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The effect of noise induced by gravitons has been investigated using a Bose-Einstein condensate. The
general complex scalar field theory with a quadratic self-interaction term has been considered in the
presence of a gravitational wave. The gravitational wave perturbation is then considered as a sum of
discrete Fourier modes in the momentum space. Varying the action and making use of the principle of least
action, one obtains two equations of motion corresponding to the gravitational perturbation and the time-
dependent part of the pseudo-Goldstone boson. Coming to an operatorial representation and quantizing the
phase space variables via appropriately introduced canonical commutation relations between the
canonically conjugate variables corresponding to the graviton and bosonic part of the total system,
one obtains a proper quantum gravity setup. Then we obtain the Bogoliubov coefficients from the solution
of the time-dependent part of the pseudo-Goldstone boson and construct the covariance metric for the
bosons initially being in a squeezed state. The entries of the covariance matrix now involves a stochastic
contribution which results in an operatorial stochastic structure of the quantum Fisher information. Using
the stochastic average of the Fisher information, we obtain a lower bound on the amplitude parameter of the
gravitational wave. As the entire calculation is done at zero temperature, the bosonic system, by
construction, will behave as a Bose-Einstein condensate. For a Bose-Einstein condensate with a single
mode, we observe that the lower bound of the expectation value of the square of the uncertainty in the
amplitude measurement does not become infinite when the total observational term approaches zero. It
always has a finite value if the gravitons are initially in a squeezed state with high enough squeezing. In
order to sum over all possible momentum modes, we next consider a noise term with a suitable Gaussian
weight factor which decays over time. We then obtain the lower bound on the final expectation value of the
square of the variance in the amplitude parameter. Because of the noise induced by the graviton, there is a
minimum value of the measurement time below which it is impossible to detect any gravitational wave
using a Bose-Einstein condensate. Finally, we consider interaction between the phonon modes of the Bose-
Einstein condensate which results in a decoherence. We observe that the decoherence effect becomes
significant for gravitons with minimal squeezing.
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I. INTRODUCTION

The derivation of the Planck’s radiation law by
Satyendranath Bose in 1924 [1] led to the introduction
of the Bose statistics. Albert Einstein in this time frame of
1924 and 1925 [2–4] extended this idea to matter systems
which led to the idea of a Bose gas governed by Bose
statistics. Einstein also proposed the existence of a new
state of matter which was later termed as Bose-Einstein

condensate. The idea of a Bose-Einstein condensation is
that if a bosonic system (even a boson gas) is cooled below
a critical temperature all the bosons occupy the ground state
energy level of the system. The matter waves start super-
posing when the de Broglie wavelength is larger than the
interatomic distance of the individual atoms and eventually
at the moment of crossing the critical temperature, all the
matter waves superpose to form a single wave function
occupying the ground state of the bosonic system. This
phenomena is termed as Bose-Einstein condensation.
Experimentally, Bose-Einstein condensation was first
detected in 1995 in a gas of Rubidium atoms [5] and later
in a gas of Sodium atoms in the same year [6]. Since then
people have tried to evolve the method for producing Bose-
Einstein condensates and use it for various physical
applications. Another important aspect of theoretical
physics was the experimental detection of gravitational
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waves [7–9] which has opened up a new era of theoretical
physics involving the sculpturization of subatomic or lower
physical length scales via the use of gravitational waves.
Gravitational wave detection by using atom interferometry
has been proposed quite a some time ago in [10,11].
Recently in [12], a gravitational wave detector using a
Bose-Einstein condensate has been proposed where a zero
temperature quasi (1þ 1)-dimensional Bose-Einstein con-
densate with fluctuating boundary conditions has been
considered. An alternative calculation considering the
interaction of a nonrelativistic Bose-Einstein condensate
with a gravitational wave has been done in [13]. Later
in [14,15], the idea proposed in [12] has been extended and
made much more enhanced using a (3þ 1)-dimensional
zero temperature Bose-Einstein condensation and a
decaying gravitational wave template. The quantum
Fisher information Hε was calculated by analyzing the
fidelity between the individual squeezed phonon states. The
quantum Fisher information carries the amount of infor-
mation carried by the gravitational wave. Recently in [16],
a novel experimental setup has been proposed using BEC
interferometry to detect dark energy signatures in nature.
Recently, another aspect of high energy physics has

emerged where the stochastic effect of the noise of
gravitons from a linearized quantum gravity setup has
been observed [17–24]. In [17–19], an interferometer
detector has been modeled by means of a freely falling
pair of particles in a slightly curved background. The
perturbation over the Minkowski spacetime has then been
decomposed into its discrete Fourier modes in (1þ 1)-
dimension. Following a path integral approach the influ-
ence functional of the gravitons over the detector system
was calculated and varying the action with respect to the
detector degrees of freedom, the geodesic deviation equa-
tion was obtained, which had the structure of a Langevin-
like stochastic differential equation. In these works, it has
been shown that if a graviton is initially in a squeezed state
then it may be possible to detect signatures from the
detector-graviton interaction in future generation of gravi-
tational wave detectors. Another set of analysis were done
in (3þ 1)-spacetime dimensions and a canonical approach
was followed. Similar stochastic Langevin-like equations
were obtained [20] and an indirect detection of gravitons by
means of decoherence was proposed in [21]. Similar but
unique stochastic effects has been observed in several other
analyses [22–24]. The interaction between graviton and its
possible detection scenarios as well as some important
physical aspects have been quite thoroughly investigated
in [25–27].
The primary motivation of this work is to unveil the

effects of the noise induced by the gravitons on a homo-
geneous Bose-Einstein condensate in (3þ 1)-spacetime
dimensions at zero temperature. To carry out the analysis,
we need to start with the combined action comprising of the
action describing the Bose-Einstein condensate in curved

spacetime and the Einstein-Hilbert action. Here we have
got rid of all the heavy fields in the theory as they will have
very small contribution toward the overall dynamics of the
theory. From [14,15], we already know that a BEC is
susceptible to gravitational wave when the resonance
condition is matched. As the gravitational fluctuation in
our analysis is now quantized, we expect to observe more
subtle effects of the gravitons on the phonons. Such small
effects can lead to a BEC state which will be incorporate
such noise fluctuations. If one can now find a way to trace
such signatures of fluctuations due to graviton-BEC inter-
action, it will suffice as an indirect detection of gravitons. In
our analysis, we investigate the BEC-graviton interaction
using quantum metrological techniques and we consider
the quantum Fisher information to be the primary tool for
indicating quantum gravity signatures. Due to such noise
fluctuations, one needs to look at now the stochastic
average of the quantum-gravity modified Fisher informa-
tion. The square root of the stochastic average of the Fisher
information will give the minimum value of the standard
deviation in the amplitude parameter of the gravitational
wave. We investigate the form of the quantum gravity
modified Fisher information for squeezed graviton states
which also will highlight the primary analysis of the paper.
Later we have considered a scenario when the noise
fluctuation is controlled by a Gaussian decay factor.
Next, we investigate on whether the BEC will be a good
candidate for extracting signatures of quantum gravity and
compared it with required sensitivity data from space based
gravitational wave observatories. We have finally inves-
tigated the effect of decoherence due to self interacting
phonon modes in the quantum gravity modified Fisher
information. People have also tried to investigate observa-
tional effects of quantum gravity in interferometers [28]
and also have investigated modular fluctuations in shock-
wave geometries [29]. In [28], spacetime fluctuation in the
arm of the interferometer detector is considered which is a
direct consequence of the quantum nature of gravity. As
gravitational wave interferometers are the best tools to
detect very small fluctuations in the spacetime geometries
the authors in [28] have made use of the important infrared
effects naturally arising from holography combined with
the Planck scale fluctuations and proposed a indirect
detection for quantum gravity signatures. This method
can in principle provide an interesting testing ground of
quantum gravity for BEC based gravitational wave detec-
tors. It would be interesting to see whether these proposals
can be implemented with the BEC gravitational wave
detectors.
Our paper is organized as follows. In Sec. II, we obtain

the total action of the system. In Sec. III, we discuss the
noise induced by the gravitons in the Bose-Einstein
condensate. Later in Sec. IV we discuss the quantum
metrology and obtain the quantum Fisher information
for the system. We consider a different noise template in
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Sec. V. In Sec. VI we consider decoherence due to
interacting phonon modes and finally in Sec. VII, we
summarize our results.

II. ACTION OF THE SYSTEM

In this section, we shall obtain the total action for the
system in which a gravitational wave is interacting with a
self-interacting scalar field theory describing bosons. We
work in the mostly positive signature for the metric. The
background metric can be thought of as a small perturba-
tion on the flat Minkowski background. The background
metric is given by

gμν ¼ ημν þ hμν ð1Þ

where ημν ¼ diagf−1; 1; 1; 1g. If we consider the speed of
light to be unity, then the Einstein-Hilbert action can be
written as

SEH ¼ 1

16πG

Z
d4x

ffiffiffiffiffiffi
−g

p
R ð2Þ

with R being the Ricci scalar and g ¼ detðgμνÞ. Up to
quadratic order in the perturbation term in Eq. (1), we can
recast the Einstein Hilbert action as follows

SEH ≃
1

64πG

Z
d4xðhμν□hμν − h□hþ 2hμν∂μ∂νh

− 2hμα∂κ∂αhμκÞ: ð3Þ

Now we shall make use of the gauge symmetry of the
perturbation term given by

hμν ¼ h̄μν þ ∂μξν þ ∂νξμ: ð4Þ

Using this, we now impose the transverse-traceless gauge
conditions given by

∂κh̄κζ ¼ 0; h̄κκ ¼ 0; kρh̄ρζ ¼ 0 ð5Þ

with kρ ¼ δ0ρ being a constant timelike vector. In the
transverse-traceless gauge, the form of the Einstein-
Hilbert action in Eq. (3) can be recast as

SEH ¼ −
1

8κ2

Z
d4x∂κh̄ij∂κh̄ij ð6Þ

where κ ¼ ffiffiffiffiffiffiffiffiffi
8πG

p
. One can now make use of a Fourier

mode decomposition of the fluctuation term h̄ij inside a box
of volume V as

h̄ijðt;xÞ ¼
2κffiffiffiffi
V

p
X
k;s

hsðt;kÞeik·xϵsijðkÞ: ð7Þ

It is imperative to know that h̄ijðt;xÞ ¼ h̄�ijðt;xÞ as h̄ijðt;xÞ
is a real quantity. Now making use of the Fourier mode
decomposition in Eq. (7) and the reality condition of the
fluctuation term, we can recast the Einstein-Hilbert action
in Eq. (6) as

SEH ¼ 1

2

X
k;s

Z
dtðjḣsðt;kÞj2 − k2jhsðt;kÞj2Þ: ð8Þ

The Lagrangian density for a complex scalar bosonic
field with a self-interaction term (in natural units) can be
written as

L ¼ ∇μϕ
†∇μϕþm2ϕ†ϕþ λðϕ†ϕÞ2

¼ gμν∂μϕ†ðt;xÞ∂νϕðt;xÞ þm2jϕðt;xÞj2 þ λjϕðt;xÞj4
ð9Þ

wherem gives the mass of the bosonic field and λjϕj4 gives
the self interaction term for the bosons. Now Eq. (9)
effectively describes the Lagrangian density of a Bose-
Einstein condensate (BEC) as we are doing a zero-
temperature field theory. Note that the Lagrangian density
presented in Eq. (9) is a bit different from the one presented
in [14,15] as we are working explicitly in a mostly positive
signature.
We now consider a homogeneous BEC and write ϕ as

ϕðt;xÞ ¼ eiχðt;xÞφðt;xÞ, where χðt;xÞ and φðt;xÞ are both
real. Substituting this relation back in Eq. (9), we obtain the
modified Lagrangian density as

L ¼ gμν∂μφ∂νφþ φ2gμν∂μχ∂νχ þm2φ2 þ λφ4: ð10Þ

Here, φðt;xÞ is the heavy field, hence we extremize the
Lagrangian density in Eq. (10) with respect to φ as

∂L
∂φ

¼ 2φgμν∂μχ∂νχ þ 2m2φþ 4λφ3 ¼ 0

⇒ 2φðgμν∂μχ∂νχ þm2 þ 2λφ2Þ ¼ 0: ð11Þ

As φ is an arbitrary scalar field, it is possible to write down
the extremization condition from Eq. (11) as

φ2 ¼ −
1

2λ
ðgμν∂μχ∂νχ þm2Þ: ð12Þ

Substituting the above relation back in the Lagrangian
density in Eq. (10) we get,

L ¼ gμν∂μφ∂νφþ φ2ðgμν∂μχ∂νχ þm2Þ þ λðφ2Þ2

¼ gμν∂μφ∂νφ −
1

4λ
ðgμν∂μχ∂νχ þm2Þ2: ð13Þ

The primary focus of the analysis lies in the low frequency
regime and as a result the heavy field φ can be integrated

PROBING THE QUANTUM NATURE OF GRAVITY USING A … PHYS. REV. D 110, 026014 (2024)

026014-3



out from the theory [14,30]. As a result, we can define a
new Lagrangian density with an effective minus sign as

LBEC ¼ 1

4λ
ðgμν∂μχ∂νχ þm2Þ2: ð14Þ

Corresponding to this new Lagrangian, one can write down
the total action of the matter part of the system (which is the
BEC coupled to the gravity) as

SBEC ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
LBEC ð15Þ

where g ¼ det½gμν�. If πðt;xÞ∈R denotes the BEC pho-
nons then in terms of these pseudo-Goldstone bosons, we
can express χ as

χðt;xÞ ¼ −σ̃tþ πðt;xÞ ¼ σ̃xμδ
μ
0 þ πðt;xÞ ð16Þ

where x0 ¼ t and x0 ¼ g0μxμ ¼ −t.
The background metric has the form given by

gμν ¼

0BBB@
−1 0 0 0

0 1þ hþðtÞ h×ðtÞ 0

0 h×ðtÞ 1 − hþðtÞ 0

0 0 0 1

1CCCA ð17Þ

where hþ and h× denote the 9plus and cross polarizations
of the gravitational wave, propagating in the z direction.
From Eq. (17), we obtain,

ffiffiffiffiffiffi−gp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðh2þ þ h2×Þ

p
≃

1þOðhμνhμνÞ. Using the decomposition in Eq. (16) and
using the expansion of

ffiffiffiffiffiffi−gp
, we can recast the action in

Eq. (15) as

SBEC≃
1

4λ

Z
d4xðgμνðσ̃δμ0þ∂

μπÞðσ̃δν0þ∂
νπÞþm2Þ2 ð18Þ

where we have kept
ffiffiffiffiffiffi−gp

up to the leading order term and
neglected the OðhμνhμνÞ contribution. One can neglect the
higher order derivative terms [14] while expanding Eq. (18).
Hence, Eq. (18) can be recast in the following form

SBEC ¼
Z

d4x
2λ

½ð3σ̃2 −m2Þπ̇2 − ðσ̃2 −m2Þgij∂iπ∂jπ�

þ
Z

d4x
4λ

½4σ̃ðσ̃2 −m2Þπ̇ þ ðσ̃2 −m2Þ2�

¼
Z

d4x
2λ

½ð3σ̃2 −m2Þπ̇2 − ðσ̃2 −m2Þgij∂iπ∂jπ�

þ
Z

d3x
λ

½σ̃ðσ̃2 −m2Þπ�

≃
Z

d4x
2λ

½ð3σ̃2 −m2Þπ̇2 − ðσ̃2 −m2Þgij∂iπ∂jπ� ð19Þ

where in the second line of the above equation we have got
rid of the nondynamical contributions and in the final linewe
have made use of the fact that πðt;xÞ vanishes at the
boundary. We now make use of the ansatz for the
pseudo-Goldstone boson

πðt;xÞ ¼
X
kβ

eikβ ·xψkβ
ðtÞ: ð20Þ

As πðt;xÞ∈R, we know that πðt;xÞ ¼ π�ðt;xÞ. This reality
condition leads us to the relation

P
kβ
eikβ ·xψkβ

ðtÞ ¼P
kβ
eikβ ·xψ�

−kβ
ðtÞ. The above relation implies ψkβ

ðtÞ ¼
ψ�
−kβ

ðtÞ ∀ kβ. Throughout the analysis, we have neglected

the spatial dependence of the gravitational fluctuation (this
assumption has also been adopted in the classical treatment
of [14]). Using the above condition and the Fourier mode
decomposition of the gravitational fluctuation term from
Eq. (7), Eq. (19) can be recast as

SBEC ≃
1

2λ

Z
d4x½ð3σ̃2 −m2Þπ̇ðt;xÞπ̇�ðt;xÞ − ðσ̃2 −m2Þðηij þ h̄ijðt; 0ÞÞ∂iπðt;xÞ∂jπ�ðt;xÞ�

¼ 1

2λ

Z
d4x

�
ð3σ̃2 −m2Þ

X
kβ ;k0

β

eiðkβ−k0
βÞ·xψ̇kβ

ðtÞψ̇�
k0
β
ðtÞ − ðσ̃2 −m2Þ

�
ηij þ

2κffiffiffiffi
V

p
X
k;s

hk;sðtÞϵsijðkÞ
�

×
X
kβ ;k0

β

ðikiβÞð−ik0jβÞeiðkβ−k0
βÞ·xψkβ

ðtÞψ�
k0
β
ðtÞ

�

¼ 1

2λ

Z
dt

�
ð3σ̃2 −m2Þ

X
kβ;k0

β

ψ̇kβ
ðtÞψ̇�

k0
β
ðtÞ

Z
d3xeiðkβ−k0

βÞ·x − ðσ̃2 −m2Þ
�
ηij þ

2κffiffiffiffi
V

p
X
k;s

hk;sðtÞϵsijðkÞ
�

×
X
kβ ;k0

β

ðikiβÞð−ik0jβÞψkβ
ðtÞψ�

k0
β
ðtÞ

Z
d3xeiðkβ−k0

βÞ·x
�
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¼ 1

2λ

Z
dt

�
ð3σ̃2 −m2Þ

X
kβ ;k0

β

ψ̇kβ
ðtÞψ̇�

k0
β
ðtÞVβδkβ ;k0

β
− ðσ̃2 −m2Þ

�
ηij þ

2κffiffiffiffi
V

p
X
k;s

hk;sðtÞϵsijðkÞ
�

×
X
kβ ;k0

β

kiβk
0j
βψkβ

ðtÞψ�
k0
β
ðtÞVβδkβ ;k0

β

�

⇒ SBEC ¼ Vβ

2λ

Z
dt
�
ð3σ̃2 −m2Þ

X
kβ

jψ̇kβ
ðtÞj2 − ðσ̃2 −m2Þ

�
ηij þ

2κffiffiffiffi
V

p
X
k;s

hk;sðtÞϵsijðkÞ
�X

kβ

kiβk
j
βjψkβ

ðtÞj2
�

ð21Þ

where in the penultimate line we have made use of the
normalization condition for the pseudo-Goldstone bosons
inside a box of volume Vβ as

R
d3xeiðkβ−k0

βÞ·x ¼ Vβδkβ ;k0
β
.

Here, δkβ ;k0
β
is the abbreviated form of δkβ ;k0

β
≡ δk1β ;k01β ×

δk2β ;k02β × δk3β ;k03β . Such a box normalization of the pseudo-

Goldstone bosons is quite intuitive in a sense that exper-
imentally a Bose-Einstein condensate is formed in a very

confined region (e.g., making use of harmonic trap poten-
tials) which can resemble the shape of a small box. From
the dispersion relation of the BEC [14], we know that
ω2
β ≃ c2sk2β, where c2s ¼ σ̃2−m2

3σ̃2−m2 (denoting the square of the
speed of sound) and kβ ≪ m with cs ≪ 1 (in natural units,
c ¼ 1). We can further recast Eq. (21) as

SBEC ¼ γβ

Z
dt

�X
kβ

jψ̇kβ
ðtÞj2 − c2s

�
ηij þ

2κffiffiffiffi
V

p
X
k;s

hk;sðtÞϵsijðkÞ
�X

kβ

kiβk
j
βjψkβ

ðtÞj2
�

ð22Þ

where γβ has the dimension of length in natural units and γβ ≡ Vβ

2λ ð3σ̃2 −m2Þ. Combining the Einstein-Hilbert action from
Eq. (8) with that of the action for the BEC from Eq. (22), we obtain the total action of the system as

S¼ SEH þ SBEC

¼ 1

2

X
k;s

Z
dtðjḣsðt;kÞj2 − k2jhsðt;kÞj2Þ þ γβ

Z
dt
X
kβ

�
jψ̇kβ

ðtÞj2 − c2s

�
ηij þ

2κffiffiffiffi
V

p
X
k;s

hk;sðtÞϵsijðkÞ
�
kiβk

j
βjψkβ

ðtÞj2
�
: ð23Þ

We start by varying the action given in Eq. (23) in terms
of the complex conjugate of the time dependent part of the
pseudo-Goldstone boson corresponding to individual
momentum modes and the complex conjugate of the
individual Fourier mode of the graviton. Using the principle
of least action ( δS

δψ�
kβ

¼ 0), we obtain a dynamical equation

or the equation of motion corresponding to the time
dependent part of the pseudo-Goldstone boson as

ψ̈kβ
ðtÞ þ c2s

�
ηij þ

2κffiffiffiffi
V

p
X
k;s

hk;sðtÞϵsijðkÞ
�
kiβk

j
βψkβ

ðtÞ ¼ 0:

ð24Þ
Similarly, by using the principle of least action after extrem-
izing the action with respect to the variable h�k;s, we get

ḧk;sðtÞ þ k2hk;sðtÞ ¼ −
4γβκc2sffiffiffiffi

V
p ϵs�ij ðkÞ

X
kβ

kiβk
j
βjψkβ

ðtÞj2

ð25Þ

where we have made use of the reality condition of h̄ijðt; 0Þ.
With the two equations of motion in hand, we can nowmove
toward writing down a quantum mechanical model of the
gravitational wave-BEC system.

III. GRAVITON INDUCED NOISE IN THE BEC

In this section, our primary aim is to quantize the theory.
The simplest way of quantizing the gravitational part is to
raise the Fourier modes of the spacetime fluctuation h̄ij to
operator status and impose a suitable canonical commuta-
tion relation among ĥk;sðtÞ and its canonically conjugate
variable in the phase space. For the bosonic part, it can be a
bit tricky. One can just raise the time dependent part of the
pseudo-Goldstone bosons to operator status and impose
suitable commutation relation among the two canonically
conjugate variables in the phase space. The second way is
to quantize it in the momentum space and raise the
momentum variables to operator status with the suitable
use of canonical commutation relations. In this first paper
of our set of two works, we shall make use of the first
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procedure, where we only quantize ψkβ
ðtÞ in its entirety

and impose commutation relation between ψ̂kβ
ðtÞ and its

canonically conjugate variable. The independent Fourier
mode of the spacetime fluctuation can be decomposed into
two parts. One is the classical contribution which is
obtained by taking the expectation value of the mode
operator and a quantum fluctuation term. It is now possible
to write down the fluctuation term of the mode operator
corresponding to a momentum value k in the interaction
picture as [20]

δĥIk;sðtÞ ¼ ĥIk;sðtÞ − hsclðk; tÞ ð26Þ

with the classical component given as hsclðk; tÞ ¼ hĥIk;sðtÞi
where the expectation is taken with respect to the initial
state of the graviton. In principle the classical contribution
has nonvanishing contribution if the graviton is initially in
coherent, squeezed vacuum, thermal, and similar other
combinatorial states. Here, δĥIk;sðtÞ is the gravitational
quantum fluctuation [20]. The quantum field in the inter-
action picture in terms of the creation and annihilation
operators can be represented as

ĥIk;sðtÞ ¼ ukðtÞâsðkÞ þ u�kðtÞâ†sð−kÞ ð27Þ

where k ¼ jkj with the mode function, ukðtÞ, satisfying the
following normalization condition

−iukðtÞ∂
↔

tu�kðtÞ ¼ −iðukðtÞu̇�kðtÞ − u̇kðtÞu�kðtÞÞ ¼ 1: ð28Þ

In case of Minkowski vacuum, the creation and annihilation
operators in Eq. (27), satisfy the following commutation
relation

½âsðkÞ; â†s0 ðk0Þ� ¼ δs;s0δk;k0 ;

½âsðkÞ; âs0 ðk0Þ� ¼ ½â†sðkÞ; â†s0 ðk0Þ� ¼ 0: ð29Þ

Raising hk;sðtÞ and ψ̂kβ
ðtÞ to operator status, we can recast

Eq. (25) in a quantum mechanical representation as

̈ĥk;sðtÞ þ k2ĥk;sðtÞ ¼ −
4γβκc2sffiffiffiffi

V
p ϵs�ij ðkÞ

X
kβ

kiβk
j
βjψ̂kβ

ðtÞj2

ð30Þ

where jψ̂kβ
ðtÞj2 ¼ ψ̂†

kβ
ðtÞψ̂kβ

ðtÞ.
Making use of the Green’s function technique, it is

possible to write down the solution of the above equation as

ĥk;sðtÞ ¼ ĥIk;sðtÞ −
4γβκc2sffiffiffiffi

V
p ϵs�ij ðkÞ

Z
t

0

dt0
sinðkðt − t0ÞÞ

k

X
k0
β

k0iβk
0j
β jψ̂k0

β
ðt0Þj2

¼ hsclðk; tÞ þ δĥIk;sðtÞ −
4γβκc2sffiffiffiffi

V
p ϵs�ij ðkÞ

X
k0
β

k0iβk
0j
β

Z
t

0

dt0
sinðkðt − t0ÞÞ

k
jψ̂k0

β
ðt0Þj2: ð31Þ

We can also write down the quantum mechanical version of Eq. (24) as

̈ψ̂kβ
ðtÞ þ c2s

�
ηij þ

2κffiffiffiffi
V

p
X
k;s

ĥk;sðtÞϵsijðkÞ
�
kiβk

j
βψ̂kβ

ðtÞ ¼ 0 ð32Þ

where in the last line of the above equation, we have made use of Eq. (26). One can now regulate the mode summations,
corresponding to the gravitational wave part, via the use of an ultraviolet (UV) cutoff. Substituting the form of ĥk;sðtÞ from
Eq. (31), we can write down Eq. (32) as

̈ψ̂kβ
ðtÞ þ c2sηijkiβk

j
βψ̂kβ

ðtÞ þ c2s

�
2κffiffiffiffi
V

p
X
s

X
k

jkj≤Ωm

hsclðk; tÞϵsijðkÞ
�
kiβk

j
βψ̂kβ

ðtÞ þ c2s

�
2κffiffiffiffi
V

p
X
s

X
k

jkj≤Ωm

δĥIk;sðtÞϵsijðkÞ
�
kiβk

j
βψ̂kβ

ðtÞ

−
8γβκ

2c4s
V

X
s

X
k

jkj≤Ωm

ϵs�ij ðkÞϵslmðkÞ
�Z

t

0

dt0
sinðkðt − t0ÞÞ

k

X
k0
β

k0iβk
0j
β jψ̂k0

β
ðt0Þj2

�
klβk

m
β ψ̂kβ

ðtÞ ¼ 0: ð33Þ

Wewill henceforth use the UV-regulated mode summations for the gravitational wave part throughout this work. From an
experimental scenario this is quite logical as an usual gravitational wave detector can detect frequencies up to a
maximum value.
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One can now define two new quantities as

hclijðt;xÞ≡ 2κffiffiffiffi
V

p
X
s

X
k

jkj≤Ωm

hsclðk; tÞeik·xϵsijðkÞ ð34Þ

δN̂ijðtÞ≡ 2κffiffiffiffi
V

p
X
s

X
k

jkj≤Ωm

δĥIk;sðtÞϵsijðkÞ: ð35Þ

One can now introduce the projection tensors to proceed
further in this analysis as follows

Pij ¼ δij −
kikj
k2

ð36Þ

and making use of them, one can write down the following
relation involving the sum over all polarizations of the
product of two polarization tensorsX
s

ϵs�ij ðkÞϵslmðkÞ ¼
1

2
½PilPjm þ PimPjl − PijPlm�: ð37Þ

Using Eqs. (34), (35), and (37), we can recast Eq. (33) as

̈̂ψkβ
ðtÞþc2sðηijþhclijðt;0ÞþδN̂ijðtÞÞkiβkjβψ̂kβ

ðtÞ

−
ξβ
V

X
k

jkj≤Ωm

ðPilPjmþPimPjl−PijPlmÞ
X
k0
β

k0iβk
0j
β

×

�Z
t

0

dt0
sinðkðt− t0ÞÞ

k
jψ̂k0

β
ðt0Þj2

�
klβk

m
β ψ̂kβ

ðtÞ¼0 ð38Þ

where ξβ ¼ 4γβκ
2c4s , and

ξβ
V is a dimensionless number. The

summation over the graviton modes can be converted in a
continuous mode integral as 1

V

P
k;jkj≤Ωm

→ 1
ð2πÞ3

RΩm d3k.

In this integral d3k can be converted to corresponding
spherical coordinates in Fourier space as k2dk sin θdθdϕ ¼
k2dkdΩ. The angular integrals are given by [20]

Z
dΩ ¼ 4π;

Z
dΩkikj ¼ 4π

3
δij;Z

dΩkikjklkm ¼ 4π

15
ðδijδlm þ δilδjm þ δimδjlÞ: ð39Þ

Using the angular integrals and making use of the discrete
to continuous mode conversion rule, we obtain the follow-
ing result for the summation terms involving the projection
tensors,

P
k ðPilPjm þ PimPjl − PijPlmÞ, to be

V
ð2πÞ3

Z
Ωm

0

dkk2
Z

dΩ½PilPjmþPimPjl−PijPlm�

¼ V
5π2

�Z
Ωm

0

dkk2
��

δilδjmþδimδjl−
2

3
δijδlm

�
: ð40Þ

Making use of Eq. (40) and performing the k integral, one
can recast Eq. (38) as

̈ψ̂kβ
ðtÞ þ c2sðηij þ hclijðt; 0Þ þ δN̂ijðtÞÞkiβkjβψ̂kβ

ðtÞ − ξβ
5π2

�
δilδjm þ δimδjl −

2

3
δijδlm

�X
k0
β

k0iβk
0j
β

×
Z

t

0

dt0
�
sinðΩmðt − t0ÞÞ

ðt − t0Þ2 −
Ωm cosðΩmðt − t0ÞÞ

ðt − t0Þ
�
jψ̂k0

β
ðt0Þj2klβkmβ ψ̂kβ

ðtÞ ¼ 0: ð41Þ

Absorbing the Kronecker-deltas, we can resimplify the above equation as

̈ψ̂kβ
ðtÞ þ c2sðηij þ hclijðt; 0Þ þ δN̂ijðtÞÞkiβkjβψ̂kβ

ðtÞ − 2ξβ
5π2

Z
t

0

dt0
�
sinðΩmðt − t0ÞÞ

ðt − t0Þ2 −
Ωm cosðΩmðt − t0ÞÞ

ðt − t0Þ
�

×
X
k0
β

�
ðkβ · k0

βÞ2 −
1

3
k2βk

02
β

�
jψ̂k0

β
ðt0Þj2ψ̂kβ

ðtÞ ¼ 0: ð42Þ

Our next aim is to obtain a solution for ψ̂kβ
ðtÞ via solving

the above equation. The time-dependent part of the pseudo-
Goldstone boson can be divided into three parts,

ψ̂kβ
ðtÞ ¼ ψ ð0Þ

kβ
ðtÞ þ ψhcl

kβ
ðtÞ þ ψ̂ ð1Þ

kβ
ðtÞ. Here, ψ ð0Þ

kβ
ðtÞ denotes

the unperturbed classical part of the solution and ψhcl
kβ
ðtÞ

denotes the first order solution corresponding to the

classical gravitational perturbation. The final part ψ̂ ð1Þ
kβ
ðtÞ

encodes the solution corresponding to the quantum fluc-
tuations of the gravitons. It is important to note that the
decomposition of the solution is done in a way such that
the operatorial contribution can be separated from the
classical part.
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The zeroth order classical equation from Eq. (42) reads

ψ̈ ð0Þ
kβ
ðtÞ þ c2sk2βψ

ð0Þ
kβ
ðtÞ ¼ 0 ð43Þ

which has a solution of the form

ψ ð0Þ
kβ
ðtÞ ¼ ae−icskβt þ beicskβt ¼ ae−iωβt þ beiωβt: ð44Þ

It is now quite intuitive to get rid of the negative energy
modes and set b ¼ 0, and as a result of the normalization
condition, we get a ¼ 1. The first order classical equation
of motion from Eq. (42) can be written as

ψ̈hcl
kβ
ðtÞ þ c2sk2βψ

hcl
kβ
ðtÞ ¼ −c2shclijðt; 0Þkiβkjβψ ð0Þ

kβ
ðtÞ þ fβðtÞ

ð45Þ

where fβðtÞ is given by

fβðtÞ¼
2ξβ
5π2

X
k0
β

�
ðkβ ·k0

βÞ2−
1

3
k2βk

02
β

�
ψ ð0Þ
kβ
ðtÞ

Z
t

0

dt0

×

�
sinðΩmðt−t0ÞÞ

ðt−t0Þ2 −
ΩmcosðΩmðt−t0ÞÞ

ðt−t0Þ
�
jψ ð0Þ

k0
β
ðt0Þj2

¼2ξβ
5π2

�
Ωm−

sinðΩmtÞ
t

�X
k0
β

�
ðkβ ·k0

βÞ2−
1

3
k2βk

02
β

�
e−iωβt:

ð46Þ

To proceed further and in order to make the analysis
simpler, we restrict ourselves to plus polarization
of the gravitational wave only. As a result, we already
know that ϵ×ijðkÞ¼0 (∀ i;j¼f1;2;3g), ϵþ11ðkÞ¼−ϵþ22ðkÞ,
ϵþ33ðkÞ ¼ 0, and ϵþijðkÞ ¼ 0 ∀ i ≠ j. Making use of
Eq. (34), we can therefore write hcl11ðt; 0Þ ¼ −hcl22ðt; 0Þ ¼
hclðt; 0Þ. Hence, Eq. (45) can be recast as

ψ̈hcl
kβ
ðtÞ þ ω2

βψ
hcl
kβ
ðtÞ ¼ −ω2

βk
2
0h

clðt; 0Þe−iωβt þ fβðtÞ ð47Þ

where k2
0 ¼

kβ2x−kβ
2
y

k2β
. Corresponding to the Green’s function

equation ðd2dt2 þ ω2
βÞGðt − t0Þ ¼ δðt − tÞ0, we obtain the

analytical form of the Green’s function to be

Gðt − t0Þ ¼ 1

ωβ
sinðωβðt − t0ÞÞΘðt − t0Þ ð48Þ

with Θðt − t0Þ denoting the Heaviside theta function. The
solution of Eq. (45) can then be obtained as

ψhcl
kβ
ðtÞ ¼ ahe−iωβt þ bheiωβt − k2

0

Z
t

−∞
dt0ωβhclðt0; 0Þ

× e−iωβt0 sinðωβ½t − t0�Þ

þ
Z

t

−∞
dt0

sinðωβ½t − t0�Þ
ωβ

fβðt0Þ: ð49Þ

The simplest choice for the undetermined constants is to
set ah ¼ bh ¼ 0. As before, we can also get δN̂11ðtÞ ¼
−δN̂22ðtÞ ¼ δN̂ðtÞ and other components of the δN̂ijðtÞ
tensor is zero. The final dynamical equation, involving the
operators only (the quantum-gravitational time evolution
equation), reads

̈ψ̂ ð1Þ
kβ
ðtÞ þ ω2

βψ̂
ð1Þ
kβ
ðtÞ ≃ −ω2

βk
2
0δN̂ðtÞ: ð50Þ

As ψ̂ ð1Þ
kβ
ðtÞ is an operator corresponding to quantum gravity

consideration, the operatorial contribution from fβðtÞ
becomes way smaller compared to the other terms in
Eq. (50). Again setting the random constants to zero and
using the Green’s function technique, we arrive at the
solution of Eq. (50) as follows

ψ̂ ð1Þ
kβ
ðtÞ¼−k2

0

Z
t

−∞
dt0ωβ sinðωβðt− t0ÞÞe−iωβt0δN̂ðt0Þ: ð51Þ

As the quantum fluctuations purely arises because of the
interaction of the BEC with the gravitons, it is safe to
assume δN̂ðtÞ ¼ 0, ∀ t < 0. As a result, Eq. (51) reduces
to an integral whose limits are from 0 to t. Combining
Eqs. (44), (47), and (51) and using the specific values for
the constant, we obtain the complete solution for the time
dependent part of the pseudo-Goldstone boson as

ψ̂kβ
ðtÞ ¼ e−iωβt − ωβk2

0

Z
t

−∞
dt0e−iωβt0 sinðωβðt − t0ÞÞðhclðt0; 0Þ þ δN̂ðt0ÞÞ þ 1

ωβ

Z
t

−∞
dt0 sinðωβðt − t0ÞÞfβðt0Þ: ð52Þ

This is one of the pivotal results in our paper and it signifies the fact that the time dependent part of the pseudo-Goldstone
boson now explicitly depends upon a quantum fluctuation parameter which is a direct consequence of the interaction of the
supercooled BEC with gravitons. The subsequent discussion in this paper will be based upon this important result that we
have obtained. We shall now proceed to calculate the form of the above solution when specific incoming gravitational wave
template is used and obtain the corresponding Bogoliubov coefficients.
At first, it is important to note that in the last term in Eq. (52) the integral can be assumed to operate in a very small time

limit as the interaction of BEC with a gravitational wave will occur for a very small amount of time. From Eq. (46), we
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observe that if t is very small then Ωm − sinðΩmtÞ
t ≃

Ωm − Ωmt
t ¼ 0. Hence, for a simpler analysis, we indeed

can set fβðtÞ equals to zero in Eq. (52). The classical
template of the gravitational wave can be used as

hclðt0; 0Þ ¼ εe−
t2

τ2 cosðΩtÞ, where τ indicates the duration
of time for capturing a single measurement
of the gravitational wave. From Eq. (52), we replace
hclðt0; 0Þ by the above analytical form and obtain IhðtÞ≡
ε
R
t
−∞ dt0e−iωβt0 sinðωβðt − t0ÞÞe−t02

τ2 cosðΩt0Þ. We shall make
the upper limit to ∞ and argue that it is a quite good
approximation for a such a gravitational wave template and
we plot the two behavior where the upper limit of
integration is finite in one case and infinite in the other
case in Fig. 1. The quantum gravitational fluctuation term
in Eq. (52) is very small in amplitude. Hence, we can
simply assume that the noise overall can be modeled by that
of the final value of the fluctuation at time t. Hence, we use
the relation that

R
dt0δN̂ðt0Þgðt0Þ ≃ R

dt0δN̂ðtÞgðt0Þwith gðtÞ
being a function of time. In a simple experimental setup, if

the measurement time corresponding to a single BEC mode
is t ¼ t then the solution in Eq. (52) can be recast in the
final form as

ψ̂kβ
ðtÞ ¼

�
1 −

k2
0

4
ð1þ 2iωβtÞδN̂ðtÞ

�
e−iωβt þ

�
εk2

0

4

ffiffiffi
π

p
ωβτðe−τ2

4
ðΩ−2ωβÞ2 − e−

τ2

4
ðΩþ2ωβÞ2Þ þ k2

0

4
δN̂ðtÞ

�
eiωβt

¼ α̂βðtÞe−iωβt þ β̂βðtÞeiωβt ð53Þ

where the coefficients α̂βðtÞ and β̂βðtÞ are defined as

α̂βðtÞ≡ αβ þ δα̂βðtÞ ¼ 1 −
kβ2x − kβ2y

4k2β
ð1þ 2iωβtÞδN̂ðtÞ ð54Þ

β̂βðtÞ≡ ββ þ δβ̂βðtÞ ¼ kβ2x − kβ2y
4k2β

ffiffiffi
π

p
εωβτðe−τ2

4
ðΩ−2ωβÞ2 − e−

τ2

4
ðΩþ2ωβÞ2Þ þ kβ2x − kβ2y

4k2β
δN̂ðtÞ: ð55Þ

It is quite natural to set t ¼ τ later on but for the
moment we leave them as two distinct numbers. It is
straight forward to write down δα̂β ¼ cαðtÞδN̂ðtÞ and
δβ̂β ¼ cβðtÞδN̂ðtÞ such that cαðtÞ ¼ − ε̃

4ϵ ð1þ 2iωβtÞ,
and cβðtÞ ¼ ε

4ε. Here, a new quantity is defined,

ε̃≡ ε
kβ2x−kβ

2
y

k2β
. As the background spacetime is curved, it

is evident from Eq. (53) that α̂βðtÞ and β̂βðtÞ are the
Bogoliubov coefficients.
Equations (54) and (55) signifies that the Bogoliubov

coefficients can now be decomposed into two parts, one is
the classical part which is same as that obtained in [14], and
the another part is a fluctuation term which is indeed purely
a quantum gravitational term. It is quite natural that as the
background spacetime fluctuations are quantized, the
Bogoliubov coefficients will not be constant numbers
anymore rather the noise fluctuations will be embedded

into them. This is a very important observation in this
paper. Our aim is to obtain the variance in the measurement
of the parameter ε. For the next part of our analysis, we
shall make use of quantum metrology techniques to extract
signatures of the noise induced by the gravitons on the
BEC. It is important to note that the metrology techniques
followed in [14], will be a bit different in this scenario as
the Bogoliubov coefficients are now having a fluctuation
term. In order to inspect the quantum Fisher information
term in this scenario [14], we finally will need to take the
stochastic average of the same.

IV. QUANTUM METROLOGY AND THE NOISE
OF GRAVITONS

A. Calculating the covariance matrix for the single
mode of an n mode bosonic system

The method that we shall follow in this literature is the
covariance matrix formalism. In this subsection, we have

FIG. 1. IhðtÞ is plotted for ωβ ¼ 1 Hz, Ω ¼ 2 Hz, and
τ ¼ 10 sec when the upper limit of integration is finite and
infinite as well.
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given a pedagogical derivation of the covariance matrix of a
squeezed onemodeBose-Einstein condensate at zero temper-
ature. For a systemofn bosons, the position and the conjugate
momenta in terms of the ladder operators are given as

x̂βj ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
ℏ

2mωβ

s
ðâβj þ âβ†j Þ; p̂β

k¼ i

ffiffiffiffiffiffiffiffiffiffiffiffi
mℏωβ

2

r
ðâβ†k − âβkÞ: ð56Þ

If one imposes the commutation relation ½âβk; âβ†k0 � ¼ δk;k0 , it is

quite straight forward to check that ½x̂βj ; p̂β
k� ¼ iℏδjk with

j; k ¼ 1;…; n. Here, âβk denotes the annihilation operator
corresponding to the kth energy state such that âβkjmβ

ki ¼ffiffiffiffiffiffi
mβ

k

q
jmβ

k − 1i, and âβ†k denotes the creation operator such

that âβ†k jmβ
ki ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mβ

k þ 1

q
jmβ

k þ 1i. The vacuum state is

defined as âβkj0βki ¼ 0, ∀ k. One can now define a column
vector of the form R ¼ ðux̂β1; 1v p̂β

1;…;ux̂βn; 1v p̂
β
nÞT where

u≡
ffiffiffiffiffiffiffi
mωβ

ℏ

q
and v ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

mℏωβ

p
. It is quite straight forward to

check that ½R;RT �≡RRT − ðRRTÞT ¼ iO, where

O ¼ ⨁
n

j¼1

iσ2 with σ2 denoting the second Pauli spin matrix

and⨁ denoting the direct sum corresponding to then-modes
of the n-mode bosonic system. Here, O is 2n × 2n dimen-
sional matrix. The covariant matrix Σ in terms of the R
column matrix reads

Σij ¼
1

2
hfRi;Rjgi − hRiihRii ð57Þ

where the expectationvalue is taken with resect to the density
matrix of the nmode bosons. For a single mode, we can write
down Rk ¼ ðux̂βk; 1v p̂β

kÞT where only the kth mode is being
considered. It is straight forward to check that for a single-
mode vacuum state of bosons in thermal equilibrium, the
density matrix reads (kth bosonic mode is considered)

ρ̂k ¼ e−ßĤ

tr½e−ßĤ�

¼
P∞

nβk¼0
jnβkihnβkje−ßâ

β†
k âβkP∞

mβ
k¼0

hmβ
kje−ßâ

β†
k âβk jmβ

ki

¼ ð1 − e−ßÞ
X∞
nβk¼0

jnβkihnβkje−ßn
β
k

¼ 1

1þN

X∞
nβk¼0

�
N

1þN

�
mβ

k jmβ
kihmβ

kj ð58Þ

where ß ¼ 1
kBT

and N ¼ 1
eß−1 with kB denoting

the Boltzmann constant, and T denoting the equi-
librium temperature. Using Eq. (58), it is straight forward
to show that hRki ¼ 0. It is therefore sufficient to
calculate 1

2
tr½fRk;RkTgρ̂k� in order to obtain the covariance

matrix Σk corresponding to the kth bosonic mode of the
n-mode bosonic system. The anti-commutator fRk;RkTg
reads

fRk;RkTg¼
" 2mωβ

ℏ ðx̂βkÞ2 1
ℏðx̂βkp̂β

kþ p̂β
kx̂

β
kÞ

1
ℏðp̂β

kx̂
β
kþ x̂βkp̂

β
kÞ 2

mℏωβ
ðp̂β

kÞ2

#
: ð59Þ

Using the above matrix structure, one can obtain the final
form of the covariancematrix corresponding to a singlemode
of an n-mode bosonic system as

Σk½N ðTÞ�¼1

2
tr½fRk;RkTgρ̂k�¼2N þ1

2

�
1 0

0 1

�
: ð60Þ

In the zero temperature limit, N ¼ 0. If the entire system
is at zero temperature then effectively it denotes a
BEC corresponding to the kth mode of the n-mode bosonic
system. The covariance matrix corresponding to a BEC
from Eq. (60) can be obtained using the zero temperature
limit as

Σk½N ð0Þ� ¼ Σk½0�
¼ lim

T→0
Σk½N ðTÞ�

¼
� 1

2
0

0 1
2

�
: ð61Þ

In order to enhance the feedback of the BEC from the
gravitational wave, the general idea is to squeeze the single
mode bosons in the zero temperature limit. For the next part of
our analysis, we shall drop the k superscript. Under a
squeezing by a parameter rsq ¼ reiφ, one can obtain the
following two relations

ŜðrÞâβŜ†ðrÞ ¼ âβ cosh rþ âβ†eiφ sinh r;

ŜðrÞâβ†Ŝ†ðrÞ ¼ âβ† cosh rþ âβe−iφ sinh r: ð62Þ

Applying the transformations to the vector R, we obtain
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ŜðrÞRŜ†ðrÞ ¼
�
uŜðrÞx̂βŜ†ðrÞ
1
v ŜðrÞp̂βŜ†ðrÞ

�

¼
�
cosh rþ cosφ sinh r sinφ sinh r

sinφ sinh r cosh r − cosφ sinh r

��
ux̂β

1
v p̂

β

�
¼ ΞsqðrÞR ð63Þ

where ΞsqðrÞ denotes the squeezing matrix. Hence, the covariance matrix corresponding to the single-mode squeezed
phonons of the BEC reads1

Σsq½0� ¼ ΞsqðrÞΣ½0�ΞT
sqðrÞ

¼ 1

2

�
cosh 2rþ cosφ sinh 2r sinφ sinh 2r

sinφ sinh 2r cosh 2r − cosφ sinh 2r

�
: ð64Þ

When a gravitational wave interacts with the squeezed
BEC, it will transform the covariance matrix obtained in
Eq. (64) as [32]

Σ̃kðε̃Þ¼Mkkðε̃ÞΣsq½0�MT
kkðε̃Þþ

X
j≠k

Mkjðε̃ÞMT
kjðε̃Þ ð65Þ

where ε̃ ¼ εk2
0 and Mkjðε̃Þ is given as [14,32]

Mkjðε̃Þ ¼
"

ℜ½αβkj − ββkj� ℑ½αβkj þ ββkj�
−ℑ½αβkj − ββkj� ℜ½αβkj þ ββkj�

#
ð66Þ

with αβkj and ββkj denoting the classical Bogoliubov coef-
ficients. In our current analysis, the Bogoliubov coefficients
are operators involving a small fluctuation term. The
expectation value of the fluctuation term vanishes and
the two point correlator has a nonvanishing contribution.
Hence, the individual elements of the matrix MkjðεÞ will
have an additional contribution from the noise fluctuations.
The modified symplectic matrix including the effects from
the noise fluctuation takes the form

ˆ̃̂
Mkjðε̃Þ≡Mkjðε̃Þþδ ˆ̂Mkjðε̃Þ

¼Mkjðε̃Þþ
"
ℜ½cα

kj−cβ
kj� ℑ½cα

kjþcβ
kj�

−ℑ½cα
kj−cβ

kj� ℜ½cα
kjþcβ

kj�

#
δN̂ðtÞ

ð67Þ

where we have defined a new symbol ˆ̂A which indicates a
matrix A with operators as its elements. It is essential to

note that δN̂ðtÞ is a stochastic parameter, as a result we
cannot define its eigenvalues and the nonvanishing con-
tribution comes only from the two-point correlator of the
stochastic term with the contribution being always a real
number. As a result, we can call it a stochastic operator and
δM̂kjðε̃Þ carries the entire essence of the stochastic operator.
It is though interesting to note that δN̂ðtÞ has no well
defined adjoint operator, as a result it is complementary to
consider it as real operator. We can now rewrite Eq. (65) in
terms of the modified symplectic matrices with elements
including operators as

ˆ̃̂
Σkðε̃Þ ¼

ˆ̃̂
Mkkðε̃ÞΣsq½0�

ˆ̃̂
M

T

kkðε̃Þ þ
X
j≠k

ˆ̃̂
Mkjðε̃Þ

ˆ̃̂
M

T

kjðε̃Þ: ð68Þ

The Bogoliubov coefficients do not involve two different
modes corresponding to the n-mode bosonic system.
Hence, it is straight forward to express the two coefficients
as α̂βkj ¼ δkjα̂

β and β̂βkj ¼ δkjβ̂
β. With the analytical form of

ˆ̃̂
Mkjðε̃Þ, we are now in a position to calculate the error in
measurement of the parameter ε̃ in the next subsection.

B. Quantum Fisher information

In a general scenario, classical measurement may suffice
in precise determination of parameters. In cases where
quantum mechanical effects are mostly in action, it may not
be possible to precisely determine the outcome of small
parameter without using quantummechanical measurement
techniques. This is known as quantum metrology.

1. Cramér-Rao bound and the quantum Fisher
information

Here, we give a brief introduction to the Cramér-Rao
bound involving the classical Fisher information and the
techniques used to obtain the quantum Fisher information.
Consider a generalized measurement by a set of Hermitian

1Similar result for the squeezed covariance matrix has been
reproduced earlier in [14,31] but a slightly different result was
produced where the off-diagonal elements of the matrix comes
with a negative sign.
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operators ĜðζÞ which are nonnegative and R dζĜðζÞ ¼ 1̂. If
the probability density for obtaining the result ζ, when a
parameter ϑ is given, is pðζjϑÞ ¼ tr½ĜðζÞρ̂ðϑÞ� then the
classical Fisher information is defined by

Iϑ ≡
Z

dζpðζjϑÞ
�
∂ lnpðζjϑÞ

∂ϑ

�
2

¼
Z

dζ
pðζjϑÞ

�
∂pðζjϑÞ

∂ϑ

�
2

: ð69Þ

The minimum value in the error of the estimation of the
parameter ϑ from the N number of independent measure-
ments, with the set of results fζ1; ζ2;…; ζNg, is obtained
using the Cramér-Rao bound to be [33]

hðΔϑÞ2i ≥ 1

NIϑ
: ð70Þ

If one now considers ϑ to be a parameter corresponding to a
quantum-mechanical system, then the generalized form of
the classical Fisher information reads [33]

Iϑ ¼
Z

dζ
1

tr½ĜðζÞρ̂ðϑÞ� tr
�
ĜðζÞ ∂ρ̂ðϑÞ

∂ϑ

�
2

: ð71Þ

The quantum Fisher information, (when considering all
measurements fĜðζÞg) reads [33]

Hϑ ¼ max
fĜðζÞg

Iϑ: ð72Þ

Hence, the maximum amount of information, one can
extract afterNmeasurements is determined by the quantum
Fisher information as

hðΔϑÞ2i ≥ 1

NIϑ
≥

1

NHϑ
: ð73Þ

For two states ρ1 and ρ2, the overlap between them is
determined by the fidelity F ðρ1; ρ2Þ ¼ ðtr½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρ1
p

ρ2
ffiffiffi
ρ

p
2

p �Þ.
One can express the quantum Fisher information in
Eq. (72), in terms of the fidelity between two nearby states
ρϑ and ρϑþdϑ as [32]

Hϑ ¼
8ð1 − ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F ðρϑ; ρϑþdϑÞ
p Þ

dϑ2
: ð74Þ

For Gaussian states, it is easier to use the covariance matrix
approach than the density matrix approach. Now, the
overlap between two covariance matrices Σ1 and Σ2 for
a single mode bosonic systems reads [34]

F ðΣ1;Σ2Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

Λþ Δ
p

−
ffiffiffiffi
Λ

p ð75Þ

where

Λ ¼ 1

4
det

�
Σ1 þ

i
2
O
�
det

�
Σ2 þ

i
2
O
�
; ð76Þ

Δ ¼ 1

4
det½Σ1 þ Σ2�: ð77Þ

If ϑ is a very small parameter then it is possible to
perturbatively expand Σ along with F and Hϑ. We briefly
discuss the methodology presented in [32]. For a pertur-
bative calculation, the initial assumption is that the
Bogoliubov coefficients can be expanded up to second
order in ϑ as

αijðϑÞ ≃ αð0Þij þ ϑαð1Þij þ ϑ2αð2Þij

βijðϑÞ ≃ ϑβð1Þij þ ϑ2βð2Þij : ð78Þ
The above expansion is applicable for any symplectic
matrix M that operates on Σ to change it to some different
matrix, such that the uncertainty relation still holds true. As
both the first and second order moments of R can be
expanded in this manner, one can express the covariance
matrix ΣðϑÞ up to order ϑ2 as

ΣðϑÞ ≃ Σð0Þ þ ϑΣð1Þ þ ϑ2Σð2Þ: ð79Þ

It is straightforward to note that F ðΣðϑÞ;ΣðϑÞÞ ¼ 1 as a
covariance matrix is always in a full overlap with itself.
Another important criteria that is necessary to impose is,
∂F ðΣðϑÞ;ΣðϑþdϑÞÞ

∂ϑ jdϑ¼0 ¼ 0 [33]. Using the above two con-
ditions, one can expand F ðΣðϑÞ;Σðϑþ dϑÞÞ as

F ðΣðϑÞ;Σðϑþ dϑÞÞ ¼ 1 −
F ð2Þ

2
dϑ2 þ Oðϑdϑ2 þ ϑ2dϑÞ

ð80Þ

where F ð2Þ ¼ Eð2Þ þ Cð2Þ. Eð2Þ is proportional to the dis-
placement of the squeezed state and as a result it is zero. For
a single mode scenario, Cð2Þ has the form

Cð2Þ ¼ 1

2
ðΣð0Þ

11 Σ
ð2Þ
22 þ Σð2Þ

11 Σ
ð0Þ
22 − 2Σð0Þ

12 Σ
ð2Þ
12 Þ

þ 1

8
ðΣð1Þ

11 Σ
ð1Þ
22 − 2Σð1Þ

12 Σ
ð1Þ
12 Þ: ð81Þ

The quantum Fisher information, in terms of Eð2Þ and Cð2Þ,
reads [32]

Hϑ ¼ 4Eð2Þ þ 4Cð2Þ ¼ 4Cð2Þ ð82Þ

as Eð2Þ is zero for the squeezed bosonic states with no
displacement parameters [14]. In the next part of Sec. IV B,
we shall obtain the analytical extension of the quantum
Fisher information when quantum-gravity effects are con-
sidered in the analysis.

SOHAM SEN and SUNANDAN GANGOPADHYAY PHYS. REV. D 110, 026014 (2024)

026014-12



2. Noise of gravitons and the stochastic average of the quantum Fisher information

Here, we shall consider the case of the BEC interacting with gravitons. For the single mode case, the matrix
ˆ̃̂
M11ðεÞ now

has the form

ˆ̃̂
M11ðε̃Þ ¼

264 1 − ε̃
2ε

h
δN̂ðtÞ þ εωβτ

ffiffi
π

p
4

½e−τ2

4
ðΩ−2ωβÞ2 − e−

τ2

4
ðΩþ2ωβÞ2�i − ε̃

2ε ωβtδN̂ðtÞ
ε̃
2ε ωβtδN̂ðtÞ 1þ ε̃ωβτ

ffiffi
π

p
4

�
e−

τ2

4
ðΩ−2ωβÞ2 − e−

τ2

4
ðΩþ2ωβÞ2�

375: ð83Þ

Because of
ˆ̃̂
M11ðε̃Þ having elements consisting of operators, Σ̃ðεÞ from Eq. (68) will also have operator as its elements in

spite of Σsq½0� having numbers as its elements. As a result 4Cð2Þ will now have operatorial contributions in it. As a resultHε

will be operator as well. Making use of Eq. (83) in Eq. (68), one can obtain the analytical form of 4Ĉ2 as

Ĥε¼4Ĉð2Þ ¼ 1

64
πω2

βτ
2ðe2ωβΩτ2 −1Þ2e−τ2

2
ðΩþ2ωβÞ2ð1þcosh4rþð1−3cos2φÞsinh22rÞ

þδN̂ðtÞ
32ε

ð ffiffiffi
π

p
ωβτÞðe2ωβΩτ2 −1Þe−τ2

4
ðΩþ2ωβÞ2ð2cosh22rþð1−3cos2φÞsinh22rþ6ωβtsinφsinh4rÞ

þðδN̂ðtÞÞ2
16ε2

�
1þcosh4r−

sinh22r
2

ð3þcos2φÞþωβtðsinφð2sinh22rðcosφþωβtsinφÞþ3sinh4rÞþ4ωβtcosh22rÞ
�

¼Hð0Þ
ε þδN̂ðtÞ

32ε
Hð1Þ

ε þðδN̂ðtÞÞ2
16ε2

Hð2Þ
ε ð84Þ

where

Hð0Þ
ε ¼ 1

64
πω2

βτ
2ðe2ωβΩτ2 − 1Þ2e−τ2

2
ðΩþ2ωβÞ2ð1þ cosh 4rþ ð1 − 3 cos 2φÞ sinh2 2rÞ; ð85Þ

Hð1Þ
ε ¼ ð ffiffiffi

π
p

ωβτÞðe2ωβΩτ2 − 1Þe−τ2

4
ðΩþ2ωβÞ2ð2 cosh2 2rþ ð1 − 3 cos 2φÞ sinh2 2rþ 6ωβt sinφ sinh 4rÞ; ð86Þ

Hð2Þ
ε ¼1þcosh4r−

sinh2 2r
2

ð3þcos2φÞþωβtðsinφð2sinh2 2rðcosφþωβtsinφÞþ3sinh4rÞþ4ωβtcosh2 2rÞ ð87Þ

where Hð0Þ
ε is the quantum Fisher information for the classical contribution of the gravitational wave and is exactly

similar to the result obtained in [14]. The other two terms determine the quantum gravitational contribution to the quantum
Fisher information. The quantum Fisher information operator (or the graviton-noise induced Fisher information) is not
entirely a measurable quantity now. Instead of calling it a Fisher information operator, it is better to call it a quantum
gravitational Fisher information (QGFI). The straightforward way is to take a stochastic average of the quantity with respect
to the graviton state as

⟪Ĥε⟫ ¼ Hð0Þ
ε þ ⟪fδN̂ðtÞ; δN̂ðtÞg⟫

32ε2
Hð2Þ

ε ð88Þ

where the second term from Eq. (84) vanishes because the one point correlator of the noise operator, ⟪δN̂ðtÞ⟫ vanishes. Our
next aim is to obtain the analytical form of ⟪fδN̂ðtÞ; δN̂ðtÞg⟫ for the gravitons initially being in a squeezed state. The two
point noise correlator for an arbitrary state of the graviton reads

⟪fδN̂ijðtÞ; δN̂lmðt0Þg⟫ ¼ 4κ2

V

X
k;k0

X
s;s0

ϵsijðkÞϵs0lmðk0Þ × ⟪fδĥsIðk; tÞ; δĥs0I ðk0; t0Þg⟫

¼ 2κ2

5π2

�
δilδjm þ δimδjl −

2

3
δijδlm

�Z
Ωm

0

dkk2Qδhðt; t0;kÞ ð89Þ
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where in order to obtain the final line of the above equation,
we have made use of the identification between the
summation over all possible modes to an integral over a
continuous variable and another definition is used
⟪fδĥsIðk; tÞ; δĥs0I ðk0; t0Þg⟫ ¼ δss0δkþk0;0Qδhðt; t0;kÞ [20].
For the graviton initially being in a squeezed state with
squeezing parameter rsqk ¼ rkeiϕk, Qδhðt; t0;kÞ takes the
form2

Qδhðt; t0;kÞ ¼
1

k
ðcos ðkðt − t0ÞÞ cosh 2rk

− cos ðkðtþ t0Þ − ϕkÞ sinh 2rkÞ: ð90Þ

Using Eq. (90), one can obtain the two point correlator for
t ¼ t0 as

⟪fδN̂ijðtÞ; δN̂lmðtÞg⟫

¼ κ2Ω2
m

5π2
ðδilδjm þ δimδjl

−
2

3
δijδlmÞ

�
cosh 2rk þ

1

2Ω2
mt2

sinh 2rkðcosϕk

− cosð2Ωmt − ϕkÞ − 2Ωmt sinð2Ωmt − ϕkÞÞ
�
: ð91Þ

The ⟪fδN̂ðtÞ; δN̂ðtÞg⟫ correlator can now be obtained as

⟪fδN̂ðtÞ; δN̂ðtÞg⟫≡ ⟪fδN̂11ðtÞ; δN̂11ðtÞg⟫

¼ 4κ2Ω2
m

15π2
Bðrk;ϕk; tÞ ð92Þ

where the time dependent part of the two-point noise
correlator reads

Bðrk;ϕk;tÞ¼ cosh2rkþ
1

2Ω2
mt2

sinh2rkðcosϕk

−cosð2Ωmt−ϕkÞ−2Ωmtsinð2Ωmt−ϕkÞÞ:
ð93Þ

The squeezing in the initial graviton states can be very high,
even of the order of rk ∼ 21 for primordial gravitational

wave generated during the inflationary period [20]. For
t → 0 limitBðrk;ϕk; tÞ has the value limt→0 Bðrk;ϕk; tÞ ¼
cosh 2rk − cosϕk sinh 2rk which never vanishes irrespec-
tive of any values of ϕk. It is although important to note that
for ϕk ¼ π,Bðrk;ϕk; 0Þ becomes maximum and for ϕk ¼ 0,
it becomes minimum. For a grand unified theory gravita-
tional wave, the cutoff frequency is at aroundΩm ∼ 108 Hz.
In order to observe the nature of the function B with respect
to time, we use Ωm ∼ 108 Hz, rk ∼ 10, and ϕk ¼ fπ

4
; π
2
; πg

and plotBðrk;ϕk; tÞ against t for the abovevalues in Fig. 2. It
is important to note that irrespective of the ϕk, in the t → ∞
limit it always fluctuates about the same value
Bð10;ϕk;∞Þ ¼ cosh 20 ≃ 2.426 × 108. It is easy to observe
from Fig. 2 as well as the infinite-time limit that for ϕk ¼ π

2
,

Bðrk; π2 ; 0Þ ¼ Bðrk; π2 ;∞Þ. The stochastic average of the
quantum Fisher information from Eq. (88), after using
Eq. (92) takes the form (with proper dimensional
reconstruction)

⟪Ĥε⟫ ¼ Hð0Þ
ε þ ℏGΩ2

m

15πε2c5
Bðrk;ϕk; tÞHð2Þ

ε ð94Þ

where κ2 ¼ 8πℏG
c3 . It is now reasonable to replace t by τ in

Eq. (94) as the total observation time will be equal to the
single mode measurement time by the BEC. Under this
condition, we can recast Eq. (94) as (for φ ¼ π

2
)

⟪Ĥε⟫¼Hð0Þ
ε þ l2pΩ2

m

15πε2c2
Bðrk;ϕk;τÞHð2Þ

ε

¼ 1

64
πω2

βτ
2ðe2ωβΩτ2 −1Þ2e−τ2

2
ðΩþ2ωβÞ2ð1þcosh4rþ4sinh2 2rÞþ l2pΩ2

m

30πε2c2
ð3þ2ω2

βτ
2þcosh4rþ6ωβτ

×sinh4rþ6ω2
βτ

2cosh4rÞ
�
cosh2rkþ

1

2Ω2
mτ

2
sinh2rkðcosϕk−cosð2Ωmτ−ϕkÞ−2Ωmτsinð2Ωmτ−ϕkÞÞ

�
: ð95Þ

FIG. 2. We plot for ϕk ¼ π
4
; π
2
; π and also plot the t → ∞ limit

of Bðrk;ϕk; tÞ when rk ¼ 10 and Ωm ¼ 108 Hz.

2For a detailed discussion on the graviton state with squeezing, see the Appendix.
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Equation (95) is one of the main results in our paper.
Setting the squeezing angle to a certain value (here, φ ¼ π

2
)

is possible and has been experimentally done [35,36].
Using Eq. (73), we can write down the inequality in a

quantum gravitational setup as

hðΔε̃Þ2i ≥ 1

N⟪Ĥε⟫
: ð96Þ

Here, we are considering single mode Bose-Einstein
condensate only. As a result, we can still write down the
following relation

hðΔε̃kβÞ2i ¼
�k2βx − k2βy

k2β

�2

hðΔεkβÞ2i: ð97Þ

It is now possible to express kβx and kβy in the spherical
polar coordinates as kβx ¼ kβ sin θβ cosϕβ, and kβy ¼
kβ sin θβ sinϕβ. Using the spherical polar representation,
we obtain hðΔε̃kβÞ2i ¼ sin4 θβ cos2 2ϕβhðΔεkβÞ2i. Doing
an integral over the first quadrant of the spherical coor-
dinate basis for all single mode bosonic state of
the BEC with momentum kβ, we obtain

R
dΩβ ¼R π

2

0 dθβ sin
5 θβ

R π
2

0 dϕβ cos2 2ϕβ ¼ 2π
15
. In particular it is

always possible to construct a Bose-Einstein condensate
such that the ground state of the bosonic system consists
of only single mode bosons which is kβ in the current
case. Equation (96) can then be recast in the following
form

hðΔεkβÞ2i ≥
15

2πN⟪Ĥε⟫
: ð98Þ

If the time taken for N multiple measurements of the BEC
state is t then t ≃Nτ. At first, we consider a single
measurement of the BEC state which indicates N ¼ 1.

From Eq. (98) it is evident that
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðΔεkβÞ2i

q
has the

minimum value at
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðΔεkβÞ2i

q
min

¼
ffiffiffiffiffiffiffiffiffiffiffiffi

15
2π⟪Ĥε⟫

q
. We shall

now plot the minimum value of the standard deviation in
the amplitude ε for a single phonon mode of the BEC
against the observation time τ in Fig. 3. In order to plot the
parameter values used are r ¼ 0.82;φ ¼ π

2
; rk ¼ 42;

ϕk ¼ π
2
;Ω ¼ 100 Hz, and ωβ ¼ 50 Hz. From Fig. 3, it is

straightforward to observe that the minimum standard
deviation in the measurement of εkβ corresponding to a
single mode of the BEC is not very high indicating a finite
chance of observation of the graviton. It is although very
important to note that with a decrease in the squeezing of
the graviton state, the minimum value in the measurement
of the standard deviation of the gravitational wave ampli-
tude becomes very high indicating a non detectability of
such a scenario. We can look for the long time behavior of

the
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðΔεkβÞ2i

q
min

. in Fig. 4 (with same parameters as used

to plot Fig. 3). We can observe from Fig. 4 thatffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðΔεkβÞ2i

q
min

decreases with increased time of the single

measurement of the gravitational wave indicating a higher
chance in detection of the gravity wave. It is important to
note that the graviton signature precisely lies in the
detection of resonance pulses in the single mode BEC
initially. We can also check this analytically. It is important
to note that in the lp → 0 limit, the contribution
from the linearized quantum gravity theory vanishes
in Eq. (95) reducing it to the result obtained in [14]
which is expected. In this lp → 0 limit, if τ is set to zero,

FIG. 3.
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðΔεkβÞ2i

q
min

vs τ plot for the initial state of the

graviton being a highly squeezed state.

FIG. 4.
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðΔεkβÞ2i

q
min

vs τ plot to observe the long time

behavior of the minimum value of the standard deviation of εkβ .
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the inequality in Eq. (98) becomes ðΔεkβÞ2i ≥ ∞ implying
that no gravitational wave will be detected in such a
semiclassical scenario. The result for the quantum gravi-
tational perspective becomes highly bizarre. We observe
that

lim
τ→0

⟪Ĥε⟫ ¼ l2pΩ2
m

15πε2c2
cosh2 2rðcosh 2rk − cosϕk sinh 2rkÞ:

ð99Þ

For, no squeezing of the initial gravitational wave state

(rk ¼ 0), we obtain limτ→0 ⟪Ĥε⟫ ¼ l2pΩ2
m

15πε2c2 ∼ 10−31

(Ωm∼108 and ε ∼ 10−21). This indicates,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðΔεÞ2i

p
≥

15εc
lpΩm

ffiffi
2

p ∼ 1016. Such a high minimum value of theffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðΔεÞ2i

p
parameter indicates a very low sensitivity of

the BEC toward the gravitational wave initially implying
an impossible detection scenario. But things quickly
change for a nonvanishing squeezing of the initial grav-
iton state. Suppose that the initial squeezing angle is
ϕk ¼ π

2
. For hðΔεÞ2i ≃ 1, the squeezing will be as high as

rk ≃ 35. For a grand unified theory inflation rk ≃ 42 [20],
hðΔεÞ2i ≃ 10−6. This is very anti-intuitive in a sense that
there is a finite possibility of detecting primordial gravi-
tational waves from the inflationary time without a proper
time interval of the detector to interact with the gravity
wave. In a linearized quantum gravity model, this is not at
all very unphysical as there is a linearized perturbation
field around the BEC even when τ ¼ 0. This will indicate
the existence of a gravitons in future generation of BEC
based gravitational wave detection scenario. It is also a
possibility that the BEC itself starts behaving as a
gravitating object which may be a very vague assumption
and would not be explored in details in this literature. We
leave this investigation for a future work. Finally, we plotffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðΔεkβÞ2i

q
min

vs τ for various squeezing of the graviton

state against the classical case when no gravitons are
present in Fig. 5. For the quantum gravitational case, we
have used the initial squeezing angle of the graviton to be
equal to π

2
. For the BEC state we have used a squeezing of

1.4 and a squeezing angle of π
2
along with the mode

frequency is considered to be at ωβ ¼ 50 Hz. As a result it
will be more sensitive for incoming gravitational wave
with frequency 100 Hz. It is though important to note that
most primordial gravitational waves are supposed to have
a frequency in the 10−1–10 Hz range. We can observe very
important features from Fig. 5. We observe that with the

increase in squeezing
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðΔεkβÞ2i

q
min

becomes smaller for

short measurement periods. It can be seen from the

classical gravitational wave case that
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðΔεkβÞ2i

q
min

diverges near the τ → 0 limit indicating a nondetection
of any gravitational wave. The above result henceforth

confirms that for a quantum gravity scenario, the mini-
mum value of the standard deviation of the gravity wave
amplitude parameter never becomes zero and can be
arbitrarily reduced with squeezed graviton state indicating
a higher chance at proving the existence of gravitons. The
next thing that is important to observe is if there is a
standard deviation present in the QGFI. The standard
deviation in the QGFI, reads

ðΔHεÞ2 ¼ ⟪ðĤε − ⟪Ĥε⟫Þ2⟫: ð100Þ

It is quite straightforward to understand that all odd order
correlators will vanish. Hence, the surviving contributions
will come from even order correlators. As the QGFI is
calculated up to the second order correlator, we shall
restrict ourselves to second order in the noise correlators
only. The result in Eq. (100) reads

ðΔHεÞ2 ≃
ðHð1Þ

ε Þ2
2048ε2

⟪fδN̂ðτÞ; δN̂ðτÞg⟫

≃
ℏGΩ2

mðHð1Þ
ε Þ2

960πε2c5
Bðrk;ϕk; τÞ: ð101Þ

The standard deviation in the QGFI can be expressed in
an extended form given as (φ ¼ π

2
)

ðΔHεÞ2 ¼
l2pω2

βΩ2
mτ

2

960ε2c2
ðe−τ2

4
ðΩ−2ωβÞ2 − e−

τ2

4
ðΩþ2ωβÞ2Þ2

× ð2 cosh2 2rþ 4 sinh2 2rþ 6ωβτ sinh 4rÞ2
× Bðrk;ϕk; τÞ: ð102Þ

We shall now look at the behavior of the standard
deviation in the QGFI around resonance. For a finite
measurement of τ ¼ 1 sec, with rk ¼ 5;ϕk ¼ π

2
; r ¼ 0.83,

and φ ¼ π
2
, we plot ΔHε against the phonon frequency ωβ

FIG. 5.
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðΔεkβÞ2i

q
min

vs τ plot for squeezed gravitons with

squeezing rk ¼ 34 and rk ¼ 36 respectively against the case of a
classical gravitational wave.
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for an incoming gravitational wave with frequency 0.1 kHz
in Fig. 6. We find out from Figs. 6 and 7 that the standard
deviation in the stochastic QGFI will be maximum for the
resonance condition which is at Ω ¼ 2ωβ ¼ 100 Hz. Our
next aim is to obtain the QGFI when the induced noise
parameter has a similar decay factor as for the classical
gravitational wave case. What is important to note that the
analysis without any decay factor is much more realistic
than the one that we are going to investigate as any kind of
classical decay should not affect the quantum gravitational
influences. At resonance point, with high enough squeez-
ing from the gravitons, it is possible to enhance the standard
deviation of the QGFI to such an extent that it becomes
measurable. Another important aspect can be obtained by
varying the total measurement timescale τ for such a
scenario. It is very important to observe that the standard

deviation in the QGFI becomes very small with a small
measurement time and gets shifted toward the right for
lower values of time τ. This indicates that in order to detect
a standard deviation in the QGFI, one needs to measure it
for a longer time period.

V. QUANTUM FISHER INFORMATION FOR A
DECAYING NOISE FUNCTION

We recall the final solution of the time dependent part of
the pseudo-Goldstone boson in Eq. (52) and now use the
form of the general noise fluctuation term at time t0 as

δN̂ðt0Þ ¼ cosΩt0e−
t02
τ2 δN̂ðtÞ. The solution of the time de-

pendent part of the pseudo-Goldstone boson takes the form
for the above noise term as

ψ̂kβ
ðtÞ ¼ α̂βδe

−iωβt þ β̂βδe
iωβt ð103Þ

where the stochastic Bogoliubov coefficients take the form

α̂βδ ¼ 1 −
2ε̃

ffiffiffi
π

p
ε

ωβτe−
Ω2τ2
4 δN̂ðτÞ; ð104Þ

β̂βδ ¼
ε̃

4

ffiffiffi
π

p
ωβτðe−τ2

4
ðΩ−2ωβÞ2 − e−

τ2

4
ðΩþ2ωβÞ2Þ

þ ε̃

ε

ffiffiffi
π

p
ωβτδN̂ðτÞðe−τ2

4
ðΩ−2ωβÞ2 − e−

τ2

4
ðΩþ2ωβÞ2Þ: ð105Þ

One can therefore obtain the stochastic average for the
QGFI as follows

⟪Ĥε⟫¼Hð0Þ
ε þκ2ω2

βΩ2
mτ

2

15ε2c2
e−

τ2

2
ðΩþ2ωβÞ2�½e2ωβΩτ2 þ1�2

×ð1þcosh4rþ4sinh22rÞþ4ð7−cosh4rÞe2ω2
βτ

2

×e2ωβΩτ2
�
Bðrk;ϕk;τÞ: ð106Þ

Unlike the previous case, the stochastic average of the
QGFI vanishes initially which is solely due to the decaying
nature of the noise parameter. We shall now sum over all
possible modes of the BEC. Before proceeding further, it is
important to note that the BEC was initially quantized
within a box of size Vβ ¼ L3

β and as a result kβ ¼ πnβ
Lβ
.

Equation (97) can now be recast into the following form

hðΔε̃Þ2i ¼
X
kβ

�k2βx − k2βy
k2β

�2

hðΔεÞ2i

⇒
1

hðΔεÞ2i ¼
X
kβ

�k2βx − k2βy
k2β

�2

N⟪Ĥε⟫ ð107Þ

where in the last line of the above equation, we have made
use of the equality condition from Eq. (96) in a quantum
gravitational setup. Converting the above sum over all

FIG. 7. ΔHε vs ωβ plot for Ωm ¼ 108 Hz, Ω ¼ 100 Hz,
rk ¼ 5, ϕk ¼ π

2
, r ¼ 0.83, and φ ¼ π

2
. We have plotted ΔHε

for different values of τ.

FIG. 6. ΔHε vs ωβ plot for Ωm ¼ 108 Hz, Ω ¼ 100 Hz,
rk ¼ 5, ϕk ¼ π

2
, r ¼ 0.83, and φ ¼ π

2
. From the figure, we can

see that the peak of the standard deviation in the QGFI is
observed near the resonance point Ω ¼ 2ωβ ¼ 100 Hz.
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possible modes to an integration over all possible modes and defining HðnβÞ≡ ⟪Ĥε⟫, we obtain

1

hðΔεÞ2i ¼
2π

15

Z
∞

0

dnβ n2βHðnβÞ: ð108Þ

The inequality in this case can be written as

1

NhðΔεÞ2i ≤
c2sπ4τ2

480L2
β

r1

Z
∞

0

dnβ n4βe
−
ð2πcsnβþΩLβÞ2τ2

2L2
β ðe

2πcsnβΩτ
2

Lβ − 1Þ
2

þ 2κ2π2c2sΩ2
mτ

2

15ε2L2
β

Bðrk;ϕk; τÞ

×
Z

∞

0

dnβ n4βe
−
ð2πcsnβþΩLβÞ2τ2

2L2
β

"
r1ðe

2πcsnβΩτ
2

Lβ þ 1Þ2 þ r2e
2πcsnβτ

2ðΩþ
πcsnβ
Lβ

Þ
Lβ

#

¼ c2sπ4τ2

480L2
β

r1I1 þ
2κ2π2c2sΩ2

mτ
2

15ε2L2
β

Bðrk;ϕk; τÞI2 ð109Þ

where

r1¼1þcosh4rþ4sinh2 2r; r2¼
1

2
ð7−cosh4rÞ ð110Þ

with I1 and I2 denoting the first and second integral in
Eq. (109). We shall at first explicitly investigate I2 as

I2 ¼ r1

Z
∞

0

dnβ n4βe
−τ2½

2π2c2s n
2
β

L2
β

þΩ2
2
�
cosh2

�
πcsnβΩτ2

Lβ

�
þ r2e−

Ω2τ2
2

Z
∞

0

dnβ n4β: ð111Þ

The second part of the above integral is divergent. Hence, a
way out is to set the squeezing r of the phonons at such a
value that r2 vanishes effectively. It is straight forward to
check that for r ¼ 1

4
cosh−1ð7Þ ≃ 0.66, r2 vanishes. It is

possible to control the squeezing of the phonons. Squeez-
ing of phonons as high as r ≃ 0.83 (7.2 dB [37]) has already
been achieved and as a result using a 0.66 squeezing is of
no problem. It is crucial to remember that the squeezing is
generally represented in decibels and the position squeez-
ing s is related to the dimensionless squeezing parameter r
via the relation s ¼ −10 log10½e−2r� [38]. In a crystal lattice,
using a second order Raman scattering, phonons have been
squeezed [39,40]. For cold bosonic atoms in optical lattices
[41], such second order Raman scattering [39] or pump-
probe detection scheme [42] can be used to squeeze the
phonon modes when an optical lattice potential is present.
One can now obtain obtain the final form of Eq. (109) as

1

NhðΔεÞ2i ≤
Vβr1

7680
ffiffiffiffiffiffi
2π

p
c3sτ3

ðΩ4τ4 þ 6Ω2τ2 þ 3 − 3e−
Ω2τ2
2 Þ

þ ℏGVβΩ2
mr1BðτÞ

225π
ffiffiffiffiffiffi
2π

p
ε2c3sτ3c5

× ðΩ4τ4 þ 6Ω2τ2 þ 3þ 3e−
Ω2τ2
2 Þ ð112Þ

where we have used BðτÞ≡ Bðrk;ϕk; τÞ.
For the right-hand side of the above equation no approxi-

mation for the Ωτ factor has been taken. Now, we shall
investigate into the case when Ω ∼Ωm (108 Hz). It is
important to note that the BEC in general is prepared in a
single length direction and the perpendicular directions are
quite smaller. Our model on the other hand carries the cubic
BEC approximation. It has been possible to create a BEC
with lengthLβ ∼ 10−3 m [43–45]. As τ is the duration of the
single measurement of the gravitational wave τ ¼
vmax
Lβ

¼ c
Lβ
∼ 10−11 sec. Hence, for Ω ∼Ωm, Ωτ ∼ 10−3.

As a result, Ωτ ≪ 1. For a total observation time of τobs,
one can run approximatelyN ∼ τobs:

τ number of observations.
Under the Ωτ ≪ 1 condition, Eq. (112) can be recast as

hðΔεÞ2i≳ 1024
ffiffiffiffiffiffi
2π

p
c3sτ2

Ω2Vβτobs:r1

�
1 −

1024l2pΩ2
m

50πε2c2
BðτÞ

−
2048l2pΩ2

m

75πε2c2Ω2τ2
BðτÞ

�
: ð113Þ

It is important to note that ðΔεÞ2 can never be negative,
as a result from the equality condition we can write down
the minimum value for the observation time of the single
measurement of the gravitational wave τ to be

τmin ≃
ffiffiffiffiffiffi
2

3π

r
32lpΩm

cεΩ
BðτÞ: ð114Þ
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For a vacuum state without any squeezing and Ω ∼Ωm, τ
attains its absolute minimum value, which is given by

τ0min ≃
ffiffiffiffiffiffi
2

3π

r
32lpΩm

cεΩ

				
Ω→Ωm

∼
1.59 × 10−14

Ωm
sec

⇒ τ0min ≃ 1.59 × 10−22 sec : ð115Þ

This is a very important result in our paper. In [14], it was
argued that the measurement cannot be arbitrarily smaller
by comparing numerical data. In our case, a complete
quantum gravity calculation puts up a theoretical lower
bound for the measurement time when the noise fluctuation
is weighted by a Gaussian decay factor. Equation (115)
reveals that the single measurement time τ must be greater
than or equal to τ0min. It is although very important to note
that the Gaussian decay term in the classical part of the
gravitational waves comes entirely from the template of the
gravitational wave whereas in this section it is imposed by
hand. Therefore, the results obtained in Sec. IV are much
more plausible than this one. Although one indeed can
induce such Gaussian decay mechanically into the system
which shall lead to a much more complicated result than the
simpler model presented here.

A. BEC as a graviton detector

In this subsection, we shall argue that the BEC will
suffice as a graviton detector when future generation of
gravitational wave detector will come up. We shall here use
the projected sensitivity of the upcoming LISA3 observa-
tory as a baseline for the comparison. In the next section,
we shall consider a more realistic case when there are
interaction between the phonon modes which will result in
a decoherence effect. We start with the sensitivity formula
presented in Science Requirement Document (SciRD) [46]
projected for the LISA observatory. A detailed discussion
can be obtained in [47]. The SciRD sensitivity formula
reads [46,47]

Sh;SciRDðfÞ ¼
10

3

�
SIðfÞ
ð2πfÞ4 þ SIIðfÞ

�
RðfÞ Hz−1 ð116Þ

SIðfÞ ¼ 5.76 × 10−48
�
1þ f21

f2

�
sec−4 · Hz−1 ð117Þ

SIIðfÞ ¼ 3.6 × 10−41 Hz−1 ð118Þ

RðfÞ ¼ 1þ f2

f22
ð119Þ

where f1 ¼ 0.4 mHz and f2 ¼ 25 mHz. In order to com-
pare the above result we consider the equality from

Eq. (112) and use the minimum value of the standard
deviation in the amplitude parameter

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðΔεÞ2i

p
minjΩ¼f.

The sensitivity of the BEC is given by
ffiffiffiffiffiffiffiffiffiffiffi
hðΔεÞ2i

p
minffiffi

f
p Hz−

1
2. We

use the following parameter values τ ¼ 10−6 sec,
τobs ¼ 102 sec, Lβ ¼ 10−3 m, and cs ¼ 0.012 m · sec−1.

The plot of
ffiffiffiffiffiffiffiffiffiffiffi
hðΔεÞ2i

p
minffiffi

f
p for the BEC vs the SciRD sensitivity

formula (
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sh;SciRDðfÞ

p
Hz−

1
2) is plotted in Fig. 8. It is

important to note that LISA is mainly going to work for
the detection of very low frequency gravitational waves
(especially primordial gravitational waves). From Fig. 8, it
is evident that with higher squeezing from the gravitons
lower frequencies can be probed by the BEC. It is important
to note that SciRD plot for the LISA targets classical
gravitational waves. Hence, a simultaneous detection by
LISA and a BEC will prove the existence of gravitons. We
now compare this SciRD sensitivity formula with the case
when the BEC is interacting as a classical gravitational
wave in Fig. 9. In Fig. 9, we observe that the semi-classical

FIG. 8. The SciRD sensitivity formula is plotted along with the
BEC-graviton model sensitivity formula against the wave fre-
quency f. The BEC sensitivity plot is viable when the resonance
condition is satisfied which is 2ωβ ¼ Ω ¼ f.

FIG. 9. The SciRD sensitivity formula is plotted along with the
BEC model sensitivity formula against the wave frequency f. We
plot the case of BEC-classical gravity wave model alongside the
BEC-graviton model.3The full form of LISA is Laser Interferometer Space Antenna.
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BEC model with classical gravity wave interaction is not a
good candidate for detecting low-frequency gravitational
waves. On the contrary with same phonon squeezing the
BEC can detect graviton signatures when the gravitons are
arriving with high enough squeezing. This reinforces our
result, that a BEC is one of the best candidates for capturing
signature of gravitons. When a gravity wave in the common
frequency range will be detected by LISA, a detection by a
BEC confirms the fact that gravitons exist as a classical
gravity wave will never be detected by a BEC in such low-
frequency ranges with fixed squeezing as low as r ¼ 2.3. It
also confirms that a BEC will better serve as a graviton
detector than a classical gravity wave detector. It is
important to observe from Fig. 9 that with higher squeezing
of the phonons, the BEC gets more adapt toward detecting
classical gravitational wave signals. In order to truly
investigate the feasibility of the BEC as a graviton detector,
we plot the sensitivity against the gravitational wave
frequency for the case with and without graviton squeezing
along with the classical gravitational wave case in Fig. 10.
From Fig. 10, we observe that for no squeezing of the
graviton and a phonon squeezing of r ¼ 2.3, the sensitivity
is very high and the BEC will be unable to perform any
kind of detection. If we consider an initial graviton
squeezing rk ¼ 48 with phonon squeezing r ¼ 2.3, the
BEC can detect gravitons and have been plotted in Figs. 8,
9. If the phonon squeezing for the BEC is very high
(r ¼ 17.2 in Fig. 10) then the sensitivity lies in the
frequency range of 1–10 Hz gravitational wave where
the gravitons have no initial squeezing at all. But if the
gravitational wave is classical in nature then also the
gravitational wave is detected by such highly squeezed
BEC. We can find out from Fig. 10 that the sensitivity plot
for the classical gravity wave case as well as the graviton

case with no squeezing superposes on each other. This
implies the inability of the BEC to distinguish between a
classical as well as a quantum gravity signal when the
phonons are very highly squeezed. Hence, for the BEC to
act as a perfect graviton detector, one needs to use BEC
with a optimal phonon squeezing, r ∼ 1–2. It is also
interesting to note that, one also does not need a very
high total observation time τobs for detecting gravitons. It is
therefore evident that a BEC detector, although very
difficult to built, would be a nice experimental set up for
detecting gravitons. This would then be the first step toward
observing quantum signatures of gravity.

VI. EFFECTS OF DECOHERENCE FROM
INTERACTING MODES OF THE PHONONS

ON THE “QGFI”

Up to the previous section, we have considered the
dissipative system only. In this section, interaction among
the phonon modes will be considered as a result there will
be dissipation inside of the system. The simple idea is to
connect the single mode BEC system with a thermal bath.
For single mode Gaussian state, the time evolution of the
covariance matrix reads

ΣðtÞ ¼ ΓðtÞΣ0ΓTðtÞ þ Σ∞ðtÞ ð120Þ

where Σ0 is the covariance matrix of the single mode
Gaussian state initially and ΓðtÞ ¼ e−

γt
212 with γ being the

dissipation constant. Here in Eq. (120), Σ∞ðtÞ denotes the
time dependent covariance matrix of the Gaussian reservoir
and is given by

Σ∞ðtÞ ¼ ð1 − e−γtÞΣ∞: ð121Þ

Using Eqs. (120) and (121), one can write down the
elements of the covariance matrix as [48,49]

ΣijðtÞ ¼ e−γtΣ0ij þ ð1 − e−γtÞΣ∞ij ð122Þ

where i, j ¼ 1, 2. In this section, we have followed the
analysis presented in [12,49]. The purity of the quantum
state is given by μðtÞ ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffi
det½ΣðtÞ�

p . In such a scenario, the

elements of the covariance matrix takes the form

Σ11ðtÞ ¼
1

2μðtÞ ðcosh 2rðtÞ þ cosφðtÞ sinh 2rðtÞÞ;

Σ12ðtÞ ¼ Σ21ðtÞ ¼
1

2μðtÞ sinφðtÞ sinh 2rðtÞ;

Σ22ðtÞ ¼
1

2μðtÞ ðcosh 2rðtÞ − cosφðtÞ sinh 2rðtÞÞ: ð123Þ

FIG. 10. The SciRD sensitivity formula is plotted along with
the BEC model sensitivity formula against the wave frequency f.
We plot the case of BEC-classical gravity wave model alongside
the BEC-graviton model when the incoming graviton is coming
with and without any initial squeezing.
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In the above equation the squeezing parameter and squeez-
ing phase both becomes time dependent due to dissipation
in the system. One can use μð0Þ≡ μ0 and rðtÞ≡ r0 to
define the purity and squeezing initially of the single mode
bosonic system and the elements of the initial covariance
matrix read

Σ011 ¼
1

2μ0
ðcosh 2r0 þ cosφ0 sinh 2r0Þ;

Σ012 ¼ Σ021 ¼
1

2μ0
sinφ0 sinh 2r0;

Σ022 ¼
1

2μ0
ðcosh 2r0 − cosφ0 sinh 2r0Þ ð124Þ

The covariance matric elements of the Gaussian reservoir
initially reads

Σ∞11 ¼
1

2μ∞
ðcosh 2r∞ þ cosφ∞ sinh 2r∞Þ;

Σ∞12 ¼ Σ∞21 ¼
1

2μ∞
sinφ∞ sinh 2r∞;

Σ∞22 ¼
1

2μ∞
ðcosh 2r∞ − cosφ∞ sinh 2r∞Þ ð125Þ

where μ∞, r∞ and φ∞ denote respectively the purity,
squeezing parameter, and squeezing angle of the reservoir.
One can easily consider a thermal bath with no squeezing
which is given by the condition r∞ ¼ 0 [12,48] and reduces
the covariance matrix of the thermal bath to Σ∞ ¼ 1

2μ∞
12.

Initially, we shall start with nonzero squeezing for the
thermal bath and later will reduce down to the no squeezing
case. Using Eqs. (123)–(125) in Eq. (122), one obtains
three equations which are given by

cosh 2rðtÞ þ cosφðtÞ sinh 2rðtÞ
2μðtÞ ¼ e−γt

2μ0
ðcosh 2r0 þ cosφ0 sinh 2r0Þ þ

1 − e−γt

2μ∞
ðcosh 2r∞ þ cosφ∞ sinh 2r∞Þ ð126Þ

1

2μðtÞ sinφðtÞ sinh 2rðtÞ ¼
e−γt

2μ0
sinφ0 sinh 2r0 þ

1 − e−γt

2μ∞
sinφ∞ sinh 2r∞ ð127Þ

cosh 2rðtÞ − cosφðtÞ sinh 2rðtÞ
2μðtÞ ¼ e−γt

2μ0
ðcosh 2r0 − cosφ0 sinh 2r0Þ þ

1 − e−γt

2μ∞
ðcosh 2r∞ − cosφ∞ sinh 2r∞Þ: ð128Þ

Using the above three equations, one obtains three equations describing the dissipation relations of the three independent
parameters as [49]

μðtÞ ¼ μ0

�
e−2γt þ μ20

μ2∞
ð1 − e−γtÞ2 þ 2μ0

μ∞
e−γtð1 − e−γtÞðcosh 2r0 cosh 2r∞ − cosðφ0 − φ∞Þ sinh 2r0 sinh 2r∞Þ

�−1
2

; ð129Þ

cosh2rðtÞ¼μðtÞ
�
e−γt

μ0
cosh2r0þ

1−e−γt

μ∞
cosh2r∞

�
; tanφðtÞ¼

sinφ0 sin2r0þ μ0
μ∞
ðeγt−1Þsinφ∞ sinh2r∞

cosφ0 sin2r0þ μ0
μ∞
ðeγt−1Þcosφ∞ sinh2r∞

: ð130Þ

Our calculation produces results slightly different than the one presented in [49]. One of the primary reasons is that the
different signature of the off-diagonal elements of the covariance matrix corresponding to the single mode Gaussian state of
the Bose-Einstein condensate. We shall now set r∞ ¼ 0 which recasts the φðtÞ equation in Eq. (130) to tanφðtÞ ¼ tanφ0.
This implies that the squeezing angle does not change overtime if the reservoir attached has no squeezing. Hence, we can
replace ϕðtÞ by ϕ0 in our analysis. Equations (129) and (130), in this nonsqueezed thermal bath consideration, then reduces
to [14,48]

μðtÞ¼μ0

�
e−2γtþ μ20

μ2∞
ð1−e−γtÞ2þ2μ0

μ∞
e−γtð1−e−γtÞcosh2r0

�
−1
2

; cosh2rðtÞ¼μðtÞ
�
e−γt

μ0
cosh2r0þ

1−e−γt

μ∞

�
: ð131Þ

Assuming that r0 > max ½μ0μ∞ ;
μ∞
μ0
�, one can get the value of t for which the purity becomes minimum as [48,49]

tmin ¼
1

γ
ln

�
μ20 þ μ2∞ − 2μ0μ∞ cosh 2r0

μ20 − μ0μ∞ cosh 2r0

�
: ð132Þ

Here, tmin serves as the characteristic decoherence time of the squeezed single-mode bosonic states. It is straightforward to
understand that the way to incorporate the dissipation into the theory is to replace r by rðtÞ into the stochastic average of the
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QGFI from Eq. (95). We can rewrite the stochastic average of the QGFI from Eq. (95) as

⟪Ĥε⟫ ¼ 1

32
πω2

βτ
2ðe2ωβΩτ2 − 1Þ2e−τ2

2
ðΩþ2ωβÞ2ð3 cosh2 2rðτÞ − 2Þ þ l2pΩ2

m

15πε2c2
ð1 − 2ω2

βτ
2 þ cosh2 2rðτÞð1þ 6ω2

βτ
2Þ

þ 6ωβτ cosh 2rðτÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosh2 2rðτÞ − 1

q
ÞBðrk;ϕk; τÞ ð133Þ

where we have replaced t by τ in rðtÞ. The simplest way to
incorporate dissipation into the theory is by replacing the
cosh 2rðτÞ terms using Eq. (131). Instead of doing an
analytical calculation, we need to compare the result using
plots. It is important to note that Beliaev damping will be
dominant at low temperature which in the zero temperature
limit takes the form [50–52]

γ ≃
3

640π

ℏω5
β

mβnβc5s
ð134Þ

where nβ denotes the number density of the atoms in the
BEC and mβ denotes the mass of each individual atoms.

For a Bose-Einstein condensate with a number density of
7 × 1020 m−3, cs ≃ 1.2 × 10−2 m sec−1 [53].
For ωβ ¼ 10 Hz, one obtains γ ≃ 9.034 × 10−19 sec−1.

We consider the initial state of the BEC as well as the
thermal bath to be pure (μ0 ¼ μ∞ ¼ 1). We consider mainly
two cases. The first case when the squeezing of the graviton
state is rk ¼ 33 and the second case rk ¼ 2. Both of the
squeezing angles here, are set to π

2
, the squeezing if the

phonon is at r ¼ 0.83 and the incoming gravitational wave
has a frequency ω ¼ 20 Hz. For the first case we do not
observe any difference due to damping until a very later
time where the decoherence results in a faster decay of theffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðΔεkβÞ2i

q
min

with the observation time as can be seen

from Fig. 11. For Fig. 12, the squeezing is reduced to rk¼2

and as a result
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðΔεkβÞ2i

q
min

separates out at a very early

observation time τ (∼7 × 10−7 sec). This indicates that
decoherence effect becomes way less significant for a lower
squeezing of the initial graviton state. One can also
investigate the decoherence effect for the case of the
decaying noise function presented in Sec. V. For a correct
incorporation of decoherence due to interacting phonon
modes in the theory, one should follow the prescription in
[54]. Another important point to note is that in order to
conduct such metrological measurements over a time
period τobs, one needs to continuously generate the
Bose-Einstein condensate using magneto-optical traps,
the experimental setup of which has been proposed in
[55] and later observed in [56]. It is important to note that
we are mainly looking for signatures of quantum gravity
using a Bose-Einstein condensate. In the next part of this
paper we shall delve into the fundamental effects of a
linearized quantum gravity theory on a BEC.

VII. CONCLUSION

In this paper, we have considered the simplest model of a
Bose-Einstein condensate interacting with an incoming
gravitational wave. The background is considered to be
a flat Minkowski spacetime with fluctuations over it. In
order to incorporate quantum gravitational effects into the
theory, we have quantized the gravitational perturbation,
over the flat background by doing a discrete Fourier mode
decomposition, raising the phase space variables to oper-
ator status and applying suitable commutation relation
between the conjugate variables. Using the principle of
least action, an equation of motion both corresponding to

FIG. 11.
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðΔεkβÞ2i

q
min

vs τ has been plotted for the case with

and without damping with rk ¼ 33.

FIG. 12. The minimum value for the standard deviation in the
amplitude parameter εkβ has been plotted against the observation
time τ for the case with and without damping with rk ¼ 2.
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the graviton as well as the time dependent part of the
pseudo-Goldstone boson is obtained. Because of the
involvement of the graviton part, the equation of motion
corresponding to the boson becomes stochastic or
Langevin-like in nature. As a result the solution obtained
for the bosonic modes become stochastic as well. It is
important to note that the Bogoliubov coefficients obtained
in [14] now have contributions from the noise fluctuation
which raises the coefficients to an operator status. We have
then used quantum metrological techniques to obtain the
quantum Fisher information. Because of the quantum
gravitational analysis, the quantum Fisher information
picks up effects from the noise fluctuation making it
stochastic in nature. This quantum gravity modified
Fisher information is completely a new quantity and is
termed as the “quantum gravitational Fisher information”
(QGFI) in this paper. It is evident that the observable will be
the stochastic average of the QGFI. It is important to note
that we have used squeezed graviton states. The QGFI
gives us very fundamental insights into the detection
scenario. From the Figs. 3–5 and the analytical calculation,
we observe that with high enough squeezing there is a finite
probability of the detection of a graviton background even
for a very small observation time. This is not a very bizarre
scenario as for a quantum gravity consideration, there is a
background field always present. Hence, if a very small
measurement using a single mode BEC can be done just
initially, it will definitely be a graviton signature especially
due to squeezed gravitons. This is the main result of our
paper and it will lead completely toward a new era of
graviton detection models using BEC. We have then
calculated some other important aspects of such a model.
We have calculated the standard deviation in the QGFI and
observe that it maximizes for a higher observation time at
the resonance condition. It is also possible to measure the
standard deviation of the QGFI. Although it will be very
complicated, we hope for such observations in advanced
experimental scenarios using continuously generated Bose-
Einstein condensates. In Eq. (95), if we set the lp → 0 limit,
we get back the result produced in [14]. Next, we have
considered a different scenario where the external noise
fluctuation gets attenuated overtime by the use of a
Gaussian decay factor. This analysis helps us to decay
out the unusual noise fluctuations created due to the noise
of gravitons. We again observe that Eq. (113), in the lp → 0

limit reduces to the result produced in [14] thereby serving
as a sufficient consistency check for our calculation. The
Planck length dependence in our result creeps in purely due
to the consideration of quantum gravity effects in our
analysis. This analysis is very important in a sense that it
helps us to obtain an absolute lower bound to the time of
single measurement of the gravitational wave and is of the
order of 10−22 sec. Next, we have used the required LISA
sensitivity fromula [46,47] and comparing with our results,
we find that a BEC will be one of the best candidates for a

graviton detection. In order to detect a graviton, the
graviton must come with high enough squeezing which
can only exist in primordial gravitational waves coming
from the inflationary time period. This is another very
important observation in our paper which shows that even
without high phonon squeezing [14,15], the BEC will act as
a graviton detector. Finally, we have considered a more
realistic scenario when the phonon modes of the Bose-
Einstein condensates are interacting. We have reproduced
the results of the time dependence of the purity of the Bose-
Einstein condensate as well as the phonon-squeezing
parameter for the covariance matrix obtained in our case.
Finally, we have obtained the form of stochastic average of
the QGFI when decoherence is present in the theory. In
order to truly observe the behavior of the minimum value of
the standard deviation in the amplitude εkβ , we have plotted
it against the single observation time for the case when
decoherence is present and when decoherence is not
present in the system. We have plotted for the cases of a
high graviton squeezing and low graviton squeezing. It is
important to note that the change in the minimum standard
deviation εkβ becomes way less significant at initial times
for high enough squeezing. For almost very small (even for
no squeezing case), the difference becomes significant even
at initial times but the standard deviation value suggests
(Fig. 12) that such effects will not be observable at such
initial times. This is a very complicated experimental
scenario and will be very difficult to perform as the
detection of the graviton signatures realizes highly on
the accuracy of instantaneous measurement. Hence, the
way out is to make multiple measurements and if a
resonance spike is observed in the pico-nano second time
regime (even microsecond) from the starting of a single
measurement, it shall be a conclusive evidence of the
existence of a graviton. In our current analysis, we have
claimed that the BEC will suffice as the best candidate as a
graviton detector but for that one needs to abide by some
important initial conditions. The phonon squeezing for the
BEC as well as the total observation time should not be
very high. From Eq. (113), it is evident that if the speed of
sound in the BEC can be reduced then the sensitivity for the
BEC increases leading to graviton detection even for
gravitons with lower squeezing. For example, if the speed
of sound in the BEC is cs ¼ 1=2 × 10−5 m= sec then the
BEC will detect graviton signatures in the 1 Hz frequency
range for a graviton with initial squeezing rk ¼ 42. In the
next part “Zweite Abhandlung,” we shall explore a much
more fundamental scenario where quantum gravity will
play a leading role and upon experimental verification will
be a conclusive evidence of the quantum nature of gravity
(specifically the evidence of linearized quantum gravity).4

4This analysis is an extended version of the letter [57].
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APPENDIX: SQUEEZED GRAVITON STATE
AND THE TWO POINT CORRELATOR

In this appendix, we shall calculate the two point
correlator for the initial graviton state to be in a squeezed
state and try to obtain Eq. (90) in this process. The
initial graviton is considered to be in a squeezed state.
If the squeezing and the displacement operators are
given by

ŜðrsqÞ ¼ e
1
V

P
k;s

ðrsq�k âsðkÞâsð−kÞþrsqk â
†
sðkÞâ†sð−kÞÞ; ðA1Þ

D̂ðBÞ ¼ e
1
V

P
k;s

ðBkâ
†
sðkÞ−BkâsðkÞÞ ðA2Þ

where rsqk ¼ rkeiϕk , then the displaced squeezed state
reads

jrsq;Bi ¼ ŜðrsqÞD̂ðBÞj0i: ðA3Þ

If the Minkowski mode solution is given by
ukðtÞ ¼ 1ffiffiffiffi

2k
p e−ikt, then the squeezed mode function has

the form

usqk ðtÞ ¼ ukðtÞ cosh rk − e−iϕku�kðtÞ sinh rk: ðA4Þ

Our primary aim is to calculate ⟪fδĥsIðk; tÞ; δĥs0I ðk0; tÞg⟫
where the expectation is taken with respect to the state in
Eq. (A3). We already know that ĥsIðk; tÞ ¼ âsðkÞukðtÞ þ
â†sð−kÞu�kðtÞ and cδhsIðk; tÞ ¼ ĥsIðk; tÞ − hĥsIðk; tÞi. Before
proceeding further, wewant towrite down the following two
relations (note that both the Ŝ and D̂ operators are unitary)

Âk;sðrsq;BÞ ¼ D̂†ðBÞŜ†ðrsqÞâsðkÞŜðrsqÞD̂ðBÞ: ðA5Þ

It is then straightforward to obtain the following two
relations by making use of Eqs. (A1) and (A2) as

Âk;sðrsq;BÞ ¼ ðâsðkÞ þBkÞ cosh rk − ðâ†sð−kÞ þB�
kÞeiϕk sinh rk; ðA6Þ

Â†
−k;sðrsq;BÞ ¼ ðâ†sð−kÞ þB�

kÞ cosh rk − ðâsðkÞ þBkÞe−iϕk sinh rk ðA7Þ

where we have made use of the fact that the sign of k remains invariant for both k and−k. Using the above two relations, we
obtain

D̂†ðBÞŜ†ðrsqÞcδhsIðk; tÞŜðrsqÞD̂ðBÞ ¼ ukðtÞÂk;sðrsq;BÞ þ u�kðtÞÂ†
−k;sðrsq;BÞ − ukðtÞhÂk;sðrsq;BÞi − u�kðtÞhÂ†

−k;sðrsq;BÞi
¼ usqk ðtÞâsðkÞ þ usq�k ðtÞâ†sð−kÞ ðA8Þ

where we have made use of Eq. (A4) to arrive at the final line of the above equation. We already know the commutation
relation among the ladder operators as ½âsðkÞ; â†sð−kÞ� ¼ δs;s0δk;−k0 . Using the above results one obtains the following
relation for the two-point correlator as

⟪fδĥsIðk; tÞ; δĥs0I ðk0; tÞg⟫ ¼ hrsq;BjfδĥsIðk; tÞ; δĥs0I ðk0; tÞgjrsq;Bi
¼ ðusqk ðtÞusq�k0 ðt0Þ þ usqk0 ðt0Þusq�k ðtÞÞδs;s0δk;−k0

⇒ ⟪fδĥsIðk; tÞ; δĥs0I ðk0; tÞg⟫ ¼ δs;s0δkþk0;0Qδhðt; t0;kÞ: ðA9Þ

It is important to note from the above equation thatQδhðt; t0;kÞ ¼ ðusqk ðtÞusq�k ðt0Þ þ usqk ðt0Þusq�k ðtÞÞ which can be simplified
as

Qδhðt; t0;kÞ ¼ 2ℜðusqk ðtÞusq�k0 ðt0ÞÞ ¼
1

k
ðcos ðkðt − t0ÞÞ cosh 2rk − cos ðkðtþ t0Þ − ϕkÞ sinh 2rkÞ ðA10Þ

which is Eq. (90) from the main text of this paper. The nonsqueezing case can be reproduced from this result just by
setting rk ¼ 0 throughout the analysis.
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