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Light primordial black holes (PBHs) with masses Mpgy < 10° g can interestingly dominate the
Universe’s energy budget and give rise to early matter-dominated (eMD) eras before big bang nucleo-
syntesis (BBN). During this eMD era, one is met with an abundant production of induced gravitational
waves (GWSs) serving as a portal to constrain the underlying theory of gravity. In this work, we study this
type of induced GWs within the context of string-inspired running-vaccuum models (StRVMs), which,
when expanded around de Sitter backgrounds, include logarithmic corrections of the space-time curvature.
In particular, we discuss in detail the effects of St(RVMs on the source as well as on the propagation of these
PBH-induced GWs. Remarkably, under the assumption that the logarithmic terms represent quantum
gravity corrections in the PBH era, we show that GW overproduction can be avoided if one assumes a
coefficient of these logarithmic corrections that is much larger than the square of the reduced Planck mass.
The latter cannot characterize quantum gravity corrections, though, prompting the need for revision of the
quantization of StRVMs in different than de Sitter backgrounds, such as those characterizing PBH-driven

eMD eras. This nontrivial result suggests the importance of light PBHs as probes of new physics.
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I. INTRODUCTION

Running-vacuum models (RVM) (see, e.g. [1-3] and
references therein), constitute a framework for describing
the entire evolution of the Universe [4], from inflation
till the present era, including its thermodynamical aspects
[5,6]. The RVM framework is consistent with the plethora
of the available cosmological data [7-9], including big
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bang nucleosynthesis (BBN) data [10]. Some RVM var-
iants, are also capable of alleviating [11,12] the currently
observed tensions in the cosmological data [13,14], namely
the Hubble H, and the oy tensions, associated with
discrepancies of the ACDM-based best fits with the
theoretically predicted values of the Hubble parameter
H, today and the modern-era growth structures of the
Universe, respectively.'

The RVM framework is characterized by a vacuum
energy density which (on account of general covariance)

of course, these tensions may admit either more conventional
astrophysical explanations, or even be artefacts of the current
statistics in the data, thus potentially disappearing in the future [15].

© 2024 American Physical Society
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is a function of even powers of the Hubble parameter,
H* nezt. Microscopic frameworks which can result in
RVM cosmologies are string theory (the so-called Stringy
RVM (StRVM) [16-20]), or quantum field theory of
massive fields (of various spins) in expanding-universe
backgrounds [21-24]. However, such massive-quantum-
matter fields lead also to logarithmic In H corrections to the
vacuum energy density. Such logarithmic corrections, but
of the form H?" In H, can also arise from graviton loops in
quantum gravity models in (approximately) de-Sitter back-
grounds, which may characterize both early [19,20,25]
and late phases [26] of the StRVM. In the context of
StRVM, such quantum-gravity-induced logarithmic cor-
rections are compatible with the late-epoch Universe
phenomenology, but they may also contribute [26] to the
alleviation of the cosmic tensions [13,14], like the afore-
mentioned variants of the conventional RVM. Remarkably,
the order of magnitude of these StRVM logarithmic
corrections, as determined by the late Universe phenom-
enology [7,26], is also compatible with BBN data [10],
under the dark-energy interpretation of the models.

On the other hand, primordial black holes (PBHs), first
proposed in the early 1970s [27-30], and typically forming
out of the collapse of enhanced cosmological perturbations,
are currently attracting considerable attention, since they
can address a number of issues of modern cosmology. In
particular, they can potentially account for a part or all of
the dark matter content of the Universe [31], offering in
parallel an explanation for the large-scale structure for-
mation through Poisson fluctuations [32,33]. Furthermore,
they can constitute viable candidates for the origin of super-
massive black holes residing in the galactic centers [34,35],
explaining as well some of the black-hole merging events
recently detected by the LIGO/VIRGO collaboration
[36,37]. Interestingly enough, PBHs can also account
naturally for the process of baryogenesis in the early
Universe [38—40] as well as for the generation of cosmic
magnetic fields [41,42]. For comprehensive reviews on
PBHs the interested reader is referred to the Refs. [43,44].

A particularly interesting kind of PBHs are the ultralight
ones, with masses lighter than 10° g, which have evapo-
rated before BBN. Although light PBHs cannot constitute
dark matter candidates, nonetheless, their existence
addresses a plethora of cosmological issues. In particular,
these ultralight PBHs, naturally produced in the early
Universe [45-52], can trigger early matter dominated eras
(eDM) [45,53-55] before BBN and reheat the Universe
through their evaporation [56]. Interestingly enough, dur-
ing this eMD era driven by PBHs, induced GWs [57-60]
can be abundantly produced potentially being detectable by
forthcoming GW observatories [61] and serving as new
portal to constrain the underlying gravity theory [62,63].
Notably, recent works [64,65] claim that light PBHs can
explain as well the recently released pulsar timing array
(PTA) GW data. Moreover, ultralight PBHs can account for

the Hubble tension through the injection of light dark
radiation degrees of freedom [66-68] to the primordial
plasma (for a review see [69]) while at the same time they
can naturally produce the baryon asymmetry through CP
violating out-of-equilibrium decays of their Hawking
evaporation products [70-72].

In this work, we study the production of GWs induced by
PBH energy density fluctuations. By studying the effect of
quantum(-graviton) logarithmic corrections of StRVMs on
the source and the propagation of these induced GWs, we
find that fixing the parameters of the StRVM logarithmic
corrections to take on values in the appropriate range to
address cosmological tensions [26] leads to an incurable
overproduction of GWs. By requiring, thus, the avoidance
of such a GW overproduction issue, we impose lower
bound constraints on the coefficient of the StRVM curva-
ture logarithmic correction, being unacceptably large in
terms of the reduced Planck mass squared.

This unnaturally large value of the curvature logarithmic
correction coefficient present in PBH-dominated eras,
sheds light on subtleties involved in imposing such GW
overproduction constraints, which actually depend on the
microscopic details of StRVM. In particular, during eMD
eras, like the one considered here, such logarithmic
corrections, having been derived only for de-Sitter back-
grounds in the context of one-loop quantum (super)
gravities, may be significantly suppressed, thus alleviating
the inconsistency between StRVM and the scenario of light
PBHs early cosmological-epoch dominance. The upshot of
our work here is to highlight that the quantization of
StRVMs in such non-de Sitter space-time backgrounds,
being related to specific microscopically realizations of the
stringy running vacuum framework, needs to be revisited
before definite conclusions are reached.

The structure of the paper is the following: In Sec. Il we
review the basic features of the gravitational effective
theories stemming from the StRVM explaining also care-
fully the assumptions and theoretical considerations that
underlie the logarithmic-curvature RVM corrections to the
general relativity (GR) terms. Then, in Sec. III we recap
the physics of a population of ultralight PBHs deriving at
the end the power spectrum of the PBH energy density
perturbations during a PBH-driven eMD era. Subse-
quently, in Sec. IV, we present the basics of the GWs
induced by PBH energy density fluctuations within the
framework of StRVMs while in Sec. V we set constraints
on the coefficient ¢, of the StRVM curvature logarithmic
correction. Finally, in Sec. VI, we carefully assess the
various interpretations of the derived constraints. Some
technical aspects of our approach are given in the
Appendices A and B.

II. STRINGY RUNNING VACUUM OVERVIEW

As discussed in the context of dynamically broken one-
loop N=1 (3 + 1)-dimensional supergravity effective
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field theories, in local de Sitter spacetime backgrounds
[73—75], characterized by a positive cosmological constant
A > 0, integrating out massless gravitons, following the
pioneering work of [76], leads to an effective one-loop
action involving terms that depend on A" logA, n =1, 2,
in addition to A-dependent terms. Taking into account
that R < A is the de-Sitter background spacetime scalar
curvature, there was made the suggestion in [73-75] that
R* R*1ogR, 1 =1, 2 corrections appear in one-loop
corrected effective actions in such backgrounds, after
massless graviton path-integration.

This has been used in [19,25] to suggest that such
corrections may characterise the quantum-gravity StRVM
effective actions describing the early and late eras of the
Universe, which are characterized by de Sitter phases, such
as inflation or current dark-energy-dominance epoch.

Specific interest arises in the role of such corrections in
the late Universe, where the data point out to a dark-energy
dominance epoch, which is almost de Sitter. In such late
de-Sitter-like eras, the dominant quantum-gravity correc-
tions in the (3 + 1)-dimensional effective gravitational
action of the StRVM may be parametrized as 261

5:/d4x\/——g{c0+R[c1+c21og(R%ﬂ +z:m}. (1)

In the above expression, £,, represents the matter action,
and Ry = 12H} denotes the current-era scalar curvature of
the expanding universe, with H, the present-era Hubble
parameter. The coefficient

1 M3
A= Teeg - 2 a0 @)

determines an effective (3 + 1)-dimensional gravitational
constant G, including weak quantum-gravity corrections
~ ~ 2 _ 1 .

C1, such that ¢, /My, < 1, where Mp = N (with Gy the

conventional (3 + 1)-dimensional Newton’s constant) is
the reduced Planck mass Mp, = 2.4 x 10'® GeV. Through-
out this work we work in units where 7 = ¢ = 1.

The constant ¢ parametrizes the cosmological-constant
dominance in the current-epoch cosmological data [77].
For our phenomenological analysis we can take it to be

7 o 7
co = gpr(n) = 3 HiM;,. (3)

where pﬁ,?) is the present-day matter density. However,
strictly speaking in the context of StRVM, ¢ is actually not

“We follow the conventions the convention for the signature of
the metric (—,+,+,+), and the definitions of the Riemann
curvature tensor R* po = ayri,w +17,.I° ’lpu — (v <> 0), the Ricci
tensor R, = RAM,,, and the Ricci scalar R = R, ¢

a constant, but a slow-varying quantity parametrizing dark
energy in the modern era [16]. We should stress at this point
that, from the point of view of string theories, a de Sitter
phase should only be metastable, in view of obstructions
raised by both, perturbative (S-matrix [78,79]) and non-
perturbative string (swampland [80—84]) arguments. Thus,
within the StRVM framework [16,19,20,26], we envisage a
quintessence-type situation in which, in the asymptotically
far future, ¢, will eventually disappear, as required by
consistency with the underlying string theory. This feature
is of course in agreement with the current-data phenom-
enology of the StRVM.

It should be stressed that, as a result of the nature of the
coefficient c,, which is associated with quantum-gravity
corrections, it must be that

|62|<< Ci, (4)

with ¢, having the same units as ¢, that is M3,. The late-era
phenomenology of the model (1) can be most conveniently
studied by means of the following two parameters [26]:

(&)

(5)

d=c| + ¢y, €= .
C1+C2

In [26] it was demonstrated that the model can be easily
made consistent with the current-era phenomenology,
which is shared with conventional forms of RVM, upon
restricting the ranges of d, ¢ (and thus ¢,), in accordance
with the condition (4). Indeed, since the quantity d given
in (5) essentially defines in the present era the ratio

d= Geff/GN (6)

of an effective gravitational constant G over the standard
value of the Newton’s constant G, we observe that for
d <1 (d > 1) we shall have a slower (faster) expansion
of the Universe, and hence for d # 1 the temperature
CMB spectra will be affected analogously. Moreover, as
argued in [26], a d <1 can alleviate the Hubble H,
tension [13,14].

The detailed analysis of [26] has also demonstrated
that consistency with the CMB and growth of structure
data [77] requires the condition

le] < O(1077). (7)

To understand this restriction, one should take into account
[26] that negative (positive) values of the parameter € lead
to a suppression (enhancement) of the amount of structures
in the universe. Thus, by imposing the restriction (7), one
can avoid changing drastically the matter fraction Q,, in
the current epoch, thus maintaining consistency with the
data [77].

Moreover, as shown in [26], one can alleviate the
observed tensions, both the H(, and the growth of structure
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oy, by choosing the following values of the parameters3:

09 <d=<0.95, le] ~O(1077), (8)
and in this respect the StRVM (1) behaves as some variants
of the conventional RVMI [12], specifically RVMII, which
can alleviate both tensions simultaneously, by allowing
for a mild cosmic time (f) dependence of the effective
gravitational constant G (7). In the context of the stringy
RVM, such a dependence is replaced by the incorporation
of the quantum-gravity logarithmic-curvature corrections to
the gravitational coupling.

In strong gravity backgrounds, such as the ones char-
acterized by PBH domination, the quantum gravity cor-
rections might be expected to be significant, making more
demanding a detailed embedding of the theory into an
UltraViolet (UV) complete quantum gravity framework,
such as string theory. At this point, we mention that string-
inspired corrections to the general relativity actions, such
as higher-curvature corrections, e.g. quadratic Gauss
Bonnet (GB) terms coupled to scalar dilaton fields, are
known to make the finding de-Sitter-type vacuum solutions
to the dynamical equations para-metrically harder than
easier [85]. This is in agreement with the Swampland
criteria [80-82,84] of quantum gravity and theory generic
incompatibility with de Sitter vacua.

In the context of the StRVM [16-20], dilatons have been
assumed constant, in which case the nontrivial quadratic
curvature corrections come from the gravitational Chern-
Simons (CS) term, coupled to the axion fields b(x) of
the string gravitational multiplet (gravitational axions),
[ d*x\/=g%b(x)e""°R,,"P R, .5, but also from higher than
quadratic, nonanomalous, curvature corrections. The latter
are also expected, in analogy with the GB case, to affect the
existence of proper de Sitter vacua. Such higher curvature
terms are not important at the current cosmological era, for
which the quantum corrections are strongly suppressed,
and thus (1) suffices to describe the gravitational dynamics,
but they may become important in strong-gravity regimes,
such as the aforementioned PBH dominance era.

On the other hand, the anomalous CS terms of the
StRVM can condense at early epochs, due to the presence
of chiral GWs, leading to a metastable condensate char-
acterized by nontrivial imaginary parts [86,87]. This, in
turn, can lead to inflation of RVM type [16,19], with a
duration determined by those imaginary parts, which can be
in the phenomenologically correct ballpark (i.e. inflation
with 50-60 e-foldings). We mention for completeness that

Tt is interesting, and simultaneously quite curious, to remark
that this value of € < 0 corresponds to quantum-gravity induced
logarithmic corrections in the dynamical broken N = 1 super-
gravity model of [25,74,75] with a (sub-Planckian) supersym-
metry breaking scale of order +/f =~ 107/*Mp ~ 10'7 GeV,
which appears quite consistent with the entire cosmological
history of the StRVM as outlined in [19].

the StRVM model is characterized by a pre-RVM infla-
tionary phase, during which the gravitational axion b-field
dominates the cosmic fluid with a stiff equation of state.
It is at the end of this phase that chiral GW (which are
produced in various scenarios [19,20]) can lead to CS
condensates. In such eras, the CS anomaly terms alone
suffice to describe the passage from the stiff era to a
metastable de Sitter one, leading to RVM inflation. The
metastability is notably compatible with the swampland
criteria. It is toward the end of this RVM inflation, and
subsequent eras, that one might have a dominance phase of
PBHs, due to enhanced production [88], during which
one should expect stringy corrections to affect significantly
the RVM de Sitter vacua, and thus the form of the
logarithmic-curvature correction terms in the pertinent
effedctive action, which we stress once again is expected
to be different from (1).

Although (1) describes well the current de-Sitter-like era,
an interesting question arises as to the potential dependence
of the magnitude of the coefficient ¢, on the cosmic time, in
other words on the specific cosmological era under con-
sideration. Actually, as already mentioned in the previous
section, the form of the graviton-loop induced corrections
depends on the spacetime backgrounds about which one
expands the theory, assuming weak graviton corrections to
such backgrounds.

Of course, the full answer to such questions would
require the development of a complete theory of quantum
gravity, or at least embedding the model into detailed,
phenomenologically realistic string theory models, which
at present is not available. Nonetheless, it is the point of this
article to stress that at least the first of the above questions,
namely the cosmic time dependence of the magnitude of ¢,,
could be partly settled phenomenologically, at least under
some conditions that we shall specify below. The key to this
lies on examining the effective StRVM gravitational theory
(1) under the lens of PBHs, in particular light PBHs. We
stress at this point that, during the light-PBH-production
era, of interest to us, the background spacetime is far from
de Sitter, hence the considerations of [19,73-76] leading to
the form (1) are not strictly valid. We therefore first need to
find a more appropriate parametrization of the quantum-
graviton corrected effective action for such an era.

In the next and the following sections we embark onto
such a task. The conclusions, as we shall see, appear quite
interesting, and in some cases, rather decisive, thus re-
inforcing the role of PBHs as interesting probes of new
gravitational physics models.

III. THE PRIMORDIAL BLACK HOLE GAS

A. Early matter dominated eras driven
by primordial black holes

We consider here a population (“gas”) of PBHs forming
in the RD era after inflation due to the collapse of enhanced
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cosmological perturbations [27,29]. For simplicity, we
consider that all PBHs of our population share the same
mass Mpgy [89,90]. This can be achieved in general by a
sharply peaked primordial curvature power spectrum on
small scales. At the end, we meet the formation of a PBH
with a mass of the order of the cosmological horizon mass
being recast as

4ryM 1%1
Hy

; ©)

MPBH,f =

where H; stands for the Hubble parameter at the time of
PBH formation and y ~ 0.2 is the fraction of the horizon
mass collapsing to PBHs during a RD era [91].

Regarding the dynamical evolution of the PBH abun-
dance Qpgy, one should account for the fact that Qppy will
grow as Qppy X Pppu/pr ¢ a3 /a™* « a since we have a
matter component (PBHs in our case) evolving in a RD
background. At the end, if the initial PBH abundance at
PBH formation time Qppy ¢ is large enough, PBHs will
dominate at some point the Universe’s energy budget
triggering an eMD era with the scale factor at PBH
domination time being recast aq = a¢/Sppy s, Where ag
is the scale factor at PBH formation time. Note here that
these transient eMDs should occur before BBN so as that
Hawking radiated products do not “disturb” the production
of light elements in the early Universe, thus imposing that
PBHs should evaporate before BBN.

If one now tracks back the dynamical evolution of the
radiation energy density from today up to PBH formation
era and takes into account the intervening transient eMD
era driven by PBHs before BBN, they can show that a; can
be recast as [58]

_ AM3, 1/6Q1/4 HyMppy 10
T 2y Qg M3 o\ Gz, 10
7Y 5%peH. M PBH Ty Mp

where H( ~ 70 km/s/Mpc is the Hubble parameter today,
Q.o =4 x 107 is the present-day abundance of radiation
and A = 3.8 X g.s/960, with g ~ 100 [92] being the
effective number of relativistic degrees of freedom present
at the epoch of PBH formation. At the end, the scale
factor during the aforementioned eMD era will read as
a = aq(n/nq)?, where 7 is the conformal time defined as
dt = ady, while the conformal Hubble parameter defined
as H = d’/a, where ' denotes derivation with respect to the
conformal time, will be recast as H = 2/7.

B. The primordial black hole gravitational
potential

Having described above the dynamics of the PBH gas,
let us discuss here the PBH gravitational potential ® during
the PBH-dominated era, which is associated with the PBH

energy density perturbations themselves and will in fact
constitute the source of our induced GW signal. PBHs form
from the collapse of enhanced primordial curvature per-
turbations. Thus, the statistical properties of the primordial
curvature perturbations will be inherited to PBH energy
density fluctuations. Considering, then, Gaussian primor-
dial curvature perturbations as imposed by Planck [93],
distant curvature perturbations are uncorrelated, leading
to a random spatial distribution of our PBH population
[90,94,95]. Consequently, PBH statistics follow the
Poisson distribution, resulting in the following PBH matter
power spectrum [see Sec. Il and Appendix B of [57] for
more details.]:

Pol0) =2 (1) (1)

kuv

In the above expression, we note the appearance of a
UV-cutoff scale being related to the PBH mean separation
scale and defined as kyy = (y/Qppry)'/3k;!, where k; is
the typical PBH comoving scale crossing the horizon at
PBH formation time. In particular, at distances much larger
than the mean PBH separation scale, namely kg, the PBH
gas can be effectively treated as a pressureless fluid [57].
For scales smaller than kg, however, one enters the non-
linear regime where P;, (k) becomes larger than unity. In
this regime, perturbation theory as well as the effective
PBH pressureless fluid description break down. In the
following, we consider scales where k < kyy.

Interestingly enough, the fact that PBHs can be viewed
as discrete objects entails inhomogeneities in the PBH
matter fluid, whereas the radiation background is homo-
geneous. Therefore, the initial PBH energy density pertur-
bations being proportional to the PBH number density
fluctuations can be regarded as isocurvature perturbations
[96], which are converted into adiabatic perturbations @
deep in the PBH-driven eMD era. One can then straight-
forwardly deduce [57,58] that the power spectrum for the
PBH gravitational potential ® during the PBH-dominated
era can be written in terms of the PBH matter power
spectrum as

8 k2 -2

Po(k) = S3(k) (5 + §k_§> P (k) (12)
where P, (k) is given by Eq. (11) and &, is the comoving
scale crossing the horizon at the onset of PBH-dominated
era. Sp(k) is a suppression factor defined as Sq(k) =
(k/keyap) ™73, introduced here due to the fact that scales
having a time variation which is larger than the PBH
evaporation rate I, i.e. k > I, are effectively suppressed by
the nonzero pressure of the radiation fluid [97].

Accounting now for the effects of StRVMs, being seen as
f(R) gravity theories, on the aforementioned ® power
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mppr=10"g, Qppp =10""
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k/(aevap Hevap)

FIG. 1. The power spectrum of the PBH gravitational potential
in GR (dashed black line) and in the StRVM framework

(solid blue line) for Mpgy = 10° g and Qppp¢ = 107 and for
C2/Cl = 1077.

spectrum, one can show [62] that Pg (k) will read as:

Po (k) = Ps,y, (k)Sg (k)
2/k\2 F 1+3§_§F_FR -2
x[5+§<ﬁ> &(a) (Hzgﬁ%ﬂ . (13)

In the above expression, &(a) is defined as

() = orenl@) (14)

B 5PBH(af) ’

where H is the conformal Hubble function and Spgy(a) is
the solution of the subhorizon Meszaros equation. Note that
in the case of GR we have F = 1 and &(a) ~ 3 .- recovering

a
the GR result.

As one can see in Fig. 1, where we plot Pg (k) for
MPBH = 103 g, QPBH.f = 10_3 and C2/C1 = 10_7, the devi-
ations of the StRVM compared to GR is really small. The
same conclusions are inferred by varying the PBH mass
and the initial PBH abundance as long as ¢,/c¢; < 1. One
then can conclude that the effect of StRVMs at the level
of the PBH gravitational potential power spectrum is
negligible.

C. The relevant PBH parameters

Let us discuss here the relevant PBH parameters of the
problem at hand. These are actually the PBH mass Mppy
and the initial PBH abundance at formation time Qppy ¢.
Regarding the PBH mass range, we need to stress that in
our setup we focus on PBHs which form after the end of
inflation and evaporate before BBN time. This yields both,

a lower and an upper bound on the PBH mass. In particular,
on taking into account the current Planck upper bound on
the tensor-to-scalar ratio for single-field slow-roll models
of inflation, which gives pli! < 10'6 GeV [77], and that
the PBH mass is given by Eq. (9), by simply requiring
that pﬁ/ Y < plft <10'° GeV, one can show, using the
Friedmann equation (p = 3M3 H?), that Mpgy > 1 g.
Then, by requiring that pééip > pllggN ~ 1 MeV one arrives
at Mpgy < 10° g. At the end, one has that [57]

10 g< MPBH < 109 g. (15)

Concerning now the range of Qpgy ¢, one should require
that PBHs evaporate after their PBH domination time,
1.e. feyap > Ig, in order to have eMD eras driven by PBHs.

Thus, since feyy, < Mgy [98], 14 = 1/(2Hy) and a4 =
ar/Qpph ¢, One can straightforwardly show that

10 g

PBH

Qppip > 7 x 10714 (16)

Furthermore, one should account for the fact that GWs
produced during an eMD era can contribute to the effec-
tive number of extra neutrino species ANy, which is
tightly constrained by BBN and CMB observations as
AN < 0.3 [99]. This upper bound constraint on AN g
can then be translated to an upper bound on the GW
amplitude Qgw oh* < 107° [100]. Employing this upper
bound on the GW amplitude in the context of eMD eras
driven by PBHs, one can derive, at least within GR, an
upper bound on Qpgy s Which reads as

Moy ~17/24
10 g '

Qpppf < 10_6( (17)

Having derived here the relevant PBH parameter space,
we are now well equipped to proceed to the study of light
PBH-induced GWs within StRVMSs, and thus derive con-
straints on the corresponding logarithmic quantum correc-
tion ¢, in that era.

IV. SCALAR INDUCED GRAVITATIONAL WAVES
IN THE STRINGY RUNNING VACCUM

As already stated in the introduction, we shall consider a
population of light PBHs, that is PBHs with masses smaller
than 10° g, which is present after the end of reheating. This
population can dominate the energy budget of the Universe
transiently after the end of inflation and evaporate before
BBN. In the context of the StRVM [19,20,101,102] we will
apply the analysis first presented in [62] in which the
gravitational wave signal induced by PBH energy density
fluctuations is extracted in the framework of a generic f(R)
gravitational theory, since the RVM can easily be recast as
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an f(R) theory as follows:

f(R):cO+R<c1+c210g<£>>. (18)

Ry

For our purposes, one of the most relevant features of
f(R) is the existence of an extra massive tensor polarization
mode, the so-called “scalaron” field [103] whose propa-
gation equation reads as

av

OF(R) = T

2f(R) — F(R)R + 82GT™) = (19)

1
3
where we have set F = df(R)/dR and T™ is the trace of the
energy-momentum tensor of the (total) matter content of
the Universe. As we observe, Eq. (19) is a wave equation
for ¢y = F(R) whose mass is given by m2 = d*V /dF?,
reading as

1/ F
mgc = 3 (F_R - R>, (20)

where F z = dF/dR = d’f/dR?. In our running vacuum
setup, from (18) we obtain that

R (¢ R
2 == (L 4log(— 21
e 3(02+0g<R0>> 1)

A. Tensor perturbations

We shall now study the tensor perturbations /;; induced
by the gravitational potential ®. In particular, the perturbed
metric in the Newtonian gauge, assuming as usual zero
anisotropic stress and 6F/F < 1 [see Figs. 5, 6 and 7 in
Appendix A], is written as

i _aZ(n){—(l 4 2D)di? + [(1 —-20)5;; +%] dxidxj},
(22)

where we have multiplied by a factor 1/2 the second order
tensor perturbation as is standard in the literature. We
remark that the contribution from the first-order tensor
perturbations is not considered here since we concentrate
on gravitational waves induced by scalar perturbations at
second order.* Then, by Fourier transforming the tensor

It is worthy of pointing out that while tensor modes remain
gauge invariant at first order, this is not the case at second order
[104—-110]. This necessitates specifying the observational gauge
for GWs. However, our study focuses on a GW backreaction
problem, disregarding observational predictions. Specifically, if
the energy density from induced GWSs surpasses that of the back-
ground, perturbation theory is expected to fail regardless of the
gauge. Thus, our findings are independent of the gauge choice.

perturbations and taking into account the three polarization
modes of the GWs in f(R) gravity, namely the (x) and the
(+) as in GR and the scalaron one, denoted with (sc), the
equation of motion for the tensor modes /; reads as

"+ 2Hh + (K* — Am2.) by = 4Sj. (23)

where 4 = 0 when s = (+), (x) and 1 = 1 when s = (sc).
The scalaron mass term, m2,, is given by Eq. (21) and the
source term S; can be written as

d’q | :
;= (2r)2 i (k)di4; | 20gPp—g + 3(1+ W)

x (H7'®, + @) (H‘ldﬁc_q + @k_q)} , (24)

with wy, being the effective parameter of state which arises
from treating an f(R) gravity theory as GR plus an effective
curvature fluid (see e.g. [62,111])—its cumbersome
explicit form is not important for our purposes.

The polarization tensors ef;(k) are defined as [112]

VAR (o1

e =—510 =1 0] ellg=—s{100]
000 000
000

Sy =100 0 (25)

ij \/i 0 ’

while the time evolution of the potential ®, considering
only adiabatic perturbations, can be obtained from combin-
ing the first order perturbed field equations in f(R) gravity,
which yields [62]

6(1 +wi) 1
- O @ Kd, =0. 26
1+ 3w, 7 v T Wiot k ( )

D +
In the case of an MD era (w,, ~0), the nondecaying
solution of the above equation gives us a constant value of
®. Writing the solution of ® as @ () = Te(n)¢r, where
¢y 1s the value of the gravitational potential at some initial
time (which here we consider it to be the time at which
PBHs dominate the energy content of the Universe, x4) and
Te(n) is a transfer function one can normalize the MD
transfer function to unity, i.e. To(n) = 1. Consequently,
Eq. (24) can be written in a more compact form as

' d®q
Sy = / We“(k,q)F(q,k—q,n)¢q¢k-q, (27)

7)

where
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= 2T (qn)To(k —qln)
+ 3(14+w) [H='qT4(qn) + To(qn))

[H k- q|To (1 — qln) + To (Jk — gln)].
(28)

F(q.k—q.n)

and e};(k)q;q; = e*(k,q) can be written in terms of the
spherical coordinates (g, 6, ) of the vector ¢q as

%(fsmm cos2¢p for s = (+)

es(k.q) = %qzsinzé sin2¢ fors=(x). (29)

%qzcosze for s = (sc)

At the end, Eq. (23) can be solved by means of the Green’s
function formalism giving us a tensor perturbation #h;,
reading as

a(n)hi(n) = 4 / " @G a@S ). (30)

where the Green’s function Gj(,7) is actually the solution
of the homogeneous equation being recast as

"

S = a s = =
G + (10 = e~ ) G0m) = 300 -1). - (1)

with the boundary conditions lim,_; G{(n
lim,_; G'(n.7) = 1.

One then can extract the tensor power spectrum, P, (1, k)
for the different polarization modes, which is defined as
follows:

,7) =0 and

(i (n)hys" () = 69 (k — k’)5” 7’5(11, k), (32)

where s = (X) or (+) or (sc). At the end, after a lengthy
but straightforward calculation, one gets P,(, k) reading
as [113-116]

o« 1+v 4% —(1 —u?)2)2
sz / dv/ [ v + 02 —u?) }
1| 4uv

X 1% (u, v,x) P (kv) Pe (kut), (33)

whereas for the scalaron polarization one obtains that

1+L — 272
P (n, k —8/ dv/] [ J”’Uu)}

x I*(u, v, x)Pq,(kv)Pq,(ku). (34)

In Egs. (33) and (34) u# and v are two auxiliary variables
defined as u=|k—gq|/k and v=q/k, and the kernel

function 7(u, v, x) is reads as

2(x) X)Fi(u,v,%), (35)

where x = kn. In a MD era as the one we consider here
Te = 1, hence we obtain from Eq. (28) that F = 10/3.
At the end, one can straightforwardly show that the GW
spectral abundance Qg (k, ) defined as the energy density
contribution of GWs per logarithmic comoving scale, i.e.

— _1 dpgw(kn)
Qgw(k,n) = - Ldmr - can be recast as

I(u,v,x) = / dx—= a(x) kG (x.,

Qoutkon) =56 (500) [P0+ P b)) 6

B. Redefining the stringy running vacuum parameters

Before proceeding with the calculation of the GW signal,
let us make a brief discussion on the StRVM parameters,
namely ¢ [(3)], ¢; [(2)] and ¢,. At this point, it is important
to note a conceptual issue when using the effective action
(1) in the PBH- dominated era. Unfortunately, the deriva-
tion of this action holds only in de Sitter backgrounds, at an
one-loop approximation of weak quantum gravity [73-76].
In the context of the StRVM [19], which is based on
superstring theory, such de-Sitter phases could occur:
(i) either in the very early universe, shortly after the big
bang, which is assumed to be dominated by a phase of a
dynamically broken (superstring-embeddable) supergravity
[73,75], characterized by an early (hill-top) inflationary era
(approximately de Sitter) [75,117], that precedes the RVM
inflationary epoch, or (ii) at late eras, which are not
supersymmetric, but during which the StRVM universe
reenters another approximately de-Sitter era.

During the PBH-dominated era, the dominant spacetime
background is far from de Sitter. Moreover, especially near
light PBHs, which will introduce the most severe con-
straints of the model, perturbative quantum gravity is
expected to cease to exist, and one enters possibly a strong
gravity regime. In such a situation, the aforementioned
derivations of (1) [25,74,75] are not valid, and thus the
form (1) does not give us the correct dynamics. It is not
clear what modifications to the Einstein-Hilbert term one
obtains in such a case, by including resummation (or
actually nonperturbative string dynamics) effects. Even if
the form (1) were valid, the corresponding effective action
should correctly represent an expansion about the space-
time background of the PBH-dominated era. Thus, the
corresponding gravitational dynamics should be described
by an action (1) modified by the replacement of the quantity
R, (which in late eras represents the current-era curvature
scalar [26]) by

Ry — Rpph. (37)
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where Rpgy represents the curvature scalar during (light)
PBH-domination era (cf. (43) below). In this setting, the
coefficients c¢;, i = 1, 2, in the current era appearing in (1)
should be replaced by the corresponding ones representing
the quantum-gravity-corrected effective action at the epoch
of primordial-PBH dominance

ci—>cBH L, i=1,2. (38)
Under these assumptions, the gravitational model to be
used in our phenomenology of the StRVM during the PBH
domination will therefore be given by (1) upon the replace-
ments (37) and (38), that is by

SPBH — / d4x\/:g'{co +R {clfBH

L)) o

where L£PPH denotes the corresponding matter Lagrangian
during the PBH epoch.

In the following section we shall make such an
assumption (39), which is the most conservative, albeit,
as explained above, not truly valid, scenario in a generic
quantum gravity setting. Lacking a complete theory of
quantum gravity, though, adopting such a scenario will

|

+ c5BH 10g<

3 PBH
MPBH 1

2
S

Mye = 32
1 Gere HYM élgr,/() 2

where we have taken into account that the Ricci scalar
during a PBH-dominated era is given by

3860M3
R:—6 S ZBH1/4’ (42)
1 gerr HgMp L2,
while the Ricci scalar at the onset of the PBH domination
era, Rpgy, can be recast as

47472M élgéBH,f

(43)
Mlz’BH

PBH —

For notational brevity in this and the following sections
we shall use the notation ¢; for ¢?BH, i = 1, 2 that appear
in (39). Since we exclusively concentrate here on the
PBH-dominance epoch, there is no danger in bringing
any confusion with such a notation. Substituting now in
Eq. (41) ger = 100, being a typical order of magnitude of
the number of the relativistic degrees of freedom at the time
of PBH formation [92], under the assumption that the

standard model of particle physics describes the matter

1286 L 4 2700 + 1286 ln<
C

allow us to impose much stronger constraints, in order to
avoid GW overproduction during the era of PBH domina-
tion, on the coefficients c5BH at that era, as compared to the
corresponding values (8), required for an alleviation of the

current-era cosmological tensions [26].

C. The stringy running vacuum gravitational-wave
propagator

In this subsection we shall study GW propagation within
the StRVM framework (39). In particular, we shall derive
the modifications of the Green’s function (31), entering
Eq. (30), which actually yields the GW propagator. To this
end, we first note that for the polarization modes (x) and
(+), one recovers the usual GR GW propagator, which, for
a MD era, reads as

x) or = 1 X) si X
kG (x, %) = — [(1 + x%) sin(x — %)

— (x = X) cos(x — X)]. (40)

where x = kn and X = ki.

We now proceed to derive the pertinent modifications of
the scalaron GW propagator. For an eMD era, driven by
PBHs, the scalaron mass Eq. (20), mgc, 1s calculated to be

: (41)

MPBH
33
1872 gert HgM 1§1Q§BH,er,6

part £PBH of the effective action (39),” y ~ 0.2, being the
fraction of the cosmological horizon collapsing into a PBH
[91], Hy = 70 km/s/Mpc, and Mp = 2.41 x 10'® GeV,
we obtain

2 Mo 107 [ﬂ +1n <—] 0 "M ‘S’BHH . (44)

Mse 6 604
n 2 n QPBH,f

Interestingly enough, for the relevant range of our para-

meter space 1 g < Mpgy < 10° g, and 7 x 10"0% <

Qpppt < 10‘6(11”5732)‘17/ 24 [see discussion in Sec. III C], it

was found numerically [see Fig. 2] that the value of the
1 —14 245

logarithmic term In( 26934 eeit) during the PBH-eMD era is

PBH.f
below 10. Thus since ¢;/c, > 1, in order for ¢, to be a

quantum correction, the logarithmic term can be safely

>We note though that, in general, in string-inspired models
beyond the standard model of particle physics, this number can be
much larger, up to about a 1000, in some phenomenologically
realistic string theories.
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FIG. 2. Left panel: the logarithmic term ln(lning’B“) as a function of the PBH mass for the minimum value of the initial PBH

PBH.f

abundance QBit, =7 x 10710 (IOP g) Right panel: the logarithmic term ln(10 M‘S’B“) as a function of the PBH mass for the maximum

value of the initial PBH abundance Q% = 106 (%—g) e

neglected, which leaves us with

3
CmC1MpgYy

, (45)

2 ~
msc(’?’ mPBH) ~ 3C2776
where c,, =3 x 10° GeV~".

One then can check numerically that the “corrected”
scalaron mass term (45) is the dominant one compared to
the k> and a”/a (= 2/n* in a MD era) present in Eq. (31)
|

/i

KG¥(v.7) = o

23 /erx?

ol
1" Qo ¢

[see Figs. 8 and 9 of Appendix B]. Thus, Eq. (31) can be
recast as

65" n7) - (S22 ) G (1. = ol - ). (40

3c277

whose solution is

{1 (LW)qLQ(%\/W) %<\/_ e Mfaﬁlk2> I‘z<\/_ N ME,{;H)]

2V/3/crx? 2V/3, /6o

(47)

where I, is the modified Bessel function of the first kind. At the end, the kernel function for a MD era where F = 10/3

reads as

(sc)2 25 3 C2 3 31 5 cy
IEP(x) =~ 1 560F 3y (<20 2
wo (1) 63504x'2{ 0 ‘<4 ey R e AV AR

11 2

315 ¢ 1 5 ¢2
)‘xd1F2<Mz >]+4°F<44>

C4xt
) 4 4 N 4.4 4 4 21,7 2
X |chxd, Fal 1,1;2,— e .35 ) O ,F3 1,1,2,7 3 + 14x*x3| —3x —|—3xd+4cvln; ., (48)

where ¢, = 10%° GeV‘7/2\/gM3/2k2 and qu(al,..a

by, ....b,. 7) is the generalized hypergeometric function.

P>

V. CONSTRAINING THE STRINGY RUNNING
VACUUM LOGARITHMIC CORRECTIONS

Having discussed in previous sections the PBH gas and
the associated scalar-induced GWs within the context of

|
StRVMs, we now proceed to impose constraints on the
parameter ¢, of the StRVM quantum logarithmic correction
(39), using the aforementioned GW portal.

Before doing so, it is worthwhile to clarify the status
of the scalaron polarization mode. Interestingly enough,
if one views the scalaron as a new physical degree of
freedom [112], one should require that its mass be smaller
than the UV cutoff of the theory, which in the context
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of StRVM can be naturally taken to be the string scale
M, [102]. Since M should be smaller than, or at most equal
to, the Planck scale Mp;, one obtains m,, < Mp,. The
regime where my. > Mp, corresponds actually to the limit
where ¢, — 0 (GR limit) where my — co. In this large
mass regime, the scalaron becomes in fact a “heavy”” mode,
not contributing to the polarization modes of GWs.
Consequently, by the simple requirement that the scalaron
mass should be smaller than the reduced Planck scale Mp,
at both, the onset of the PBH domination era (y4), and
the PBH evaporation time (7eyqp), 80O as to avoid trans-
Planckian modes, one can derive a lower limit on the ratio
¢y/c; as a function of the PBH mass and their initial
abundance at formation time reading as

4 4 2 4 6
e (2 (o (22
¢ 10 Mpgn Mpgu

(49)

where the right term within the brackets of the right-hand
side of Eq. (49) comes by requiring m(evap» Mppn) <
Mp; while the left one originates by demanding that
mg. (Mg, Mpgp) < Mp). In Fig. 3, we show this lower bound
constraints on the ratio of ¢,/c; as a function of Mpgy
and QPBH,f‘

Focusing now on the GW amplitude on the PBH-driven
eMD era, one can constrain ¢, just by requiring that the
GW amplitude at the end of the PBH-dominated era,
namely at the end of PBH evaporation, should be smaller

than unity so as to avoid GW overproduction. Remarkably,
I ﬁ%z(xevap) diverges for values of ¢2/(4x*) = 1000 signal-
ling a GW backreaction issue, since the spectral abundance

of the induced GWs associated with the scalaron mode

My < Mp

107!

) —17/24

Qs > 107 (Mg (GW BBN bound)

1073
107°
« 1077 N
= B
& =
S o100 E
=

10713
1072
10733
1074
10758
1076
1077
10—81{

FIG. 3. The lower bound constraints on ¢,/c; (color bar axis)
as a function of the PBH mass Mpgy (x-axis) and the initial PBH
abundance at formation Qppy¢ (y-axis) accounting for the fact
that scalaron mass should be smaller than the Planck scale.

109 10' 10%2 10*° 10* 10° 105 107 10°
Mppy in grams

Q6w (Tevap, )| < 00

10~ 1 1057
—17/24

Qi > 10 (Uzp) (GW BBN bound)

1073
1075 1047
-« 10-7 S
5 . 1037%
&~ =
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—11
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10—13
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FIG. 4. The lower bound constraints on ¢,/c; (color bar axis)
as a function of the PBH mass Mppy (x-axis) and the initial PBH
abundance at formation Qppy¢ (y-axis) accounting for GW
overproduction during an eMD era driven by light PBHs.

produced during the PBH-dominated era is proportional to

1$50%(x), as it can be seen from Eq. (34) and Eq. (36), or in

other words ng,?,(n, k) ocll(\flgz(x) (see also [118]).
Therefore, in order to avoid such a GW overproduction
issue, one should require that c¢2/(4x*) < 1000. Since
Xevap > Xg,» We require conservatively that c7/(4x}) <
1000 leading to the following lower bound constraint
on ¢y/cy:

10* 1/3
252 %109 <£> Qi . (50)
Cy PBH ’

In Fig. 4 we show the ¢, /c; GW lower bound constraints
(50) as a function of the PBH mass Mpgy and the initial
PBH abundance Qppy . Notably, in the entirety of the
relevant parameter space of our physical setup, the lower
bound on ¢,/c; is too large, many orders of magnitude
larger than unity. As already mentioned, for consistency
within a perturbative quantum gravity framework (see
Sec. IV B), such a ratio has to be much smaller than one,
which leads to constraints on the relevant PBH parameters,
in particular on the ratio Qpgy ¢/ M % Thus, as it can be seen
from Eq. (50), in order to get a lower bound on ¢,/c;
smaller than unity, one should either go to very large PBH
masses, above 10° g, or assume very small initial PBH

®We need to mention that our analysis does not hold only for
the case of an eMD driven by light PBHs but it can be extended as
well to any physical setup accepting eMD eras such as the ones
driven by massive scalar [49] or vector [119] fields as well as
Q-balls [120]. In the latter cases, the lower bound constraints on
the ratio ¢,/c; and the consistency of the StRVMs with such
eMD eras would depend on the parameters of the physical setup
at hand.
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abundances, many orders of magnitude below the lower
bound on Qppy ¢ (16), required from the existence of a
PBH-driven eMD era.

Consequently, one can conclude that eMD eras driven by
light PBHs are inconsistent with quantum logarithmic
corrections within the StRVM framework. This is somehow
justified based on theoretical grounds [see also discussion
in Sec. IV B] since the logarithmic corrections present
in Eq. (1) were derived by quantizing StRVMs within a
de-Sitter background, which is not the case in MD era.
Interestingly enough, if in the future we detect light
PBHs with masses smaller than 10° g, this will further
necessitate the recasting of the StRVM quantum logarith-
mic corrections.

At this point, it is important to stress that such stringy
quantum corrections can affect PBHs themselves as
well, e.g. the PBH lifetime. In particular, regarding the
PBH evaporation process, there have been some recent
works [121-123] suggesting that quantum effects such as
memory burden puts the process of Hawking evaporation
out of the self-similar semiclassical regime prolonging at
the end the black hole evaporation time. In such a case, a
prolonged PBH-dominated era will lead to enhanced GW
amplitude thus to smaller ¢,/c¢; lower bounds, potentially
smaller than unity since the GW amplitude scales inversely
with the ratio ¢, /¢, as it can be seen by Fig. 4. However,
since such quantum corrections on the Hawking evapora-
tion time have been treated up to now only at the
phenomenological level [124,125], one cannot give a
definite answer whether or not higher than one lower
bound constraints on the ratio ¢,/c; can be avoided. To
address this issue, one needs to perform a quite technical
calculation extracting the PBH evaporation time within the
framework of StRVMs, something which goes beyond the
scope of the current work.

VI. DISCUSSION

In this work we have studied GWs induced by the energy
density perturbations of ultralight PBHs (Mpgy < 10° g)
within the framework of the stringy running-vacuum
models (StRVMs). We accounted for the effects of employ-
ing StRVMs both, on the source and on the propagation of
the induced GW signal. Regarding the effect on the source
of the induced GW signal, namely the power spectrum of
the PBH gravitational potential, Pg,(k), we found a minor
effect of StRVMs giving us a behavior similar to that of GR.
See Fig. 1.

By treating the scalaron mode as a physical degree of
freedom, we required its mass to be smaller than the UV
cutoff of the theory which can saturate at the Planck scale.
Interestingly enough, imposing such a requirement we
found a lower bound constraint on ¢, as a function of
Mppy and Qpgy .

Focusing on the GW propagator, namely the Green
function of the tensor perturbations, we found considerable
GW overproduction for small values of the StRVM quan-
tum correction ¢,. In order to avoid such a GW over-
production issue, we found that ¢, should be unnaturally
large, at least greater than 10'7 in reduced Planck mass
units square, something which is inconsistent with the
quantum nature of the correction ¢,, which was derived
when expanding StRVMs around de Sitter backgrounds.

There are thus two possible ways of interpreting these
very large lower bounds on the value of the ¢, coefficient of
the quantum corrections: (i) if we consider the scalaron
field as a physical mode (m,, < Mp,), then we find that,
the requirement of avoiding GW overproduction, leads to a
lower limit of the quantity ¢,/c; of more than 10'7 [see
Fig. 2]. This signals that this quantum correction should not
be valid in the early Universe. One can then claim that in
order to solve such an inconsistency, they should impose
GR in such early cosmic times before BBN. As a
consequence, m,. > Mp, leading to ¢,/c; at best smaller
than 10~13 [see Fig. 1], 6 orders of magnitude tighter than
the ¢,/c; constraint derived from late-Universe observa-
tions from the requirement of alleviating the observed
cosmic tensions [26], giving us c¢,/c; ~ 1077, (i) On the
other hand, if we do not consider the scalaron field as a
physical mode, then the scalaron mass is unbounded from
above. In such a case, one obtains only an extremely large
lower bound constraint of ¢,/c; [see Fig. 4] in order to
avoid GW overproduction. This points, therefore, to the fact
that, either there are no light PBHs in case the dynamics of
the physical early universe is described by stringy RVMs
with actions of the form Eq. (39), or, if light PBHs are
detected in the future, then stringy RVMs should be
reconsidered due to GW overproduction.

We recapitulate by stressing that the aforementioned
analysis does not rule out the StRVM, but dictates that the
corrections to the Einstein gravity induced by quantum-
graviton loops are necessarily very different during the light
PBH-dominated era, as compared to those in the modern
epoch, otherwise one would be faced with an unacceptably
large GW amplitude. In particular, if such corrections were
logarithmic in the scalar curvature, then their coefficients
in the light-PBH-domination era should be much more
enhanced than their counterparts in the current era in order
to avoid GW overproduction. This non trivial result demon-
strates the importance of PBHs as probes of new physics.
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APPENDIX A: THE ANISOTROPIC STRESS

Before BBN, which is the period we focus on, there are
no free streaming particles, namely neutrinos or photons,

k = Kevap, 1 =1

1078
10-°
10-10
»;7’9‘ 10-11
I
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10-12
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—17/24
— — —6 [ M,
Qppn s = 10 (—1543&“)
"
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FIG. 5.

with the dominant matter species being in the form of
PBHs. We can then safely consider that IT, = IT,,, = 0 with
the only source of anisotropic stress being the f(R) gravity
effective fluid, having a pure geometrical origin. In
particular, following [62] one can show that the scalar
metric perturbations @ and W are related as

o-y="",

- (A1)

with 6F = F x6R and SR, denoting the first order pertur-
bation of the scalar curvature, which can be recast as [126]
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Left panel: the dimensionless parameter A for k = ke,, and 17 = 54 for different values of the PBH masses Mpgy; and the initial

PBH abundances Qpgy; ¢ Right panel: the dimensionless parameter 4 for k = key,p and 77 = 1y, for different values of the PBH masses

Mpgy and the initial PBH abundances Qpgy ¢-
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FIG. 6. Left panel: the dimensionless parameter A for k = kg and 17 = 7, for different values of the PBH masses Mpgy and the initial
PBH abundances Qpgy . Right panel: the dimensionless parameter A for k = k4 and n = 4 for different values of the PBH masses Mpgy

and the initial PBH abundances Qppy ;-
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k? o
a 1 + 4?TR
Defining thus the dimensionless quantity 4 as
o-v
A=—, A3
= (A3)

we can actually quantify the anisotropic stress of geomet-
rical origin. In the case of f(R) gravity, which category
StRVMs belong to, plugging Eq. (A2) into 6F = F zoR
and then OF into Eq. (A1), one obtains that

2k
Ah=—ar (A4)
1+455e

Below we plot this quantity for different values of the wave
number k within the range [Keyap. kuy], and for different
values of the PBH masses Mpgy within the range
[10 g, 10° g]. With regards to the initial PBH abundance
Qppy ¢, the latter is considered within the range defined by
Eq. (16) and Eq. (17). As one may see from Fig. 5, Fig. 6
and Fig. 7, the parameter 4 is much smaller than one, except
for values of & close to the UV cutoff where 4 is close to 0.5,
still remaining though less than unity. One then can
legitimately neglect the anisotropic stress of geometrical
origin and take ® = ¥ (Newtonian gauge) in the derivation
of the induced GW spectrum.

APPENDIX B: THE DIFFERENT TERMS
IN THE GREEN EQUATION

We compare below in Fig. 8 and in Fig. 9 the three terms
k*, a"/a and m2 present in the equation (31) governing
the evolution of the Green function (GW propagator), by
plotting the ratios k*>/m2, and (a”/a)/m?2, for different
values of the PBH masses Mpgy within the range
[10 g,10° g] and of the initial PBH abundance Qpgy¢
within the range defined by Eq. (16) and Eq. (17). The
comoving scales k are varying between k., and kyy.

T
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FIG.8. Theratio (a”/a)/m2 as a function of the PBH mass for

different values of the initial PBH abundances Qpgy ;.
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