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One of the most important sources for space-borne gravitational wave detectors such as TianQin and the
Laser Interferometer Space Antenna is the merger of massive black hole binaries. By analyzing the inspiral
signals, we can probe the characteristics of massive black holes, including the spin-induced multipole
moments. By verifying the relation among mass, spin, and quadrupole moment, the no-hair theorem can be
tested. In this work, we analyzed the capability of probing the spin-induced quadrupole moment with the
inspiral signal of massive black hole binaries using space-borne gravitational wave detectors. Using
the Fisher information matrix, we find that the deviation of the quadrupole moment can be constrained to
the level of 10−1, and events with higher mass ratios will provide a better constraint. We also find that the
late inspiral part will dominate the result of parameter estimation. The results of Bayesian analysis indicate
that the capability will be significantly enhanced by considering higher modes. We also calculate the Bayes
factor, and the results indicate that the model of a black hole and a boson star can be distinguished without a
doubt.
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I. INTRODUCTION

After the first detection of the gravitational wave (GW)
from GW150914 [1], the LIGO-Virgo-KAGRA Collabora-
tion has already reported 90 events involving the merger of
stellar mass compact binaries [2–5], which include binary
black hole (BBH), binary neutron star, and neutron star–
black hole [5,6]. Besides black holes (BHs) and neutron
stars (NSs), some models of exotic objects [7] such as
quark stars [8], boson stars (BSs) [9], gravastars [10], and
BHs in modified theories of gravity are also proposed as
alternatives [11]. The GWs generated by the binaries
constituted of these exotic compact objects (ECOs) will
differ from those produced by BBHs. Therefore, we can use
GWs to test the nature of compact objects.
According to the black hole no-hair theorem [12], the

classical black holes in general relativity are fully charac-
terized by their masses, spins, and charges. However, due to
various neutralization mechanisms [13], it is widely
believed that astrophysical BHs will have negligible elec-
tric charge. So these BHs can be characterized by the Kerr
metric, which includes only the mass M and the spin a as
the parameters. By measuring multiple parameters of a BH
and testing if they could provide a consistent prediction of
M and a according to general relativity, we can test the no-
hair theorem and probe the nature of compact objects.

Various parametrization methods have been proposed for
such tests, including tidal deformability [14–17], the
horizon absorption effect [18], the quasinormal mode
spectrum of ringdown [19–27], and multipole moments
[28,29]. With these parametrizations, the BH will perform
differently compared to the mimickers.
For a localized object, its gravitational field can be

expanded in terms of the multipole moments [30–33]. For
stationary asymptotically flat solutions of the Einstein
equation, such as the Kerr black hole, the multipole
moments can be expressed by the mass M and spin a as

Ml þ iSl ¼ MðiaÞl: ð1Þ

There are two sets of multipole moments: the mass
moments Ml for even l’s and the current moments Sl
for odd l’s. The mass multipole moments for odd orders and
the current multipole moments for even orders will vanish
due to the equatorial symmetry of the Kerr solution. The
leading-order mass moment M0 ¼ M and current moment
S1 ¼ Ma are the mass and spin angular momentum of the
Kerr BH, respectively. If we can measure the multipole
moments with l ≥ 2 besides the mass and spin, then we can
test if these expressions are broken and, thus, test the no-
hair theorem.
In most cases, only the l ¼ 2 term, known as the spin-

induced quadrupole moment (SIQM), is considered in the
relevant test. For a general compact object, the SIQM can*Contact author: zhangjd9@mail.sysu.edu.cn
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be represented as Q ¼ −κχ2M3, where χ ¼ a=M is the
dimensionless spin parameter and κ is a coefficient that
depends on the internal structure of the object related to its
equation of state [34]. For BHs, we will have κ ¼ 1
according to (1). For NSs, it is believed that κ can vary
between 2 and 14 [35,36] due to the multipole deformation
that occurs during the rotation process [37], up to quadratic
in spin. For BSs, the range of κ is about 10–150 [38,39]. For
some other BH mimickers such as gravastars, the value can
also be negative [40,41]. By measuring κ, we can distin-
guish between the BHs and its mimickers [42,43].
Using the low-mass events in GWTC-2 [44], the data

support the model of BBH rather than ECO, and κ is
constrained to the order of Oð102Þ. Recent work has also
analyzed the impact of spin precession and higher modes
on the measurement of SIQM [45] and the constraint on
octupole moments [46] with ground-based detectors. Some
selected GWTC events are also used in the data analysis.
The combined Bayesian factor among the GWTC events is
calculated: logBFKerrδκs≠0 ¼ 0.9 [47] in GWTC-3 and 1.1 in
GWTC-2 [48]. The capability is also analyzed for the Laser
Interferometer Space Antenna (LISA) and Deci-hertz
Interferometer Gravitational wave Observatory [49] with
the detection of massive black hole binary (MBHB), and κ
is expected to be constrained to the order of Oð0.1Þ. Based
on some astrophysical models for the population of
MBHB, it is also argued that 3% of the events can reach
these levels. Moreover, with the detection of extreme mass-
ratio inspirals (EMRIs), TianQin [50–52] and LISA
[53–56] can constrain the SIQM to 10−5.
TianQin is a space-borne GW detector [57,58] to be

launched in 2035. It comprises three drag-free satellites
orbiting Earth at a radius of 105 km and aims to detect GWs
on the millihertz band. The major objectives [59] include
the merger of MBHBs [60,61], the inspiral of stellar-mass
BBHs [62,63], the galactic compact binaries [64], the
EMRIs [50,65], and the stochastic GW background
[66,67]. With the observation of these signals, we can also
study the evolution of the Universe [68–70] and the nature
of BHs and gravity [23,51,71–75].
In this work, we conduct a more comprehensive study on

the effectiveness of TianQin in testing the no-hair theorem
by probing the SIQM with the inspiral signal of MBHBs.
According to the result of [60], TianQin is expected to
detect about 60 events every year for the most optimistic
model. We consider the higher ðl; mÞ mode corrections due
to the deviation of the SIQM and utilize time delay
interferometry (TDI) response to generate the signal.
With the Fisher information matrix (FIM) analysis, we
find that the late inspiral will dominate the accuracy of the
constraint. This indicates that we do not need to consider a
full inspiral signal in this analysis. The results also indicate
that events with asymmetric mass will have better capabil-
ity, and higher modes will be important for events with
large mass ratios. So, we also consider these higher modes

in our waveform and the corresponding modifications.
Then we use BILBY to conduct the Bayesian analysis, and
the accuracy of the parameter estimation is consistent with
the FIM result. For the injection signal with a nonzero δκ, if
we do not consider this deviation in the matched waveform,
the result will exhibit a significant bias in the estimation of
other source parameters. By calculating the Bayes factor,
we find that the signal from BHs and ECOs can be
distinguished without a doubt.
The paper is organized as follows. In Sec. II, we will

provide a brief review of the basic methods for waveforms,
responses, and statistics in each subsections, respectively.
Then, we present our results for TianQin with FIM and
Bayesian analysis in Sec. III. Finally, we provide a brief
summary of conclusion in Sec. IV. Throughout this work,
the geometrized unit system ðG ¼ c ¼ 1Þ is used.

II. METHOD

A. Waveform

In this work, we utilize the IMRPhenomXHM [76]
waveform, which is a frequency domain model for the
inspiral-merger-ringdown of quasicircular nonprecessing
BBH with higher modes. In general, the waveform can be
expressed as

hBBHðfÞ ¼
X
lm

AlmðfÞeiΨBBH
lm ðfÞ: ð2Þ

AlmðfÞ andΨBBH
lm ðfÞ are the amplitude and phase for the lm

mode, respectively. The index “BBH” indicates that the
corresponding formula is derived for BBHs, and it will be
different for binaries constituted of ECOs. The SIQM of the
progenitors will influence the phase evolution of inspiral,
while the remnant SIQM will affect the quasinormal mode
spectrum of ringdown. In this work, we will focus on the
inspiral phase, and, therefore, a cutoff at the innermost
stable circular orbit (ISCO) will be adopted in the sub-
sequent calculations. Since the spin precession is not
considered in the waveform we used, we will assume
the aligned or antialigned spin for the binaries.
For binaries constituted of ECOs, the waveform for

inspiral can be modified:

hECOðfÞ ¼
X
lm

AlmðfÞeiðΨBBH
lm ðfÞþΨSIQM

lm ðfÞÞ: ð3Þ

This implies that we disregard the modification of the
amplitude [77], because the phase will have greater impact
on the accuracy of parameter estimation (PE) for intrinsic
parameters. If we neglect the tidal effect and consider only
the leading-order correction of SIQM, the phase correction
for the leading 22 mode can be expressed as [34,44,77,78]

YING-LIN KONG and JIAN-DONG ZHANG PHYS. REV. D 110, 024059 (2024)

024059-2



ΨSIQM
22 ðfÞ ¼ 75

64

δκ1M2
1χ

2
1 þ δκ2M2

2χ
2
2

M1M2

ðπMtotfÞ−1
3: ð4Þ

Mtot ¼ M1 þM2 is the total mass of the binary system, and
δκi ¼ κi − 1 characterizes the deviation of the SIQM relative
to the BH. It should be noted that the mass we used is the
redshifted mass all through this paper. The power index of
−1=3means that this leading-order correction emerges at the
2PN order. We set δκ1 ¼ δκ2 ¼ δκ and, thus, ignore the
antisymmetric contribution. Obviously, the BBH cases
correspond to δκ ¼ 0, and we have neglected the BH-
ECO system or binary ECOs with different κ.
For the correction of the phase of the higher modes, we

utilize the relation provided in the parametrized post-
Einsteinian framework [79]. Since the leading-order cor-
rection emerges at 2PN order, the higher modes correction
can be written as

ψSIQM
lm ¼

�
2

m

�
−4=3

ψSIQM
22 : ð5Þ

In our analysis, the modes we considered include the
dominant mode (2, 2) and subdominant modes (2, 1) and
(3, 3).

B. The response and noise of TianQin

For space-borne GW detectors, TDI [80,81] must be
used to suppress the laser phase noise. In this work, we
utilized the 1.0-type channel for A, E, and T for data
analysis. The signal is obtained by multiplying the wave-
form with the transfer function:

hÃ;Ẽ;T̃ ¼
X
lm

T lm
Ã;Ẽ;T̃

h̃lmðfÞ: ð6Þ

For details on the formalism of the transfer function for
TianQin, please refer to [82]. The orbit motion of TianQin
is considered as the ideal case described in [57]. Thus, the
modulation caused by the rotation of the constellation
around Earth, and the Doppler effect caused by the motion
of the constellation around the Sun, will be included in the
calculation of the response. In this work, we consider only
the A channel in our calculations.
The power spectral density for the noise of TianQin

corresponding to the TDI channel can be written as

SA;E ¼ 8sin2
f
f�

��
2þ cos

f
f�

�
ð2πfÞ2Sx

þ4

�
1þ cos

f
f�

þ cos2
f
f�

��
1þ 0.1 mHz

f

�
Sa

ð2πfÞ2
�
;

ð7Þ

where f� ¼ 1
2πL is the characteristic frequency of TianQin

and L ¼ ffiffiffi
3

p
× 108 m is the arm length. The acceleration

noise Sa and the position noise Sx are [57], respectively,

Sa ¼ 10−30 m2 · s−4 · Hz−1;

Sx ¼ 10−24 m2 · Hz−1: ð8Þ

C. Parameter estimation

In this study, FIM is used to estimate TianQin’s capabil-
ity to measure the parameters. By the definition of an inner
product

ðgjhÞ≡ 2

Z
fhigh

flow

gðfÞ�hðfÞ þ hðfÞ�gðfÞ
SnðfÞ

df; ð9Þ

the FIM is defined as [83]

Γij ≡
�
∂h
∂θi

���� ∂h
∂θj

�
; ð10Þ

h is the response signal of the injected waveform, and θi is
the ith parameter of the source. In our analysis, the
parameters are chosen as follows:

θ ¼ fM; η; DL; tc;ϕc;ψ ; ι; χ1; χ2; δκsg: ð11Þ

η ¼ M1M2

ðM1þM2Þ2 is the symmetric mass ratio, M ¼ Mtotη
3=5 is

the chirp mass, andDL is the luminosity distance. tc and ϕc
represent the time and phase at coalescence, respectively. ψ
and ι represent the polarization and inclination angles of the
source, respectively. χ1 and χ2 represent the dimensionless
spin parameters for each BHs. For a signal with a large
signal-to-noise ratio (SNR), the uncertainty in parameter
estimation is given by

Δθi ¼
ffiffiffiffiffiffiffi
Γ−1
ii

q
:

In the calculation of the inner product, the lower- and
higher-frequency bounds are chosen, respectively, as

fhigh ¼ minðfmax; fiscoÞ;
flow ¼ maxðfmin; finitÞ: ð12Þ

Because of the sensitivity band of TianQin, we set fmax ¼
1 Hz and fmin ¼ 10−4 Hz, and signals outside of this band
will be ignored. The initial frequency of the source finit
depends on the time T we begin to observe before the
merger of the BBH:

finit ¼
�

5

256

�
3=8M−5=8

π
T−3=8: ð13Þ
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fisco is the frequency for the ISCO, which marks the end of
the inspiral. In our calculation, we use the Kerr frequency
instead of Schwarzschild, because spin plays a crucial role in
our calculation, and it significantly affects the radius of
ISCO. The detailed formalism can be found in theAppendix.
For a more realistic analysis, we also use Bayesian

inference [84] to perform PE for simulated data. In the
Bayesian framework, the posterior distribution pðθjDÞ for
a specific set of parameters θ with the given data D is

pðθjDÞ ¼ pðDjθÞpðθÞ
pðDÞ : ð14Þ

In the equation above, pðθÞ represents the prior, pðDjθÞ¼L
represents the likelihood, and pðDÞ ¼ Z is the evidence
necessary to ensure the normalization condition of the
posterior Z

pðθjdÞdθ ¼ 1: ð15Þ

For GW detection, we typically assume that the noise is
stationary and Gaussian. In this case, the likelihood can be
expressed as

lnL ∝ −
1

2
ðD − hðθÞjD − hðθÞÞ: ð16Þ

hðθÞ is the waveform template for a given set of parameters
θ. The proportionality coefficient is not relevant to θ. The
evidence is then defined as

Z ¼
Z

LðDjθÞpðθÞdθ: ð17Þ

Beyond the calculation of the posterior, we can also
investigate model selection, which involves determining
which model is favored by the observed data. This can be
achieved by calculating the Bayes factor between two
models M1 and M2:

BF12 ¼
Z1

Z2

; ð18Þ

and Zi is the evidence of the model Mi. The lg Bayes
factor is most commonly used, and it is defined as

lg BF12 ¼ lgZ1 − lgZ2: ð19Þ

In the calculation of the posterior distribution, we use
BILBY [85] to implement parameter estimation, which is
primarily designed for inferring compact binary coales-
cence events from interferometric data. For sampling across
the parameter space, we utilized DYNESTY [86] based on the
nested sampling algorithm [87]. However, since BILBY is
designed for ground-based detectors, we modified the
components related to the response and noise of the
detector, as we introduce in Sec. II B.

III. RESULT

The default parameters of the MBHBs we used for both
Fisher and Bayesian analysis are shown in Table I. We also
list the prior we use in the Bayesian analyses for each
parameter in this table. Beside the parameters listed in (11), β
and λ represent the latitude and longitude, respectively, for
the sources in ecliptic coordinates. Since we consider only
the 1-day data in our analysis, the detector’s responsewill not
change significantly. Thus, the position of the source thatwill
influence the response is poorly constrained. So, we estimate
all the parameters in Table I except β and λ.

A. Fisher analysis on the capability of TianQin

In the sensitive frequency band of TianQin, the inspiral
of the MBHBs may last for years before merging. However,
it has been found that the late inspiral part will capture most
of the SNR [61]. According to the results shown in Table II,
we can observe that the signal from the last day contributes
99.9% of the SNR for the entire year. The PE accuracy for
1 month is almost equivalent to the accuracy for 1 year,
whereas the accuracy for 1 day is approximately 1.8 times
lower than the accuracy for 1 year. So, in the Bayesian
analysis which will be discussed in the following sub-
section, we will consider only the analysis of the data from
the final day before the merger to reduce the cost of
computation. More over, according to the Fisher analysis
with or without β and λ, the accuracies for the constraint on

TABLE I. The default values and the prior of the parameters we
choose for the MBHBs.

Parameter Value Prior

MðM⊙Þ 1.24 × 106 Logarithm uniform ½102; 108�
η 2

9
Uniform½ 1

12
; 1
4
�

DL (Mpc) 1000 Quadratic uniform ½102; 104�
tc (s) 3600 Uniform ½−10000; 10000�
ϕc (rad) π

4
Uniform ½−π; π�

ψ (rad) π
4

Uniform ½−π; π�
ι (rad) π

4
Cosine uniform ½0; π�

χ1 0.2 Uniform ½−1; 1�
χ2 0.1 Uniform ½−1; 1�
β (rad) π

4
� � �

λ (rad) π
4

� � �
δκ 0 Uniform ½−20; 20�

TABLE II. The SNR and PE accuracy for the default source
with varying duration.

Duration time SNR δκ

1 year 6641.35 0.174
1 month 6641.35 0.174
1 week 6641.16 0.213
1 day 6639.58 0.328
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δκ are almost the same, and the correlation between δκ and
the sky position is very weak. However, the PE for the
position of the source is determined by the modulation of
the response function which caused by the movement of the
detector. If we consider only the data from the last day, the
detector will not move significantly, and, thus, the estimate
of the position will be very worse.
This can be easily solved by considering a longer data.

Since we focus only on the estimation of δκ, and it will not
have a correlation with the latitude and longitude of the
source, we will ignore these two parameters in the following
analysis.
According to the results above, we can see that TianQin

can constrain the SIQM to the level of Oð0.1Þ. Then, we
calculate the capacity for the sources with different total
mass and mass ratio. The result is shown in Fig. 1 as a
contour plot. For a fair comparison, the SNR is normalized
to 5000 by adjusting the luminosity distance DL. The mass
ratio q varies between 1 and 21, and the total mass varies
between 104M⊙ and 107M⊙.
According to the contour plot, we can see that TianQin

has better sensitivity for sources around 105.5M⊙. This
region corresponds to the most sensitive band of TianQin.
Comparing this with the result of LISA obtained in [49], we
can see that LISA has better sensitivity for sources around
2 × 106M⊙, since it is more sensitive for the lower
frequencies than TianQin. Similar phenomenons have also
been found for other studies of the detection of MBHBs,
and more detailed comparison between LISA and TianQin
can be found in [88]. It also shows that events with a higher
mass ratio will provide better constraints. This is consistent
with the result of EMRI [51], where the mass ratio become
106 and the constraint of the SIQM reaches the level of
10−4. For events with asymmetric masses, the higher modes

will become important. According to previous studies,
introducing modifications on the higher modes can also
enhance the capability [89]. This will be discussed with
Bayesian analysis in the next subsection.

B. Bayesian analysis

For the Bayesian analysis, we consider two types of
injected data: The first one is the BBH signal with δκ ¼ 0,
and the second one is the binary ECO signal with δκ ¼ 10.
It should be noted that the mock data in our analysis are an
idealized case. In the real data for space-borne GW
detectors, there may exist multiple different kinds of signals
at the same time. Thus, a global fit method [90,91] must be

FIG. 1. The contour plot shows the PE accuracy of δκ for
sources with different total mass and mass ratio values over a
signal duration of 1 day. The SNR for each point is normalized to
5000 by changing DL.

FIG. 2. The PDF of δκs for the waveform with the (2, S2) mode
only (blue line) and with higher modes (orange line). The top
panel shows the result for the injected signal with higher modes
and δκs ¼ 0. The bottom panel shows the result for the injected
signal with higher modes and δκs ¼ 10.
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used in the pipeline of data analysis. Moreover, we also
assumed that the signal of MBHB has already been
detected with the search pipeline such as [92], and all
the analysis we did in this work is just parameter estimation
[93] and model selection. Both injections have three
primary modes: (2, 2), (2, 1), and (3, 3), with all the
parameters selected according to Table I. For the waveform
used in thematched filtering, we did not assume themodel of
BBH,whichmeans that δκ is also a parameter that needs to be
estimated and cannot be set as a constant. The marginalized

probability distribution functions (PDFs) are shown in Fig. 2.
The results show that, by incorporating the higher modes in
the waveform, the capability will be improved for about 3
times. The PE result for all parameters with BBH injection is
illustrated in Fig. 3 as an example. We can see that all the
parameters are estimated properly, which indicated that all
true values are contained in the 1-σ region.
We also analyzed the case of a non-BBH injection with

the estimation of BBH waveform. The injected value is
δκ ¼ 10, and it is fixed to be 0 in the Bayesian analysis.

FIG. 3. The PE result with higher modes included waveform, for the injected signal with higher modes and δκs ¼ 0. The SIQM is
included in the estimated parameters.
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This corresponds to a scenario where the data are generated
by a binary BS system, but we incorrectly use a BBH
waveform to analyze it. The PE result is shown in Fig. 4.
We can see that all the parameters are estimated with a
significant bias. For example, the injected value of the
chirp mass is 1.24 × 106M⊙, but the estimated result is

1.25 × 106 þ160
−163M⊙; the true value is approximately 60 − σ

away from the point with the highest likelihood. This

means that, if we use the BBH waveform to fit a binary
ECO signal, the parameters we estimate will deviate
significantly from the real values.
We also calculate the Bayes factors for the BH hypoth-

esis compared to the ECO hypothesis. Here, we analyzed
two types of injections: one with δκs ¼ 0 representing the
BH, the other with δκs ¼ 10 representing the BS. The
Bayes factor is calculated according to (19) for model 1
corresponding to BH and model 2 corresponding to ECO.

FIG. 4. This figure demonstrates that the corner plots of the waveform template are consistent with δκs ¼ 0, but the injected signal has
δκs ¼ 10 with three modes considered. We can easily notice that the estimated central values deviate from the injected values. This
implies that our hypothesis in this figure is incorrect.
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Both injections include the higher modes. We consider the
case of estimation with only the (2, 2) mode and the case
where higher modes are included.
For the injection of BH, the results will support the BH

hypothesis, but the Bayes factor is not very large.
logBFBBHECO will be 0.19 if we consider only the (2, 2)
mode, and the support for the true model is weak. But the
result will increase to 1.49 if we consider the higher modes,
and the support for the true model is strong. For the
injection of ECO, the results will strongly support the ECO
hypothesis, and the Bayes factor will become very large.
logBFBBHECO will be −188.05 if we consider only the (2, 2)
mode, and it will become −4740.35 if we consider the
higher modes. Both results will support the true model with
very strong evidence, as the results shown in Table III. This
means that we can distinguish between the BH and ECO
models by calculating the Bayes factor, which can help us
avoid potential systematic errors.

IV. CONCLUSION

The no-hair theorem states that the multiple moments of
a BH are entirely determined by its mass and spin, and it
will be violated for ECOs. This work focuses on testing the
no-hair theorem by probing the SIQM of the BHs using the
inspiral signal of a BBH system. We consider the space-
based GW detector TianQin as an example, and then the
source chosen is the MBHBs.
With the analysis using the Fisher matrix, we find that

TianQin has the best capability for sources with a total mass
around 105.5M⊙, corresponding to the sensitive band of
TianQin. For LISA [49], the best capability total mass is
around 2 × 106M⊙, and both can constrain their appro-
priate MBHBs sources’ SIQMs to Oð10−1Þ order. Our
results also show that BBHs with a larger mass ratio will
have better constraints, indicating the need to consider
higher modes.
Then we conducted the analysis using Bayesian infer-

ence. The result agrees with the estimation using the Fisher
matrix for both the BH and ECOmodels. The accuracy will
improve by about 3 times if we include the higher modes.
When using the BH model to infer the parameters of a
binary ECO system, we also observe that the estimation of
the parameters will have significant systematic errors.
However, this can be avoided by calculating the Bayes
factor, which will provide strong evidence to distinguish
between different models.

As a preliminary exploration, our work still has some
limitations. For example, in the model with a nonzero δκ, we
have assumed that both ECOs in the binary system have the
same value of δκ, and, thus, δκa is fixed at zero. Obviously,
this could not be the case in the realworld, but the degeneracy
between the parameters restricts us from estimating δκs and
δκa simultaneously.Moreover, we use the data for only 1 day
to perform the PE to reduce the computation, although we
have proven that this does not compromise thegenerality, and
the results will not vary significantly for longer datasets. But
this is not the case for real data analysis, and the position of
the source cannot be estimated in this scenario. We leave the
inclusion and treatment of these more realistic issues for
future exploration.
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APPENDIX: THE FREQUENCY FOR ISCO

In this appendix, we present the formula corresponding
the ISCO frequency for BBH with spin [98]. The ISCO
frequency can be written as

fISCO ¼ Ω̂ðχfÞ
πMf

; ðA1Þ

where χf represents the final spin and Mf represents the
final mass of the remnant BH after the merger of BBHs.
The detailed calculation can be found in Refs. [99,100].
Ω̂ðχfÞ represents the dimensionless ISCO Kerr angular
frequency:

Ω̂ðχfÞ ¼
1

r̂3=2ISCOðχfÞ þ χf
: ðA2Þ

The dimensionless radius of the ISCO for a Kerr BH with a
dimensionless spin parameter χ is

r̂ISCOðχÞ¼3þZ2−
χ

jχj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3−Z1Þð3þZ1þ2Z2Þ

p
;

Z2¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3χ2þZ2

1

q
;

Z1¼1þð1−χ2Þ1=3ðð1þχÞ1=3þð1−χÞ1=3Þ: ðA3Þ

TABLE III. This table displays the lg BFBHECO with an injected
signal where δκs ¼ 0 or 10, with or without consideration of
higher modes.

Injected δκs (2, 2) mode only Include higher modes

0 0.19 1.49
10 −188.05 −4740.35
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