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We explicitly compute the Neveu-Schwarz sector conventional type-I superstring tree-level amplitudes at
five points after compactifying to 4D, express the QFT building block in the helicity basis, and give several
attempts toward arbitrary n points. More specifically, we consider the interaction of one first excited level
and otherwise massless states of conventional type-I superstrings, where the four-dimensional states can, for
instance, be realized via D3 branes. We construct the amplitude by using the Berends-Giele currents. From
the recursion of Berends-Giele currents, we can generate the higher point amplitude. We also apply the
BCFW recursion with massive external legs shifted and get the amplitude for arbitrary n points.
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I. INTRODUCTION

The study of scattering amplitudes is one of the historical
origins of string theory [l]. For example, Veneziano
amplitude, a candidate amplitude for hadron scattering,
is often referred to as the first equation of string theory.
Also, some important features of string theory and quantum
field theory are hidden in the amplitudes. The computation
of string amplitudes is closely related to the correlation
functions of vertex operators on the so-called world sheet.
Technically, this is a two-dimensional conformal field
theory (CFT) on the world sheet. The CFT approach leads
to many interesting properties, and one of them is the
famous KLT relation [2]: For closed strings, the genus-zero
correlators and in fact, even their integrals over the vertex
points, can be factorized into left movers and right movers,
also called holomorphic and antiholomorphic building
blocks. KLT relation indicates the tree-level double-copy
relation, especially between perturbative gravity and gauge
theories.

In recent decades, numerous studies have been con-
ducted on this topic (see, for instance, [2—4]), and the KLT
and double-copy relation at tree level have already become
one of the essential features of string amplitudes. There are
also attempts toward loop-level generalizations [5-8]. In
the past 10 years, the discoveries of additional double-copy
structures indicated that, if all external states are massless,
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the tree-level coupling of the type-I superstring [9,10] and
the open bosonic string [11,12] can be factorized into the
scalar integrals on disk (the disk integral is also known as
Z-theory amplitudes) and quantum field theory (QFT)
building blocks. Some recent papers even generalized this
relation to the coupling with 1 external mass-level-1 state
and found the QFT building block of this coupling [13-17].
This is closely related to the heterotic version of the
chiral or twisted string, also called the twisted heterotic
string [18,19]. The twisted heterotic string amplitudes have
been studied using the field theory methods in the context
of conformal supergravity amplitudes and their double
copy constructions [20-23]

When analyzing the QFT amplitude, the complexity and
computational difficulty of the traditional Feynman dia-
grammatic approach increase rapidly as the number of
external particles grows [24]. In contrast, the development
of modern amplitude methods in the past few decades has
directed an alternative route to arrive at otherwise intrac-
table results, both classical and quantum [24,25], and
various recursion relations. Apart from the famous on-shell
BCFW recursion [26], there is also a semi-on-shell
recursion relation based on the Berend-Giele (B-G) cur-
rents [27-29]. There are also applications to amplitudes of
various theories at tree and loop level [30-33].

Since the KLT and the additional double-copy relation are
key features of string amplitudes and KLT can work for
arbitrary excited states of strings, it is really important to
understand how the additional double-copy structure
behaves when excited states are involved. Since all the
information on polarization and momentum is inside the
QFT building block, it is important to learn the dynamical
structure of the QFT building block, especially in 4D after
compactification or due to the D branes. One of the most
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powerful tools in researching 4D QFT amplitudes is the
so-called spinor helicity formalism. Thus, our aim in this
paper is to produce the spinor helicity form of the QFT
building block for conventional type-I string amplitude.
We first reviewed the basic idea of spinor helicity, BCFW
recursion, dimension-agnostic Berends-Giele currents, and
B-G recursion. Then generalized the result involving one
of the universal Regge excitation states and up to three
massless gluons [34] to one excitation state coupling with
arbitrary n — 1 massless gluons, which result in a very
nice n-point amplitude formula Eq. (2.54) for a specific
configuration of external gluon helicities. This helicity
configuration resembles the so-called maximal helicity
violation (MHV) in pure Yang-Mills. We analytically
proved the five-point case and gave a numerical check
for the six-point case. We also applied BCFW to the QFT
building blocks of the conventional type-I superstring
amplitude. The final result is in agreement with Eq. (2.54).

II. NOTATION AND CONVENTION

A. Spinor helicity in four dimensions

Spinor helicity formalism [25] is another way' of
expressing the QFT amplitude. It has extremely simplified
the calculation of the scattering amplitudes in four dimen-
sions [24]. There is also spinor helicity formalism in other
dimensions, for instance, three, six, and 10 dimensions [35],
but our discussion is specified to four dimensions; thus, we
only introduce the four-dimensional spinor helicity formal-
ism in this paper.

In this subsection, we will introduce the conventions for
the spinor helicity formalism:

We will mostly keep those in Elvang and Huang’s
Scattering amplitudes textbook [25]. The metric is chosen
to be the “mostly plus” metric, 7, =diag(—1,+1,+1,+1).
We define the o matrices” as
(@)% = (1,-0).

(0")ap = (1.0") o (2.1)

where ¢/, i = 1, 2, 3 are Pauli matrices:

- (0) #=(03) »-(0) oo

The two sets of spinor indices are raised and lowered
individually using the SU(2) invariant tensor, also known
as the Levi-Civita tensor:

'With respect to the covariant way, which preserves the
locality and Lorentz invariance in each Feynman diagram.

*We will omit the spinor indices (o, f....) later on when it
leads to no misunderstanding. When we come to the massive
spinor part, we use (a, b, ...) as the little group indices. We will
come to the details in that section.

0 1

Eaﬂzgdﬁ:<
-1 0

) =tw = 23

and obey &,56" = 5,7

We contract (¢*),, with k& to get the 2 X 2 matrix k,;, =
k,oh; and also notice det(k,,) = m?, which leads to the
obvious difference between the massive external states and

the massless external states; we will come to this later.

1. Spinor helicity for massless particles

For massless particles, we have det(k,;) = 0, and thus,
the matrix k,, is of rank 1. We can then write it as the direct
product form:

(2.4)

we also write 4, and 1, as |k], and (k|,. So, we can also
write the momentum in a matrix form:

Kot = —=|K] (k- (2.5)

Consider the Dirac equation in the massless case. The Dirac
equation would decouple into the Weyl equation without
mass. Thus, when m = 0, we have

foo(k) =0,  u.(k)f=0, (2.6)
where v (p) and it (p) are wave functions associated with
an outgoing antifermion and fermions. The wave functions
are related as uy = vy and vy = il

We can now write the two independent solutions of the

Dirac equation as

(kle) @ (k) = (K% 0). (2.8)
The angle and square spinors are two-component commut-
ing spinors. After defining the spinor, we can write the

massless Weyl equation:

KD =0, kyglk) =0, [kIPky =0, (k| =00.

(2.9)

We have two sets of important identities. First, the Fierz
identities:
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(Gﬂ)aa(aﬂ)/}ﬂ = _28aﬂ€aﬁ7
(aﬂ)aa( ”)ﬂﬂ = =25, ﬂé ﬂ
lale*|b)[c|o,|d) = 2[ac](bd).
lale*|b)(c|6,|d] = 2(bc)[ad]. (2.10)
and second, the Schuten identity:
1) (k) + |7) (ki) + |k) (i) = 0. (2.11)

2. Spinor helicity for massive particles

We now consider the massive spinor helicity formalism
[36,37]. The spinor helicity formalism of massive particles
has no essential difference from the one of massless
particles. We can regard the massive momentum as the
linear combination of two massless momenta:

where @, b% have the same spatial direction as k%, which
are along z axis. We can write down the components of k, a,
b now:

= (0.0.0K)  d=

K — k& K — k3
b”z(lz ,0,0,— )

K43
<l+ L.0,0,

K+ k3
2

; 5 (2.13)

Or, more generally, (both direction and the length), we can
parametrize the massive momentum k:

m?

K =d' - L pt
1 1 2ai'bi [

(2.14)

and we can contract both side of this equation with ¢* and
decompose ¢! and b on the right-hand side into spinor
helicity form using Eq. (2.5) so that we have

ko = lalo(alg + [b]4(bla- (2.15)

This is simply a rank 2 matrix k., which can now be
written as

ka(‘l = /Iaajdw (216)
where a =1, 2 corresponds to |a], |a) and |b], |b)
separately. We now rewrite 4 and 1 as a matrix and regard
a and a as the matrix index. We then have:

K = —m? = det 1 x det 1 = —m? (2.17)

where we set® det 1 = det] = m. We can also raise or lower
the indices a, b by using €*’ and €, so that we can write

oy = Ag®As € 4. (2.18)
Also, notice that we have the Dirac equation:
k™ = AgP DA% = 20D e €4P D 6
= A, det(2)6,% = mA,” (2.19)
Similarly, we also have
kyqd® = —mlc. (2.20)

These two equations
equation [38].

By using the [39] decomposition of massive momentum,
we can also write down the component of massive spinor™:

In other references, people also define (k| as the massive
spinor. In our notation, it is simply z, that is used to absorb
the SU(2) index.

are equivalent to the Dirac

). (2.21)

(k| = (k%|z,. (2.22)

We have a constrain on z,, 7, and the antisymmetric
tensor €:

2.7, = —1.

(2.23)
We can construct the polarization tensor® for the spin-2
massive particles as follows®:

Y 1
(Dl»‘ (ki’ —2) - 2—1/’12

i [a|&*|b)[al*|b),  (2.24)

3This is a trivial convention; det A and det ] are not necessarily
equal to each other. There could be a phase factor that makes det A
and det] both different from m but preserve the constraint
detl x det 1 = m2. Let us take the trivial one as an example;
we will come to this very soon.

“This convention is more non-trivial than the one mentioned
before. We now still have (ab)[ab] = m?, but the (ab) = [ab] =
relationship no longer exists.

SWe will shortly see that this is simply the single particle
B-G current reduced to a specific four-dimensional choice of
polarization.

The (k;,—2) in ®*(k;,—2) means the polarization is a
function of the momentum; for spin choice —2, we will omit
this bracket when it leads to no confusion.
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where ®©* is a traceless symmetric tensor. The momentum
k is decomposed as k¥ = a* + b". For a massive spin j
particle, there exist 2j + 1 spin degrees of freedom, the spin
quantization axis is chosen as the direction of a in the rest
frame. Each spin choice corresponds to a state, we express
all of them by |m, j), where m = —j,—j + 1,...,j— 1, ],
and the 2j 4 1 choices of m exactly correspond to the
2j + 1 degrees of freedom we found for spin j particle.
We can relate the 2j + 1 states by acting the raising and
lowering operator on one state and raising or lowering m:

O+l ommti(k,m—1)

23\

O~ dHH2H) k m

23\

where we used N(m,j) as a shorthand of
-1.2),

o (k,—1) = \}.OHQ””(k -2)
%[([ |6#]a) — [bla*|b))]al6*|b) +
o (k,0) = % O1om (k,—1)

= 557z llal*la) -

B. Dimension-agnostic Berends-Giele recursions

From now on, we need to deal with the multiparticle
Berends-Giele currents and field strength. We use Latin
letters P, Q, X, 7Y, ... to denote different sets of particles.

The so-called Berends-Giele (B-G for short) recursions
[27,40] is an effective approach to determining the tensor
structure of arbitrary D-dimensional tree amplitudes in
pure Yang-Mills theory, introduced by Berends and Giele
in 1987 [27]. The idea of B-G recursions is to recursively
combine all color-ordered Feynman diagrams with multi-
ple external on-shell legs and one single off-shell leg
using the B-G currents €}, ,- They can be regarded as

functions of dynamical variables such as polarization
vectors €/ and null momentum vectors k% of the external

"Here, we only write two examples.

(+|a

@ﬂl/"" Hi (k m)’

< aw bl 3l

J)DHs i (kym — 1),

(tm)(j=m+1)
2

,2)|-+1,2)|+2,2) by acting the raising and lowering operator on the |-2,2) state’:

[al6#|b) ([alo|a) —

[ble*|b))([al6*]a) — [bl6*[b)) —

J+1|m_ 1’]> _ \/(J+m)(]2_m + 1)|m’]>’

_¢u+mo—m+nw
2

T m. j) =

-1,7), (2.25)

where the boundary are J L) =
0, ]_1|_j’j> =0.

Similar to the operator acting on states, we can define a
set of raising and lowering operators acting on the

polarization tensor:

requirements

d
DHIH2 ] k, —1
a[a|> m=1)

0
>q)ﬂ|/42“'ﬂj (k’ m — 1)

(2.26)

, and get the polarization tensor corresponding to

[bl5*[b))];

[ale”|b)[ale”|b) — [bl6*|a)[bl6*]a)].  (2.27)

|
particles i =1,2,...,p constrained by the following
on-shell conditions:

(2.28)

where i=1,2,...,p refer to external-state labels,
and the Lorentz-indices are denoted by Greek letters
u,v,...=0,1,....,D—1.

The B-G recursion of the Yang-Mills amplitude is done
via the recursion® of the B-G current [27]:

Sp€p = Z lex, ey + Z {ex.ey. ez},

XY=P XYZ=P

(2.29)

The boundary constraint is that the single particle current equals the single particle polarization.
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where capital Latin letters P, Q,X,Y,... are multiple
particle labels, also known as the rank of the B-G current.
The length of, for example, P = 12...p, is denoted by
|P| = p. [ex, ey]* and {ex, €y, €, }* are defined as

ex, ey) = (ky - €x)€/;/ — (kx - EY)GI;( +%(kj;( - kl;)(ex “€y),
(2.30)

(ey - 62)6’;(’
(2.31)

N =

1
{€X7€Ys 62}” = (€X : 62)6/;/ ) (€X : €Y)€§ -

and the Mandelstam variable with multiple particle indices
sp 1s defined as

1
Sp = *k12°v

5 (2.32)

where the multiple particle momentum Kkp_,, » =
Ky + K+ -+ K

To review the recursion of B-G current, we need to
define the division of multiparticle labels P = 12...p. The
summation over XY = P means dividing P into nonempty
sets X =12...j,Y = j+ 1...p, where X, Y nonempty sets
indicate that 1 < j < p — 1; thus, this summation has |P| —
1 = p — 1 terms. The same discussion can be applied to the
summation over XYZ = P. We can also define the field
strength F:

Fi = Kpep —kpep = D (heh —ekéy), (233
Xy=p
and get the simpler form of the B-G current:
1 Y
b= EXYZ:P[("Y cex)ey + e FY — (X > V). (2.34)

The color-ordered on-shell amplitudes at n = p + 1
points are recovered by taking the off-shell leg in the

rank-p B-G current €}, on shell. This is done by:
|

Migpea(1.2,.on=1.n) = > F/(s

PE 511—3

DA p(2, ...,

(i) Contracting with the polarization vector of particle
n: €y, which is also a B-G current.

(i) Removing the propagator sl‘zlmp in the p-particle
channel of ¢,, which would diverge when taken
particle n on shell.

Thus, we have

A2, ..on=1,n) =515 1€ 1€0Mw-  (2.35)

C. Twisted heterotic string and conventional
type-I superstrings

The twisted heterotic string [18,19,41,42] is a special kind
of string that satisfies the twisted level-matching condition.
One of the most important features of a twisted heterotic
string is that the spectrum is finite as opposed to the infinite
excited states for type II-A, II-B, or type I superstring theory.
The physical vertex operators represent the following three
multiplets of 10D A/ = 1 supersymmetry:

(i) A gauge multiplet involving gluon (A) and

gluino (&),
G =VIQ Vet Vi =ViQV,etX,  (2.36)
(i1) A supergravity multiplet involving graviton, B field
and dilaton (V; ® V,) as well as gravitino and
dilatino (V; ® V),

(iii) A massive multiplet with k> = —% comprising a
spin-2 field ®,,, a 3-form E,,,, and a spin—% field ¥y,

V{(I)’E‘\II} = VT ® V{(D’e‘v/}eikhx, (237)

where the massive states can be viewed as a double copy of a
tachyon, V; =1, with the first mass level of the open
superstring [42]. The Lagrangian description of the ampli-
tude with one external massive states and otherwise gauge
multiplets is given in [13]. We only discuss the tree-level
couplings of the conventional type-I superstring with only
one massive multiplet n:

n=2),n=1n)|y_ sy (2.38)

where A(...) is a rational function of the external momenta as usual for QFT amplitudes. Hence, \A(...) in Eq. (2.38) will be
later on referred to as “QFT building blocks.” Moreover, the disk integral F”(s,) is given by

n—1

Fr(s,) = (2d)" / dzpdzs...dz, s [ [z *5p
Q

1<i<)

) Ky ) Ky Sp—2 n—
{A <i+£> < n2t o Sne2nd 3)} (2.39)
221 \%31 <32 in-2,1 Zn-2,n-3

where z;; = z; —z;, Q stands for the integration area. Here, it is 0 <z, <z3 <... <z,, <1 because we have

fixed (Zlvzn—l’zn) - (O’ 1’ OO)

026006-5



CHEN HUANG

PHYS. REV. D 110, 026006 (2024)

We identify multiparticle polarizations with B-G currents
[27] mentioned in Sec. II B and write down the recursion
rules of B-G currents. Similar with Egs. (2.33) and (2.34),
we have

Y =V Z Fg,Fy +cycp,

P=0R

(2.40)

where the F’;’ and the €}, has the same form as Yang-Mills
B-G current, following the discussion in [13]. cycp instructs
one to add cyclic permutations in P =1,2,...,p. For
example, Ap = Bp + cycp where P = 1, 2, 3, 4 means

Ap=Bp+cycp =Bip3s+ Br3a1 +B3a12+ Bains-
(2.41)

The amplitude can be constructed from B-G currents:

A(L2,....n = 1|n) = (Pp2._p1)(Py) (2.42)

wp
For the lowest or highest spin state of the only massive
particle, the single particle B-G current” ®* is simply a
direct product of the polarization vector of the lowest or
highest spin state of spin-1 massive particle: e#¢”. Our aim
is to prove this n-point amplitude is equal to Eq. (2.54).

D. Amplitudes compactified to 4D

We impose the external polarization and momentum to
lie in four-dimensional Minkowski space and convert the
amplitude into spinor helicity form.

Some useful expressions are stated below:

rlo"]i)

iy = Ko =111 & =L gt (rie i

[ir] ! (ri) ’
(2.43)

where i denotes the particle label, and ¢ denotes the Lorentz
index. The +1 on ¢; means the polarization of particle i is
+1. r denotes the reference spinor, which can be arbitrarily
chosen to be any spinor not proportion to that of i.

Suppose we choose different reference spinor: [r| = [2]
or [r| = [3] for 7"

Il S R & L U

’ [i2] ’ i3]~

(2.44)

and compute the difference:

SRl Bletli)
o E = [i2] [i3]

[2]0])[i3] = [3]0"]i) [i2]
[i2][i3]

(2.45)

“Now it can be regarded as polarization tensor.

Using simple Clifford algebra, we can conclude
s = ' — @ « k. This transformation on polari-
zation is simply a linearized gauge transformation and does
not have physical meaning. For convenience, we always
choose the reference spinor to be the spinor of another
particle and simplify our calculation. Take the four-point
Yang-Mills amplitude Ayy(17,27,37,47) as an example.
Since it breaks the MHV requirement, it is supposed to be
0. We can choose the reference spinor of particle 2, 3, 4 to
be 4;, and set 4, as the reference spinor of particle 1. Take
€, - €3 as an example:

O L)
S FTIRET)

N & [11] = 0; (2.46)

this can be easily generalized to any dot products among
polarization vectors. ' By momentum power counting of
the numerators of n-point Yang-Mills amplitude, there is at
most n —2 momentum. Together with n polarization
vectors of external legs contracting with metric, there must
be at least one dot product between polarization vectors,
which leads to the fact that amplitudes with all-minus
helicity and single-plus helicity vanish.

Now that we can consider the interaction we are
interested in, we will still start from a four-point example.

1. Pure gluon example

The pure gluon example is also known as the Yang-Mills
interaction, one of the cases in which the amplitude can be
expressed using the closed form of spinor helicity. We can
generate the current from the polarization. To calculate the
amplitude more easily, we take the spinor helicity form.
After applying the recursion rule of B-G currents and the
spinor helicity form of the polarization vector, the B-G
current that has all on-shell gluons with the same helicity
can be expressed as [27]

(rl6"Kiivi....alT)
\/§<ri><i,i+ 1)---(n—=1,n)(nr) '
(2.47)

e(iti+ 1T, .., nt) =

where the (r| and |r) stand for the reference spinor. We
have chosen the reference spinor for each on-shell leg to
be the same. Using the recursion relation, we can get the
B-G current where the first on-shell gluon has negative
helicity. Here, we choose the reference spinor of particle 1
to be 4, and the reference spinor for particle 2,3, ...,n as
A1 We get [27]

'We will prove this relation for any two polarization vectors
later on using Fierz identity Eq. (2.10).
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(1|6"}r3..al1)
V2(12)(23) -+ (n1)

Xi <1|kmk12 ..... m|1>

2
kl.2

e(17,2%,...,n") =

(2.48)

m=3""1.2,..., m—1

After contracting with the negative helicity gluon n and
some simple simplification, we have the well-known
Parker-Taylor formula [24]:

(1n)*

A(17,24,3%, . on=1%n7) “0223) - (n1)’

(2.49)

2. Four-point QFT building block example

Consider the QFT building block of the four-point type-I
super string A(17,2%,3%|472); the underline denotes the
massive leg. The momentum of the particle is k4, which can
|

be decomposed into the summation of two null vectors,
denoted by a and b:

Ky, = a" + b* a*=b*=0. (2.50)
We can always choose the reference spinor of particle 1 to
be 4,; different reference spinor choices can always bring
us different cancellations, but the final result of the
amplitude is always the same.

Let us set the reference spinor of particle 2,3 to be 4;.
The cancellation table of the dot product between polari-
zation vectors is.

0; i.j=1,2,3. (2.51)

€ ié =
The four-point string amplitude can be written as
[Eq. (V.74)] in [34], as described in Eq. (2.38), and we
focus on the QFT building block. In our reference spinor

choice, we can easily find ¢; - €; = €, - k| = €3- k| = €, - k, = 0, where i, j = 1, 2, 3. We can simplify the four-point QFT

building block to'

A(1_72+’3+H_2) = ‘I’W{(% : kz)(dfelﬁ) — (& k3)(€’f€§) + (e - k3)(€’2'€’§) +L(€1 “k3) (€3 kz)(elzlklf)

$13

e k) (e k)(E5RE) - (e ke k) ()

S1.3
b (e (e k)R ke k) (4R . 252
2,3 2.3

and we can now rewrite it into the spinor helicity form:

1b)*[ab)?
A(17,27,3%1472) = <— 2.53
( 147) m?(12)(23)(31) (2.53)
The central result of this work is a conjectural generalization to arbitrary n-point QFT building blocks:
bJ? (16)*
=25 on = 2% 0= 1 |r?) = & . 2.54
After applying the spin raising operator, we can easily get
b)? (1b)3(1a)
=25, con=2F 0= 1|1 =
AQ72% wm - 27 m? (12)(23)---(n—1,1)"
6[ab)? 1b)*(1a)?
A(1—,2+,...,n—2+,n—1+|g°):*[[“2] ({1b)"(1a) ,
2m*  (12)(23)---(n—1,1)
b]? (1b)(1a)?
1225, con = 2% 0= 1|t =
AQT2% . ) m? (12)(23)---(n—1,1)’
b)? la)*
A( 25— 2% — 1+|n2) = 98] {1a) (2.55)

C2m? (12)(23) - (n—1,1)"

""We assume all constant factors are hidden in the disk integration building block and thus will not show up in our QFT amplitude.

026006-7



CHEN HUANG

PHYS. REV. D 110, 026006 (2024)

The aim of this paper is to prove these formulas. For
simplification, we will focus on the coupling with n~2.
Others can be generated by acting spin raising operator on
the polarization.

3. Comparing helicity configurations

In the previous section, we gave the spinor helicity form
of one specific helicity configuration Eq. (2.54), which is
similar to the MHV helicity configuration in Yang-Mills
theory Eq. (2.49). The helicity configuration in Eq. (2.54)
will be referred to as MHV-like helicity configuration.
There are also other helicity configurations, and changing
helicities in Eq. (2.54) to all-plus would arrive at another
QFT building block, which turns out to vanish:

AT 2%, . on=2%n—1%n"2) = 0. (2.56)

An

where A, denotes an amplitude with n external legs. While
A, and A denote subamplitudes on the left-hand side and
right-hand side separately, momentum k; is the internal
momentum that flows from left to right or right to left, up to
our choice. Suppose the external momentum of the left-
hand side subamplitude is ki, k,, - - - k; and define set I:
I=1{1,2,3,...i}. (2.58)
We set the direction of all n external momentum out-
ward, and k; flows from left to right. After applying
momentum conservation, we have k; =k +k,+
-+ 4 k;. On the other hand, the external legs of Ay are
denoted by set J:

J={i+1,i+2,---n}, (2.59)

for the same reason, k; = —k; .| —kj o — - —k,.

kr on shell
1 S 2

k; on shell

The vanishing of all-plus QFT building blocks to all
multiplicities n will be proven in Appendix A and is
analogous to the vanishing of single-minus and all-plus
helicity amplitudes in Yang-Mills theory. There are also
helicity configurations similar with the NMHV, N?MHYV, ...
in Yang-Mills theory, A(17,27,3"...,n — 1T |n), for exam-
ple. The spinor helicity form of them are expected to
be much more complicated in the same way as
NMHV,N?MHYV, etc. Helicity configurations in pure
Yang-Mills theory give rise to more lengthy amplitude
formulas than the MHV sector.

E. Basic idea of BCFW recursion

BCFW method [26,43] aims to construct higher point
QFT amplitudes using lower point QFT amplitudes. It is
based on the factorization property of amplitudes,12 also
known as the unitary requirement of amplitudes. The
factorization property can be expressed as

(2.57)

1
Ar k_IAR’

For most of the amplitudes we might need, k; is off
shell.”® After complex shifting external momentum,
=k +z% zeC iel,  (2.60)
and with some constraints on r, we can solve z; which
makes k; on shell. The on-shell condition of external
momentum and momentum conservation is preserved. k;
is thus shifted as

]%[ = k["‘ZZVi.

iel

(2.61)

The complex shift zr; should not influence the funda-
mental property of the amplitude and the shifted momentum.
Thus, we want the external legs still satisfy their on-shell
condition with mass unchanged. This will lead to some
constraints on r;. All r; satisfying the constraints can be the

"When the propagator becomes on shell, the whole amplitude will decompose into products of two lower-multiplicity amplitudes.
“Which is easily seen using momentum conservation and the on-shell requirement for external momentum.
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shift we use. To give a clean and convenient form of the
expressions, we always choose the r; as simple as possible
and choose the suitable z, making l%% = 0 for some I, and
factorize the amplitude we need into the multiplication of
two subamplitudes and a pole on the z plane. Each
propagator corresponds to a pole on the complex plane.
According to the Cauchy theorem, we have

~

0=> Res,_,, A"T(Z) ~B,. (2.62)

where the index / in z; denotes the pole corresponding
to k; on shell, and B, is the residual of the pole at the
infinite point.

Especially, z; =0 stands for the amplitude without
shifting external momentum, which is the original ampli-
tude. We have

A

A, ==Y Res,_,, A ) + B,.

2/#0

(2.63)

III. RESULT AT FIVE POINTS

In this section, we will take the five-point case as an
example. Using the B-G recursion, we can analytically
prove that the five-point QFT building blocks are

A<1—1,2+1,3+%4“I§‘2>‘[gi];<12><2<31>b<>344><41>’
A(171,2+1,3+ 4+1]571) = [abjz (12 ><<1b>>3<<34>><41> |
P e
A(171,2+1 341 4+1|5+1) = [abz]z (12 ><<23>><<34>>3< 41
A(171,271 341 4+1|5%2) = [;:1]2< ><2<31>a<>344><41>' o

By using B-G currents, we construct the QFT building
block for |-2,2) state coupling with four gluons and

(it i+ 1t . nt)|

generate the coupling of other spins by applying the raising
and lowering operator Eq. (2.26) on polarization tensor ®**.

The underlined external leg stands for the massive leg.
Here is particle 5; we decompose the momentum p’s‘ into
p’s‘ = a" + b*, where a and b are both massless. After we
work out the result for A(171, 2%, 371 4+1572), we would
use the raising and lowering operator on the amplitude and
get the result for different spin state of particle 5. Thus, in
this section, we only work out the coupling with |-2,2)
state of particle 5. For the | -2, 2) state, the polarization ®**
can be decomposed as

(3.2)

where the superscript (=2) and (—1) is just an index
identifying the spin choice of the polarization. Since we
only analyze the coupling with spin —2 state of particle 5,
we will omit this index.

According to the definition Eq. (2.42), we have

A(171,241 31 4H572) = (D534 ) (Ds),,,
_\/_Z F'u va (DS W—i—cycp,

P=0R

(3.3)

where P = 1234.

A. Some basic facts

Some equations can help us simplify our calculation.
Before we move on, let us derive them first.!*

As before, we take the reference spinor of particle 1 to be
4,, and the reference spinor of all other massless particles15
7y, 13...,r; = Ay. Thus, all polarization vectors of massless
particles have (1| or |1) in their numerator; by using the
Fierz identities Eq. (2.10), we can easily find that the
contraction between any two polarization vectors of a
massless particle gives zero. This special choice of refer-
ence spinor can bring us more information.

First, we can express the Berends-Giele currents in
terms of spinor helicities. Two examples are Eqs. (2.47)
and (2.48). With our reference spinor choice, we rewrite
the closed form of the B-G current for massless states in the
QFT building block of type-I superstring as follows:

< ‘Jﬂkl g1, n|1>

V2(1i) (i, i 1) - <n—1 n)(nl)
(116"K253....| 1)

(Uknkro,..ml1)

(17,27, ...,nM)|»

“These equations work for arbitrary 7.

Sa =Ko=Ky \/§<12> <23>

34
) 2Ky oK (3.4)

“There is no need to define a reference spinor for a massive particle.
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Under this reference spinor choice, using B-G recursion,
we can easily show that the spinor helicity closed form of a
B-G current always has a similar numerator structure
(1|6#K; ;|1). Therefore, if we contract any two B-G cur-
rents, using Fierz identity Eq. (2.10), we immediately get a
result proportional to (11) = 0.

Second, let us contract any B-G current with momentum
K\; we can always get a result proportional to (1|§;. We
can expand ¥, = —|1)[1|. The final result is proportional
to (11) = 0. For the same reason, ¢, - k, = 0.

Third, the B-G current we use is the same as the
one for Yang-Mills amplitude, which is e’fz| T
|y = = 0

1
€72|rg:k’;.r1:knglz[( 2-€1)e; = (ky - €2)€l] P
2 =K =Ky
1
:2—[(k2'€1)€g—(k1'€2)€ﬂ =0.
S12 =k =k,
(3.5)

B. Contributions of each configuration

InEq. (3.3), P = 1, 2,3, 4 are divided into Q and R. Thus, we can write down all the configurations of Q and R before we

calculate each of them'®:

Configurations 1 2 3 4 5 6
0 1 1,2 1,2,3 2 2,3 3 (3.6)
R 2,3,4 3,4 4 34,1 4,1 4,1,2

1. The only nonzero configuration

Among all six configurations in Eq. (3.6), there is only one configuration that nontrivially contributes to the final result of
the five-point QFT building block, which is configuration 1. Consider the coupling with |-2,2) state for computation

simplicity:

Flprg§4(q)5)W = (kﬁlelp - klpelf)[k’z)34€§34 - k'§34€/2)34 - <€g€§4 - 655/3)4 + 6/2)3671 - 55362)](@5)”1,

= (k!felp - klpelf) [k§34€§34 - k534€/2734]<q)5)

(3.7)

v,

where we applied the basic rules and concluded in Sec. III A in the second step. After converting into the spinor helicity

form and applying Eq. (2.47), we get

T _<b|k1|a] 21}34]1)  (1D)[alkos4l1) [2a](b1) (1b)[alk34l1)
Byl @) == 5 =7 2] m12)(23) (av(a1) 2 2iizim k) a3y (ayan)

B (1b)*[ab)?

C2m2(12)(23)(34)(41)° (3:8)

where this is exactly the five-point amplitude we claimed.

2. Other configurations vanish individually

We can analytically prove that except for the configuration mentioned in Sec. III B 1, all other five configurations vanish

individually. We will show these one by one:

"*Notice (®s),, is symmetric in m and p indices. Thus, we can exchange Q and R without changing the final result. This decreases

the number of configurations by a factor of 2.
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(1) Configuration 2
Configuration 2, F{,,F5,(®s),, equals to

FPIthFQZ((I)S) [kjf2612/) k12/)€/f2 - (€If€2/) - €1/)€g)][k§4€§4 - k§4€l3)4 - (egeli - 65664))]((1)5)/”

= _(6!1 €2/’ - 61/,6'/5)/(/3)46%4((1)5)#” =0. (39)
(i) Configuration 3
Configuration 3, Fi,; F}"(®s),, equals to
FlfzspFZU(q)s)w = [k723€123p - k123p€/f23 - (€7€23p - €1p€’53 + e’fzeap €12p€’34mk/ €~ kﬁéﬁ](q’s)w

__4(16)°[24] (ki - ko3 (1]K3]a][4a] + (1|Ko3]4] (DI K14]a] [ba))
m?(12)(13)(14)(23)[14][21]

4(b1)*[4a]*24][23] _ 4(b1)*[24](1[f2sa]?

m?(12)(13)[14][21]  m?(12)(13)(14)(23)[21]

+ =0. (3.10)

(iii) Configuration 4
Configuration 4, F5 F%;,(®s),, equals to

Fy F§Z1 (¢5) [k”€2/) ks, €5 [Kay1 €541 — Kaq €541 — (€548 — €846 + €€l — 65621)]@)5)/”
4(1b)*[2a]> ((13)[14][32] + 2k, - ky3[42]) +4<1b>2[2a}2([41]<1|k34|2] + 2k - ky[42])
2

= — =0.
m*(12)(23)(34)(41)[14][21] m*(12)(23)(34)(41)[14][21]
(3.11)
(iv) Configuration 5
Configuration 5, F5; Fjj(®s),, equals to
F’243pFZI]/(®5)ﬂIJ = [kg3€23p - k23p€’2‘3 - (€g€3p - €2p€§)][kZl€gH ki 41 (epel - €4€p)](®5)ﬂl/
_A16)*[24]((11o3 4] (b3 | al[ab] + Kug - ka3 (1|o3]al[4a])
m?(12)(13)(14)(23)[14] [21]
A1 HAPRARS] AR Kl o)
m?(12)(13)[14]21] ~ m?(12)(13)(14)(23) 1]
(v) Configuration 6
Configuration 6, F% Fj,(®s),, equals to
F Fﬁlfz( ) (kﬂ€3/1 k3p€”)[k21265112 — Kj1o€h1, — (€hety — i), + € e8 — 6216/2})]((135);41/
AP RAPBA falalls ks + (BB | ADPRIPBR
mkiykiy (13)k5o, m*kiykiy . .
|
IV. THE N-POINT AMPLITUDE number of configurations for n-point amplitude is »=3+2,

One can easily apply Eqs. (2.33), (2.34) and the definition ~ which increases at order of O(n?). From the computation of
of ®p, Eq. (2.40) for multiple particles to the n-point  five points, one can also tell that the complexity of each
amplitude Eq. (2.42) and count the number of terms in  configuration increases when considering higher point
the B-G recursions. More specifically, we shall count the  amplitudes. Thus, we cannot analytically work out the
number of configurations F" F” . compatible with the cyclic  closed form one by one. However, there is some special
ordering of A(1,2,...,n— 1|Q) Similar to Eq. (3.6), the  configuration that we can easily work out for arbitrary
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n point, and one of them equals to the n point QFT building block we claimed:

11— A+ + +5— _[ab]z <1b>4
A(l7,2%, ... ,n =2 n—17|a 2)— m2 (12)(23)---(n—1,1)"

(4.1)

A. The nonzero configuration

Similar to the five-point example, one configuration contributes to the closed form we expected for the n-point amplitude:

N(Pn)

1 v o U " n v v 2 0 v v P
FlpF23...n—l(q)n)yy = (k1€1p - klpel)[k/Z3...n—l€23...n—] — K3 1€y o — (6365, — €5l L, + -

= (klfelp - klpelll)[kg}..n—leg}..n—l - kgi’»...n—le{Z)S“.n—l]((I)n);w’ (42)

where in the last step, we used the important facts in Sec. IIT A that any two B-G currents contract to zero, and k| contracting
with any B-G currents gives zero. After applying the spinor helicity form, the QFT building block of |—2, 2) state coupling

with n — 1 gluons equals to

FlprZ;...n—l((I)n)uu =

(bl la] 23 1 1)

(1b)]alfas.. n1]1)

T Vem o V212 m{12)(23) - (n=2,n—1)(n—1,1)
[20]<b1> (k k ) 1b>[a|k23n—1|1>
212]m TP m(12)(23) - (n—2.n— 1) (n—1,1)
[ab]? (16)*

Co2m? (12)(23) - (n=2,n—1)(n—1,1)"

(4.3)

where we used Schouten identity, momentum conservation, and Fierz identity. It is exactly what we claimed in Eq. (2.54)

B. Other configurations

For other configurations, we believe they are individu-
ally equal to zero as it goes for a five-point amplitude.
We can prove one of them equals zero analytically, but
for others, what we can do so far is numerically check
up to six points. This numerical check provided the
confirmation of Eq. (2.54) at n = 6. Similarly, one can

give a numerical check for a n = 7 or higher point QFT
building block.

We can prove that one configuration goes to zero
individually for n-point amplitude. This is a generalization
of configuration 2 in Eq. (3.6). More specifically, we
divide 1,2,3,...,ninto 1,2 and 3, ..., n. Still, we focus on
the QFT building block of spin —2 massive particle
coupling with gluons:

FlllZ/)Fgl,/“n—l (q)n)/w = [k1142€12p - k12p€;1¢2 - (€/:€2p - elpeg)}

UV v
X [kg...,n—lei..,n—l — k5

...n—1

€§...,n—l - (6/3)651...,” - egez...,n + - )](‘Dn)

v

= _(6;1462/) - 61/,6‘;24)](’;”._”_1613/_”‘”_1 (q)n);w

(k5. n—112](1D)[a2]

o (AL 2
&,

:0’

and as for other configurations, we can numerically
check they vanish separately for a six-point amplitude.
Thus, we believe Eq. (4.3) is the only nonzero configu-
ration that contributes to the expected result for an
arbitrary n point, and all other configurations sum to
zero. We will later on prove this using the BCFW
recursion.

)

(4.4)

V. APPLICATION OF BCFW RECURION
ON THE QFT BUILDING BLOCK

Considering the helicity configuration, the naive BCFW
shifted leg should be 1 and n, and the external leg n is
massive; thus, the BCFW shift for the massive particle is
needed. We will show in the appendix that this kind of shift
can indeed provide us with the expected result, but there
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exists a tentative boundary term. In this section, we will
show if we shift leg 2 and 3 instead, we can still find the
expected result without any BCFW boundary.

The momentum is shifted as

Ry =Ky 4+t Ry =k -zt (5.1)
where the / needs to satisfy was chosen to be
y = 1312[ +12)3]. (5.2)

Shifting the momentum leads to the following shifted
spinor helicities:

12] = 2] +2[3]

13) = I3) - 2]2), (5.3)
where other spinor helicity is unshifted, [2) = [2) and
3] = |3]. We have the following relations:

(23) =(23)  [23] = (23). (5.4)

We can now rewrite the four-point amplitude into spinor
helicity form:

75374 on shell

e arigeay  lablr o (1b)*
A(17,27,371472) = == (12)(23)(31)°

(5.5)

To prove the expected form, we need to assume the n — 1
point amplitudes satisfy

A(17,27 k5,50, ...,n =2 n—11|n72)

_ [ab]? (1b)*
= om? (12)(2k)kS) - (n— 1, 1) (5.6)

and show that the existence of the expected form for any
n — 1 point always leads to the existence of n point since
we already proved the five-point case using B-G recursion;
if such n — 1 — n always exists, such form would be true
for an arbitrary n-point amplitude. The shifted n-point
amplitude equals the sum of all residues of poles on the z
plane, which corresponds to the sum of different configu-
rations of subamplitudes.

However, one can easily see that there exists only one
pole that gives a nonvanishing contribution when we shift 2
and 3, which is:

n—17%

The 12-channel here does not contribute because of the
special three-point kinematics, which is:

0=k, = (12)[12] = (12)[12]. (5.7)

The only way to make the RHS vanish is to set [12] = 0,
but it leads to the subamplitude A(17,2", —k;) = 0. Other
poles either have all-plus helicity for three-point Yang-
Mills amplitude or have single-minus helicity for four or
higher-point Yang-Mills amplitude, which vanishes due to
the mostly helicity violation (MHV) requirement.

The three-point pure Yang-Mills amplitude can be
written as

7oA [34]*

AB*. 4+ —k7) = AR (5.8)

where I = 3, 4 and k; = k3 4, and we construct the n-point
amplitude from n — 1 point amplitude using the three-point
pure Yang-Mills amplitude as a building block:

~ 1 A
A(17,25.3F ... ,n=2  n—1"|n?) = A7 Ak
1

_[ab]? (16)* S
T 2m? (1D Bk ES) - (n—1.1)  (34)[34]
o B (5.9)

[34][4k,][k,3]°
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We can simplify the above equation using

(5.10)

Finally, we get the n-point amplitude:

- 9t + -2y _ labl (10)*
A2 am =20 = V) = S

(5.11)

where the boundary comes from the z dependence of the amplitude. More specifically, the large z limit of the amplitude
corresponds to the boundary. Since we shift momentum 2, 3, the naive z dependence we can read from the amplitude exists
in (34). Thus, the naive z dependence is é which leads to the vanishing boundary. One can produce the n-point

generalization of Eq. (3.1):

A2 =2ty <R
A7 2%, n =2 n—1F|n7h) = {L;ff <12><2<31>b.>.3.<§,j>_ L1y
A(17,2%, ..,on =2 n—17|n0) = \/EEZ?]Z <12><§;§??%<.1<Z>2_ 1,1)°
A=, 2%, . n=2" n— 1Tt = [anff <12><2<31>b.>.<.1<a,23_ 1)’
lab)? (1a)*

1=-,2%,....n=2%n—1%|n*?) =
A2 =2 =) = Iy 23) - (= L1

(5.12)

using the raising and lowering operator as mentioned before.

VI. CONCLUSION

In this paper, we reviewed connections between tree-
level amplitudes of twisted heterotic strings and conven-
tional type-I superstrings [13]. By using B-G currents and
their recursion, we explicitly worked out the formula for the
QFT building block of four-point and five-point cases.
After that, we conjectured a compact formula Eq. (2.54) for
the QFT building block of n-point conventional type-I
superstring amplitude of the spin-2 state at the first mass
level coupled to n — 1 gluons in spinor helicity basis. In
Sec. V, we finally used the recursive construction to
approach the n-point formula and arrived at Eq. (5.11),
which is exactly Eq. (2.54); this provided the proof of the
desired formula using BCFW recursion.

This formula can be regarded as a n-point generalization
from the four-point coupling of one single spin-2 massive
state and massless states in [34]. More importantly, by
the choice of gluon helicities (17,2%,3%,...,n = 17), the
n-point conjecture Eq. (2.54) can be viewed as a massive
extension of the Parker-Taylor formula [24] for pure-gluon
tree amplitudes with MHV helicities. We also offered

various pieces of evidence: We provided an analytic proof
at five points and a numerical check at six points.

One possible generalization of this topic is toward
amplitudes with more massive states or higher excited
states, and one can find detailed studies for mass level 2
states in [44,45]. What is more, if we generalize to two
higher excited massive states, such higher-spin amplitudes
were recently used to study classical Kerr black-hole
scattering [39,46].

Another direct generalization is to consider the NMHV-
like QFT building block of conventional type-I string
amplitude, which is having two or more massless particles
having minus helicity. We have proven that the QFT
building block with all massless particles having plus
helicity vanishes; this is similar to the behavior of MHV
violated Yang-Mills amplitude. One can expect that the
NMH V-like amplitude would be more complicated, as how
NMHYV amplitude behaves in Yang-Mills theory.

The massive double copy mentioned in this work
emerges from the consistency constraints at low multi-
plicity [47]. The all-multiplicity result could serve as an
important consistency check for future studies.
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APPENDIX A: PROOF OF VANISHING
ALL-PLUS HELICITY CONFIGURATION

In this appendix, we will discuss the QFT building block
with all-plus helicity configuration'’: A(17,2%, ...,
n—2%,n—1%|n"2). We claim that the QFT building block
with this helicity choice equals zero.

We cannot use the old reference spinor helicity choice as
before since all the helicities of gluons are the same. In this
appendix, we choose all the reference spinors of gluons to
be (b, and the polarization vectors can be written as

CAWRES

(A1)

By using B-G currents Eq. (2.42) and its definition
Eq. (2.40), we can express the QFT building block as we
did in Eq. (3.3), but with P =1,2,3,...,n — 1 this time:

A(1F,2%, o n=2% n— 17 |n) = (p)*(D,)

=V Z F,Fr (®,),, + cycp,
P=0R

nv

(A2)

where we can apply Eq. (2.33) and expand FY,, and Fy.
Since we are considering the all-plus helicity configuration,
we can apply Eq. (3.4) to €}y, where X can be any multiple-
particle label:

(it i 1%, )]

_ (b|6"Kiit....nlb) (A3)

V2(bi)(i,i + 1) - (n—1,n)(nb).

By using Fierz identity Eq. (2.10), we can easily find any
contraction among polarization vectors or B-G currents
equal to zero. For the same reasons, reference spinors
|r;) = |b) lead to vanishing contractions ¢}(®,),, for the
arbitrary multiparticle P. As a consequence of our choice of
reference spinors,

eh(®,) 0. (A4)

€P . €Q|r§’:b" = 0, ”y|rli‘:bﬂ =

Each contribution Fj, F¢(®,),, to the B-G formula

Eq. (2.42) vanishes in the all-plus helicity configuration:

"Still, the other spin choice of massive particle n are
generated by using the raising and lowering operator as we
did in Eq. (2.27).

FlépFl;Qy(q)n)ﬂbht':bu
— [tseo = kaney = X (eher, = i)
XY=0Q
x {kﬁze% — ke = > (ehely = e%e”m} (@),
ZW=R

= _kgklfg(eg ) €R)((Dn);w‘,llf:/,;« =0, (AS)

where the second step follows from discarding any
€p(®,),,, and we finally use the vanishing of g - e in
the last step. Thus, the QFT building block with all plus
helicity choice vanishes.

Or we can use a similar power counting as in Sec. [I D;
there are » — 1 momentum vectors in each term, but there
exist n — 1 polarization vectors and one polarization tensor,
which has two indices. There are n + 1 indices from
polarizations in total. Thus, there exists at least one
contraction between two Lorentz indices of the polar-
izations in each term. We can conclude that the QFT
building block with all plus helicity choice vanishes.

APPENDIX B: BCFW RECURSION
WITH 1 AND N SHIFTED

We can generalize the discussion to two or even more
massive states in the future. Thus, knowing how to apply
the shift with massive particles to the QFT building block is
useful, although we have tentative boundaries in this shift
choice.

1. BCFW shift for massive momentum

The BCFW shift for all massless external momentum is
already discussed in the review section. For the amplitude
with massive legs, we need to shift the massive momentum
k; and the massless momentum k; as follows [43]:

(B1)

The momentum conservation is naturally satisfied. We
expand K into k% = a* + b
The on-shell condition becomes

G +m>=0
k2 =o. (B2)

Next, we choose a suitable z, which makes the complex
shifted propagator on shell. We can find the z we want by
solving the mass shell equation:
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" ~\2
G = (k) =0
J—i—mJ(Zk) +m3 =0,

jeJ

(B3)

where m? and m3 denote the mass of k; and k. Since the
only two shifted momentums are & and }, the complex
shifts of &} and &/ are also zr*. Only single first-order
singularity contributes residual. We need to set the second
order and higher order to zero, which means
r?=0. (B4)

The first constraint on # is that 7 has to be a null vector.
Plugging back to the on-shell condition of momentum 1
and n, we have:
The second constrain on r# is that #* has to be orthogonal to
both &} and K.

Momentum conservation is automatically satisfied. The
simplest nontrivial * found is

| R a
= = i), (B6)
and we can also define y by contracting 7 with ¢,
v 1 v =i0 4
/{1/3 = rﬂ(g )(1/57]/41/ = _%Ql}?kjo-z oﬂ | >§0//,»’1ﬂp
Lo
_a(kj|l>)a<l|ﬁ
1 . N
= (lala{ai) + ] (b)) (il (B7)

2. Application to the QFT building block

We can now apply our new BCFW recursion with
massive external legs shifted into the QFT building block.
The momentum is shifted as

lAc’f =K + zr* k= kb — (B8)
where we still expand the massive leg into a and b:
kn = @ + b*, (B9)

where r is the only massive leg. Plugging back to Eq. (B6),
we get

<1|,,kﬁ“o-" |i)e. (B10)

The # is

1 —(1];k45 50l |1)%0”

—~

Vap = (6" g = oo

- —%(knu»aau :$<|a}a<a1> + 1Bl (61)) 1]
(B11)
As for the shifted spinor helicity, we have
b=t + 2 = 101+ (lal(at) + p)(o1)(1]
b= d+ ¥ - 27 = lal{a] + b){b] - = (|al(a1)
+ [BIB1)(1], (B12)

where momentum p, is decomposed into p, = a + b.
Thus, we have

(B13)

where other shifted spinor helicity is unchanged. We have
several special relations:

(al) =(a1)  (p1)=(b1)
@i =lal]  [b1]=[p1].

After rewriting four-point amplitude into spinor helicity
form, we can get

XD

(B14)

b (1b)*
2m? (12)(23)(31)°
where k, = a + b, the same as the discussion before for

general n.
Suppose the n — 1 point amplitudes take the form:

A(17,27,37|472) =

(B15)

A(ky,3%,..,n=2" n—1%|n7?)
_ [ab)? (kib)*
2m? (k3)(34) - (n = 1kp)

The three-point pure Yang-Mills amplitude can be
written as

(B16)

[2k;]*

A(1-,2°, 122K,k 1]

k) = (B17)

where I = 1, 2 and k; = k| 5, and we can always construct
the n-point amplitude from lower point amplitudes.
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Interestingly, there is still only one pole giving nonzero contribution:

. -
i n

12:172 on shell

2+ n—1%

o]

3+

The helicity choice on the propagator has to be plus on
the left and minus to the right because we have shown
that the all-plus configuration vanishes. We can only have a
three-point Yang-Mills amplitude on the left, due to the
MHV.

Al 2+, .. on=2"n—1%|a2)
[ab]? (k;)* !
2m® (k;3)(34) -+ (n— L k)~ (12)[12]
N CL7) (B18)

where we ignore the boundary term for now. We can
simplify the above equation using the following:

(n - Lk k2] = (n - 1. D12 (B19)
Finally, we get the n-point amplitude:
A=, 2%, .. n=2"n—17]a?)
2 1 4

C2m? (12)(23) - (n—1,1).

This is what we expected for the n-point amplitude. It
agrees with the nonzero configuration we analytically
worked out in Sec. IVA.

However, there is one more thing noticeable: We also
need to consider the boundary contribution. We can find the
naive boundary in Eq. (B20).
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