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We construct the superaction for the TT deformation of 2D free A" = (1, 1) supersymmetric model with
a deformed superfield. We show that the A" = (1, 1) off-shell supersymmetry in the free theory is deformed
under the 7T deformation, which is incorporated in the deformed superfield. We interpret this superaction
as an effective action of the Goldstone superfield for the partial spontaneous breaking of A = (2,2)
supersymmetry to A' = (1, 1). We show that the unbroken and broken supersymmetry of the effective
superaction corresponds to the off-shell A" = (1,1) supersymmetry and the off-shell Fermi global
nonlinear symmetry in the 77-deformed theory, respectively. We demonstrate that this effective super-
action can be obtained by the nonlinear realization of the partially broken global supersymmetry (PBGS)
from the coset superspace. Furthermore, we reproduce the superaction by the constrained superfield

method accompanied by a field redefinition.
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I. INTRODUCTION

Quantum field theory (QFT) is a powerful framework for
understanding particles and their interactions. Despite its
success in describing a wide range of phenomena, there are
still many open questions about the nature of QFT, such as
its relation to gravity and its behavior at high energies. One
approach to addressing these questions is to study the
irrelevant deformation of conformal field theory (CFT).
However, under the renormalization group flow, the irrel-
evant deformation of CFT, in general, cannot be controlled
due to an infinite number of counterterms. Furthermore,
irrelevant deformation is often involved with nonlocal
interactions, such as higher-derivative terms. These
higher-derivative terms can lead to the emergence of ghosts
or tachyons, which are not present in the original theory.

In recent years, there has been significant interest in
the study of a special irrelevant deformation of two-
dimensional QFT generated by the determinant of the
energy-momentum tensor, det(7%,) [1-4]. This special
irrelevant deformation, so-called 77 deformation, follows
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a specific flow from IR to UV, along which the special flow,
no extra degree of freedom such as ghost does not emerge.
Furthermore, 77 deformation features the universal for-
mula for the deformed spectrum, which determines the
energy and the momentum of the deformed theory exactly
in terms of the undeformed energy and momentum [2,3].

This universal formula for the deformed spectrum does
not distinguish bosonic or fermionic nature of the state,
which indicates that the supersymmetry of the undeformed
theory will be preserved under the 77 deformation
although the TT deformation operator itself is not super-
symmetric. The on-shell supersymmetry has been explicitly
shown for the case of the TT deformation of the free
N = (1,1) SUSY model [5]. However, the TT deforma-
tion of the off-shell supersymmetry transformation has not
been fully understood [5,6].

References [7,8] proposed the SUSY 7T deformation in
the superspace where the superaction is deformed by
bilinear of supercurrents. In this SUSY 7T deformation,
the off-shell supersymmetry is not deformed since the
superfield is not modified under the deformation. It was
found in [7,8] that the supersymmetric flow equation of
the superaction reproduces the original 77 flow equation
with the on-shell condition. However in spite of the on-
shell equivalence of the flow equation, it was demonstrated
in Ref. [5] by canonical analysis that the SUSY TT-
deformed superactions in Refs. [7,8] incorporate fermions
with higher order time-derivatives. With this higher order
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time-derivatives the deformed theory does not have the
second class constraints anymore in contrast to the unde-
formed theory with the second class constraints for fer-
mions. Hence, these higher order time-derivative fermions
lead to additional degrees of freedom in the phase space of
the deformed theory. In Ref. [5], it was shown that these
extra degrees of freedom give rise to nonunitarity issue like
the Ostrogradsky instability. And this nonunitarity could
bring about the potential failure of the factorization of TT
operator in Ref. [1]. Such an extra degree freedoms could
often be removed by a field-redefinition or a Jacobian.
However, in a perturbative analysis, we could not find a
local field-redefinition or Jacobian which can eliminate the
additional degrees of freedom in the SUSY 77-deformed
model. In this paper, we aim at finding the superaction
without higher-derivative fermions which reproduces the
TT-deformed Lagrangian of the free A" = (1,1) SUSY
model. Surprisingly, we found that a deformed superfield is
inevitable to construct such a superaction, which leads to
the deformed off-shell supersymmetry. Furthermore, this
deformation of the off-shell supersymmetry turns out to be
consistent with the nonlinear realization of supersymmetry.

Spontaneous symmetry breaking and the effective action
for the Goldstone field has been extensively studied in the
context of particle physics, condensed matter physics, and
cosmology, and has played a pivotal role in the develop-
ments of key theoretical frameworks. It was observed
that the SUSY TT-deformation [7-10] of N = (0,2)
theory [11], N'=(2,2) theory [12], and the complex
fermion [13] is equivalent to the effective action of the
Goldstone superfield. For the case of the TT-deformed free
N = (1,1) SUSY model, it is shown to have the Fermi
global nonlinear symmetry [5]. Since this 77-deformed
theory is related to the N' = 2 Green-Schwarz superstring
action for 3D target space [5,7,14], this nonlinear symmetry
was proved to be identical to the broken part of N =2
super-Poincare symmetry of the 3D target space [5].
Therefore, one may also understand the 77-deformed
N =(1,1) SUSY model as an effective theory for the
broken supersymmetry.

In this paper, we study the 7T deformation of the free
N = (1,1) SUSY model to construct the superaction. We
demonstrate that the deformed superfield, which is related
to the vanilla superfield via field redefinitions, is necessary
to establish the superaction. The deformed superfield
reflects the 7T deformation of the N = (1, 1) off-shell
supersymmetry, and we obtain the explicit form of the
TT-deformed N = (1,1) off-shell supersymmetry trans-
formation. Furthermore, we confirm that the superaction is
identical to the effective superaction of the Goldstone
superfield for the partially broken N/ = (2,2) supersym-
metry via field redefinition. We clarify that the broken
supersymmetry corresponds to the Fermi global nonlinear
symmetry of the TT-deformed theory. We also derive the
same superaction not only by the nonlinear realization

method of the broken symmetry but also by the constrained
superfield method.

This paper is organized as follows. In Sec. II, we review
the canonical analysis of the 77-deformed free N = (1, 1)
SUSY model. In Sec. III, we construct the superaction for
the TT-deformed theory with deformed superfield, and we
study the unbroken and broken off-shell supersymmetry.
In Sec. IVA, we discuss the nonlinear realization of
the broken symmetry to reproduce the superaction. In
Sec. IV B, we derive the superaction again by the con-
strained superfield method. In Sec. V, we make concluding
remarks.

IL. REVIEW: TT DEFORMATION OF FREE
N =(1,1) SUSY MODEL

In this section, we review the canonical analysis of
the TT-deformed free N = (1,1) theory in [5]. The
Lagrangian density of two-dimensional free N = (1,1)
supersymmetric theory is given by

Lo=20,¢0_¢p + Sy_ +S_,, (1)

where S, , and S, _ denotes the fermion bilinear

Sﬂ-,u = il//+aﬂl//+’ S=,;4 = ill/—éﬂll/—- (2)
The conventions that we use are summarized in
Appendix A. The TT deformation is characterized by
the special flow equation [2] given by

1
0,L = Ee”,,e/"’T”pT”g, (3)

where the initial condition for the flow equation is the
undeformed one (1), £|,_y = Ly. It is well-known that
the improvement term of the energy-momentum tensor
does not have any effect on the physical consequences.
However, the solution of the flow equation does depend on
the improvement term of the energy-momentum tensor on
the right-hand side of Eq. (3). Namely, depending on
the improvement term, the deformed Lagrangian as a
solution of the flow equation could have higher derivatives,
which leads to the larger Hilbert space than that of the
undeformed one.

For the case of the free A/ = (1,1) model, we use
Noether energy-momentum tensor without any improve-
ment term to prevent the inflow of additional degrees of
freedom by the higher derivatives [5]. And the deformed
Lagrangian as a solution of the flow equation (3) is found'
to be

'The same deformed Lagrangian density of N = (1, 1) theory
can also be obtained by the dynamical coordinate transformation
[6], Green-Schwarz (GS)-like action with uniform light-cone
gauge [7,14,15] or GS-like action with static gauge [5].
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P Sy P B sk i S S WAL PP L S P Y

22 21+ 2y VI+2y
L+y -7+ (1+2) 1437+ 72+ (1 +2)
LR S 1 (3 ) L . 4 (3 %) S5,
2(142y): 2(1 4 2y):
2%y
- m [(04)* Sy —S—— + (0_)* S, 4S_ 4], (4)

where y = —410,¢0_¢. Moreover, the Hamiltonian density and momentum density of the deformed theory can be
written as

1 1 1 —42*P
H—— [\/1 +4iH, o + 422PL, — 1} +2 . 1| My
2 2\ (/1 +42H, 0 + 4P
21 (Hj 0 — Pio)
+ APy oPso — ’ ' H? o= Pto)- 5
PO (U diH + 4,127350)%( 70~ Pro) ®
|
P = (1= M) P {F(x).G(¥)}p
1 —
+ E [1 + \/1 + 4/1Hb’() + 4].27)%0:| 'Pf’o, (6) = {F(.X), G(y)}PB - .22 (/ dZdW{F(x)’Ci(Z)}PB
ij=1,
where Hy/ ¢ and Py r denotes the Hamiltonian density x M7Y(i,z; . w){C;(w), G()’)}PB)? (11)
and momentum density of free bosonic field and fermionic

field, tively: . .
116, Tespectively with the matrix M (i, x; j,y)

1 1
Hpo = 5”2 =+ Efﬁlz’ Pyo=nd', (7) M(i,x;j,y) = {Ci(x)’cj()’)}PB' (12)

i
2

L , i ;o . Here, the Poisson bracket of the system involving the
Vi —El//—l//—’ Pro EEW+‘/’+ "‘5‘/’—‘//—- (8) scalar and fermion fields ¢,y and its conjugate momenta
7, 7 is defined by

Hf.() =

The deformed Lagrangian (4) is linear in the time derivative
of the fermion yr . Therefore, the variation with respect to  {F(x),G(y) }pg

Y4 gives us the constraints like free fermion case. If the OF(x)dG(y) OF(x)dG(y)

Lagrangian had higher order in yr,., we would not have had = / dz { ( 5 ~3 3 )

the constraints, and in turn, we would have encountered the ¢(2) 0n(z) 7(z) 0¢(2)

larger Hilbert space. It was shown [5] that the deformed F (x)? 7G(y) F (x)? 5)G(y)

(second class) constraint can be written in terms of +Z <<— — +t= = ﬂ : (13)
a==+ 0 l//(l(z) d ”(I(Z) 0 ﬂa(z) d l//a(z)

deformed Hamiltonian density H (5) and deformed

momentum density 7 (6) as The TT-deformed free N = (1,1) model is shown to

; i have global symmetry [5]. And the charges of this global

Ch=mn, — SW+ E/I(H - Py, (9)  symmetry are evaluated by the Noether procedure:
_ I i 0L = [ day.(z+¢), (14)
Cz —ﬂ_—il//_—ill(H‘i—P)l//_. (10)
From the second-class constraints (9) and (10), we can i = _% dxr.., (15)
evaluate the Dirac bracket defined as L
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2
Pzzfﬂ/dxﬂ, (16)

where L denotes the circumference of the compact spatial
coordinate x. Note that the A-dependencies are inherited
from the conjugate momenta z, 7, in Egs. (9) and (10). The
fermionic charge Qi in Eq. (14) is, in fact, the supercharges
of the deformed A = (1, 1) supersymmetry given by

| [1 42292
slp=—|1 +
=5 | M\ T v

1+ 14+247¢’
V(14+247%)(1424¢)

ilr(zrtq)
2(1424n%)

)w;w’;wf (17)

sl 12 + V(2222 (1424¢7)
== iA(nEd)
alx P+’ +4An P
(m¢" )/ (1+247%) (1 +24¢)
2 /
+”j__—¢;,> ESTE8
it
2(14247%)(1+24¢")

x (1izm¢'+ \/<1+2M2)(1+2z¢'2)), (18)

woy oyl

Az +¢)
V(1 +2072) (1 + 21¢7)

Slye =F waylh, (19)
where we used 5.7(-) = i{ 0%, },.

In undeformed theory (1 = 0), the charge Q% and P? in
Egs. (15) and (16) generates the shift of Fermi field
and scalar field, respectively. However since the Dirac
bracket (11) is modified by 7T deformation, the shifting
symmetry generated by Q2 is also deformed:

142292
!
¢ T\ v

P(rtg)
+
4(14+247%)\/(1+227%) (1 +24¢")

Az | ik
2 +=
oL 7|3

x <1 +20n¢

n \/(1 +222)(1 +2ﬂ¢’2)>w¢lﬂ’¢ v, (20)

4_” [1 - iy 'y
L 24/ (1 +247%)(1 + 21¢)

x (1 + 2ng) — \/(1 + 2272) (1 + 2/1¢’2))

P+ M+ 7))y vy _yl
2(1 4 2472)32(1 + 22¢%)3/?

X (1 + 2’ + \/(1 + 2472) (1 + 2,1(1)'2))] .
(21)

Sy =

47[[ iy Lyl
L 2\/(14247%)(1+24¢")

x <1 F2ind + \/(1 +247%)(1 +2/1¢’2)>} . (22)

Syr==

On the other hand, the deformed symmetry generated by P>
remains to be the shift symmetry of scalar field ¢:

{P2ot, =-1.  {Ply.},=0. (23)

The algebra of the Fermi charges with respect to the
deformed Dirac bracket was evaluated in [5] to be

HOL. 0L}, = 2(H £ P) (24)
167> 167°1

{0303} =+~ 3 (HFP). (25)
2

oL o), = 2P 2 M), 26

{Qli’ Q%F}D = {in’ gF}D = {Qli7 gF}D =0, (27)

where the Hamiltonian H, momentum P and the topologi-
cal charge W? which is the winding number of the scalar
field ¢ are defined by

L
H:/dxH, P:/de, szgfdxqﬁ’. (28)

The global charges Qi’z, P? commute with the Hamiltonian
and momentum with respect to the deformed Dirac bracket:

{Qiz’H}D = {Qiz’P}D =0,
{P2,H}, = {P%, P}, =0. (29)

It was demonstrated [5] that they correspond to the charges
of the A/ = 2 super Poincaré symmetry of 3D target space
in 3D A/ = 2 GS-like model [16]. The discrete light cone
quantization (DLCQ) was used in relating the 3D A/ = 2
GS-like model to the TT-deformed N = (1,1) SUSY
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model [5]. And the topological charge due to the DLCQ
breaks the N = 2 super Poincare symmetry of the 3D target
space which is identical to the algebra of the charges in the
TT-deformed one. The broken supersymmetry corresponds
to the Fermi global charge Q2 while the unbroken ones are
identified to be the deformed A/ = (1, 1) supercharge Q! of
the TT-deformed theory [5].

In this paper, we present another interpretation on this
algebra as partially broken global supersymmetry (PBGS)
of 2D SQFT where Q! are the unbroken supersymmetry
while Q% are broken one. Accordingly, the 77-deformed
Lagrangian (4) can be understood as an effective
Lagrangian with nonlinearly realized supersymmetry.

III. SUPERACTION FOR TT-DEFORMED
LAGRANGIAN

The deformed energy E(4) and the deformed momentum
P(2) of the TT-deformed theory defined on the cylinder
of radius L is universally expressed in terms of the
undeformed energy E ) and the undeformed momentum
P (0) [2,3]

L 42 an
P(2) = P). (31)

This universal formula for the deformed energy and
momentum does not distinguish whether the state is
bosonic or fermionic. This implies that the Bose-Fermi
degeneracy of the undeformed supersymmetric model will
be preserved along the 7T deformation. Therefore, one can
expect the supersymmetry of the undeformed theory would
be preserved under the TT deformation, but this looks
nontrivial because the T7 flow equation (3) is not man-
ifestly supersymmetric.

It was explicitly shown in [5] that the supersymmetry of
the free N = (1, 1) SUSY model is preserved along the TT
deformation because the Hamiltonian and the momentum
operator is expressed as

H= {0}, 0}, + {01 0}, (32)

P={0}. 0}, -1 {010}, (33)

Thus, it is natural to ask whether we can rewrite the
deformed Lagrangian (4) in the superspace. In this section,
we start with the ansatz for the superaction, and we find
the explicit form of superaction which will reproduce
the deformed Lagrangian (4) after we integrate out the
auxiliary field.

To make an ansatz for the superaction, we first need to
analyze the mass dimensions of the ingredients.2 The mass
dimension of superaction .4, deformation parameter A,
N = (1,1) scalar superfield @, spacetime derivatives
d4. and supercovariant derivatives D are given by

[A]=[0.4]=1, [Di]= (34)

1
>

In addition to D_®D, ®, there are 4 Lorentz invariant
quadratic terms

A=0,D0_,
C=D,d0_D,d,

B=(D_D,®),
D=D_®3,D_®, (35)

and their mass dimension is given by
[A] = [B] = [C] = [D] = 2. (36)

Note that the only possible Lorentz invariant quadratic
term with odd mass dimension is D_®D, ®. Therefore, the
ansatz for the superaction of mass dimension 1 should be of
form

A= Q(AA,AB,iC.AD)D_®D, ®, (37)

where € contains only dimensionless quadratics.
Furthermore, Because the ansatz is proportional to
D_®D,®, any dependence of C =D, ®d_D,P and
D =D_®9,D_® in Q will vanish. Thus the superaction
ansatz can effectively be written as

A=Q(A,AB)D_®D, ®. (38)

A. Failure of constructing superaction
by using vanilla superfield

Now we attempt to reproduce the deformed Lagrangian
(4) perturbatively from the superaction ansatz (38) with the
vanilla " = (1, 1) scalar superfield:

O =¢+i0y, +i0w_+i00F. (39)

For this, we perturbatively expand Q(1A,AB) in the
ansatz (38) with respect to A

Q(2A,1B) = QO + 1QW (A, B) + 22QP (A, B) + O(13),
(40)

Here we assume that the only dimensionful parameter in the
superaction is the deformation parameter A.
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where Q) is a constant number and Q")(A, B) can be
written as nth order homogeneous polynomial of A
and B as

Q(A,B) = QA + QgB, (41)
Q2 (A, B) = QA% + Q,3AB + QpB? etc. (42)

We will determine Qs order by order by comparing with
the perturbative expansion of the deformed Lagrangian (4),

L=2L0 420 222 4 ... For example, £ and
L) are given by

LO =20,¢0_p+ Sy_ +S_, (43)

L) = 4(0,p0_¢)> +2(3:4)S_— +2(0_0)*S, 4
S+ SyuS =S, S_,. (44)
|

A-order: At order O(2), we have

/ d?O(A0 + 1AM = / d?0(Q + Q") (A, B))D_®D. ®

A%-order: At J° order, the Lagrangian from the super-
action ansatz is

/ d*0 A0

1
=2Q0 <2a*¢a¢ + iy O_y, + iw_0.p_ + EF2> ,

(45)

and the equations of motion for the auxiliary field
F = F9 4+ O(2) at order O(2°) is given by

FO =0. (46)

Inserting F =0+ O(1) to Eq. (45), one can determine
Q0 =1 (0 identify with the undeformed Lagrangian £
in Eq. (43).

= <.c<°> - %F2) + 292 (4(04 pO—p)? +2(04$)>S— — +2(0_p)2S4 4 +40,p0_p(S4_ +S_ )

Sy S+ Sy _S_ s 0y O_PF) — IQ(8Ss _S_ 4 + F* + (40,0_¢p + 65, _ +65_,)F2).

Note that there is no time-derivative acting on F. Hence we
can again obtain the classical equations of motion for F up
to order O(4). However, since the classical solution for F is
of order O(4), it does not give any contribution to the
Lagrangian up to order O(4) when we insert the solution
into Eq. (47). Therefore, after integrating out the auxiliary
field F, we have

(f#24)

= L£O) 410, (4(0,pd_¢)?

integrate out F'

+2(040)°S—— +2(0-0)*Ss4
+ 40, P0_p(Sy = + S_4)
+ SpSo -+ 5, -5_4)
—2Qp(8S, _S_4) + O(2%).
(48)
Due to the term 40, ¢po_¢(S, — + S_ ) at order O(1), we

find that the Lagrangian (47) at order O(1) from the

superaction ansatz cannot be matched with L£(!) in
Eq. (43) for any value of Q,, Qp.

(47)

Therefore, we conclude that the 7T7-deformed
Lagrangian (4) cannot be constructed from the superaction
with the vanilla superfield (39).

B. Construction of superaction
with deformed superfield

In Sec. II, we have seen that the deformed Dirac
bracket leads to the TT-deformed on-shell supersym-
metry transformations (17)—(19) in spite of the same form
of the supercharge (14) as that of the undeformed one in
terms of canonical variables. This hints at the possibility
that the off-shell supersymmetry transformation could
also be deformed. In this case, one should use the
modified superfield which incorporates the deformed
supersymmetry transformation. Therefore we take the
following ansatz for the deformed superfield to construct
the superaction.

O = +i0" (L[ waisAwy) +i07(glp.wsiw_)
+ 0O F, (49)
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where f, g are Grassmann even and dimensionless. With
this deformed superfield ansatz, we will repeat the same
perturbative procedure in the previous section to find the
superaction (38) which reproduces the TT-deformed
Lagrangian (4). This time, we also have to determine
flp,w.; 2] and g[¢h, w; A]. We assume that f and g do not
include the higher-order derivatives. Then, in the light of
the Lorentz covariance and the mass dimension, one can
expand f and g with respect to the fermion bilinears as
follow.

f=100) + M200)S_s + 2300 (0:0)°S-—.  (50)

g =21(r) +18:(1)Ss - +2783(1)(0_0)*S4 4. (51)

where y = —410,¢0_¢. Note that other fermion bilinears
do not appear because f and g in (49) is multiplied to v,
and y_, respectively.

In the same way, as in Sec. Il A with the deformed
superfield ansatz (49), we determine the superaction ansatz
perturbatively by comparing with the 77-deformed
Lagrangian (4). Up to order O(1%), we could fix the terms
in Q(AA, AB) that are independent of B.

1
Q(JA,AB) = (5 1A +4(JA)? +20(AA)® + 112(AA)*

+ 672(AA)S + 4224(AA) + (’)((/IA)7)>
+ (terms with B), (52)

Furthermore, we could only determine the terms in f, g
which are independent of the fermions.

3 5 6
x X st I 2y
f = = 1 _—_—— _——— . A
S N I T TV
+ O(y7) + (terms with fermions), (53)

The other terms in Q and f, g that are involved with B or
fermions are not uniquely fixed® by matching with the
deformed Lagrangian (4).

Based on the perturbative solution for the ansatz (52)
and (53), we conjecture that the term in Q which is
independent of B is given by

1

Q(AA,AB) = ———————— + (terms with B), 54

( ) 1+ +v1—-81A ( ) (54)

and the term in f and g which is independent of fermions is
V1+2 1

f= % + (terms with fermions), (55)

*We could obtain the equations for the coefficients of those
terms, but there is no unique solution for them.

VI +2r+1

3 + (terms with fermions). (56)

To determine the rest of part in Eq. (54), we assume that
they are incorporated in € in a minimal way that the
dependence on A and B comes only from the term

D_D. (D_®D,®) = 4A — B+2i(C+ D). (57)

Then, Q can be written as

1
Q(AA,AB) =
1+ /1 -2A(4A — B +2i(C + D))
1
= , (58)
1++/1-21D_D, (D_®D,®)
and accordingly the superaction (38) becomes
D_®D,d
S (59)

" 14+/1-2AD_D,(D_®D,®)
Once again note that the dependence on C and D in  (58)
will vanish in the superaction because of the factor
D_®D_ ® in the superaction (59). In addition, we deter-
mine f and g to be

f_wf1+2;(+1 A<1+X+‘/1+2_Z)S
- - =4

p 2T ¥y
202 ,
—ﬁ(%(ﬁ) S—— (60)
:m+l_l<l+x+\/l+—2>
2 2VT+2 =
2 (oS (61)
m 4,4

in a way that the superaction (59) with the deformed
superfield (49) exactly reproduces the 77T-deformed
Lagrangian after the auxiliary field F is integrated out.
Noting that f and g is multiplied to . and y_ respectively
in (49), one can express the deformed superfield (49)
compactly in term of the TT-deformed Lagrangian (4):

D=+ i07(1— ALYy, +i60(1 — ALYy _ + i0TO°F.
(62)

The form of superaction (59) with the vanilla superfield
was observed in [17] as a Goldstone superfield action in
the broken N = (2,2) supersymmetry to N = (1,1).
However, we found that the superfield (59) with the vanilla
superfield (39) leads to higher derivative fermions which
have larger Hilbert space than one expects. On the other
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hand, the superaction (59) with the deformed superfield
(62) does not generate higher derivatives and therefore does
not give rise to the extra degrees of freedom along the TT
deformation as expected. Note that the deformed superfield
is related to the vanilla superfield

D=¢+i0n, +i0n_+i0T0°F, (63)
by a field redefinition of the fermions

ne = (1 =AL[p,y]y.. (64)

The field redefinition accompanies the Jacobian in the
path integral, which can eliminate the additional degrees of
freedom in the superaction with the vanilla superfield. In
Sec. III C, we elaborate on the elimination of the extra
degrees of freedom under the field redefinition with a
toy model.

Our superaction (59) with the vanilla superfield (39) does
not satisfy the flow equation of the SUSY 7T deformation
in Refs. [7,8]. The Noether procedure for supercurrent in
the superspace used in Ref. [8] has an ambiguity in
choosing total derivative terms. It is highly interesting to
find total derivative terms in the Noether procedure for the
supercurrent which does not produce the higher derivative
fermions under the deformation. At this stage, it is unclear
whether an improved supercurrent exists such that the
SUSY TT deformation in Refs. [7,8] by the improved
supercurrent leads to our superaction in Eq. (59). We hope
to address this in future work.

Now let us consider the off-shell supersymmetry trans-
formation. From the vanilla superfield, one can easily
read off the off-shell supersymmetry transformation of
¢,ny and F:

Squsyp = —ie*n, —ieTn_, (65)
Ogusyll = 2704 — € F, (66)
Byl = 26 0_¢p + ¢+ F, (67)

SqusyF = —2i€"0yn_ + 2ie0_n.. (68)

From these transformations, one can obtain the off-shell
supersymmetry transformation of ¢, .. For this, we need
to invert the relation (64) to solve for .. We find that

wy = (1=AL[¢.7]) 7. (69)

where L is the TT-deformed Lagrangian (4) with y,
replaced by 7. Using Eq. (69), the off-shell supersymem-
try transformation of ¢,y and F is found to be

5susy¢ = _i€+(1 - 16[457 l/’})l//-ﬁ-
—ie” (1 = AL, w])w-., (70)

5susyl//i = 5susy[(1 - ’Iﬁkbv r]D_lni]’ (71)

ésusyF = _2i€+a%[(1 - ﬂﬁ[qﬁ, V/DV/—]
Foieo (1= ALlpylvs), (1)

where the transformation of y,. can be evaluated by using
that of .. in Egs. (66), (67), and ¢ in Eq. (70) as well as the
relation between 7. and y (64).

In the Lagrangian evaluated from the superaction (59)
with the deformed superfield (62), one can obtain the
classical equation of motion for the auxiliary field F. We
find that the solution for the auxiliary field F is given by

4il
WWW/—[(I — 610,¢0_¢p)0,0_¢

+4((040)°02¢ + (0-¢)*05¢)]
+ 2iA(04 Py 0_w_ + 0_poyw y_). (73)

F =

As mentioned, one can reproduce the 77-deformed
Lagrangian (4) after inserting the solution (73) into the
Lagrangian from the superaction. Moreover, we insert
the solution for F (73) into the off-shell supersymmetry
transformation of ¢ (70) and w, (71). Then, one can
express the transformations in terms of the canonical
variables ¢, 7 and w,.. We confirm that the resulting
transformation agrees with the on-shell supersymmetry
transformation (17)—(19) in the canonical analysis as
expected.

Susyp = i€"{QL. b}y, +ic™{QL. ¢} (74)

5susyl//j: = i€+{Q}rv Wj:}D + i€_{Q1_, W:I:}D' (75)

In [17], the superaction (38) with the vanilla superfield
was obtained from the broken supersymmetry given by

ani
Sooken® = = 7 [e (67 = i7D_A) + e_(6” + iAD, A)].

(76)

Note that in small A limit this is nothing but the shifting
symmetry of the fermions:

4ri
(5br0kenq))|ﬂ—>0 - T [9+€+ + 9_(—3_}
4
= 5brokenl;”i = fei, (77)

where L denotes the circumference of the spatial coordi-
nate. For nonzero 4, we evaluate the on-shell nonlinearly
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realized supersymmetry of ¢ and y . from Eq. (76) with the
deformed superfield by using the solution for F' (73). We
find that this broken supersymmetry is identical to the
global Fermi symmetry in Eqgs. (20)~(22) generated by Q%

6br0ken¢ = i€+{Qllr0ken, ¢}D + ie—{QB-rOken7 ¢}D’ (78)
SorokenW+ = i€ { QYK yrs Yy +ie {OF* My}, (79)

where the charge QY°%" for the nonlinearly realized
supersymmetry is identified with the supercharge Q%F. ie.,

Qlj:roken — Q2¢ (80)

Note that the spinor index of Q%c comes from the 3D target
space of N/ = 2 GS superstring [5]. And this is the reason
for the discrepancy in the indices in QY°k" and Q3.
From the point of view of 3D A/ = 2 GS superstring action
related to the 7T deformation [5], the nonlinearly realized
symmetry generated by ?F stems from the compactified
target space (e.g., the compactified X~ target coordinate for
the discrete light-cone quantization). For the connection
between the GS action and the 77 deformation, the circum-
ference of the compactified light-cone coordinate X~ is
proportional to the circumference L of the world sheet spatial
coordinate which controls the nonlinearly realized symmetry
(76). In Sec. IV, we will elaborate further on the relation
between the TT deformation and the symmetry breaking.

C. Field redefinition and path integral measure

In the path integral, one can freely perform a field
redefinition, and physics should not depend on this field
redefinition. This is called the equivalence theorem in
quantum field theory [18-20]. The field redefinition leads
to the Jacobian in the path integral. For a field redefinition
of a bosonic field @ into ¢, one can exponentiate the
Jacobian det(%) by using the ghost field » and b:

Z= / DPeSI = / Dep det o0 S(@lg]),
o¢
= / DPDEDbe S+ [ 4050, (81)
It was shown [21-23] that the total action
- 6D
Stot = S(d)[¢]) + / dde%b (82)

has BRST symmetry given by

8¢ —> eb, (83)

b — 0, (84)
- oS

6b — i (85)

Note that this BRST symmetry originates from redundant
description under the arbitrary field redefinition.

The field redefinition of fermion also results in the
Jacobian in the path integral. Unlike the bosonic case, the
Jacobian appears in the denominator of the path integral
measure, and it can be exponentiated by complex scalar
fields y and 7:

Z:/Dy/eis[‘/’] :/ D eiStwl), (86)
det@—"’;)

N / DyDyDye V| i (E)r (87)

The total action with the exponentiated Jacobian also
enjoys BRST symmetry given by

Sy — ey, (88)

Sy — 0, (89)
58

57 — e—. (90)
oy

It is often believed that one do not have to take the
Jacobian of the path integral into account at the classical
level because it does not have any influence on the classical
analysis. However, the Jacobian from the field redefinition
can play a crucial role even at the classical level, and one
should take it into account. Especially, the field redefinition
involved with the time derivatives can bring about higher
derivative kinetic theory. And if it were not for the
Jacobian, it would have larger Hilbert space.

To see this, let us consider the one-dimensional free
massive fermion y and .

L = —iyy + mypy. (91)

Under the field redefinition of v,

w=n+ilp,  y=i, (92)
the Lagrangian (91) together with the exponentiated
Jacobian becomes

Lo = idmij i —inpn + Ajiy +mip + 7(1 + id)y,  (93)

where y and 7 are complex bosons. The new Lagrangian
(93) has higher derivative term compared to that of free
fermion in Eq. (91). Such “higher derivative” fermionic
theories have larger Hilbert space with respect to the
ordinary one [5,24-29]. However according to the equiv-
alence theorem in quantum field theory [18-20], the
physical degree of freedom should not be enlarged under
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the field redefinition. This problem of the enlarged Hilbert
space is resolved by BRST cohomology involved with
the Jacobian [21]. The BRST symmetry of the Lagrangian
(93), which originates from the field redefinition, is
given by

on = ey, (94)
8 =0, (95)
Sy =0, (96)
8y = e(~iip + mip), (97)

where € is a Grassmann-odd parameter. And one can
evaluate the corresponding BRST charge Q

Q = —(idmij + 2i})y. (98)

Moreover, the Lagrangian in Eq. (93) is also invariant
under the following fermionic transformation

sy =0, (99)
o = €7, (100)
Sy = —&(~ifp — mn). (101)
57 =0, (102)

where € is a Grassmann-odd parameter. The corresponding
charge Q" is found to be
Q" = y(= + imn). (103)
It turns out that QT is also the BRST charge corresponding
to the field redefinition
w=n  @=0q-ik (104)
Note that this field redefinition also transforms the
Lagrangian of the free fermion in Eq. (91) to the higher
derivative Lagrangian in Eq. (93) up to total derivative.
To analyze the physical Hilbert space, we will quantize
the system in the Hamiltonian formalism. The conjugate
momentum z (and 7, IT, IT) of y (and ¥, 7,7, respectively)
is found to be
(105)

7 = ilmij + Aij, 7= —in+ M,

=iy, I1=0. (106)
For the case of ordinary fermion, 77 and #; do not appear in
the Eq. (105), and those equations form the second class

constraints. These constraints halve the dimension of the

Hilbert space. But, for our case, the time derivative of 7 and
n can be expressed in terms of other canonical variables,
and Eq. (105) does not play a role of the constraint
anymore. This implies that the Hilbert space is doubled
compared to the ordinary fermionic theory. On the other
hand, Eq. (106) does not contain the time derivative of 7
and 7. Hence they form the second class constraints of
the system:

C, =M-ily, C, =11, (107)
From these Dirac brackets, one can obtain the Dirac bracket
of boson y and y

i

ik =7 (108)
and the other nonvanishing Dirac brackets are
{’7’”}0 =L {ﬁ?ﬁ}n =-L (109)

After promoting the Dirac bracket to the canonical (anti-)
commutation relation, we have

. _ . o1
nay=i {pay=-i.  [n7l=7. (110)
Now we will express those operators in terms of the Fermi
oscillator b, b, ¢, ¢' and bosonic oscillator a, a’ satisfying
the following (anti)commutation relation.
{b,b"} =1, {c,c"} = -1, [a,a’]=1. (111)
Note that the right-hand side of the anticommutation
relation {c, ¢"} has the opposite sign to that of the ordinary
Fermi oscillator. This Fermi oscillator with the unusual
anticommutation relation has been observed in the quan-
tization of higher derivative fermionic theories [5,27-29].
And this unusual anti-commutation relation leads to
the negative norm state with respect to the naive inner
product.” i.e.,

le*10) ][> = (0lec|0) = —(0]0). (112)
To avoid this negative norm, a new inner product (-) s

by inserting an operator 7 into the naive inner product
defined by

(0);=(JO) where J =exp(incic) (113)
was proposed [5,27,28]. With respect to this J-inner
product, the state ¢'|0) does have a positive norm.

|0} 1% = (0T cT|0) = (0]0). (114)

4 ..
Here, we assume that the vacuum has a positive norm.
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Furthermore, it was proved [5] that the path integral
formalism of this type of model is consistent with the
operator formalism with J-inner product. Accordingly, a
bra state should be defined with respect to the J-inner
product. And in transforming a ket state to a bra state, one
has to use the J-Hermitian adjoint ; on the operator,
which is defined by

Ol =7J0"7. (115)
Coming back to the quantization, we find the trans-

formation parametrized by 6 €R from #,#,7 and 7 to
b,bt, ¢ and ¢f

7+ in = i(1 + Am)2(sinh @b + cosh Oc), (116)
7w — imAij = —i(1 + Am)3(sinh @b" + coshOct), (117)
% — imAn = —i(1 + Am):(cosh @b + sinh 6c),  (118)

7+ if = i(1 + Am)2(cosh @b + sinhOc’).  (119)

The parameter 6 is involved with Bogoliubov transforma-
tion [5] among b,b",c and c', and therefore those
oscillators (and their vacuum) implicitly depend5 on the
parameter 6.

The bosonic oscillators a, a’ are identified with y, % by

a=Vly, a"=Vly fori>0, (120)

a" = /|y for1<0.

One can obtain the Hamiltonian form the Lagrangian (93),
and it can be expressed in terms of the oscillators a, b, c:

a= /Ay, (121)

H =y +iz+y+ 1y -L,
1
= IM — imAp) (7 + in)
— mip + 7(I1 — i2y) + 117 =77,

1 /1 20
(LA Gz = M i
A 1+

ml
1+41 20 . 1
+ < J; M cosh? 6 — lrj_emA)c‘c—zaTa
1+ Am me??
inh 20 — bt b). 122
+< 57 sin 1+m/1>( c+c'p).  (122)

>Therefore, strictly speaking, we should have explicitly in-
dicated the @-dependence of the oscillators and vacuum. For
example, by, bz, and |0). However, for simplicity, we omit the
theta symbol in the oscillators and the vacuum in this paper.

Here, we consider the case where 4 > 0 and 0 < mA < 1.
Furthermore, the BRST charges in Eq. (98) and Eq. (103)
can also be written as

Q=-ny
———— ' [(mAcosh® — sinh0)b"
A1+ Am))z

+ (mAsinh @ — cosh 0)c']a, (123)
Of = —ylz +i(1 —mi)n),
= 4[(mAcosh@—sinh@)b
(1 + am)}

+ (mAsinh @ — cosh 6)]. (124)
For our purpose, it is convenient to choose a particular
value of 6

Am  for |mi| <1,

1

125
o for [mi| > 1, (125)

tanh @ = {

where the cross term b'c + ¢'b in the Hamiltonian van-
ishes. For this special value of €, the Hamiltonian and the
BRST charges become

1 1
H=-mb'b+—c'c——d'a, (126)
A A
1 —ma\z
0= i< " >cha, (127)
A
1 —mA\>
0 = —i( /1'" >2aTc. (128)

The energy spectrum is not bounded below because of the
bosonic oscillator. This unbounded energy spectrum will be
resolved after demanding the invariance under the BRST
charges. However note that the Hamiltonian can be written
in terms of Q, Q" as

1
1—mi

H=-mb'b+ {0".0}.

(129)
Usually, this seemingly implies that the Hamiltonian would
be bounded below,6 which contradicts the unbounded
spectrum which can be seen in Eq. (126). As mentioned
in Eq. (113), one should use the [J-inner product which is
consistent with the path integral formalism. Therefore,
noting that

(0N =J0J = -0, (130)

6 .
Here we consider the case where mA < 1. For other cases, one
can also get a similar result.

025001-11



KYUNG-SUN LEE and JUNGGI YOON

PHYS. REV. D 110, 025001 (2024)

one can show the {QF, O} is nonpositive with respect to
J-norm. i.e.,

(P00}, = —leMwly. (131
Among the Fock states
mpom20) = (67 () (a0}
(ny.n,=0.1 and n,=0,1,2,...), (132)

it is easy to see that only two states, |0,0;0) and |1,0;0),
are annihilated by Q and Q, and they exactly reproduce the
spectrum of the original free fermion.

H|0,0;0) =0, H|1,0;0) = —m|1,0;0). (133)
Therefore, although a field redefinition can change a model
into the higher derivative one which has larger Hilbert
space, the path integral measure from the field redefinition
plays a crucial role in eliminating the spurious degrees of
freedom to reproduce the same physical results as those of
the original model.

IV. BROKEN SUPERSYMMETRY

In this section, we identify the T7-deformed theories
as symmetry-broken models. We have already seen in
Sec. III B that the deformed A = (1, 1) free theory con-
tains not only the N” = (1, 1) supercharge Q. but also the
Fermi global charge Q3 that corresponds to the broken
supersymmetry. The TT-deformed scalar field and fermion,
which are described by Nambu-Goto action at static gauge
[3,30] and the Volkov-Akulov (VA) model [13] respec-
tively, is also an example of the symmetry broken model
[31,32]. In [8,9,11-13], the SUSY breaking has been also
studied for the theories deformed by the manifestly super-
symmetric 7T deformation operator.

In this work, we will use two approaches to construct the
symmetry-broken models: the nonlinear realization method
and the constrained superfield method. And we identify
these results with the TT-deformed theories. In Sec. IVA,
we have used the nonlinear realization with the spacetime
symmetry breaking. Likewise, we will construct the sim-
plest spontaneously symmetry-broken models respecting
the spacetime symmetry-breaking pattern by following the
recipes of nonlinear realization [32-35]. The models built
from the nonlinear realization turn out to be off-shell
equivalent to the 77-deformed theories. We will show that
the TT deformation of free scalar, fermion and N = (1, 1)
theory are identified as the actions from nonlinear

"Instead of demanding that the physical states are annihilated
by Q and Q", one may consider the BRST cohomology, which
leads to the same conclusion.

realization with the various spacetime symmetry-breaking
patterns. In Sec. IV B, we will use the constrained super-
field method to construct the SUSY broken model, such as
the VA model [36,37]. Also, the constrained superfield
method makes the model with PBGS as manifestly super-
symmetric superaction form [17,38]. For example, the
superaction of the constrained superfield for the sponta-
neously broken SUSY to AV = (1,1) [17] is of the same
form as that in Eq. (59). And the superactions from
more generic SUSY breaking patterns by the constrained
superfield method is identified with SUSY TT-deformed
results [11,12]. But as we have emphasized, one needs
the field redefinition of fermions (64) to identify the
action (188) from the constrained superfield with the
original 77-deformed theory (59).

A. Nonlinear realization

A nonlinear realization is a powerful tool for studying
spontaneously symmetry-broken models in physics. It
provides a systematic way to construct effective field
theories (EFT) for spontaneously broken symmetries,
including both internal and spacetime symmetries. The
idea of the nonlinear realization was first developed by
Callan, Coleman, Wess, and Zumino in the context of the
chiral symmetry breaking in QCD [39,40] and it has since
been extended to include the breaking of spacetime
symmetries [32,33].

In the nonlinear realization, the Goldstone fields are
treated as coordinates on a coset space, which is defined as
the quotient space of the original symmetry group G by its
unbroken subgroup H. The generators of the unbroken
subgroup act linearly on this space, while the broken
generators act nonlinearly. This leads to a nonlinear trans-
formation law for the Goldstone fields. The (left-invariant)
Maurer-Cartan form g~'dg with coset element g is efficient
to construct the action that is invariant under these non-
linearly transformed Goldstone fields because the Maurer-
Cartan form is invariant under the global transformation of
G by construction. Moreover, one can extract the compo-
nents that covariantly transform under the local trans-
formation of H. By extracting these components from
the Maurer-Cartan form, one can construct the minimal
effective theory that respects the symmetry-breaking pat-
tern. More details can be found in [34,35]. To get an idea of
how to obtain the action from the coset element and its
Maurer-Cartan form, we start with the simple examples
which will be identified as 77T deformation of free scalar
and fermion theory. Then we apply the nonlinear realiza-
tion method to get the TT-deformed free N = (1,1)
theory (4).

Example I We will consider the effective theory with
the symmetry breaking pattern—the three-dimensional
Poincare symmetry group G broken down to the two-
dimensional one H. The generators of the 3D Poincare
algebra are denoted by P; and J;; (i, j = 0, 1,2). This 3D
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Poincare symmetry is broken to the 2D Poincare symmetry
of which generators are denoted by P, and J,;, (a =0, 1).
And the generators of the broken part are P, and K, = J ,».

Now let us consider the following representation of the
coset element g€ G/H.

g = e“PetP2evK (134)
where V- W =1, V*W’. As mentioned, the coordinates
$(x) and v*(x) on a coset space will act as Goldstone
fields. Note the coset representation (134) of g is changed
under the left transformation by g,

g(x, §,v) = ePetP2e™ — gog = ¢h(, v, g5),  (135)
where ¢ = g(x',¢',v') and h(¢, v, gy) € H. This can be
seen as the field-dependent nonlinear transformation of the

Goldstone fields ¢ and v.
The Maurer-Cartan form is given by

g—ldg — e—v-K(dx P+ dg?)Pz)e”'K + e~ UK JevK

= dx"E?,P, + other generators, (136)

where we evaluate E“, explicitly in Appendix B:

a
UU”

V-V

E®, = 6% + (cosh(y/=v-v) — 1)

— sinh(yv/—v - v) V0 .

2

(137)

Under the left transformation of the coset element, the
Maurer-Cartan form is transformed as

g ldg— ¢~ 'dg = hg~'dgh + h='dh. (138)
Under this transformation, E“, in Eq. (136) is transformed
like “vielbein” with local Lorentz transformation depend-
ing on Goldstone fields.® For more details, see [34,35]. This
is one of the building blocks to construct the invariant
action under the left global transformation of the coset
element by gy € G. For example, the measure d°x det E¢), is
invariant under the local transformation, which gives us one
minimal way to construct the invariant action. By intro-
ducing the dimensionful parameter 4 which would be
identified with the 77 deformation parameter, we have
an action which respects the symmetry-breaking pattern in
this example:

8Hencefonh, as we only work on the two-dimensional model,
we will call such object as coset zweibein.

1
S=-5 / d2xdet(E*,)

_ _% P <cosh(m) +sinh(y/=v-v) \;%) :

(139)

Since v“(x) is nondynamical, one can integrate it out by
using its equation of motion

0 = tanh(v/—v - ) ——2 (140)
V-0V
Then the Lagrangian becomes
L= 1\/1+a(§5 op = 1\/1 810, p0_, (141)
22 22 e

where we rescaled the dimensionful Goldstone field
$(x) = v/2Ap(x) by the dimensionful parameter 1 to have
dimensionless Goldstone field. Up to constant, this action
is exactly the same as the one produced by 7T deformation
of free scalar theory [3,30]

L= =3 (VI=810,00-9 - 1).

Example II We can also apply the formalism of the
nonlinear realization method to the superspace symmetry
breaking. In this example, we consider the symmetry
breaking pattern—2D AN = (1, 1) super-Poincare group
G to 2D Poincare group H. It turns out that the minimal
construction of such effective action gives the well-known
VA model [32] which is well-known for the spontaneously
supersymmetry broken model. Here the generators for the
unbroken group H are the two dimensional translation P,
and the Lorentz rotation J,, (a, b =0, 1) while Q, for
N = (1,1) supersymmetry is broken. Thus, we can start
with the coset element by attaching Goldstino fields 6%(x)
to the broken supersymmetry generator Q, as

(142)

g=e"Pe?Ca, (143)
The nonlinear transformation of the Goldstino field 6% under
the broken supersymmetry can be easily shown by acting the
constant group element to the coset element. From

¢ QugX Pt 0y — (" +iEr"00x)Pyo(0°()+)Qu - (144)

we get

80,(x) = €, — i€y?6(x)0,0,(x). (145)

°Or, one can obtain the same result by the “inverse Higgs
mechanism” [41].
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To construct the effective model, we begin with the Maurer-
Cartan form

g 'dg = dx*e,P, + dx"0,0°Q,. (146)
The coset zweibein e u is found to be'°
e, =68, —i6y"0,0. (147)

As before, the simplest effective model for spontaneously
broken supersymmetry can be written as

1
L= —Zdet(e“”)

1
= —E (1 - 2i9+5:9+ - 21.6—6%8—

+460.0,60,.0_0_0_—-460_0_60.6_0,0_). (148)
By rescaling the Goldstino fields into the two-dimensional
Majorana fermion fields 6. = \/4/2y ., we have two

dimensional VA model

1
L=84_+S_ 4 +ASy4S—— —Sp-S_4)— h (149)

which is equivalent to the TT-deformed free fermion theory
up to constant.
Lrp = Se=FS_4+ A(S*,%S:,: - S%,:S:,%)- (150)

The Goldstino fields y,’s nonlinear field variations (145)
now become

Sy =& [1 = A8 -] — iE_[lw_oyy ],
Sy_ = —i& [y oy | +&[1-AS_,],

where €, = \/mea.

3D N = 2 super-Poincaré symmetry to 2D N' = (1, 1)
super-Poincaré symmetry Our main interest, 7T-deformed
N = (1,1) free theory, has the unbroken A = (1,1)
supersymmetry and the broken supersymmetry which
can be incorporated in 3D A/ = 2 super-Poincare algebra
with topological charge [5]. Thus, for the construction of
the effective theory with the same symmetry-breaking
pattern via the nonlinear realization method, let us consider
the following coset element.

(151)

g= eX'PeJ’(x)PZeea(x)tae”(x>'K, (152)

"%See Appendix B for details.

where P, (a=0,1) is the unbroken generator while
0.,P, and K,=J,, corresponds to broken one. We can
extract the coset zweibein E“, from the Maurer-Cartan
form

g 'dg = e "X ((dx — ifyd®) - P + dpP, + d6*Q,)e" ¥

+ e vKderK

= dx"E®,P, + other generators, (153)
where
Ee, = (8, — iBy*0,0) (50;, + (cosh(v=v-2) — 1) Z ”5)
. 0’0,
+ sinh(v/—v - v)
—v-
b vy
=e”,| 8% + (cosh(v/—v-v) = 1)
v-v
ayy 7
+ sinh(v/=v - v) :;T”QD (154)

where V;, = (e7!),#0, and e, = 5, — ify*d,0. Note that
e’ 4 1s the coset zweibein which appeared in the VA
model (147). Taking the determinant on the coset zweibein
E“,, one can obtain the effective action which respects the

symmetry-breaking pattern:
1 2 a
S:_z_l d xdet([E H)

1 2 a
_—2—/1/d x[det(e )

x <cosh(m)+sinh(m) v:V4 >] (155)

—v-v

As in the first example, we can integrate out the non-
dynamical field v“(x) to get the effective action:

1 - -
S= ~5 d’xdet(e?,)\/1+ V- V. (156)

One may take Eq. (156) as an effective action respecting the
required symmetry-breaking pattern. However, we find out
that we need to add the VA action (148) to Eq. (156) in
order to make contact with the T7-deformed N = (1,1)
theory. After we rescale the Goldstone fields as ¢ = v/21¢,

0. = \/A/2y, and adding some constant term, we have

L i(z — det(E“,) — det(e",))

1 1

:E<1—§det(e”ﬂ)(l+ 1—8N*¢V¢)), (157)
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where

V%Qb =040+ /1(0:455%,* + 5%455:&)

+ A28y 4 (0_pS_ 4 +0,S__),  (158)
V_p=0_¢p+ A0,¢pS—_ +0_¢S, )
+ A5 _(04Sy— +0_¢Sy4).  (159)

Indeed, one can see that this action (157) coincides with
Lagrangian density (4) of the TT-deformed N = (1,1)
theory. Moreover, the VA action that we added is turned out
to correspond to the Wess-Zumino (WZ) term'' in the
GS-like action in static gauge [5]. Therefore, we expect that
the WZ term in the coset superspace [42] would reproduce
the VA action that we added. We leave it for future works.

B. Constrained superfield

For the spontaneous supersymmetry breaking, there is
another method to construct the effective action for
Goldstone fields which is called the constrained superfield
method [36,37]. This method was initiated in Ref. [36]
where the VA model was studied with the constrained
superfield. This approach has an advantage in constructing
the models in manifestly supersymmetric form with super-
fields and superaction.

It turned out that some models generated by the con-
strained superfield method are nontrivially related to the
theories constructed from the nonlinear realization method
via the field redefinition [43-45].

We also provide the relations between the supersym-
metry broken models in Sec. IVA and the models con-
structed by the constrained superfield method. As we have
pointed out in Sec. III B, the superaction (59) for the
TT-deformed A/ = (1, 1) free theory can indeed identified
with the one constructed by the constrained superfield
method [17] with the vanilla scalar superfield (39) via the
field redefinitions (64).

1. TT deformed fermion theory from N =(1.1)
constrained superfield

The superaction of a single N' = (1, 1) scalar superfield
® can be written with the general potential term V(®) as

1
ED_CI)Der) - V(D). (160)
With the nilpotent superfield constraint [37]
@2 =0, (161)

the potential term V(®) gets truncated to linear @ term.
Then, the Lagrangian density can be written as

"See the term B in Egs. (4.8) and (4.10) of Ref. [5].

1
Lys = / 420 <§D_CDD+CD — ia® + /chZ), (162)

where «a is a real constant and the real superfiled 4 is a
Lagrange multiplier to impose the constraint ®> = 0. The
constraint and the equation of motion reads

@2 =0,

a—iD_D.® +2ii®=0. (163)

By multiplying ® to the equation of motion, we have
a® —i®D_D D =0. (164)

One can solve this equation and the constraint for the
components ¢, F of the N = (1, 1) scalar superfield

O=¢+i0n, +i0n_+i0T0°F, (165)
in terms of the fermion component fields 7, as
inn-
=" 166
=" (166)

2i
F=a- o (01, +n_04n_)
4
+ ) (1 04nn-0-n_+3n,0_nn_0dyn_). (167)

After plugging back these solutions into the Lagrangian
density (162), we have

. _ 2
Lis = in, 0-n, +in_0yn_ — o (14 04myn_0-_n_
a2

-5 (168)

+3n,0_nn_04n_)

In addition, from the solution (166) and (167), one can find
the supersymmetric variation of 7:

Sy =2ia~ et 0yn_—n_04n,]
—ae™[1=2ia (1 0_n +1_041_)

+4a_4(’7+0+’1+’1—a=’7— +3n,0-_n,n_04n_)], (169)
on_ =2ia~" e [ 0_n_—n_o_n,]
+aet[1=2ia > (n 0_n, +n_04n_-)
+ 407 (1404 n-0-n_+3n.0-n.n_0n_)]. (170)
It turns out that under the field redefinition
ny — (1=2a72S_ )y, (171)
n-— (1-2a728, _)y_, (172)
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where S_,,S, _ are fermion bilinears of w, (2), the
Lagrangian density Lgg (168) can be written in terms of
. as follows

1
[:KS:S+,=+S=,++ "’MS*,%S:,:_S%,:S:,*)_Z‘ (173)

Here, we identified 1 =2a"? and &, =F acT. The
Lagrangian density (173) is identical to that of the VA
model (149) as well as the TT-deformed free fermion
theory (150) up to constant term. Furthermore, the trans-
formation of . in Egs. (169) and (170) reads

Sy =& [1 = A8, -] — iE_[ly_oyy.], (174)

Sy_ = —ie [y, o_w_|+e_[1 —AS_,]. (175)
This transformation w_ also agrees with that of VA
model (151).

2. TT deformed N =(1,1) theory from N =(2,2)
constrained superfield

The superactions of the Goldstone superfields with
various supersymmetry breaking patterns were studied in
Ref. [17] where the constrained superfield method was
used to produce such models with partially broken global
supersymmetry (PBGS). We find that the supraction
from the constrained superfield method for the broken
N =(2,2) SUSY to N = (1, 1) is identical to the super-
action that we constructed in Eq. (59) with N' = (1,1)
vanilla scalar superfield (39) replaced by the deformed
superfield (62). We review the constrained superfield
method in Ref. [17] to build the effective superaction
for the supersymmetry breaking pattern N = (2,2) to
N = (1,1).

We begin with the N' = (2,2) chiral superfield @ with
the chirality condition

D.® =0, (176)
This condition enables us to write the chiral superfield ® in
terms of two N = (1, 1) real superfields @, ¢ as

® = (¢ + i) + 63 (iD, @ — D) + i6; (iD_g — D_b)
+i056; (-iD_D,@ + D_D.¢). (177)

@ = (¢ i) +i0; (~iD,¢~D.¢)+i0,(~iD_¢-D_¢)
+i05605(—iD_D.@-D_D.¢). (178)

Then, one can express the superaction for the free
N = (2,2) chiral superfield ® in terms of @, ¢:

1 o
S=5 / Pxd9+d9-d9-d9+ dd
1
= / &Pxd*0,(D_@D.p +D_¢D,p),  (179)

where d?0, , = (1’9?25191‘.2 and we dropped the total deriva-
tive term. From the N/ = (2,2) chiral superfield, one can
construct the N = (2, 2) real scalar superfield ®,.,; with a
constant v € R of dimension 1:

1 -
q)real = 5 (¢ -+ (I)) + 11)9;95

=@ —i03D, ¢ —i05D_¢ + 6565 (iv+D_D,@).
(180)

Note that v plays a role of the vacuum expectation value.
Now we impose the nilpotent constraint on the N = (2, 2)
real superfield as in the previous section:

P’ 0.

real — (181)
From the expansion of the constraint (181) with respect
to 65, we have

¢Dﬂ:¢ - O?

ivg +@D_D.p —D_¢pD. . = 0. (183)

One can take the following ansatz for @ which trivially
solve the constraint (182)

¢ =Qp|D_¢D. . (184)
The remaining constraint (183) can be written as
ivQ+ Q*D_D, (D_¢D.¢p)—1=0. (185)

Among the two solutions Q. of the quadratic equation,
we choose Q,, and the superfield ¢ is found to be

¢ =Q.[¢|D_¢D.¢

B —2iv™'"D_¢D, ¢
14 /1-4D_D.(D_¢D.,¢)

(186)

To express the superaction (179) in terms of ¢, it is
convenient to use the constraints (182) and (183) to obtain
the following identity.

1
=3P D.(¢*) =D 9D,p + 9D D.gp

=D_¢D.p +D_¢pD, ¢ —ivep,

0
(187)
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From this identity, one can express the ' = (2,2) super-
action (179) in terms of ¢, and in turn, in terms of ¢ by
using the solution (186):

1
s=3 / d*xd?0,(D_¢D,p+D_¢D.p)

_/d2xd29 D—¢D+¢ )
"14/1-402D_D.(D_¢D. )

(188)

This is the superaction with PBGS pattern N = (2,2) to
N =(1,1) in terms of the N = (1,1) real Goldstone
superfield ¢p. The superaction form (188) itself is exactly
the same as the one we constructed in Eq. (59), once we
identify » to TT deformation parameter as A = 202 and
replace the N = (1, 1) vanilla superfield ¢ by the modified
superfield @ (62).

V. CONCLUSION

In this work, we have constructed the superaction with
the deformed superfield for the 77-deformed N = (1,1)
supersymmetric model, and we have studied the
TT-deformed theory from the point of view of the effective
action for the symmetry breaking. We reviewed the
deformed N = (1,1) on-shell supersymmetry and the
global Fermi symmetry in the TT-deformed free
N = (1,1) SUSY model [5], and these global symmetries
can be identified with the broken super-Poincare symmetry
for 3D target space. We have shown that one cannot form
the superaction without higher-derivative fermion for the
TT-deformed free N = (1,1) SUSY model from the
vanilla superfield. Thus, instead of the vanilla superfield,
we constructed the superaction with the deformed super-
field. We obtained the TT-deformed off-shell N = (1, 1)
supersymmetry, and we proved that this deformed off-shell
supersymmetry leads to the known deformed on-shell
N = (1,1) supersymmetry [5] after integrating out the
auxiliary field. Furthermore, we found that this superaction
is related to the effective superaction for the Goldstone
superfield in the broken supersymmetry. We demonstrated
that the nonlinearly realized off-shell supersymmetry
becomes the Fermi global on-shell symmetry [5] after
the auxiliary field is integrated out. The deformed super-
field is related to the vanilla superfield under the field
redefinition, which leads to a nontrivial path integral
measure. With a toy model, we demonstrated that the path
integral measure from the field redefinition eliminates the
additional inflow of the degrees of freedom in the canonical
analysis.

We studied the 77 deformation in terms of the symmetry
broken models. From the method of the nonlinear realiza-
tion, we reproduced the TT-deformed free scalar, fermions,

and N = (1,1) supersymmetric theory. Furthermore,
we reviewed the constrained superfield method which
provides the superaction form of TT deformation of the
free fermions and N = (1, 1) supersymmetric theory. This
method has been used to study the SUSY 7T7-deformed
theory as symmetry broken models [11,12]. We showed
that the theory from the constrained superfield method can
exactly be identified with the original TT-deformed theory
after the field redefinition.

The correspondence of the effective models constructed
from the nonlinear realization and the constrained super-
field method up to field redefinition has been widely
investigated in various models [43-45]. Assuming that
the relation between the 77 deformation and the symmetry
broken models persist in the higher-dimensional models, it
would be interesting to investigate the higher-dimensional
effective theory for the symmetry breaking as the higher-
dimensional version of the TT deformation. Most inves-
tigations have been limited to the classical level. It remains
to be investigated whether this symmetry breaking pattern
is also realized at quantum level [46].

We have shown that the field redefinition of the fermion
in the deformed superfield (62), or equivalently, the path
integral measure for the vanilla superfield is inevitable in
the superaction (59) for the TT deformation of the free
N = (1,1) SUSY model in order to avoid the emergence
of the unexpected degree of freedom. However, the origin
of this field redefinition or the path integral measure is
still not clear at this moment. Moreover, our deformed
superfield might not be the unique resolution to this issue.
Since the TT deformation of general 2D QFT is known to
be equivalent to the QFT coupled to the 2D flat Jackiw-
Teitelboim (JT) gravity [47—49], it would be interesting to
understand the origin of the path integral measure by
investigating the 2D flat JT gravity coupled to the
N = (1,1) SUSY model.

The path integral in terms of the configuration variables
also has ambiguity in the path integral measure. We have
shown that the TT-deformed N = (1,1) SUSY action is
invariant under the off-shell (70)—(72) and the on-shell (74)
and (75) supersymmetry transformation, which are highly
nonlinear transformations of the configuration variables.
Hence, although the action is invariant, it is not clear
whether the path integral measure is invariant under such
nonlinear transformations or not. This nonlinear symmetry
might be anomalous at quantum level. Otherwise, the path
integral should have nontrivial measure which is invariant
under the nonlinear transformation. In fact, the path integral
could acquire a nontrivial contribution in the measure when
we integrate out the auxiliary field F in the superaction or
when we integrate out the conjugate momenta from the
first-order Lagrangian to obtain the second-order one.
This contribution to the path integral measure is irrelevant
at classical level, while the path integral measure discussed
in Sec. IIIC plays a crucial role even at classical level.
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We hope to report on the TT-deformed SUSY trans-
formation at quantum level in forthcoming work.

It is natural to extend our analysis to the 7T deformation
of the other two-dimensional supersymmetric models such
as TT-deformed free N = (2,2),(4,4) supersymmetric
models [14] or TT-deformed interacting SUSY models.
The rationale behind this work can be equally applied to the
deformation of generic theories with supersymmetry in
terms of component fields. Though the computations are
quite involved, the canonical analysis can be done to check
the broken and unbroken supersymmetries. We hope that
the connections with the symmetry-broken models via the
constrained superfield method would provide more hints
about the origin and its general rule for the field redefi-
nition. We leave them for future work.
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APPENDIX A: CONVENTIONS

(i) (t,x): (dimensionful) coordinates for 2D space-time.
(i) a =0, 1: two-dimensional flat indices, ¢ =0, 1:
two-dimensional curved indices, i = 0, 1, 2: three-
dimensional flat indices, @ = —, +: Spinor indices.
(iii) ¢ = dyp, ¢' = 0,¢: time and space derivative.
(iv) Light-cone coordinates

xF=t4x (Al)

l(50—51)-

: (A2)

1
6+:§(60+01), o =
(v) A: TT deformation parameter of dimension length-
squared.
(vi) ¢,y and m,z.: scalar field, fermion and its
conjugate momentum.

(vii) Two-dimensional Lorentzian metric and gamma

matrices
-10 0 —i 01
pu— ) 0: N 1: A3
”(01)y(10>7<i0)()
a. 2D N = (1, 1) SUSY conventions

(i) @*: Grassman odd variables.
(ii) f d*x = [ dtdx, [ d*0 = J dotdo-
(iii) SUSY-covariant derivatives, SUSY operators:

Di=—-i0y—20%0,., Q. =—i0,+20%0., (A4)

(iv) @: 2D N = (1, 1) real scalar superfield.
b. 2D N = (2,2) SUSY conventions
() 9* =6f +i05, 9t = 07 — i65:

mann odd variables.

(i) SUSY-covariant derivatives, SUSY operators:

Complex Grass-

_ 0
D:t 019:‘: l19 0+, Di:—aéﬁ—i-hgiai (AS)
o . _ o .
Qi:ai’?ﬁ—l& ai, Qi_—al,?—hg 0* (A6)

(iii) ®: 2D N = (2,2) scalar superfield.

APPENDIX B: USEFUL FORMULAS FOR
NONLINEAR REALIZATION

Here we present the useful expression for performing the
nonlinear realization in Sec. IVA:

S I

e Ade? Z (ad,)"dA
n=| 0
1 1
=dA ——[A,dA] + 3 [A,[A, dA]] (B1)
e Bet = io: (=1 (ady)"B
= n! A
1
=B - [A, B| +5[A, [A,B]]+..., (B2)
eheB = eA+B+%[A B+15[A.[A.B]|+5(B.[B.A]]+... (B3)

Two dimensional A" = (1, 1) supersymmetry algebra satisfy

{Q. Qﬁ} = _2i(y07a)aﬁpa’ [Qu Pa] =0, (B4)
and three-dimensional Poincaré algebra satisfy
i Tl = =naed ji = njpd e + 1 i + nd it

Jijs Pi]l = nixPj — 0P (BS)
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We can use Egs. (B2) and (B5) to have

(v-v) (v-v)

) 1
e "kKp e =P, —v,P, —Eva(v -P) + 3l v, Py — a0 va(v-P)...
-P P
= P, + (cosh(/—v-v) — 1)M — sinh(v/—v - v) L, (B6)
v-v v
. . )2
e—v~KP26v~K :P2+ (UP) _ (’l) U)Pz— (’U U) (UP) T (l) l)) Pz +
2 3! 4!
P
= cosh(y/=v - v) P, + sinh(y/—v - v) e (B7)
—v- v
where K, =J,, and [v-K,P,| = v,P>, [v- K, P,] = —v - P. And by using Egs. (B1) and (B4), we have
" 1
e""Cede” % = d6°Q, + 560" Q.. Oy}
= de*Q, — ify*deP,. (B8)
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