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Quantum fluctuations in the interior of black holes and backreactions
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We study the propagation of the quantum field perturbations in the interior of the Schwarzschild black
hole. The interior of the black hole is like an anisotropic cosmological background which expands in one
extended direction while contracting in azimuthal directions. Solving the quantum mode functions
approximately, we calculate the expectation values of physical quantities such as the energy density (p) and
pressure (P) as measured by an observer in the interior of the black hole. We employ a combination of the {
function regularization and dimensional regularization schemes to regularize the UV divergences in the
energy momentum tensor associated to these quantum perturbations. By solving the Einstein field
equations, we calculate the quantum backreactions induced in the background geometry. We speculate that
the effects of quantum fluctuations in the interior of the black hole can be measured by the exterior

observer.
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I. INTRODUCTION

The event horizon surrounding a black hole (BH)
separates it into two causally disconnected regions. To a
remote observer outside the BH, it represents a pointlike
singularity which may be observed via their gravitational
effects such as in merging and generation of a gravitational
wave as observed in LIGO/Virgo/Advanced Virgo Collabo-
rations [1,2]. Most of the studies concerning BHs are
naturally devoted to the exterior region as viewed by the
exterior observers. This is mainly motivated from the
simple fact that the events occurring inside the BH are in-
accessible to the exterior observer. Having said this, the
interior of the BH reveals interesting physical phenomena
which deserve more attention. Specifically, the interior of
BH looks like a cosmological background in which the
singularity is spacelike in the form of big crunch singu-
larity. In simple setups such as in Schwarzschild solution,
the interior of BH looks like a homogenous but anisotropic
cosmological background. The spatial part has the topology
of R x §? known as the Kantowski-Sachs spacetime [3].
This anisotropic cosmological background contains two
scale factors, and correspondingly, two “Hubble” expan-
sion rates. The scale factor along the extended spatial
direction expands while the scale factor associated to the
azimuthal directions contracts. Eventually, near the singu-
larity, the scale factor of the azimuthal direction reaches
zero, signaling the onset of the big crunch singularity.

In the past there have been works to treat the interior of a
BH as a cosmological background. One interesting idea is
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that the interior of BH is replaced by a nonsingular dS
spacetime, as studied in [4—15] or the proposal of grava-
stars [16—18]. The main motivation in these studies was to
remove the singularity of BH. On the physical grounds one
expects that the singularity of BH is a shortcoming of the
classical general relativity. It is expected that on very small
scales, say the Planck scale, the quantum gravity effects
play important roles to resolve the classical singularity.
In particular, the proposal of maximum curvature of space-
time [6,7,19] is an interesting idea in this direction.

The question of quantum field perturbations in the
exterior of the BH is vastly studied. Among the nontrivial
issues in these studies is the fact that there is no unique
vacuum in a curved background, especially in a BH back-
ground which has an event horizon. This has led to the
celebrated Hawking radiation effect [20,21]; for some
reviews of Hawking radiation see Refs. [22-26]. While
quantum field theories (QFTs) effects are vastly studied in
the exterior region, they are less investigated for the interior
region. In this work we study the propagation of quantum
field perturbations in the interior of BH. Intuitively speak-
ing, the perturbations enter the horizon after crossing the
event horizon and propagate toward the singularity. Since
the interior of the BH is like an anisotropic cosmological
background, the propagation of the quantum perturbations
in the interior region is similar to the evolution of
perturbations in Friedmann—Lemaitre—Robertson—Walker
(FLRW) cosmology. While this similarity is very helpful
for the understanding of the nature of quantum perturba-
tions in the interior of BH, there are a number of important
differences as well. First, compared to isotropic FLRW
cosmology, we have less symmetry; the former enjoys an
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O(3) symmetry while the latter has the smaller O(2)
symmetry. The other important difference is that in
FLRW cosmology the quantum perturbations are generated
near the time of big bang, as in inflationary cosmology.
Here, however, the perturbations are viewed to be generated
near the event horizon and terminated at the moment of
big crunch.

In this study we consider a massless scalar field in the
interior of a Schwarzschild background. After reviewing
the background cosmology associated to the interior of the
BH (Sec. II), we consider the quantum perturbations. Upon
decomposing the perturbations into appropriate bases of the
creation and annihilation operators, we solve the mode
function approximately (Sec. III). Our main interest is to
calculate the expectation values of physical quantities such
as the energy density (p) and pressure (P). As in many
QFT analyses, we inevitably encounter UV divergences
which should be regularized appropriately (Sec. IV). Our
goal is to calculate the backreactions of the regularized
energy momentum tensor associated to these quantum
perturbations on the background geometry. Upon solving
the Einstein field equations, we obtain the corrections in the
metric to leading order in perturbations and look for their
physical implications (Sec. V).

II. BACKGROUND GEOMETRY

In this section we briefly review basic properties of the
Schwarzschild solution which will be employed for our
treatment of the quantum fields in this background.

A. Black hole preliminaries

We consider the Schwarzschild background with the
following metric:

2GM\ _ dr?
2 2
ds ——(l—T>dt +W

+2dQ2, (2.1)

in which G is the Newton constant, M is the mass of the BH
as measured by a distant observer, and dQ? represents the
metric on a unit two-sphere. The coordinate system (r,7)
covers only the exterior of the whole manifold which
becomes singular on the BH event horizon at r =
Ry =2GM. Note that we use the notation 7 for the time
coordinate employed by the exterior observer while we
reserve ¢ for a timelike coordinate employed for the interior
of the black hole. Naively speaking, for the interior of the
BH the roles of 7 and r coordinates are switched in which 7
becomes spacelike while r becomes timelike. This also
suggests that the interior of BH is dynamical, as in cosmo-
logical backgrounds.

Since the coordinate (r,7) is singular at the horizon, to
cover the entire manifold we can use the Kruskal-Szekeres
coordinate (7', R) which is related to the original coordinate

(r,7) by

T? — R? = ¢'/?0M (1 - (2.2)

;
2GM )’
and

T 1
R tanh (4GM)' (2.3)
Furthermore, it is very convenient to use the Kruskal-
Szekeres coordinate in its light cone base (U,V)
defined via

U=GM(T —R), V=GM(T+R). (24)
We use the convention such that the coordinates (U, V)
carry the dimension of length (or time).

A conformal diagram of the entire Schwarzschild mani-
fold is depicted in Fig. 1. The exterior of the BH is the
region V > 0, U < 0 while the interior of the BH, which
we are interested in here, is the region U, V > 0 bounded
by the future singularity » = 0. The white hole (WH) region
is given by U, V < 0 bounded by the past singularity r = 0.
Both the interiors of the BH and the WH share the common
property that their backgrounds are dynamical, correspond-
ing to anisotropic cosmological setups. However, the
crucial difference is that the singularity of the BH is in
the future, i.e., it represents a big crunch singularity while
the singularity of the WH is in the past, i.e., it represents a
big bang singularity. Mathematically speaking, the WH
solution is realized from the time reversal symmetry of the
BH solution in classical general relativity.

The generation and propagation of the quantum pertur-
bations in WH region were studied in [27] as a realization
of Hawking radiation measured by an observer far outside
the BH. More specifically, it was argued in [27] that the

U \%

FIG. 1. The Kruskal-Szekeres diagram. Region I (II) denotes
the exterior (interior) of BH while region III denotes the WH part.
The future event horizon is located at U = 0, V > 0. The arrowed
lines represent the propagation of the quantum perturbations
toward the interior region, heading to future singularity (big
crunch) at r = 0.
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quantum fluctuations which are generated at past singu-
larity r =0 (big bang) will propagate toward the past
horizon V = 0, U < 0 and eventually toward Z* which is
measured by an observer at future infinity in the exterior
part of the BH. It was shown that while the observer deep
inside the WH and the observer far outside the BH both
share the same vacuum, their vacuum is different than the
one defined for a freely falling observer near the horizon.
In particular, the WH observer and the observer far outside
the BH detect a spectrum of particle with the Planck
distribution having the Hawking temperature 75 = ﬁ
Intuitively speaking, the conclusion of [27] implies that if a
BH is not entirely black due to Hawking radiation, then the
WH is not entirely white either!.

In this work, however, we consider the quantum fluc-
tuations which enter inside the BH from the future event
horizon U =0, V > 0 and propagate toward the future
singularity » = 0 (big crunch) as shown schematically by
the arrowed lines in Fig. 1.

B. Cosmology of the interior of the black hole

As mentioned above, the interior of the BH represents an
anisotropic cosmological setup known as the Kantowski-
Sachs background [3,28] with the spatial part having the
structure of R x S2. To see this more clearly, let us start with
the usual tortoise coordinate,

-1
dr, = <1 - 2GM> dr,

r

(2.5)

which for the interior of BH (r < 2GM) yields the
following relation:

r.=r-+2GMIn (1 - (r <2GM).  (2.6)

’
2GM )’
We note that —oo0 < 7, < 0 in which r, = —oo corresponds
to the future event horizon r = 2GM, U = 0 with V > 0
while r, = 0 corresponds to the future singularity at r = 0.

Let us define the future directed time coordinate
dr =dr, so

r
T=r+ 2GMln<1 2GM> (r<2GM). (2.7)
Correspondingly, the BH singularity is at 7 = 0 while the
future event horizon V > 0, U = 0 is mapped to 7 = —o0.
Proceeding further, let us define the spacelike coordinate
dx = d7 with —co < x < +o00. In the new coordinate (z, x),
the metric for the interior of BH takes the following
cosmological form:

ds? = a(7)*(—de® + dx?) + r(z)?dQ?, (2.8)

in which the scale factor a(r) is defined via

2GM 3
a(r) = <r(r) 1) . (2.9)
Note that from Eq. (2.7), one can solve for r as a func-
tion of 7.

The metric (2.8) represents an anisotropic cosmological
background with two scale factors a(z) and (7). Near the
horizon, a(z) — 0 while r(z) - Rg. As time goes by, the
space along the x direction expands while the scale factor
along the two-sphere shrinks. At the moment of big crunch
7 =0, a(r) - oo while r(z) - 0.

It is insightful to look at the metric for two limiting times,
7 — —oo and 7 — 0 more closely. Using Eq. (2.7), at later
time when r — 0 we have

r* ~ —4GMr,
-7

GM\
alt) ~ <_> (r—0), (2.10)
so the metric takes the following form:

GM
——(—dz? + dx?) —4GM7dQ?

ds? (t—>07).

(2.11)

The contraction along the x direction and the expansion
along the azimuthal directions are evident from the above
metric.

On the other hand, near the past horizon r = 2GM,
U = 0, we have

2GM

r(z) ~2GM {1 —exp (L)] (r > -), (2.12)

so the metric takes the following form:

ds? ~ exp< > (=d7® + dx?) + 4G>M?dQ?

T
2GM
(1 > —). (2.13)
Note that near the horizon, the two-sphere reaches the fixed
radius r — Rg while the scale factor in the x direction
falls off exponentially. Although the scale factor a(z) falls
off, the spacetime is regular near the horizon. This is
because the original coordinate (r, 7) was singular near the
horizon. More specifically, calculating the Riemann tensor
associated to the metric (2.13) we find that Rgyp =
4G?>M?sin(0)* while all other components are zero so
the background is regular near the horizon as expected.

We can define the “cosmic time” 7 related to the
conformal time via d7 = a(zr)dz so

(2.14)
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Choosing the onset of big crunch singularity to be at 7 = 0,
we obtain

1=+/r(2GM -r) +MG[—72Z+ arcsin(l _(;’;\4>]
(2.15)

so —tGM < 7 < 0 inside the BH. From the inverse of the
above expression, one can obtain r = r(7) so the metric in
term of cosmic time is given by

2GM
(i)

It is instructive to look at the geometry near the big
crunch singularity when expressed in the form of metric
(2.16). Near r = 0, we have

ds? = —di? + ( - l)dx2 +r(1)2dQ2. (2.16)

—37\3
r~(GM)s 7 07), 2.17
@) () Goon @)
so the metric (2.16) takes the following form:
ds? = —dP + (GM)3(c)173dx + ,75dQ?),  (2.18)

in which ¢; and ¢, are two numerical factors. The above
geometry is in the form of the Kasner metric. More
specifically, the Kasner metric is the solution of the
Einstein field equation in the vacuum with the following
form:

3
ds? = —dP? + ) Prida, (2.19)
i=1

where the exponents p; satisfy the following constraints:

3 3
ZPiZZP% =1

i=1 i=1

(2.20)

From the above constraints one concludes that at least one
of the exponents p; should be negative. In our example of
BH cosmology near the big crunch singularity with the
metric (2.18), one has p; = —1 while p, = p; = 2. It can
be checked that these exponents satisfy the constraints
(2.20) with the contraction being along the x direction.
We can also define the “Hubble rate” associated to metric
(2.16). Since there are two scale factors a(7) and r(7),
correspondingly we should define two Hubble rates.
Defining the Hubble rate associated to the scale factor
a(7) by H,, we obtain
lda GM (2GM -1
"Tadi T r(3)? ( r(7) 1) (2.21)

Since the scale factor a is expanding, the Hubble rate H, is
positive. Furthermore, H; diverges both near the BH big
crunch singularity and near the horizon. The former diver-
gence is genuine as the spacetime is singular at » = 0 so
physical quantities, such as the energy density or Hubble
rate, diverge. On the other hand, the divergence of H; near
the event horizon is an artifact of coordinate singularity as
suggested from the relation between d7 and dr in Eq. (2.14).

On the other hand, denoting the Hubble rate associated to
the scale factor r(7) by H, we have

_ Ldr(®)_ -1 (2GM  \i
=~ )

Since the scale factor r(7) is contracting, H, < 0. In
addition, H, diverges near the singularity as expected
but it vanishes near the event horizon. This is expected
since near the horizon (z — —co) the radius of the two-
sphere approaches a constant size so H, vanishes in this
limit. From the expressions for H; and H,, one can check
that the following relation holds:

(2.22)

GM

r(t)?

so the two Hubble rates have opposite signs as required
from the structure of Kasner geometry (i.e., expansion in
one direction and contractions in the remaining directions).

III. QUANTUM FIELDS INSIDE
THE BLACK HOLE

Here we study the quantum field perturbations in the
interior of BHs. A similar analysis was performed for the
quantum fluctuations in the WH backgrounds in [27]; see
also [29] for a recent study of the quantum field in the
interior of the BH.

We consider a real massless scalar field © which
propagates in the interior of the BH. In this section, we
work in the test field limit where the backreaction of the
field on the background is negligible. However, in the next
section we take into account the effects of the backreactions
on the background geometry. We use the metric (2.8)
with the conformal time 7 = r, while x = 7 represents the
extended spatial direction (as mentioned before, in the
interior of the BH, 7 is spacelike while r is timelike).

To perform the QFT regularizations, we employ the
dimensional regularization scheme [30-35] in which the
extended directions (R? parts of the whole R* x S? mani-
fold) are generalized to d dimensions so the whole manifold
now is RY x S%. The R part has one timelike coordinate
along 7 as before while the d — 1 spatial directions are
denoted by x. To perform the regularization, we take d =
2 — € and take ¢ — 0 at the end. The divergent terms with
the poles like ¢! in physical quantities such as the energy
density or pressure are discarded as these UV divergences
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are taken care of by appropriate counterterms. The regu-
larized contributions are the finite € terms.

With these discussions in mind, the action of the scalar
field in d 4+ 2 dimension is given by

1
S = —E/drdxd_lan(T)dr('r)zd“CI)éﬂ(D

1
—5/dl'd)c”’_lan(T)d_zr(ﬂ:)2

a(z)’

e (3.1)

x [(afcb) — (0,@)% = =5 7%0,00,® |,

in which y,, = diag(1,sin>@) is the metric along the
azimuthal directions {a, b} = {6, ¢}. Note that the factor
a(r)? in the first line appears because the part of the
background metric (2.8) endowed with the scale factor a(z)
is d-dimensional.

Since the background enjoys the rotation symmetry in
the azimuthal directions, we expand the quantum field ® in
terms of the spherical harmonics Y ,,(6, ¢) as follows:

o= 1033 Zonlex)Vn(0.0).  f(e) =207

=0 m=-¢

—

3.2)

in which Z,,, (7, x) should be viewed as the quantum mode
operator. We have pulled out a factor f(z) = a®=9/2/r
so Z;,, will be the canonically normalized field in the
perturbation analysis. Note that when d = 2, we recover the
usual convention that f = 1/r as employed in BH quasi-
normal mode analysis. Finally, the reality of ® requires
that Z5, = (=1)"Z,_,,.

Plugging the decomposition (3.2) for the quantum field
in the action (3.1) we obtain the following canonical form
for the action:

2 ’ 0Z 2

S = / drdxd- IZ{ ax

2f2 " £+ 1 2GM
() ]

(3.3)

0Z s

in which a prime denotes a derivative with respect to
conformal time 7 = r,. To obtain the above result, the
following relations concerning the spherical harmonics
have been used:

/ de Yfm(e? ¢) Y}’m’(a’ ¢) = éff’(SmmU (34)

and

Ylm(e ¢) = ( ) Yl m(g ¢)
4
S enl0. )P =220 35

m=—¢

Since the spatial coordinate —oco < X < oo has the trans-
lation invariance we can Fourier expand Z,,, o e /KX,
Correspondingly, the quantum mode Z,,,(z, x) is expanded
in (d — 1)-dimensional Fourier space as follows:

+o  dd-lk o
me(T,X)—/_w W[ek 9%

+(_1) —ik-x f*( )bf m’r]

(2)bi"
(3.6)

Here b{" and b{™' are the annihilation and the creation
operators defined for the observer inside the BH which
satisfy the usual commutation relations,

[bgm 6L ] = 8418, 8(k — K'),

(b b | = [bEmT, b ] = 0. (3.7)
Note that the factor (—1)™ appears in the second term of the
mode expansion to enforce the reality of ®.

From the action (3.3) the equation of the mode function
in Fourier space is obtained as follows:

d*g;(z)
dr?

+ (K = Ve (7)) g (7) = 0, (3.8)

in which the effective potential is given by

f('“ﬂrj b (1 - 2CiM>. (3.9)

Equation (3.8) is similar to the standard Regge-Wheeler
perturbation equation for the field in the exterior region of
the BH [36]. However, in our setup where the interior of
BH is treated as a cosmological background, the above
equation can be interpreted as the extension of the Sasaki-
Mukhanov equation to the anisotropic cosmological back-
ground. Technically speaking, the mode function in our
analysis is time dependent (i.e., the differential equation is
with respect to time 7) while in the standard Regge-Wheeler
equation the relevant coordinate to solve the field equation
is spacelike, the coordinate r, in the exterior of BH.

With some effort, and using the relations (2.5), one can
show that

2 le f//

Veir(7) = 7 f

L _2GM (| (6-d)2+d)GM
Verl®) = 0y ( 8:(7) )
(C+1)(, 2GM
+ r(1)2 <1 V(’L') > (3.10)
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One can check that for d = 2, this yields the standard form
of V. as in BH quasinormal mode analysis [37,38].

Note that Vg (7) < 0. It goes to zero near the horizon
corresponding to T — —oo and diverges near the singularity
at 7 — 0. We try to solve Eq. (3.8) approximately as it
cannot be solved analytically for the entire region inside
BH for —c0 < 7 < 0. For the regions near the horizon the
effective potential falls off rapidly, and the dominant term
in the bracket in Eq. (3.8) is simply k%. The mode functions
then are the plane wave solutions g;(7) o« eT? in which
@ = |k| > 0. Since we assume that the perturbations are
generated near the horizon and move forward toward the
big crunch singularity (future singularity), we take the
positive frequency solution g (7) « e~™* as the incoming
solution. On the other hand, near the singularity the
contribution of the term containing #(¢ + 1) can be
neglected compared to the first term in Vg (z) which is
more divergent. As a result, as argued in [27], we can
neglect the contribution of the term #(# + 1) and the term
containing 3 in the effective potential and consider the
most divergent term 4.

Near the singularity r> ~ —4GM7 so within our approxi-
mation, Eq. (3.8) simplifies to

(6-d)(2+4d)

gy () + (k2 + 7

>gk(1) =0 (z = 0),
(3.11)

in which a prime denotes the derivative with respect to .
To simplify the notation, we have dropped the superscript
£ in ¢ (z) so effectively we work in the s-wave limit
with £ = m = 0.

As mentioned before, Eq. (3.11) is similar to the Sasaki-
Mukhanov equation in cosmological perturbation theory.
Therefore, interesting insights can be obtained when
compared to perturbations in the FLRW background. We
have two scale factors r(z) and a(r), in which the latter is
expanding as time goes by (i.e., as we move forward toward
the big crunch singularity). Since we have decomposed the
perturbations into spherical harmonics, Eq. (3.11) repre-
sents the dynamics of perturbations in a 1 4+ 1 expanding
universe with the scale factor a(r) given in Eq. (2.9).
Similar to the studies of perturbations in FLRW cosmology,
we can divide the perturbations into long ‘“‘superhorizon”
and short “subhorizon” perturbations. Perturbations which
satisfy k|z| > 1 are initially inside the horizon. As we move
toward big crunch and 7 — 0, k|z| < 1, and the mode
becomes superhorizon. Eventually, at the moment of big
crunch, all modes become superhorizon.

Fortunately Eq. (3.11) can be solved with the solution

(1) = V=T [C1 (@) HL (~a7) + Cy(w)HLY (-ar)].

(3.12)

in which H\'*) are the Hankel functions and C| (w), Cr(w)
are constants of integrations. As discussed before, the
solution (3.12) is an approximate solution since we have
neglected various subleading terms in the effective poten-
tial. However, if we manage to connect the incoming plane
wave solution to the near singularity solution (3.12) then
we can be hopeful that the resultant solution mimics the
true solution to reasonable accuracy. This is possible
because the Hankel functions asymptotically approach to
the plane wave solutions e¥/?. This suggests that the
solution (3.12) is a good approximation for both regions
7 — 0 and 7 - —oo with some modifications in the inter-
mediate region. With this approximation, we take the
analytic solution (3.12) to be qualitatively valid for the
entire region —oo < 7 < 0.

Our job is now to fix the constants C (@), C,(®). This
can be achieved by imposing the equal time quantum
commutation relation between the field Z and its conjugate
momentum d,Z,

[Z(2.x),0,Z(z.%')] = i6(x — x'). (3.13)

Imposing the above quantization condition in our mode
function (3.12) yields the following relation:

C1(@)P = |G l@)P = (3.14)

The above constraint does not uniquely fix C;(w) and
C>(w). However, the above equation suggests the natural
possibility that C; = /z/2 and C, = 0. Indeed one can fix
C, and C, definitely only considering the initial conditions
near the horizon where the perturbations are generated.
The initial condition was fixed by the positive frequency
mode with g;(7) o e™*. Using the asymptotic form of the
Hankel function,

(1 / 2 —i(wt+%(142v))
Hl/ ) 3-15
( COT) g (4 4 (Z g OO) ( )

one can check that only the term containing C; in Eq. (3.12)
can match to the positive frequency mode while the term
containing C, matches to the negative frequency mode ",
This justifies our conclusion that C, = 0. This conclusion
is similar to the standard “Bunch-Davies” vacuum in a dS
background which carries the lowest energy among all
possible vacua. Of course, if we consider a mixed initial
condition with both positive and negative frequencies, then
one can consider the general case in which both C;(w) and
C>(w) are present, similar to the “non Bunch-Davies”
vacuum in inflation. With C, = 0, we finally obtain the
mode function as follows:
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_—MHZ(,I)(

; (3.16)

—wrt).

In summary, putting all together, the quantum perturba-
tion ®(x*) from Eq. (3.2) is obtained to be

a(z)= / d-'k
r(z) 2m) (&= 1/2

+ (—1)’"6"'“‘ (Db ]Y 1, (0. ).

() = (g, (c)bf"

(3.17)

with the mode function g,(z) given in Eq. (3.16).

IV. THE REGULARIZATION

Armed with the mode function given in Eq. (3.17), we
can calculate the energy momentum tensor associated to
quantum perturbations. Technically speaking, these quan-
tum corrections correspond to one-loop correction from
vacuum bubble diagrams. Similar studies were performed
for dS spacetime in [39,40].

The energy momentum tensor for the perturbations
®(x*) is given by

= 0'®J,® — %5’56"61)6,,(1). (4.1)
In this section as our emphasis is on the quantum properties
and the regularizations of the UV divergences, we consider
only the energy density p = —T9. The remaining compo-
nents of the anisotropic energy density will be considered
in detail in the next section where we study the back-
reactions induced by these quantum perturbations.

Constructing the energy density, it is given by three
contributions,

p=p1+p+ps (4.2)
in which
;= 2a(lr) (0,0(x)) 43)
pr = 2a(11) (05D (")) (4.4)
and
P2 = 5 AR (4

Before going into the technicalities of calculating each of
the above components, it is instructive to compare the
magnitude of the above components near the singularity
region, r — (. Since both p; and p, deal with derivatives
along the extended direction and then on physical grounds

we expect that p; ~ p,. On the other hand, p; involves a
derivative along the compact directions so intuitively
speaking p; ~ (a®/r?)p,. Using the relations (2.10)
we conclude that p;~a(z)’r(t)2p, ~ (—7/GM)'/2.
Correspondingly, we expect that near the singularity p;
is suppressed compared to p, or p, by a factor (—z/GM)'/>.

We are interested in quantum expectation values such
as (p). As is well known, there is no unique notion of the
vacuum in a curved background such as in a BH back-
ground where the spacetime contains an event horizon. In
our analysis, we restrict ourselves to the interior of the BH
with the mode function given in Eq. (3.17). The vacuum for
the observer inside the BH is defined by b, |0) = 0. With
our choice C, = 0, this vacuum is like the Bunch-Davies
vacuum in inflationary setup. Of course, since the coor-
dinate (r,7) or equivalently (z, x) does not cover the whole
manifold, this vacuum is not well defined globally. For
example, one may instead use the vacuum associated to the
Kruskal-Szekeres coordinate, i.e., the Hartle-Hawking
vacuum which is well defined on both sides of the horizon.
The difference in vacua employed by various observers is
the prime reason for the existence of Hawking radiation
in the BH background. In this work, we exclusively
concentrate on the interior region with the vacuum |0)
described above which is well defined for all interior
observers.

Let us start with (p,) which is easier to calculate. Also, to
see the structure of divergences, let us for the moment take
d =2 (i.e., no dimensional regularization yet). Using the
mode function (3.17) and performing the summation over
m as given in Eq. (3.5), we obtain

2)) = g 220
=0

/ g, (—o7)P

As usual in QFT analysis, the above expectation value
suffers from the UV divergences. Since we decomposed the
spatial directions into the form R X S2 we have two
different types of UV divergences. The first divergence
is the infinite sum ) % ((2£ + 1) associated to the azimu-
thal directions while the other divergence is due to the
integral of the high frequency mode w. Fortunately, we are
able to regularize both divergences as follows.

The divergence associated to the infinite sum
2 (24 1) can be dealt with using the zeta function
regularization [41,42] scheme. More specifically, we have

(d=2). (4.6)

S 1) =~ = . (4.7)

=0

The UV divergence over the high frequency mode can be
regulated via dimensional regularization as we advertised
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before. For this, we replace

d'k - 02> 4dw d2Q, (4.8)
in which d9=2Q represents the volume element of a unit
(d — 2)-dimensional sphere with the volume

d—1

27T
Vd—2 = /dd—ZQ = ”—2,

=)

and d =2 — ¢ in which ¢ — 0 is the small parameter in
dimensional regularization expansion. The mass scale y is
introduced to keep track of the correct dimension of the
physical quantities. Putting it all together, we obtain

o _C(_l)ﬂz_d o da) 2
_27”_(1_)2(1(1),1 Vd—ZA (2 ) |gw< )| .

(4.10)

(4.9)

—

(p2(7))

The above integral can be performed analytically, yielding'

—¢(=D(d=1)cos(m) ,_,

2d+2 2+2a( )dr(,[)z(_,[)d

()4,

The divergence of the above expression appears in F(%i)
when d — 2. Now, expanding to leading orderind =2 — ¢
we obtain

{p2(7)) =

= é’(_l) ! n Tat €
o (4 ewusate) ) + Ofe)

(4.12)

(p2(7))

in which we have absorbed some numerical constants into
the mass scale parameter y in the final result. As expected,
there is a pole at € = 0 which highlights the UV divergence
which should be regularized by appropriate counterterms as
in standard QFT analysis. In addition, the appearance of the
logarithmic term In(—p7) is expected which is the hallmark
of the dimensional regularization scheme.

Discarding the divergence term via regularization, the
regularized value of (p,(7)) is obtained to be

¢(=1)

<P2(T)>reg = Wlﬂ(—ﬂfa(f))- (4.13)

The above expression is valid for all regions inside the BH.
We are mostly interested in the value of the energy momen-
tum tensor near the singularity 7 — 0 where the expectation

'We use the Maple computational software to calculate the
integrals.

values like (p) grow with negative power of z. Using near
singularity relations (2.10), we obtain

(P2(7))reg = 2 In(—p7)(=7) %, (4.14)
in which ¢, « (GM)™ is a constant involving ¢(—1) and
other numerical factors. In addition, we have absorbed a
factor (GM)'/# into u which is an arbitrary scale at this

level. We observe that near the singularity (p;(7)),c, grows

like (=7)72 ~r5 with logarithmic running. The factor
In(—ut) is the hallmark of the quantum corrections.
Now we calculate (p;(z)) which from Eq. (4.3) is
do o

given by
=D, / ©
2ra(r)? )y (2m)d!

)
2 i)

, (4.15)
in which we have used Eq. (4.7) to perform the sum over ¢
as before. Performing the integral using the dimensional
regularization approach with the mode function given in
Eq. (3.16), and considering near the singularity region, we
obtain

d-2

{p1(7) =

3(2 +d)

() =y

(2o

(4.16)

Regularizing (p, (7)) by discarding the divergent ¢! term
we obtain

(P1(D))reg = €1 In(=p7)(=7) 7, (4.17)
in which ¢; is a numerical constant with the dimension
¢1 ~ ¢y ~(GM)™2. Naively, Eq. (4.16) may suggest that
¢y = =3¢, when d = 2. However, this is misleading since
we should actually set d = 2 — ¢ which brings an additional
contribution. More specifically, we have

3¢(=1)

<pl (T)>reg + 3<p2(1)>reg = 1287[ (GM) ( )% .

(4.18)

Now we calculate (p3). For this purpose, first note that
vV, V,® = —£(¢ + 1)® in which y,, is the metric on a
unit two-sphere and {a, b} = {6, ¢}. This yields

) = 577" 0,00,
1

— W;W+ D¢+ 1)

© dow'™?
< [ Gl (4.19)
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There are a number of important differences compared to
the case of (p,). First, we have a nontrivial sum over £
which requires a more sophisticated form of the ¢ function
regularization scheme [42,43]. However, the important
difference is that we have a weaker dependence on a(7)
while the dependence on r(z) is stronger. This is because
a(7) is the scale factor along the extended spatial direction
while r(7) represents the scale factor along the compact
dimensions. Now, using the scalings of a(z) and r(z) near
the singularity given in Eq. (2.10), we find that (p3)
(GM)~2¢72. Upon performing the zeta regularization
over the sum over # and dimensional regularization over
the frequency, (p3(7)),., s obtained to have the following
form:

reg

(P3(0))reg = €3 In(—pz)772, (4.20)

in which ¢; « (GM)™2.

Comparing the scaling of (p3) to (p;) or (p,) we observe
that the 7 dependence in (p3) is milder compared to the
latter by a factor of (—7/GM) 1/2 as concluded previously
based on qualitative arguments. Therefore, near the singu-
larity region we can neglect the contributions of (p3)
compared to those of (p;) and (p,).

Armed with the results for {p;) obtained above, we can
calculate their backreactions on the background metric.

V. ANISOTROPIC 7% AND BACKREACTIONS

In the previous section we calculated (p),,. To complete
the study, we need to calculate other components of the
energy momentum tensor. Since we are done with the
regularization, we set d = 2.

As the background is homogenous but anisotropic, the
energy momentum tensor induced by quantum fluctuations
takes the form of an imperfect fluid, given by [44]

T/w: (p+P)uﬂuv+Pgﬂy+qyuy+qbuu+ﬂﬂw (51)
with the additional conditions
wu, = -1, qu' = 0, 7 =0,
Ty = Ty, Tt = 0. (5.2)

In the above decomposition, p is the energy density, P is the
isotropic pressure, u* is the fluid’s comoving four velocity,
m,, is the anisotropic pressure (stress), and g* is the heat
conduction which also measures the energy flux relative
to u”. In our setup we expect no heat flow for the fluid,
so g, = 0.

From the symmetry of the cosmological background, we
obtain

w = (a(7),0,0,0). (5.3)

In the absence of the heat flow, the energy momentum
tensor takes the diagonal form

T = diag(—p,P-f—ﬂ:},P-i-ﬂ'%,P-l-ﬂ%). (5.4)

As the compact dimensions are spherically symmetric, we
impose 73 = 3. Combined with the traceless condition,
m, = 0, we obtain

Ty = diag(—p, P =2ILLP +IL P +1I), (5.5)
where the anisotropic pressure is now controlled by a single
scalar quantity, I1 = z3.

We are interested in vacuum expectation values of (7%).
From the above form of 7% we need to calculate (p), (P),
and (IT). The first quantity was already calculated in a
previous section as

(p) = (p1) + (p2) + (p3)- (5.6)
As we shall see, (P) and (IT) can be expressed in terms of
(p;) as well.

Let us consider the azimuthal components of (7%). From
the spherical symmetry of the azimuthal directions we have
(V,®V,®) = ky,, in which « is a constant [45]. To find
the value of «, contract this relation by the inverse metric
yt, yielding

<Va‘bvhq’> = 7/ah<P3>~ (5~7)
From this relation, we obtain
(T5) = 0,({p1) = (p2)).  {a.b}={0.4}. (5.8)

On the other hand, for the (T}) component we have

(T3) = (p1) + (p2) = (p3)- (5.9)

Comparing Egs. (5.9) and (5.8) with the general form of
anisotropic 7% given in Eq. (5.5), we obtain

)=o) =3l =3 ). (510
and
(M = =2 (ps) +5 (). (5.11)

Our results for the values of (T%) were general so far.
Now, we consider our limit of interests where  — 0 with
(Pi)req as obtained in the previous section. In this limit, the
regularized components of the (7%) are given by

<p>reg - [(Cl + 02)<_T)%5 + C3T_2] ln(—/«ﬂ'), (512)
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(P)reg = KCI - %) (—7)7 — 31—2} In(—pz), (5.13)
and
(), = [—% (—7)7 + —7—2} In(—pu7) (5.14)

A. Backreactions

Having calculated the components of the energy momen-
tum tensor generated from the quantum perturbations, we
can calculate the backreactions of this energy momentum
tensor on the geometry.

The Einstein field equations in the presence of the
quantum backreactions are given as usual by [46]

Rl = 82G(S) (5.15)

. Si=T —%ﬁﬁT.
In the absence of backreaction, 7% =0 so one deals
with the vacuum Einstein field equations which of course
yield the background Schwarzschild solution (2.1). In the
presence of backreactions, we expect this solution to be
modified. As we still assume the spherical symmetry to
hold in the presence of backreactions, it is convenient to
use a metric ansatz which takes the spherical symmetry into
account. Motivated by the metric (2.1) for the exterior
of the BH, we propose the following time-dependent
spherical symmetric metric for the interior of the BH
(see also [28,47] for a similar ansatz),

ds* = _ar + B(t)dx* + 12dQ?
A(r) '

In the above ansatz ¢ plays the role of r in the exterior
region. In particular, in the absence of backreactions, the
solution for the functions A(z) and B(r) is

(5.16)

A(t) = B(1) = -1 +2GTM,

(T, =0). (5.17)
Of course, instead of the metric ansatz (5.16), we could
have chosen a different cosmological ansatz, such as
ds* = a(7)?(=d7® + dx*) + ay(1)*dQ>2. (5.18)
This metric is the extension of the metric (2.8) in the case
where the backreactions are included with two unknown
scale factors a;(7) and a, (7). However, it turns out that the
field equations are easier with the ansatz (5.16) which we
consider in the following analysis.
From the combinations 2R — RY — R} and R} — R! of
the Einstein field equation associated to the metric (5.16)
we obtain the following equations:

P) (5.19)

re; _< re)?
g g

tlz(zA +A+ 1) =8zG(2(I)
? <§_%> = SHG(<p>reg + <P>reg - 2<H>reg)' (520)

One can easily check that in the absence of the backreaction
the solutions of the above equations are given by Eq. (5.17)
as expected. We can solve the above equations perturba-
tively as follows:

A(t) = A(t) + 6A(1),

B(r) = B(1) +6B(1),  (5.21)

in which A = B are the background solutions given in
Eq. (5.17). Starting with Eq. (5.19), we obtain A as
follows:

8zG (1
64 === [ A PRI g = (P gl (522)
Now using this solution into Eq. (5.20) we obtain
5B — 6A + 8xGA(r) [ df =~
= t =
+8GA() [ar 5
X [(p(1))seg + (P())reg = 2(TL(F) )] (5:23)

The above solutions for A and 6B were general with no
assumption on the source terms on the right-hand sides of
Egs. (5.22) and (5.23). Now, we consider our case of interest
With (p) egs (P)yeg» and (IT),, given in Eqgs. (5.12)~(5.14).
To use these expressions for the source terms, we need to
express 7 in terms of 7. From Eq. (2.10) we note that
7~ —1>/4GM (note that in our treatment of the interior of
the BH, ¢ plays the same role as the coordinate r outside the
BH). Correspondingly, the source terms are obtained to be

2<H>reg - <P>reg = [_(Cl + CZ)(_T)_S/z + 037_2] ln(_ﬂT)

~ aln(ut)t=>, (5.24)
in which @ « (¢; + ¢,) ~GM is a constant and we have
rescaled the undetermined scale p as well. We have
neglected the subleading term containing c; as long as
¢y # —c, which is the case in our analysis. Similarly, for the
other source term, we obtain

<p>reg + <P>reg - 2<H>reg = 2(C1 + 6'2) ln(_/’”-)(_T)_S/z
= 2aln(ut)t™. (5.25)

With the above source terms at hand, we can calculate 6A
and 0B. Considering the near singularity limit  — 0, from
Eq. (5.22) we obtain
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87Ga dnGa

1
/ dr' In(ut')f' = ~ - 3

0A ~ In(ur), (5.26)

in which we have absorbed some numerical constant in the
scale u as well. Using this solution in Eq. (5.23), we obtain

162Ga [ 472G
8B~ A — ’; “/ dt't’_3:ﬂt—3aln(ﬂl‘).

(5.27)

In conclusion, the metric functions to leading order in
backreaction effects are given by

2GM 4

A= —1 4 29M _ ’ftfamw), (5.28)
2GM 412G

Bf)=—1+==+ ”t3aln(/¢t), (5.29)

with @ «« GM. As mentioned before, the appearance of the
logarithmic correction In(ut) is reassuring, highlighting the
nature of the regularized quantum corrections.

B. Physical implications

Having obtained the backreaction in the metric, one may
ask for some physical implications.

One question to ask is what is the threshold where the
backreaction contributions become comparable to the back-
ground solution, §A ~ A? For this purpose, let us consider
the metric along the azimuthal direction with the line
element 2dQ>. This may define the shortest distance
(radius of two-sphere near the singularity) that we can
trust our approximate solution before the backreactions
become comparable to the background solution. Otherwise,
this can define the scale in which new physics may enter to
resolve the singularity. Defining this radius (actually the
timescale toward singularity) by 7., it is given by

2GM 47rGaln( L) ; a\?
~N—_— )=t . ~ | — s
. £ Hle c© M

c

(5.30)

in which in obtaining the final estimation, we have
neglected the subleading logarithmic correction involving
the scale u. With a ~ GM, this timescale is obtained to be
t, ~ VG ~1 /Mp, i.e., the Planck time. This is somewhat
expected as Mp defines the scale of quantum gravity. Of
course the above estimation is rough as we have considered
only near the singularity limit of our approximate solution.
Treating the analysis more carefully, one may obtain a
somewhat larger scale for ¢, prior to the singularity when
the backreaction becomes important. This requires a careful
investigation which is beyond the scope of the current
analysis.

The other interesting question is what the exterior
observer interpret the corrections in the metric? Based

on our starting discussion, for an exterior observer the roles
of the timelike and spacelike coordinates are switched. This
suggests the speculation that for the exterior observer in
which t — r and x — 7, the line element with the quantum
corrections is given by

d 2
" 242

ds> = —B(r)d?* + A

(r>2GM), (5.31)

with the functions A(r) and B(r) given as follows:

2GM  4nGa

A(r) =-A(r) =1 r + 3 In(ur), (5.32)
B(r) = —B(r) =1 - ZCiM _ 4if“1n(ﬂr). (5.33)

Interestingly, the above speculative results are in agreement
with the results for the quantum backreactions for the
exterior region [48-51] who obtained the 1/r* profile with
possible logarithmic running for the metric components.
This similarity is encouraging, indicating that the effects of
backreactions from the quantum fields in the interior of the
BH are genuine.

An interesting corollary from the above result is that the
quantum corrections in the interior of BH can be probed
by the exterior observer. Indeed, the exterior observer
equipped with the quantum modified metric (5.31) can
observationally distinguish this metric from the classical
Schwarzschild metric. This is intriguing, implying that the
effects occurring inside the event horizon are accessible to
the exterior observer. Of course, like in Hawking radiation,
this is a pure quantum effect. Having said this, the quantum
corrections in Eqs. (5.32) and (5.33) are so small that they
seem impossible to be probed observationally.

With the quantum corrections in background metric
included, it is insightful to look at its various physical
effects. First, the quantum corrections to the metric will
modify the position of the event horizon. The new position
of the event horizon R from the solution of B(r) =0 is
given by

104

With a ~ GM the fractional corrections in the position of
the event horizon are at the order (MRg)™! ~ (Mp/M)?
which is extremely small and practically unobservable for
astrophysical BHs. Since the fractional correction induced
by parameter a is tiny, the quantum corrections cannot
modify the number of event horizons, so there is only one
event horizon.

The surface gravity associated to the metric (5.31) is
given by [52,53]
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B \/Zt
=—\/>| , 5.35
T2 VB, (5.35)
which to leading order in @, is obtained to be
1 o
~——+———(3In(2uGM) — 1). .
K 4GM+SG3M4(3 n(2uGM) —1).  (5.36)

Correspondingly, the fractional corrections in surface
gravity are at the order a/G>M?> ~ (Mp/M)? which is
extremely small for astrophysical BHs. Related to this
issue, note that since the fractional corrections in event
horizon and surface gravity are very small, we cannot hope
to have a extremal black hole with a vanishing surface
gravity. Physically, this is because the parameter a is not
independent of M as @ ~ GM. Therefore, we cannot expect
to trade M with « as an independent parameter to obtain an
extremal black hole.

We can calculate the Arnowitt—Deser—Misner (ADM)
mass associated to the metric (5.31) as well. Since the
quantum correction falls off like In(ur)/73, it is expected
that its contribution in surface integrals at infinity in calcu-
lating the ADM mass vanishes. Indeed, performing the
analysis [54], we confirmed that the ADM mass is simply M.

Another question is whether the quantum corrections can
resolve the singularity at the center of BH. Since we have
treated the quantum effects as perturbative backreactions,
we do not expect that they can resolve the singularity at this
stage. Indeed, calculating the Ricci scalar associated to
the interior metric (5.16) with the metric functions (5.28)
and (5.29) for t — 0 we obtain

R~4rGa(3 - 2In(ut)) 1>, (5.37)
Similarly, calculating the Kretschmann scalar near the
center, we obtain

R, R* ~ 167> G*a? (53 = 192 In(ur) + 1841n(ur)?) =19,
(5.38)

Both of the above scalar invariants diverge for t — 0 so the
perturbative quantum corrections do not resolve the singu-
larity at the center of the BH.

Before closing this section, we comment that the metric
(5.31) is obtained in the semiclassical approximation in
which the matter field is treated quantum mechanically
while the geometry is still at the classical level. In this view,
this solution cannot capture the whole quantum gravity
effect. However, this result may be useful toward the
understanding of a full quantum gravity solution. It is
speculated that the final remnant of the BH after the
completion of Hawking radiation is a quantum primordial
BH with the mass around Mp. This can have interesting
observational implications, for example as the source of

dark matter [55,56]. In addition, as we discussed previ-
ously, the backreactions by the quantum field modify the
position of the event horizon and the BH surface area. This
in turn induces corrections in BH entropy and its thermo-
dynamics properties [57-60]. However, as we have seen,
the fractional correction is physical quantities such as the
surface gravity and the position of the event horizon scales
like a/G*M?> ~ (Mp/M)?* which is extremely small for
astrophysical BHs. Therefore, we expect that the correc-
tions in BH thermodynamics are small and unobservable
for astrophysical BHs.

VI. SUMMARY AND DISCUSSION

In this work we have studied the propagation of quantum
field perturbations in the interior of a Schwarzschild black
hole. As reviewed in Sec. II B, the interior of the BH looks
like an anisotropic cosmological background with the
structure of R? x S2. As time moves forward, the extended
direction with the scale factor a(7) is expanding while the
compact direction, with the scale factor r(z), is shrinking.
Eventually, we encounter the big crunch singularity when
r(t) ~ (-GM7z)'/? - 0.

In our treatment, the quantum perturbations are initially
generated near the horizon 7 — —oco with the positive
frequency solution e~*?. In the interior region, this plane
wave encounters the effective potential V. which has a
nontrivial time-dependent profile. We are able to find the
analytic solution for the high frequency mode where the
effects of the term #(¢ + 1) can be neglected. In this limit

the solution is given in terms of the Hankel functions H ,Sl)

and H 52) of which only the former can match the incoming
positive frequency mode near the horizon. With the profile
of the mode function at hand, we have calculated the
vacuum expectation values of the components of the aniso-
tropic energy momentum tensor such as (p), (P), and (IT).
To regularize the UV divergences, we have employed the ¢
function regularization for the infinite sum over ¢ and the
dimensional regularization scheme for the integral over k.
Upon performing the regularizations, we have found that
near the big crunch singularity (p)eq ~ (P)eg ~ (IT)yeq ~
(GM)~3/2(=2)7 In(—pz). The appearance of the logarith-
mic term In(—uz) is reassuring, indicating the quantum
nature of the corrections.

Having obtained (77),,, we have calculated the back-
reactions of the quantum perturbations on the background
metric. We have found the interesting result that 0A =
—8B ~ G*M In(ut)/#3. To trust our perturbative treatment,
we require that the backreactions on the background
solution to be small, requiring that SA < A. This in turn
yields the time scale (or the radius of the two-sphere)
t. ~ /G beyond which the backreactions become strong. It
is possible that the backreactions become important sooner
(i.e., at larger radius) than what we obtained here since we
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have imposed various simplification assumptions to solve
the system analytically. Alternatively, one may argue that
the quantum corrections, like what are calculated here, may
play important roles to resolve the singularity. Whether or
not these quantum corrections can resolve the classical
singularity requires more sophisticated QFT analysis with
higher curvature terms included in the gravitational action
as well.

One intriguing implication of our result is that the
corrections induced on the metric by the quantum effects
in the interior of the BH are, in principle, accessible to the
exterior observer. This is somewhat counterintuitive as it is
usually believed that events occurring in the interior of
the BHs are hidden to the exterior observer. However,
this picture seems to be valid only classically and in the
presence of quantum effects, as in the case of Hawking
radiation, one may have to revise the classical interpretation
about the roles of the event horizon. Having said this, the
fractional correction in the metric and in the position of the
horizon is at the order (M p/M)? which is extremely small
for astrophysical BHs.

There are a number of directions in which the current
analysis can be extended. In the current analysis we have
considered the quantum perturbations of a real scalar field

in the interior of the BH. However, this analysis can be
extended to other fields such as the U(1) gauge (vector)
fields or tensor perturbations as well. As in classical
quasinormal mode analysis, the effective potential V
will now depend on the spin of the field s. We would like to
come back to the study of quantum perturbations for the
vector (s = 1) and tensor perturbations (s =2) in the
future. Finally, we have calculated the vacuum expectation
values with respect to the vacuum |0) defined for the
interior observer. On the other hand, the vacuum associated
to the Kruskal observer |0)x (or the Hartle-Hawking
vacuum) has the advantage that it is well defined for both
interior and exterior observers. These two vacua are related
to each other via the Bogolyubov transformations. It is
therefore an interesting question to examine what the
Kruskal observer, equipped with the Hartle-Hawking
vacuum, measures for the expectation values.
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