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Probing the quantum nature of gravity using a Bose-Einstein condensate
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The effect of noise induced by gravitons has been investigated using a Bose-Einstein condensate. The
general complex scalar field theory with a quadratic self-interaction term has been considered in the
presence of a gravitational wave. The gravitational wave perturbation is then considered as a sum of
discrete Fourier modes in the momentum space. Varying the action and making use of the principle of least
action, one obtains two equations of motion corresponding to the gravitational perturbation and the time-
dependent part of the pseudo-Goldstone boson. Coming to an operatorial representation and quantizing the
phase space variables via appropriately introduced canonical commutation relations between the
canonically conjugate variables corresponding to the graviton and bosonic part of the total system,
one obtains a proper quantum gravity setup. Then we obtain the Bogoliubov coefficients from the solution
of the time-dependent part of the pseudo-Goldstone boson and construct the covariance metric for the
bosons initially being in a squeezed state. The entries of the covariance matrix now involves a stochastic
contribution which results in an operatorial stochastic structure of the quantum Fisher information. Using
the stochastic average of the Fisher information, we obtain a lower bound on the amplitude parameter of the
gravitational wave. As the entire calculation is done at zero temperature, the bosonic system, by
construction, will behave as a Bose-Einstein condensate. For a Bose-Einstein condensate with a single
mode, we observe that the lower bound of the expectation value of the square of the uncertainty in the
amplitude measurement does not become infinite when the total observational term approaches zero. It
always has a finite value if the gravitons are initially in a squeezed state with high enough squeezing. In
order to sum over all possible momentum modes, we next consider a noise term with a suitable Gaussian
weight factor which decays over time. We then obtain the lower bound on the final expectation value of the
square of the variance in the amplitude parameter. Because of the noise induced by the graviton, there is a
minimum value of the measurement time below which it is impossible to detect any gravitational wave
using a Bose-Einstein condensate. Finally, we consider interaction between the phonon modes of the Bose-
Einstein condensate which results in a decoherence. We observe that the decoherence effect becomes

significant for gravitons with minimal squeezing.
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I. INTRODUCTION

The derivation of the Planck’s radiation law by
Satyendranath Bose in 1924 [1] led to the introduction
of the Bose statistics. Albert Einstein in this time frame of
1924 and 1925 [2-4] extended this idea to matter systems
which led to the idea of a Bose gas governed by Bose
statistics. Einstein also proposed the existence of a new
state of matter which was later termed as Bose-Einstein
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condensate. The idea of a Bose-Einstein condensation is
that if a bosonic system (even a boson gas) is cooled below
a critical temperature all the bosons occupy the ground state
energy level of the system. The matter waves start super-
posing when the de Broglie wavelength is larger than the
interatomic distance of the individual atoms and eventually
at the moment of crossing the critical temperature, all the
matter waves superpose to form a single wave function
occupying the ground state of the bosonic system. This
phenomena is termed as Bose-Einstein condensation.
Experimentally, Bose-Einstein condensation was first
detected in 1995 in a gas of Rubidium atoms [5] and later
in a gas of Sodium atoms in the same year [6]. Since then
people have tried to evolve the method for producing Bose-
Einstein condensates and use it for various physical
applications. Another important aspect of theoretical
physics was the experimental detection of gravitational
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waves [7-9] which has opened up a new era of theoretical
physics involving the sculpturization of subatomic or lower
physical length scales via the use of gravitational waves.
Gravitational wave detection by using atom interferometry
has been proposed quite a some time ago in [10,11].
Recently in [12], a gravitational wave detector using a
Bose-Einstein condensate has been proposed where a zero
temperature quasi (1 + 1)-dimensional Bose-Einstein con-
densate with fluctuating boundary conditions has been
considered. An alternative calculation considering the
interaction of a nonrelativistic Bose-Einstein condensate
with a gravitational wave has been done in [13]. Later
in [14,15], the idea proposed in [12] has been extended and
made much more enhanced using a (3 4 1)-dimensional
zero temperature Bose-Einstein condensation and a
decaying gravitational wave template. The quantum
Fisher information H, was calculated by analyzing the
fidelity between the individual squeezed phonon states. The
quantum Fisher information carries the amount of infor-
mation carried by the gravitational wave. Recently in [16],
a novel experimental setup has been proposed using BEC
interferometry to detect dark energy signatures in nature.

Recently, another aspect of high energy physics has
emerged where the stochastic effect of the noise of
gravitons from a linearized quantum gravity setup has
been observed [17-24]. In [17-19], an interferometer
detector has been modeled by means of a freely falling
pair of particles in a slightly curved background. The
perturbation over the Minkowski spacetime has then been
decomposed into its discrete Fourier modes in (1 + 1)-
dimension. Following a path integral approach the influ-
ence functional of the gravitons over the detector system
was calculated and varying the action with respect to the
detector degrees of freedom, the geodesic deviation equa-
tion was obtained, which had the structure of a Langevin-
like stochastic differential equation. In these works, it has
been shown that if a graviton is initially in a squeezed state
then it may be possible to detect signatures from the
detector-graviton interaction in future generation of gravi-
tational wave detectors. Another set of analysis were done
in (3 4 1)-spacetime dimensions and a canonical approach
was followed. Similar stochastic Langevin-like equations
were obtained [20] and an indirect detection of gravitons by
means of decoherence was proposed in [21]. Similar but
unique stochastic effects has been observed in several other
analyses [22-24]. The interaction between graviton and its
possible detection scenarios as well as some important
physical aspects have been quite thoroughly investigated
in [25-27].

The primary motivation of this work is to unveil the
effects of the noise induced by the gravitons on a homo-
geneous Bose-Einstein condensate in (3 + 1)-spacetime
dimensions at zero temperature. To carry out the analysis,
we need to start with the combined action comprising of the
action describing the Bose-Einstein condensate in curved

spacetime and the Einstein-Hilbert action. Here we have
got rid of all the heavy fields in the theory as they will have
very small contribution toward the overall dynamics of the
theory. From [14,15], we already know that a BEC is
susceptible to gravitational wave when the resonance
condition is matched. As the gravitational fluctuation in
our analysis is now quantized, we expect to observe more
subtle effects of the gravitons on the phonons. Such small
effects can lead to a BEC state which will be incorporate
such noise fluctuations. If one can now find a way to trace
such signatures of fluctuations due to graviton-BEC inter-
action, it will suffice as an indirect detection of gravitons. In
our analysis, we investigate the BEC-graviton interaction
using quantum metrological techniques and we consider
the quantum Fisher information to be the primary tool for
indicating quantum gravity signatures. Due to such noise
fluctuations, one needs to look at now the stochastic
average of the quantum-gravity modified Fisher informa-
tion. The square root of the stochastic average of the Fisher
information will give the minimum value of the standard
deviation in the amplitude parameter of the gravitational
wave. We investigate the form of the quantum gravity
modified Fisher information for squeezed graviton states
which also will highlight the primary analysis of the paper.
Later we have considered a scenario when the noise
fluctuation is controlled by a Gaussian decay factor.
Next, we investigate on whether the BEC will be a good
candidate for extracting signatures of quantum gravity and
compared it with required sensitivity data from space based
gravitational wave observatories. We have finally inves-
tigated the effect of decoherence due to self interacting
phonon modes in the quantum gravity modified Fisher
information. People have also tried to investigate observa-
tional effects of quantum gravity in interferometers [28]
and also have investigated modular fluctuations in shock-
wave geometries [29]. In [28], spacetime fluctuation in the
arm of the interferometer detector is considered which is a
direct consequence of the quantum nature of gravity. As
gravitational wave interferometers are the best tools to
detect very small fluctuations in the spacetime geometries
the authors in [28] have made use of the important infrared
effects naturally arising from holography combined with
the Planck scale fluctuations and proposed a indirect
detection for quantum gravity signatures. This method
can in principle provide an interesting testing ground of
quantum gravity for BEC based gravitational wave detec-
tors. It would be interesting to see whether these proposals
can be implemented with the BEC gravitational wave
detectors.

Our paper is organized as follows. In Sec. II, we obtain
the total action of the system. In Sec. III, we discuss the
noise induced by the gravitons in the Bose-Einstein
condensate. Later in Sec. IV we discuss the quantum
metrology and obtain the quantum Fisher information
for the system. We consider a different noise template in
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Sec. V. In Sec. VI we consider decoherence due to
interacting phonon modes and finally in Sec. VII, we
summarize our results.

II. ACTION OF THE SYSTEM

In this section, we shall obtain the total action for the
system in which a gravitational wave is interacting with a
self-interacting scalar field theory describing bosons. We
work in the mostly positive signature for the metric. The
background metric can be thought of as a small perturba-
tion on the flat Minkowski background. The background
metric is given by

Guv = My + hm/ (1)

where 7, = diag{—1. 1, 1, 1 }. If we consider the speed of
light to be unity, then the Einstein-Hilbert action can be
written as

Sen = —— [ d*x\/—gR 2
EH = 75 XV =g (2)
with R being the Ricci scalar and g = det(g,,). Up to
quadratic order in the perturbation term in Eq. (1), we can
recast the Einstein Hilbert action as follows

Sty ~
EH = 647G
— 21,00 ). (3)

d4x(hWDh’“’ — hUh + 2h**0,0,h

Now we shall make use of the gauge symmetry of the
perturbation term given by

h/w = }_l/w + 6;451/ + ayé:;r (4)

Using this, we now impose the transverse-traceless gauge
conditions given by

0h* =0, hi =0, k,h*s =0 (5)
with k, = 52 being a constant timelike vector. In the
transverse-traceless gauge, the form of the Einstein-
Hilbert action in Eq. (3) can be recast as

1 -
SEH = _W/ d4x0,<h,»j0'<h/ (6)

where k = v/87G. One can now make use of a Fourier
mode decomposition of the fluctuation term #;; inside a box
of volume V as

e E T puan o
k,s

It is imperative to know that h;;(¢, X) = hj;(1,x) as hy;(z,x)
is a real quantity. Now making use of the Fourier mode
decomposition in Eq. (7) and the reality condition of the
fluctuation term, we can recast the Einstein-Hilbert action
in Eq. (6) as

Sex %2 [ ativteop e e (9

The Lagrangian density for a complex scalar bosonic
field with a self-interaction term (in natural units) can be
written as

L=V, p"VFp+m*p p+ A p)*
— 40,0 (1.X)0,$(1.%) + M2 (. x)2 + 2p(r. %)
(9)

where m gives the mass of the bosonic field and A|¢[* gives
the self interaction term for the bosons. Now Eq. (9)
effectively describes the Lagrangian density of a Bose-
Einstein condensate (BEC) as we are doing a zero-
temperature field theory. Note that the Lagrangian density
presented in Eq. (9) is a bit different from the one presented
in [14,15] as we are working explicitly in a mostly positive
signature.

We now consider a homogeneous BEC and write ¢ as
B(t,x) = X p(t,x), where y(1,x) and ¢(t, x) are both
real. Substituting this relation back in Eq. (9), we obtain the
modified Lagrangian density as

L= ¢"0,00,p + 9*¢" 00,1 + m*9* + Ap*.  (10)

Here, ¢(t,x) is the heavy field, hence we extremize the
Lagrangian density in Eq. (10) with respect to ¢ as

oL
% = 2¢g"0,x0,x + 2m?p + 449> =0
P
= 20(g"0,x0,x + m* + 2A¢p*) = 0. (11)

As @ is an arbitrary scalar field, it is possible to write down
the extremization condition from Eq. (11) as

@ (90,001 + m?). (12)

a1
2

Substituting the above relation back in the Lagrangian
density in Eq. (10) we get,

L= g"0,00,¢ + ¢*(¢"0,x0,x + m*) + A(¢?)?
1
= 90400, = 1= (9" .y + m?)%. (13)

The primary focus of the analysis lies in the low frequency
regime and as a result the heavy field ¢ can be integrated
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out from the theory [14,30]. As a result, we can define a
new Lagrangian density with an effective minus sign as

1
Lgpc = a (902 x + m*)%. (14)
Corresponding to this new Lagrangian, one can write down

the total action of the matter part of the system (which is the
BEC coupled to the gravity) as

SBEC = / d4x\/_g£BEC (15)

where g = det[g,,]. If z(¢,x) €R denotes the BEC pho-
nons then in terms of these pseudo-Goldstone bosons, we
can express y as

x(t,X) = =6t + n(t,x) = 6x,6, + n(t,x)  (16)

where x° = ¢ and xq = go,x* = —t.
The background metric has the form given by

-1 0 0 0
0 1+hn.(¢ h (t 0
G = +(1) (1) (17
0 hy (1) 1-h, () O
0 0 0 1

where /. and h, denote the 9plus and cross polarizations
of the gravitational wave, propagating in the z direction.
From Eq. (17), we obtain, /=g =+/1— (h% + h%)=~
1 + O(h,,h*"). Using the decomposition in Eq. (16) and
using the expansion of \/=g, we can recast the action in
Eq. (15) as

1 =~ ~ U v
SpEC ™ a7 d*x(9,, (68, +0x) (664 +0"m) +m*)*  (18)

where we have kept /=g up to the leading order term and
neglected the O(h,, 1**) contribution. One can neglect the
higher order derivative terms [14] while expanding Eq. (18).
Hence, Eq. (18) can be recast in the following form

Sowe = [ G167 )i = (@ = mg 950
+/‘$ 456> = )i+ (3 — m?)]
= [ 45105 - my - @ = gm0
+ / % [6(6% — m?)x]

N/dz/1 ((36% — m?)i* = (6° — m*)g;;0'ndn] (19)

where in the second line of the above equation we have got
rid of the nondynamical contributions and in the final line we
have made use of the fact that z(z,x) vanishes at the

boundary. We now make use of the ansatz for the
pseudo-Goldstone boson

- Zeikﬁ'xyjkﬂ(t). (20)
ks

Asz(t,x) € R, we know that z(z, x) = 7*(t, x). This reality
condition leads us to the relation ) ey (1) =

Zk/i eik/}.xl//i
y/ikﬂ(t) V k. Throughout the analysis, we have neglected

k,,(f)- The above relation implies (1) =

the spatial dependence of the gravitational fluctuation (this
assumption has also been adopted in the classical treatment
of [14]). Using the above condition and the Fourier mode
decomposition of the gravitational fluctuation term from
Eq. (7), Eq. (19) can be recast as

Susc = [ (35" = m(1. 08 (1.X) = (6 = ) + g1, 0) (0 X)0 (1)

1 4 (kK
2/1 d*x |:36 —m? Ze s

Kk

<3 <ikz><—ik';g>ei<kff-k%>‘xwkﬁ<r>wg<r>}
kK’

(i (1) = (&~ {n,]

th S(1)es( ]

1 iky—kl)x [ 2k s
=57 dt[(3a — m? ZWk/f W (t)/d3xe( pKp)X _ (52 — m?) [Wij_kﬁg;hk-s(t)eij(k)}

kk’

XZ lk’

kyk

=ik i (1) [ Paesob]
5
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21/1 dt{(?’d —m2)> in, (t l//k/( )V, ke, — (6% —m ){’7:] \Z/K—th s ”(k)]

K.k,

X Zk’ k/]l//k/;(t l//k;( )Vﬂ5k/;,k;),:|

Vv
= Spec = 2—//{/ dt [(352 - m2>2|l/7kﬂ(t)|2 -
K,

where in the penultimate line we have made use of the
normalization condition for the pseudo Goldstone bosons
inside a box of volume V as Ik dBxe' koK) x

Here, dy, X, is the abbreviated form of Jy, K = 5,(/1} K %

02 2 X 043 3. Such a box normalization of the pseudo-
12,12 % Ok K3

= Vﬂ(skﬁ k’

Goldstone bosons is quite intuitive in a sense that exper-
imentally a Bose-Einstein condensate is formed in a very
|

SBEC = 75 / dt [Zw/kﬁ(t)'z - |:’7ij

K,

2K
+ ﬁ kZ.Shk,s(f } Z

[n,j th S0 )} > K

K,

kfﬂ‘\wk,,mﬂ (1)

[
confined region (e.g., making use of harmonic trap poten-
tials) which can resemble the shape of a small box. From
the dispersion relation of the BEC [14], we know that
coﬂ ~ czk2 where ¢ = 3‘?2 > (denoting the square of the
speed of sound) and kz < m with ¢; <1 (in natural units,

¢ = 1). We can further recast Eq. (21) as

Ky, (1) } (22)

K,

where y4 has the dimension of length in natural units and y; = 5% (30 — m?). Combining the Einstein-Hilbert action from
Eq. (8) with that of the action for the BEC from Eq. (22), we obtain the total action of the system as

S= SEH + SBEC

/dt|h5(tk)| R (1K) ? +7ﬁ/dt2[|y/kﬂ

k,

We start by varying the action given in Eq. (23) in terms
of the complex conjugate of the time dependent part of the
pseudo-Goldstone boson corresponding to individual
momentum modes and the complex conjugate of the
individual Fourier mode of the graviton. Using the principle

of least action (;5*- = 0), we obtain a dynamical equation
kp

or the equation of motion corresponding to the time
dependent part of the pseudo-Goldstone boson as

0+ + T e 0 Kk, (0 =0

(24)

Similarly, by using the principle of least action after extrem-
izing the action with respect to the variable Ay , we get

4y Kc? ‘o
ﬂ ot Zkﬂ S, (1)

Iy (1) + KPhy (1) =

(25)

2K .
e [m, ; Wghk,so)ef,(k)] k;k;,mﬂ(rﬂ @)

where we have made use of the reality condition of /;;(t,0).
With the two equations of motion in hand, we can now move
toward writing down a quantum mechanical model of the
gravitational wave-BEC system.

III. GRAVITON INDUCED NOISE IN THE BEC

In this section, our primary aim is to quantize the theory.
The simplest way of quantizing the gravitational part is to
raise the Fourier modes of the spacetime fluctuation /; jto
operator status and impose a suitable canonical commuta-
tion relation among fzk,s(t) and its canonically conjugate
variable in the phase space. For the bosonic part, it can be a
bit tricky. One can just raise the time dependent part of the
pseudo-Goldstone bosons to operator status and impose
suitable commutation relation among the two canonically
conjugate variables in the phase space. The second way is
to quantize it in the momentum space and raise the
momentum variables to operator status with the suitable
use of canonical commutation relations. In this first paper
of our set of two works, we shall make use of the first
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procedure, where we only quantize yy ﬂ(t) in its entirety
and impose commutation relation between I/A/k/,(t) and its
canonically conjugate variable. The independent Fourier
mode of the spacetime fluctuation can be decomposed into
two parts. One is the classical contribution which is
obtained by taking the expectation value of the mode
operator and a quantum fluctuation term. It is now possible
to write down the fluctuation term of the mode operator
corresponding to a momentum value Kk in the interaction
picture as [20]

Sl (1) = i (1) = iy (k. 1) (26)
with the classical component given as /5, (k, ) = (hf, (1))
where the expectation is taken with respect to the initial
state of the graviton. In principle the classical contribution
has nonvanishing contribution if the graviton is initially in
coherent, squeezed vacuum, thermal, and similar other
combinatorial states. Here, éfzf(,s(t) is the gravitational
quantum fluctuation [20]. The quantum field in the inter-
action picture in terms of the creation and annihilation
operators can be represented as

where k = |k| with the mode function, u; (), satisfying the
following normalization condition

<>

—iuy (1) 0, (1) = —i(uy ()it (1) —
In case of Minkowski vacuum, the creation and annihilation
operators in Eq. (27), satisfy the following commutation
relation

i (u(0) = 1. (28)

[a, (k). &} (K')] = 8, ¢bi
[a,(k). ay (k)] = [a} (k). & (K)] = 0. (29)

Raising Ay ;(t) and gy (7) to operator status, we can recast
Eq. (25) in a quantum mechanical representation as

4y gxc? . Lo
==L e () Kbk, (1)

P 27 _
hk,s(t) + k hk.s(t) - \/V ij >

where [ji, (1) =}, (1), (1)

Making use of the Green’s function technique, it is

pl _ 1
hi s (1) = up(1)as(K) + up(r)as(-k) (27) possible to write down the solution of the above equation as
|
A A 4y sk c sin(k
I (1) = Bl £ se”*k/d/ Kkl
k ( ) k ( ) \/“7 z/( ) 0 Z |l//k
- dygrc? i [t sin(k(t—1"))
__ 1,5 1 PREs ok i1l A~ 2
= k) + 30 = T e ) S / ar == g . G1)

ks

We can also write down the quantum mechanical version of Eq. (24) as

P, (1) + [’711

th K

:|k;szl’”kﬂ( )=0 (32)

where in the last line of the above equation, we have made use of Eq. (26). One can now regulate the mode summations,

corresponding to the gravitational wave part, via the use of an ultraviolet (UV) cutoff. Substituting the form of fzk‘s (t) from

Eq. (31), we can write down Eq. (32) as

W, (1) + ESnigkigkin, (1) ( Z 2 ha )klk Vi, (1) < Z 2 ohic( )klk Vi, (1)
\k\<ﬂm \k\<9m
87 K>cy t sin(k
LS Y et o [ ar =) Zk“ {ling (0P )4k, 1) =0 (33)

\k\<ﬂm

We will henceforth use the UV-regulated mode summations for the gravitational wave part throughout this work. From an
experimental scenario this is quite logical as an usual gravitational wave detector can detect frequencies up to a

maximum value.
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One can now define two new quantities as

hel(t.x) = IZZh

‘k ‘<SZIN

- %Z S a0 k). (39)

[k[<Qp

lkX e (k) (34)

One can now introduce the projection tensors to proceed
further in this analysis as follows

kik;
Pij = 6ij — k—zj (36)
and making use of them, one can write down the following
relation involving the sum over all polarizations of the

product of two polarization tensors

1
Zefj*(k)efm(k) =5 [PitPjm + PinPji

N

= PijPml- (37)

Using Egs. (34), (35), and (37), we can recast Eq. (33) as
l/Af.kﬂ( ) 4¢3 (i + 5 (1, 0)+6N (1)K, kﬁ‘l/kﬂ( )

éﬂ Z lpjm +P1m7)jl Pljplin Zk” lj

7
\k\<ﬂm k

(o

Dl (407 ) gin, (=0 38)

l;}kﬂ( )+ 5 (nij + h§j(2,0) + 5Nij(f)>k2k£lf/kﬁ(t)

where &5 = 4yﬂ1< ct, and 5” is a dimensionless number. The

summation over the graV1t0n modes can be converted in a
: : 1 1 (Q, 3

continuous mode integral as ;> y.kj<q, = e J&n dk.

In this integral d°k can be converted to corresponding
spherical coordinates in Fourier space as k*>dk sin dfd¢ =
k*dkdQ. The angular integrals are given by [20]

/dQ =4n,

- dm . o
/ AQK KK k™ = 1—’; (8lism 4 silsim 4 simail).  (39)

ijo

. 4
/ko’kf - ?”5.

Using the angular integrals and making use of the discrete
to continuous mode conversion rule, we obtain the follow-
ing result for the summation terms involving the projection

tensors, Y . (PyPjm + PimPji — PijPim), to be

14 Q,
WA dkkz/dQ[Pilen1+PiijI—Pij'le]

v e 2

Making use of Eq. (40) and performing the k integral, one
can recast Eq. (38) as

$p
_5_]::2 5i15jm + 5im5jl 51151m Zku /J

8 /f af <sin(§2m(t =1)) Q,cos(Q,(t—71
0

(t—1)? - (t—1)

”) g, () PR (1) = (41)

Absorbing the Kronecker-deltas, we can resimplify the above equation as

lf}k,,(f) + c5(mij + h§j(1,0) + 51(71’,’(’))"2"2‘/71(,;(0

Our next aim is to obtain a solution for iy (#) via solving
the above equation. The time-dependent part of the pseudo-
Goldstone boson can be divided into three parts,
. (1 0
e, (1) = wie) (1) +yi% (1) + P (1). Here, y (1) denotes
the unperturbed classical part of the solution and l//ﬁ; (1)

denotes the first order solution corresponding to the

28 [t (sin(Q,(t—1))
‘?/o‘”( (Era.

1 . .
3 (0617 = 3305 ) g ()P, (1) = 0
k;i

Q,, cos(Q,(t—1))
=)

(42)

classical gravitational perturbation. The final part y?f(];(t)

encodes the solution corresponding to the quantum fluc-
tuations of the gravitons. It is important to note that the
decomposition of the solution is done in a way such that
the operatorial contribution can be separated from the
classical part.
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The zeroth order classical equation from Eq. (42) reads
. (0 0
i (1) + R (1) = 0 (43)
which has a solution of the form

(0)

ll/k/; (t) = @e—ic‘sk/;l + ﬁeic‘xk/;t — @e‘i“’/” + ﬁei(”ﬂt_ (44)

It is now quite intuitive to get rid of the negative energy
modes and set # = 0, and as a result of the normalization

condition, we get « = 1. The first order classical equation
of motion from Eq. (42) can be written as

. e he . )
(1) + Ry (1) =~ (1. ORIy (1) + £(0)
(45)

where /4(¢) is given by
2& 1 0 t
/ﬁ<r>=5—n§Z[(kﬁ-k'pz—gkék’,%} v, (1) A dr
K

sin(Q,,(1—1))  Q,,c08(Q,, (t—1'))
[ (=1 (=)

0) 2\ 12
[ o)

T 5a t

ks
(40)

To proceed further and in order to make the analysis
simpler, we restrict ourselves to plus polarization
of the gravitational wave only. As a result, we already
know that €7(k) =0 (V¥ i,j={1,2,3}), €] (k) = —€3,(k),
€33(k) =0, and ¢;(k) =0 V i#j. Making use of
Eq. (34), we can therefore write h$}(z,0) = —hS,(2,0) =
h¢!(¢,0). Hence, Eq. (45) can be recast as

i (1) + Wyl (1) = = 3R (1, 0)e™ 0" + £,(1)  (47)

k2 —ky? . s .
where £} = “*. Corresponding to the Green’s function
4
equation (5—;2 +wp)G(t—1) = 8(t—1)', we obtain the
|

2 i 4
= éﬁ |:Qm _Sln(gmt)] Z |:(k/3k}3)2 _%k§k1/25| emt.

analytical form of the Green’s function to be
1.
G(t—1) = —sin(wy(t = 1))0O(t - 1') (48)
)
p

with ©(7 — ¢') denoting the Heaviside theta function. The
solution of Eq. (45) can then be obtained as

. . t
y/ﬁ;‘(t) = ane ' + e — /é%/ df'wsh (¢, 0)

—00

x e~iop! sin(wpr — 1)

+/t dt/sin(a)ﬁ[t—t’])

/

A A0, (49)
The simplest choice for the undetermined constants is to
set @), = &), = 0. As before, we can also get N (t) =
—3Ny,(f) = 8N() and other components of the 6N;;(t)
tensor is zero. The final dynamical equation, involving the
operators only (the quantum-gravitational time evolution
equation), reads

% (1 ~ (1 S
P (1) + i (1) =~} 3N (D). (50)

As 1/75(1/}) (1) is an operator corresponding to quantum gravity
consideration, the operatorial contribution from /(1)
becomes way smaller compared to the other terms in
Eq. (50). Again setting the random constants to zero and
using the Green’s function technique, we arrive at the
solution of Eq. (50) as follows

t ) A
,p;g;(,):_}%/ di opsin(wy(1—1))e " 5N (1), (1)

(e8]

As the quantum fluctuations purely arises because of the
interaction of the BEC with the gravitons, it is safe to
assume SN (1)=0, YV t <0. As a result, Eq. (51) reduces
to an integral whose limits are from O to . Combining
Egs. (44), (47), and (51) and using the specific values for
the constant, we obtain the complete solution for the time
dependent part of the pseudo-Goldstone boson as

i, (1) = e — wpkj /_t dt'e="" sin(wy(t — 1)) (h(7', 0) + SN (1)) +L/t dr' sin(wy(1 = 1)) £5(1).  (52)

(Dﬁ —0

This is one of the pivotal results in our paper and it signifies the fact that the time dependent part of the pseudo-Goldstone
boson now explicitly depends upon a quantum fluctuation parameter which is a direct consequence of the interaction of the
supercooled BEC with gravitons. The subsequent discussion in this paper will be based upon this important result that we
have obtained. We shall now proceed to calculate the form of the above solution when specific incoming gravitational wave
template is used and obtain the corresponding Bogoliubov coefficients.

At first, it is important to note that in the last term in Eq. (52) the integral can be assumed to operate in a very small time
limit as the interaction of BEC with a gravitational wave will occur for a very small amount of time. From Eq. (46), we
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observe that if ¢ is very small then Q,, —w:

Q,, —% = 0. Hence, for a simpler analysis, we indeed
can set £4(t) equals to zero in Eq. (52). The classical

template of the gravitational wave can be used as

2
hl(¢,0) = ee” < cos(Qt), where 7 indicates the duration
of time for capturing a single measurement
of the gravitational wave. From Eq. (52), we replace
hl(¢,0) by the above analytical form and obtain I,(t) =

1/2
e [! di'e™" sin(wy(t — 1'))e” 7 cos(Qt'). We shall make
the upper limit to co and argue that it is a quite good
approximation for a such a gravitational wave template and
we plot the two behavior where the upper limit of
integration is finite in one case and infinite in the other
case in Fig. 1. The quantum gravitational fluctuation term
in Eq. (52) is very small in amplitude. Hence, we can
simply assume that the noise overall can be modeled by that
of the final value of the fluctuation at time 7. Hence, we use
the relation that [ df'6N(#)g(¢') ~ [ dfsN(1)g(¢') with g(r)
being a function of time. In a simple experimental setup, if
|

féz %2
g, (1) = (1 —T(l + Zl(oﬁ{)éN(i‘)> —iopt 4 <%

=& (2)e™ " + P (¢)eln!

where the coefficients &’ (¢) and p?(¢) are defined as

F)y=d +6aP(2) =1-

P)=p +3p' () = 4k

It is quite natural to set ¢ =t later on but for the
moment we leave them as two distinct numbers. It is
straight forward to write down 667 = ¢%(¢)6N(¢) and
o = cP(2)5N(¢) such that <(2) = — £ (1 + 2iwpt),
and cﬂ(i‘) =£. Here, is defined,
ky2—k

k2

a new quantity

& =¢e—5-. As the background spacetime is curved, it
is evident from Eq. (53) that a&;(Z) and f,(¢) are the
Bogoliubov coefficients.

Equations (54) and (55) signifies that the Bogoliubov
coefficients can now be decomposed into two parts, one is
the classical part which is same as that obtained in [14], and
the another part is a fluctuation term which is indeed purely
a quantum gravitational term. It is quite natural that as the
background spacetime fluctuations are quantized, the
Bogoliubov coefficients will not be constant numbers
anymore rather the noise fluctuations will be embedded

kﬁ) \/_860 T( Q —2w;)? —e
T2 B

Ity
6

Ity with finite upper limit
Ij(t) with infinite upper limit

/ 15 20

\

FIG. 1. I,(r) is plotted for wsz=1Hz, Q=2Hz, and
7 =10 sec when the upper limit of integration is finite and
infinite as well.

the measurement time corresponding to a single BEC mode
is t = ¢ then the solution in Eq. (52) can be recast in the
final form as

P 2
(53)
kg = kg, . R
74% (14 2iws?)oN(Z) (54)
s kR =k
é(ﬂﬂw)‘) 4 Lﬁ&\;(i‘)' (55)
4kﬁ

I

into them. This is a very important observation in this
paper. Our aim is to obtain the variance in the measurement
of the parameter ¢. For the next part of our analysis, we
shall make use of quantum metrology techniques to extract
signatures of the noise induced by the gravitons on the
BEC. It is important to note that the metrology techniques
followed in [14], will be a bit different in this scenario as
the Bogoliubov coefficients are now having a fluctuation
term. In order to inspect the quantum Fisher information
term in this scenario [14], we finally will need to take the
stochastic average of the same.

IV. QUANTUM METROLOGY AND THE NOISE
OF GRAVITONS

A. Calculating the covariance matrix for the single
mode of an n mode bosonic system

The method that we shall follow in this literature is the
covariance matrix formalism. In this subsection, we have

026014-9



SOHAM SEN and SUNANDAN GANGOPADHYAY

PHYS. REV. D 110, 026014 (2024)

given a pedagogical derivation of the covariance matrix of a
squeezed one mode Bose-Einstein condensate at zero temper-
ature. For a system of n bosons, the position and the conjugate
momenta in terms of the ladder operators are given as

g . [mhwg g g
Pi=iy[=5H@y =ap). (56)

If one imposes the commutation relation [&f , &/,f | = 6w, itis

quite straight forward to check that [fcf , ﬁ[;] = ihdj with

j.k=1,...,n. Here, &f denotes the annihilation operator
corresponding to the kth energy state such that &/,f |m/,i> =

\/ml|m! 1), and a?" denotes the creation operator such

that &' [m{) = /mf + 1|mf +1). The vacuum state is

defined as @/|0/) = 0, V k. One can now define a column
vector of the form R = (u,%/f,%j)‘f, ...,ufcﬁ,%ﬁ/,},)T where

U =\ /% and v = | /mhwg. It is quite straight forward to
check that [R,RT]=RR" - (RRT)T =i0, where

n
O = @ io, with 6, denoting the second Pauli spin matrix
j=1
and @ denoting the direct sum corresponding to the n-modes
of the n-mode bosonic system. Here, O is 2n x 2n dimen-
sional matrix. The covariant matrix ~ in terms of the R
column matrix reads

{Ri,Rj}) — (Ri)(Ri) (57)

N[ =

Zij ==

where the expectation value is taken with resect to the density
matrix of the n mode bosons. For a single mode, we can write
down RF = (ufc/,i, i j)[; )" where only the kth mode is being
considered. It is straight forward to check that for a single-
mode vacuum state of bosons in thermal equilibrium, the
density matrix reads (kth bosonic mode is considered)

B e—BH
tr[e=BH]

B, _paPis
3o ) (e

ﬁk

B
k

S5 mkle™ % )
0
= (1= )Y ) e
n{zO
I & N\ 4,y
“mrw ) () e
nk:

B=p7 and N =44 with kg
the Boltzmann constant, and 7 denoting the equi-
librium temperature. Using Eq. (58), it is straight forward
to show that (RF) =0. It is therefore sufficient to
calculate 1 tr[{R*, R¥"}p*] in order to obtain the covariance
matrix ¥ corresponding to the kth bosonic mode of the
n-mode bosonic system. The anti-commutator {R¥, R¥"}
reads

where denoting

2mwy /A AP A AP A
S i U A Y “
R, }_lAﬁA NN 2 aB2 | (59)
(PP e, (PR)

Using the above matrix structure, one can obtain the final
form of the covariance matrix corresponding to a single mode
of an n-mode bosonic system as

e R S N Y

In the zero temperature limit, N' = 0. If the entire system
is at zero temperature then effectively it denotes a
BEC corresponding to the kth mode of the n-mode bosonic
system. The covariance matrix corresponding to a BEC
from Eq. (60) can be obtained using the zero temperature
limit as

T N(0)] = Z4[0]
= ;i_rE)Zk N(T)]
Lo
S| o)

In order to enhance the feedback of the BEC from the
gravitational wave, the general idea is to squeeze the single
mode bosons in the zero temperature limit. For the next part of
our analysis, we shall drop the k superscript. Under a
squeezing by a parameter ry, = re'?, one can obtain the
following two relations

S(r)a?S"(r) = af cosh r 4 Pt e sinh r,
S(r)a?*5"(r) = aP* coshr + afe~ sinh r.  (62)

Applying the transformations to the vector ‘R, we obtain

026014-10



PROBING THE QUANTUM NATURE OF GRAVITY USING A ...

PHYS. REV. D 110, 026014 (2024)

SRS () = <u3(r)5cﬂ3*(r))

»8(n P8 (r)

sin ¢ sinh r

{cosh r 4 cos@sinhr

sing sinh r ] < u? )
coshr —cosgsinhr | \ L p#

(63)

where E,(r) denotes the squeezing matrix. Hence, the covariance matrix corresponding to the single-mode squeezed

phonons of the BEC reads’

25q[0] = Egq(r) Z[0]E5 (7)

cosh2r 4 cos ¢ sinh 2r

1
2 sin ¢ sinh 2r

When a gravitational wave interacts with the squeezed
BEC, it will transform the covariance matrix obtained in
Eq. (64) as [32]

£4(8) = M (B)Zg [0IME (B) + > My (B)ML(2)  (65)
7k

where & = e£] and M, (&) is given as [14,32]

%[afj - ﬂfj] %[“[Z, + ﬂfj]

M, (8) =
«i(8) —RN?[aij_ﬁij] %[afj‘i‘ﬁij]

(66)

with a[,f ; and ﬂ/,ij denoting the classical Bogoliubov coef-

ficients. In our current analysis, the Bogoliubov coefficients
are operators involving a small fluctuation term. The
expectation value of the fluctuation term vanishes and
the two point correlator has a nonvanishing contribution.
Hence, the individual elements of the matrix M;(e) will
have an additional contribution from the noise fluctuations.
The modified symplectic matrix including the effects from
the noise fluctuation takes the form

Mkj(g') = Mk/(g') +6J\A/lk/(g‘)
Ret. =] e+, R
:Mk](g’)+ [ kj kj] [ kj kj] N({)

—Sef;— eyl Reg;+ o)

(67)

where we have defined a new symbol A which indicates a
matrix A with operators as its elements. It is essential to

'Similar result for the squeezed covariance matrix has been
reproduced earlier in [14,31] but a slightly different result was
produced where the off-diagonal elements of the matrix comes
with a negative sign.

sin ¢ sinh 2r
P . (64)
cosh 2r — cos ¢ sinh 2r

[

note that SN (Z) is a stochastic parameter, as a result we
cannot define its eigenvalues and the nonvanishing con-
tribution comes only from the two-point correlator of the
stochastic term with the contribution being always a real
number. As a result, we can call it a stochastic operator and
oM «;j(€) carries the entire essence of the stochastic operator.

It is though interesting to note that N () has no well
defined adjoint operator, as a result it is complementary to
consider it as real operator. We can now rewrite Eq. (65) in
terms of the modified symplectic matrices with elements
including operators as

$4(8) = My (B)2 [0 M (8) + 3" My () My, (@), (68)
Jj#k

The Bogoliubov coefficients do not involve two different
modes corresponding to the n-mode bosonic system.
Hence, it is straight forward to express the two coefficients

as 6/,: = 5kj&ﬁ and ﬁf i =0k jﬁ/} . With the analytical form of

M,;(), we are now in a position to calculate the error in
measurement of the parameter & in the next subsection.

B. Quantum Fisher information

In a general scenario, classical measurement may suffice
in precise determination of parameters. In cases where
quantum mechanical effects are mostly in action, it may not
be possible to precisely determine the outcome of small
parameter without using quantum mechanical measurement
techniques. This is known as quantum metrology.

1. Cramér-Rao bound and the quantum Fisher
information

Here, we give a brief introduction to the Cramér-Rao
bound involving the classical Fisher information and the
techniques used to obtain the quantum Fisher information.
Consider a generalized measurement by a set of Hermitian
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operators G(¢) which are nonnegative and [ d(G(¢) = 1.1f
the probability density for obtaining the result {, when a
parameter 9 is given, is p(£|9) = tr[G()p(9)] then the
classical Fisher information is defined by

oln p(¢]9)]°
To= | d 9) | —————
= [ acoicin) |28
d op(¢|9)]2
pEl9) L 99
The minimum value in the error of the estimation of the
parameter 9 from the ¢ number of independent measure-

ments, with the set of results {{{,{,,...,{xn}, is obtained
using the Cramér-Rao bound to be [33]

(@) > g (70)

If one now considers 9 to be a parameter corresponding to a
quantum-mechanical system, then the generalized form of
the classical Fisher information reads [33]

1 o D))
' wG(OH(O) 99
The quantum Fisher information, (when considering all
measurements {G(¢)}) reads [33]

Hy = maxI,g (72)
G}

Hence, the maximum amount of information, one can
extract after 9t measurements is determined by the quantum
Fisher information as

1

(A8)?) > 1 > W,

NT,—

(73)

For two states p; and p,, the overlap between them is

determined by the fidelity F(p;.p,) = (tr[\/\/P1P21/P,))-
One can express the quantum Fisher information in
Eq. (72), in terms of the fidelity between two nearby states

py and py g9 as [32]

8(1 = /F(pg: Po+as))
Hy = d,929 9+d9)) (74)

For Gaussian states, it is easier to use the covariance matrix
approach than the density matrix approach. Now, the
overlap between two covariance matrices X; and X, for
a single mode bosonic systems reads [34]

1

f(ZI»EZ) \/W \/—

(75)

where

1 i {
= Zdet |:21 + 20:| det |:22 + 5 O:| s (76)

1

If 9 is a very small parameter then it is possible to
perturbatively expand X along with F and Hy. We briefly
discuss the methodology presented in [32]. For a pertur-
bative calculation, the initial assumption is that the
Bogoliubov coefficients can be expanded up to second
order in 9 as

al-j(&):a( —|-19a )+192
By (9) = 95 + 9. (78)

The above expansion is applicable for any symplectic
matrix M that operates on X to change it to some different
matrix, such that the uncertainty relation still holds true. As
both the first and second order moments of R can be
expanded in this manner, one can express the covariance
matrix X(9) up to order 97 as

1R

(9) 2O 4 931 4 9250, (79)
It is straightforward to note that F(2(9),%(9)) =1 as a
covariance matrix is always in a full overlap with itself.

Another important criteria that is necessary to impose is,

W| a9—o = 0 [33]. Using the above two con-

ditions, one can expand F(2(9),2(9 + d9)) as

2)
F(Z(9),2(9+d9)) =1 - %déﬂ + O(9d9? + 92d9)

(80)

where F(?) = £2) 4+ (), £2) is proportional to the dis-
placement of the squeezed state and as a result it is zero. For
a single mode scenario, C®) has the form

1

0
c? = (251>Z<22) + 2(11)2&2) 22(12)2(12))

2
I, ot (1

+ 3 (Zg 1>Zg2) - 22:(12>Z(12))- (81)

The quantum Fisher information, in terms of £ and C?)

reads [32]
Hy = 463 4+ 4C2) = 4C?) (82)

as £?) is zero for the squeezed bosonic states with no
displacement parameters [14]. In the next part of Sec. IV B,
we shall obtain the analytical extension of the quantum
Fisher information when quantum-gravity effects are con-
sidered in the analysis.
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2. Noise of gravitons and the stochastic average of the quantum Fisher information

Here, we shall consider the case of the BEC interacting with gravitons. For the single mode case, the matrix M 11(€) now
has the form

. -z [5N({) +eal/i1\/_[ 2(Q-20)) _ p5(Q+20,) H — L wytoN(2)

2%0)/31‘5[\7({) 1+ ew/iT\/— [ Q 2wp)* _ e_é(g+2wﬁ)z]

Because of M 11 (&) having elements consisting of operators, (&) from Eq. (68) will also have operator as its elements in
spite of X, [0] having numbers as its elements. As a result 4C® will now have operatorial contributions in it. As a result ,

will be operator as well. Making use of Eq. (83) in Eq. (68), one can obtain the analytical form of 4C% as

N A 1
H,=4C? :aﬂa)/zjrz(ezﬂ’ﬂgfz - 1)26_%9*2“’1’)2(1 +cosh4r+ (1 —3cos2¢)sinh?2r)
+M( TwyT) (2% — 1)e‘é<9+2“’/f)2(2cosh22r+ (1=3cos2¢)sinh?2r + 6w, singsinh4r)
32¢ / » pt sing
(6N (2))? sinh?2r . s . : )
+T 1+coshdr— (34 c0s2¢) +wpZ (sing(2sinh*2r(cos g 4wyt sing) + 3sinh4r) +4wsZcosh*2r)
€
_ 0 3N, ) GNP, o
=H;" + 30e He' + 1682 He (84)
where
1
HY = i n'a)ﬁrz(ez“’ﬂgf —1)%e 7 > (@+20,)° (1 + cosh4r + (1 — 3 cos 2¢) sinh? 2r), (85)
= (Vawyr)(e2e” — 1)e‘é<9+2‘”ﬁ>2 (2cosh? 2r + (1 = 3 cos 2¢) sinh? 2r + 6wy sin g sinh 4r), (86)

sinh?2r

HP =1+ coshdr— (3+c0s2¢) + wyZ (sing(2sinh?2r(cos g + wpt sing) +3sinh4r) +4ws cosh?2r)  (87)

where Hé‘” is the quantum Fisher information for the classical contribution of the gravitational wave and is exactly
similar to the result obtained in [14]. The other two terms determine the quantum gravitational contribution to the quantum
Fisher information. The quantum Fisher information operator (or the graviton-noise induced Fisher information) is not
entirely a measurable quantity now. Instead of calling it a Fisher information operator, it is better to call it a quantum
gravitational Fisher information (QGFI). The straightforward way is to take a stochastic average of the quantity with respect
to the graviton state as

Ly = 1O 4 {ON@. N, o

32¢% (88)

where the second term from Eq. (84) vanishes because the one point correlator of the noise operator, (5N (f))) vanishes. Our

next aim is to obtain the analytical form of ({6N(¢), 5N(¢)})) for the gravitons initially being in a squeezed state. The two
point noise correlator for an arbitrary state of the graviton reads

({oN (1), 6N, (1) }»—4" ZZ% Jei (K') x ({6hj (k. 1), 8] (K. £)})

kK’ s

2k 2 Q ,
=52 6i10jm + 6imbj1 — §5ij51m A dkk* Qg (2,1, K) (89)
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where in order to obtain the final line of the above equation,
we have made use of the identification between the
summation over all possible modes to an integral over a
continuous variable and another definition is used
({ohi (k. 1), 8hy (K. 1)} ) = 8,90ks10.0Qan(t. 7. k) [20].
For the graviton initially being in a squeezed state with
squeezmg parameter 7, = rpe'®, Qg (1,1, k) takes the
form’

1
Qsn(t, 7, k) = Z (cos (k(t—1")) cosh2ry

—cos (k(t+ 1) — ¢y)sinh2r;).  (90)

Using Eq. (90), one can obtain the two point correlator for
t=1" as

({8N (1), 8N 1 (1)} )

K*Q2,

572
2

1
-3 8;i0im) <cosh 2ry + —— T

(8:18jm + Oimdji

5 sinh 27 (cos ¢
—c08(2Q,,1 — @) — 2Q,,tsin(2Q,,1 — gbk))) . (91)

The ({6N(2),5N(£)}) correlator can now be obtained as

(({5N({), 5N({)}» = <<{5N11 (f) 5N11 ({)}»
41<2£2%1

~ 1522 (s is 2) (92)

where the time dependent part of the two-point noise
correlator reads

1
TR sinh2r;(cos ¢y
—2Q,,¢sin(2Q,, ¢ —¢y)).

(93)

B(ri, ¢, ) =cosh2r,+——

—cos(2Q,,7 — )

The squeezing in the initial graviton states can be very high,
even of the order of r; ~21 for primordial gravitational
|

(Fy=H +

15 ( k7¢k’ )

2.2( 2w;Q1°
—TTWzT p
T (e

1
x sinh4r +6wjz* cosh4r) (cosh 2rt—— T

_ 1)2 ~5(Q+20)° (1+cosh4r+4sinh?2r) +

5% 108 (10, 5.t
— 8[10. 3.t|
4% 108
(10, 7, t]
B110, . t
3x1050 1 7 /N i lass

2x 103}

1x 108

t (in sec)

2.x107% 4.x10°% 6.x10% 8.x10°% 1.x107 1.2x1077

FIG. 2. We plot for ¢, =
of B(rk, ¢k’ ) when ry =

45,7 and also plot the  — oo limit
10 and Q,, = 10% Hz.

wave generated during the inflationary period [20]. For
¢ — 0limit B(ry, ¢y, ¢) has the value lim,_ o B(ry, ¢y, £) =
cosh 2r;, — cos ¢, sinh 2r, which never vanishes irrespec-
tive of any values of ¢,. It is although important to note that
for ¢ = =, B(ry, ¢, 0) becomes maximum and for ¢, = 0,
it becomes minimum. For a grand unified theory gravita-
tional wave, the cutoff frequency is at around Q,,, ~ 10 Hz.
In order to observe the nature of the function 5 with respect
to time, we use Q,, ~ 10® Hz, ry ~ 10, and ¢, = {Z.%, z}
and plot B(ry, ¢y, t) against ¢ for the above values in Fig. 2. It
is important to note that irrespective of the ¢, in the t — o
limit it always fluctuates about the same value
B(10, by, 00) = cosh 20 ~2.426 x 108. Itis easy to observe
from Fig. 2 as well as the infinite-time limit that for ¢, = 7,
B(ry.5.0) = B(rg.5,00). The stochastic average of the
quantum Fisher information from Eq. (88), after using
Eq. (92) takes the form (with proper dimensional
reconstruction)

flG (2)

() =1+ - o5 Blre b OOHS (94)

where k? = 8’;# It is now reasonable to replace Z by 7 in
Eq. (94) as the total observation time will be equal to the
single mode measurement time by the BEC. Under this
condition, we can recast Eq. (94) as (for ¢ = %)

202
p=em
307e’c

5 (3+2wj7* + coshdr + 6wyt

58inh 27 (cos ¢y —cos(29Q,,7—¢y) — Zersin(Zer—qﬁk))). (95)

*For a detailed discussion on the graviton state with squeezing, see the Appendix.
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Equation (95) is one of the main results in our paper.
Setting the squeezing angle to a certain value (here, ¢ = %)
is possible and has been experimentally done [35,36].

Using Eq. (73), we can write down the inequality in a
quantum gravitational setup as

1

(AE)?) > ———. (96)
NCHN

Here, we are considering single mode Bose-Einstein

condensate only. As a result, we can still write down the

following relation

K — k2
- B Py
(A,,)?) = (—

2
ki

) (Bey ). (97)

It is now possible to express ks and kg in the spherical
polar coordinates as kz = kzsinfzcos ¢y, and ky =
kg sin 6 §in ¢p. Using the. spherical polar representati.on,
we obtain ((Ag,)*) = sin* 6 cos’ 2¢((Agy,)?). Doing
an integral over the first quadrant of the spherical coor-
dinate basis for all single mode bosonic state of
the BEC with momentum kg, we obtain f dQy; =
& d6ysin’ B [¢ dpycos? 2y =22 In particular it is
always possible to construct a Bose-Einstein condensate
such that the ground state of the bosonic system consists
of only single mode bosons which is kg in the current
case. Equation (96) can then be recast in the following
form

15

2
<(A8kﬂ) > 2 271'2’1«7:(8» .

(98)

If the time taken for 91 multiple measurements of the BEC
state is t then t~9z. At first, we consider a single
measurement of the BEC state which indicates 9t = 1.

From Eq. (98) it is evident that <(Aekﬂ)2> has the

minimum value at

2 — 15
((Aey,)?) = /505y We shall

now plot the minimum value of the standard deviation in
the amplitude & for a single phonon mode of the BEC
against the observation time 7 in Fig. 3. In order to plot the
parameter values used are r=0.82,9=7%,r, =42,
¢ =%,Q =100 Hz, and wy = 50 Hz. From Fig. 3, it is
straightforward to observe that the minimum standard
deviation in the measurement of ¢ corresponding to a

single mode of the BEC is not very high indicating a finite
chance of observation of the graviton. It is although very
important to note that with a decrease in the squeezing of
the graviton state, the minimum value in the measurement
of the standard deviation of the gravitational wave ampli-
tude becomes very high indicating a non detectability of
such a scenario. We can look for the long time behavior of

\ ((As’?:):>

= [ <(Aek,)2>]

‘min

0.0015

0.0010¢

0.0005¢

0.0000 - - — 7 (in sec)
0 5.x10°8 1x10°7 15x10°7 2.x107
2 .
FIG. 3. /((Ag,) )min vs 7 plot for the initial state of the

graviton being a highly squeezed state.

N

00005520

00005495 -

0000515

00005510
00008505

00008500

YTy a— — — e ryinse)
5%10°F 55x10°% 6.x10°% 65x107F 7.x107

0.0005408 .
0.000000

FIG. 4. , /<(Agkﬁ)2>m

1
behavior of the minimum value of the standard deviation of €,

7 (in sec)

T5.x105 0.000010  0.000015  0.000020  0.000025

vs 7 plot to observe the long time

the ((Aekﬁ)z) . in Fig. 4 (with same parameters as used
min

to plot Fig. 3). We can observe from Fig. 4 that

+/{((Agy ﬂ)2> ~ decreases with increased time of the single

measurement of the gravitational wave indicating a higher
chance in detection of the gravity wave. It is important to
note that the graviton signature precisely lies in the
detection of resonance pulses in the single mode BEC
initially. We can also check this analytically. It is important
to note that in the [, - 0 limit, the contribution
from the linearized quantum gravity theory vanishes
in Eq. (95) reducing it to the result obtained in [14]
which is expected. In this / = 0 limit, if 7 is set to zero,
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the inequality in Eq. (98) becomes (Aekﬂ)2> > oo implying
that no gravitational wave will be detected in such a
semiclassical scenario. The result for the quantum gravi-
tational perspective becomes highly bizarre. We observe
that

N Q2
lim{H,)) = —2—"5 cosh? 2r(cosh 2r; — cos ¢ sinh 2r).
70 157‘[82C2

(99)

For, no squeezing of the initial gravitational wave state

. . r 2Q2 -31
(rp, = 0), we obtain lim._ (H.) = &7 ~ 10

(Q,,~10% and e~ 1072!). This indicates, /((A¢)?) >

15, 16 . ..
—l,,g,:f/iNlo . Such a high minimum value of the

\/ ((Ag)?) parameter indicates a very low sensitivity of
the BEC toward the gravitational wave initially implying
an impossible detection scenario. But things quickly
change for a nonvanishing squeezing of the initial grav-
iton state. Suppose that the initial squeezing angle is
¢ =% For ((Ag)?) ~ 1, the squeezing will be as high as
ry =~ 35. For a grand unified theory inflation r; ~ 42 [20],
((A€)?) ~ 1075, This is very anti-intuitive in a sense that
there is a finite possibility of detecting primordial gravi-
tational waves from the inflationary time without a proper
time interval of the detector to interact with the gravity
wave. In a linearized quantum gravity model, this is not at
all very unphysical as there is a linearized perturbation
field around the BEC even when 7 = 0. This will indicate
the existence of a gravitons in future generation of BEC
based gravitational wave detection scenario. It is also a
possibility that the BEC itself starts behaving as a
gravitating object which may be a very vague assumption
and would not be explored in details in this literature. We
leave this investigation for a future work. Finally, we plot

A /((Aekﬁ)2> ~vs 7 for various squeezing of the graviton
min

state against the classical case when no gravitons are
present in Fig. 5. For the quantum gravitational case, we
have used the initial squeezing angle of the graviton to be
equal to 7. For the BEC state we have used a squeezing of
1.4 and a squeezing angle of 7 along with the mode
frequency is considered to be at w; = 50 Hz. As a result it
will be more sensitive for incoming gravitational wave
with frequency 100 Hz. It is though important to note that
most primordial gravitational waves are supposed to have
a frequency in the 107'-10 Hz range. We can observe very
important features from Fig. 5. We observe that with the

increase in squeezing |/ ((Aé,)?)  becomes smaller for
min

short measurement periods. It can be seen from the

classical gravitational wave case that 1/((Aekﬁ)2> A
min

diverges near the v — 0 limit indicating a nondetection
of any gravitational wave. The above result henceforth

— ((Askd)") for graviton squeezing r,=36
((Ash ):> for graviton squeezing r;=34

,,,,,, <(A€h )) for classical case

0. . —
0.00 002 004 006 008 010 012 o01a [unse

FIG. 5.

squeezing r; = 34 and r;, = 36 respectively against the case of a
classical gravitational wave.

((Agy ﬂ)2> ~vs 7 plot for squeezed gravitons with

confirms that for a quantum gravity scenario, the mini-
mum value of the standard deviation of the gravity wave
amplitude parameter never becomes zero and can be
arbitrarily reduced with squeezed graviton state indicating
a higher chance at proving the existence of gravitons. The
next thing that is important to observe is if there is a
standard deviation present in the QGFI. The standard
deviation in the QGFI, reads

(AH, ) = ((Fe — (FLH)).

It is quite straightforward to understand that all odd order
correlators will vanish. Hence, the surviving contributions
will come from even order correlators. As the QGFI is
calculated up to the second order correlator, we shall
restrict ourselves to second order in the noise correlators
only. The result in Eq. (100) reads

(100)

G TN,
(OH,)? =0 (oM7), () 1)

_nGQR (M)
T 9607e2cd

B(ry, ¢p. 7). (101)

The standard deviation in the QGFI can be expressed in
an extended form given as (¢ =7%)

lf,a)zﬂz 1'2 2 2
— pmm —(Q—2w;)? - wp)?
(ML) = e (7O — @y
X (2cosh? 2r + 4 sinh? 2r + 6wj sinh 4r)?
X B(rk,gbk,r). (102)

We shall now look at the behavior of the standard
deviation in the QGFI around resonance. For a finite
measurement of 7 = 1 sec, with r, =5,¢, =7, r = 0.83,
and ¢ = 7, we plot AH, against the phonon frequency wg
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AH,
- /,\—5 $r=3,1=0.83, =5, and Q=100
0.0010 :' for 7=1.0 sec

0.0008"
0.0006
0.0004"

0.0002

15 s 55 go @ (nHz)
FIG. 6. AH, vs wy plot for Q, = 108 Hz, Q = 100 Hz,
re =35, ¢ =35 r=0383, and ¢ = 3. From the figure, we can
see that the peak of the standard deviation in the QGFI is
observed near the resonance point Q = 2w; = 100 Hz.

for an incoming gravitational wave with frequency 0.1 kHz
in Fig. 6. We find out from Figs. 6 and 7 that the standard
deviation in the stochastic QGFI will be maximum for the
resonance condition which is at Q = 2w; = 100 Hz. Our
next aim is to obtain the QGFI when the induced noise
parameter has a similar decay factor as for the classical
gravitational wave case. What is important to note that the
analysis without any decay factor is much more realistic
than the one that we are going to investigate as any kind of
classical decay should not affect the quantum gravitational
influences. At resonance point, with high enough squeez-
ing from the gravitons, it is possible to enhance the standard
deviation of the QGFI to such an extent that it becomes
measurable. Another important aspect can be obtained by
varying the total measurement timescale z for such a
scenario. It is very important to observe that the standard

AH,

6.x10°°
5.%10°6-

- 1=0.07 sec
4.x10 6| — 71=0.06 sec

3.x10°6

2.x10°¢

1.x10 ¢

20 10 60 80 o o WP@mH2)

FIG. 7. AH, vs wy plot for Q, = 108 Hz, Q = 100 Hz,
re =5, ¢ =135 r=0.83, and ¢ =7. We have plotted AH,
for different values of 7.

deviation in the QGFI becomes very small with a small
measurement time and gets shifted toward the right for
lower values of time 7. This indicates that in order to detect
a standard deviation in the QGFI, one needs to measure it
for a longer time period.

V. QUANTUM FISHER INFORMATION FOR A
DECAYING NOISE FUNCTION

We recall the final solution of the time dependent part of
the pseudo-Goldstone boson in Eq. (52) and now use the
form of the general noise fluctuation term at time ¢ as

2 .
SON(f') = cos Qr'e” 26N (t). The solution of the time de-
pendent part of the pseudo-Goldstone boson takes the form
for the above noise term as
_ &{;e—ia}ﬂt + ﬁgeia)/;t

Pk, (1) (103)

where the stochastic Bogoliubov coefficients take the form

R 28 /7 @22
a=1- e 5N (1), (104)

o _ zﬁwﬂf(eé(g-zwﬁ _ e—é(ﬂ+2wﬂ)2)
+ g VTN (2) (e T @200 — =5@+20,7)  (105)

One can therefore obtain the stochastic average for the

QGFT as follows
wﬂ92 2
15¢%¢?

x (1+cosh4r+4sinh?2r) +

xez“’ﬂgfz]B(rk,d)k,r).

<<7:(&>> = HE‘O) e é(g+2(ﬂ/ﬁ‘)2 [[62(1)/397:2 + 1]2

4(7 - coshdr) e
(106)

Unlike the previous case, the stochastic average of the
QGFT vanishes initially which is solely due to the decaying
nature of the noise parameter. We shall now sum over all
possible modes of the BEC. Before proceeding further, it is
important to note that the BEC was initially quantized
within a box of size V; = Lﬁ and as a result k; = "”
Equation (97) can now be recast into the following form

e = (B2 aey

1 k%( k2 2
;‘<<Ae>2>zz< e )MH )

k,

(107)

where in the last line of the above equation, we have made
use of the equality condition from Eq. (96) in a quantum
gravitational setup. Converting the above sum over all
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possible modes to an integration over all possible modes and defining $(n;) = (H.), we obtain

1 27 [ 5
(he)?) EA dng i H(ng). (108)
The inequality in this case can be written as
2.2
1 cin'e? «© ST arcanger 2 2% c2Q2 7
N((Ae)?) < 18012 n/o dny n?,e ioo(e o —1) +W8(rk,¢k,r)
/ p
0
cin't? 2?2 Q2 7

N 4580L%, b1+ T;L;MB(’"’“%T)SZ (109)

where

1
t; =1 +coshdr+4sinh?2r, 1, 25(7 —coshdr)  (110)

with §; and , denoting the first and second integral in
Eq. (109). We shall at first explicitly investigate <3, as

2w22n?
) [_z/q_ﬂ?]

(s
3, = rl/ dng née b
0

@22 [ 4
+ 107 2 | dngny.

cosh? megn /391'2
Ly

(111)

The second part of the above integral is divergent. Hence, a
way out is to set the squeezing r of the phonons at such a
value that r, vanishes effectively. It is straight forward to
check that for r =1cosh™(7) ~0.66, t, vanishes. It is
possible to control the squeezing of the phonons. Squeez-
ing of phonons as high as r ~ 0.83 (7.2 dB [37]) has already
been achieved and as a result using a 0.66 squeezing is of
no problem. It is crucial to remember that the squeezing is
generally represented in decibels and the position squeez-
ing s is related to the dimensionless squeezing parameter r
via the relation s = —101og;[e~%"] [38]. In a crystal lattice,
using a second order Raman scattering, phonons have been
squeezed [39,40]. For cold bosonic atoms in optical lattices
[41], such second order Raman scattering [39] or pump-
probe detection scheme [42] can be used to squeeze the
phonon modes when an optical lattice potential is present.
One can now obtain obtain the final form of Eq. (109) as

1 < Ve
N((Ae)*) = 7680v2xci7?
AGV Q21 B(z)
2257\ 2ne? 3 P
x (QA7* + 6Q272 + 3 + 3e%F) (112)

0212)

(Q*7* + 6Q%7% +3 -3¢ >

where we have used B(7) = B(ry, ¢y, 7).

For the right-hand side of the above equation no approxi-
mation for the Qr factor has been taken. Now, we shall
investigate into the case when Q~Q, (10% Hz). It is
important to note that the BEC in general is prepared in a
single length direction and the perpendicular directions are
quite smaller. Our model on the other hand carries the cubic
BEC approximation. It has been possible to create a BEC
with length L ~ 1073 m[43-45]. As 7 is the duration of the
single measurement of the gravitational wave 7=

o — £~ 107! sec. Hence, for Q~Q,, Qr~107°.
B B

As a result, Qz < 1. For a total observation time of 7,
one can run approximately 3 ~ - number of observations.
Under the Q7 < 1 condition, Eq. (112) can be recast as

3.2 202
- 1024/ 2ncit < 3 102415,€;, B(2)

((8e)?) 2 507e%c?

2048120, @
757me* 2 Q%2

QZVﬁTObS'rl
(113)

It is important to note that (Ae)? can never be negative,
as a result from the equality condition we can write down

the minimum value for the observation time of the single
measurement of the gravitational wave 7 to be

/2 320,Q,
n A B(7).

(114)
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For a vacuum state without any squeezing and Q ~Q,,, 7
attains its absolute minimum value, which is given by

0 /2 320,Q, 1.59 x 1074 e
T . =~ — ~—
i 3 ceQ g Q,,
=70 ~1.59 x 1072? sec. (115)

This is a very important result in our paper. In [14], it was
argued that the measurement cannot be arbitrarily smaller
by comparing numerical data. In our case, a complete
quantum gravity calculation puts up a theoretical lower
bound for the measurement time when the noise fluctuation
is weighted by a Gaussian decay factor. Equation (115)
reveals that the single measurement time 7 must be greater
than or equal to r?nin. It is although very important to note
that the Gaussian decay term in the classical part of the
gravitational waves comes entirely from the template of the
gravitational wave whereas in this section it is imposed by
hand. Therefore, the results obtained in Sec. IV are much
more plausible than this one. Although one indeed can
induce such Gaussian decay mechanically into the system
which shall lead to a much more complicated result than the
simpler model presented here.

A. BEC as a graviton detector

In this subsection, we shall argue that the BEC will
suffice as a graviton detector when future generation of
gravitational wave detector will come up. We shall here use
the projected sensitivity of the upcoming LISA® observa-
tory as a baseline for the comparison. In the next section,
we shall consider a more realistic case when there are
interaction between the phonon modes which will result in
a decoherence effect. We start with the sensitivity formula
presented in Science Requirement Document (SciRD) [46]
projected for the LISA observatory. A detailed discussion
can be obtained in [47]. The SciRD sensitivity formula
reads [46,47]

10
Sh.scirp (f) = 3 (élﬂ(j:))‘; + Sn(f))R(f) Hz™'  (116)
f2
S;(f) =576 x 1074 <1 —|—]T;> sec™-Hz!  (117)
Sy(f) = 3.6 x 1041 Hz™! (118)
2
R(f):1+% (119)

where f; = 0.4 mHz and f, = 25 mHz. In order to com-
pare the above result we consider the equality from

3The full form of LISA is Laser Interferometer Space Antenna.

Sensitivity (Hz })
—— SciRD

10T s [y
~<. (o)

RSN - (in Hz™}) BEC for rg=42 and r=2.3
1075 Tl (—

)
<o e (i He ) BEC for =8 and =23

1016
1017
1018
10-1

/ (inHz)

0% o0l 0010 70,100 A 000

FIG. 8. The SciRD sensitivity formula is plotted along with the
BEC-graviton model sensitivity formula against the wave fre-
quency f. The BEC sensitivity plot is viable when the resonance
condition is satisfied which is 2wy = Q = f.

Eq. (112) and use the minimum value of the standard
<(A8)2>min|Q:f'
The sensitivity of the BEC is given by —”(f/_;ym* Hz 2. We

deviation in the amplitude parameter

use the following parameter values 7= 10 sec,
1

Tobs = 107 sec, Ly =107 m, and ¢, = 0.012 m-sec™.
The plot of 7”(?2;%" for the BEC vs the SciRD sensitivity

formula ( Sh,SciRD(f)HZ_%) is plotted in Fig. 8. Tt is
important to note that LISA is mainly going to work for
the detection of very low frequency gravitational waves
(especially primordial gravitational waves). From Fig. 8, it
is evident that with higher squeezing from the gravitons
lower frequencies can be probed by the BEC. It is important
to note that SciRD plot for the LISA targets classical
gravitational waves. Hence, a simultaneous detection by
LISA and a BEC will prove the existence of gravitons. We
now compare this SciRD sensitivity formula with the case
when the BEC is interacting as a classical gravitational
wave in Fig. 9. In Fig. 9, we observe that the semi-classical

Sensitivity (Hz +)
0.
— SciRD
BEC for r=2.3 (Classical GW)
BEC for r=12 (Classical GW)
--- BEC forr=2.3 and r;.48

109

10+ o.o‘on‘ T /0100 BT o g /it
FIG. 9. The SciRD sensitivity formula is plotted along with the
BEC model sensitivity formula against the wave frequency f. We
plot the case of BEC-classical gravity wave model alongside the

BEC-graviton model.
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Sensitivity (Hz3)
100.000
— SciRD
- BEC for r=2.3 and r,=48
. BEC for r=2.3 and r4=0
0.001 Seeel BEC for r=17.2 (Classical GW)
) — - BEC forr=17.2 and r4.0

—
+ [ (inHz)

Lo, 10 0.001 0.010 0.100 1 T) \160
FIG. 10. The SciRD sensitivity formula is plotted along with
the BEC model sensitivity formula against the wave frequency f.
We plot the case of BEC-classical gravity wave model alongside
the BEC-graviton model when the incoming graviton is coming
with and without any initial squeezing.

BEC model with classical gravity wave interaction is not a
good candidate for detecting low-frequency gravitational
waves. On the contrary with same phonon squeezing the
BEC can detect graviton signatures when the gravitons are
arriving with high enough squeezing. This reinforces our
result, that a BEC is one of the best candidates for capturing
signature of gravitons. When a gravity wave in the common
frequency range will be detected by LISA, a detection by a
BEC confirms the fact that gravitons exist as a classical
gravity wave will never be detected by a BEC in such low-
frequency ranges with fixed squeezing as low as r = 2.3. It
also confirms that a BEC will better serve as a graviton
detector than a classical gravity wave detector. It is
important to observe from Fig. 9 that with higher squeezing
of the phonons, the BEC gets more adapt toward detecting
classical gravitational wave signals. In order to truly
investigate the feasibility of the BEC as a graviton detector,
we plot the sensitivity against the gravitational wave
frequency for the case with and without graviton squeezing
along with the classical gravitational wave case in Fig. 10.
From Fig. 10, we observe that for no squeezing of the
graviton and a phonon squeezing of r = 2.3, the sensitivity
is very high and the BEC will be unable to perform any
kind of detection. If we consider an initial graviton
squeezing r; = 48 with phonon squeezing r = 2.3, the
BEC can detect gravitons and have been plotted in Figs. 8,
9. If the phonon squeezing for the BEC is very high
(r=17.2 in Fig. 10) then the sensitivity lies in the
frequency range of 1-10 Hz gravitational wave where
the gravitons have no initial squeezing at all. But if the
gravitational wave is classical in nature then also the
gravitational wave is detected by such highly squeezed
BEC. We can find out from Fig. 10 that the sensitivity plot
for the classical gravity wave case as well as the graviton

case with no squeezing superposes on each other. This
implies the inability of the BEC to distinguish between a
classical as well as a quantum gravity signal when the
phonons are very highly squeezed. Hence, for the BEC to
act as a perfect graviton detector, one needs to use BEC
with a optimal phonon squeezing, r~1-2. It is also
interesting to note that, one also does not need a very
high total observation time 7, for detecting gravitons. It is
therefore evident that a BEC detector, although very
difficult to built, would be a nice experimental set up for
detecting gravitons. This would then be the first step toward
observing quantum signatures of gravity.

VI. EFFECTS OF DECOHERENCE FROM
INTERACTING MODES OF THE PHONONS
ON THE “QGFI”

Up to the previous section, we have considered the
dissipative system only. In this section, interaction among
the phonon modes will be considered as a result there will
be dissipation inside of the system. The simple idea is to
connect the single mode BEC system with a thermal bath.
For single mode Gaussian state, the time evolution of the
covariance matrix reads

2(t) = T(O)ZI7 (1) + Zoo (1) (120)

where X, is the covariance matrix of the single mode
Gaussian state initially and I'(¢) = ¢~21, with y being the
dissipation constant. Here in Eq. (120), £ (7) denotes the
time dependent covariance matrix of the Gaussian reservoir
and is given by
Yo (t) = (1 —e)E. (121)
Using Egs. (120) and (121), one can write down the
elements of the covariance matrix as [48,49]
(1) = e Zg; + (1 = e7)Zy; (122)
where i, j = 1, 2. In this section, we have followed the
analysis presented in [12,49]. The purity of the quantum
state is given by () = L__ In such a scenario, the

T 24 /det[2(1)]

elements of the covariance matrix takes the form

() = 2,141(1) (cosh2r(r) + cos (1) sinh 2r(t)),
Sy (1) = Sy (1) = %(Z)sin(p(t) sinh 27(1),
S(t) = 2,41(0 (cosh 2r(1) — cos () sinh 2r(r)).  (123)
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In the above equation the squeezing parameter and squeez- 1

ing phase both becomes time dependent due to dissipation Zoll = o (cosh2rg, + cos @, sinh 2, ),
in the system. One can use u(0) =y, and r(t) =ry to e«

define the purity and squeezing initially of the single mode Tt = Zeon) = s sin ¢, sinh 2r,,
bosonic system and the elements of the initial covariance 2

matrix read 1

Yorr = N (cosh2ry, — cos @, sinh 2r,) (125)

1 (6]

211 = =— (cosh2rq + cos ¢, sinh 2ry), ) .
ot T ( 0 %o 0) where pu., 7, and @, denote respectively the purity,

1 ) squeezing parameter, and squeezing angle of the reservoir.

Zo12 = Zoo1 = ﬂ sin @ sinh 2ry, One can easily consider a thermal bath with no squeezing
| 0 which is given by the condition r,, = 0 [12,48] and reduces

Zon = % (cosh 2ry — €OS @ sinh 2r0) (124) the covariance matrix of the thermal bath to X = i 1,.

Initially, we shall start with nonzero squeezing for the
The covariance matric elements of the Gaussian reservoir ~ thermal bath and later will reduce down to the no squeezing
initially reads case. Using Eqgs. (123)—(125) in Eq. (122), one obtains
three equations which are given by

h2r(t t) sinh 2r(¢ 7t 1—e
cosh 2r(r) + ;Z?t‘/)’( ) sinh 27(1) = ;% (cosh 2ry + cos ¢ sinh 2ry) + 2”1 (cosh2ry + cos @, sinh2ry,)  (126)
1 . e’ . . l—e . .
sin ¢(t) sinh 2r(t) = ——sin ¢ sinh 2ry + sin ¢, sinh 27, (127)
2u(t) 2u0 2o
h2r(t) — t) sinh 2r (¢ -t 1—e™
cosh 2r(z) — cos (1) sinh 2r(1) _¢- (cosh 2ry — cos ¢q sinh 2rg) + ¢ (cosh2ry — cos ¢, sinh2ry).  (128)
2u(1) 240 2o

Using the above three equations, one obtains three equations describing the dissipation relations of the three independent
parameters as [49]

2 2 -1
u(t) = po [6_27’ + 20 (1 — 7112 4 20 0r1(1 — 71" (cosh 21 cosh 274, — cOS(p — o) sinh 2rg sinh 2rg) |, (129)
(s MOO
-7t l—e 1t singsin2ry+£2 (e’ —1)sing, sinh2r,
cosh2r(t) = u(r) e—costho 4 cosh2ry |, tang(r)= ’ - ’ ”°°( ) _ . (130)
Ho Heo cos @ sin2ry+£¢ (e — 1) cos g, sinh 27,

Our calculation produces results slightly different than the one presented in [49]. One of the primary reasons is that the
different signature of the off-diagonal elements of the covariance matrix corresponding to the single mode Gaussian state of
the Bose-Einstein condensate. We shall now set r,, = 0 which recasts the ¢(¢) equation in Eq. (130) to tan ¢(¢) = tan ¢,.
This implies that the squeezing angle does not change overtime if the reservoir attached has no squeezing. Hence, we can
replace ¢(t) by ¢ in our analysis. Equations (129) and (130), in this nonsqueezed thermal bath consideration, then reduces
to [14.,48]

K3 2ug K e 1—e"
u(t) =po (6_27’+—20(1 —e‘“)z—l——e‘”(l—e‘V’)costh()) , cosh2r(t)=pu(t) [—costho—i- (131)
oo Heo Ho Heo
Assuming that r, > max [5—",’;—0], one can get the value of ¢ for which the purity becomes minimum as [48,49]
1 z 22 h?2
AL [ﬂo + Moo = Dol cos ro] . (132)
M — HoHeo COSh 2

Here, t,,,;, serves as the characteristic decoherence time of the squeezed single-mode bosonic states. It is straightforward to
understand that the way to incorporate the dissipation into the theory is to replace r by r(t) into the stochastic average of the
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QGFI from Eq. (95). We can rewrite the stochastic average of the QGFI from Eq. (95) as

~ 1 ‘ 2
(H.) = 3—27za)§rz(ez‘”ﬂgfz - 1)26‘72(9”“’/’) (3cosh?2r(r) —2) +

+ 6wgz cosh 2r(z)\/cosh? 2r(z) — 1)B(ry, ¢y, 7)

where we have replaced 7 by 7 in r(z). The simplest way to
incorporate dissipation into the theory is by replacing the
cosh2r(z) terms using Eq. (131). Instead of doing an
analytical calculation, we need to compare the result using
plots. It is important to note that Beliaev damping will be
dominant at low temperature which in the zero temperature
limit takes the form [50-52]

5
3 fza)ﬂ

~

7= 640n mﬂnﬁcg

(134)

where n; denotes the number density of the atoms in the
BEC and my; denotes the mass of each individual atoms.
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FIG. 11.
and without damping with r, = 33.
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FIG. 12. The minimum value for the standard deviation in the
amplitude parameter ¢ ” has been plotted against the observation
time 7 for the case with and without damping with r, = 2.

59,

W (1 - 20)%1'2 + COSh2 21’(7)(1 —+ 60)/372)
TTE-C

(133)

For a Bose-Einstein condensate with a number density of
7x 10 m™3, ¢, ~ 1.2 x 1072 m sec™! [53].

For wy; = 10 Hz, one obtains y ~9.034 x 107" sec™".
We consider the initial state of the BEC as well as the
thermal bath to be pure (4y = po, = 1). We consider mainly
two cases. The first case when the squeezing of the graviton
state is r;, = 33 and the second case r; = 2. Both of the
squeezing angles here, are set to 7, the squeezing if the
phonon is at » = 0.83 and the incoming gravitational wave
has a frequency @ = 20 Hz. For the first case we do not
observe any difference due to damping until a very later
time where the decoherence results in a faster decay of the

\/((Ag,)?)  with the observation time as can be seen
min

from Fig. 11. For Fig. 12, the squeezing is reduced to r; =2

and as a result , /((Ae /})2) ~ separates out at a very early
min

observation time 7 (~7 x 10~7 sec). This indicates that
decoherence effect becomes way less significant for a lower
squeezing of the initial graviton state. One can also
investigate the decoherence effect for the case of the
decaying noise function presented in Sec. V. For a correct
incorporation of decoherence due to interacting phonon
modes in the theory, one should follow the prescription in
[54]. Another important point to note is that in order to
conduct such metrological measurements over a time
period 7., one needs to continuously generate the
Bose-Einstein condensate using magneto-optical traps,
the experimental setup of which has been proposed in
[55] and later observed in [56]. It is important to note that
we are mainly looking for signatures of quantum gravity
using a Bose-Einstein condensate. In the next part of this
paper we shall delve into the fundamental effects of a
linearized quantum gravity theory on a BEC.

VII. CONCLUSION

In this paper, we have considered the simplest model of a
Bose-Einstein condensate interacting with an incoming
gravitational wave. The background is considered to be
a flat Minkowski spacetime with fluctuations over it. In
order to incorporate quantum gravitational effects into the
theory, we have quantized the gravitational perturbation,
over the flat background by doing a discrete Fourier mode
decomposition, raising the phase space variables to oper-
ator status and applying suitable commutation relation
between the conjugate variables. Using the principle of
least action, an equation of motion both corresponding to
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the graviton as well as the time dependent part of the
pseudo-Goldstone boson is obtained. Because of the
involvement of the graviton part, the equation of motion
corresponding to the boson becomes stochastic or
Langevin-like in nature. As a result the solution obtained
for the bosonic modes become stochastic as well. It is
important to note that the Bogoliubov coefficients obtained
in [14] now have contributions from the noise fluctuation
which raises the coefficients to an operator status. We have
then used quantum metrological techniques to obtain the
quantum Fisher information. Because of the quantum
gravitational analysis, the quantum Fisher information
picks up effects from the noise fluctuation making it
stochastic in nature. This quantum gravity modified
Fisher information is completely a new quantity and is
termed as the “quantum gravitational Fisher information”
(QGFI) in this paper. It is evident that the observable will be
the stochastic average of the QGFL. It is important to note
that we have used squeezed graviton states. The QGFI
gives us very fundamental insights into the detection
scenario. From the Figs. 3-5 and the analytical calculation,
we observe that with high enough squeezing there is a finite
probability of the detection of a graviton background even
for a very small observation time. This is not a very bizarre
scenario as for a quantum gravity consideration, there is a
background field always present. Hence, if a very small
measurement using a single mode BEC can be done just
initially, it will definitely be a graviton signature especially
due to squeezed gravitons. This is the main result of our
paper and it will lead completely toward a new era of
graviton detection models using BEC. We have then
calculated some other important aspects of such a model.
We have calculated the standard deviation in the QGFI and
observe that it maximizes for a higher observation time at
the resonance condition. It is also possible to measure the
standard deviation of the QGFI. Although it will be very
complicated, we hope for such observations in advanced
experimental scenarios using continuously generated Bose-
Einstein condensates. In Eq. (95), if we set the /,, — 0 limit,
we get back the result produced in [14]. Next, we have
considered a different scenario where the external noise
fluctuation gets attenuated overtime by the use of a
Gaussian decay factor. This analysis helps us to decay
out the unusual noise fluctuations created due to the noise
of gravitons. We again observe that Eq. (113),inthe /, — 0
limit reduces to the result produced in [14] thereby serving
as a sufficient consistency check for our calculation. The
Planck length dependence in our result creeps in purely due
to the consideration of quantum gravity effects in our
analysis. This analysis is very important in a sense that it
helps us to obtain an absolute lower bound to the time of
single measurement of the gravitational wave and is of the
order of 1072 sec. Next, we have used the required LISA
sensitivity fromula [46,47] and comparing with our results,
we find that a BEC will be one of the best candidates for a

graviton detection. In order to detect a graviton, the
graviton must come with high enough squeezing which
can only exist in primordial gravitational waves coming
from the inflationary time period. This is another very
important observation in our paper which shows that even
without high phonon squeezing [14,15], the BEC will act as
a graviton detector. Finally, we have considered a more
realistic scenario when the phonon modes of the Bose-
Einstein condensates are interacting. We have reproduced
the results of the time dependence of the purity of the Bose-
Einstein condensate as well as the phonon-squeezing
parameter for the covariance matrix obtained in our case.
Finally, we have obtained the form of stochastic average of
the QGFI when decoherence is present in the theory. In
order to truly observe the behavior of the minimum value of
the standard deviation in the amplitude ¢, we have plotted

it against the single observation time for the case when
decoherence is present and when decoherence is not
present in the system. We have plotted for the cases of a
high graviton squeezing and low graviton squeezing. It is
important to note that the change in the minimum standard
deviation &, becomes way less significant at initial times

for high enough squeezing. For almost very small (even for
no squeezing case), the difference becomes significant even
at initial times but the standard deviation value suggests
(Fig. 12) that such effects will not be observable at such
initial times. This is a very complicated experimental
scenario and will be very difficult to perform as the
detection of the graviton signatures realizes highly on
the accuracy of instantaneous measurement. Hence, the
way out is to make multiple measurements and if a
resonance spike is observed in the pico-nano second time
regime (even microsecond) from the starting of a single
measurement, it shall be a conclusive evidence of the
existence of a graviton. In our current analysis, we have
claimed that the BEC will suffice as the best candidate as a
graviton detector but for that one needs to abide by some
important initial conditions. The phonon squeezing for the
BEC as well as the total observation time should not be
very high. From Eq. (113), it is evident that if the speed of
sound in the BEC can be reduced then the sensitivity for the
BEC increases leading to graviton detection even for
gravitons with lower squeezing. For example, if the speed
of sound in the BEC is ¢, = 1/2 x 10~ m/ sec then the
BEC will detect graviton signatures in the 1 Hz frequency
range for a graviton with initial squeezing r;, = 42. In the
next part “Zweite Abhandlung,” we shall explore a much
more fundamental scenario where quantum gravity will
play a leading role and upon experimental verification will
be a conclusive evidence of the quantum nature of gravity
(specifically the evidence of linearized quantum gravity).”

*This analysis is an extended version of the letter [57].
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APPENDIX: SQUEEZED GRAVITON STATE If the Minkowski mode solution is given by
AND THE TWO POINT CORRELATOR up(t) = ﬁe‘”‘t, then the squeezed mode function has

In this appendix, we shall calculate the two point the form
correlator for the initial graviton state to be in a squeezed
state and try to obtain Eq. (90) in this process. The w (1) = ui(t) cosh ry — e”ruf(r) sinhry.  (A4)
initial graviton is considered to be in a squeezed state.
If the squeezing and the displacement operators are Our primary aim is to calculate (({ 5@; (k. 1), 5@;’(1(1’ 1)
given by where the expectation is taken with respect to the state in
Eq. (A3). We already know that /1§(k, ) = a,(K)u (1) +
al(—=K)u (1) and 8k} (k. 1) = hj(k. 1) — (hj(K. 1)). Before
proceeding further, we want to write down the following two

§(r%0) = F U BIOB KRR (o)

El

D(B) = elVX:kJ(%"&t(k)_%"aJ(k>> (A2)  relations (note that both the S and D operators are unitary)
where ! = rpe:, then the displaced squeezed state A (19, 8) = DT (B)8T (r)a,(k)S(r)D(B).  (AS)
reads

s S s R It is then straightforward to obtain the following two
|9, B) = 5(r9)D(B)|0). (A3) relations by making use of Egs. (A1) and (A2) as
|
Ay (9. 8B) = (a,(k) + By) cosh ry — (al(—k) + B)e”* sinh ry. (A6)
A (7%9.8) = (al(—k) + B}) cosh ry — (a,(k) + By)e™% sinh r, (A7)

where we have made use of the fact that the sign of k remains invariant for both k and —k. Using the above two relations, we
obtain

D (B)S" (19)8h; (k, )8 () D(B) = e (1) Ay (9, B) + 1 (1) ALy (79, B) = e (1) (A (9, B)) = w (1) (AL (9, B))
= u (1a, (k) + u; (1)ai (-k) (A8)
where we have made use of Eq. (A4) to arrive at the final line of the above equation. We already know the commutation

relation among the ladder operators as [&,(k), &} (—k)] = &, ¢&y _i. Using the above results one obtains the following
relation for the two-point correlator as

({8h (k. 1), 65 (K, )} ) = (=4, BI{8hj (K, 1), 6hy (K',1)}|r0, B)
= (O (1) + w3 () ()8, 0
= ({hj (k. 1), 8h7 (K, 1)}) = 8,910 Qan (1, 1. K). (A9)

It is important to note from the above equation that Qg (¢, 7, k) = (. (1)u,”" (¢') + w (') (r)) which can be simplified
as

(cos (k(t—1")) cosh2r, — cos (k(t + 1) — ¢y ) sinh 2r;) (A10)

»I»—

Q1. 1. k) = 20w (u” (1)) =

which is Eq. (90) from the main text of this paper. The nonsqueezing case can be reproduced from this result just by
setting r; = O throughout the analysis.

026014-24



PROBING THE QUANTUM NATURE OF GRAVITY USING A ...

PHYS. REV. D 110, 026014 (2024)

[1] S.N. Bose, Plancks Gesetz und Lichtquantenhypothese,
Z. Phys. 26, 178 (1924).

[2] A. Einstein, Quantentheorie des einatomigen idealen Gases,
Sitzungsber. Preuss. Akad. Wiss. Phys. Math. Kl. 10, 261
(1924).

[3] A. Einstein, Quantentheorie des einatomigen idealen Gases.
Zweite Abhandlung, Sitzungsber. Preuss. Akad. Wiss. Phys.
Math. KI. 8, 3 (1925); and See links of the Refs. [2,3] refer
to Chap. 27 and 28 of [4].

[4] D. Simon, Albert Einstein: Akademie-Vortrige, Sitzungs-
berichte der Preu\char"DFischen Akademie der Wissen-
schaften 1914-1932 (Wiley-VCH, Berlin, 2006).

[5] M.H. Anderson, J.R. Ensher, M.R. Matthews, C.E.
Wieman, and E. A. Cornell, Observation of Bose-Einstein
condensation in a dilute atomic vapor, Science 269, 198
(1995).

[6] K.B. Davis, M.-O. Mewes, M.R. Andrews, N.J. van
Druten, D. S. Durfee, D. M. Kurn, and W. Ketterle, Bose-
Einstein condensation in a gas of sodium atoms, Phys. Rev.
Lett. 75, 3969 (1995).

[7] B. P. Abbott et al., Observation of gravitational waves from
a binary black hole merger, Phys. Rev. Lett. 116, 061102
(2016).

[8] B.P. Abbott et al., GW150914: Implications for the sto-
chastic gravitational-wave background from binary black
holes, Phys. Rev. Lett. 116, 131102 (2016).

[9] B. P. Abbott et al., Localization and broadband follow-up of
the gravitational -wave transient GW 150914, Astrophys. J.
Lett. 826, L13 (2016).

[10] S. Dimopoulos, P.W. Graham, J.M. Hogan, M.A.
Kasevich, and S. Rajendran, Gravitational wave detection
with atom interferometry, Phys. Lett. B 678, 37 (2009).

[11] J. M. Hogan et al., An atomic gravitational wave interfero-
metric sensor in low Earth orbit (AGIS-LEO), Gen. Relativ.
Gravit. 43, 1953 (2011).

[12] C. Sabin, D. E. Bruschi, M. Ahmadi, and I. Fuentes, Phonon
creation by gravitational waves, New J. Phys. 16, 085003
(2014).

[13] R. Schiitzhold, Interaction of a Bose-Einstein condensate
with a gravitational wave, Phys. Rev. D 98, 105019 (2018).

[14] M. P.G. Robbins, N. Affshordi, and R.B. Mann, Bose-
Einstein condensates as gravitational wave detectors, J.
Cosmol. Astropart. Phys. 07 (2019) 032.

[15] M. P. G. Robbins, N. Affshordi, A.O. Jamison, and R. B.
Mann, Detection of gravitational waves using parametric
resonance in Bose—FEinstein condensates, Classical Quan-
tum Gravity 39, 175009 (2022).

[16] D. Hartley, C. Kidding, R. Howl, and I. Fuentes, Qunatum-
enhanced screened dark energy detection, Eur. Phys. J. C
84, 49 (2024).

[17] M. Parikh, F. Wilczek, and G. Zahariade, The noise of
gravitons, Int. J. Mod. Phys. D 29, 2042001 (2020).

[18] M. Parikh, F. Wilczek, and G. Zahariade, Quantum me-
chanics of gravitational waves, Phys. Rev. Lett. 127, 081602
(2021).

[19] M. Parikh, F. Wilczek, and G. Zahariade, Signatures of the
quantization of gravity at gravitational wave detectors, Phys.
Rev. D 104, 046021 (2021).

[20] S. Kanno, J. Soda, and J. Tokuda, Noise and decoherence
induced by gravitons, Phys. Rev. D 103, 044017 (2021).

[21] S. Kanno, J. Soda, and J. Tokuda, Indirect detection of
gravitons through quantum entanglement, Phys. Rev. D 104,
083516 (2021).

[22] S. Chawla and M. Parikh, Quantum gravity corrections to
the fall of an apple, Phys. Rev. D 107, 066024 (2023).

[23] S. Sen and S. Gangopadhyay, Minimal length scale cor-
rection in the noise of gravitons, Eur. Phys. J. C 83, 1044
(2023).

[24] S. Sen and S. Gangopadhyay, Uncertainty principle from the
noise of gravitons, Eur. Phys. J. C 84, 116 (2024).

[25] E. A. Novikov, Ultralight gravitons with tiny electric dipole
moment are seeping from the vacuum, Mod. Phys. Lett. A
31, 1650092 (2016).

[26] M. Parikh and F. Setti, Graviton noise correlation in nearby
detectors, arXiv:2312.17335.

[27] H.T. Cho and B. L. Hu, Graviton noise on tidal forces and
geodesic congruences, Phys. Rev. D 107, 084005 (2023).

[28] E.P. Verlinde and K. M. Zurek, Observational signatures of
quantum gravity in interferometers, Phys. Lett. B 822,
136663 (2021).

[29] E.P. Verlinde and K. M. Zurek, Modular fluctuations from
shockwave geometries, Phys. Rev. D 106, 106011 (2022).

[30] D.T. Son, Low-energy quantum effective action for rela-
tivistic superfluids, arXiv:hep-ph/0204199.

[31] A. Ferraro, S. Olivares, and M. G. A. Paris, Gaussian states
in continuous variable quantum information, Napoli series
on physics and astrophysics, arXiv:quant-ph/0503237.

[32] M. Ahmadi, D.E. Bruschi, and I. Fuentes, Quantum
metrology for relativistic quantum fields, Phys. Rev. D
89, 065028 (2014).

[33] S.L. Braunstein and C. M. Caves, Statistical distance and
the geometry of quantum states, Phys. Rev. Lett. 72, 3439
(1994).

[34] P. Marian and T. A. Marian, Uhlmann fidelity between two-
mode Gaussian states, Phys. Rev. A 86, 022340 (2012).

[35] S. Chelkowski, H. Vahlbruch, B. Hage, A. Franzen, N.
Lastzka, K. Danzmann, and R. Schnabel, Experimental
characterization of frequency-dependent squeezed light,
Phys. Rev. A 71, 013806 (2005).

[36] M. T. Johnsson, G. R. Dennis, and J. J. Hope, Squeezing in
Bose-Einstein condensates with large number of atoms,
New J. Phys. 15, 123024 (2013).

[37] W. Gu, G. Li, S. Wu, and Y. Yang, Generation of non-
classical states of mirror motion in the single-photon strong-
coupling regime, Opt. Express 22, 18254 (2014).

[38] A.I. Lvovsky, Squeezed light, in Photonics, Volume 1:
Fundamentals of Photonics and Physics (Wiley, New York,
2015), Chap. 5.

[39] X. Hu and F. Nori, Phonon squeezed states generated by
second-order Raman scattering, Phys. Rev. Lett. 79, 4605
(1997).

[40] G. A. Garrett, A. G. Rojo, A. K. Sood, J. F. Whitaker, and R.
Merlin, Vacuum squeezing of solids: Macroscopic
quantum states driven by light pulses, Science 275, 1638
(1997).

[41] D. Jaksch, C. Bruder, J.1. Cirac, C. W. Gardiner, and P.
Zoller, Cold bosonic atoms in optical lattices, Phys. Rev.
Lett. 81, 3108 (1998).

[42] F. Benatti, M. Esposito, D. Fausti, R. Floreanini, K. Titimbo,
and K. Zimmermann, Generation and detection of squeezed

026014-25


https://doi.org/10.1007/BF01327326
https://doi.org/10.1002/3527608958.ch27
https://doi.org/10.1002/3527608958.ch27
https://doi.org/10.1002/3527608958.ch28
https://doi.org/10.1002/3527608958.ch28
https://doi.org/10.1126/science.269.5221.198
https://doi.org/10.1126/science.269.5221.198
https://doi.org/10.1103/PhysRevLett.75.3969
https://doi.org/10.1103/PhysRevLett.75.3969
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.131102
https://doi.org/10.3847/2041-8205/826/1/L13
https://doi.org/10.3847/2041-8205/826/1/L13
https://doi.org/10.1016/j.physletb.2009.06.011
https://doi.org/10.1007/s10714-011-1182-x
https://doi.org/10.1007/s10714-011-1182-x
https://doi.org/10.1088/1367-2630/16/8/085003
https://doi.org/10.1088/1367-2630/16/8/085003
https://doi.org/10.1103/PhysRevD.98.105019
https://doi.org/10.1088/1475-7516/2019/07/032
https://doi.org/10.1088/1475-7516/2019/07/032
https://doi.org/10.1088/1361-6382/ac7b05
https://doi.org/10.1088/1361-6382/ac7b05
https://doi.org/10.1140/epjc/s10052-023-12360-7
https://doi.org/10.1140/epjc/s10052-023-12360-7
https://doi.org/10.1142/S0218271820420018
https://doi.org/10.1103/PhysRevLett.127.081602
https://doi.org/10.1103/PhysRevLett.127.081602
https://doi.org/10.1103/PhysRevD.104.046021
https://doi.org/10.1103/PhysRevD.104.046021
https://doi.org/10.1103/PhysRevD.103.044017
https://doi.org/10.1103/PhysRevD.104.083516
https://doi.org/10.1103/PhysRevD.104.083516
https://doi.org/10.1103/PhysRevD.107.066024
https://doi.org/10.1140/epjc/s10052-023-12230-2
https://doi.org/10.1140/epjc/s10052-023-12230-2
https://doi.org/10.1140/epjc/s10052-024-12481-7
https://doi.org/10.1142/S0217732316500929
https://doi.org/10.1142/S0217732316500929
https://arXiv.org/abs/2312.17335
https://doi.org/10.1103/PhysRevD.107.084005
https://doi.org/10.1016/j.physletb.2021.136663
https://doi.org/10.1016/j.physletb.2021.136663
https://doi.org/10.1103/PhysRevD.106.106011
https://arXiv.org/abs/hep-ph/0204199
https://arXiv.org/abs/quant-ph/0503237
https://doi.org/10.1103/PhysRevD.89.065028
https://doi.org/10.1103/PhysRevD.89.065028
https://doi.org/10.1103/PhysRevLett.72.3439
https://doi.org/10.1103/PhysRevLett.72.3439
https://doi.org/10.1103/PhysRevA.86.022340
https://doi.org/10.1103/PhysRevA.71.013806
https://doi.org/10.1088/1367-2630/15/12/123024
https://doi.org/10.1364/OE.22.018254
https://doi.org/10.1103/PhysRevLett.79.4605
https://doi.org/10.1103/PhysRevLett.79.4605
https://doi.org/10.1126/science.275.5306.1638
https://doi.org/10.1126/science.275.5306.1638
https://doi.org/10.1103/PhysRevLett.81.3108
https://doi.org/10.1103/PhysRevLett.81.3108

SOHAM SEN and SUNANDAN GANGOPADHYAY

PHYS. REV. D 110, 026014 (2024)

phonons in lattice dynamics by ultrafast optical excitations,
New J. Phys. 19, 023032 (2017).

[43] T.J. Greytak, D. Kleppner, D. G. Fried, T.C. Killian, L.
Willmann, D. Landhuis, and S.C. Moss, Bose-Einstein
condensation in atomic hydrogen, Physica (Amsterdam)
280B, 20 (2000).

[44] M. Vengalattore, J. M. Higbie, S. R. Leslie, J. Guzman, L. E.
Sadler, and D. M. Stamper-Kurn, High-resolution magne-
tometry with a spinor Bose-Einstein condensate, Phys. Rev.
Lett. 98, 200801 (2007).

[45] I. Barr, Investigating the dynamics of a Bose-Einstein
condensate on an atom chip, Ph.D. Thesis, Imperial College
London, 2015.

[46] LISA Science Study Team, LISA Science Requirements
Document, Report No. ESA-L3-EST-SCI-RS-001, Euro-
pean Space Agency, 2018.

[47] S. Babak, M. Hewitson, and A. Petiteau, LISA sensitivity
and SNR Calculations, Report No. LISA-LCST-SGS-TN-
001, arXiv:2108.01167.

[48] M. P. G. Robbins, Quantum information across spacetime:
From gravitational waves to spinning black holes, Ph.D.
Thesis, University of Waterloo, 2021.

[49] A. Serafini, M. G. A. Paris, E. Illuminati, and S. De Siena,
Quantifying decoherence in continuous variable systems,
J. Opt. B 7, R19 (2005).

[50] S.T. Beliaev, Energy-spectrum of a non-ideal Bose gas, Sov.
Phys. JETP 34, 299 (1958), http:/jetp.ras.ru/cgi-bin/dn/
e_007_02_0299.pdf.

[51] P. W. Anderson, Basic Notions of Condensed Matter Phys-
ics, 1st ed. (CRC Press, Boca Raton, 1994). ebook pub-
lished: 2019.

[52] S. Giorgini, Damping in dilute Bose gases: A mean-field
approach, Phys. Rev. A 57, 2949 (1998).

[53] M.R. Andrews, D. M. Kurn, H.-J. Miesner, D. S. Durfee,
C. G. Townsend, S. Inouye, and W. Ketterle, Propagation of
sound in a Bose-Einstein condensate, Phys. Rev. Lett. 79,
553 (1997); 80, 2967(E) (1998).

[54] R. Howl, C. Sabin, L. Hackermiiller, and I. Fuentes,
Quantum decoherence of phonons in Bose-Einstein con-
densates, J. Phys. B 51, 015303 (2017).

[55] E. W. Streed, A. P. Chikkatur, T. L. Gustavson, M. Boyd, Y.
Torii, D. Schneble, G. K. Campbell, D.E. Pritchard, and
Wolfgang Ketterle, Large atom number Bose-Einstein con-
densate machines, Rev. Sci. Instrum. 77, 023106 (2006).

[56] T.G. Tiecke, S.D. Gensemer, A. Ludewig, and J.T.M.
Walraven, High-flux two-dimensional magneto-optical-trap
source for cold lithium atoms, Phys. Rev. A 80, 013409
(2009).

[57] S. Sen and S. Gangopadhyay, Bose-Einstein condensate as a
quantum gravity probe, arXiv:2404.06060.

026014-26


https://doi.org/10.1088/1367-2630/aa50bc
https://doi.org/10.1016/S0921-4526(99)01415-5
https://doi.org/10.1016/S0921-4526(99)01415-5
https://doi.org/10.1103/PhysRevLett.98.200801
https://doi.org/10.1103/PhysRevLett.98.200801
https://arXiv.org/abs/2108.01167
https://doi.org/10.1088/1464-4266/7/4/R01
http://jetp.ras.ru/cgi-bin/dn/e_007_02_0299.pdf
http://jetp.ras.ru/cgi-bin/dn/e_007_02_0299.pdf
http://jetp.ras.ru/cgi-bin/dn/e_007_02_0299.pdf
http://jetp.ras.ru/cgi-bin/dn/e_007_02_0299.pdf
http://jetp.ras.ru/cgi-bin/dn/e_007_02_0299.pdf
https://doi.org/10.1103/PhysRevA.57.2949
https://doi.org/10.1103/PhysRevLett.79.553
https://doi.org/10.1103/PhysRevLett.79.553
https://doi.org/10.1103/PhysRevLett.80.2967
https://doi.org/10.1088/1361-6455/aa9622
https://doi.org/10.1063/1.2163977
https://doi.org/10.1103/PhysRevA.80.013409
https://doi.org/10.1103/PhysRevA.80.013409
https://arXiv.org/abs/2404.06060

