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One of the aims of aether scalar tensor theory (AeST) is to reproduce the successes of modified Newtonian
dynamics (MOND) on galactic scales. Indeed, the quasi-static limit of AeST achieves precisely this, assuming
that the vector field A vanishes and that the so-called ghost condensate can be neglected. The effects of the ghost
condensate were investigated in detail in previous studies. Here, we focus on the assumption of a vanishing
vector field. We argue that this assumption is not always justified and show how to correctly take into account
the vector field, finding that the quasi-static limit depends on a model parameter #2,.. In the limit m,, — 0, one
recovers the quasi-static limit with a vanishing vector field. In particular, one finds a two-field version of
MOND. In the opposite limit, m,, — oo, one finds a single-field version of MOND. We show that, in practice,
much of the phenomenology of the quasi-static limit depends only very little on the value of m,, . Still, for some
observational tests, such as those involving wide binaries, m, has percent-level effects that may be important.
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I. INTRODUCTION

Aether scalar tensor theory (AeST) [1,2] is a fully
relativistic model that reproduces many of the successes
of both modified Newtonian dynamics (MOND) [3-5] on
galactic scales and of ACDM on cosmological scales. It
also satisfies observational constraints from gravitational
waves that require tensor modes to propagate at the speed
of light [6,7].

One success of MOND that AeST aims to reproduce
is explaining the observed radial acceleration relation
(RAR) [8-10]. The RAR shows a one-to-one correspon-
dence between the Newtonian acceleration due to baryons,
ay, and the actually observed acceleration, ag. In par-
ticular, for accelerations a; much larger than the accel-
eration scale a, ~ 107'm/s?, the total acceleration ap, is
just the Newtonian baryonic acceleration a;. At small
accelerations, a;, < ay, the total acceleration a, is instead
given by ag,s & \/ayay.

That AeST can indeed reproduce MOND phenomenol-
ogy was shown in [1] under the assumption that the vector
field A (see below) vanishes. Their argument establishes
that AeST reduces to a specific two-field version of MOND
as long as the mass of the so-called ghost condensate is
negligible. The scale where the ghost condensate becomes
important is set by a model parameter that we call m below.
That is, m controls whether AeST reproduces MOND. This
scale and the effects of the ghost condensate are inves-
tigated in detail in previous studies [1,11,12].
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Here, we focus on the assumption of a vanishing vector
field A. In general, setting A to zero is inconsistent [11].
Nevertheless, one might expect it to be a good approxi-
mation in many situations of practical interest. Indeed,

neglecting A amounts to neglecting a curl term and, in the
context of MOND, neglecting curl terms was often found to
be a good approximation (see, e.g., [13]).

In some cases, however, curl terms can be phenomeno-
logically important. In addition, as we will see, neglecting
the vector field in AeST means neglecting a term whose
prefactor can be arbitrarily large, depending on the choice
of a model parameter. Thus, one might worry that the vector
field cannot be neglected in cases where this prefactor is
large. Here, we demonstrate that, even in these cases, the
ability of AeST to reproduce MOND is not impaired. That
is, AeST still reproduces MOND as long as the ghost
condensate is negligible. More generally, we show how to
correctly take the vector field A into account and discuss
phenomenological implications.

In particular, we will find that the quasi-static limit of
AeST depends on an additional mass parameter we call m.,.
This mass parameter m,, should be distinguished from the
mass parameter m that controls the ghost condensate. We
will see that, in contrast to m, the new mass parameter m, is
not related to the ghost condensate, has no effect in
spherical symmetry, and does not affect the ability of
AeST to reproduce MOND.

In the following, we employ units with ¢ = A = 1.

II. THE MODEL

In the quasi-static weak-field limit and with only non-
relativistic matter sources, the action S of AeST can be

© 2024 American Physical Society


https://orcid.org/0000-0001-7048-3173
https://ror.org/051fd9666
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.110.024062&domain=pdf&date_stamp=2024-07-22
https://doi.org/10.1103/PhysRevD.110.024062
https://doi.org/10.1103/PhysRevD.110.024062
https://doi.org/10.1103/PhysRevD.110.024062
https://doi.org/10.1103/PhysRevD.110.024062

TOBIAS MISTELE

PHYS. REV. D 110, 024062 (2024)

written in terms of the Newtonian gravitational potential @,
a scalar field ¢, and a vector field A [1,11],1

82GS = — / d4x{(§<1>)2 —2VO(Vep + QpA)
+ (Vo + Qo) + T (Vo + QoA)?)
. 2 K. o o oo
— m2 £_¢)> + B VAV[’A/]
" <Q0 K i
+ 8ﬂf;d>pb}. (1)

Here, p; denotes the matter density. We use the notation
p,, because only the baryonic matter is relevant in the cases
we discuss explicitly below. The function J determines
how the model interpolates between the Newtonian regime
(for accelerations larger than a;) and the MOND regime
(for accelerations smaller than ag). That is, J determines
what is called the interpolation function in MOND [14].
Further, G, Qy, m, and Kp are constants with mass
dimension -2, 1, 1, and 0, respectively. In the following,
we sometimes use the notation

U=V + 0A. (2)

We do not set ¢ to zero because any ¢ = const also
allows for static solutions. Indeed, the AeST model con-
tains a so-called ghost condensate and ¢ represents the
chemical potential of this condensate. This is explained in
more detail in [11]. The term multiplied by m? is related to
the condensate’s energy density.

The constant G is related to the Newtonian gravitational
constant Gy as

Gy = Gfa‘, (3)

with constant f;. Here, Gy is what enters the total
acceleration felt by matter in the Newtonian regime, i.e.
at accelerations larger than ay. That is, in spherical
symmetry and in the Newtonian regime, the total accel-
eration has the form GyM /r* with the total mass M and the
spherical radius r.

The action Eq. (1) depends on the four model parameters
G, Qy, m, and K 3, but only three independent combinations
of these are physical. Below we will mostly use the
following three independent combinations:

'The derivation follows [1]. We start with a Newtonian gauge
for the metric and use the assumption of a weak-field limit with
no time dependence (except ¢ = const; see below). Then, the ij
components of the Einstein equations imply that the metric
depends only on a single potential @, which we substitute back
into the action. This last step works because the fields ¢ and A do
not couple to the metric components g;; in this quasi-static weak-
field limit.

2 — Ky
2K,

(4)

fG?mvaEQO

To see that this is possible, rescale A A/ Qp [as in the

definition of U from Eq. (2)]. Then, the prefactor of the A
kinetic term becomes 1/mZ%, and the only remaining
appearance of Qq is in the m?(¢/Q, — ®)* term. In the
quasi-static limit that we consider, ¢/Q, can be absorbed
into ®. Thus, only f;, m, and m, are physical.

The function J must satisfy some requirements that
ensure that there is a Newtonian regime at large accel-
erations and a MOND regime at small accelerations. In
particular, the interpolation function fi(|U|/ay) = J'(U?)
must have the limits [1,14]

U U

ﬁ<u> - :qu’ (58')
ao L—‘(’)‘—>0 ao

_(10| _ fe

ﬂ<a_0> ‘—[/l—mo_l_fG‘ (Sb)

ao

In the following, we adopt a, = 1.2 x 1071 m/s? [8].

In AeST, ordinary matter is minimally coupled to the
metric g, in the standard way. The metric has the same
form as in the Newtonian limit of general relativity with the
potential ®@. There is no additional coupling of matter to the

fields ¢ and U. Thus, the total acceleration felt by matter is
i = —VO. (6)

Just as matter, light is also minimally coupled to the metric
9w 1n the standard way [although this is not shown
explicitly in Eq. (1)]. Thus, lensing works as in general
relativity, just with the potential @ calculated from different
field equations [2,11].

III. WHY ONE MAY BE CAUTIOUS ABOUT
LEAVING OUT THE VECTOR FIELD

To set the stage, we first assume a vanishing vector field A
and show that this assumption is, in general, inconsistent.
Nevertheless, as mentioned above, one may expect that
neglecting A is a good approximation in many situations of
practical interest. Here, we discuss why this is the case and why,
in some cases, one may still be cautious about neglecting A.

With A set to zero, the equations of motion for the
remaining fields ¢ and @ read [1]

AD = fg - 4nGy(pp +pc), (7a)

v (ﬁ <@> 64)) = fg 4xGy(py + pe), (7b)

o
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where we defined
d=d- @, (8)

and where p,. is the density of the ghost condensate,

G (@)
pe=—"—|——-D—0p). 9
4zGynfe \Qo ®)
The total acceleration g, = —V® can be written as the
sum of the accelerations G, = —Vg and G4 = —V ® due to

the fields ¢ and o, respectively,
atot = Zl)(p + (_i(i). (10)

These equations give MOND-like behavior whenever the
effects of the condensate density p, are negligible. To see
this, consider a spherically symmetric system and consider
first the large-acceleration regime a;, > a,. Then, using the
limits of ji from Eq. (5), we find

= (1= fg)ay, ag = feap, (11)

which gives
Aot = Ap, (12)

which is exactly what MOND requires in this large-
acceleration regime. Similarly, in the small-acceleration
regime, a;, < ay, we find

Qo R Gy R \/Ayay,, (13)

which again matches MOND. Thus, AeST seems to have
achieved its goal of reproducing MOND-like behavior.
In particular, AeST seems to reproduce a multifield version
of MOND whenever the ghost condensate can be
neglected [14].

The problem is that setting A to zero is not always
allowed. The reason is that the equations of motion of ¢ and
@, i.e., Eq. (7), are not the only equations that must be

satisfied. The equation of motion of A must be satisfied as
well. And this A equation of motion does not in general

have A = 0 as a solution. Concretely, the A equation of
motion reads

— 1 - - -
V<D—2 5V XV x(QA)

X

= (Vo + QpA) (1 +ﬁ(w>>- (14)

ap

If it is allowed to set A to zero, this equation must be
satisfied with A = 0,

()

We can algebraically solve this equation for ﬁ(p and then
take the curl to find

6@—%(1

VIV®| x Vd = 0. (16)

This condition is not fulfilled, except in some special cases
such as spherical symmetry [15).2 This is important
because for many systems of astrophysical interest—such
as disk galaxies—one cannot assume spherical symmetry
or another of the special cases where Eq. (16) holds.
Thus, setting A to zero seems to be inconsistent except in
special cases such as spherical symmetry. As we will see
below in Sec. IV B, an exception is the limit m, — 0. In

that limit, a small O(m?2) curl term in A allows one to both
avoid Eq. (16) and use the equations of motion Eq. (7) that

were derived assuming A =0. In that sense, setting Ato
zero is allowed in the m, — O limit, even outside special
cases such as spherical symmetry. The inconsistency
remains, however, when neither the limit m, — 0 nor a
special case such as spherical symmetry is pertinent.

In fact, this inconsistency arises already when setting
only the curl part of A to zero while still allowing a nonzero
gradient part. That is, the same inconsistency arises when

enforcing that A is of the form A = ﬁaA for some ay.
Indeed, a symmetry of the quasi-static limit of AeST allows

absorblng such a gradient term into V(p so that a vector field
VaA is equivalent to A=0 [2].

To see this more explicitly, consider a Helmholtz
decomposition of A,
K:§QA+§XBA9 (17)

where ﬁ . parametrizes the curl part of A. Using this
decomposition in Eq. (14) and setting the curl part to zero,

/§ 4+ = 0, we obtain an equation of the same form as Eq. (15),
just with ¢ replaced by ¥y = ¢ + Qoay,

“There is an alternative way to see that A = 0 s not, in general,
allowed. On the one hand, by subtracting the ¢ and @
equations of motion from Eq. (7) from each other, we find

6(/} . 6(/) v ®) = 0 where we left out the argument of i for
brevity. This implies that /i - ﬁ(p — V& =V x  for some vector
field h. Here, V x 11 is nonzero except in some special cases such
as spherical symmetry [13]. On the other hand, with A=0,the A
equation of motion Eq (14) can be written as i - Vga Vo =0,

which implies V x h=0. This is a contradiction (except in
special cases such as spherical symmetry). This contradiction is

resolved by allowing (the curl part of) A to be nonzero.
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§©—§1<1+ﬁ<|i—”|)>. (18)

0

The problematic Eq. (16) and, therefore, the inconsistency

then follow as before, i.e., by algebraically solving for Vy
and then taking the curl.

In the context of MOND, neglecting curl terms is often a
good approximation (see, e.g., [13]). Since what is prob-
lematic about setting A to zero is really setting its curl part

f4 to zero, one might expect a similar result here. That is, in

practice, neglecting (the curl part of) A may still be a good
approximation.

However, there is also reason to be cautious. In AeST,
neglecting the curl part of A implies neglecting the
following term in Eq. (14):

1
2m2

V x V x (QoA). (19)

The prefactor of this term can be arbitrarily large, depend-
ing on the choice of the model parameter m,. Thus, at
least when this prefactor is large, one may worry that

neglecting Ais abad approximation. Below, we show that
this particular case is not actually problematic and, more
generally, show how to correctly take the vector field into
account.

IV. TAKING THE VECTOR FIELD
INTO ACCOUNT

We now show how to correctly take the vector field A
into account and establish that this does not affect the
ability of AeST to reproduce MOND-like behavior. That is,
we show that AeST still reproduces MOND whenever the
ghost condensate can be neglected. We discuss the phe-
nomenological implications in Secs. VI and VII.

We first write the action in terms of U [see Eq. (2)],

1 - - - - -
S = —/d“x{ - {(V(D)2 —2VoU + U* + J(Uz)
87G

(2 o)+ L9090 + op (20)
0 2 Vi g5

where we used Q%ﬁ[,ﬁ = 6[,-1_]' jl» which follows from

antisymmetry, and we defined the mass scale

2-Kp
2K,

my =

Qo- (21)

The equation of motion of ¢ is then of the form
0;(¢p — Qp®) =0 which is trivially satisfied in the
quasi-static limit (keeping in mind that the only time

dependence we allow is ¢ = const).” This leaves the
equations of motion of ® and U. They read

N

A® -V U =4zGyfs(pp + pe) (22a)
oo o ot o(1aa(l0
VO - ——VxVxU=U|1+a|—] ). (22b)
2ms, ao

These are the equations that must be solved in the quasi-
static limit of AeST. They replace Eq. (7) when one
correctly takes the vector field into account. As we will
see, they are equivalent to Eq. (7) in some special cases
such as in the limit m, — 0 (Sec. IV B). Another, inde-
pendent, special case where Eqgs. (7) and (22) are equivalent
is spherical symmetry (Sec. IV C).

To see that Eq. (22) can still describe MOND-like behavior,
we will first discuss the limits of large and small m,.. We will
find that both describe a version of MOND. For m,, — 0, one
recovers the two-field version of MOND from Eq. (7). That s,

setting Atozerois justified in this case (but not in general). In
the opposite limit, m, — oo, one recovers a single-field
version of MOND. Plausibly, other values of m, interpolate
between these single-field and two-field limits.

Two comments are in order here. First, by recovering a
version of MOND we mean recovering equations that
produce MOND-like behavior to the same extent as the
original Eq. (7) derived in Ref. [1] assuming a vanishing
vector field. That is, both the single-field limit and the two-
field limit we discuss below reproduce MOND-like behavior
as long as the effects of the ghost condensate are negligible.

Second, our interest here is not in infinitely large or
infinitely small values of m,. Rather, our interest is in
keeping m finite and applying the model to systems with
characteristic length scales / that are small or large relative to
1/my, ie., myl> 1 or myl < 1. That m[ is the relevant
dimensionless quantity can be seen from Eq. (22b) by roughly
estimating spatial derivatives to be of order 1/! (see also
Sec. V). In the following, we obtain the leading-order
behavior for these cases by considering the formal limits
my — oo and m, — 0. Butkeep in mind that these limits are
only a formal tool. What we are really interested in here are
the cases m, [ > 1 and m, [ < 1 with finite / and finite mx.4

3This assumes a change of variables from (Z @) to (U.¢). In
terms of (/_{ @), the @ equation of motion still reduces to 9,(¢p —
Qy®) = 0 when combined with the divergence of the A equation
of motion.

This distinction is important for the following consideration.
From the action Eq. (20) one sees that, for m, — oo, all spatial
derivatives of the vector field U vanish. Indeed, in the full weak-

field limit of AeST [2], all derivatives of l_}, including time
derivatives, vanish for m, — oco. Thus, there may be a strong-
coupling problem in the limit m, — co. However, this is not a
concern for us. The reason is that we only consider finite m, and
use the limit m, — oo only as a formal tool within the quasi-static
limit to obtain the leading-order behavior of systems whose
characteristic length scale [ satisfies m, [ > 1.
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A. The single-field limit m, — co

The complicated part of the equations of motion Eq. (22)

is the double-curl term proportional to 1/m2 in the U
equation of motion. Luckily, for m, — oo, this term

vanishes and we can algebraically solve for U. We choose
to write the result in the following form:

0= %( qu<'V‘0D'>>, (23)

which implicitly defines the function u in terms of the
function ji. From the limiting behavior of ji, Eq. (5), we can
infer the limiting behavior of u, namely

Vo Vo
M | | = — | | , (243)
ap ) |V, do
ap
Vol
a)

This is the correct behavior for a single-field MOND
interpolation function [14].

Indeed, plugging this solution for U into the ® equation
of motion Eq. (22a) gives

Y (ﬂ (E) 5<I>> =4zGy(py +pc)s  (25)

Ao

which is a standard single-field version of MOND [13,14]
up to the ghost condensate density p,.. Without the ghost
condensate, this is known as aquadratic Lagrangian
theory (AQUAL).

This shows that the m, — oo limit of AeST reproduces
MOND-like behavior as long as the effects of the ghost
condensate density are negligible. Thus, in that sense,
AeST reproduces a single-field version of MOND in
this limit.

B. The two-field limit m, — 0

In the opposite limit, m, — 0, we cannot neglect the
double-curl term multiplied by 1/m2. To deal with this
term, we use the Helmholtz decomposition. One particu-
lar implication of this decomposition is that, instead of
solving a vector field equation X = 0, one can equlv—
alently solve the system of equations V-X=0and Vx
X =0 with the boundary condition that X vanishes at
infinity [16].

We apply this to the U equation of motion Eq. (22b).
This gives the two equations

wondfil®)] o

_exaxexﬁzzmgexMw(ﬁ))} (27)

ap

with the reasonable boundary conditions that U and Vd

vanish at infinity. We also decompose the field U itself into
a divergence-less and a curl-less part,

U=U,+Va, (28)

where U « 18 a vector field with V.U « = 0 and a is a scalar
field. This Helmholtz decomposition is guaranteed to exist

when U vanishes at least as fast as 1 /r for r - co. We
assume that to be true for now. Below we will see that this is
justified for physically reasonable solutions.

We now consider the implications of the limit m, — 0.
The only equation where m, appears is the curl part of the

U equation, Eq. (27). Using the Helmholtz decomposition
of U, Eq. (28), we find

VxVxVxU, =0m). (29)
Let us assume that U « (and not just U itself) vanishes at
infinity. Then, we find

U, = O(m?). (30)

by repeatedly applying the theorem mentioned at the very
beginning of this section. Thus, in the limit m, — 0, the

vector field U is just the gradient of a scalar field,’

>This means that the vector field A has no curl part in the
my — 0 limit. Since a vanishing curl part was shown to be
problematic in Sec. III one may wonder if we end up with the
same problem here. Indeed, when one plugs a vector field U
without a curl term into Eq. (22b) one again arrives at the
problematic Eq. (16). However, this is not what happens here.

The reason is that the O(m2) curl part of U [see Eq. (30)]
cannot be neglected in Eq. (22b) because of the 1/m? prefactor of

the V x V x U term there. Instead of Eq. (15), we now have

V& = O(mY) + Va(l + ji). Without the O(1) term this leads to
Eq. (16) and the associated inconsistency. The O(1) term
prevents this conclusion and, thus, the inconsistency. In other
words, the m, — 0 limit affects both the curl part of the vector
field and the 1/m? prefactor in Eq. (22b). Both are needed to
avoid the inconsistency. The same does not happen when one
takes the (curl part of the) vector field to zero without also taking
m, — 0, hence the inconsistency we discussed in Sec. III.
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U = Va+ O(m?). (31)

We can plug this result back into the remaining two
equations, namely the divergence part of the U equation of
motion Eq. (26) and the ® equation of motion Eq. (22a),

A(® —a) = 4xGyfs(py +pe)s (32a)
\Y <ﬁ <@> %) = A(® - a). (32b)
ao
This can be rewritten as
A(® —a) =4nGyfe(py + Pe). (33a)
v (/7 (' " ') Va) — 4xGyfolos +p).  (330)

This is equivalent to the system of equations, Eq. (7)
obtained by settmg the vector field A to zero, just with V(p

replaced by Va. Thus, the procedure of [1] is justified in the
my — 0 limit.

For the original equations of motion obtained in [1],
Eq. (7), the field V¢ does fall off at least as fast as 1/r
for physical solutions [1,11]. Thus, at least in the limit
my — 0, the same is true for Va = U and the decom-
position of U given in Eq. (28) does indeed exist.

This shows that the m, — O limit of AeST reproduces
MOND-like behavior as long as the effects of the ghost
condensate density are negligible. Thus, in that sense,
AeST reproduces a two-field version of MOND in this
limit.

C. Equivalence when curl terms vanish
The only place where m, enters in the equations of

motion Eq. (22) is as the prefactor of VxVxU. In
spherical symmetry, this curl term vanishes. Thus, in
spherical symmetry, the value of m, has no effect and,
consequently, the single-field and two-field limits that we
discussed above must be equlvalent Indeed, this equiv-

alence holds whenever V V x U vanishes identically,
though in practice this rarely happens outside spherical
symmetry [15]. Here, we demonstrate how this equivalence
works in practice.

Suppose we are given a solution where VxVxU
vanishes identically. This implies that the curl part of U
vanishes so that U can be written as the gradient of a scalar

field, U= ﬁa. In this case, the equations of motion
Eq. (22) have the form

A(® —a) = 472Gy fg(py +pc). (34a)

3 Sl =
V(®-a)= ﬂ(m> Va. (34b)
do
As expected, these are independent of m,. One can

algebraically solve Eq. (34b) for Va which gives [see
the definition of u from Eq. (23)],

ﬁazﬁcb( — fo <|v21>|>> (35)

Importantly, this implies that the combinations
i(|Val/ag)Va and p(|[V®|/ay)V® are curl-less. This
follows by taking the curl of Eqgs. (34b) and (35).

We will now show explicitly that, for such curl-less
fields, the full equations of motion Eq. (34), the single-field
equation Eq. (25), and the two-field equations Eq. (33) are

equivalent. First, since ﬂ(|§<b|/ao)§<l> is curl-less, the
single-field Eq. (25) becomes

u(|x))x = y. (36)

Similarly, the two-field equations Eq. (33) become
X = Xg = fGy’ (373)
ﬂ(|xa|)xa = fGy (37b)

Here, x = Vy®/a,, x, = Vya/ay, and y = |§¢N|/a0
where ¢y satisfies the equation A¢y = 4zGy(p, + p.)
and where a subscript N of a vector denotes its compo-

nent in the direction of V¢ . Indeed, whenever a vector F
is curl-less and satisfies an equation of the form
6(1_5 - 64’1\/) =0, then this equation simplifies to F =
V¢ or, equivalently, Fy/ag = y.

The full equations of motion Eq. (34) (not assuming
the single-field or two-field limit) can also be written
using this notation. One finds x —x, = fgy and x —
X = ji(|x,|)x, which is directly seen to be equivalent to
the two-field equations Eq. (37). It remains to show that
the two-field equations Eq. (37) are equivalent to the
single-field equation Eq. (36).

There are two implications to show. First, consider a
solution x, x, of the two-field equations Eq. (37). We
show that x also solves the single-field equation Eq. (36).
An important ingredient is the implicit definition of y in
terms of fi from Eq. (23). In terms of the notation used
here, this implicit definition is based on the equation x =
Xo(1 + fi(|]x,|)) which follows from Egs. (37a) and (37b).
Indeed, solving this equation for x, gives x, = x(1 —
fou(]x])) by our definition of y. Adding up these two
relations gives fi(|x,|)x, = fou(|x|)x. Using Eq. (37b)
then gives p(|x|)x = y. This is to say that x solves the
single-field equation Eq. (36), which is what was to
be shown.
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Next, consider a solution x of the single-field equation
Eq. (36). We show that this x is a solution of the two-
field equations Eq. (37). We define a candidate x, as
Xo, =X — fgy. By construction, this solves Eq. (37a). It
remains to show that it also solves Eq. (37b). To this end,
we again use the implicit definition of y in terms of i
which again gives ji(|x,|)x, = feu(]x|)x. Using Eq. (36)
then implies ji(|x,|)x, = fgy which is Eq. (37b). Thus,
the algebraic single-field equation Eq. (36) and the
algebraic two-field equations Eq. (37) are equivalent.
That is, the single-field and two-field limits are equivalent

when the curl part of U vanishes identically.

For later reference, we note that these algebraic
equations are often a reasonable approximation in the
context of MOND even when the curl terms discussed
here do not vanish identically [14]. Writing the solution
of the equation yu(|x|)x =y in the form x = v(y)y one
has in this approximation

Aoy = ANV <‘aN|> ) (38)

where dy is the Newtonian acceleration due to the mass
corresponding to the density p = p, + p. which includes
both baryonic matter and the ghost condensate, i.e.,

dy = —V¢y. Thus, in the case where the ghost con-
densate is negligible, i.e., when ay =~ a,, this gives the
standard MOND relation

oy = ah”(|5b|/a0)‘ (39)

V. SCALE DEPENDENCE
OF THE TWO LIMITS

Above, we have seen that AeST reduces to a single-
field version of MOND for m, — oo and to a two-field
version for m, — 0. Both limits reproduce MOND-like
behavior to the same extent as Eq. (7), which was
originally derived in Ref. [1] assuming a vanishing vector
field. That is, both limits reproduce MOND as long as
the ghost condensate is negligible. Thus, there are two
scales to consider: The model parameter m, controls
whether the single-field limit or the two-field limit
applies, and the model parameter m (that multiplies
the ghost condensate density p.) controls whether these
limits reproduce MOND [1,11,12].

In practice, whether the single-field or the two-field limit
is applicable depends not only on the value of the model
parameter m,. It also depends on the system under
consideration. In particular, consider a system with typical
length scale [. Then, derivatives can very roughly be
estimated to be of order 1/1 Thus, in practice, the relevant
quantity is m, [ [see Eq. (22b)],

my > 1: single-field limit, (40)

myl < 1: two-field limit. (41)

That is, even after fixing the AeST model parameters, some
systems will behave as in the single-field limit while others
will behave as in the two-field limit. It should be kept in
mind, however, that this distinction is irrelevant in spheri-
cally symmetric situations where these two limits give
equivalent equations.

The quantity m, = /(2 — K3)/KpQy is, to the best of
our knowledge, not yet constrained phenomenologically.
For the explicit examples of model parameters given in [1],
we have

10~ Mpc™! <m, <1 Mpcl. (42)

Thus, in the following, we will assume this range of
parameter values, though other choices are certainly pos-
sible. For this range of parameter values, the transition from
the two-field limit (small spatial scales) to the single-field
limit (large spatial scales) happens for [ ~ Mpc or larger.

To be concrete, this means that the two-field limit is
relevant for wide binaries (I ~ kAU), and at least the inner
parts of galaxies (/ ~ kpc). For galaxy clusters (/ ~ Mpc),
the single-field limit may be relevant depending on the
details of the cluster under consideration and the precise
value of m,.

As discussed above, the single-field and two-field limits
both recover MOND-like behavior when the effects of the
ghost condensate are negligible. Typically, the ghost con-
densate becomes important beyond a critical radius r,
whose scale is set by m [1,11,12],

N

Here, ry =+/GM,/a, with the baryonic mass of the
system M,. A typical order of magnitude of m is
1 Mpc! [1,2]. Thus, m and m, can be comparable
and—depending on the values of m, m, [, and M ,—there
are four possible regimes, corresponding to the four
possible combinations of single-field/two-field limit and
significant/negligible p..

For the explicit examples we consider below in Secs. VI
and VIl—galactic rotation curves and wide binaries—we
expect that the two-field limit applies (m, [ < 1) and that the
ghost condensate is unimportant (I < r.). Indeed, with
m ~ 1 Mpc™! and with m, in the range given by Eq. (42),
the single-field limit (/ > m3') may never be relevant when
AeST reproduces MOND (I < r..). Below, we nevertheless
also show the results for the single-field limit because this
illustrates the difference to other models of MOND for which
the single-field equation Eq. (25) is relevant (e.g., Ref. [13])
and also because (in contrast to m [2,11,12]) the value of
m, is so far not constrained by observations so that choices
other than Eq. (42) are, at least in principle, possible.
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VI. GALACTIC ROTATION CURVES ARE
ALMOST THE SAME IN BOTH LIMITS

Above, we have seen that the quasi-static limit of AeST
is more complicated than what was proposed in [1] based

on the assumption of a vanishing vector field A. The
procedure of [1] is justified for systems much smaller than
the model parameter 1/m,, but not in general. In practice,
however, the value of m, is often unimportant. That is, in
practice, one can often follow the procedure of [1] even for
systems larger than 1/m,,.

As discussed in Sec. IV C, one particular example is
spherical symmetry. Many astrophysically relevant systems
are not spherically symmetric, of course. But even in
axisymmetric systems the value of m, does not matter
in practice. This can be seen from Fig. 1, which shows the
Milky Way rotation curve as calculated for the two limits
m, — 0 and m, — oo for the Milky Way mass model
from [17]. Here, we assume m?/ f; = 0 for simplicity. That
is, we assume that the ghost condensate density vanishes.
This is a good approximation at the radii considered here, at
least for the usual choice \/f;/m = Mpc [1,11,12]. Details
of the numerical procedure are described in Appendix A.

For reference, Fig. 1 also shows a rotation curve obtained
from the algebraic relation Eq. (39). This algebraic relation
is often considered a reasonable approximation in MOND,
even outside spherical symmetry. We see that the difference
between the m,, — 0 and m, — oo limits is much smaller
than that between the algebraic case and either value of m..
Indeed, the effect of m, is much smaller than the systematic
uncertainties in modeling the Milky Way [17]. Thus, in
practice, the value of m, is unlikely to play a role for
galactic rotation curves.

250 | N S
/4.'/\ \\.____\“——‘
200 | /,;/
wn
~
g 150 {
= .
ER
© 100 o
N !
50 | — —m , — oo (single field)
—--m, — 0(two field)
— -- algebraic
0 '! 1 1 1 1 1
0 5 10 15 20 25
Rinkpc
FIG. 1. The rotation curve of the Milky Way for the single-field

limit m, — 0 (dashed blue line), for the two-field limit m,, — 0
(dash-dotted red line), and as calculated from the algebraic
MOND relation Eq. (39). This is with the simple interpolation
function p(x) =x/(1+x), f =0.99, and without the ghost
condensate mass, i.e., for m?/f; = 0. We assume the Milky Way
mass model from [17].

—-10 | —_—
1.00x10 Py
~11 [ e
2, 7.50x10 )l
] /
= —11 |
-7 5.00x10 /
= /
2.50x10 —-m , — oo (single field)
—-m, — 0(two field)
— --algebraic
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0.0 0.5 1.0 1.5 2.0
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FIG. 2. The vertical acceleration for the same Milky Way model
as shown in Fig. 1 at the solar radius R = 8.1 kpc for the single-
field limit m, — oo (dashed blue line), for the two-field limit
m, — 0 (dash-dotted red line), and as calculated from the
algebraic MOND relation from Eq. (39).

The same holds for observables based on the vertical
acceleration above the Milky Way disk (see, e.g., [18,19]).
This is illustrated in Fig. 2 which shows almost no
difference between the limits m, — 0 and m, — oo.

VII. PERCENT-LEVEL EFFECT
FOR WIDE BINARIES

The field equations of MOND are inherently nonlinear.
As a result, the environment of a system can affect its
internal dynamics. This is the so-called external field effect
(EFE), and it violates the strong equivalence principle.
A version of this EFE also exists in AeST because its field
equations share the same type of nonlinearity. For us, the
important thing is that the single-field limit m, — oo and
the two-field limit m, — 0 of AeST do not produce the
same EFE [20].

One particular type of system where the EFE is impor-
tant is that of wide binary stars (see, for example, [21-25]).
Intriguingly, recent observational studies of wide bina-
ries are getting close to percent-level accuracy in
acceleration [26-30]. Thus, even small differences in what
AeST predicts compared to other models can be important.

As discussed in Sec. V, wide binaries satisfy m, [ < 1
and [ < r... Thus, the relevant limit of AeST is the two-field
limit m, — 0 with a negligible ghost condensate density p..
Previous works have not considered this two-field version
of MOND, focusing on other models such as that obtained
in the m,, — oo limit of AeST, i.e., AQUAL [22,23]. Thus,
any difference between these two limits indicates that the
AeST prediction for wide binaries deviates from what
previous studies considered. In this regard, a more general
point is that different models that reproduce the same basic
tenets of MOND, such as being able to explain the RAR,
may differ in their secondary predictions such as the size of
the EFE [31,32].
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As we will now show, there can indeed be percent-level
differences between the single-field and two-field limits of
AeST. However, there is also reason to be careful with
quantitative statements. As we will argue, in the two-field
limit, wide binaries are much more sensitive to the details
of the local Galactic field than in the single-field limit. Any
quantitative statement about the difference between these
two limits must be understood to be relative to a particular
model of the Milky Way, and it is plausible that different
Milky Way models erase or significantly enhance the
percent-level differences mentioned above.

To see this, we again assume that the ghost condensate’s
mass is not important or, equivalently, that m?/fg; = 0.
This is a good approximation on the small scales, [ ~ kAU,
that are relevant here. We also assume that the EFE
dominates everywhere in the wide binary system under
consideration. This approximation is reasonable when the
distance between the two stars in the binary system is
relatively large [22,23]. Importantly, these approximations
allow us to make analytical estimates. More involved
numerical calculations are left for future work.

As already mentioned, for the internal dynamics of wide
binaries, the two-field limit m, — 0 is the relevant one. For
simplicity, we assume that the external field produced by
the Milky Way can be calculated using the same limit. We
expect this to be a good approximation, since the m, — 0
limit is valid up to scales of order 1/m, which in our case
means up to 1 Mpc—10* Mpc. Thus, we generally expect
only sub-percent differences between the actual external
field and that calculated using the m, — 0 limit.®

For reference, we first consider the single-field limit
m, — oo, assuming that the external field is also calculated
in this limit. This is equivalent to AQUAL and is explicitly
discussed in [22]. They find for the radial acceleration
in the binary system, a, relative to that in the Newtonian
case, dy,

I : (44)

p(x,)\/1+sin20L(x,)

Here, u(x) is the interpolation function of single-field
MOND (see Sec. IVA), L(x) is its logarithmic derivative,

ay My —>00

, (45)

x, is the gradient of the external gravitational potential ®,
relative to ay,

®In Appendix B, we consider what happens when the external
and internal fields cannot be calculated using the same
assumption about whether m, [ is large or small. We show that,
in this case, the external fields x, and x,, . (see below) have to be
calculated differently but Eqs. (44) and (47) remain valid. Thus,
any deviations from our results due to this can be captured in a
factor f as introduced below in Eq. (55).

Vo,|
— , 46
=t (46)

and @ is the angle between the radial direction (connecting
the two stars in the binary system) and the external field.

It is straightforward to adopt the procedure of [22] to the
two-field limit m, — 0. We find

a 1

— =fe| 1+ R
ﬂ(x,/,_e)\/l + sin® 6L(x,,.)

. (47)

ay my—0

where ji(x) is the two-field version of the interpolation
function (see Sec. IV B), L(x) is its logarithmic derivative,
and x,, is the gradient of the external gravitational
potential ¢, relative to a,

Vol
)C(/,’e = a—o (48)

This expression for a/ay has a very similar structure as the
corresponding single-field expression Eq. (44), except there
are now two terms, corresponding to the two fields ® and
@: the single-field interpolation function y is replaced with
its two-field counterpart ji, and there is an overall factor
of fG'

Importantly, in the two-field limit, it is only the external
field of the field ¢ that plays a role; the external field of ® is
irrelevant. This is because the ® equation of motion is
linear so that there is no EFE.

This is related to an important complication in the two-
field limit, regarding how to choose the value of x,, .. In the
single-field limit, a simple way to choose the external
gravitational field is to reproduce the observed circular
rotation curve of the Milky Way at the solar radius,

Xe = =7 (49)

In the two-field limit, reproducing the value of V2/R,
means

Xp.e + x(p.e = |6q)e + 6406 = a_— ’ (50)

where xg, = |§<I>e| /ay and, for simplicity, we assumed
that ﬁd)e and 6(,06 point in the same direction. The
important point is that, in the single-field case, the observed
value of V2/R, directly gives x, and that is all that is
needed to calculate a/ay from Eq. (44). This is different in
the two-field case. The observed value of V2/R, only gives
the sum x¢ , + x,, ., While calculating a/ay from Eq. (47)
requires the x, , part of that sum individually.
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This is the complication for the two-field case mentioned
above. It requires additional assumptions about the external
field to know which part of the total acceleration V2/R
comes from @ and which part comes from ¢.

Here, we first consider a spherically symmetric external
field. Of course, the Milky Way is not spherically sym-
metric, but this case serves as an illustrative starting point.
We discuss more general cases below. Assuming spherical

symmetry, the total acceleration X, , = |§(I>e + Vo.l|/ag
in the two-field case satisfies the standard algebraic MOND
relation with the interpolation function y from the single-
field limit (see also Sec. IV C)

ﬂ(xtot,e)xtot.e = Ye» (51)

where y, is the gradient of the Newtonian external potential
relative to ay. This follows from Eq. (33) in spherical
symmetry and the definition of y in terms of ji Eq. (23). In
addition, we have xg . = fY,. directly from Eq. (33). This
gives

1 V2
with xg=—-—". (52)

Xpe = xO(l _fG:u(xO)) ao RO

Thus, assuming spherical symmetry, we can calculate
a/ay from just V2/Ry, even in the two-field limit.
Explicitly, we have

q |spherical 1

- fG 1 + —
lx )1+ sin 0L (x,..)

, (53)

ay my—0

with x,, , =xe (1= fGu(xe)) and xg as defined in Eq. (52).
This should be compared to the single-field result Eq. (44)
with x, = x5. We quantitatively compare these two cases
in Fig. 3.

From Fig. 3, we see that the two-field and the single-field
limits give the same acceleration when the external field
points in the radial direction, sin? @ = 0. In contrast, when
the external field is perpendicular, sin?@ = 1, the accel-
eration in the two-field limit is a few percent smaller than in
the single-field limit. Following [23], one may also con-
sider an acceleration averaged over 6,

(a) = % A " 46sin 0a. (54)

As we can see from Fig. 3, this averaged acceleration is
again smaller for the two-field limit than for the single-field
limit. The magnitude of the effect after averaging is similar
to that in the perpendicular case without averaging.
These results are often a good approximation even beyond
spherical symmetry, namely whenever the algebraic relation

L 4 L 4
1.50
1.45
=z
S 140t
] o
135 & afay, sin’9 =0
A ? O (@)/ay
1.30 F A afay, sin’f =1
L A
m, — oo m, —0
(single field) (two field)
FIG. 3. The radial acceleration in a wide binary system relative

to that in the Newtonian case for the single-field limit m, — oo
(blue line) and the two-field limit m,, — 0 (red line) of AeST. For
real-world wide binaries with separations / ~ kAU, the two-field
limit m, — O is the relevant one. Markers with a diamond shape
indicate an external field parallel to the radial direction,
sin”> @ = 0, markers with a triangle shape indicate a perpendicular
external field, sin?@ = 1, and markers with a circle shape
indicate the angular average from Eq. (54). We assume that
the external field dominates everywhere in the binary system and
use the simple interpolation function p(x) =x/(1+x). We
further assume f; = 0.99 and no ghost condensate mass, i.e.,
m?/ fe = 0. The external field is calculated from the acceleration
VZ/R at the solar radius R = 8.1 kpc for the Milky Way model
shown in Fig. 1. For the single-field limit, the value of V2/R
alone suffices to calculate a/ay. For the two-field limit, we
additionally assume the algebraic MOND relation Eq. (39).

H(Xeor.e ) Xiore = Ve from Eq. (51) is a good approximation.
This is indeed often the case (see, e.g., [13,33]).

However, one also must be careful here. Since the
difference between the single-field and the two-field limits
is just a few percent, one should use the algebraic relation
Eq. (51) only if it is valid well below the percent level.
Otherwise, any real effect may be washed out by errors in
the external field.

We show the effect of deviations from the algebraic
relation Eq. (51) in Fig. 4. In particular, we show how the
averaged acceleration ratio (a)/ay in the two-field limit
changes when the gradient of the external field x,, , deviates
from what the algebraic relation Eq. (51) says it should be.
We parametrize the deviation of x,, , from its value derived
from this algebraic relation by a factor f,

X X
fE al Z.iajc = = ’ 55
xEed xo(l = fou(xo)) G2)

From Fig. 4, we see that a deviation of x,, from its
algebraic value by a few percent also changes the accel-
eration (a)/ay by a few percent. In particular, smaller
values of x,, bring the single-field and the two-field
limit closer together, while larger values push them apart.
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FIG. 4. The angle-averaged acceleration Eq. (54) in a wide
binary system relative to the Newtonian case as a function of how
much the external field x,, in the two-field limit m, — 0
deviates from what the algebraic relation Eq. (39) implies (solid
red line). For comparison we also show the single-field limit
m, — oo (dashed blue line) which does not depend on f. Apart
from this factor f, the calculation is the same as in Fig. 3. The
vertical dashed line denotes the prediction for an external field
that follows the algebraic MOND relation, f = 1, while the
dotted vertical line shows what we find for the axisymmetric
Milky Way model from [17]; see also Fig. 1.

A moderately smaller value, f =~ 0.95, erases the difference
between the two limits.

Thus, compared to the single-field limit, one needs to
know the details of the Milky Way’s gravitational field
much more precisely when making predictions for wide
binaries in the two-field limit. As one particular example,
we here consider the axisymmetric Milky Way model
already discussed in Sec. VI. In that model, comparing
the numerically computed value of x,, , at the solar radius to
that inferred from the algebraic relation Eq. (51) gives

£ ~0.963. (56)

This value is also highlighted in Fig. 4. We see that this
leaves a difference of only about 1.5 percentage points
between the single-field and the two-field limit.

One might conclude that the value of m, makes very
little difference for wide binaries. That is, one might expect
that the AeST prediction (corresponding to the two-field
limit m, — 0) is very close to what previous studies have
found for AQUAL (i.e. for the single-field limit m, — o).
However, as we have seen, any quantitative statement
depends sensitively on the details of the local gravitational
field of the Milky Way. Indeed, the Milky Way disk is
found not to be in equilibrium and nonaxisymmetries may
not be negligible [17,34,35]. Plausibly, such effects can
either erase or significantly enhance the percent-level
differences between AeST and other models of MOND.
Thus, quantitative predictions require more involved
numerical studies that take such effects into account.

They also require carefully evaluating how accurate such
predictions can be given the observational uncertainties.
This is left for future work.

VIII. PHENOMENOLOGY OF CURL TERMS

Above, we have seen that the single-field limit m, — oo
and the two-field limit m, — O produce practically indis-
tinguishable rotation curves in galaxies but show larger
differences in wide binaries. Here, we show that the larger
effect of m, in wide binaries is due to curl terms that are
closely related to (but not identical with) the curl part of the

vector field U. R

We first note that the curl part of U is not the only
relevant curl in the quasi-static limit of AeST. Indeed, the
equations of motion in the single-field limit, Eq. (25), and
in the two-field limit, Eq. (33), are both of the form
V F = 4xGp. This is equivalent to V(F — V¢py) where
¢y satisfies the Newtonian Poisson equation A¢y =
47Gp. In general, this implies F=V¢y+Vx h for some
vector field 4; i.e., F matches V¢ up to a curl term V x h.

As we will see, curl terms such as V x i are directly
responsible for the fact that m, has a larger effect in wide
binaries than in galaxies.

Specifically, in the single-field limit m, — oo we have

(vq’|>vq> Vb +V x s (57)

ao

for some vector field A,
m, — 0, we have

. Similarly, in the two-field limit

V(®-a) = fVen. (58a)
Vel
/l( p )Va = va¢N + V X ho, (Sgb)
0

for some vector field ﬁo. There is no curl term for Eq. (58a)

since any potential curl term V x h that one might add to
Eq. (58a) can be shown to vanish by taking the curl on
both sides.

As discussed in Sec. IV C, when these curl terms vanish,
the single-field limit and the two-field limit are equivalent;
i.e. both limits produce the same total acceleration felt by

matter d,,, = —V®. In this case, one has

§¢)|no curl — I/<|VCI¢N|>V¢N7 (59)
0

irrespective of the value of m,. Thus, any difference
between the m, — 0 and m, — oo limits must be due to

nonzero curl terms such as V x hy, and V x hy.
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Indeed, when these curl terms do not vanish, Eq. (59)
receives corrections that we parametrize in terms of a vector
field C, defined by

Vo = u(M) 6(]51\; -C. (60)

Givenacurl term V x 7100 (in the single-field limit) or V x /;0
(in the two-field limit) it is straightforward to obtain the

corresponding C by first algebraically solving Eq. (57) or
Eq. (58) for V® and then subtracting Vo from

(|V¢N| / aO)Vd)N In the followmg we will mostly consider
C instead of V x h and V x ho because C is more directly

related to observations. Indeed, C is the additional accel-
eration induced by the curl terms. We refer to the rest of the
acceleration (not induced by curl terms) as the algebraic part

dyigebraic Of the total acceleration, i.e., Gy, = dyigebraic + C-
Figure 5 shows the acceleration induced by the curl
terms, C, relative to the algebraic acceleration, Zialgebraic, for
the Milky Way model considered in Sec. VI at z = 0. We
see that the curl terms affect the acceleration on the percent
level. This is what produces the percent-level difference
between the rotation curve calculated from the algebraic
MOND relation Eq. (39) and the full numerical solutions
(see Fig. 1). However, this curl-induced acceleration is
almost identical for the two-field limit m, — 0 and the
single-field limit m, — oo. This is why these two limits

0.01+ _—— T
g i
£ 0.00 P
z \ 27
S ool -
S -0.01 '\‘\ l'\_/
= \ i
£-0.02F | i
b [ ,\_,"
$-003F | [
< ] =
T coal |1
|@ : \\\\ i — —m , — oo (single field)
= \j | —--my — 0(two field)
—-0.05F \J
1 1 L L L L
0 5 10 15 20 25
Rinkpc

FIG. 5. The acceleration induced by curl terms in the single-
field limit m, — oo [dashed blue line; see Eq. (57)] and the two-
field limit m, — O [dash-dotted red line; see Eq. (58)] for the
Milky Way model from Sec. VI at z = 0. These curl-induced
accelerations are why, in general, the single-field and two-field
limits are not equivalent. The part of the total acceleration that is
not induced by curl terms, Eialgeb,aic, is independent of m, (see
Sec. IV C). For the Milky Way model considered here, the curl-
induced accelerations in the single-field and two-field limits are
almost identical which is why the corresponding rotation curves
are almost identical in both limits (see Fig. 1).

produce rotation curves that differ by much less than a
percent (see Fig. 1).

Consider now the internal acceleration in wide binaries.
The curl-induced part of this internal acceleration is
illustrated in Fig. 6. For simplicity, Fig. 6 shows the case
where the external field satisfies the algebraic MOND
relation Eq. (39).

We see that, in wide binaries, curl terms induce a much
larger change in acceleration, on the order of ten percent.
The difference in these curl terms between the single-field
and two-field limits has similarly increased: The curl terms
for my, — oo and m, — 0 differ on the percent level. This
explains why we find percent-level differences between the
m, — 0 and m, — oo limits for wide binaries but not for
galactic rotation curves.

Figure 6 also shows that, for sin? @ = 0, the curl terms in
the m, — oo and m, — 0O limits induce exactly the same
change in acceleration. As a result, both limits give the
same total acceleration in this case. This matches our
results from Sec. VII (see Fig. 3).

The curl terms discussed here, which explain the differ-
ence between the single-field and two-field limits,
are related to—but not identical with—the curl part
of the vector field U (or equivalently A) discussed in
Secs. III and IV. Indeed, in the single-field limit, the

curl part of U directly matches the curl term discussed

N\
2 03F N — —m , — oo (single field)
g 7 NN —--m, — 0(two field)
3 N
g 0.2 \_C\
g o1f NN
8 ~ Do
%’D ~N ~N
< 0.0 S~
6 ~ \\
| ~._ >
S -0.1F \\\\\\
S~— ~ ~
1 1 1 3
0.00 0.25 0.520 0.75 1.00
sin 6

FIG. 6. The internal acceleration in wide binaries induced by
curl terms in the single-field limit m, — oo (dashed blue line)
and the two-field limit m, — 0 (dash-dotted red line), assuming
that the external field satisfies the algebraic MOND relation
Eq. (39), i.e., assuming that only the internal acceleration is
affected by curl terms. Here, a and aygepraic refer to the
acceleration components in the radial direction connecting the
two stars in the binary system. The difference between the curl-
induced accelerations in the single-field and two-field limits is
larger than for rotation curves (see Fig. 5). This is why the value
of m, makes a larger, percent-level difference for wide binaries
(see Sec. VII). For sin? @ = 0, the curl-induced acceleration is the
same in the single-field and two-field limits. This is why, in this
case, the total internal acceleration is the same for both limits
(see Fig. 3).
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here, U = —f5V x he + (curl- less) This follows from
Eqs (23) and (57). In contrast, in the two-field limit,

U is curl-less to leading order, U = O(mx) + (curl-less)

[see Eq. (30)]. But the O(m2) curl term in U is still related
to the curl terms discussed here. Specifically, to leading

order in m2, we have U = U, + (curl-less) where U, is
determined by AT « = 2m%V x EO. This follows by using

the Helmholtz decomposition Eq. (28) in Eq. (22b),

expanding in m?, using the fact that U, is of order m2,

and comparing the result to Eq. (58). Thus, the curl part of

U is indeed closely related to the curl terms that explain
why m, has a larger effect in wide binaries than in galaxies.

IX. CONCLUSION

Previous studies have shown that the quasi-static limit of
AeST depends on a scale m that is related to the so-called
ghost condensate and that determines on which scales
AeST reproduces MOND. Here, we have shown that the
quasi-static limit additionally depends on a scale m, that is

related to the vector field A. In previous studies, this vector
field was assumed to vanish. Above, we have argued that
this assumption is, in general, not justified and we have
shown how to correctly take the vector field and the
associated scale m, into account.

In the limits m, — oo and m, — 0 one recovers a single-
field and a two-field version of MOND, respectively. More
precisely, these limits lead to single-field and two-field
equations of motion that produce MOND-like behavior to
the same extent as the equations originally derived assum-
ing a vanishing vector field. That is, the single-field and
two-field limits still reproduce MOND as long as the ghost
condensate can be neglected. These single-field and two-
field limits are relevant in systems whose characteristic
length scales [ satisfy m, [ > 1 and m, [ < 1, respectively.

The two-field limit is precisely what was found in
previous works where the vector field was neglected.
Thus, these previous works are justified for m, [ <1,
but not in general. Outside the special cases m,[> 1
and m,[/ <« 1, the quasi-static limit of AeST represents
a novel version of MOND that does not reduce to any of
the previously proposed versions such as AQUAL [13],
quasi-linear MOND (QUMOND) [32,36], or modified
inertia [37].

In practice, however, numerical calculations indicate that
the value of m, makes almost no difference for radial and
vertical accelerations in galaxies. Thus, for rotation curves,
for example, our results are of purely theoretical interest.

In contrast, we find that there may be a percent-level
difference for the acceleration in wide binaries. This is of
practical interest since observations are getting close to
reaching that level of precision. Unfortunately, for the
phenomenologically relevant two-field limit m, — 0,
the acceleration in wide binaries depends sensitively on

the details of the local gravitational field of the Milky Way.
Thus, quantitative theoretical predictions require numerical
follow-up studies that take into account the full complexity
of the solar neighborhood.
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APPENDIX A: NUMERICAL PROCEDURE

We numerically solve the equations of motion
Eq. (33) (for the two-field limit m, — 0) and Eq. (25)
(for the single-field limit m, — oo) using the Julia package
Gridap.jl [38,39]. We here describe our procedure for the
two-field limit Eq. (33). The simpler single-field limit
Eq. (25) works analogously. The procedure described here
also applies to the original equations in Eq. (7) from
Ref. [1], since these are equivalent to those from the two-
field limit Eq. (33).

We use cylindrical coordinates R and z that we rescale to
dimensionless coordinates R, = R/I, z, = z/I with the
length scale / = 10 kpc. We solve the equations of motion
Eq. (33) in terms of the fields ® = ® — o and a. We further
rescale these fields by a factor A = 1077, giving ug = d/A
and u, = a/A.

We solve the equations in a spherical region with radius
r <100 Kpe = ropge, i€, VRZ+22<10=r . We
assume that solutions are symmetric under z — —z which
corresponds to the z — —z symmetry of the Milky Way
mass model from [17] that we consider here.

Gridap.jl expects the equations to be given in weak form.
This means we do not directly solve Eq. (33) but an integral
version of these equations. Specifically, we find functions
ug and u, for which the following integral vanishes for
arbitrary test functions » and w that vanish at the Dirichlet

boundary (i.e., at \/R2 + z2 = Tvmax; S€€ below):
7'x max V r)zr,max _R)zc
0= / deRx/ deI<va Zx)v (Al)
0 0
with the integrand /(R,, z,) given by

IRy 2,) = —(010) - (Byug) — (9w) - (u (A'L) a)

lao

4nGy 2
—(v+w)- ﬂ N

prb(va Zx) (Az)
Here, the subscript i of 9; runs over R, and z,. Similarly,

|§ua| means +/(0;u,)(0;u,). We left out the condensate
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density p,. since we are only interested in the case
m?/fg = 0. The baryonic energy density p,(R,z) is that
of the Milky Way model from [17]. We show how this
integral form of Eq. (33) is derived below.

The integral in Eq. (A1) is evaluated on a mesh that we
generate using Gmsh [40]. The mesh has size R, ., and is
generated with a “mesh_size_callback” function that

returns the default cell size or 0.005- (1 + \/R2 + z2),
whichever is smaller.

On the boundary \/RZ+ 72 = rypmae W€ impose a
constant value for u, and ug. That is, we impose that
the fields are spherically symmetric there. Which values we
impose does not matter because the absolute values of u,
and ug are inconsequential in the m?/f; =0 case we
consider here. We choose u, = 4.1 and u3 = —5.0. On the
other boundary, z, = 0, the form of the integral Eq. (A1)
implicitly imposes homogeneous Neumann boundary con-
ditions which encode the z - —z symmetry (see below).

We now discuss how to obtain the integral form Eq. (A1)
of the equations of motion Eq. (33). We first multiply the
two equations of motion Eq. (33), respectively, by two
arbitrary test functions v and w. Then, we add up these two
equations and integrate both sides of the resulting equation
over the volume V in which we want to solve the equations.
This gives

O:/dV{v-[A<i>—47rGNfG(Pb+.0c)]
v

-9 (@) Ga) ~anGufolptpo)| | (A3)

0

Finding fields ® and a that solve the two equations of
motion Eq. (33) is equivalent to finding fields ® and a for
which the integral Eq. (A3) is zero for arbitrary test
functions » and w. From Eq. (A3) one finds the integral
form Eq. (Al) used in our numerical procedure by
integrating by parts, neglecting p,., using cylindrical coor-
dinates, assuming axisymmetry, and switching to the
rescaled fields ug and u, and the rescaled coordinates
R, and z,.

The only subtlety lies in the boundary term that one
obtains when integrating by parts. This boundary term is
proportional to

/ ds - [1}6 d +wii <|Va|> ﬁa} .
oV ao

How to handle this boundary term depends on the type of
boundary conditions one wants to impose and the precise
mathematical functional spaces from which one chooses
the test functions v and w and the fields & and . In our
case, since we impose mixed Dirichlet and homogeneous
Neumann boundary conditions, the correct procedure is to

(A4)

leave out the boundary term Eq. (A4), use test functions v
and w that vanish on the Dirichlet boundary (i.e., at
F = oy, and consider fields @ and « from a functional
space that only contains fields that satisfy the Dirichlet
boundary condition. Unfortunately, there are some subtle-
ties in rigorously deriving this result. For these, we refer to
the mathematical literature (see, for example, Ref. [41]). In
practice, one can follow the nice tutorial’ provided by
Gridap.jl [38,39] on precisely the type of equation we are
dealing with here.

We have validated this numerical procedure against a
previous numerical code used in Ref. [33] where a very
similar set of equations was solved numerically. The
numerical code from Ref. [33] does not require deriving
the integral form of these equations. Thus, that both
numerical codes agree indicates that Eq. (Al) is indeed
the correct integral form of the equations of motion
Eq. (33). The advantage of the numerical procedure used
here [based on Gridap.jl and Eq. (A1)] is that it runs faster
and is more flexible.

APPENDIX B: MORE GENERAL
EXTERNAL FIELDS

In Sec. VII, we assumed the same limit—m, — 0 or
m, — oco—for both the internal and the external fields of
wide binary systems. But, in principle, it can happen that
the external field cannot be calculated using the same limit
as the internal field (see Sec. V). Here, we show that in such
a case Eqgs. (44) and (47) remain valid. Only the external
fields x, and x,, that enter these equations need to be
calculated differently.

To see this, we first write down the equations of motion
Eq. (22) without assuming a particular value of m, for a

system embedded in external fields U . and ®,, giving

A(D—§[7:4”GNfG(pb +p¢) (B1)
and
6(13 -5 6 X 6 x U
m><
- el d ~ (_j+ [_jg Y (76
=U+ (U + Ue)/'{ <g> - Ueiu (u> ’ (B2)
ag g

where we used that p,. is linear in the field ®. As in
Sec. VII, we assume that the external field dominates
everywhere. For this case, we find the linear equations

7https:// ‘oridap.github.io/Tutorials/stable/pages/t004_p_laplacian/.
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AD-V =S,
— 1 =g =g — — — -
V¢>—2—2V><Vx U=U+Uj,+(U-U,)—[,,
X 0
where U, denotes the direction of U . and we use the
shorthand notations

3 :~<|Ue|> I :~,(|Ue|>
He =H\— )5 He =H\—)>
ao ao

as well as

S=4rGnfe(pp + pe)- (B5)

We now consider wide binary systems with typical
length scale [,;, and consider the cases where m, /[, is
large or small without assuming anything about the external
field. Below, we show that in this case we still reproduce
Eq. (44) for m,l,, > 1 and Eq. (47) for m,l, < 1, but
with adjusted definitions of x4 and x,, compared to

Sec. VII. For concreteness, we assume that 176 points in
the positive z direction.

1. The case m,l, < 1

Consider first the case m [, < 1. Following the same
steps as in Sec. IVB, we find from Eq. (B3) that

U = Va + O((mylyy)?), which leads to

A(® —a) =S. (B6a)
A(® - a) =i, (Ba+ da) + i, (1 + L,)o%a,  (B6b)

with the shorthand notation
ALY (B7)

ap He
This is equivalent to

A(D —a) =S, (B8a)
fi,(Ba+ ?a) + ji,(1+L,)0%a=S. (B8b)

Following the procedure of [22] and neglecting the ghost
condensate density p,., this gives the two-field expression
for a/ay from Eq. (47), just with the replacement

[
. B9
ve (89)

2. The case ml,;, > 1

Consider next the case m, [, > 1. In this case, we find
from Eq. (B3),

AD -V U =5, (B10a)
0@ = Ui(1 + fie), (B10b)
0, =U,(1 +f,) + U.ji,L,, (B10c)

where k = x, y. We can algebraically solve for U and plug
the result back into the first of these equations to find

1 2
<1—1+~ >(a,%d>+aycb)

He

+ (1 : >a2q>— S.  (BIl)
1+ﬁ€(1 +Z€> ) '

To make contact with Eq. (44), we must rewrite all
occurrences of fi in terms of u. In Sec. IV A, the function
u is implicitly defined in terms of the function ji by the
relations

x=u(l+ a(u)), (B12a)

u=x(1-fou(x)), (B12b)

for all positive u. From both relations we can infer an
expression for u/x. Equating these gives a useful direct
relation between ji and p,

(1 +A(u)(1 = fou(x)) = 1. (B13)

By taking a derivative of this relation with respect to x and
using ou/ox = 1 — feu(x)(1 + L(x)) we find

L0 = (1 L) B o B
After some algebra, we then obtain the relations
ey = (),
e Ty = TR0+ L) (B1S)
Thus, we have
e (3@ + 03®@) + (1 + L)o@ =S, (B16)

with the shorthand notation
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He = pu(x,),
L, =S %)
()

Following the procedure of [22] and neglecting the ghost
condensate density p,., this gives the single-field expression
for a/ay from Eq. (44), just with the replacement

U] < ~<|Ue|>>
X, = 1+ h .
ag ao

(B18)
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