral phase diagram is produced by plotting the
(pseudo)critical temperature as a function of the chemical
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FIG. 6. The three-flavor results in the chiral limit for chiral
condensate ¢ as a function of temperature at zero chemical
potential. For scalar-dilaton coupling 4; < 5.5, o vanishes at low
temperatures.

potential. A critical end point is found for combinations of
m, and 4; that produce a crossover phase transition at zero
chemical potential. At sufficiently large u, the phase
transition becomes first order.

To examine the effect of scalar-dilaton coupling on the
location of the critical point, we show in Fig. 7 phase
boundaries for a sample quark mass m, = 15 for varying 4,
with three symmetric quark flavors. The critical point
occurs at smaller chemical potential as A; is increased.
At the same time, the (pseudo)critical temperature is
increased at all values of u.

When the scalar-dilaton coupling is sufficiently large, the
phase transition is first order at 4 = 0, and the critical point
vanishes. This is seen in Fig. 8, where the location of the
critical point is plotted for several values of the quark mass.
When the quark mass is large, a critical point can still be
found when 4, > 6.0, as required for the proper chiral
dynamics detailed in Sec. IVA. At low values of the quark
mass, obtaining a critical point requires 1; < 6.0. We find
that the minimum quark mass with a critical point in the
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FIG. 7. The phase diagram is shown for m, = 15 MeV for
various values of the scalar-dilaton coupling parameter A,.
Dashed lines indicate a crossover and solid lines indicate a
first-order phase transition. The critical points are indicated by a
large dot. Increasing A; moves the critical point to smaller
chemical potential values while also increasing the crossover
temperature at 4 = 0.
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FIG. 8. The locations of the critical point for different values of

the quark mass and scalar-dilaton coupling 4; are shown. The
curves are labeled by the value of the quark mass.

phase diagram when 1; = 6.0 is m, = 12.8 MeV. In the
chiral limit, we find that the chiral phase transition is
always first order, regardless of the value of 4;, and no
critical point is present.

V. DISCUSSION

In this work, we used a soft-wall holographic QCD
model with a scalar-dilaton coupling to study the chiral
phase transition at finite temperature and density. Our
analysis shows that a coupling 4; > 6.0 is necessary for
achieving the correct chiral dynamics with either two or

three symmetric quark flavors, in line with the requirement
that holographic models mirror the chiral symmetry break-
ing mechanism of QCD [21,22]. Furthermore, the presence
of a critical point in this model’s chiral phase diagram
contributes to the ongoing effort to comprehend the phase
structure of QCD, a topic of considerable theoretical and
experimental interest [53,54].

Previous soft-wall AdS/QCD models that achieved
correct chiral dynamics at zero chemical potential by using
a UV-modified dilaton [39,45] could be extended to include
a scalar-dilaton coupling term. It may be interesting to
examine whether this will circumvent the problems shown
in the current work at small values of the scalar-dilaton
coupling.

Looking ahead, we will allow the strange quark mass to
differ from the light quark masses and explore the 2 + 1-
flavor results at a range of scalar-dilaton coupling. These
results will be compared to the Columbia plot shown in
Fig. 1. Another goal is to combine the analysis of the
chiral transition with the deconfinement phase transition.
Previous work combining a scalar chiral field with the
dynamical Einstein-Maxwell-dilaton model have shown
some promise in the case of two quark flavors [55].
Including the scalar-dilaton mixing term produces the
crossover chiral transition that is expected for two quark
flavors with m, > 0 [56]. Considering these extensions will
allow a more thorough exploration of all aspects of the
holographic QCD phase diagram.
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APPENDIX: COMPARISON OF NUMERICAL
METHODS

Another commonly used numerical method for solving
the chiral equation of motion (10) uses the UV expansion
of (15) as one boundary condition and the regularity of the
chiral field at the horizon z = z; is used as the other.
Regularity is difficult to check numerically, so a “test”
function is defined that includes all the potentially singular
parts of the equation of motion,

-2 %x’(z) + ﬁ (=3 = @)y + 442 + 32317 ].

(A1)

This collection of terms must be zero at the horizon,
otherwise there will be a divergence as f — 0. Ensuring

026027-6



CHIRAL PHASE TRANSITION IN SOFT-WALL ADS/QCD WITH ...

PHYS. REV. D 110, 026027 (2024)

0.020 1 HE A; = 6.25, IR method
A1 =6.25, UV method
s A, =5.50, IR method
e A;=5.50, UV method
0.015 4
@
3
] 0.010 A
[S)
0.005
0.000
20 40 60 80 100 120
T (MeV)

FIG. 9. This comparison of the numerical methods shows
agreement between them, but more spurious points when
integrating from the UV. The data shown are for two represen-
tative values of the scalar-dilaton coupling 4, with m, = 1 MeV
and ¢ = 0.

the test function is zero becomes the second boundary
condition.

The shooting method [57] is implemented with the
required quark mass given as an input parameter and o
varied until the boundary condition is met near the black
hole horizon. This method is used to find the allowed
values of ¢ for a given T, y, and m,,.

The limitations of this method are revealed at low
temperature T < T',.. At low temperature, z;, ~ 7~ becomes
large, and numerical instabilities in the numerical solution
to (10) make it difficult to determine the correct value of o.
This has not been a problem in previous publications that
focus on the chiral phase transition. Typically, the value of ¢
approaches a constant value as temperature is decreased
below the transition temperature. However, this is not always
the case in this model, where ¢ = 0 at low temperatures for
some values of 1;, as seen in Fig. 9.

The method of integrating from the UV boundary is
trustworthy near the transition temperature. However, in
this work we are also interested in the low temperature
chiral dynamics, particularly in ensuring separate sources
of explicit and spontaneous chiral symmetry breaking, as
discussed in Sec. IVA. By starting near the singular point
and integrating away from it, the method of Sec. III is more
numerically stable at lower temperatures.
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