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We construct the superaction for the TT̄ deformation of 2D freeN ¼ ð1; 1Þ supersymmetric model with
a deformed superfield. We show that theN ¼ ð1; 1Þ off-shell supersymmetry in the free theory is deformed
under the TT̄ deformation, which is incorporated in the deformed superfield. We interpret this superaction
as an effective action of the Goldstone superfield for the partial spontaneous breaking of N ¼ ð2; 2Þ
supersymmetry to N ¼ ð1; 1Þ. We show that the unbroken and broken supersymmetry of the effective
superaction corresponds to the off-shell N ¼ ð1; 1Þ supersymmetry and the off-shell Fermi global
nonlinear symmetry in the TT̄-deformed theory, respectively. We demonstrate that this effective super-
action can be obtained by the nonlinear realization of the partially broken global supersymmetry (PBGS)
from the coset superspace. Furthermore, we reproduce the superaction by the constrained superfield
method accompanied by a field redefinition.
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I. INTRODUCTION

Quantum field theory (QFT) is a powerful framework for
understanding particles and their interactions. Despite its
success in describing a wide range of phenomena, there are
still many open questions about the nature of QFT, such as
its relation to gravity and its behavior at high energies. One
approach to addressing these questions is to study the
irrelevant deformation of conformal field theory (CFT).
However, under the renormalization group flow, the irrel-
evant deformation of CFT, in general, cannot be controlled
due to an infinite number of counterterms. Furthermore,
irrelevant deformation is often involved with nonlocal
interactions, such as higher-derivative terms. These
higher-derivative terms can lead to the emergence of ghosts
or tachyons, which are not present in the original theory.
In recent years, there has been significant interest in

the study of a special irrelevant deformation of two-
dimensional QFT generated by the determinant of the
energy-momentum tensor, detðTμ

νÞ [1–4]. This special
irrelevant deformation, so-called TT̄ deformation, follows

a specific flow from IR to UV, along which the special flow,
no extra degree of freedom such as ghost does not emerge.
Furthermore, TT̄ deformation features the universal for-
mula for the deformed spectrum, which determines the
energy and the momentum of the deformed theory exactly
in terms of the undeformed energy and momentum [2,3].
This universal formula for the deformed spectrum does

not distinguish bosonic or fermionic nature of the state,
which indicates that the supersymmetry of the undeformed
theory will be preserved under the TT̄ deformation
although the TT̄ deformation operator itself is not super-
symmetric. The on-shell supersymmetry has been explicitly
shown for the case of the TT̄ deformation of the free
N ¼ ð1; 1Þ SUSY model [5]. However, the TT̄ deforma-
tion of the off-shell supersymmetry transformation has not
been fully understood [5,6].
References [7,8] proposed the SUSY TT̄ deformation in

the superspace where the superaction is deformed by
bilinear of supercurrents. In this SUSY TT̄ deformation,
the off-shell supersymmetry is not deformed since the
superfield is not modified under the deformation. It was
found in [7,8] that the supersymmetric flow equation of
the superaction reproduces the original TT̄ flow equation
with the on-shell condition. However in spite of the on-
shell equivalence of the flow equation, it was demonstrated
in Ref. [5] by canonical analysis that the SUSY TT̄-
deformed superactions in Refs. [7,8] incorporate fermions
with higher order time-derivatives. With this higher order
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time-derivatives the deformed theory does not have the
second class constraints anymore in contrast to the unde-
formed theory with the second class constraints for fer-
mions. Hence, these higher order time-derivative fermions
lead to additional degrees of freedom in the phase space of
the deformed theory. In Ref. [5], it was shown that these
extra degrees of freedom give rise to nonunitarity issue like
the Ostrogradsky instability. And this nonunitarity could
bring about the potential failure of the factorization of TT̄
operator in Ref. [1]. Such an extra degree freedoms could
often be removed by a field-redefinition or a Jacobian.
However, in a perturbative analysis, we could not find a
local field-redefinition or Jacobian which can eliminate the
additional degrees of freedom in the SUSY TT̄-deformed
model. In this paper, we aim at finding the superaction
without higher-derivative fermions which reproduces the
TT̄-deformed Lagrangian of the free N ¼ ð1; 1Þ SUSY
model. Surprisingly, we found that a deformed superfield is
inevitable to construct such a superaction, which leads to
the deformed off-shell supersymmetry. Furthermore, this
deformation of the off-shell supersymmetry turns out to be
consistent with the nonlinear realization of supersymmetry.
Spontaneous symmetry breaking and the effective action

for the Goldstone field has been extensively studied in the
context of particle physics, condensed matter physics, and
cosmology, and has played a pivotal role in the develop-
ments of key theoretical frameworks. It was observed
that the SUSY TT̄-deformation [7–10] of N ¼ ð0; 2Þ
theory [11], N ¼ ð2; 2Þ theory [12], and the complex
fermion [13] is equivalent to the effective action of the
Goldstone superfield. For the case of the TT̄-deformed free
N ¼ ð1; 1Þ SUSY model, it is shown to have the Fermi
global nonlinear symmetry [5]. Since this TT̄-deformed
theory is related to the N ¼ 2 Green-Schwarz superstring
action for 3D target space [5,7,14], this nonlinear symmetry
was proved to be identical to the broken part of N ¼ 2
super-Poincare symmetry of the 3D target space [5].
Therefore, one may also understand the TT̄-deformed
N ¼ ð1; 1Þ SUSY model as an effective theory for the
broken supersymmetry.
In this paper, we study the TT̄ deformation of the free

N ¼ ð1; 1Þ SUSY model to construct the superaction. We
demonstrate that the deformed superfield, which is related
to the vanilla superfield via field redefinitions, is necessary
to establish the superaction. The deformed superfield
reflects the TT̄ deformation of the N ¼ ð1; 1Þ off-shell
supersymmetry, and we obtain the explicit form of the
TT̄-deformed N ¼ ð1; 1Þ off-shell supersymmetry trans-
formation. Furthermore, we confirm that the superaction is
identical to the effective superaction of the Goldstone
superfield for the partially broken N ¼ ð2; 2Þ supersym-
metry via field redefinition. We clarify that the broken
supersymmetry corresponds to the Fermi global nonlinear
symmetry of the TT̄-deformed theory. We also derive the
same superaction not only by the nonlinear realization

method of the broken symmetry but also by the constrained
superfield method.
This paper is organized as follows. In Sec. II, we review

the canonical analysis of the TT̄-deformed free N ¼ ð1; 1Þ
SUSY model. In Sec. III, we construct the superaction for
the TT̄-deformed theory with deformed superfield, and we
study the unbroken and broken off-shell supersymmetry.
In Sec. IVA, we discuss the nonlinear realization of
the broken symmetry to reproduce the superaction. In
Sec. IV B, we derive the superaction again by the con-
strained superfield method. In Sec. V, we make concluding
remarks.

II. REVIEW: TT̄ DEFORMATION OF FREE
N = ð1;1Þ SUSY MODEL

In this section, we review the canonical analysis of
the TT̄-deformed free N ¼ ð1; 1Þ theory in [5]. The
Lagrangian density of two-dimensional free N ¼ ð1; 1Þ
supersymmetric theory is given by

L0 ¼ 2∂⧺ϕ∂¼ϕþ S⧺;¼ þ S¼;⧺; ð1Þ

where S��;⧺ and S��;¼ denotes the fermion bilinear

S⧺;μ ≡ iψþ∂μψþ; S¼;μ ≡ iψ−∂μψ−: ð2Þ

The conventions that we use are summarized in
Appendix A. The TT̄ deformation is characterized by
the special flow equation [2] given by

∂λL ¼
1

2
ϵμνϵ

ρσTμ
ρTν

σ; ð3Þ

where the initial condition for the flow equation is the
undeformed one (1), Ljλ¼0 ¼ L0. It is well-known that
the improvement term of the energy-momentum tensor
does not have any effect on the physical consequences.
However, the solution of the flow equation does depend on
the improvement term of the energy-momentum tensor on
the right-hand side of Eq. (3). Namely, depending on
the improvement term, the deformed Lagrangian as a
solution of the flow equation could have higher derivatives,
which leads to the larger Hilbert space than that of the
undeformed one.
For the case of the free N ¼ ð1; 1Þ model, we use

Noether energy-momentum tensor without any improve-
ment term to prevent the inflow of additional degrees of
freedom by the higher derivatives [5]. And the deformed
Lagrangian as a solution of the flow equation (3) is found1

to be

1The same deformed Lagrangian density ofN ¼ ð1; 1Þ theory
can also be obtained by the dynamical coordinate transformation
[6], Green-Schwarz (GS)-like action with uniform light-cone
gauge [7,14,15] or GS-like action with static gauge [5].
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L ¼ −
1

2λ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2χ

p
− 1
�þ 1þ χ þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2χ
p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2χ
p ðS⧺;¼ þ S¼;⧺Þ þ

2λffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2χ
p ½ð∂¼ϕÞ2S⧺;⧺ þ ð∂⧺ϕÞ2S¼;¼�

þ λ
1þ χ − χ2 þ ð1þ 2χÞ32

2ð1þ 2χÞ32 S⧺;⧺S¼;¼ − λ
1þ 3χ þ χ2 þ ð1þ 2χÞ32

2ð1þ 2χÞ32 S⧺;¼S¼;⧺

−
2λ2χ

ð1þ 2χÞ32 ½ð∂⧺ϕÞ
2S⧺;¼S¼;¼ þ ð∂¼ϕÞ2S⧺;⧺S¼;⧺�; ð4Þ

where χ ≡ −4λ∂⧺ϕ∂¼ϕ. Moreover, the Hamiltonian density and momentum density of the deformed theory can be
written as

H ¼ 1

2λ

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4λHb;0 þ 4λ2P2

b;0

q
− 1
i
þ 1

2

0
B@ 1 − 4λ2P2

b;0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4λHb;0 þ 4λ2P2

b;0

q þ 1

1
CAHf;0

þ λPb;0Pf;0 −
2λ3ðH2

b;0 − P2
b;0Þ

ð1þ 4λHb;0 þ 4λ2P2
b;0Þ

3
2

ðH2
f;0 − P2

f;0Þ; ð5Þ

P ¼ ð1 − λHf;0ÞPb;0

þ 1

2

h
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4λHb;0 þ 4λ2P2

b;0

q i
Pf;0; ð6Þ

where Hb=f;0 and Pb=f;0 denotes the Hamiltonian density
and momentum density of free bosonic field and fermionic
field, respectively:

Hb;0 ≡ 1

2
π2 þ 1

2
ϕ02; Pb;0 ≡ πϕ0; ð7Þ

Hf;0≡ i
2
ψþψ 0þ−

i
2
ψ−ψ

0
−; Pf;0≡ i

2
ψþψ 0þþ

i
2
ψ−ψ

0
−: ð8Þ

The deformed Lagrangian (4) is linear in the time derivative
of the fermion ψ̇�. Therefore, the variation with respect to
ψ̇� gives us the constraints like free fermion case. If the
Lagrangian had higher order in ψ̇�, we would not have had
the constraints, and in turn, we would have encountered the
larger Hilbert space. It was shown [5] that the deformed
(second class) constraint can be written in terms of
deformed Hamiltonian density H (5) and deformed
momentum density P (6) as

C1 ¼ πþ −
i
2
ψþ −

i
2
λðH − PÞψþ; ð9Þ

C2 ¼ π− −
i
2
ψ− −

i
2
λðHþ PÞψ−: ð10Þ

From the second-class constraints (9) and (10), we can
evaluate the Dirac bracket defined as

fFðxÞ; GðyÞgD
≡ fFðxÞ; GðyÞgPB −

X
i;j¼1;2

�Z
dzdwfFðxÞ; CiðzÞgPB

×M−1ði; z; j; wÞfCjðwÞ; GðyÞgPB
�
; ð11Þ

with the matrix Mði; x; j; yÞ

Mði; x; j; yÞ≡ fCiðxÞ; CjðyÞgPB: ð12Þ

Here, the Poisson bracket of the system involving the
scalar and fermion fields ϕ;ψ� and its conjugate momenta
π; π� is defined by

fFðxÞ;GðyÞgPB
≡
Z

dz

��
∂FðxÞ
∂ϕðzÞ

∂GðyÞ
∂πðzÞ −

∂FðxÞ
∂πðzÞ

∂GðyÞ
∂ϕðzÞ

�

þ
X
α¼�

�
FðxÞ ∂ 

∂
 
ψαðzÞ

∂
!
GðyÞ

∂
!
παðzÞ

þ FðxÞ ∂ 

∂
 
παðzÞ

∂
!
GðyÞ

∂
!
ψαðzÞ

��
: ð13Þ

The TT̄-deformed free N ¼ ð1; 1Þ model is shown to
have global symmetry [5]. And the charges of this global
symmetry are evaluated by the Noether procedure:

Q1
� ≡

Z
dxψ�ðπ � ϕ0Þ; ð14Þ

Q2
� ≡ −

8πi
L

Z
dxπ�; ð15Þ
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P2 ≡ 2π

L

Z
dxπ; ð16Þ

where L denotes the circumference of the compact spatial
coordinate x. Note that the λ-dependencies are inherited
from the conjugate momenta π; π� in Eqs. (9) and (10). The
fermionic chargeQ1

� in Eq. (14) is, in fact, the supercharges
of the deformed N ¼ ð1; 1Þ supersymmetry given by

δ1�ϕ¼−
1

2

0
@1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2λϕ02

1þ2λπ2

s 1
Aψ��

iλ2πðπ�ϕ0Þ
2ð1þ2λπ2Þ

×

 
1þ 1�2λπϕ0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þ2λπ2Þð1þ2λϕ02Þ
p

!
ψ∓ψ 0∓ψ�; ð17Þ

δ1�ψ�¼
−1�2λπϕ0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ2λπ2Þð1þ2λϕ02Þ

p
iλðπ�ϕ0Þ

þλ

 
� ϕ02þπ2þ4λπ2ϕ02

ðπ�ϕ0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ2λπ2Þð1þ2λϕ02Þ

p
þ 2πϕ0

π�ϕ0

!
ψ∓ψ 0∓

þ iλ2ðπ�ϕ0Þ
2ð1þ2λπ2Þð1þ2λϕ02Þψþψ

0þψ−ψ
0
−

×

�
1�2λπϕ0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ2λπ2Þð1þ2λϕ02Þ

q �
; ð18Þ

δ1�ψ∓ ¼∓ λðπ � ϕ0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 2λπ2Þð1þ 2λϕ02Þ

p ψ�ψ 0∓; ð19Þ

where we used δ1;2� ð·Þ≡ ifQ1;2
� ; ·gD.

In undeformed theory (λ ¼ 0), the charge Q2
� and P2 in

Eqs. (15) and (16) generates the shift of Fermi field
and scalar field, respectively. However since the Dirac
bracket (11) is modified by TT̄ deformation, the shifting
symmetry generated by Q2

� is also deformed:

δ2�ϕ¼
4π

L

2
4�iλ

2

0
@ϕ0∓π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2λϕ02
1þ2λπ2

s 1
A

� λ2ðπ�ϕ0Þ
4ð1þ2λπ2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ2λπ2Þð1þ2λϕ02Þ

p
×

�
1�2λπϕ0

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ2λπ2Þð1þ2λϕ02Þ

q �
ψ∓ψ 0∓

3
5ψ�; ð20Þ

δ2�ψ� ¼
4π

L

�
1 ∓ iλψ�ψ 0�

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 2λπ2Þð1þ 2λϕ02Þ

p
×

�
1� 2λπϕ0 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 2λπ2Þð1þ 2λϕ02Þ

q �

þ λ2ð1þ λðπ2 þ ϕ02ÞÞψþψ 0þψ−ψ
0
−

2ð1þ 2λπ2Þ3=2ð1þ 2λϕ02Þ3=2

×
�
1� 2λπϕ0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 2λπ2Þð1þ 2λϕ02Þ

q ��
;

ð21Þ

δ2�ψ∓¼�
4π

L

�
iλψ�ψ 0∓

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ2λπ2Þð1þ2λϕ02Þ

p
×

�
1∓2λπϕ0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ2λπ2Þð1þ2λϕ02Þ

q ��
: ð22Þ

On the other hand, the deformed symmetry generated byP2

remains to be the shift symmetry of scalar field ϕ:

fP2;ϕgD ¼ −1; fP2;ψ�gD ¼ 0: ð23Þ

The algebra of the Fermi charges with respect to the
deformed Dirac bracket was evaluated in [5] to be

ifQ1
�; Q

1
�gD ¼ 2ðH � PÞ ð24Þ

ifQ2
�; Q

2
�gD ¼

16π2

L
þ 16π2λ

L2
ðH ∓ PÞ; ð25Þ

ifQ1
�; Q

2
�gD ¼ 2

�
P2 � 4π2

L2
W2

�
; ð26Þ

fQ1
�; Q

1∓gD ¼ fQ2
�; Q

2∓gD ¼ fQ1
�; Q

2∓gD ¼ 0; ð27Þ

where the Hamiltonian H, momentum P and the topologi-
cal charge W2 which is the winding number of the scalar
field ϕ are defined by

H¼
Z

dxH; P¼
Z

dxP; W2≡ L
2π

I
dxϕ0: ð28Þ

The global chargesQ1;2
� ;P2 commute with the Hamiltonian

and momentum with respect to the deformed Dirac bracket:

fQ1;2
� ; HgD ¼ fQ1;2

� ; PgD ¼ 0;

fP2; HgD ¼ fP2; PgD ¼ 0: ð29Þ

It was demonstrated [5] that they correspond to the charges
of the N ¼ 2 super Poincaré symmetry of 3D target space
in 3D N ¼ 2 GS-like model [16]. The discrete light cone
quantization (DLCQ) was used in relating the 3D N ¼ 2

GS-like model to the TT̄-deformed N ¼ ð1; 1Þ SUSY
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model [5]. And the topological charge due to the DLCQ
breaks theN ¼ 2 super Poincare symmetry of the 3D target
space which is identical to the algebra of the charges in the
TT̄-deformed one. The broken supersymmetry corresponds
to the Fermi global charge Q2

� while the unbroken ones are
identified to be the deformedN ¼ ð1; 1Þ superchargeQ1

� of
the TT̄-deformed theory [5].
In this paper, we present another interpretation on this

algebra as partially broken global supersymmetry (PBGS)
of 2D SQFT where Q1

� are the unbroken supersymmetry
while Q2

� are broken one. Accordingly, the TT̄-deformed
Lagrangian (4) can be understood as an effective
Lagrangian with nonlinearly realized supersymmetry.

III. SUPERACTION FOR TT̄-DEFORMED
LAGRANGIAN

The deformed energy EðλÞ and the deformed momentum
PðλÞ of the TT̄-deformed theory defined on the cylinder
of radius L is universally expressed in terms of the
undeformed energy Eð0Þ and the undeformed momentum
Pð0Þ [2,3]:

EðλÞ ¼ L
2λ

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4λ

L
Eð0Þ þ

4λ2

L2
P2
ð0Þ

r
− 1

#
; ð30Þ

PðλÞ ¼ Pð0Þ: ð31Þ

This universal formula for the deformed energy and
momentum does not distinguish whether the state is
bosonic or fermionic. This implies that the Bose-Fermi
degeneracy of the undeformed supersymmetric model will
be preserved along the TT̄ deformation. Therefore, one can
expect the supersymmetry of the undeformed theory would
be preserved under the TT̄ deformation, but this looks
nontrivial because the TT̄ flow equation (3) is not man-
ifestly supersymmetric.
It was explicitly shown in [5] that the supersymmetry of

the freeN ¼ ð1; 1Þ SUSYmodel is preserved along the TT̄
deformation because the Hamiltonian and the momentum
operator is expressed as

H ¼ i
4
fQ1þ; Q1þgD þ

i
4
fQ1

−; Q1
−gD; ð32Þ

P ¼ i
4
fQ1þ; Q1þgD −

i
4
fQ1

−; Q1
−gD: ð33Þ

Thus, it is natural to ask whether we can rewrite the
deformed Lagrangian (4) in the superspace. In this section,
we start with the ansatz for the superaction, and we find
the explicit form of superaction which will reproduce
the deformed Lagrangian (4) after we integrate out the
auxiliary field.

To make an ansatz for the superaction, we first need to
analyze the mass dimensions of the ingredients.2 The mass
dimension of superaction A, deformation parameter λ,
N ¼ ð1; 1Þ scalar superfield Φ, spacetime derivatives
∂�� and supercovariant derivatives D� are given by

½λ�¼−2; ½Φ�¼0; ½A�¼ ½∂���¼1; ½D��¼
1

2
: ð34Þ

In addition to D−ΦDþΦ, there are 4 Lorentz invariant
quadratic terms

A≡ ∂⧺Φ∂¼Φ; B≡ ðD−DþΦÞ2;
C≡DþΦ∂¼DþΦ; D≡D−Φ∂⧺D−Φ; ð35Þ

and their mass dimension is given by

½A� ¼ ½B� ¼ ½C� ¼ ½D� ¼ 2: ð36Þ

Note that the only possible Lorentz invariant quadratic
term with odd mass dimension isD−ΦDþΦ. Therefore, the
ansatz for the superaction of mass dimension 1 should be of
form

A ¼ ΩðλA; λB; λC; λDÞD−ΦDþΦ; ð37Þ

where Ω contains only dimensionless quadratics.
Furthermore, Because the ansatz is proportional to
D−ΦDþΦ, any dependence of C ¼ DþΦ∂¼DþΦ and
D ¼ D−Φ∂⧺D−Φ in Ω will vanish. Thus the superaction
ansatz can effectively be written as

A ¼ ΩðλA; λBÞD−ΦDþΦ: ð38Þ

A. Failure of constructing superaction
by using vanilla superfield

Now we attempt to reproduce the deformed Lagrangian
(4) perturbatively from the superaction ansatz (38) with the
vanilla N ¼ ð1; 1Þ scalar superfield:

Φ ¼ ϕþ iθþψþ þ iθ−ψ− þ iθþθ−F: ð39Þ

For this, we perturbatively expand ΩðλA; λBÞ in the
ansatz (38) with respect to λ

ΩðλA; λBÞ ¼ Ωð0Þ þ λΩð1ÞðA;BÞ þ λ2Ωð2ÞðA;BÞ þOðλ3Þ;
ð40Þ

2Here we assume that the only dimensionful parameter in the
superaction is the deformation parameter λ.
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where Ωð0Þ is a constant number and ΩðnÞðA;BÞ can be
written as nth order homogeneous polynomial of A
and B as

Ωð1ÞðA; BÞ ¼ ΩAAþΩBB; ð41Þ

Ωð2ÞðA;BÞ ¼ ΩA2A2 þΩABABþΩB2B2 etc: ð42Þ

We will determine ΩðiÞs order by order by comparing with
the perturbative expansion of the deformed Lagrangian (4),
L ¼ Lð0Þ þ λLð1Þ þ λ2Lð2Þ þ � � �. For example, Lð0Þ and
Lð1Þ are given by

Lð0Þ ¼ 2∂⧺ϕ∂¼ϕþ S⧺;¼ þ S¼;⧺; ð43Þ

Lð1Þ ¼ 4ð∂⧺ϕ∂¼ϕÞ2 þ 2ð∂⧺ϕÞ2S¼;¼ þ 2ð∂¼ϕÞ2S⧺;⧺
þ S⧺;⧺S¼;¼ − S⧺;¼S¼;⧺: ð44Þ

λ0-order: At λ0 order, the Lagrangian from the super-
action ansatz is

Z
d2θAð0Þ

¼ 2Ωð0Þ
�
2∂⧺ϕ∂¼ϕþ iψþ∂¼ψþ þ iψ−∂⧺ψ− þ

1

2
F2

�
;

ð45Þ

and the equations of motion for the auxiliary field
F ¼ Fð0Þ þOðλÞ at order Oðλ0Þ is given by

Fð0Þ ¼ 0: ð46Þ

Inserting F ¼ 0þOðλÞ to Eq. (45), one can determine
Ωð0Þ ¼ 1

2
to identify with the undeformed Lagrangian Lð0Þ

in Eq. (43).

λ1-order: At order OðλÞ, we have

Z
d2θðAð0Þ þ λAð1ÞÞ ¼

Z
d2θðΩð0Þ þ λΩð1ÞðA;BÞÞD−ΦDþΦ

¼
�
Lð0Þ þ 1

2
F2

�
þ λΩAð4ð∂⧺ϕ∂¼ϕÞ2þ 2ð∂⧺ϕÞ2S¼;¼ þ 2ð∂¼ϕÞ2S⧺;⧺þ 4∂⧺ϕ∂¼ϕðS⧺;¼ þS¼;⧺Þ

þS⧺;⧺S¼;¼ þS⧺;¼S¼;⧺þ ∂⧺ϕ∂¼ϕF2Þ− λΩBð8S⧺;¼S¼;⧺þF4þð4∂⧺ϕ∂¼ϕþ 6S⧺;¼ þ 6S¼;⧺ÞF2Þ:
ð47Þ

Note that there is no time-derivative acting on F. Hence we
can again obtain the classical equations of motion for F up
to orderOðλÞ. However, since the classical solution for F is
of order OðλÞ, it does not give any contribution to the
Lagrangian up to order OðλÞ when we insert the solution
into Eq. (47). Therefore, after integrating out the auxiliary
field F, we have�Z

d2θA
�				

integrate out F
¼ Lð0Þ þ λΩAð4ð∂⧺ϕ∂¼ϕÞ2

þ 2ð∂⧺ϕÞ2S¼;¼ þ 2ð∂¼ϕÞ2S⧺;⧺
þ 4∂⧺ϕ∂¼ϕðS⧺;¼ þ S¼;⧺Þ
þ S⧺;⧺S¼;¼ þ S⧺;¼S¼;⧺Þ
− λΩBð8S⧺;¼S¼;⧺Þ þOðλ2Þ:

ð48Þ

Due to the term 4∂⧺ϕ∂¼ϕðS⧺;¼ þ S¼;⧺Þ at order OðλÞ, we
find that the Lagrangian (47) at order OðλÞ from the
superaction ansatz cannot be matched with Lð1Þ in
Eq. (43) for any value of ΩA, ΩB.

Therefore, we conclude that the TT̄-deformed
Lagrangian (4) cannot be constructed from the superaction
with the vanilla superfield (39).

B. Construction of superaction
with deformed superfield

In Sec. II, we have seen that the deformed Dirac
bracket leads to the TT̄-deformed on-shell supersym-
metry transformations (17)–(19) in spite of the same form
of the supercharge (14) as that of the undeformed one in
terms of canonical variables. This hints at the possibility
that the off-shell supersymmetry transformation could
also be deformed. In this case, one should use the
modified superfield which incorporates the deformed
supersymmetry transformation. Therefore we take the
following ansatz for the deformed superfield to construct
the superaction.

Φ ¼ ϕþ iθþðf½ϕ;ψ�; λ�ψþÞ þ iθ−ðg½ϕ;ψ�; λ�ψ−Þ
þ iθþθ−F; ð49Þ
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where f, g are Grassmann even and dimensionless. With
this deformed superfield ansatz, we will repeat the same
perturbative procedure in the previous section to find the
superaction (38) which reproduces the TT̄-deformed
Lagrangian (4). This time, we also have to determine
f½ϕ;ψ�; λ� and g½ϕ;ψ�; λ�. We assume that f and g do not
include the higher-order derivatives. Then, in the light of
the Lorentz covariance and the mass dimension, one can
expand f and g with respect to the fermion bilinears as
follow.

f ¼ f1ðχÞ þ λf2ðχÞS¼;⧺ þ λ2f3ðχÞð∂⧺ϕÞ2S¼;¼; ð50Þ

g ¼ g1ðχÞ þ λg2ðχÞS⧺;¼ þ λ2g3ðχÞð∂¼ϕÞ2S⧺;⧺; ð51Þ

where χ ≡ −4λ∂⧺ϕ∂¼ϕ. Note that other fermion bilinears
do not appear because f and g in (49) is multiplied to ψþ
and ψ−, respectively.
In the same way, as in Sec. III A with the deformed

superfield ansatz (49), we determine the superaction ansatz
perturbatively by comparing with the TT̄-deformed
Lagrangian (4). Up to order Oðλ6Þ, we could fix the terms
in ΩðλA; λBÞ that are independent of B.

ΩðλA; λBÞ ¼
�
1

2
þ λAþ 4ðλAÞ2 þ 20ðλAÞ3 þ 112ðλAÞ4

þ 672ðλAÞ5 þ 4224ðλAÞ6 þOððλAÞ7Þ
�

þ ðterms with BÞ; ð52Þ

Furthermore, we could only determine the terms in f, g
which are independent of the fermions.

f ¼ g ¼ 1þ χ

2
−
χ2

4
þ χ3

4
−
5χ4

16
þ 7χ5

16
−
21χ6

32

þOðχ7Þ þ ðterms with fermionsÞ; ð53Þ

The other terms in Ω and f, g that are involved with B or
fermions are not uniquely fixed3 by matching with the
deformed Lagrangian (4).
Based on the perturbative solution for the ansatz (52)

and (53), we conjecture that the term in Ω which is
independent of B is given by

ΩðλA; λBÞ ¼ 1

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8λA
p þ ðterms with BÞ; ð54Þ

and the term in f and g which is independent of fermions is

f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2χ
p þ 1

2
þ ðterms with fermionsÞ; ð55Þ

g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2χ
p þ 1

2
þ ðterms with fermionsÞ: ð56Þ

To determine the rest of part in Eq. (54), we assume that
they are incorporated in Ω in a minimal way that the
dependence on A and B comes only from the term

D−DþðD−ΦDþΦÞ ¼ 4A − Bþ 2iðCþDÞ: ð57Þ

Then, Ω can be written as

ΩðλA; λBÞ ¼ 1

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2λð4A − Bþ 2iðCþDÞÞp

¼ 1

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2λD−DþðD−ΦDþΦÞ

p ; ð58Þ

and accordingly the superaction (38) becomes

A ¼ D−ΦDþΦ
1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2λD−DþðD−ΦDþΦÞ
p : ð59Þ

Once again note that the dependence on C and D in Ω (58)
will vanish in the superaction because of the factor
D−ΦDþΦ in the superaction (59). In addition, we deter-
mine f and g to be

f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2χ
p þ 1

2
− λ

�
1þ χ þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2χ
p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2χ
p

�
S¼;⧺

−
2λ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2χ
p ð∂⧺ϕÞ2S¼;¼; ð60Þ

g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2χ
p þ 1

2
− λ

�
1þ χ þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2χ
p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2χ
p

�
S⧺;¼

−
2λ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2χ
p ð∂¼ϕÞ2S⧺;⧺; ð61Þ

in a way that the superaction (59) with the deformed
superfield (49) exactly reproduces the TT̄-deformed
Lagrangian after the auxiliary field F is integrated out.
Noting that f and g is multiplied to ψþ and ψ− respectively
in (49), one can express the deformed superfield (49)
compactly in term of the TT̄-deformed Lagrangian (4):

Φ ¼ ϕþ iθþð1 − λLÞψþ þ iθ−ð1 − λLÞψ− þ iθþθ−F:

ð62Þ

The form of superaction (59) with the vanilla superfield
was observed in [17] as a Goldstone superfield action in
the broken N ¼ ð2; 2Þ supersymmetry to N ¼ ð1; 1Þ.
However, we found that the superfield (59) with the vanilla
superfield (39) leads to higher derivative fermions which
have larger Hilbert space than one expects. On the other

3We could obtain the equations for the coefficients of those
terms, but there is no unique solution for them.
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hand, the superaction (59) with the deformed superfield
(62) does not generate higher derivatives and therefore does
not give rise to the extra degrees of freedom along the TT̄
deformation as expected. Note that the deformed superfield
is related to the vanilla superfield

Φ ¼ ϕþ iθþηþ þ iθ−η− þ iθþθ−F; ð63Þ

by a field redefinition of the fermions

η� ¼ ð1 − λL½ϕ;ψ �Þψ�: ð64Þ

The field redefinition accompanies the Jacobian in the
path integral, which can eliminate the additional degrees of
freedom in the superaction with the vanilla superfield. In
Sec. III C, we elaborate on the elimination of the extra
degrees of freedom under the field redefinition with a
toy model.
Our superaction (59) with the vanilla superfield (39) does

not satisfy the flow equation of the SUSY TT̄ deformation
in Refs. [7,8]. The Noether procedure for supercurrent in
the superspace used in Ref. [8] has an ambiguity in
choosing total derivative terms. It is highly interesting to
find total derivative terms in the Noether procedure for the
supercurrent which does not produce the higher derivative
fermions under the deformation. At this stage, it is unclear
whether an improved supercurrent exists such that the
SUSY TT̄ deformation in Refs. [7,8] by the improved
supercurrent leads to our superaction in Eq. (59). We hope
to address this in future work.
Now let us consider the off-shell supersymmetry trans-

formation. From the vanilla superfield, one can easily
read off the off-shell supersymmetry transformation of
ϕ; η� and F:

δsusyϕ ¼ −iϵþηþ − iϵ−η−; ð65Þ

δsusyηþ ¼ 2ϵþ∂⧺ϕ − ϵ−F; ð66Þ

δsusyη− ¼ 2ϵ−∂¼ϕþ ϵþF; ð67Þ

δsusyF ¼ −2iϵþ∂⧺η− þ 2iϵ−∂¼ηþ: ð68Þ

From these transformations, one can obtain the off-shell
supersymmetry transformation of ϕ;ψ�. For this, we need
to invert the relation (64) to solve for ψ�. We find that

ψ� ¼ ð1 − λL½ϕ; η�Þ−1η�; ð69Þ

where L is the TT̄-deformed Lagrangian (4) with ψ�
replaced by η�. Using Eq. (69), the off-shell supersymem-
try transformation of ϕ;ψ� and F is found to be

δsusyϕ ¼ −iϵþð1 − λL½ϕ;ψ �Þψþ
− iϵ−ð1 − λL½ϕ;ψ �Þψ−; ð70Þ

δsusyψ� ¼ δsusy½ð1 − λL½ϕ; η�Þ−1η��; ð71Þ

δsusyF ¼ −2iϵþ∂⧺½ð1 − λL½ϕ;ψ �Þψ−�
þ 2iϵ−∂¼½ð1 − λL½ϕ;ψ �Þψþ�; ð72Þ

where the transformation of ψ� can be evaluated by using
that of η� in Eqs. (66), (67), and ϕ in Eq. (70) as well as the
relation between η� and ψ� (64).
In the Lagrangian evaluated from the superaction (59)

with the deformed superfield (62), one can obtain the
classical equation of motion for the auxiliary field F. We
find that the solution for the auxiliary field F is given by

F ¼ 4iλ
1 − 8λ∂⧺ϕ∂¼ϕ

ψþψ−½ð1 − 6λ∂⧺ϕ∂¼ϕÞ∂⧺∂¼ϕ

þ λðð∂⧺ϕÞ2∂2¼ϕþ ð∂¼ϕÞ2∂2⧺ϕÞ�
þ 2iλð∂⧺ϕψþ∂¼ψ− þ ∂¼ϕ∂⧺ψþψ−Þ: ð73Þ

As mentioned, one can reproduce the TT̄-deformed
Lagrangian (4) after inserting the solution (73) into the
Lagrangian from the superaction. Moreover, we insert
the solution for F (73) into the off-shell supersymmetry
transformation of ϕ (70) and ψ� (71). Then, one can
express the transformations in terms of the canonical
variables ϕ; π and ψ�. We confirm that the resulting
transformation agrees with the on-shell supersymmetry
transformation (17)–(19) in the canonical analysis as
expected.

δsusyϕ ¼ iϵþfQ1þ;ϕgD þ iϵ−fQ1
−;ϕgD; ð74Þ

δsusyψ� ¼ iϵþfQ1þ;ψ�gD þ iϵ−fQ1
−;ψ�gD: ð75Þ

In [17], the superaction (38) with the vanilla superfield
was obtained from the broken supersymmetry given by

δbrokenΦ ¼ −
4πi
L
½ϵþðθþ − iλD−AÞ þ ϵ−ðθ− þ iλDþAÞ�:

ð76Þ

Note that in small λ limit this is nothing but the shifting
symmetry of the fermions:

ðδbrokenΦÞjλ→0 ¼
4πi
L
½θþϵþ þ θ−ϵ−�

⇒ δbrokenψ� ¼
4π

L
ϵ�; ð77Þ

where L denotes the circumference of the spatial coordi-
nate. For nonzero λ, we evaluate the on-shell nonlinearly

KYUNG-SUN LEE and JUNGGI YOON PHYS. REV. D 110, 025001 (2024)

025001-8



realized supersymmetry of ϕ and ψ� from Eq. (76) with the
deformed superfield by using the solution for F (73). We
find that this broken supersymmetry is identical to the
global Fermi symmetry in Eqs. (20)–(22) generated by Q2∓

δbrokenϕ ¼ iϵþfQbroken
− ;ϕgD þ iϵ−fQbrokenþ ;ϕgD; ð78Þ

δbrokenψ�¼ iϵþfQbroken
− ;ψ�gDþ iϵ−fQbrokenþ ;ψ�gD; ð79Þ

where the charge Qbroken
� for the nonlinearly realized

supersymmetry is identified with the supercharge Q2∓. i.e.,

Qbroken
� ¼ Q2∓: ð80Þ

Note that the spinor index of Q2∓ comes from the 3D target
space of N ¼ 2 GS superstring [5]. And this is the reason
for the discrepancy in the indices in Qbroken

� and Q2∓.
From the point of view of 3DN ¼ 2 GS superstring action
related to the TT̄ deformation [5], the nonlinearly realized
symmetry generated by Q2∓ stems from the compactified
target space (e.g., the compactified X− target coordinate for
the discrete light-cone quantization). For the connection
between the GS action and the TT̄ deformation, the circum-
ference of the compactified light-cone coordinate X− is
proportional to the circumferenceL of theworld sheet spatial
coordinate which controls the nonlinearly realized symmetry
(76). In Sec. IV, we will elaborate further on the relation
between the TT̄ deformation and the symmetry breaking.

C. Field redefinition and path integral measure

In the path integral, one can freely perform a field
redefinition, and physics should not depend on this field
redefinition. This is called the equivalence theorem in
quantum field theory [18–20]. The field redefinition leads
to the Jacobian in the path integral. For a field redefinition
of a bosonic field Φ into ϕ, one can exponentiate the
Jacobian detðδΦδϕÞ by using the ghost field b and b̄:

Z ¼
Z

DΦe−S½Φ� ¼
Z

Dϕ det

�
δΦ
δϕ

�
eiSðΦ½ϕ�Þ;

¼
Z

DϕDb̄DbeiSðΦ½ϕ�Þþi
R

ddxb̄ðδΦδϕÞb: ð81Þ

It was shown [21–23] that the total action

Stot ≡ SðΦ½ϕ�Þ þ
Z

ddxb̄
δΦ
δϕ

b ð82Þ

has BRST symmetry given by

δϕ ⟶ ϵb; ð83Þ
δb ⟶ 0; ð84Þ

δb̄ ⟶ −ϵ
δS
δΦ

: ð85Þ

Note that this BRST symmetry originates from redundant
description under the arbitrary field redefinition.
The field redefinition of fermion also results in the

Jacobian in the path integral. Unlike the bosonic case, the
Jacobian appears in the denominator of the path integral
measure, and it can be exponentiated by complex scalar
fields γ and γ̄:

Z ¼
Z

DψeiS½ψ � ¼
Z

Dη

det


δψ
δη

� eiSðψ ½η�Þ; ð86Þ

¼
Z

DηDγ̄Dγe
iSðψ ½η�Þþi

R
ddxγ̄
�
δ⃖ψ

δ⃖η


γ
: ð87Þ

The total action with the exponentiated Jacobian also
enjoys BRST symmetry given by

δψ ⟶ ϵγ; ð88Þ

δγ ⟶ 0; ð89Þ

δγ̄ ⟶ ϵ
δ⃖S

δ⃖ψ
: ð90Þ

It is often believed that one do not have to take the
Jacobian of the path integral into account at the classical
level because it does not have any influence on the classical
analysis. However, the Jacobian from the field redefinition
can play a crucial role even at the classical level, and one
should take it into account. Especially, the field redefinition
involved with the time derivatives can bring about higher
derivative kinetic theory. And if it were not for the
Jacobian, it would have larger Hilbert space.
To see this, let us consider the one-dimensional free

massive fermion ψ and ψ̄ .

L ¼ −i ˙̄ψψ þmψ̄ψ : ð91Þ

Under the field redefinition of ψ ; ψ̄

ψ ¼ ηþ iλη̇; ψ̄ ¼ η̄; ð92Þ

the Lagrangian (91) together with the exponentiated
Jacobian becomes

Ltot ¼ iλmη̄ η̇−i ˙̄ηηþ λ ˙̄η η̇þmη̄ηþ γ̄ð1þ iλ∂Þγ; ð93Þ

where γ and γ̄ are complex bosons. The new Lagrangian
(93) has higher derivative term compared to that of free
fermion in Eq. (91). Such “higher derivative” fermionic
theories have larger Hilbert space with respect to the
ordinary one [5,24–29]. However according to the equiv-
alence theorem in quantum field theory [18–20], the
physical degree of freedom should not be enlarged under
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the field redefinition. This problem of the enlarged Hilbert
space is resolved by BRST cohomology involved with
the Jacobian [21]. The BRST symmetry of the Lagrangian
(93), which originates from the field redefinition, is
given by

δη ¼ ϵγ; ð94Þ

δη̄ ¼ 0; ð95Þ

δγ ¼ 0; ð96Þ

δγ̄ ¼ ϵð−i ˙̄ηþmη̄Þ; ð97Þ

where ϵ is a Grassmann-odd parameter. And one can
evaluate the corresponding BRST charge Q

Q ¼ −ðiλmη̄þ λ ˙̄ηÞγ: ð98Þ

Moreover, the Lagrangian in Eq. (93) is also invariant
under the following fermionic transformation

δη ¼ 0; ð99Þ

δη̄ ¼ ϵ̄ γ̄; ð100Þ

δγ ¼ −ϵ̄ð−iη̇ −mηÞ; ð101Þ

δγ̄ ¼ 0; ð102Þ

where ϵ̄ is a Grassmann-odd parameter. The corresponding
charge Q† is found to be

Q† ¼ γ̄ð−λη̇þ imληÞ: ð103Þ

It turns out that Q† is also the BRST charge corresponding
to the field redefinition

ψ ¼ η; ψ̄ ¼ η̄ − iλ ˙̄η: ð104Þ

Note that this field redefinition also transforms the
Lagrangian of the free fermion in Eq. (91) to the higher
derivative Lagrangian in Eq. (93) up to total derivative.
To analyze the physical Hilbert space, we will quantize

the system in the Hamiltonian formalism. The conjugate
momentum π (and π̄;Π; Π̄) of ψ (and ψ̄ ; γ; γ̄, respectively)
is found to be

π ¼ iλmη̄þ λ ˙̄η; π̄ ¼ −iηþ λη̇; ð105Þ

Π ¼ iλγ̄; Π̄ ¼ 0: ð106Þ

For the case of ordinary fermion, η̇ and ˙̄η do not appear in
the Eq. (105), and those equations form the second class
constraints. These constraints halve the dimension of the

Hilbert space. But, for our case, the time derivative of η and
η̄ can be expressed in terms of other canonical variables,
and Eq. (105) does not play a role of the constraint
anymore. This implies that the Hilbert space is doubled
compared to the ordinary fermionic theory. On the other
hand, Eq. (106) does not contain the time derivative of η
and η̄. Hence they form the second class constraints of
the system:

C1 ¼ Π − iλγ̄; C2 ¼ Π̄; ð107Þ
From these Dirac brackets, one can obtain the Dirac bracket
of boson γ and γ̄

fγ; γ̄g−D ¼ −
i
λ
: ð108Þ

and the other nonvanishing Dirac brackets are

fη; πgþD ¼ 1; fη̄; π̄gþD ¼ −1: ð109Þ
After promoting the Dirac bracket to the canonical (anti-)
commutation relation, we have

fη; πg ¼ i; fη̄; π̄g ¼ −i; ½γ; γ̄� ¼ 1

λ
: ð110Þ

Now we will express those operators in terms of the Fermi
oscillator b; b†; c; c† and bosonic oscillator a; a† satisfying
the following (anti)commutation relation.

fb; b†g ¼ 1; fc; c†g ¼ −1; ½a; a†� ¼ 1: ð111Þ

Note that the right-hand side of the anticommutation
relation fc; c†g has the opposite sign to that of the ordinary
Fermi oscillator. This Fermi oscillator with the unusual
anticommutation relation has been observed in the quan-
tization of higher derivative fermionic theories [5,27–29].
And this unusual anti-commutation relation leads to
the negative norm state with respect to the naive inner
product.4 i.e.,

kc†j0ik2 ¼ h0jcc†j0i ¼ −h0j0i: ð112Þ

To avoid this negative norm, a new inner product h·iJ
by inserting an operator J into the naive inner product
defined by

hOiJ ≡ hJOi where J ≡ expðiπc†cÞ ð113Þ

was proposed [5,27,28]. With respect to this J -inner
product, the state c†j0i does have a positive norm.

kc†j0ik2J ¼ h0jcJ c†j0i ¼ h0j0i: ð114Þ

4Here, we assume that the vacuum has a positive norm.
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Furthermore, it was proved [5] that the path integral
formalism of this type of model is consistent with the
operator formalism with J -inner product. Accordingly, a
bra state should be defined with respect to the J -inner
product. And in transforming a ket state to a bra state, one
has to use the J -Hermitian adjoint †J on the operator,
which is defined by

O†J ≡ JO†J : ð115Þ

Coming back to the quantization, we find the trans-
formation parametrized by θ∈R from η; η̄; π and π̄ to
b; b†; c and c†

π̄ þ iη ¼ ið1þ λmÞ12ðsinh θbþ cosh θcÞ; ð116Þ

π − imλη̄ ¼ −ið1þ λmÞ12ðsinh θb† þ cosh θc†Þ; ð117Þ

π̄ − imλη ¼ −ið1þ λmÞ12ðcosh θbþ sinh θcÞ; ð118Þ

π þ iη̄ ¼ ið1þ λmÞ12ðcosh θb† þ sinh θc†Þ: ð119Þ

The parameter θ is involved with Bogoliubov transforma-
tion [5] among b; b†; c and c†, and therefore those
oscillators (and their vacuum) implicitly depend5 on the
parameter θ.
The bosonic oscillators a; a† are identified with γ; γ̄ by

a ¼
ffiffiffi
λ
p

γ; a† ¼
ffiffiffi
λ
p

γ̄ for λ > 0; ð120Þ

a ¼
ffiffiffiffiffi
jλj

p
γ̄; a† ¼

ffiffiffiffiffi
jλj

p
γ for λ < 0: ð121Þ

One can obtain the Hamiltonian form the Lagrangian (93),
and it can be expressed in terms of the oscillators a, b, c:

H ¼ πη̇þ ˙̄η π̄þΠγ̇ þ Π̄ ˙̄γ −L;

¼ 1

λ
ðπ − imλη̄Þðπ̄ þ iηÞ

−mη̄ηþ γ̇ðΠ − iλγ̄Þ þ Π̄ ˙̄γ −γ̄γ;

¼
�
1þ λm

λ
sinh2 θ −

me2θ

1þmλ

�
b†b

þ
�
1þ λm

λ
cosh2 θ −

me2θ

1þmλ

�
c†c −

1

λ
a†a

þ
�
1þ λm
2λ

sinh 2θ −
me2θ

1þmλ

�
ðb†cþ c†bÞ: ð122Þ

Here, we consider the case where λ > 0 and 0 < mλ < 1.
Furthermore, the BRST charges in Eq. (98) and Eq. (103)
can also be written as

Q ¼ −πγ

¼ −
i

½λð1þ λmÞ�12 ½ðmλ cosh θ − sinh θÞb†

þ ðmλ sinh θ − cosh θÞc†�a; ð123Þ

Q† ¼ −γ̄½π̄ þ ið1 −mλÞη�;

¼ i

½λð1þ λmÞ�12 a
†½ðmλ cosh θ − sinh θÞb

þ ðmλ sinh θ − cosh θÞ�: ð124Þ

For our purpose, it is convenient to choose a particular
value of θ

tanh θ ¼
�
λm for jmλj < 1;
1
λm for jmλj > 1;

ð125Þ

where the cross term b†cþ c†b in the Hamiltonian van-
ishes. For this special value of θ, the Hamiltonian and the
BRST charges become

H ¼ −mb†bþ 1

λ
c†c −

1

λ
a†a; ð126Þ

Q ¼ i

�
1 −mλ

λ

�1
2

c†a; ð127Þ

Q† ¼ −i
�
1 −mλ

λ

�1
2

a†c: ð128Þ

The energy spectrum is not bounded below because of the
bosonic oscillator. This unbounded energy spectrum will be
resolved after demanding the invariance under the BRST
charges. However note that the Hamiltonian can be written
in terms of Q;Q† as

H ¼ −mb†bþ 1

1 −mλ
fQ†; Qg: ð129Þ

Usually, this seemingly implies that the Hamiltonian would
be bounded below,6 which contradicts the unbounded
spectrum which can be seen in Eq. (126). As mentioned
in Eq. (113), one should use the J -inner product which is
consistent with the path integral formalism. Therefore,
noting that

ðQ†Þ†J ¼ JQJ ¼ −Q; ð130Þ
5Therefore, strictly speaking, we should have explicitly in-

dicated the θ-dependence of the oscillators and vacuum. For
example, bθ; b

†
θ, and jθi. However, for simplicity, we omit the

theta symbol in the oscillators and the vacuum in this paper.

6Here we consider the case wheremλ < 1. For other cases, one
can also get a similar result.
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one can show the fQ†; Qg is nonpositive with respect to
J -norm. i.e.,

hΨjfQ†; QgjΨiJ ¼ −kQjΨik2J : ð131Þ

Among the Fock states

jnb;nc;nai≡ 1ffiffiffiffiffiffiffi
na!
p ðb†Þnbðc†Þncða†Þna j0i

ðnb;nc¼0;1 and na¼0;1;2;…Þ; ð132Þ

it is easy to see that only two states, j0; 0; 0i and j1; 0; 0i,
are annihilated byQ andQ†, and they exactly reproduce the
spectrum of the original free fermion.7

Hj0; 0; 0i ¼ 0; Hj1; 0; 0i ¼ −mj1; 0; 0i: ð133Þ

Therefore, although a field redefinition can change a model
into the higher derivative one which has larger Hilbert
space, the path integral measure from the field redefinition
plays a crucial role in eliminating the spurious degrees of
freedom to reproduce the same physical results as those of
the original model.

IV. BROKEN SUPERSYMMETRY

In this section, we identify the TT̄-deformed theories
as symmetry-broken models. We have already seen in
Sec. III B that the deformed N ¼ ð1; 1Þ free theory con-
tains not only the N ¼ ð1; 1Þ supercharge Q1

� but also the
Fermi global charge Q2

� that corresponds to the broken
supersymmetry. The TT̄-deformed scalar field and fermion,
which are described by Nambu-Goto action at static gauge
[3,30] and the Volkov-Akulov (VA) model [13] respec-
tively, is also an example of the symmetry broken model
[31,32]. In [8,9,11–13], the SUSY breaking has been also
studied for the theories deformed by the manifestly super-
symmetric TT̄ deformation operator.
In this work, we will use two approaches to construct the

symmetry-broken models: the nonlinear realization method
and the constrained superfield method. And we identify
these results with the TT̄-deformed theories. In Sec. IVA,
we have used the nonlinear realization with the spacetime
symmetry breaking. Likewise, we will construct the sim-
plest spontaneously symmetry-broken models respecting
the spacetime symmetry-breaking pattern by following the
recipes of nonlinear realization [32–35]. The models built
from the nonlinear realization turn out to be off-shell
equivalent to the TT̄-deformed theories. We will show that
the TT̄ deformation of free scalar, fermion and N ¼ ð1; 1Þ
theory are identified as the actions from nonlinear

realization with the various spacetime symmetry-breaking
patterns. In Sec. IV B, we will use the constrained super-
field method to construct the SUSY broken model, such as
the VA model [36,37]. Also, the constrained superfield
method makes the model with PBGS as manifestly super-
symmetric superaction form [17,38]. For example, the
superaction of the constrained superfield for the sponta-
neously broken SUSY to N ¼ ð1; 1Þ [17] is of the same
form as that in Eq. (59). And the superactions from
more generic SUSY breaking patterns by the constrained
superfield method is identified with SUSY TT̄-deformed
results [11,12]. But as we have emphasized, one needs
the field redefinition of fermions (64) to identify the
action (188) from the constrained superfield with the
original TT̄-deformed theory (59).

A. Nonlinear realization

A nonlinear realization is a powerful tool for studying
spontaneously symmetry-broken models in physics. It
provides a systematic way to construct effective field
theories (EFT) for spontaneously broken symmetries,
including both internal and spacetime symmetries. The
idea of the nonlinear realization was first developed by
Callan, Coleman, Wess, and Zumino in the context of the
chiral symmetry breaking in QCD [39,40] and it has since
been extended to include the breaking of spacetime
symmetries [32,33].
In the nonlinear realization, the Goldstone fields are

treated as coordinates on a coset space, which is defined as
the quotient space of the original symmetry group G by its
unbroken subgroup H. The generators of the unbroken
subgroup act linearly on this space, while the broken
generators act nonlinearly. This leads to a nonlinear trans-
formation law for the Goldstone fields. The (left-invariant)
Maurer-Cartan form g−1dg with coset element g is efficient
to construct the action that is invariant under these non-
linearly transformed Goldstone fields because the Maurer-
Cartan form is invariant under the global transformation of
G by construction. Moreover, one can extract the compo-
nents that covariantly transform under the local trans-
formation of H. By extracting these components from
the Maurer-Cartan form, one can construct the minimal
effective theory that respects the symmetry-breaking pat-
tern. More details can be found in [34,35]. To get an idea of
how to obtain the action from the coset element and its
Maurer-Cartan form, we start with the simple examples
which will be identified as TT̄ deformation of free scalar
and fermion theory. Then we apply the nonlinear realiza-
tion method to get the TT̄-deformed free N ¼ ð1; 1Þ
theory (4).
Example I We will consider the effective theory with

the symmetry breaking pattern—the three-dimensional
Poincare symmetry group G broken down to the two-
dimensional one H. The generators of the 3D Poincare
algebra are denoted by Pi and Jij ði; j ¼ 0; 1; 2Þ. This 3D

7Instead of demanding that the physical states are annihilated
by Q and Q†, one may consider the BRST cohomology, which
leads to the same conclusion.

KYUNG-SUN LEE and JUNGGI YOON PHYS. REV. D 110, 025001 (2024)

025001-12



Poincare symmetry is broken to the 2D Poincare symmetry
of which generators are denoted by Pa and Jab (a ¼ 0, 1).
And the generators of the broken part are P2 and Ka ≡ Ja2.
Now let us consider the following representation of the

coset element g∈G=H.

g ¼ ex·Peϕ̃P2ev·K; ð134Þ

where V ·W ≡ ηabVaWb. As mentioned, the coordinates
ϕ̃ðxÞ and vaðxÞ on a coset space will act as Goldstone
fields. Note the coset representation (134) of g is changed
under the left transformation by g0

gðx; ϕ̃; vÞ ¼ ex·Peϕ̃P2ev·K → g0g ¼ g0hðϕ̃; v; g0Þ; ð135Þ

where g0 ≡ gðx0; ϕ̃0; v0Þ and hðϕ̃; v; g0Þ∈H. This can be
seen as the field-dependent nonlinear transformation of the
Goldstone fields ϕ̃ and v.
The Maurer-Cartan form is given by

g−1dg ¼ e−v·Kðdx · Pþ dϕ̃P2Þev·K þ e−v·Kdev·K

¼ dxμEa
μPa þ other generators; ð136Þ

where we evaluate Ea
μ explicitly in Appendix B:

Ea
μ ¼ δaμ þ ðcoshð

ffiffiffiffiffiffiffiffiffiffiffiffi
−v · v
p Þ − 1Þ v

avμ
v · v

− sinhð ffiffiffiffiffiffiffiffiffiffiffiffi−v · v
p Þ va∂μϕ̃ffiffiffiffiffiffiffiffiffiffiffiffi

−v · v
p : ð137Þ

Under the left transformation of the coset element, the
Maurer-Cartan form is transformed as

g−1dg → g0−1dg0 ¼ hg−1dghþ h−1dh: ð138Þ

Under this transformation, Ea
μ in Eq. (136) is transformed

like “vielbein” with local Lorentz transformation depend-
ing on Goldstone fields.8 For more details, see [34,35]. This
is one of the building blocks to construct the invariant
action under the left global transformation of the coset
element by g0 ∈G. For example, the measure d2x detEa

μ is
invariant under the local transformation, which gives us one
minimal way to construct the invariant action. By intro-
ducing the dimensionful parameter λ which would be
identified with the TT̄ deformation parameter, we have
an action which respects the symmetry-breaking pattern in
this example:

S¼−
1

2λ

Z
d2xdetðEa

μÞ

¼−
1

2λ

Z
d2x

�
coshð ffiffiffiffiffiffiffiffiffiffiffi−v ·v

p Þþ sinhð ffiffiffiffiffiffiffiffiffiffiffi−v ·v
p Þ v · ∂ϕ̃ffiffiffiffiffiffiffiffiffiffiffi

−v ·v
p

�
:

ð139Þ

Since vaðxÞ is nondynamical, one can integrate it out by
using its equation of motion9

∂aϕ̃ ¼ tanhð ffiffiffiffiffiffiffiffiffiffiffiffi−v · v
p Þ vaffiffiffiffiffiffiffiffiffiffiffiffi

−v · v
p : ð140Þ

Then the Lagrangian becomes

L ¼ −
1

2λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ∂ϕ̃ · ∂ϕ̃

q
¼ −

1

2λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8λ∂⧺ϕ∂¼ϕ

p
; ð141Þ

where we rescaled the dimensionful Goldstone field
ϕ̃ðxÞ ¼ ffiffiffiffiffi

2λ
p

ϕðxÞ by the dimensionful parameter λ to have
dimensionless Goldstone field. Up to constant, this action
is exactly the same as the one produced by TT̄ deformation
of free scalar theory [3,30]

LTT̄ ¼ −
1

2λ


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8λ∂⧺ϕ∂¼ϕ

p
− 1
�
: ð142Þ

Example II We can also apply the formalism of the
nonlinear realization method to the superspace symmetry
breaking. In this example, we consider the symmetry
breaking pattern—2D N ¼ ð1; 1Þ super-Poincare group
G to 2D Poincare group H. It turns out that the minimal
construction of such effective action gives the well-known
VA model [32] which is well-known for the spontaneously
supersymmetry broken model. Here the generators for the
unbroken group H are the two dimensional translation Pa
and the Lorentz rotation Jab (a, b ¼ 0, 1) while Qα for
N ¼ ð1; 1Þ supersymmetry is broken. Thus, we can start
with the coset element by attaching Goldstino fields θαðxÞ
to the broken supersymmetry generator Qα as

g ¼ ex·Peθ
αQα : ð143Þ

The nonlinear transformation of the Goldstino field θα under
the broken supersymmetry can be easily shown by acting the
constant group element to the coset element. From

eϵ
αQαex

aPaþθβQβ ¼ eðxaþiϵ̄γaθðxÞÞPaeðθαðxÞþϵαÞQα ; ð144Þ

we get

δθαðxÞ ¼ ϵα − iϵ̄γaθðxÞ∂aθαðxÞ: ð145Þ

8Henceforth, as we only work on the two-dimensional model,
we will call such object as coset zweibein.

9Or, one can obtain the same result by the “inverse Higgs
mechanism” [41].
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To construct the effective model, we begin with the Maurer-
Cartan form

g−1dg ¼ dxμeaμPa þ dxμ∂μθαQα; ð146Þ

The coset zweibein eaμ is found to be10

eaμ ¼ δaμ − iθ̄γa∂μθ: ð147Þ

As before, the simplest effective model for spontaneously
broken supersymmetry can be written as

L ¼ −
1

λ
detðeaμÞ

¼ −
1

λ
ð1 − 2iθþ∂¼θþ − 2iθ−∂⧺θ−

þ 4θþ∂⧺θþθ−∂¼θ− − 4θþ∂¼θþθ−∂⧺θ−Þ: ð148Þ

By rescaling the Goldstino fields into the two-dimensional
Majorana fermion fields θ� ¼

ffiffiffiffiffiffiffi
λ=2

p
ψ�, we have two

dimensional VA model

L ¼ S⧺;¼ þ S¼;⧺ þ λðS⧺;⧺S¼;¼ − S⧺;¼S¼;⧺Þ −
1

λ
; ð149Þ

which is equivalent to the TT̄-deformed free fermion theory
up to constant.

LTT̄ ¼ S⧺;¼ þ S¼;⧺ þ λðS⧺;⧺S¼;¼ − S⧺;¼S¼;⧺Þ: ð150Þ

The Goldstino fields ψα’s nonlinear field variations (145)
now become

δψþ ¼ ϵ̃þ½1 − λS⧺;¼� − iϵ̃−½λψ−∂⧺ψþ�;
δψ− ¼ −iϵ̃þ½λψþ∂¼ψ−� þ ϵ̃−½1 − λS¼;⧺�; ð151Þ

where ϵ̃α ¼
ffiffiffiffiffiffiffi
2=λ

p
ϵα.

3D N ¼ 2 super-Poincaré symmetry to 2D N ¼ ð1; 1Þ
super-Poincaré symmetry Our main interest, TT̄-deformed
N ¼ ð1; 1Þ free theory, has the unbroken N ¼ ð1; 1Þ
supersymmetry and the broken supersymmetry which
can be incorporated in 3D N ¼ 2 super-Poincare algebra
with topological charge [5]. Thus, for the construction of
the effective theory with the same symmetry-breaking
pattern via the nonlinear realization method, let us consider
the following coset element.

g ¼ ex·Peϕ̃ðxÞP2eθ
αðxÞQαevðxÞ·K; ð152Þ

where Pa (a ¼ 0; 1) is the unbroken generator while
Q�; P2 and Ka≡Ja2 corresponds to broken one. We can
extract the coset zweibein Ea

μ from the Maurer-Cartan
form

g−1dg ¼ e−v·Kððdx − iθ̄γdθÞ · Pþ dϕ̃P2 þ dθαQαÞev·K
þ e−v·Kdev·K

¼ dxμEa
μPa þ other generators; ð153Þ

where

Ea
μ ¼ ðδbμ − iθ̄γb∂μθÞ

�
δab þ ðcoshð

ffiffiffiffiffiffiffiffiffiffiffiffi
−v · v
p Þ − 1Þ v

avb
v · v

�

þ sinhð ffiffiffiffiffiffiffiffiffiffiffiffi−v · v
p Þ va∂μϕ̃ffiffiffiffiffiffiffiffiffiffiffiffi

−v · v
p

¼ ebμ

�
δab þ ðcoshð

ffiffiffiffiffiffiffiffiffiffiffiffi
−v · v
p Þ − 1Þ v

avb
v · v

þ sinhð ffiffiffiffiffiffiffiffiffiffiffiffi−v · v
p Þ v

a∇bϕ̃ffiffiffiffiffiffiffiffiffiffiffiffi
−v · v
p

�
; ð154Þ

where ∇b ≡ ðe−1Þbμ∂μ and eaμ ¼ δaμ − iθ̄γa∂μθ. Note that
ebμ is the coset zweibein which appeared in the VA
model (147). Taking the determinant on the coset zweibein
Ea

μ, one can obtain the effective action which respects the
symmetry-breaking pattern:

S¼−
1

2λ

Z
d2xdetðEa

μÞ

¼−
1

2λ

Z
d2x

�
detðeaμÞ

×

�
coshð ffiffiffiffiffiffiffiffiffiffiffi−v ·v

p Þþsinhð ffiffiffiffiffiffiffiffiffiffiffi−v ·v
p Þ v ·∇ϕ̃ffiffiffiffiffiffiffiffiffiffiffi

−v ·v
p

��
: ð155Þ

As in the first example, we can integrate out the non-
dynamical field vaðxÞ to get the effective action:

S ¼ −
1

2λ

Z
d2x detðeaμÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ∇ϕ̃ ·∇ϕ̃

q
: ð156Þ

One may take Eq. (156) as an effective action respecting the
required symmetry-breaking pattern. However, we find out
that we need to add the VA action (148) to Eq. (156) in
order to make contact with the TT̄-deformed N ¼ ð1; 1Þ
theory. After we rescale the Goldstone fields as ϕ̃ ¼ ffiffiffiffiffi

2λ
p

ϕ,
θ� ¼

ffiffiffiffiffiffiffi
λ=2

p
ψ� and adding some constant term, we have

L ¼ 1

2λ
ð2 − detðEa

μÞ − detðeaμÞÞ

¼ 1

λ

�
1 −

1

2
detðeaμÞð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8λ∇⧺ϕ∇¼ϕ

p
Þ
�
; ð157Þ

10See Appendix B for details.
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where

∇⧺ϕ ¼ ∂⧺ϕþ λð∂¼ϕS⧺;⧺ þ ∂⧺ϕS¼;⧺Þ
þ λ2S⧺;⧺ð∂¼ϕS¼;⧺ þ ∂⧺ϕS¼;¼Þ; ð158Þ

∇¼ϕ ¼ ∂¼ϕþ λð∂⧺ϕS¼;¼ þ ∂¼ϕS⧺;¼Þ
þ λ2S¼;¼ð∂⧺ϕS⧺;¼ þ ∂¼ϕS⧺;⧺Þ: ð159Þ

Indeed, one can see that this action (157) coincides with
Lagrangian density (4) of the TT̄-deformed N ¼ ð1; 1Þ
theory. Moreover, the VA action that we added is turned out
to correspond to the Wess-Zumino (WZ) term11 in the
GS-like action in static gauge [5]. Therefore, we expect that
the WZ term in the coset superspace [42] would reproduce
the VA action that we added. We leave it for future works.

B. Constrained superfield

For the spontaneous supersymmetry breaking, there is
another method to construct the effective action for
Goldstone fields which is called the constrained superfield
method [36,37]. This method was initiated in Ref. [36]
where the VA model was studied with the constrained
superfield. This approach has an advantage in constructing
the models in manifestly supersymmetric form with super-
fields and superaction.
It turned out that some models generated by the con-

strained superfield method are nontrivially related to the
theories constructed from the nonlinear realization method
via the field redefinition [43–45].
We also provide the relations between the supersym-

metry broken models in Sec. IVA and the models con-
structed by the constrained superfield method. As we have
pointed out in Sec. III B, the superaction (59) for the
TT̄-deformed N ¼ ð1; 1Þ free theory can indeed identified
with the one constructed by the constrained superfield
method [17] with the vanilla scalar superfield (39) via the
field redefinitions (64).

1. TT̄ deformed fermion theory from N = ð1;1Þ
constrained superfield

The superaction of a single N ¼ ð1; 1Þ scalar superfield
Φ can be written with the general potential term VðΦÞ as

1

2
D−ΦDþΦ − VðΦÞ: ð160Þ

With the nilpotent superfield constraint [37]

Φ2 ¼ 0; ð161Þ

the potential term VðΦÞ gets truncated to linear Φ term.
Then, the Lagrangian density can be written as

LKS ¼
Z

d2θ

�
1

2
D−ΦDþΦ − iαΦþ λΦ2

�
; ð162Þ

where α is a real constant and the real superfiled λ is a
Lagrange multiplier to impose the constraint Φ2 ¼ 0. The
constraint and the equation of motion reads

Φ2 ¼ 0; α − iD−DþΦþ 2iλΦ ¼ 0: ð163Þ

By multiplying Φ to the equation of motion, we have

αΦ − iΦD−DþΦ ¼ 0: ð164Þ

One can solve this equation and the constraint for the
components ϕ; F of the N ¼ ð1; 1Þ scalar superfield

Φ ¼ ϕþ iθþηþ þ iθ−η− þ iθþθ−F; ð165Þ

in terms of the fermion component fields η� as

ϕ ¼ iηþη−
F

; ð166Þ

F ¼ α −
2i
α
ðηþ∂¼ηþ þ η−∂⧺η−Þ

þ 4

α3
ðηþ∂⧺ηþη−∂¼η− þ 3ηþ∂¼ηþη−∂⧺η−Þ: ð167Þ

After plugging back these solutions into the Lagrangian
density (162), we have

LKS ¼ iηþ∂¼ηþ þ iη−∂⧺η− −
2

α2
ðηþ∂⧺ηþη−∂¼η−

þ 3ηþ∂¼ηþη−∂⧺η−Þ −
α2

2
: ð168Þ

In addition, from the solution (166) and (167), one can find
the supersymmetric variation of η�:

δηþ¼2iα−1ϵþ½ηþ∂⧺η−−η−∂⧺ηþ�
−αϵ−½1−2iα−2ðηþ∂¼ηþþη−∂⧺η−Þ
þ4α−4ðηþ∂⧺ηþη−∂¼η−þ3ηþ∂¼ηþη−∂⧺η−Þ�; ð169Þ

δη−¼2iα−1ϵ−½ηþ∂¼η−−η−∂¼ηþ�
þαϵþ½1−2iα−2ðηþ∂¼ηþþη−∂⧺η−Þ
þ4α−4ðηþ∂⧺ηþη−∂¼η−þ3ηþ∂¼ηþη−∂⧺η−Þ�: ð170Þ

It turns out that under the field redefinition

ηþ ⟶ ð1 − 2α−2S¼;⧺Þψþ; ð171Þ

η− ⟶ ð1 − 2α−2S⧺;¼Þψ−; ð172Þ11See the term B in Eqs. (4.8) and (4.10) of Ref. [5].
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where S¼;⧺; S⧺;¼ are fermion bilinears of ψ� (2), the
Lagrangian density LKS (168) can be written in terms of
ψ� as follows

LKS¼S⧺;¼þS¼;⧺þλðS⧺;⧺S¼;¼−S⧺;¼S¼;⧺Þ−
1

λ
: ð173Þ

Here, we identified λ ¼ 2α−2 and ϵ̃� ¼∓ αϵ∓. The
Lagrangian density (173) is identical to that of the VA
model (149) as well as the TT̄-deformed free fermion
theory (150) up to constant term. Furthermore, the trans-
formation of ψ� in Eqs. (169) and (170) reads

δψþ ¼ ϵ̃þ½1 − λS⧺;¼� − iϵ̃−½λψ−∂⧺ψþ�; ð174Þ

δψ− ¼ −iϵ̃þ½λψþ∂¼ψ−� þ ϵ̃−½1 − λS¼;⧺�: ð175Þ

This transformation ψ� also agrees with that of VA
model (151).

2. TT̄ deformed N = ð1;1Þ theory from N = ð2;2Þ
constrained superfield

The superactions of the Goldstone superfields with
various supersymmetry breaking patterns were studied in
Ref. [17] where the constrained superfield method was
used to produce such models with partially broken global
supersymmetry (PBGS). We find that the supraction
from the constrained superfield method for the broken
N ¼ ð2; 2Þ SUSY to N ¼ ð1; 1Þ is identical to the super-
action that we constructed in Eq. (59) with N ¼ ð1; 1Þ
vanilla scalar superfield (39) replaced by the deformed
superfield (62). We review the constrained superfield
method in Ref. [17] to build the effective superaction
for the supersymmetry breaking pattern N ¼ ð2; 2Þ to
N ¼ ð1; 1Þ.
We begin with the N ¼ ð2; 2Þ chiral superfield Φ with

the chirality condition

D̄�Φ ¼ 0; ð176Þ

This condition enables us to write the chiral superfieldΦ in
terms of two N ¼ ð1; 1Þ real superfields φ;ϕ as

Φ ¼ ðφþ iϕÞ þ iθþ2 ðiDþφ −DþϕÞ þ iθ−2 ðiD−φ −D−ϕÞ
þ iθþ2 θ

−
2 ð−iD−DþφþD−DþϕÞ; ð177Þ

Φ̄¼ðφ− iϕÞþ iθþ2 ð−iDþφ−DþϕÞþ iθ−2 ð−iD−φ−D−ϕÞ
þ iθþ2 θ

−
2 ð−iD−Dþφ−D−DþϕÞ: ð178Þ

Then, one can express the superaction for the free
N ¼ ð2; 2Þ chiral superfield Φ in terms of φ;ϕ:

S ¼ 1

2

Z
d2xdϑþdϑ−dϑ̄−dϑ̄þΦ̄Φ

¼ 1

2

Z
d2xd2θ1ðD−φDþφþD−ϕDþϕÞ; ð179Þ

where d2θ1;2 ¼ dθþ1;2dθ
−
1;2 and we dropped the total deriva-

tive term. From the N ¼ ð2; 2Þ chiral superfield, one can
construct the N ¼ ð2; 2Þ real scalar superfield Φreal with a
constant v∈R of dimension 1:

Φreal ≡ 1

2
ðΦ̄þΦÞ þ ivθþ2 θ

−
2

¼ φ − iθþ2 Dþϕ − iθ−2D−ϕþ θþ2 θ
−
2 ðivþD−DþφÞ:

ð180Þ

Note that v plays a role of the vacuum expectation value.
Now we impose the nilpotent constraint on the N ¼ ð2; 2Þ
real superfield as in the previous section:

Φ2
real ¼ 0: ð181Þ

From the expansion of the constraint (181) with respect
to θ�2 , we have

φ2 ¼ 0; φD�ϕ ¼ 0; ð182Þ

ivφþ φD−Dþφ −D−ϕDþϕ ¼ 0: ð183Þ

One can take the following ansatz for φ which trivially
solve the constraint (182)

φ ¼ Ω½ϕ�D−ϕDþϕ: ð184Þ

The remaining constraint (183) can be written as

ivΩþΩ2D−DþðD−ϕDþϕÞ − 1 ¼ 0: ð185Þ

Among the two solutions Ω� of the quadratic equation,
we choose Ωþ, and the superfield φ is found to be

φ ¼ Ωþ½ϕ�D−ϕDþϕ

¼ −2iv−1D−ϕDþϕ

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4v−2D−DþðD−ϕDþϕÞ

p : ð186Þ

To express the superaction (179) in terms of φ, it is
convenient to use the constraints (182) and (183) to obtain
the following identity.

0 ¼ 1

2
D−Dþðφ2Þ ¼ D−φDþφþ φD−Dþφ

¼ D−φDþφþD−ϕDþϕ − ivφ; ð187Þ
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From this identity, one can express the N ¼ ð2; 2Þ super-
action (179) in terms of φ, and in turn, in terms of ϕ by
using the solution (186):

S¼1

2

Z
d2xd2θ1ðD−φDþφþD−ϕDþϕÞ

¼ iv
2

Z
d2xd2θ1φ;

¼
Z

d2xd2θ1
D−ϕDþϕ

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−4v−2D−DþðD−ϕDþϕÞ

p : ð188Þ

This is the superaction with PBGS pattern N ¼ ð2; 2Þ to
N ¼ ð1; 1Þ in terms of the N ¼ ð1; 1Þ real Goldstone
superfield ϕ. The superaction form (188) itself is exactly
the same as the one we constructed in Eq. (59), once we
identify v to TT̄ deformation parameter as λ ¼ 2v−2 and
replace theN ¼ ð1; 1Þ vanilla superfield ϕ by the modified
superfield Φ (62).

V. CONCLUSION

In this work, we have constructed the superaction with
the deformed superfield for the TT̄-deformed N ¼ ð1; 1Þ
supersymmetric model, and we have studied the
TT̄-deformed theory from the point of view of the effective
action for the symmetry breaking. We reviewed the
deformed N ¼ ð1; 1Þ on-shell supersymmetry and the
global Fermi symmetry in the TT̄-deformed free
N ¼ ð1; 1Þ SUSY model [5], and these global symmetries
can be identified with the broken super-Poincare symmetry
for 3D target space. We have shown that one cannot form
the superaction without higher-derivative fermion for the
TT̄-deformed free N ¼ ð1; 1Þ SUSY model from the
vanilla superfield. Thus, instead of the vanilla superfield,
we constructed the superaction with the deformed super-
field. We obtained the TT̄-deformed off-shell N ¼ ð1; 1Þ
supersymmetry, and we proved that this deformed off-shell
supersymmetry leads to the known deformed on-shell
N ¼ ð1; 1Þ supersymmetry [5] after integrating out the
auxiliary field. Furthermore, we found that this superaction
is related to the effective superaction for the Goldstone
superfield in the broken supersymmetry. We demonstrated
that the nonlinearly realized off-shell supersymmetry
becomes the Fermi global on-shell symmetry [5] after
the auxiliary field is integrated out. The deformed super-
field is related to the vanilla superfield under the field
redefinition, which leads to a nontrivial path integral
measure. With a toy model, we demonstrated that the path
integral measure from the field redefinition eliminates the
additional inflow of the degrees of freedom in the canonical
analysis.
We studied the TT̄ deformation in terms of the symmetry

broken models. From the method of the nonlinear realiza-
tion, we reproduced the TT̄-deformed free scalar, fermions,

and N ¼ ð1; 1Þ supersymmetric theory. Furthermore,
we reviewed the constrained superfield method which
provides the superaction form of TT̄ deformation of the
free fermions and N ¼ ð1; 1Þ supersymmetric theory. This
method has been used to study the SUSY TT̄-deformed
theory as symmetry broken models [11,12]. We showed
that the theory from the constrained superfield method can
exactly be identified with the original TT̄-deformed theory
after the field redefinition.
The correspondence of the effective models constructed

from the nonlinear realization and the constrained super-
field method up to field redefinition has been widely
investigated in various models [43–45]. Assuming that
the relation between the TT̄ deformation and the symmetry
broken models persist in the higher-dimensional models, it
would be interesting to investigate the higher-dimensional
effective theory for the symmetry breaking as the higher-
dimensional version of the TT̄ deformation. Most inves-
tigations have been limited to the classical level. It remains
to be investigated whether this symmetry breaking pattern
is also realized at quantum level [46].
We have shown that the field redefinition of the fermion

in the deformed superfield (62), or equivalently, the path
integral measure for the vanilla superfield is inevitable in
the superaction (59) for the TT̄ deformation of the free
N ¼ ð1; 1Þ SUSY model in order to avoid the emergence
of the unexpected degree of freedom. However, the origin
of this field redefinition or the path integral measure is
still not clear at this moment. Moreover, our deformed
superfield might not be the unique resolution to this issue.
Since the TT̄ deformation of general 2D QFT is known to
be equivalent to the QFT coupled to the 2D flat Jackiw-
Teitelboim (JT) gravity [47–49], it would be interesting to
understand the origin of the path integral measure by
investigating the 2D flat JT gravity coupled to the
N ¼ ð1; 1Þ SUSY model.
The path integral in terms of the configuration variables

also has ambiguity in the path integral measure. We have
shown that the TT̄-deformed N ¼ ð1; 1Þ SUSY action is
invariant under the off-shell (70)–(72) and the on-shell (74)
and (75) supersymmetry transformation, which are highly
nonlinear transformations of the configuration variables.
Hence, although the action is invariant, it is not clear
whether the path integral measure is invariant under such
nonlinear transformations or not. This nonlinear symmetry
might be anomalous at quantum level. Otherwise, the path
integral should have nontrivial measure which is invariant
under the nonlinear transformation. In fact, the path integral
could acquire a nontrivial contribution in the measure when
we integrate out the auxiliary field F in the superaction or
when we integrate out the conjugate momenta from the
first-order Lagrangian to obtain the second-order one.
This contribution to the path integral measure is irrelevant
at classical level, while the path integral measure discussed
in Sec. III C plays a crucial role even at classical level.
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We hope to report on the TT̄-deformed SUSY trans-
formation at quantum level in forthcoming work.
It is natural to extend our analysis to the TT̄ deformation

of the other two-dimensional supersymmetric models such
as TT̄-deformed free N ¼ ð2; 2Þ; ð4; 4Þ supersymmetric
models [14] or TT̄-deformed interacting SUSY models.
The rationale behind this work can be equally applied to the
deformation of generic theories with supersymmetry in
terms of component fields. Though the computations are
quite involved, the canonical analysis can be done to check
the broken and unbroken supersymmetries. We hope that
the connections with the symmetry-broken models via the
constrained superfield method would provide more hints
about the origin and its general rule for the field redefi-
nition. We leave them for future work.

ACKNOWLEDGMENTS

We would like to thank Yuji Hirono and Euihun Joung
for useful discussions. Also, we thank Piljin Yi for
collaboration in the early stages of this work and for
valuable suggestions and discussions. K. L. was supported
by Basic Science Research Program through the National
Research Foundation of Korea (NRF) funded by the
Ministry of Education (No. NRF-2020R1I1A2054376,
No. NRF-2023K2A9A1A01095488). The work of K. L.
was supported by a KIAS Individual Grant (PG096201) at
Korea Institute for Advanced Study. The work of J. Y. was
supported by the National Research Foundation of Korea
(NRF) grant funded by the Korea Government (MSIT)
(No. 2019R1F1A1045971, No. 2022R1A2C1003182,
No. NRF-2023K2A9A1A01095488). J. Y. is supported
by an appointment to the JRG Program at the APCTP
through the Science and Technology Promotion Fund
and Lottery Fund of the Korean Government. J. Y. is
also supported by the Korean Local Governments—
Gyeongsangbuk-do Province and Pohang City.

APPENDIX A: CONVENTIONS

(i) ðt; xÞ: (dimensionful) coordinates for 2D space-time.
(ii) a ¼ 0; 1: two-dimensional flat indices, μ ¼ 0, 1:

two-dimensional curved indices, i ¼ 0; 1; 2: three-
dimensional flat indices, α ¼ −;þ: Spinor indices.

(iii) ϕ̇≡ ∂0ϕ, ϕ0 ≡ ∂1ϕ: time and space derivative.
(iv) Light-cone coordinates

x� ≡ t� x: ðA1Þ

∂⧺ ¼
1

2
ð∂0 þ ∂1Þ; ∂¼ ¼

1

2
ð∂0 − ∂1Þ: ðA2Þ

(v) λ: TT̄ deformation parameter of dimension length-
squared.

(vi) ϕ;ψ� and π; π�: scalar field, fermion and its
conjugate momentum.

(vii) Two-dimensional Lorentzian metric and gamma
matrices

η¼
�−1 0

0 1

�
; γ0¼

�
0 −i
i 0

�
; γ1¼

�
0 i

i 0

�
ðA3Þ

a. 2D N ¼ ð1; 1Þ SUSY conventions
(i) θ�: Grassman odd variables.
(ii)

R
d2x≡ R dtdx, R d2θ≡ R dθþdθ−

(iii) SUSY-covariant derivatives, SUSY operators:

D�¼−i∂�−2θ�∂��; Q�¼−i∂�þ2θ�∂�� ðA4Þ

(iv) Φ: 2D N ¼ ð1; 1Þ real scalar superfield.
b. 2D N ¼ ð2; 2Þ SUSY conventions
(i) ϑ� ≡ θ�1 þ iθ�2 , ϑ̄� ≡ θ�1 − iθ�2 : Complex Grass-

mann odd variables.
(ii) SUSY-covariant derivatives, SUSY operators:

D�¼
∂

∂ϑ�
− iϑ̄�∂¼⧺ ; D̄�¼−

∂

∂ϑ̄�
þ iϑ�∂¼⧺ ðA5Þ

Q�¼
∂

∂ϑ�
þ iϑ̄�∂¼⧺ ; Q̄�¼−

∂

∂ϑ̄�
− iϑ�∂¼⧺ ðA6Þ

(iii) Φ: 2D N ¼ ð2; 2Þ scalar superfield.

APPENDIX B: USEFUL FORMULAS FOR
NONLINEAR REALIZATION

Here we present the useful expression for performing the
nonlinear realization in Sec. IVA:

e−AdeA ¼
X∞
n¼0

ð−1Þn
ðnþ 1Þ! ðadAÞ

ndA

¼ dA −
1

2
½A; dA� þ 1

3!
½A; ½A; dA�� þ � � � ; ðB1Þ

e−ABeA ¼
X∞
n¼0

ð−1Þn
n!
ðadAÞnB

¼ B − ½A;B� þ 1

2!
½A; ½A;B�� þ…; ðB2Þ

eAeB ¼ eAþBþ1
2
½A;B�þ 1

12
½A;½A;B��þ 1

12
½B;½B;A��þ…: ðB3Þ

Two dimensionalN ¼ ð1; 1Þ supersymmetry algebra satisfy

fQα; Qβg ¼ −2iðγ0γaÞαβPa; ½Qα; Pa� ¼ 0; ðB4Þ

and three-dimensional Poincaré algebra satisfy

½Jij; Jkl� ¼ −ηikJjl − ηjlJik þ ηilJjk þ ηjkJil;

½Jij; Pk� ¼ ηikPj − ηjkPi: ðB5Þ
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We can use Eqs. (B2) and (B5) to have

e−v·KPaev·K ¼ Pa − vaP2 −
1

2!
vaðv · PÞ þ

ðv · vÞ
3!

vaP2 −
ðv · vÞ
4!

vaðv · PÞ…

¼ Pa þ ðcoshð
ffiffiffiffiffiffiffiffiffiffiffiffi
−v · v
p Þ − 1Þ vaðv · PÞ

v · v
− sinhð ffiffiffiffiffiffiffiffiffiffiffiffi−v · v

p Þ vaP2ffiffiffiffiffiffiffiffiffiffiffiffi
−v · v
p ; ðB6Þ

e−v·KP2ev·K ¼ P2 þ ðv · PÞ −
ðv · vÞ
2

P2 −
ðv · vÞ
3!
ðv · PÞ þ ðv · vÞ

2

4!
P2 þ…

¼ coshð ffiffiffiffiffiffiffiffiffiffiffiffi−v · v
p ÞP2 þ sinhð ffiffiffiffiffiffiffiffiffiffiffiffi−v · v

p Þ v · Pffiffiffiffiffiffiffiffiffiffiffiffi
−v · v
p ; ðB7Þ

where Ka ≡ Ja2 and ½v · K;Pa� ¼ vaP2, ½v · K;P2� ¼ −v · P. And by using Eqs. (B1) and (B4), we have

e−θ
αQαdeθ

βQβ ¼ dθαQα þ
1

2
θαdθβfQα; Qβg

¼ dθαQα − iθ̄γadθPa: ðB8Þ
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