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We investigate the gravitational anomaly vertex (TTJs) (graviton—graviton—axial current) under
conditions of finite density and temperature. Through a direct analysis of perturbative contributions, we
demonstrate that neither finite temperature nor finite fermion density affects the gravitational chiral
anomaly. These results find application in several contexts, from topological materials to the early Universe
plasma. They affect the decay of any axion or axionlike particle into gravitational waves, in very dense and

hot environments.
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I. INTRODUCTION

The interest on gravitational anomalies has been con-
tinuous due to their connections with various theories,
including ordinary gauge theories [1,2], supergravity [3],
and self-dual antisymmetric fields in string theory [4]. The
gravitational anomaly RR can manifest in different scenar-
ios, with its implications varying from benign to critical.
For example, consider a scenario involving a Dirac fermion
interacting with gravity and a vector gauge field. The
anomaly, that in this case appears in the divergence of Js,
was first computed by Kimura, Delbourgo, and Salam
[1,2]. This specific anomaly poses no threat and holds
relevance in phenomenology.

Another instance involves a chiral model incorporating a
Weyl fermion y g interacting with gravity and a gauge
field. In this case, the anomaly emerges in the divergence of
J1/r> potentially endangering unitarity and renormalization,
unless it is canceled [4,5]. In the Standard Model, when J5 is
the non-Abelian SU(2) gauge current or the hypercharge
gauge current, the gravitational anomaly cancel out by
summing over the chiral spectrum of each fermion gen-
eration. This feature is usually interpreted as an indication of
the compatibility of the Standard Model when coupled to a
gravitational background, providing an essential constraint
on its possible extensions. The correlator (77Js), where T
denotes the stress energy tensor, under examination in this
work, has been recently re-investigated [6] using conformal
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field theory (CFT) in momentum space methods [7-9],
previously studied in [10] using coordinate space methods.

Correlators influenced by chiral and conformal anoma-
lies, as well as discrete anomalies, play a vital role in
condensed matter theory, particularly in the context of
topological materials [11-20]. The gravitational anomaly
has been investigated, in the same context, in other
interesting works [21,22]. Crucial, in this analysis, is
the correspondence between thermal stresses and gravity,
as summarized by Luttinger’s relation [23] connecting a
gravitational potential to a thermal gradient [24,25].
Understanding these phenomena is essential for unravel-
ing the intricate properties of such materials. Since their
dynamical contribution in the evolution of topological
matter, in the realistic case, is characterized by both
thermal effecs and by Fermi surfaces, which break the
charge conjugation C invariance of the vacuum, the
quantification of such corrections becomes crucial for
phenomenology.

A. Thermal and density effects

Considerable attention has been dedicated to examining
the effects of finite temperature and density on the axial
gauge anomaly in several other contexts [26—33]. Despite
the diverse approaches taken by the various authors to
address this issue, a unanimous consensus emerges: such
anomaly remains insensitive to corrections from finite
temperature and density.

In our previous work [31], we have investigated the
general structure of the chiral anomaly vertex (AVV), in the
presence of chemical potentials in perturbation theory. We
have classified the minimal number of tensorial structures
for the (AVV) parametrization, and we have provided a
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direct perturbative identification of their corresponding
form factors. Moreover, when the photons are on-shell,
we have shown that the entire correlator reduces to the
longitudinal anomalous sector.

The gravitational axial anomaly has yet to be explored in
the context of finite temperature and density. In this paper,
we aim to fill this gap by investigating this interaction. Our
approach involves utilizing the real-time Green’s function
method [34]. Through this technique, we will compute the
amplitude of thermal Feynman diagrams. Our objective is
to demonstrate that the gravitational axial anomaly remains
unchanged, with no contributions from either density or
temperature effects.

II. REVIEW: DECOMPOSITION
OF THE CORRELATOR
AND THE PERTURBATIVE EXPANSION
AT ZERO TEMPERATURE AND DENSITY

In this section, we provide an overview of the general
structure for the (T'TJ5) correlator in the vacuum, using the
longitudinal/transverse-traceless decomposition, commonly
referred to as the “L/T”” decomposition [8]. This allows us
to gain insight into its global tensorial structure under zero
temperature and density conditions. The decomposition has

|
¥ (pi) =I5 () TP (pi),

jgi (Pi) = ”5'} (Pi)f{sli (Pi)’

been used in the case of parity-even anomaly correlators in
several previous works involving both 3-point and 4-point
functions [9,35-37] and extended to the simplest parity-odd
correlator, the AVV in [38]. Nonconserved vector currents,
have been discussed by the same method in [39]. The
analysis presented here, at zero T and y, is nonperturbative
since it relies on the solution of the conformal constraints by
the inclusion of an anomaly pole in order to fix the
longitudinal sector of the correlator, and does not require
a Lagrangian realization. The structure becomes consider-
ably more intricate in the case of finite 7" and y, primarily
due to the inclusion of a velocity four-vector # representing
the heat bath. The exhaustive analysis of the vertex entails a
tensorial expansion, which is particularly demanding, even
in the simpler AVV diagram case [31].

We start by decomposing the energy-momentum tensor
T+ and the current J% in terms of their transverse-traceless
part and longitudinal ones (also called “local”),

TH¥(p;) = #%1(p;) + fae (Pi) (2.1)
J5(pi) = J5'(Pi) + F5p0e(Pi) (2.2)
where
fae (pi) = Zois (P)TPi(py),
Hi
U Pi Pia; a;
Fsioe(Pi) == 5715 (pa). (23)

having introduced the transverse-traceless (II), transverse (z) and longitudinal (X) projectors, given respectively by

P'p.

o = & — pzl’ (2.4)
HMU _ 1 7[” v ﬂ.ﬂ v 1 "z 2.5
(,/)’—E( ally + /}”a)_d_lﬂ ap (2.5)
SHVi Pip; 25(l/,pﬂ,) _ Pia; SHivi 4 (d _ 2) plilipli/i + ﬂﬂ[ui(pi) S (2 6)

b = pr [P T -y pt )] @ |

Such decomposition allows to split the vacuum correlation function into the following terms:
<TW/1 Tﬂzsz/5‘3> — <t/41v1t/42v2jf5‘3> + <va1 Tﬂz”zj’s‘i‘oc> + <Tﬂ1v1 tll‘;c’&j/;) + <t{‘0‘!’ T#zvzjls‘3>

— (T 16 F5ioe) = (e tioe I5') = (fige T f5joc) + (fac fioe J5ioc) (2.7)

where the first contribution on the rhs of the expression above identifies the transverse-traceless part. Using the (anomalous)
conservation and trace W1s, it is then possible to completely fix all the longitudinal parts, i.e. the terms containing at least

one j5, . or fi-. The nonanomalous equations are

loc*

8,0, (T (py)TH2 (1) IS (p3)) =
Pi, (TH* (1) T2 (p2)J5 (p3)) = 0,

, i={1,2}

i={1,2}. (2.8)
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Thanks to these WIs, we can eliminate most of terms on the right-hand side of Eq. (2.7), ending up with only two terms,

<TM1U1 TM2U2_]/5‘3> — <[ﬂ11/1 [Ilzl/2j’5‘3> + <TM1U1 Tll202j/5‘foc> — <[ﬂ1”1 [M2U2jg’3> + <t/41”1 [ﬂz”zj‘s‘foc>_

The remaining local term in the expression above is then fixed by the anomalous WI of Js,

P (TH1 (p1) T2 (p2) IS (p3)) = 4iay(py ‘Pz){ [8"‘”2"”)2 <9”‘”2

where a, is the anomaly constant. Thanks to the equation above, we can write

H3

(pn t”2”2j§?06> = 4ia21;_32 (p: - pz){ |:8l/1'/2171172 (gﬂ]ﬂz

3

Notice that in order to identify in field space the effective
action associated with this contribution, we need to
multiply the stress energy tensors by the gravitational
fluctuations of the metric 4, and the axial-vector source
A, on the current Js, in the form,

San0m~a2/d4xd4y6~A(x)D_l(x,y)Ri?(y). (2.12)

In other words, Eq. (2.11) can be generated from S, by
the functional differentiation of the latter twice with respect
to the metric and once with respect to A,, followed by an
ordinary Fourier transform. The terms 1/ p% is the anomaly
pole, introduced in order to solve (2.10).

Notice that this four-dimensional procedure is quite
straightforward in the case of chiral anomaly diagrams,
since the conformal Ward identities are exact; i.e. they are
not affected by the anomaly. The reason for such behavior
is quite simple, and is due to the fact that there is no
renormalzation needed in order to define the correlator at
spacetime dimension four. The total anomaly effective
action can indeed be decomposed in the form,

Seff = Sanom + S1- (213)
The only remaining term in the reconstruction of the entire
correlator is the transverse-traceless part (r1%1¢#2%2 ji3)
related to S . Its explicit form is given by the inclusion
of transverse and transverse-traceless projectors 7z and I
acting on a tensor structure that is parametrized in terms of
a minimal number of independent form factors,

(11 (py) 12 (p,) 5 (P3))
=100 ()L (po)at: (pa)XaPrehes, (2.14)

where X®A1®/h% s a general rank five tensor built by
products of metric tensors, momenta and ¢ tensors with the
appropriate choice of indices. Indeed, as a consequence of

(2.9)
_%> + (1 evl)} +(/42<—>v2)}, (2.10)
_%)qt(m <—>u1)] +(/42<—>1/2)}. (2.11)

the projectors in (2.14), X®#1%/% can not be constructed
by using g, 4., nor by p,, with i = {1,2,3}. Using the
Schouten identities and imposing the symmetries of the
correlators, the general structure of the transverse-traceless
part is given by the simplified minimal expression [6],

{7 (p1)#=2(p2)J5' (p3))

= T (P (P2 ()|
Algpla]aZa,%pglpé}z _Al(pl <> p2)€P2{11(12(13pgl p/332
+ A, P11 561P —Ay)(p, < pz)gpzfllazazé/}lﬁz

+A38P1P2“102p/2}1pg2p‘f3 +A48P1P2a10‘25ﬁ1ﬁ2p‘1’3] , (2.15)

where A; and A, are antisymmetric under the exchange
(p1 < p,). The expressions of the form factors A; can be
derived in two ways. Either from the solutions of the
conformal Ward identities (CWIs), which are expressed
in terms of 3K integrals, i.e. parametric integrals of three
Bessel functions, or they can be extracted by resorting to the
perturbative expansion. The system of equations derived
from the CWIs is rather involved, but one can show that the
transverse-traceless sector is completely determined in
terms of the same coefficient a, characterising the anomaly
constraint. Details can be found in [6].

Both the perturbative and nonperturbative procedures are
in complete agreement. In the next section, we will review
the former approach.

A. The action and the perturbative realization

The perturbative evaluation of the correlator at one-loop,
can be performed by working in a specific regularization
scheme. We define the vacuum partition function,

¢iSa] = / (]Sl (2.16)

with the action given by

025008-3



CORIANO, CRETI, LIONETTI, and TOMMASI

PHYS. REV. D 110, 025008 (2024)

FIG. 1.

e . . _
So= [ il ekl (D) = (DY) (217

where ¢/ is the vielbein, e is its determinant and D” is the
covariant derivative defined as

| | o
Dul// = (vﬂ + lg}/SA/A)W = <a/4 + lgySAy + Ea)/mbz b) v,

_ . _ . 1 _
Dy = (V,—igrsA,)w = <6ﬂ —igysA, — 2a),m,,2“”> V.
(2.18)
|

i Y7 i ¥y a Y7 a
So = / d’xe [Eweﬁy“(dﬂw) =5 (u)earw = gA ey vsy +

with

7/abc — {Zab’yc}.

Guava

Topologies of Feynman diagrams appearing in the perturbative computation.

2% are the generators of the Lorentz group in the case of a
spin 1/2-field, while the spin connection is given by

Dyap = elc/z (aﬂebb - Fﬁu@%)‘ (219)

The Latin and Greek indices are related to the (locally) flat
basis and the curved background respectively. Using the
explicit expression of the generators of the Lorentz group
one can reexpress the action S, as follows:

i

4

wﬂabelz‘l/_/yabcw ’ (220)

(2.21)

The explicit expressions of the vertices for such action are reported in Appendix A. Taking a first variation of the action with
respect to the metric one can construct the energy momentum tensor as

THY — _t

3 [y Wy = Vg y — g (' Vo — Var'w)| — g (97 A, — y#AY )ysy.

(2.22)

We now proceed with the perturbative evaluation. For this, we use the Breitenlohner-Maison regularization scheme. The

topology of the diagrams is shown in Fig. 1.
The contribution of the triangle diagrams is given by

v _p [ 0LV P DU POy 2 PV (L o)
(

while the bubble diagrams are

HiViHaas
V5 =

and

+ exch , 2.23
2r)4 (I=p1)*(L+ p2)?P S 22
1 [V (4 B)VI (L 1+ )]
2 gAY gy h , 2.24
l / (22)" (I + p)* exchange 22
— o, (/= P, — pr) V2
P1 P2 )(y 151 152) Al//l//y] ) (225)

H1V ol
yhvsss _i2/ a1 tr[Vgslw’/lwz (p1:pa- 1=
(

27)¢

After performing the integration, one can verify that V4

V1223

(I—py—p2)*P

vanishes. Lastly, the tadpole diagram is given by
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HiV1Halots
VZlvlﬂzvzm — _l/(ddl tr[vg.(llAlli/;’ ' ] (226)

2r)4 I

This last diagram vanishes since it contains the trace of two
y’s and a y5. The perturbative realization of the correlator
will be written down as the sum of all these amplitudes,
formally given by the expression,

<T;41v1 Tyzvzjlsl3> =4 24: VI;IVIIQVZF‘S_
i—1

The perturbative realization of the correlator satisfies the
(anomalous) conservation and trace WIs. Thus, we can
decompose the perturbative correlator as described in
previous section in order to match the coefficient of the
anomaly a, with the outcome obtained from the perturba-
tive evaluation. Therefore we reintroduce the two terms of
the L/T decomposition, now implemented at the pertur-
bative level,

(2.27)

<T”‘”‘ T”2”21§3>pen = <t”‘”‘ t”2”2j§3>pen + <tﬂlbl t”2y2J510c>

pert”
(2.28)
|
9r3
A= A2 {Au +A1210g< 2
2= % {AZI + Ap; log (%) + Aos 10g( Y
A3 =0,
Ay =0,

where C,, in Minkowski space is the master integral,

1 1
Co(py, =— [ d . (232
o(p1. P35, P3) i / (= p)2(1+ po)? ( )

and we have introduced the functions A;;, reported in the
Appendix B. At this stage, after performing the match of
the pole contribution with the perturbative expansion, we
proceed by decorating the diagrams with the new propa-
gators at finite density and temperature.

Sr = W+ mGy = (= m

2 P’
) + Az log(
p p

1 .
ﬁ + 277.'15(/(2 - m2)

In particular, the anomalous pole is found to be

9 P
<tﬂ|mtﬂzvzj5loc>pm 9622 p3 (p1 p2)
Hy  H
X { [5011/2171172 <9M1/42 _ P p2])
Pi1-P2

o on)] +menb @2

which corresponds to Eq. (2.11) when we set

ig
- 2.
= 38472 (2.30)

The transverse-traceless part (#1“17#2%2j3)  can be
expressed in terms of four form factors as described in
Eq. (2.15). The perturbative calculation in four dimensions
gives

2> +A14CO(P1’P27P3)}
3
2
—2> +A24C0(P17P27P3)}

(2.31)

III. THE PERTURBATIVE REALIZATION
AT FINITE TEMPERATURE AND DENSITY

In order to compute the finite density and temperature
corrections to the gravitational anomaly we need to con-
sider the same Feynman diagrams defined in the vacuum
case. However, now we have to replace the usual fermionic
propagator with its generalization in a hot medium in the
real time formulation. We use the expression,

0(ko)
ePE-1) 11

+eﬂ(9,§;fﬁ J } (3.1)

with the fermion mass m set to zero. Such expression can also be formulated covariantly by introducing the four-vector #,
defining the velocity of the heath-bath. The contribution of the triangle diagrams is now given by

v 1Z - ddl v 1%
Vit — —13/ (2ﬂ)dtr[V§$-ﬂ,i(l—pul)(l/— P )fo:,,y,(7+ P)Viga (L. 14 p2) NG (1 = p1)Gr(l 4 p2)Gr(l)

+ exchange,
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while the bubble diagrams are

ViHalo i3 [ ddl 11K
Vlzll 1oy _12/ (zﬂ)dtr[VzAli/l};/ (l/+ 152)

and

L [ dil
v = _12/ (2ﬂ)dtf[vgé$$zy2 (P12 p2s 1=

As previously mentioned, in the case of zero temperature
and density, V, vanishes. The proof relies on Lorentz
symmetry, which is violated by temperature and density
effects. Consequently, V, now exhibits nonvanishing ther-
mal contributions that cannot be discarded. Furthermore,
the presence of V, is essential to demonstrate the cancel-
lation of all diagram contributions to the gravitational
anomaly. Lastly, similar to the scenario of zero temperature
and density, the tadpole diagram vanishes as it contains the
trace of two y’s and a ys.

We can now decompose G into a standard contribution
to the Fermi propagator G, and the finite density and
temperature corrections Gy,

1
kK —m?’

0(ko) 6(—ko)
PE1) L1 ePEHH) L 1|

GFIG0+G1, GO:

G, = 2rid(k* — m?) (3.5)

Then, we can split the (T'TJs) correlator into four different
parts depending on the number of G, contained in the loop
integrals,

P, <T/41V1 Tﬂzsz/S‘3> = P, <T/41V1 Tﬂzsz/S‘3>(0)

= 4ia2(p1 . Pz){ |:£V11/2P1P2 <gﬂ1ﬂ2

The proof of such statement may appear miraculous, as
exceedingly long expressions cancel out. Furthermore, in
order to achieve this, we do not need to specify the explicit
form of G, except for the fact that it contains a Dirac delta.
There is also no requirement to perform the loop integral
since the cancellations occur within the integrand itself.
This procedure has been previously applied to the more
simple case of the gauge chiral anomaly [26,30]. As we will
see, in the case of the gravitational chiral anomaly, the

Vg (L 1+ p2)V|Gr(1+ p2)GE(l) + exchange,

—p2. (=P — lﬁz)Vﬁwl/] Gr(l = py — p2)Ge(1).

(3.4)

(TTJs) = (TTJs) O +(TTJs)V) + (TTJ5)® +(TTJ5)O).
(3.6)

(TTJs)© represents the zero density and temperature part
that was computed in the previous section, (T7Js)(!)
contains only one G; and so on. Note that the triangles
diagrams contribute to all the four terms on the right-hand
side of Eq. (3.6), while the bubble diagrams to not
contribute to (TTJs)) since they contain two fermionic
propagators Grp.

IV. THE GRAVITATIONAL ANOMALY AT FINITE
TEMPERATURE AND DENSITY

In this section, we examine the longitudinal anomalous
sector of J5, showing that it is protected from finite density
and temperature effects. To achieve this, we dissect the terms
associated with finite density and temperature corrections in
Eq. (3.6) separately. We will illustrate that each of these
terms vanishes upon contraction with the momentum of the
axial current, p5*. The sole surviving term is the zero density
and temperature one which showcases the effect of the
gravitational anomaly,

Ho M1

—M> + (1 91/1)} +(ﬂ2‘—>’/2)}- (4.1)

computations are significantly lengthier and require the use
of Schouten identities, which relate different tensor struc-
tures. We now proceed with our proof.

A. (TTJ5)M
We start by considering (T7J5)(!) (see Fig. 2). The terms

contributing to (TTJ5)(!) contain only one thermal correc-
tion G| but with different momenta as arguments,

025008-6
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N
5 () A OmenOm

FIG. 2. Topologies of diagrams contributing to (77Js)(1). The bar on the fermions’ lines denotes the insertion of a hot propagator G.

Gi(),  Gill+p)

G (1 + p3), G (I = p3),

However, since we are dealing with finite integrals, we can
perform multiple shifts in the loop momentum to ensure
that the terms inside (77Js5)!") only have one single
dependence, for example G;(/). We can then write the
contracted correlator in the following form:

dl
(2”)d 1

P3M3<T”'U‘ Tﬂzvzjls‘3>(1) - /

(4.3)

The dependence on the temperature and chemical potential
in the integral above is contained only in Gy (I). W/{'*"#2* is
a parity-odd tensor constructed with the momenta p; p,
and /. It is symmetric under the exchange {u; <> v} and
{ur < 1o} and {(u1.v1, p1) < (k2.2 p2)}. The explicit
initial expression for WH'**?*? is extremely long but one
can significantly simplify it by utilizing a set of tensorial
relations, known as Schouten identities, which are detailed
in Appendix C. These identities arise from the dimensional

G (DG (1 + py),
G1(Z)G1(l - Pz),

G (D)G(1+ p,),
Gl(l)Gl(l_P1)7

G1(Z—P1),
G\(l = py + p2).

W2 (py o )Gy (D).

G(l+ p,), G(l-p»),

G(l+ p1 = p2). (4.2)

degeneracies of tensor structures, given that we are working
ind=4.

Surprisingly, by applying all the Schouten identities
reported in the Appendix C and then setting /> = 0 due
to the 5(/%) contained in G,(I), one is able to prove that

0 — Wllllblﬂzy2|12=0. (44)

Therefore,

P, <Tﬂ1v1 Tﬂzvzﬂs‘3>(1) =0, (4_5)
which means that the (TTJs)!) contributions do not
modify the axial anomalous Ward identity.

B. (TTJ5)®

The procedure for (TTJs)? is very similar to the one
followed in the previous subsection (see Fig. 3).
Considering our parametrization of the loop integral, the
combinations in which the thermal corrections G appear in
(TTJs)?) are

G ()G (I + p3),
G (I+ p1)G(1 = p2),

Gi(1=p1)G (1 + pa). (4.6)

Since the integrals are finite, we can perform multiple shifts to the loop momentum, reducing all the combinations above to

only three terms,

a‘l

p3ﬂ3<Tﬂ1mTﬂzvzﬂ5’3>(2) — /ngjflﬂzyz(l?l,ﬁz,Z)Gl(l)Gl(l‘f'Pl)

+ W5 (py, p2, GG (L4 pa) + W5 (py, pa, DG (DG (1 p3).

(4.7)
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e
G ~Om

FIG.3. Topologies of diagrams contributing to (T'TJs)®). They
are characterized by the insertion of two hot propagators Gj.

The dependence on the temperature and chemical potential
in the integrals above is contained in G;. The tensors
W52 are constructed with the momenta p; p, and [.
They are parity-odd and symmetric under the exchange
{u, <> v} and {u, <> 1,}. Moreover, due to the Bose
symmetry, we can write

W2 (1 pas 1) = Wo " (P2, p1 D),

W32 (1 pa. 1) = W™ (pa. pi D). (4.8)
The explicit initial expression for W5'/?*? is extremely
long but one can significantly simplify it by utilizing the
Schouten identities. Indeed, by applying all the identities
reported in the Appendix C and using the fact that G,
contains delta functions, we can prove that all three terms in
Eq. (4.12) vanish individually,

0=Wailp—epp=or 0= Wasle—(ip,p—0-

0=Wsy; |12:(/+p3)2:0' (4-9)

d
P, (T Tor J13Y3) = / AT

(27)

WEIA22 are  parity-odd tensors that depend on the
momenta p; p, and [. They are symmetric under the
exchange {y; <> v} and {u, <> v, }. Moreover, they are
related to each other due to the Bose symmetry,

ng,]ll’l.uzl’z(pl’pz’ l) — W":’;Z;Zﬂll/l (Pz,]h, l). (4'13)

Once again, we can use the Schouten identities and the fact
that G; contains delta functions in order to prove that

AVaAVaY

NN

FIG. 4. Topology of diagram contributing to (77J5)®).
Such diagram is characterized by the insertion of three hot
propagators G.

Therefore, we have

P3us <Tﬂ|l/| Tﬂzvzjg‘3><2) =0, (41())

which means that the (TTJs)® contributions do not
modify the axial anomalous Ward identity.

C. (TTJ5)®

Only triangle diagrams contribute to (T7J5)® since the
bubble diagrams have only two fermionic propagators (see
Fig. 4).

The combination of momenta that appear as arguments of
G, are

G ()G (I = p1)G (I + pa),
G ()G (I + p1)Gi(l = p,). (4.11)

Such combination of G| can not be further reduced by shift
in the loop momentum as in the previous case. Therefore,
we can write

(P1> P2, )G ()G (I = p1)G (1 + py)

+ W52 (py, pa. )G (DG (14 pi)Gi (1= pa).

(4.12)

0= W3.2|12=(1+p1)2=(l—pz)2=0'
(4.14)

0=Ws, |12=(1—p1)2=(l+pz)2=0’

Therefore, we have

P <T;11v1 T;tzvzjg‘3><3) =0.

3

(4.15)

This completes the proof that the longitudinal axial WI is
not modified with respect to the vacuum part and the
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solution of the longitudinal equation is still given by the
exchange of an anomaly pole, as shown in (4.1).

V. CONCLUSIONS

In this paper, we have examined the gravitational
anomaly vertex (TTJs) in a hot and dense medium. We
have shown that the anomaly is protected from finite
density and temperature corrections.

It would be interesting to investigate how dilatations and
special conformal transformations are broken in this con-
text [40].

Our result has application to the decay of an axion or any
axionlike particle into gravitational waves, as well as in the
production of chiral currents from gravitational waves, in
very dense and hot environments. Furthermore, the pro-
tection of the gravitational axial anomaly against finite
density and temperature corrections presents intriguing
experimental opportunities within condensed matter theory,
particularly in the context of topological materials. We

hope to return to the investigation of these topics in
another work.
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APPENDIX A: VERTICES

In this section we list the explicit expression of all the
vertices needed for the perturbative analysis of the (T7TJs)
correlator. The momenta of the gravitons and the axial
boson are all incoming as well as the momentum indicated
with k. The momentum k, instead is outgoing. In order to
simplify the notation, we introduce the tensor components,

1
AT =g g =5 (979 + ¢°g7)
Bt = gl g e — ¢ (¢ g + ¢ g”)

1 1
Qoo = P (FO P+ ) 3P+ )

1
D;wpzm/} = 5 ( ga(f gﬁ}l gy/) + gap gﬁ}l gwr + gao' gﬁu gy/) + gap gﬁu g/m)

1
F LA+ PG P+ P

Ga/i}/ = },(1},/)’7/;/ _ },[)’yuyy + yyyay/} _ 7/7)//3}’“.

The vertices can then be written as

Guiva

(A1)

"3 o . .
Vigw = —197"s

v = Ly ),
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g#llfl

19 .
s

gﬂl«ll’l g#zl/z N131H2V2 _
gy
D1 P2 _ é (Bmuumuzaﬁ — Omvipzv2oaf + Dmvwszﬁ) %(kl + /g2)ﬁ
k )
1 ko + ﬁ@aﬁ’yAuwwppg 5¢
- apz o vap avy Bo pop oo Bra pop oo Bus vap
P P (999+999 g 9 °g 999)
P
P
k1
H1VI2V2 3
k2 2 A, 99AYY N
'’ D2 _ % (B#1V1M2V2#3>\ _ CHMvipzvapsA + D,U/IV1#2V2#3)\> s
g#ﬂ’l
gMQVz

APPENDIX B: DEFINITIONS FOR THE SOLUTION OF THE VACUUM CORRELATOR

In this section, we provide a list of definitions for the functions introduced in Eq. (2.31). They are described as follows:
Av = =2[2p10 = p}(p3 + p) — 205(5p4 — 48p303 + 5p1) + 4p1(p3 + p3) (44— 230303 + 4p1)
—8p3(p% = P32(p +4p3p3 + pd) + (P3 = D13 + 1)
Ay =203 [ P32 — p3)° + p1°(38p% — 12p3) + p(18p + 41p3p3 — 121p) — 4p{(3pS + 46pip3 — 38p3pd — 2605)
+ pH(pa = p3) (P2 + p3) (38 +95pip3 + 215p3pt + 11p8) + 14p3p3(p3 = p2)° (P + p3) + 3917
Avs = +2p3[3pP +2p1°(19p3 — 6p3) + p}(~121p§ + 41p3p3 + 18p3) + 4p (2608 + 38p3p3 — 46p3p} — 3p5)
~ 14p303(p3 = P2)* (P + P3) = P (P2 = p3) (P2 + p3) (1198 +215p4p3 + 95p2p3 + 3p3) + p3(p3 = 2’|
Avs = =24p1p3p3[ (P} = P2 (23 +3p3) = 3p3(pt + 4p3p3 — 4p3) = 3p3(p§ — 6p1p3 + 4pind + 1)
=3p8p8(7pt = 303)|
Agy = =2 2p3(30% + p3) + 4p3pd(3p3 = 20%) + (93 = p3)* +2p3(p1 — p2) (p1 + ) (P} + 8p303 + p}) — b

Ay = —2p3p3 [—1717? + pP(28p3 +26p3) —4pi(ps +15p3p3) + (P53 — p3)* = 2p1(p3 — p3)*(4p5 + 51?%)]

025008-10



GRAVITATIONAL CHIRAL ANOMALY AT FINITE ...

PHYS. REV. D 110, 025008 (2024)

Ay = +2p3 [2p — pi(p3 +6p3) +

+2p1(8p§ — 21 p3p3 — 18p3pt - 9)]
Ay = —12pipip3 [p§(3p% =5pi) + (pi = p3)’
with the Killen A-function given by

A=Ap1.p2.p3) = (1

APPENDIX C: SCHOUTEN IDENTITIES

When examining the gravitational anomaly corrections
at finite density and temperature, we have introduced the
rank-4 tensors W;'"**>. Such tensors are parity-odd and
depend on the graV1t0n momenta p; and p,, as well as the
momentum of the fermionic loop I. There is a set of
tensorial relations, known as Schouten identities, which can
be used to reduce the expression of W;!"***2. These
identities arise from the dimensional degenera01es of tensor
structures, given that we are working in d = 4. In particu-
lar, in this case we can construct such identities starting
from the following format:

0 = gllpipam gola (C1)
Since we are antisymmetrizing over five indices and we are
working in four dimensions, the result must vanish. The
index a can be contracted with a momentum, obtaining

pY(=10p3 +46p3p3 + 6p3) — 2p

+ p(pt +4pip3 —5p3) + 3P§’} :

- p2=p3)(p1+ P2

24p3 +5p)(P3 — pap3)? + P3P} - p3)*

(B1)
= p3)(P1 = P2+ p3)-(p1 + P2+ p3). (B2)
|
or we can pick a = {v,1,},
0= g[lplpzlll&#z]l/l
0 = glipipam golv: (C3)

Note that we do not need to consider Schouten identities
where both u; and v are antisymmetrized since the energy-
momentum tensor (and therefore Wﬁ ‘j”'” 22 is symmetric

under the exchange p; <> vy. The same is true for the
indices y, and v,.

The identity (C2) and (C3) relates tensors with rank less
than four. Therefore, we need to complete them with the
remaining indices. As an example we can pick the first
identity in Eq. (C3) which is a rank-3 equation, and we
multiply it with p}?, p3* or [*> ending up with three relations
between rank-4 tensors. Proceeding in such way, we end up
with 36 identities. Moreover, we can also get new identities
from this 36 ones by exchanging y; <> v and/or p, <> v;.
Therefore, the total number of Schouten identities is
36 x 4 = 144. All these identities can be used to simplify
the structures appearing in the W tensors.

0= [1P1P2/41p”2]

0= [lplpzﬂlp"?]

0 = gllpipami o] (C2)
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