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First order phase transition in the D3-D7 model from the point of view
of the fermionic spectral functions
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We consider the D3-D7 model and use the spectral function of a probe fermion on D7 to analyze the first
order phase transition from the black-hole embedding phase to another black-hole embedding phase in the
presence of the finite density and temperature. From the fermionic spectral functions, we study the
temperature dependence of the decay rate, and we observe various phenomena that support the first order
phase transition including jump in it at the critical temperature that corresponds to the first order phase

transition.
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I. INTRODUCTION

Shortly after the AdS/CFT correspondence [1-3] was
established, the method has been applied to investigate
quantum chromodynamics (QCD) and condensed matter
physics of strongly correlated systems widely. One of the
benefits of the holographic method is that it allows us to
study strongly coupled quantum many-particle systems
easily even for the system with finite temperature and finite
density effects.

The D3-D7 model [4] is one of the top-down models that
has been used widely for such a purpose. The background
Schwarzschild-AdSs x S spacetime generated from the
D3-branes and the probe D7-brane play roles of the thermal
reservoir and charged particle system, respectively. The
solutions and behavior of the probe brane in the black-hole
spacetime, i.e., finite-temperature cases, were studied by
Refs. [5-8]. The system has intricate dependence on the
parameters exhibiting the phase transitions. One of the
solutions, that the probe brane falls into the black-hole
horizon, called black-hole embedding, is interpreted as a
deconfinement phase of the quarks or metallic phase of
the electrons. The authors of Refs. [5,6] found that there
are two different phases of the brane embeddings where the
D7-brane touches the black-hole horizon, and, as the
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density increases, there is a jump in the position of the
horizon touching point. The brane in a phase named the
BH-I phase bends sharper than the brane in another phase
named the BH-II phase. The difference of these phases
should have a physical interpretation from the viewpoint
of the boundary field theory. Since the black-hole touching
configurations should be related to the metallic phase, the
phase transition should be related to the metal-to-metal
phase transition. Therefore, we can expect that certain phase
transition in spectrum or transport property. However, the
details of the physical meaning of the two phases has been
completely obscure.

Although the spectral functions of bosonic fluctuations
in this model were studied in Refs. [9-12], the fermionic
spectral functions are a more interesting quantity, because
they can be directly measured by angle-resolved photo-
emission spectroscopy experiments. In this work, therefore,
we consider a probe fermion field living on the D7 model
and compute the fermionic spectral function. The fermion
spectral functions for the bottom-up model were already
studied extensively [13—19]. However, the fermion spectral
function in fundamental representation with the D3-D7
model has not been studied much. Since we want the
fermion to provide the matter density, the natural candidate
of the fermionic field in the D7-brane is the fermionic
degree of freedom coming from the D3-D7 string [20]
rather than the mesino [21-25].

In this study, we consider a toy model with a fermionic
field y to utilize the D7’s induced metric. One should
notice that the brane configuration is coming from the D7-
brane and, therefore, common to all the fluctuations of it.
Our fermionic field is coupled to the bulk U(1) gauge fields
as in the bottom-up models, e.g., [13,14]. For a given
embedding, we obtain the fermionic spectral functions by
solving the Dirac equation. Because we consider the system
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in the black-hole geometry, the Fermi surface is always
smeared. We can locate the smeared Fermi surface by the
pole or singularity position of the spectral function, and the
density of state has a Drude-like peak at zero frequency
with a finite width. We study the behavior of the decay
width of the fermion for various temperatures. The width
exhibits a universal behavior of holographic models at high
enough temperature. In a specific range of the parameters, it
has a jump in the temperature associated with the first order
phase transition of the background D3-D7 system. We
believe that this is universal for all other brane models.

From the fermionic spectral functions, we study the
temperature dependence of the decay rate, and we observe a
jump in it at the critical temperature that corresponds to the
first order phase transition. We found that the jump in the
decay rate mimics that in the resistivity data in a recent
heavy fermion material. If the material were weakly
interacting, this would be natural, but it is unclear why
this similarity holds in the strongly interacting case, and
understanding this is left as an future work.

This paper is organized as follows. We present a review
of the D3-D7 model with finite density in Sec. II. In
Sec. III, we consider a toy model of the fermionic field
probing the background D3-D7-brane system, and we
study the spectral functions of the dual operator. We also
study the width of the spectral functions and its temperature
dependence, and we compare it with the resistivity data. We
discuss and conclude in Sec. IV.

II. A REVIEW: D3-D7 MODEL
WITH FINITE DENSITY

A. Background solutions

We briefly review the D3-D7 model [4] with finite
baryon density and temperature following [5,6], where the
authors showed phase transitions from a black-hole phase
to another black-hole phase. The action of the D7 probe
brane is given by the following Dirac-Born-Infeld action:

Sosi[X. A] = —; / dbey/—detlhy, + 2ad)Fy). (1)

where 7, is the tension of the D7-brane and h,, is the
induced metric given by

oxM oxN
= . 2
ab d.f“ dfb gmn ( )

&4 and XM are the coordinates of world volume and ten-
dimensional bulk, respectively. g, is the metric of the
background ten-dimensional spacetime. We set the back-
ground spacetime to Schwarzschild-AdSs x S° spacetime.
In isotropic coordinates, the metric can be written as

2 _W_Z _fl(W)2

LY fa(w)

L2
s (dp? + pdQs% + dws? + dwg?),  (3)

AP + f5(w)di?

where fiw) =1 —wi/w, f2lw) =1+ wi/wh,
w? = p> + w2 + w2, and dQ;? is the line element of the
unit three-sphere.' The Hawking temperature T is related
to the location of the horizon w;, by w;, = zT/+/2. For
convenience, we use the following metric:

L _fw? . - du?
S BV ACO R 2| 4 29
+ L2(d#? + sin?0dg? + cos*0dQ;?), (4)

where f(u) =1 —u*/u} and f(u) =1+ u*/u}. u and w
are related by u = 1/w. ws, wg, and p are related to 0, ¢,
and u by

ws = u~' sin @ cos ¢, we = u~! sin@sin ¢,

p=u"'cos0, (5)

respectively. The other nonzero supergravity field is a
Ramond-Ramond five-form flux

4 -
Fs) = —Wf(u)f(u)dt Adx Ady Adz Adw
+4L*vol(S?), (6)

where vol(S®) is the volume form of the unit five-sphere.
It satisfies the self-dual constraint in the type IIB super-
gravity: . F(5) = Fs).

We choose the world volume coordinates as &% =
(1,X,u,Q3); then the transverse directions are 6 and @.
Since ¢ can be set to zero by virtue of a symmetry, 6(u)
describes an embedding of the probe brane. The induced
metric is given by

2
hapdEedeb = % [—%dﬂ + f(u)dxz}

1
+ (—2 + 9’(u)2) du? + cos?0dQ;%.  (7)
u

We set L = 1 for simplicity. F, is the field strength of the
world volume U(1) gauge fields A,. We consider an ansatz
for the gauge fields as A,d&* = A,(u)dt so the nonzero
components of the field strength are only F,, and F,.
Writing Spp; = [ £, the Lagrangian density is given by

"The radial coordinate w can be written as w?> = 3.0 , w;? and
PP = Z?: ) w;2. The coordinate w is related to the Schwarzschild

1 2 _ 2 1 ) )
coordinate r by w” =5 +3 \/,»——_Th )
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FIG. 1.
to I and II in the top panel.

L= =N cos’ O\ /|yl b — Al(w)?. (8)
where N = 77(27%). A constant of motion d for A, is
given by

I oc
- N 9)

d is related to the charge density in the boundary theory.
Solving the equation of motion, we can write

oy 1+ u?0 (u)?
Ailw) = —duf (“)\/}(u)(aﬂuﬁ ooy Y
A chemical potential y is obtained by
0
p= [ Awdu= 40 = Afw). (D)

We have set A,(u;,) = 0.
We perform the Legendre transformation to eliminate
Aj(u) from the Lagrangian density (8):

Top: relation between the density and chemical potential for various temperatures. Bottom: brane embeddings corresponding

= NIl (@ + Bc0s°0).
(12)

The Euler-Lagrange equation of L gives us the equation of
motion for O(u):

a |h"|E , 5 . 3 |htt|huu _
- l \ /h—uue (u) | —3cos’0sin Oh3, = - 0,
E=d?+ h}.cos0. (13)

We can solve the equation of motion from u = u;, with a
regular condition.” For regular solutions, & (u;) = 0 must
be satisfied at u = u;,. The family of solutions is para-
metrized by O(u;,) and d. The range of O(u,) is
0 < 6(uy) < x/2. O(u) has an asymptotic expansion of
O(u) = mgu + Oyu® + - -, (14)

at u = 0. m, and 6, are related to the quark mass and the
quark condensate in the boundary theory, respectively.

’In the case of T = 0, the analytic solutions for the embedding
function and the gauge field are found in Ref. [26].
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FIG. 2. Phase diagrams of the probe brane. Left: canonical ensemble; i.e., d is a controlling parameter. The black line is the first order
phase transition line. The end point at d = d, ~ 0.004 indicates the second order phase transition end point. For d < d,, we call the low-
and high-temperature regime as the BH-I and BH-II phase, respectively. Right: grand canonical ensemble; i.e., ji is a controlling
parameter. The black line is the first order phase transition line. The dashed line denotes the second order phase transition line.

[See Eq. (A4).] In the isotropic coordinates, m, is the
separation distance between the probe D7-brane and the
D3-branes at the AdS boundary: ws(u = 0) = m,,.

Since the system has a scaling symmetry, we should
consider only scale invariants. By taking m, as a scale, we
define scale invariant temperature, chemical potential, and
density by

- T
T=—,
My

~ H
ﬂ R
mgy

d
m

d=

: (15)

QW

respectively. We also define scaled isotropic coordinates by
Ws = ws/m,, Wg = we/mg,, and p = p/m, for fixed m,.
By definition, ws(u = 0) is always one.

By solving Eq. (13), we obtain relation between d and i
for several T, as we show in the top panel in Fig. 1. The
results agree with those obtained in Ref. [6]. In the range
of 034341 < T < 0.34468, fi becomes a multivalued
function of d, and, hence, there are multiple solutions
for given d at 7. In the bottom panel in Fig. 1, we show the
corresponding embeddings labeled by I and II at d =
0.002 and T = 0.34385.> We refer to the upper solution
and the lower solution in the bottom panel in Fig. 1 as BH-
I and IT embedding, respectively. The first order phase
transition occurs in such a case. The transition points are
determined from the free energy or the Maxwell con-
struction as we discuss in the Appendix. At T = 0.34341,
the system has the second order phase transition when
d = 0.0039385. At a temperature out of the above range,
there is a crossover.

The phase structures are summarized as phase diagrams
in Fig. 2. The phase structure changes depending on

3Since the solution at the middle point of the fi — d curve will
be unstable, we do not focus on it in this paper.

whether d or fi is treated as a controlling parameter, in
other words, considering a canonical ensemble or a grand
canonical ensemble, respectively. We show the first order
transition line as the black curve and the second order phase
transition line as the black dashed line. In the canonical
ensemble, the ranges of the phase transition are 0.34341 <
T < 0.34468 and 0 < d < d. = 0.0039385. In this case,
the embeddings are always given by the BH embeddings,
but it is divided by the first order phase transition line in T
for d < d,. We call the low- and high-temperature regime
in d < d, as the BH-I and BH-II phase, respectively. The
BH-I and II embeddings shown in the bottom panel in
Fig. 1 belong to the BH-I and II phase, respectively. In the
grand canonical ensemble, there are brane solutions with-
out touching the black-hole horizon called Minkowski
embeddings. The Minkowski embeddings are realized with
vanishing density. We do not focus on such solutions in
this study.

III. PROBING BY A FERMIONIC FIELD

In this section, we consider dynamics of a spinor field
probing the background D7-brane’s world volume. Our
fermion is coming from the string connecting D3-D7 rather
than the D7-D7, unlike the mesino. In the scaling limit
where D3’s disappear to be the AdS gravity, the string
connects D7 and horizon, and the low-energy physics of the
string becomes that of the Dirac fermion in fundamental
U(N/) representation on D7 world volume. Here, we set
N = 1. This string as a fermion was also utilized in [20] to
argue that, in the presence of the finite density of the
fermion, only black-hole embedding (BHE) is allowed.
Here, our transition is from BHE to BHE. The Dirac
fermion in fundamental representation is charged and,
therefore, should contribute to the conductivity. As a first
step of the study of the fermionic spectral function in the
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D3-D7 model, we consider the fermion’s action governed
by the five-dimensional part of the induced metric (7)
ignoring the three-sphere part of induced metric to avoid
the technical complication. This should not change the
essential features, since the shape of the brane is already
encoded in the five-dimensional model, and extra factors of
cos@ in the measure should not change the qualitative
features of the theory.
We now consider the following simplified model:

Sspinor = i/dsx\/ —det h’/ll/l/_/(yMD/t - m)l// + Sbou’ (16)

where h,, is the five-dimensional part of the induced
metric, that is,

fw)?
f(u)

+ <%+9’(u)2>du2. (17)

hﬂ,,dx”dx”—%[ T 42 4 Fluyax ]

D, =V, —igA, is a gauge covariant derivative, and S, is
the boundary action which will be specified later. Notice
that the covariant derivative is also defined with respect to
the five-dimensional metric 4,,. Using the spin connection

with respect to f,,, it can be written as

1
Vi =9+ 50, lre,) (18)

where y# denotes gamma matrices in the curved spacetime
and y, are gamma matrices in the tangent space that will be

defined as follows: It can be written as y* = e ”yﬁ where
is the inverse matrix of vielbein e ”, which satisfies
= Ny,

tangent space. The gamma matrices in the five-dimensional
spacetime can be chosen as

u
e”

ele and y% is the gamma matrices in the

v 77/41/

}/l:()-l@gl’ 7/2:61®63,

}/2263 ®I27 (19)

Y =o' ® ic?,

where ¢!, 62, and &3 are the Pauli matrices. Then, y(x*) is
written as a four-components spinor field.
The equation of motion is the Dirac equation

("D, —m)y(t,x,u) = 0. (20)

Substituting the five-dimensional metric, we can write

. 1
V"D, = e"liyﬁ(aﬂ —igA,) +—

2 e",y*0, In(—det(h,, )h"").

(21)

Considering the following transformation:

w(x) = (= det(h,, ) ")~ (), (22)

we obtain the following equation:

—igA,) —mlp(x¥*) = 0. (23)

[e",7"(0,

We decompose the four-component spinor field y as
follows:

w(x)

where 1w, are projected by w, =P,y with
P. = (1£y")/2. According to Ref. [15], the asymptotic
behaviors of the spinors are written as

=y (t,X,u)+y_(1,X,u), (24)

0 1
W, :WSL)MA’ +wg_)u1+A+ +on,

w_ =0yl oyl (25)
where A, =2+ m. y/(io) and 1//5!) are related to the
source and fermionic operator with the scaling dimen-
sion of A,, respectively. To obtain retarded responses,
we also impose the ingoing-wave boundary condition at
the black-hole horizon. In order to compute the Green’s
function, we need to fix the boundary action. We
employ

d*xvV—hh"“ gy, (26)

dey = hm
u—e?2

where ¢ is a small positive cutoff & and y, = 1//77/
This choice of the boundary term is known as the
standard quantization [27]. The retarded Green’s func-
tion is obtained by

2m + 1

GR(k) >

=iSy’ = (r- BT, (27)

where S and 7 are defined, respectively, by

=50yl = Ty, (28)

The Green’s function has a scaling dimension of —2m.
We can also derive the flow equation for GR(k, u) from
the Dirac equation, as those in Ref. [19]. In the
following section, we compute the result by solving
the flow equation.

For later convenience, we define spectral function by

Ao, |k|) = —Imtr GR(w, k). (29)

*A similar boundary action was employed in [23] for the top-
down model.
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FIG. 3. Top: spectral functions A(@, k) for two setups. We set m = 0.2. Bottom: brane embeddings corresponding to the top panels,
respectively. The black circle shows the location of the black-hole horizon.

Since the system is isotropic, A(w,k) depends only on
k = |k|. We also define a scaled spectral function

A. Spectral function

We show the spectral functions of the two embed-
dings with fz = 0.5 in Fig. 3. The left panel in Fig. 3
corresponds to a solution in the BH-I phase, and the
right panel in Fig. 3 corresponds to a solution in the
crossover region in Fig. 2. The spectral function of
the left panel in Fig. 3 is similar to those obtained in
Ref. [28]. In both cases, the Dirac points are shifted
by u. It is also similar to the results of Refs. [13,28].
As T increases, the peaks of the spectral function are
smeared.

It is considered that the Fermi level is located at @ = 0.
The intersection between the peaks and the horizontal axis
is considered as the Fermi surface, but it is smeared at finite
temperatures. In the following, we define the Fermi
momentum of the smeared Fermi surface and the width
of the Drude-like peak.

B. Smeared Fermi surface

At finite temperatures, the Fermi surface is smeared, so
we can no longer define sharp Fermi momentum k.
However, we can still define an analog of k; from
the “pole” of the retarded Green’s function there.” In
normal isotropic metals, k satisfies E(kyp) = u, where
E(k) denotes the dispersion relation. The spectral function
in the noninteracting theory should have a delta function
peak at the Fermi momentum, and the Green’s function has
a pole there.

At finite temperatures of our interacting theory, the
spectral function is smeared, and we assume that the pole
is located on the lower half complex @ plane with a finite
distance from the real axis so that the Green’s function has
the following structure:

> Another possible definition of the smeared Fermi momentum
is using local maximum of the spectral function. It will be
expressed by

{kiz} = arg, max A(w = 0, k).
It determines only k.. The width will be measured from the peak.

However, we do not use this definition of the smeared Fermi
surface in this study.
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(a) " vs T for various densities. (b) Resistivity data in a heavy fermion material. Curiously, both (a) and (b) show the jump from

alinear T to another linear in 7. In (c), the vertical dashed line denotes the T'.. The points labeled by A—D correspond to the embeddings
in the right panel, respectively. In (d), the gray circles denote the black-hole horizon at each temperature. The embeddings B and C have

a common temperature 7 = T.. (b) is from [29].

Zr

tr GR(w, k) =
rG ol = e et

(31)

where I' is the width, i.e., the decay constant. Zp is a
constant residue. kj is also a positive real constant
which can be understood as a center of smeared Fermi
momentum. Taking the inverse of tr GR and evaluating it at
(w,kp) = (=il'/2, k), we obtain the equation

1

=0.
r GR(w = —il/2.k = K})

(32)

We can determine k', and I" by solving this complex-valued
equation. In the following, we will study the behavior of I"
by using Eq. (32).

C. T dependence of the decay rate

From Eq. (32), we compute I" for various temperatures.
We define the scaled width by I' = I'/m,,. Figure 4 shows
the width I' as functions of the temperature 7' for various

values of scaled density and chemical potential, d and ji.
In both cases, we find that I'" is linear in 7 at high
temperatures. For sufficiently low density, the curves have
a small multivalued region around 7 = 0.35m, corre-
sponding to the multivalued results shown in Fig. 1(a).
When T is taken to be sufficiently small, I" depends on 7 as
'~ ye~T with a positive constant a near zero temper-
ature. These behaviors along the temperature may appear in
various holographic models; e.g., see Ref. [17].

Figure 4(c) shows an enlarged view of Fig. 4(a) around
the phase transition point for d = 0.001. The dotted
vertical dashed line shows the transition point at
T = T, = 0.34440. In adiabatic measurements, it is antici-
pated that the results will exhibit a discontinuity between
points B and C, with the intermediate S-shaped branch
being omitted. We show the brane embeddings for the
points labeled by A-D in Fig. 4(d). The points A and B
belong to the BH-I phase, and C and D belong to the
BH-II phase.

In passing, we point out that our result in decay rate
showing the first order transition from a black-hole

026003-7
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FIG.5. Left: free energy vs density at 7' = 0.343737. The dotted lines shows the first order phase transition point at d ~ 0.003. Right:

ji vs d. The vertical dotted line shows the phase transition point.

embedding phase to another black-hole embedding phase
exhibits a qualitative similarity to the experimental meas-
urement of the resistivity in a Kondo compound [29,30],
some of which is captured in Fig. 4(b) showing the
experimental result of Ref. [29]. The Kondo compound also
exhibit a drop of the first order phase transition in the
resistivity, and the data certainly suggest that there is a first
order phase transition from a strange metal to another strange
metal with different slope, although at the present time the
microscopic reason for such a transition is not known.
However, we need to make a caution. In weakly interacting
cases, comparing the resistivity and the decay rate is justified
by the Drude theory, but here there is no established reason to
do so. Therefore, understanding the similarity is left as a
future work of the community. The presence of the first order
transition iS common in the brane system and material
system, and there is a further similarities list below.

(1) The first is the specific heat whose data are in the
inset in Fig. 4(b). One sees that there is a sharp peak
at the position of the phase transition. It is well
consistent with our calculation, because from Figs. 5

T = 0.343737

~0.735 - \ ]
- ~0.740
3 [
~
G

-0.745 -

—0.750| ) : ) )

0.010 0.015 0.020

1%

0.025

(left) and 6 (left), the free energy has slope difference
around the phase transition point. Since the
specific heat is second derivative the free energy,
Cy=-T %, our free energy calculation shown in
the Appendix implies the delta function peak in Cy,
vs T. Notice that the figure is for F/T* vs d/T? with
fixed T/ mg, SO that the same first order nature
appears for fixed density with varying 7. Such a
peak is the main feature of the data in the figure inset
in Fig. 4(b).
We also find that the presence of the hysteresis at
zero magnetic field is also consistent with our
calculation presented in Fig. 4(c).
These indicate that the similarity of the brane embedding and
the dynamics of the heavy fermion is something we might
utilize in the future study. But we should not consider our
present theory as a serious explanation of the phenomena at
all. It is not the purpose of this paper but an observation of
similarity.

We have to make a few remarks: First, our model of
the probe fermion is a simplified model where the extra

2

T = 0.343737
0.015
0.010
=3
0.005 -
0.000 T T T I e
0.010 0.015 0.020 0.025 0.030
il

FIG. 6. Left: grand potential vs chemical potential at 7 = 0.343737. The dotted line shows the first order phase transition point at
ji ~0.018. The red and blue curves show results in the BH and the Minkowski embedding, respectively. Right: d vs ji. The vertical

dotted line shows the phase transition point.
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dimension of the three-sphere is neglected. The treatment
of the extra dimensions in the brane should be improved in
the future if one truly wants a top-down theory.

IV. DISCUSSIONS

In this paper, we study the fermionic spectral function in
the D3-D7 model by considering the toy model of the probe
spinor field. From the spectral function, we investigate the
behavior of the decay rate for varying temperature. Most of
the quantity we calculated shows a remnant of the first
order phase transition. We find that the decay rate also
shows the dropping behavior corresponding to the first
order phase transition between the BH-I and BH-II phases.
We also mentioned the similarity of the decay rate to the
transport data, although its ground is unclear to us from the
strongly coupled system point of view.

It may be partially related to the puzzle in the holog-
raphy: While the transport coefficients calculated with
holographic method are too sensitive to the details of the
background, those in the metallic phase of real condensed
matter with strong correlations are universal which exhibit
the linear in 7 resistivity. It may be useful to remind that the
fermion width is shown to be universal [19].

The first order phase transition is one of the characteristic
behaviors in the brane models. While the holographic
superconductors exhibit only the second order phase tran-
sition, the brane models often show the first order phase
transition. Our original motivation was to understand the
physical meaning of the first order phase transition between
the two black-hole phases using the probe fermion.

We expect that there is a common mechanism existing for
the first order transition between two dissipative phases in
both the D3-D7 model and those Kondo compounds. As far
as we know, the physical meaning of the low-temperature
phase and the first order phase transition is still not under-
stood in the material science point of view. It would be very
interesting if we can reveal the above point by further
investigation.
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APPENDIX: THE FREE ENERGY AND PHASE
TRANSITION POINTS

In this section, we discuss the free energy of the probe
brane and the phase transitions. The phase transition points

can be determined from the thermodynamics of the probe
brane. We interpret the on-shell action of Eq. (12) as a
Helmholtz free energy [6]:

Fold) = / " £(d)du. (A1)

Since this integral is still divergent, we have to regularize it.
According to [31], which is equivalent to the procedure in
[5,6], the counterterms are given by

1 1
Ly= NV=r.  Ly=—3Ny=10(c).

Ly = N2 70(e), (A2)

where y is the induced metric at z = ¢ near the AdS
boundary and /=y = e*. Substituting O(u) = Gyu +
O,u”> + - - -, we obtain

N

163 5 g
Ll —ZE, L2 - —N 5?"‘9062 N Lf =

127
(A3)

The coefficients 6, and 0, are related to the quark mass m,,
and the quark condensate ¢ by

0, =c+-—m (A4)

respectively. We write

Lct = Ll +L2+Lf

1 m? 1 5
:N[ra‘z—ﬁ"”q<c+5m3>+r’"3}

(AS)

Then, the regularized free energy can be computed by

€ . €~ 1 m%,
F:/ Edu—l—LC,:/ L+N ——5+? du
uy uy u

1 md my
— - . Ab
+N<4ug 22 g e (46)
In the multivalued region, F(d) has swallowtail structure
as a function of d, as shown in Fig. 5. In such cases, the
intersection of the two branches of F(d) is considered as a
phase transition point.
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The free energy is a thermodynamic potential in the
canonical ensemble. In this case, d is treated as a control-
ling parameter. On the other hand, we can also consider the
grand canonical ensemble setup when we treat u as a
controlling parameter. In the grand canonical ensemble, the
thermodynamic potential is given by the grand potential

Q(p) = F — ud. (A7)
Figure 6 shows Q/T* as a function of ji at T = 0.343737.
Note that there is the branch of the Minkowski embedding

with vanishing density but finite 4. Considering both the
Minkowski and BH embeddings, we can find swallowtail
structure in Q(u). The intersection point of the swallowtail
in Q(u) is the first order phase transition point. At low
temperatures, the multivalued region of d as a function of
ji disappears. Then, d goes zero at finite i without the
multivaluedness. It means the second order phase tran-
sition from the BH embedding to the Minkowski
embedding.

The phase diagrams of the grand canonical and the
canonical ensemble setups are shown in Fig. 2.
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