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The Ishibashi-Kawai-Kitazawa-Tsuchiya (IKKT) model is a promising candidate for a nonperturbative
description of type IIB superstring theory. It is known from analytic approaches and numerical simulations
that the IKKT matrix model with a mass term admits interesting cosmological solutions. However, this
mass term is often introduced by hand and serves as a regulator in the theory. In the present paper, we show
that an effective mass matrix can arise naturally in the IKKT model by imposing a toroidal compactification
where the space-time fermions acquire antiperiodic boundary conditions. When six spatial dimensions are
chosen to be compact, the effective mass matrix breaks the SO(1,9) space-time symmetry of the IKKT
model to SO(1, 3) x SO(6). This paves the way for space-time solutions of the IKKT model where SO(1,9)

symmetry is naturally broken to SO(1,3) x SO(6).

DOI: 10.1103/PhysRevD.110.026024

I. INTRODUCTION

Superstring theory is a promising candidate for a self-
consistent unified theory of quantum gravity. An interest-
ing feature of the theory is that the dimensionality of
space-time is not arbitrary, but comes from the consistency
of the theory. Specifically, the theory is only consistently
defined in ten space-time dimensions. For this theory to
describe our world, one must impose that six out of the
nine spatial dimensions are compactified. This can be done
in many ways, resulting in a vast landscape of effective
descriptions of string theory in four dimensions. In
addition to the four-dimensional vacua, there exist other
ways to consistently compactify string theory to an
arbitrary number of dimensions, which results in vacua
that are not four dimensional. Clarifying why four-
dimensional vacua are preferred in the theory remains
an open question, which to this day does not have an
answer in perturbative string theory.

Another area where perturbative string theory lacks
predictive power is in the context of cosmology. While
string theory can be used to make predictions about the
Universe at late times, the cosmic singularity is not
resolved generally in perturbative string theory [1-4].
Therefore, to study the very early Universe and explain
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the dimensionality of our world, we definitely need a
nonperturbative description.

There have been many proposals for a nonperturbative
description of string theory, most of them relying on matrix
models [5-7]. Among these theories, the Ishibashi-Kawai-
Kitazawa-Tsuchiya (IKKT) model [7], a nonperturbative
description of type IIB superstring theory, stands out as a
natural choice to explain the birth of the Universe. This
model is built around the action

1 |
SIKkT = —rngr[AMﬂN]z - 2—92TTWFM[AM7WL (1)

where large bosonic matrices AY’s encode information
about space-time, and large fermionic matrix y’s are added
to preserve supersymmetry. In the action above, g is a
gauge coupling that is related to the string scale /; via
g~ 2, and the indices are contracted using the Minkowski
metric in the mostly minus sign convention N =
diag(1,-1,-1,...,—1). Given the causal structure of the
space, A encodes information about time and A’ encodes
information about space, where i €{1,...,9} labels the
nine space dimensions.

Over the years, there have been many attempts to find
solutions of the IKKT model that correspond to an
emergent four-dimensional universe. The first steps
toward finding these solutions were done by analyzing
the model using the Gaussian expansion method [8,9] to
investigate symmetry breaking in the theory. Using this
method, it was shown that the SO(10) symmetry of the
Euclidean version of this model can be spontaneously
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broken to SO(3) [10—13].1 Other studies based on the
complex Langevin method have also shown consistent
results [14,15], and a recent analysis in the context of the
Banks-Fischler-Shenker-Susskind (BFSS) model has a
Iso shown progress in this direction [16]. Similarly,
Monte Carlo simulations of the Lorentzian model showed
that an expanding (1 + 3)-dimensional space-time can
emerge from an SO(1,9) symmetric state of the model
after a critical time [17-20]. To achieve this result,
approximations were made to avoid the sign problem of
the Lorentzian theory. However, further studies have
shown that these approximations are no longer valid when
the four space-time dimensions emerge [21]. Since then,
the Lorentzian model has been studied without this
approximation using the complex Langevin method,
where the emergence of four space-time dimensions
remains a topic of study [22-27].

In earlier numerical analyses of the Lorentzian IKKT
model, it was found in [17] that an important feature seems
to be required to obtain the emergence of (1 + 3) dimen-
sions. When (1 4 3) dimensions become large, certain
bounds used to regulate theory,

1 1
NTI(A0)2 < KﬁTr(Ai)zv (2)

1
5 Tr(A:)? <«L?, (3)

become saturated. Saturating the constraints above is
equivalent to adding the following piece to the IKKT
action:

A A
Sconst = 5TI‘<A(2) - KLz) - ETI‘(A% - Lz)’ (4)

where A and 1 are Lagrange multipliers. Minimizing the
IKKT action in the presence of the constraint above, it was
shown analytically [28] and numerically [29] that various
cosmological solutions of the equation of motions can be
found. An important point to notice is that adding the
constraint piece in Eq. (4) to the IKKT action is equivalent
to adding a mass term to the theory, which may or may not
be Lorentz invariant depending on the choice of 4 and /.
Hence, adding a mass term to the theory can lead to
interesting cosmological solutions. In fact, various analyses
of the Lorentzian IKKT model with a mass term have been

'Barlier results [10-12] showed that SO(10) is broken to
SO(4), while a more recent and careful study [13] suggests that
SO(10) is broken to SO(3) instead. The relationship between this
SO(3) symmetry and our four-dimensional universe is still under
study.

done before, in which case it was shown that cosmological
solutions can also be found [30—33].2

Since an effective mass term arises as a possible
explanation for the emergence of cosmological solutions,
it seems natural to ask what conditions are necessary for a
mass term to naturally appear in the theory and what causes
the symmetry of space-time to break from SO(1,9) to
SO(1,3) x SO(6). In the present paper, we explore this
question by studying compactifications of the IKKT model.
We find that if six spatial dimensions are compactified in a
way that supersymmetry is broken, space-time fermions are
quenched and the IKKT model action develops an effective
mass matrix that breaks the SO(1,9) symmetry of the model
to SO(1, 3) x SO(6). This leads the way for solutions of the
IKKT model where the SO(1,9) symmetry of space-time is
naturally broken to SO(1,3) x SO(6).

A. Outline

To obtain the mass matrix, we will proceed as follows. In
Sec. II, we will Wick rotate the Lorentzian IKKT model by
imposing the change of variables A — iA? and I — il to
obtain the Euclidean IKKT model action

1 i
SiKkT = —rngr[AM’AN]Z - z—ngTWFM[AM,lI/}- (5)

This transformation to Euclidean space will be done
to simplify computations. Then, we will give the theory
boundary conditions similar to the Scherk-Schwarz
torus [42]. Namely, we will compactify the theory on a
six-dimensional torus where supersymmetry is broken by
imposing that the space-time fermions y acquire antiperiodic
boundary conditions. As a result, the IKKT model action
under compactification will become equivalent to a six-
dimensional Yang-Mills theory with the following action:

L6
Se=—
292#
1 . ._
=5 (A AP+ gDy — YA, l/f]) ., (6)

1
do®Tr <§ Fo,F® + D,A,D"A*

where we have substituted the mode expansion

AM — E AM (na)eiZnLn"a"
9
n®ez°

W= Z l//(r“)eiz”“a"u. (7)

rezo+1/2

Here, u€{0,...,3} labels the noncompact directions,
ae{4,5,...,9} labels the compact directions, ggff:
g*/N is an effective gauge coupling, and N is a large

See [34-38] for other deformations of the IKKT model which
admit cosmological solutions and [39—41] for recent progress in
the study of cosmological solutions in the IKKT model.
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integer that we will introduce later. In this six-dimensional
Yang-Mills theory, the zero modes describe noncompact
degrees of freedom, and the nonzero models describe
interactions between these noncompact degrees of free-
dom. Hence, by integrating out the nonzero modes in the
theory, one can obtain a Wilsonian effective action for the
noncompact degrees of freedom in the theory. In Sec. I,
we will compute this Wilsonian effective action from the
expression

SO = —1n< H, 11

n*ez°r’ez®+1/2

/ DAM (n“)Dl//(rb)e_SE> .
(8)

Here, [ ]’ means that we are not integrating over the zero
modes n“ = 0 of the theory. This computation will be
done in the decompactification limit L > gif/fz, where
perturbation theory is valid and we expect to obtain a
result close to the IKKT action without the compactifi-
cation constraint [Eq. (1)]. Carrying out the computation
to leading order in perturbation theory and Wick rotating
back to Lorentzian space, we will find that the effective
action takes the form

1
Skt = T Tr[AM(0), AV (0)]?
eff

M THAY AN )+, (9)

where the mass matrix
(10)

arises as a first-order correction which breaks SO(1,9)
symmetry to SO(1,3) x SO(6). In the expression above,
the masses M3 and M2 take the values

NM

M3 = 16(S, —531)7, (11)
32 NM

M%:?(SFI_SBJFa (12)

where the constants Sz and Sy, are determined by the
following sums:

;o 1
SBI:ZW, Sp= Y G (13)

nez° rez%+1/2

The sums Sp, are Sy, are divergent in the large n“ and r*
limit. However, the difference between these two sums is

finite and takes the value Sy — Sz ~0.0397887 when
evaluated numerically.

The reason why we obtain Eq. (9) and not Eq. (1) in the
decompactification limit is because of broken supersym-
metry. Since the fermions have antiperiodic boundary
conditions, the fermionic zero modes are projected away
in the mode expansion. Hence, the fermionic sector does
not enter the zero-mode effective action. We are left with
the bosonic part of the IKKT action and a mass matrix
coming from integrating out interactions between the zero-
mode degrees of freedom in the theory. If supersymmetry is
restored by imposing that fermions have periodic boundary
conditions, ¢ becomes summed over Z° instead of Z° +
1/2 in the sum Sg . In this case, the masses M7 and M}
vanish since Sp, = Sp,, the fermions acquire a zero-mode
term, and we obtain the IKKT model action [Eq. (1)] with
an effective gauge coupling g.g.

II. COMPACTIFICATION OF THE IKKT MODEL

Compactifying a matrix model presents a different chal-
lenge than compactifying a field theory. For one, there are no
free parameters in the matrix model that we can choose to be
compact. Hence, we must impose conditions on the matrices
themselves. To overcome this challenge, we will make use of
the method of mirror images, which was first brought
forward by Washington Taylor in the context of D-brane
mechanics [43]. This method proved successful to explain
graviton scattering under toroidal compactification of the
BFSS model [44] and has recently been used to explain three
graviton amplitudes [45] and soft theorems [46] in this
same model.

This method builds on the fact that toroidal compacti-
fication is equivalent to duplicating a fundamental region of
the target space an infinite number of times along said
direction. For example, let us suppose we wish to compac-
tify the real line x € R on a circle S! of radius R. One option
would be to confine the real line to an interval x € [0, 2zR]
where we impose periodic boundary conditions. Another
would be to invoke the fact that periodic boundary con-
ditions are equivalent to duplicating the interval [0, 2zR|[ an
infinite number of times along the real line. In other words,
each point on the real line can be associated with a point a
distance x — x + 27R away from this point. The math-
ematical term for this operation is called going to the
universal cover of the circle.

The same procedure can be applied to matrix models
to impose a compactification. Since the matrix model
describes a target space, we can impose that the target
space contains duplicated objects in the direction we want to
compactify in an attempt to replicate the effects of a
compact space. To see how this is done in the context of
the IKKT model, let us first Wick rotate the Lorentzian
IKKT model to Euclidean space by imposing the change of

026024-3



SAMUEL LALIBERTE

PHYS. REV. D 110, 026024 (2024)

variables A — jA° and TV — I in the Lorentzian IKKT
model action. We obtain

1 i _
SIKKT = —rngr[AM’AN]Z - 2—g2Trl//FM[AM, wl. (14)

As previously mentioned, we will be interested in configu-
rations of the IKKT model where six spatial directions A¢
are compact and where fermions acquire antiperiodic
boundary conditions. Such compactifications were first
studied by Scherk and Schwarz [42] in the context of
supergravity as a way to break supersymmetry in the lower-
dimensional theory. Similar studies were also done by
Rohm in string theory [47] and by Banks and Motl in
the context of matrix models [48]. In the present case, we
will generalize the one-dimensional case in [49], where
these boundary conditions were used to obtain a thermal
state of the IKKT model, to the case where six dimensions
are compactified. To do this, we will invoke the existence of
unitary operators U“, which generate a translation in the A¢
direction of the target space. In addition, we impose that
these operators commute with each other,

veut = ubue, (15)

so that translations in different compact directions can be
made independently of each other. Following our previous
discussion, compactifying the target space on a six-dimen-
sional torus where fermions acquire antiperiodic boundary
conditions should be equivalent to imposing the conditions

(U 1ARUD = Ax, (16)
(UP)'AUP = A® + 2715, (17)
(U")'pU” = —y, (18)

where L is the torus radius. Here, u labels the noncompact
space-time directions and a labels the compact space
directions. To solve the constraint equation above, we will
use an approach similar to the one in [50] and assume that
the Hilbert space that the A’s and ’s act on has the tensor
product form

X=Y®Z (19)

where X is a M x M matrix that will remain invariant under
the translation, and Z is a N x N matrix associated with the
Hilbert space the translations act on. We will then invoke
that U takes the following form:

Ut =Ty ® e~ 274" e=ip", (20)

where [, is the M-dimensional identity operator and g¢
and p® are operators that satisfy the Heisenberg algebra

[q%, p?] = i,,. With the form above, the unitary operator
U“ satisfies (U?)~'qU® = ¢ + 1 and generates a shift
from g“ to g% + 1. The extra factor of e~"27¢" does not affect
this shift. However, it will play a role in achieving the
antiperiodic boundary conditions for the fermions. Next, we
will note that a matrix of the form

B=) B(n") @ """, (21)

satisfies (U%)"'BU* =B if n® is an integer, and
(UY)"'BU* = —B if n® if a half-integer. Consequently, it
is possible to solve the constraint equations by imposing
that the matrices A#, A%, and y take the following form:

w= 3 Aty @ 22)
nbez°®
AT = 3" AUnb) @ P 4 2mLly, @ g, (23)
nb e z°¢
=Y wih e (24)
b ez%4+1/2

In the expressions above, n” and r” are summed over N
integers and half-integers, respectively, where N is taken to
be large but finite. It is possible to show that, when written
in the |¢*) basis, the matrices above take the block Toeplitz
form depicted in Fig. 1. In this block Toeplitz form, the
diagonal blocks describe the distribution of objects within
an interval [0, 2zL[ and their interactions. The off-diagonal
blocks, on their side, describe interactions between the
duplicated fundamental regions. Substituting the matrices
above in the IKKT model action and using the identities

(g%, e =—ne™’5,,, Tre"=mr' = N§(n+m), (25)

we obtain the momentum space representation of the Yang-
Mills action

LS 1
Sc = S do®Tr <§ F,F* + D,A,DA"
Gett

1
=5 (A% AP+ gDy — il (A, ‘/f]> . (26)

where ¢%; = ¢°/N is an effective gauge coupling and AM
and y are expanded using the mode decomposition

AM — Z AM(na)eiZJan“a“

n® e z°

W= Z w(ru)eﬂnLr“a“ . (27)

rezo+1/2
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AM0)  AM(1) AR(2)
AP = AR(—1)  AR(0)  AH(1)

Al (=2)  AF(-1) A(0)

AO) 20D A1) A(2)
A% = A%(=1)  A%(0) Aa(1)

A%(=2)  A%(—1) A%0) + 27L
FIG. 1.

-
nal

A® =6nL

~

\

A* =0 A* =27L A® =4nL

Left: the diagonal blocks (black) describe the distribution of objects and their interactions in the duplicated regions, and the oft-

diagonal blocks (red) describe interactions between the duplicated regions. Right: sketch of the duplicated regions along a compact
direction A?. The line between the black dots depicts interactions inside (black) and across duplicated regions (red).

Here, o takes values inside the interval [0, L~![. Moreover,
AM and y respectively satisfy periodic and antiperiodic
boundary conditions. In the mode expansion above, the zero
modes are related to the distribution of objects and their
interactions in the fundamental regions, and the nonzero
modes are associated with interactions between fundamen-
tal regions [51]. In the decompactification limit L > géf/fz,
one should expect the fundamental regions to be far away
from each other. In this case, interactions will be suppressed,
and we should obtain a theory that is approximately
described by the dynamics of the zero modes of the theory.
This can be seen by looking at the mode expansion

1
Sc = —4—2Tr[AM(O),AN(0)]2
Gett

+2L2 S (2aLne) Tr(AM (=n®)AM (n))

Jeft a6
1

toa D aLrTeE (T () + -
Geit pa & 701172

of the compact IKKT action. In the L > gif/fz limit, the
nonzero winding modes ®,« = 2zLn* and w,« = 2zLr?
associated with the second and third term become heavy,
and interactions become suppressed in the path integral. As
a result, we expect the compact IKKT action to be
effectively described by the zero modes of the system.
This means we should recover the bosonic IKKT model
action

Se = —LTr[AIVI(O),AN(O)]2 +e (28)
4g§ff

and possible corrections coming from interactions between
the fundamental regions. The fermions, in this case, do not

contribute since their zero modes are projected away by the
antiperiodic boundary conditions. As the radius of com-
pactification L decreases, one should expect that inter-
actions become important, leading to more corrections to
Eq. (28). In the following sections, we will derive the
leading corrections to Eq. (28) by evaluating a Wilsonian
effective action for the zero modes AY (0) of the theory. In
the limit where L > géf/fz, we will see that the effective
action of the zero modes acquires a mass matrix as a
leading-order correction, leading to symmetry breaking in
the theory.

III. WILSONIAN EFFECTIVE ACTION

To compute an effective action for the zero modes of the
theory, which describes the noncompact degrees of free-
dom, we will adopt a Wilsonian approach. This approach
will consist of integrating out the nonzero modes in the path
integral to obtain an action that depends exclusively on the
zero modes of the theory.

To see how this can be done, let us remind ourselves that
a Wilsonian effective action can be used to find an effective
description of the low energy modes of a theory by
integrating out high energy modes above a cutoff A. For
example, let us consider the action S[®] related to a scalar
field ®. To obtain the low energy effective action for some
long wavelength modes ®;, we can split the scalar field
O = ®; + Dy into the contributions from ®@; and the short
wavelength component ©g. Then, the contribution of the
short wavelength modes ®¢ can be integrated out in the
partition function in the following way:

Z= / D5 (29)

026024-5
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- [ o, ( / ansesw%l) (30)

= /DC[)Le—Seff[(DL] (31)

to obtain a Wilsonian effective action S.[®; | of the short
wavelength component @; . This Wilsonian effective action
can be then computed from the expression

Scff[q)L] =—In (/ D(I)Ses[(bLJr(DS]) . (32)

In the present case, we want to obtain an effective action of
the zero modes AM(0) of the theory. This means that, in the
Wilsonian sense, we must integrate out all the nonzero
modes AY (n®) for n% # 0 and y/(r*) in the path integral. To
do this, we can split AM = AM(0) + 37/, ¢ A (n)e™
into the zero-mode component A¥(0) and the nonzero-
mode component Y/, _ AM(n®)e™"o", Here, Z/ means
that we do not sum over the zero modes n¢ = 0. We will
then integrate out the nonzero modes in the partition
function in same way as for our scalar field example.
For the compact IKKT action [Eq. (26)], this gives us

2= 1]

nrb € 70

—/DAM(O)< 11

b ez%+1/2

/DAM(n“)Dy/(rb)e_SC (33)

/ DAM(n“)Dy/(rb)e_SC>

(34)

:/'DAM(O)e_ngf, (35)
where

!
0. = —ln< I 11 / DAM(n“)Dw(r”)e‘S">
n*ez8rtez5+1/2
(36)

can be identified as the zero-mode effective action. Here
again, we remind the reader that | [' means we integrate over
all the modes n® € Z° except the zero modes n = 0 of
the theory. This means that ngf will depend exclusively on
the zero modes AY(0) that have not been integrated

over. The goal of the next sections will be to compute
the quantity above. This will be done using standard
perturbative methods.

A. Choice of y matrix representation and gauge fixing

As a first step toward computing Eq. (36), we will choose
a convenient representation for the y matrices that reflects
the fact that SO(10) symmetry is broken to SO(4) x SO(6)
by our choice of compactification. We will do this in a way
to preserves the Majorana and Weyl conditions

iy =w, ¥ =y Cy (37)

which the fermions must satisfy for the theory to be
supersymmetric. Here, I';; and C;, are respectively the
chirality operator and the charge conjugation operator in 10
dimensions. In the present case, we will use the represen-
tation introduced in [52] and consider I matrices of the
form

M=rl, TI“=0re7r (38)

where T are SO(6) y matrices, I'; is the chirality operator
for these matrices, and y* are SO(4) y matrices (see [53] for
other convenient representations). We will further require
that the SO(4) y matrices are in the Weyl representation

7"2((_2, (:)ﬂ) (39)

where ¢ and 6* are Pauli 4-vectors which satisfy

50 = 0y — 1, 5-1' = —0,, {Uivaj} = _2511 (40)

In this representation, the chirality and charge conjugation
operator for the ten-dimensional I" matrices take the form

r—f®<1 0) C_C®<i02 o>
1m—=417 0 —1 ’ 10 — *~6 0 —i62 .
(41)

Therefore, the Majorana and Weyl conditions reduce to

A
v = _
y = (WA ) Doyl =y, wi==+C(p))",

(42)

where A =1, 2. Given our choice of y matrices, the
compact IKKT action takes the form

026024-6
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LS 1 1 1, 1,
Se = daﬁTr< FapF 4 DA, DAF — — [AF, AV + ~gAT 0,y + = AT 0,y (43)
20 2 2 2 2
i e ) i i
— WA AL v - 5 R s G e PR T B A O L wﬂ) : (44)

In addition to our choice of y matrices, we will choose to work in the Lorenz gauge d,A“ = 0. This choice can be imposed
by adding the ghost term
L6
Sop = do®Tr(0%¢D,c¢) (45)
' Jerr

to the compact IKKT action.

B. Mode expansion

Next, we will decompose the compact IKKT action into its different Fourier modes and separate the zero mode and the
nonzero mode of the action. To do this, we will first separate the compact IKKT action S, = Sy, + S, in a kinetic part

1 1_,- 1_,-
Siin = L° / doSTr (E 0,Ay0°AN + EwiF“daw’i + Elpér“aawé + aaz:aac) (46)
and an interaction part

1 j N
Sint = L6 / dU6TI‘ <_iaaAN [Aa’AN] - Z [AM’AN]2 - él/_/ﬁ—ru [Aav W?—] (47)
| e : i o
ST A 4 ) ]~ L) A, ] - el (48)

Then, we will rescale the gauge fields, the fermions, and the ghosts to make them dimensionless using the change of
variable

AM = JLAM, W, — ALy, w_ — ALy, c— ALc. (49)

Here, / is a dimensionless parameter defined by 1> = ggff /L*, which will play a role later in the perturbative expansion of
Eq. (36). Finally, we will substitute the mode expansion

Z AM ei2rlnic® W= Z W(ra)eﬂyer“ga’ c— Z c(n“)eiz"L"““"’ (50)

ntez°® r*ez%+1/2 ntez°®

in S¢ = Skin + Sine- After this substitution, the compact IKKT action can be written in the form Sc = Sy + S, + S0,
where

12
So = = Tr[AY(0). A™(0)? (51)
is the zero-mode part of the action, and
1 ! 1 \17; a\Ta a
S =5 O (2anPTr(Ay () AM (=n) +5 ST arti)d ()T () (52)
nt e z° rez%+1/2
1 a,, A d a\2 = (a a
+5 Z Qarti)gA(r)PywA(r) + Y (220> Tr(e(n)c(n)) (53)
r'ez+1/2 n® € z°
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is the kinetic part where the zero modes, which do not contribute, are not summed over. The final term, corresponding to the
interaction part where the zero modes have been removed, takes the form

5
/A
Sint - Z Viv
i=1

where the V,;’s are given by

— 19, AN (n)][ Ay (). A (1)),

Vo=—2 Y 2a(n® +m*)Tr(Ay(—n" — m*)[A%(n%), AY (m?)]),

n“m‘ € 7°

i ’
Vy=—-A >
r*ez%+1/2,n €78

>

r*eZ+1/2,n" € 76

V5 :%ﬂ Z/

reZ0+1/2,n0 € 76

Vy=—22

i /

VG - ——/1 E
rezZ%+1/2,n €78
>

n*€z%+1/2,m* € 7°

V7 :—ﬂ

C. Zero mode effective action

We are now in a position to evaluate the Wilsonian
effective action for the zero modes of the theory. Before
taking on the task of evaluating Eq. (36), let us pause and
notice that the only free parameter in Eqs. (51)—(61) is the
dimensionless quantity 4. In the computation that follows, A
will play the role of expansion parameter. Since S, is an
O(4?) quantity, we will only be concerned with corrections
to S, that contribute at O(4?) order, neglecting the higher-
order corrections. This approximation is valid when 1 <« 1
or, in other words, when L > g;{fz. In the IKKT model, ¢>
is related to the string scale [, via g> ~ [%. Hence, our
approximation will be valid when the compactification
radius L is much larger than the string length /;.

To evaluate (36), we will first substitute Sp =
So + Skin + S in our definition for the zero-mode

Te( (r* + n)T?[Ay (n).yft (r))).

Tr( (r* + n )T [A, (n). w2 (r9)]),

Tr(p2(r* + n®)(8" )P [A, (n). yE (r)]).

27(n® + m?)Tr(¢(n® + m*)[A,(n?), c(m?)]).

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)

effective action of the theory [Eq. (36)]. We obtain

S% = —ln< H/ 1T

n“ez®rbez+1/2

— (s I 11

ntez® " ez°+1)2
X /DAM(n“)Dy/(r”)e_sl/dn_S{m)

_ ln<e_Si/m > R

where we have defined
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/!

Zyin = H

n*ezbrtez®+1/2
1 !/

Zyi

DAM(na)Dy/(r ) Sl/m

()=

[ [oaeeou)e.

N e e 76 rbez7041/2

(62)

As expected, the first term lets us recover the bosonic part
of the IKKT action. The second term, on its side, does not
depend on A (0) and is nondynamical. For this reason, we
will simply ignore it. Finally, we have the term — In{e=Si)
which is dynamical and will bring correction to the bosonic
IKKT action. This term can be evaluated perturbatively by
expanding it in the form

lm> = <Sint 2S12nt >
1
2

= (V1) =5 (V3. -

—In{e”

- <V5V6>c -

where (.),. denotes the fact that only connected diagrams
contribute to the expectation value. In the expression above,
we have only kept the terms that contribute to leading order
[O(4%)]. All other contributions from the vertex terms
[Egs. (55)—(61)] either vanish or contribute at next to
leading [O(4*)] order or at a higher order in the expansion
parameter A. To evaluate the quantities above, it is useful to
write down the two-point functions

)> 6MN6n ‘+m?, (63)

<A (l’l (Zﬂna)Z ’

a)AN<ma

Zﬂr“FaﬂéAgﬁ a ga

- A a B a _
P ls7) =~ (6)
2ﬂr“f“ 5 5 a .a
A a . aﬂ ABYr s
(Fa(r)w?s(s)) ey (65)
_ a a 5’1” mb
(€(n")c(m®)) = 2an)” (66)
for the gauge fields, the fermions, and the ghos‘[s.3 Using

the two-point functions above, we find

’In Egs. (63)—(66), we did not write down the matrix indices
to avoid cluttering the notation. Here, the two-point functions
of any two matrices A,, and B., should take the form
(AupBea) ~ 8440pe> Where a, b, ¢, and d are matrix indices.

(Vi)e = 942MSp, Tr(AN(0))?,
(V3). = 22°M((17Sp, + Sp,)Tr(A§)* + Sp, Tr(4#(0))?),
(V3)e = —82*M(2SF, — SF,)Tr(A%(0))?,
(Vi)e = —82*M(2SF, — Sp,)Tr(A%(0))?
(VsVg),. = 8/12MSF TI‘(A”(O))Z,
<V Yo = —2/12MSB Tr(A“(O))Z,

where S, Sp,, Sp,, and Sp, are defined as follows:

/ 1 1
=0 Gy T 2 G

rezo+1/2

1 (2zn')?
o= Z (2zn®)*’ Sk, = Z

ntez® riez%+1/2
Adding each term in the expansion, we find

—In(eSm) = —8(Sp, — Sp, )A*MTr(A*(0))>
—8(Sk, — S, —2(Sk, — Sp,))A*MTr(A%(0))?
+ 0. (69)

The expression above can be simplified by noting that
Sp, = 6S8p, and Sy = 6Sf,. Adding the correction terms to

So, the zero-mode effective action at O(4?) takes the form

St = (=T 01402 = 8055, = S5 MTHA#(0)

- %6 (Sk, = Sp,)Tr(A¢ (0))2> 2 +0(%). (70)

Hence, we find that, at leading order, the corrections to S,
take the form of two mass terms: one associated with the
noncompact directions A# and one associated with the
compact directions A“. As expected, these corrections
break the SO(10) symmetry of the target space to
SO(3) x SO(6). This is to be expected since by choosing
to compactify six spatial dimensions, we are picking six
special directions in space. The zero-mode effective action
at leading order in perturbation theory reflects this fact.

The expression above can be more neatly written after
undoing our previous change of variable via AY —
AT'L7'AM_ In passing, we will also go back to
Lorentzian signature by imposing A’ — —iA°. In this case,
the effective action takes the form

Sy = = 5 THAY(0), A"(0)

geff

+ % M2 THAM(0)AN(0))2 + -, (71)
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where we have defined a mass matrix

M 0

e (72)

0 ﬂahM6

which includes two mass terms

NM
M3 = 16(Sp, = S5,) 5 (73)

32 NM
M%I?(SFI _SBI)?' (74)

In the expression above, the sums Sg; and Sg individually
diverge in the limit where N is large. However, it is
possible to isolate the divergence in these sums by
rewriting them as an integral and using Poisson resum-
mation. What we find is rather interesting. It turns out that
Sp1 and Sp have the same divergent piece which is
canceled by the difference Sy — Sg,. It is then possible
to evaluate the difference numerically, which gives
Sp, — Sp, ~0.0397887. A detailed derivation of this result
can be found in the Appendix.

Notice that the breaking of supersymmetry plays a crucial
role in obtaining nonvanishing masses M3 and MZ. If
supersymmetry is restored by imposing that fermions have
periodic boundary conditions, then r* becomes summed
over Z° instead of Z° + 1/2, and the masses vanish since
Sp, = Sp,. Moreover, the fermions are indeed projected
away by the antiperiodic boundary conditions, as expected.
When supersymmetry is restored, the fermions have zero-
mode terms that will appear at leading order in perturbation
theory, and we recover the noncompact IKKT model action
[Eq. (1)] with an effective gauge coupling gegs-

This quenching of the fermions in the decompactifica-
tion limit is something we fully expect from this system
given the field theory interpretation of the compact matrix
models. In the literature, compact matrix theory actions of
the form (26) are often defined as a Yang-Mills theory
compactified on a dual torus of radius L' = 1/(2zL) [43].
This is why, in action (26), the parameter o takes values in
the interval [0, L~!] instead of [0, 2zL] as one would expect.
From the field theory point of view, the fermions become
quenched when the radius L’ of the dual torus goes to zero,
as one would expect for fermions with antiperiodic boun-
dary conditions. In the matrix model, this compactification
limit is in fact a decompactification limit. Hence, we obtain
a quenching of the fermions in the large volume limit
instead.

The mass term correction, on its side, arises at leading
order when integrating out the nonzero modes of the
theory. This means that, in the decompactification limit,
one cannot ignore residual interactions between duplicated
regions. This potentially implies that interactions between
regions are long ranged and cannot be ignored even at large

distances. A consequence of this phenomenon seems to be
the breaking of gauge invariance in the fundamental
regions. Since interactions between regions cannot be
ignored, the theory develops an effective potential that
takes the form of a mass term. This mass term, which
impacts the distribution of objects and their interactions in
the fundamental regions, also breaks the gauge invariance
of the theory.4 One may view this as being problematic
since, naively, it should be expected that gauge invariance
is preserved in the decompactification limit. This intuition
comes from the fact that, in the decompactification limit,
we should recover the same theory we started with, along
with the same symmetries. However, we should remind
ourselves that this is not the case when compactifying
matrix theories. Instead of recovering the initial system, we
recover a large N number of copies of the initial system, as
reflected by the overall factor of N in the equation which is
absorbed in the effective coupling g2 = ¢>/N. These
copies come from the fact that we have duplicated a
fundamental region N times along the compact directions.
Since we do not recover the same system we started with, it
is possible that some symmetries of the original system are
not preserved. In the present case, we find that gauge
symmetry in the fundamental regions is dependent on the
structure of the interaction between them. If supersym-
metry is preserved, interactions vanish and gauge sym-
metry is preserved. If supersymmetry is broken, the gauge
symmetry is broken.

It is worth noting that compactifying a matrix theory on a
higher-dimensional torus can lead to some issues. For
example, in the BFSS matrix model, decoupling breaks
down when the theory is compactified on 7% where k > 5
(see [54] for more detail). However, this problem only
arises when the compactification radius L is taken to be
small and the system starts behaving like a dual quantum
field theory. In the present case, the compactification radius
is taken to be large, and the obtained system is closer to the
IKKT model than a dual quantum field theory. Hence, we
do not expect this issue to arise here.’

IV. CONCLUSION AND DISCUSSION

In this paper, we compactified the IKKT matrix model
on a six-dimensional torus where the space-time fermions
acquire antiperiodic boundary conditions, and we found
that the Wilsonian effective action for the noncompact
degrees of freedom in the theory acquires an effective
mass term which breaks the SO(1,9) symmetry of the
IKKT model to SO(1, 3) x SO(6). This mass matrix arises
as a result of broken supersymmetry. If supersymmetry is

“The IKKT model action is invariant under the gauge varia-
tions 6AY = i[AM, a] and Sy = i[y, @], where « is an arbitrary
matrix. Including a mass term in the theory breaks this symmetry.

*We thank Savdeep Sethi for bringing this point to our
attention.
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restored, the conventional IKKT action [Eq. (1)] is
recovered.

It would be interesting to see if the equations of motion of
the effective action we have found have interesting cosmo-
logical solutions. Given that the SO(1,9) space-time sym-
metry of the IKKT model is broken to SO(1,3) x SO(6),
one may expect there exist solutions where three space
dimensions expand, and the six others stay small. In this
case, it might be possible that a supersymmetry-breaking
compactification is responsible for the emergence of three
large space dimensions in recent numerical simulations of
the IKKT model.

Assuming interesting cosmological solutions exist, it
might be possible to use them to test recent predictions in
matrix cosmology, one of them being the scale invariance
of cosmological perturbations [49,55] (see for [56] a
summary of progress and challenges in these scenarios).
Another avenue of research would be to test a recent space-
time metric proposal in the IKKT matrix model [57] using
these solutions or to repeat our analysis in the BFSS matrix
model. In this case, one may find a possible connection
with cosmological scenarios found in nonsupersymmetric
string theories [58].

Another exciting perspective is that higher-order correc-
tion to the Wilsonian effective action allows for fuzzy de
Sitter space solutions [59-62]. For example, fuzzy dS, is
described by four “Pauli-Lubanski” vectors that act as
Casimir operators of the SO(1,4) group. Since these
operators are built out of Lorentz generators of the SO
(1,4) group, they satisfy well-known commutation rela-
tions. It would be interesting to see if these commutation
relations are solutions of the IKKT model under compac-
tification when higher-order corrections are considered.

Finally, it is worthwhile to mention that effective mass
terms have been found in matrix models before, notably in
the following work [63,64]. However, in this case, the
analysis was done for bosonic (1 + D)- and (2 + D)-
dimensional Yang-Mills theories where all but one or
two of the space-time matrices are integrated out. (1 + D)-
and (2 + D)-dimensional Yang-Mills theories can be
viewed as a (1 + D)- and (2 + D)-dimensional IKKT
model where one or two dimensions are compactified
on a torus. Hence, our analysis can be viewed as a special
case of this work in which we consider a (6 + 4)-dimen-
sional Yang-Mills theory where fermions are included,
supersymmetry is broken, and all bosonic matrices remain
in the effective action. Contrary to [63,64], we have
restrained ourselves to the limit where the compactification
radius L is large but finite. It would be interesting to see if
phase transitions appear as we decrease the compactifica-
tion radius.
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APPENDIX: EPSTEIN SERIES
REGULARIZATION

When deriving the zero-mode effective action of the
IKKT model, we encountered the sums Sp; and Sg;. These
sums involve Epstein and Epstein-Hurwitz series that are
divergent in the limit where N — oo. In the present section,
we show that the divergent part of these sums can be
isolated by introducing a regulator in the sums. When this is
done, we find that Sp; and Sy, have the same divergent part,
which is canceled in the difference Sp; — Sp;. Evaluating
the difference numerically, we find S — Sp; = 0.0397887.

1. Bosonic sum

We will first start by treating the divergence of the
bosonic sum

roo 1
S0 = 2 G

nez®

(A1)

Here, we will use the vector notation n% = 7 for simplicity.
This sum involves the Epstein series

1
EB: Z/W,

nez?

(A2)

which diverges when d/2 > 1. To treat the divergence, we
will modify the sum to include a UV regulator. Let us
consider the expression

, e_az‘;l‘z
>

iez?

(A3)

Here, o plays the role of cutoff which truncates the modes
above N ~a~! out of the sum, hence taming the diver-
gence. In the limit where a* = 0, all modes contribute to
the sum and the expression above reduces to Ep.
Equation (A3) can rewritten in integral form using the

property
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1 oo -
= = / dte™'l". (A4)
|7 0
We obtain
; e~ @i 00 , .
S = [Tary e (as)
nezd |}’l| 0 niezd
= 71'/ dt(&d(t) -1), (A6)
a2 /r
where we made use of the function
=) e (A7)

n=—oo

Since O(t) ~t~'/ when t — 0, the integrand in Eq. (A6)
diverges in the limit when the regulator a®> goes to zero. To
deal with the divergent part of the integral, we will rewrite
the part of the integral in the interval t€ [a?/x, 1] by
making use of the property

01) = 73001/, (A8)

which can be derived using Poisson’s resummation for-
mula. Substituting the expression above in (A6), we obtain

L;wWWwU=[W}M”%Wm—n

d 2/ x\d/2-1
-—— — = . (A9
d—-2 Tt (a2> (49)

In the expression above, the integral is finite for all values
of d. Hence, for d/2 > 1, the only divergent piece when
o> - 0 comes from the last term which is inversely
proportional to ”. Piecing everything together and letting
a? go to zero, we obtain

Ez = n<j°° dt(1 4 14271 (64(r) — 1)
d 2

z\d/2-1
_d—2+d—2<¥> )

When d = 6, which is the case we are interested in,
substituting the value of the E in Sp, gives us

Sy —%(f’m(l + ) (05() — 1 )—%+; (”)2>.

(Al1)

(A10)

2. Fermionic sum

Finally, we will evaluate the fermionic sum

1
5= 2 G

nezo+1/2

(A12)

where the vector notation n* = 7 is used for simplicity. In
this case, we will be interested in the Epstein-Hurwitz series

=2 |n+a|2

nez?

(A13)

when a # 0. Here again, we will modify the sum to include
a regulator @, which truncates the modes above N ~ a~!
out of the sum. In the present case, the expression of
interest will be

(Al14)

which reduces to E; when o goes to zero. Making use of
Eq. (A4), the sum above can be rewritten as an integral. We
obtain

ngzjd |;L :|_n:;a: _/ dtn;de t+a?)|ii+al? (A15)
_n/: d16(1]a), (A16)

where we defined the function
= f: e~mt(n+a)? (A17)

n=—oo

Just like 6(7), the function above can be approximated as
O(t|la) ~ t~'/> when t — 0, so the integrand in Eq. (A16)
diverges in the limit when the regulator a®> goes to zero. To
treat this divergence, we will rewrite the divergent part of
the integral by making use of the property

—ra’t

o(t|a) =i

60(1/1liar), (A18)

which can be derived using Poisson’s resummation for-
mula. In this case, the divergent part of the integral can be
written as

1 7)o
/ 16" (1|a) — / it (e=xd 14 (1] /1) — 1)
a*/n 1

2 2 [ x\d
-+ (5 . Al
d—2+d—2<a2> (A19)
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The integral on the right-hand side of the expression above is convergent for all values of d. Hence, when d/2 > 1, the only
divergent piece comes from the last term which is inversely proportional to o”. Piecing everything together and letting o go

to zero, we obtain

o o ) o) d/2-1
EF—n< [T a0 tia) + [T ane e iag) - 1) -2+ <”> )
1

1

d-2 " d-2\a? (A20)

Letting d = 6 and a = 1/2, we can finally evaluate Sy, by substituting E in Eq. (A12). We obtain

1

Sp, = /ood96 & 2 =206 (4 (r )1 1 1 /7\?
T4\, !t (t|1/2)+1 dit?(e=260°(t]i(21) )_1)_§+§ =)

As we can see, the divergent piece in Sg; is the same one
that we obtained for Sp;. This is because in the ¢ — 0 limit,
the € function in the integrand (A16) behaves as 6(t|a) ~
=/ independent of a. Consequently, integrating 6(t|a)?
in the vicinity of # — 0 yields the same divergent piece
regardless of if a takes the value zero (in the bosonic case)
or 1/2 (in the fermionic case). This means that subtracting

(A21)

Sp, from Sg should give a finite value, which can be
obtained by carrying out each integral in Sz and Sg, .
Carrying out the integrals numerically, we obtain

S —Sg, = 0.0397887. (A22)

[1] A. Lawrence, On the instability of 3-D null singularities, J.
High Energy Phys. 11 (2002) 019.

[2] H. Liu, G.W. Moore, and N. Seiberg, Strings in time
dependent orbifolds, J. High Energy Phys. 10 (2002) 031.

[3] G.T. Horowitz and J. Polchinski, Instability of space-like
and null orbifold singularities, Phys. Rev. D 66, 103512
(2002).

[4] M. Berkooz, B. Craps, D. Kutasov, and G. Rajesh, Com-
ments on cosmological singularities in string theory, J. High
Energy Phys. 03 (2003) 031.

[5] T. Banks, W. Fischler, S. H. Shenker, and L. Susskind, M
theory as a matrix model: A conjecture, Phys. Rev. D 55,
5112 (1997).

[6] D.E. Berenstein, J. M. Maldacena, and H.S. Nastase,
Strings in flat space and pp waves from N = 4 super Yang
Mills, J. High Energy Phys. 04 (2002) 013.

[7] N. Ishibashi, H. Kawai, Y. Kitazawa, and A. Tsuchiya, A
large N reduced model as superstring, Nucl. Phys. B498,
467 (1997).

[8] S. Oda and F. Sugino, Gaussian and mean field approx-
imations for reduced Yang-Mills integrals, J. High Energy
Phys. 03 (2001) 026.

[9] F. Sugino, Gaussian and mean field approximations for
reduced 4-D supersymmetric Yang-Mills integral, J. High
Energy Phys. 07 (2001) 014.

[10] J. Nishimura and F. Sugino, Dynamical generation of four-
dimensional space-time in the IIB matrix model, J. High
Energy Phys. 05 (2002) 001.

[11] H. Kawai, S. Kawamoto, T. Kuroki, T. Matsuo, and S.
Shinohara, Mean field approximation of IIB matrix model
and emergence of four-dimensional space-time, Nucl. Phys.
B647, 153 (2002).

[12] T. Aoyama and H. Kawai, Higher order terms of improved
mean field approximation for IIB matrix model and emer-
gence of four-dimensional space-time, Prog. Theor. Phys.
116, 405 (2006).

[13] J. Nishimura, T. Okubo, and F. Sugino, Systematic study of
the SO(10) symmetry breaking vacua in the matrix model
for type IIB superstrings, J. High Energy Phys. 10 (2011)
135.

[14] K. N. Anagnostopoulos, T. Azuma, Y. Ito, J. Nishimura, and
S. K. Papadoudis, Complex Langevin analysis of the spon-
taneous symmetry breaking in dimensionally reduced super
Yang-Mills models, J. High Energy Phys. 02 (2018) 151.

[15] K. N. Anagnostopoulos, T. Azuma, Y. Ito, J. Nishimura, T.
Okubo, and S. Kovalkov Papadoudis, Complex Langevin
analysis of the spontaneous breaking of 10D rotational
symmetry in the Euclidean IKKT matrix model, J. High
Energy Phys. 06 (2020) 069.

[16] S. Brahma, R. Brandenberger, and S. Laliberte, Sponta-
neous symmetry breaking in the BFSS model: Analytical
results using the Gaussian expansion method, Eur. Phys. J.
C 83, 904 (2023).

[17] J. Nishimura, (3 + 1)-dimensional expanding universe from
a Lorentzian matrix model for superstring theory in (9 + 1)-
dimensions, Int. J. Mod. Phys. A 28, 1340002 (2013).

026024-13


https://doi.org/10.1088/1126-6708/2002/11/019
https://doi.org/10.1088/1126-6708/2002/11/019
https://doi.org/10.1088/1126-6708/2002/10/031
https://doi.org/10.1103/PhysRevD.66.103512
https://doi.org/10.1103/PhysRevD.66.103512
https://doi.org/10.1088/1126-6708/2003/03/031
https://doi.org/10.1088/1126-6708/2003/03/031
https://doi.org/10.1103/PhysRevD.55.5112
https://doi.org/10.1103/PhysRevD.55.5112
https://doi.org/10.1088/1126-6708/2002/04/013
https://doi.org/10.1016/S0550-3213(97)00290-3
https://doi.org/10.1016/S0550-3213(97)00290-3
https://doi.org/10.1088/1126-6708/2001/03/026
https://doi.org/10.1088/1126-6708/2001/03/026
https://doi.org/10.1088/1126-6708/2001/07/014
https://doi.org/10.1088/1126-6708/2001/07/014
https://doi.org/10.1088/1126-6708/2002/05/001
https://doi.org/10.1088/1126-6708/2002/05/001
https://doi.org/10.1016/S0550-3213(02)00908-2
https://doi.org/10.1016/S0550-3213(02)00908-2
https://doi.org/10.1143/PTP.116.405
https://doi.org/10.1143/PTP.116.405
https://doi.org/10.1007/JHEP10(2011)135
https://doi.org/10.1007/JHEP10(2011)135
https://doi.org/10.1007/JHEP02(2018)151
https://doi.org/10.1007/JHEP06(2020)069
https://doi.org/10.1007/JHEP06(2020)069
https://doi.org/10.1140/epjc/s10052-023-12082-w
https://doi.org/10.1140/epjc/s10052-023-12082-w
https://doi.org/10.1142/S0217751X13400022

SAMUEL LALIBERTE

PHYS. REV. D 110, 026024 (2024)

[18] Y. Ito, S.W. Kim, J. Nishimura, and A. Tsuchiya,
Monte Carlo studies on the expanding behavior of the early
Universe in the Lorentzian type IIB matrix model, Proc. Sci.
LATTICE2013 (2014) 341 [arXiv:1311.5579].

[19] Y. Ito, J. Nishimura, and A. Tsuchiya, Power-law expansion
of the Universe from the bosonic Lorentzian type IIB matrix
model, J. High Energy Phys. 11 (2015) 070.

[20] Y. Ito, J. Nishimura, and A. Tsuchiya, Large-scale compu-
tation of the exponentially expanding universe in a sim-
plified Lorentzian type IIB matrix model, Proc. Sci.
LATTICE2015 (2016) 243 [arXiv:1512.01923].

[21] T. Aoki, M. Hirasawa, Y. Ito, J. Nishimura, and A. Tsuchiya,
On the structure of the emergent 3d expanding space in the
Lorentzian type IIB matrix model, Prog. Theor. Exp. Phys.
2019, 093B03 (2019).

[22] M. Hirasawa, K. Anagnostopoulos, T. Azuma, K.
Hatakeyama, Y. Ito, J. Nishimura, S. Papadoudis, and A.
Tsuchiya, A new phase in the Lorentzian type IIB matrix
model and the emergence of continuous space-time, Proc.
Sci. LATTICE2021 (2022) 428 [arXiv:2112.15390].

[23] K. Hatakeyama, K. Anagnostopoulos, T. Azuma, M.
Hirasawa, Y. Ito, J. Nishimura, S. Papadoudis, and A.
Tsuchiya, Relationship between the Euclidean and Lorent-
zian versions of the type IIB matrix model, Proc. Sci.
LATTICE2021 (2022) 341 [arXiv:2112.15368].

[24] K. Hatakeyama, K. Anagnostopoulos, T. Azuma, M.
Hirasawa, Y. Ito, J. Nishimura, S. Papadoudis, and A.
Tsuchiya, Complex Langevin studies of the emergent
space-time in the type IIB matrix model, in Proceedings
of the East Asia Joint Symposium on Fields and Strings
2021 (World Scientific, Singapore, 2022).

[25] K. N. Anagnostopoulos, T. Azuma, K. Hatakeyama, M.
Hirasawa, Y. Ito, J. Nishimura, S. K. Papadoudis, and A.
Tsuchiya, Progress in the numerical studies of the type IIB
matrix model, Eur. Phys. J. Special Topics 232, 3681
(2023).

[26] M. Hirasawa, K.N. Anagnostopoulos, T. Azuma, K.
Hatakeyama, J. Nishimura, S.K. Papadoudis, and A.
Tsuchiya, The emergence of expanding space-time in a
novel large-N limit of the Lorentzian type IIB matrix model,
Proc. Sci. LATTICE2022 (2023) 371.

[27] M. Hirasawa, K.N. Anagnostopoulos, T. Azuma, K.
Hatakeyama, J. Nishimura, S. Papadoudis, and A.
Tsuchiya, The emergence of expanding space-time in the
Lorentzian type IIB matrix model with a novel regulariza-
tion, Proc. Sci. CORFU2022 (2023) 309 [arXiv:2307
.01681].

[28] S.W. Kim, J. Nishimura, and A. Tsuchiya, Late time
behaviors of the expanding universe in the IIB matrix
model, J. High Energy Phys. 10 (2012) 147.

[29] K. Hatakeyama, A. Matsumoto, J. Nishimura, A. Tsuchiya,
and A. Yosprakob, The emergence of expanding space—time
and intersecting D-branes from classical solutions in the
Lorentzian type IIB matrix model, Prog. Theor. Exp. Phys.
2020, 043B10 (2020).

[30] H.C. Steinacker, Quantized open FRW cosmology from
Yang-Mills matrix models, Phys. Lett. B 782, 176 (2018).

[31] M. Sperling and H. C. Steinacker, The fuzzy 4-hyperboloid
H? and higher-spin in Yang-Mills matrix models, Nucl.
Phys. B941, 680 (2019).

[32] M. Sperling and H. C. Steinacker, Covariant cosmological
quantum space-time, higher-spin and gravity in the IKKT
matrix model, J. High Energy Phys. 07 (2019) 010.

[33] J. L. Karczmarek and H. C. Steinacker, Cosmic time evo-
lution and propagator from a Yang—Mills matrix model,
J. Phys. A 56, 175401 (2023).

[34] A. Stern, Matrix model cosmology in two space-time
dimensions, Phys. Rev. D 90, 124056 (2014).

[35] A. Chaney, L. Lu, and A. Stern, Lorentzian fuzzy spheres,
Phys. Rev. D 92, 064021 (2015).

[36] A. Chaney, L. Lu, and A. Stern, Matrix model approach to
cosmology, Phys. Rev. D 93, 064074 (2016).

[37] A. Chaney and A. Stern, Fuzzy CP? spacetimes, Phys. Rev.
D 95, 046001 (2017).

[38] A. Stern and C. Xu, Signature change in matrix model
solutions, Phys. Rev. D 98, 086015 (2018).

[39] E. Battista and H. C. Steinacker, On the propagation across
the big bounce in an open quantum FLRW cosmology, Eur.
Phys. J. C 82, 909 (2022).

[40] E. Battista and H.C. Steinacker, Fermions on curved
backgrounds of matrix models, Phys. Rev. D 107, 046021
(2023).

[41] E. Battista and H. C. Steinacker, One-loop effective action
of the IKKT model for cosmological backgrounds, J. High
Energy Phys. 01 (2024) 125.

[42] J. Scherk and J.H. Schwarz, Spontaneous breaking of
supersymmetry through dimensional reduction, Phys. Lett.
82B, 60 (1979).

[43] W. Taylor, D-brane field theory on compact spaces, Phys.
Lett. B 394, 283 (1997).

[44] D. Berenstein and R. Corrado, M(atrix) theory in various
dimensions, Phys. Lett. B 406, 37 (1997).

[45] A.Herderschee and J. Maldacena, Three point amplitudes in
matrix theory, J. Phys. A 57, 165401 (2024).

[46] A. Herderschee and J. Maldacena, Soft theorems in matrix
theory, arXiv:2312.15111.

[47] R. Rohm, Spontaneous supersymmetry breaking in super-
symmetric string theories, Nucl. Phys. B237, 553 (1984).

[48] T. Banks and L. Motl, A nonsupersymmetric matrix orbi-
fold, J. High Energy Phys. 03 (2000) 027.

[49] S. Laliberte and S. Brahma, IKKT thermodynamics and
early universe cosmology, J. High Energy Phys. 11 (2023)
161.

[50] O.J. Ganor, S. Ramgoolam, and W. Taylor, Branes, fluxes
and duality in m(atrix) theory, Nucl. Phys. B492, 191
(1997).

[51] R. Helling, Scattering in supersymmetric m(atrix) models,
Fortschr. Phys. 48, 1229 (2000).

[52] S. Yokoyama, Supersymmetry algebra in Super Yang-Mills
theories, J. High Energy Phys. 09 (2015) 211.

[53] L. Brink, J. H. Schwarz, and J. Scherk, Supersymmetric
Yang-Mills theories, Nucl. Phys. B121, 77 (1977).

[54] T. Banks, TASI lectures on matrix theory, arXiv:hep-th/
9911068.

[55] S. Brahma, R. Brandenberger, and S. Laliberte, Emergent
cosmology from matrix theory, J. High Energy Phys. 03
(2022) 067.

[56] S. Brahma, R. Brandenberger, and S. Laliberte, BFSS
matrix model cosmology: Progress and challenges, arXiv:
2210.07288.

026024-14


https://doi.org/10.22323/1.187.0341
https://doi.org/10.22323/1.187.0341
https://arXiv.org/abs/1311.5579
https://doi.org/10.1007/JHEP11(2015)070
https://doi.org/10.22323/1.251.0243
https://doi.org/10.22323/1.251.0243
https://arXiv.org/abs/1512.01923
https://doi.org/10.1093/ptep/ptz092
https://doi.org/10.1093/ptep/ptz092
https://doi.org/10.22323/1.396.0428
https://doi.org/10.22323/1.396.0428
https://arXiv.org/abs/2112.15390
https://doi.org/10.22323/1.396.0341
https://doi.org/10.22323/1.396.0341
https://arXiv.org/abs/2112.15368
https://doi.org/10.1140/epjs/s11734-023-00849-x
https://doi.org/10.1140/epjs/s11734-023-00849-x
https://doi.org/10.22323/1.430.0371
https://doi.org/10.22323/1.436.0309
https://arXiv.org/abs/2307.01681
https://arXiv.org/abs/2307.01681
https://doi.org/10.1007/JHEP10(2012)147
https://doi.org/10.1093/ptep/ptaa042
https://doi.org/10.1093/ptep/ptaa042
https://doi.org/10.1016/j.physletb.2018.05.011
https://doi.org/10.1016/j.nuclphysb.2019.02.027
https://doi.org/10.1016/j.nuclphysb.2019.02.027
https://doi.org/10.1007/JHEP07(2019)010
https://doi.org/10.1088/1751-8121/acc61e
https://doi.org/10.1103/PhysRevD.90.124056
https://doi.org/10.1103/PhysRevD.92.064021
https://doi.org/10.1103/PhysRevD.93.064074
https://doi.org/10.1103/PhysRevD.95.046001
https://doi.org/10.1103/PhysRevD.95.046001
https://doi.org/10.1103/PhysRevD.98.086015
https://doi.org/10.1140/epjc/s10052-022-10874-0
https://doi.org/10.1140/epjc/s10052-022-10874-0
https://doi.org/10.1103/PhysRevD.107.046021
https://doi.org/10.1103/PhysRevD.107.046021
https://doi.org/10.1007/JHEP01(2024)125
https://doi.org/10.1007/JHEP01(2024)125
https://doi.org/10.1016/0370-2693(79)90425-8
https://doi.org/10.1016/0370-2693(79)90425-8
https://doi.org/10.1016/S0370-2693(97)00033-6
https://doi.org/10.1016/S0370-2693(97)00033-6
https://doi.org/10.1016/S0370-2693(97)00671-0
https://doi.org/10.1088/1751-8121/ad389b
https://arXiv.org/abs/2312.15111
https://doi.org/10.1016/0550-3213(84)90007-5
https://doi.org/10.1088/1126-6708/2000/03/027
https://doi.org/10.1007/JHEP11(2023)161
https://doi.org/10.1007/JHEP11(2023)161
https://doi.org/10.1016/S0550-3213(97)80031-4
https://doi.org/10.1016/S0550-3213(97)80031-4
https://doi.org/10.1002/1521-3978(200012)48:12%3C1229::AID-PROP1229%3E3.0.CO;2-0
https://doi.org/10.1007/JHEP09(2015)211
https://doi.org/10.1016/0550-3213(77)90328-5
https://arXiv.org/abs/hep-th/9911068
https://arXiv.org/abs/hep-th/9911068
https://doi.org/10.1007/JHEP03(2022)067
https://doi.org/10.1007/JHEP03(2022)067
https://arXiv.org/abs/2210.07288
https://arXiv.org/abs/2210.07288

EFFECTIVE MASS AND SYMMETRY BREAKING IN THE ...

PHYS. REV. D 110, 026024 (2024)

[57] S. Brahma, R. Brandenberger, and S. Laliberte, Emergent
metric space-time from matrix theory, J. High Energy Phys.
09 (2022) 031.

[58] E.J. Martinec, D. Robbins, and S. Sethi, Non-
supersymmetric string theory, J. High Energy Phys. 10
(2011) 078.

[59] M. Buric and J. Madore, Noncommutative de Sitter and
FRW spaces, Eur. Phys. J. C 75, 502 (2015).

[60] M. Buric, D. Latas, and L. Nenadovic, Fuzzy de Sitter
space, Eur. Phys. J. C 78, 953 (2018).

[61] M. Buric and D. Latas, Discrete fuzzy de Sitter cosmology,
Phys. Rev. D 100, 024053 (2019).

[62] B. Brkic, M. Buric, and D. Latas, Fuzzy de Sitter and anti-de
Sitter spaces, Proc. Sci. CORFU2021 (2022) 274.

[63] G. Mandal, M. Mahato, and T. Morita, Phases of one
dimensional large N gauge theory in a 1/D expansion,
J. High Energy Phys. 02 (2010) 034.

[64] G. Mandal and T. Morita, Phases of a two dimensional
large N gauge theory on a torus, Phys. Rev. D 84, 085007
(2011).

026024-15


https://doi.org/10.1007/JHEP09(2022)031
https://doi.org/10.1007/JHEP09(2022)031
https://doi.org/10.1007/JHEP10(2011)078
https://doi.org/10.1007/JHEP10(2011)078
https://doi.org/10.1140/epjc/s10052-015-3729-6
https://doi.org/10.1140/epjc/s10052-018-6432-6
https://doi.org/10.1103/PhysRevD.100.024053
https://doi.org/10.22323/1.406.0274
https://doi.org/10.1007/JHEP02(2010)034
https://doi.org/10.1103/PhysRevD.84.085007
https://doi.org/10.1103/PhysRevD.84.085007

