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We investigate thermodynamics of static and spherically symmetric black holes (BHs) in generalized
Proca (GP) theories by applying the Iyer-Wald prescription. BH solutions in GP theories are divided into
the two classes. The first class corresponds to the solutions obtained by the direct promotion of the BH
solutions in shift-symmetric Horndeski theories, while the second class consists of the solutions which are
obtained only in GP theories and contain a nonzero electromagnetic field. For BH solutions in the first
class, we confirm that the BH entropy and its thermodynamic mass remain the same as those in the
counterpart solution in shift-symmetric Horndeski theories. We also calculate the thermodynamical
variables of the several static and spherically symmetric BH solutions in the second class and investigate
the thermodynamical stability when there exist two BH solutions.
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I. INTRODUCTION

General Relativity (GR) is the unique gravitational
theory in four dimensions which only contains 2 degrees
of freedom (DOF) of metric and preserves the Lorentz
symmetry [1]. While GR has been tested by the local
experiments as well as the astrophysical probes [2], the
standard cosmological model based on GR has been
plagued by tensions of today’s measurements [3,4], which
has motivated us to study gravitational theories other than
GR [2,5-7].

Robust modifications to GR are described by scalar-
tensor (ST) theories that possess a scalar field (¢) DOF as
well as the metric tensor (g,,) DOF [8]. The framework of
ST theories has been extensively generalized since the (re)
discovery of Horndeski theories [9-11], which are known
as the most general ST theories with second-order equa-
tions of motion, despite the existence of higher-derivative
interactions of the metric and scalar field. Horndeski
theories are characterized by the four independent coupling
functions G,345(¢, X), where X :=—(1/2)¢*V,pV, ¢
represents the canonical kinetic term of the scalar field
with V,, being the covariant derivative associated with the
metric g, .

Within the framework of shift-symmetric Horndeski
theories that are invariant under the constant shift trans-
formation ¢ — ¢ + ¢, where the functions G, 3 45 depend
only on X, Ref. [12] showed that a no-hair result of static
and spherically symmetric black hole (BH) solutions holds
under several hypotheses. If one violates at least one of
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them, it is possible to realize BH solutions endowed with
nontrivial scalar field profile. For a scalar field with the
linear dependence on time ¢ of the form ¢ = gt + w(r)
with ¢ being constant, there exist the stealth Schwarzschild
solution [13—15] and the BH solution with asymptotically
(anti-)de Sitter [(A)dS] spacetimes [13,16]." If the asymp-
totic flatness is abandoned, the linear term of X in G, gives
rise to the exact hairy BH solution with an asymptotic
geometry mimicking the Schwarzschild-AdS spacetime
[17-20]. For the coupling G5  In |X|, which is equivalent
to the linear coupling to the Gauss-Bonnet (GB) term, there
exists the hairy asymptotically flat hairy BH solution
[21,22]. There also exists the asymptotically flat BH
solution in the model where G4(X) D (=X)'/? [23].
Hairy BH solutions also exist for non-shift-symmetric
couplings to the GB term [24-42].

The linear stability of static and spherically symmetric
BH solutions in Horndeski theories has been studied in the
literature, e.g., Refs. [43-47]. However, in the models
where the scalar field linearly depends on time, e.g., the
stealth Schwarzschild solution [13,16], the standard linear
perturbation analysis cannot be applied because the per-
turbations become infinitely strongly coupled [48,49]. For
such solutions, there could be several ways to clarify their

1By “a stealth solution,” we mean a solution where the
spacetime geometry remains that of a GR BH solution, i.e.,
the Schwarzschild or Kerr solution, while the profile of the scalar
field becomes nontrivial.
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stability. One of them is to investigate their thermodynam-
ical stability. When one has two BH solutions in a given
gravitational theory, one can argue that the BH solution
with smaller entropy is more unstable than one with larger
entropy. Wald’s entropy formula [50] may not be directly
applicable to Horndeski theories in the presence of deriva-
tive interactions between the scalar field and the spacetime
curvature [51,52]. This is because the apparent dependence
of the action on the Riemann curvature of the spacetime
may be modified before and after a partial integration and
there may exist an additional contribution from higher-
derivative coupling of a scalar field.

In our former work [53], following the original pre-
scription by Iyer and Wald [54], we have constructed
thermodynamical variable for static and spherically sym-
metric BH solutions in Horndeski theories. Because of the
four-dimensional diffeomorphism invariance, there exists
the associated Noether charge. As shown by Iyer and Wald,
the variation of the Hamiltonian is given by that of the
Noether charge evaluated on the boundaries of the Cauchy
surface, i.e., in our case, the BH event horizon and spatial
infinity [54]. The conservation of the total Hamiltonian of
the BH system reproduces the first law of BH thermody-
namics. The Iyer-Wald prescription had been applied for
BH solutions in a particular class of Horndeski theories in
Refs. [51,52]. It had also been applied to the planar BH
solutions in some classes of Horndeski theories [55].
Reference [53] analyzed the whole Horndeski theories
and was able to apply all classes of the static and spheri-
cally symmetric BH solutions including those with the
linearly time-dependent scalar field in shift-symmetric
theories [13,16].

Horndeski theories have been straightforwardly
extended to the vector-tensor (VT) theories which admit
the second-order equations of motion despite the presence
of derivative interactions. These theories are called gener-
alized Proca (GP) theories [56—-58]. The interactions in the
purely longitudinal sector in GP theories were obtained
by promoting the derivative of the scalar field V,¢ in
shift-symmetric Horndeski theories to the vector field A,.
Along such an extension, X and [l¢ in ST theories can
be generalized to ¥ = —(1/2)¢g"”A,A, and V¥A, in VT
theories. Beside them, there are also derivative interactions
containing the electromagnetic polarizations which are
given by the contractions including the field strength of
the vector field ¥, = d,A, — d,A,. Up to the generalized
quartic-order interactions, we find the explicit form of the
action of GP theories as shown later.

BH solutions with nontrivial profiles of the vector field
in GP theories have been obtained in Refs. [59-70]. The
stealth Schwarzschild solutions and the Schwarzschild-(A)
dS solutions with the scalar field ¢ = gt + y/(r) in shift-
symmetric Horndeski theories [13—16] have been straight-
forwardly promoted to those with A, = g and A, = y/(r) in
GP theories [60,61,63—67]. Besides the straightforward

promotion of the stealth Schwarzschild solutions and the
Schwarzschild-(A)dS BH solutions to GP theories, there
also exist the stealth Schwarzschild solutions and the
Schwarzschild-(A)dS solutions with the nonzero electric
charge, if the coupling parameter is chosen to the certain
value [60,61,64—66]. There are also the other BH solutions
with nontrivial vector hair in various classes of GP theories
[61,66,68,69]. The linear stability of the hairy BH solutions
in GP theories has been investigated in Refs. [71,72]. In the
present work, by applying the prescription by Iyer and
Wald and extending the analysis in Ref. [53], we will
investigate thermodynamical properties of the static and
spherically symmetric BH solutions in GP theories. In the
case that Horndeski and GP theories share the same
BH solutions, we will carefully check whether the entropy
and the thermodynamic mass of BHs remain unchanged
between the two descriptions in ST and VT theories. We
will also discuss the thermodynamic properties for several
exact BH solutions which are generic to GP theories.
Horndeski and GP theories do not satisfy the constraint on
the speed of gravitational waves [73-75], cqw = ¢, and ST
and VT theories beyond them [76-78], contain the BH
solutions with very similar properties [48,79-81]. Thus, to
understand thermodynamic stability of BHs in Horndeski
and GP theories will give a direct hint for BH thermody-
namics of these extended theories.

The paper is constructed as follows. In Sec. II, we review
GP theories and derive the boundary current and the
Noether charge associated with the diffeomorphism invari-
ance. In Sec. III, we present thermodynamic quantities of
static and spherically symmetric BHs in GP theories in
terms of the variation of the Noether charge associated with
the diffeomorphism invariance, which are evaluated at the
boundaries of the Cauchy surface. In Sec. IV, we inves-
tigate BH thermodynamics of the stealth Schwarzschild
solutions and the Schwarzschild-(A)dS solutions without
and with the electric charge. We also compare their
entropies with the peculiar solution in the same theory.
In Sec. V, we study the thermodynamical stability of
the other BH solutions in GP theories including the gen-
eralized quadratic- and cubic-order interactions. In Sec. VI,
we close the paper after giving the brief summary and
conclusion.

II. GENERALIZED PROCA THEORIES AND
NOETHER CHARGE FOR DIFFEOMORPHISM

A. Generalized Proca theories

We consider the action for GP theories, which is given by

4
Sap =Y Si), (1)
P

where the generalized quadratic-, cubic-, and quartic-order
interactions are, respectively, defined by
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So) = /d“x\/—_ng(}—’ﬁ Y), (2)
S = / e/ =G(~Gy(Y)VHA,). 3)

S= [ dHGIR+ G (D(V94, )
+ 0 (Y)VPA'V,A, — (14 ¢,(Y))VPA°V,A L. (4)

Here, g,, is the spacetime metric tensor, V,, represents the
covariant derivative associated with g,,, R is the Ricci
scalar associated with g,,, A, is the vector field, F, :=
V,A, =V, A, represents the electromagnetic field strength
of the vector field A,, and

1
F = _ZgaﬂgngapFﬂav

~ 1.
Fe==FF,, (5)

1
Yi= S A,

with F# == Le"*PF 5 being the 2-form field strength dual
to F,. Gy(F,F,Y) is the free function of the given
arguments. Similarly, G;3(Y), G4(Y), and c¢,(Y) are
the free functions of Y. The equations of motion of
GP theories are given by the second-order differential
equations [56-58].

Using the Stiickelberg trick A, = A, + V¢, the U(1)
symmetry under the transformation ¢ — ¢ + y and A, —
A, — V,x is restored. In the absence of the electromagnetic
polarizations, Y — X = —1¢*V,oV, 0, VA, - Op =
3V, V, @, and then GP interactions (2)—(4) reduce to

S = [ @60, 6.0 = G:(0.0.%). (6

Sy = / x5 (~G; (%) 0. 7)

St = [ d=aG0R
+ G (O - V"V, Y0}, (8)

which correspond to shift-symmetric Horndeski theories
with the metric g,, and the “scalar field” ¢, up to the
generalized quartic-order interaction. Thus, in the absence
of the electromagnetic modes, any solution in GP theories
with A, reduces to that in shift-symmetric Horndeski
theories with the scalar field ¢.

B. Equations of motion and boundary current

The variation of the action (1) is given by

55 — / &3/ =G(E ¢ + Ey 54, +V,0"), (9)

where E,, =0 and E A, = 0 are the Euler-Lagrange (EL)

equations for the metric and vector field, respectively. The
boundary term is given by the total derivative of the
covariant current

JH = Zﬂ(l.), (10)

with the contribution from each order of GP interactions

Iy = =G FP6A, = Gy FP76A,, (11)

1
J( = Gs(Y) <gp"A” - EAf’gﬂ”) Ogu = G3(Y)g*3A,. (12)

Iy = Ga(V)[V*(¢7695,) = V7 (¢75,,)]
+ G4Y(Y)Aa [QDI)VUA(I - go—yvﬂA(l]ﬁgmx

+ G4Y(Y)VDAD [2.91)65Aﬂ - zgpﬁAyégyn’ + A/Igvo'(sgyo_]

— 2G4y (Y) [(V"A/’)éAa — AV AP 5g,
1
+ EA”V”A"égm,] +2¢,(Y)Gay (Y)FP?8A,,  (13)

where we have defined G, := %, G,z = %, and Gy =

% (i=2, 3, 4). We also define the 3-form dual to the
current J#, Eq. (10), by

4
Oupy = J*€papy = Eapyr " = Zgaﬁw*]/(li)' (14)
i

In Sec. IV, we will focus on the class of GP theories with
the choice of the functions

A 1
=F+2m’Y - —— Y) = Y
G, =F +2m G G4(Y) 16;:G+ﬂ ,
G3(Y) = ea(Y) =0, (15)

which is equivalent to the VT theory with the nonminimal
coupling of the vector field to the Einstein tensor G**:

1
SNMC—/d4x,/—g<@(R—2A)+f—l—2m2Y

+ ﬂG’”’A,,A,,) . (16)
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Within the theory (15), the stealth Schwarzschild solutions
and the Schwarzschild-(A)dS solutions have been obtained
in this GP theory [60,61,64—66] for the first time. We note
that the current from the variation of the action (16) is
given by

1
Somc = —F76A, + ——[V*(¢P8gp,)

167G - vp(gﬂyégﬁu)}

+p {A"‘A/’ PV 56000 — %A"A“V”&gm
1 1

— AR N g = AEA (VP 780)

= V(g ag) | — |V 407 - SO
1 1

_Lvwen ) - Lo aa, g

5V O (1)

As we will see later, this is not exactly the same as the
current (10) with the condition (15), but the thermody-
namical quantities become the same.

C. Noether charge for the differmorphism invariance

Since GP theories (1) with Egs. (2)—(4) are invariant
under the diffeomorphism transformation, x* — x* -+ & (x*),
there exists the associated Noether current. Under the
diffeomorphism transformation, the variations of the metric
and the vector field are, respectively, given by
569/41/ = vuéu + vugw 5§Au = vaGA” + Aavﬂgo’ (18)
and with use of the EL equations, we obtain the conserved
Noether current for the differmorphism invariance

4
_ [vu] _ [vu]
— &L =2V, K} = 2; VK, (19)

where the contribution from each order of GP interactions is
given by

K"

o) =5 (GarF* + Gy F1), (20)

l\)l>—‘

]
Kz

= -G(ngw, ell
Kt = Gu(Y)VE 4 26y (V)A7(ViA )
— 2G4y (V) (VA )ARE
— 3 (14 26,(1)) Gy (V) A7,

+ Gy (V) (A"VPA® + APVEAV)E,. (22)

This is because the right-hand side of Eq. (19) is given by the
divergence of the antisymmetric rank-2 tensor K [(’g] Thus,

K (Ug] can be interpreted as the Noether charge for the
diffeomorphism invariance.

Similarly, for the theory with the nonminimal coupling to
the Einstein tensor (16) (see Sec. IV), the Noether charge is
given by

K,

NMC(E) T 5 FrAL" + 7V”§”

167G
1
+ B|AP ARV y&v — 5 (Ar4,) Ve

+2A%(VHA)E — (V,AY)ARE — A% (V AF)E

- %F"”A"éa o (vaﬁ)A,,] . (23)

We then define the 2-form tensor dual to the Noether charge
K 1821,

4
v (i)
a[)’ (lﬁﬂl/ Z Kﬂ 22 Q(f)a/}' (24)

=

We also define the 2-form tensor where the first index of
0,4 defined in Eq. (14) is contracted by the infinitesimal
differmorphism transformation & by

igf@a/i = gyguaﬁ - ea/f/w-]ﬂgy' (25)

We now consider the variation of the dual Noether charge
with respect to the physically independent charges in the
solution subtracted by Eq. (25):

4
5Q( Yap — l§®(1/3 - Z(é( 11/)’;41/K( )& )) +€a/};w-]( )éy) (26)

=

In Refs. [50,54], Iyer and Wald showed that the integration
of Eq. (26) on the boundaries of the Cauchy surface gives
rise to the variation of the total Hamiltonian of a given BH
system.

III. THERMODYNAMIC VARIABLES
OF STATIC AND SPHERICALLY SYMMETRIC
BLACK HOLES

From now on, we focus on the static and spherically
symmetric solutions whose metric is written by

d 2
ds® = —h(r)de® + ﬁrr) + 2y,,dotde,  (27)

where ¢ and r are the temporal and radial coordinates and
Yapd0°d0® = dO* + sin® Odg?® represents the metric of the
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unit 2-sphere. We assume that the spacetime contains
the event horizon at r = r, where h(r,) = f(r,) = 0 and

lim,_,, L) — const. We also assume the following ansatz
g h(r)

for the vector field to be compatible with the staticity and
spherical symmetry of the spacetime:

Audxt = Ag(r)dt + A, (r)dr. (28)

In the case where h(r) and f(r) have several positive roots,
we assume that r, corresponds to the largest positive root
with #'(r,) > 0 and f'(r,) > 0, which does not include the
cosmological horizon by definition.

We consider the case that & corresponds to the timelike
Killing vector field & = (1,0,0,0). The variation of the
metric and the vector field of a given solution can be written
in terms of those of the independent integration constants

b, = —6h = —Z—(Sc

5f 1 of

brr:_F fzz_(SCj, hab:()?
0A 0A

SAy = Za—"ac SA| = Za—lac (29)
]

7 %€ J

where c¢;’s are integration constants of a given BH solution
including the position of the event horizon r,. Following
Iyer and Wald [50,54], with the use of Eq (26), the
variation of the Hamiltonian with respect to the integration
constants is given by the contributions from the boundaries,

i.e., the horizon r — r, and the infinity r — oo as

where dQ := sinfdOdp represents the differential of the
solid angle and the subscript H represents the quantities
evaluated at the event horizon. The variation of the
Hamiltonian on the event horizon is identified with the
variation of the BH entropy Sgp in GP theories

dHy = Thcr)dScp, (31)

where T'ygp) represents the Hawking temperature (denoted
by H) of the given BH solution

)]

¥ (32)

Typ) =
The conservation of the total Hamiltonian 6H = 0O leads to
the first law of BH thermodynamics in GP theories,

Thcp)6Scp = 6H - (33)

To illustrate that the variation of the Hamiltonian is
independent of the description of the theory, we consider
the class of GP theories (15) which is physically equivalent
to the theory (16), which admits the stealth Schwarzschild
and Schwarzschild-(A)dS solutions [60,61,64-66]. By con-
sidering the variation of Egs. (27) and (28), we obtain

I h
=9 <r2 \ﬁK[éll(:)) - \/];J oot

o i) | A0,
= \/;{ Sh(r)

8zGr 2h(r)?

2h(r) o/ (r) h(r)

(I gy SOTAC)

—AO(r)25f(r)> } (34)

rh(r)
Although the Noether charges for the two equivalent
theories (15) and (16) do not coincide in general as

54p(r)

o 2 r)2f(r)? PR (r
KE}lj()_KI[\H\]/IC() ﬁ&(:f() _'BAO(AI?]@J(:(')Z) (r)
PAL(r)*f(r)*H (r)
T A 33)

we find that the integrands of the variation of the
Hamiltonian (30) for the two equivalent theories (15)
and (16) coincide as

h 1y h
_5<r2\/}[(gg(§)> - rz\/;f-l[(t}pfr]
. h
= _5< \/7Kk11\]/lc( )) - rz\/;fl[\thcfr]- (36)

Thus, physically relevant quantities for BH thermodynam-
ics do not depend on the description of the theory. The
difference between the Noether charges (35) is exactly
due to a y ambiguity because the difference between the
two Noether charges originated from the difference of the
total derivative terms of the Lagrangians (15) and (16) as
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Eq. (41) of Ref. [54]. We note that the 4 ambiguity does not
modify the total Hamiltonian [54].

Before going to explore BH thermodynamics in GP
theories, we shall review BH thermodynamics in the U(1)-
invariant VT theories, i.e., Einstein-Maxwell (EM) and
Einstein-Born-Indeld (EBI) theories.

A. Einstein-Maxwell theory

In this subsection, we consider EM theory with the
cosmological constant A,

A 1
G =F—-—— Gy=——,
2=F 7 162G

872G G3 = Cy) = 0. (37)

As the unique exact static and spherically symmetric BH
solution in EM theory (37), there exists the Reissner-
Nordstrom (RN)-de Sitter solution,

g A U o 4nGQ
fry=nh(r)=1 3r +r(3(3+i’g/\) ", >
47GQ?
2
_ 90 _
Ay(r) = 7+ qEM; A(r) =0, (38)

in which the constant ggy; corresponds to the gauge DOF.
The variation of the Hamiltonian on the horizon r = r
yields

g

2
4”gQ +4nAo(r,)50. (39)

g

ory )
OHpy =G 1 —ryA—

However, the same gauge-dependent term proportional to
0Q also appears in the variation of the Hamiltonian at the
infinity » — oo, 6H. Thus, in the conservation of the
Hamiltonian, this term proportional to §Q cancels. Hence,
the differential of the BH entropy is given by

or 471G Q2
TH(EM)(SSEMzz—G-" 1—-rlA - 5| (40)

g

where the Hawking temperature (32) is given by Tgv) =

To(1 — r2A — #92%) with
g

1
B 471'I’g

Ty: (41)

being the Hawking temperature of the Schwarzschild BH.
Thus, we obtain the BH entropy

SEM = SO’ (42)

where

Sp=—2 (43)

represents the Bekenstein-Hawking entropy.
The variation of the Hamiltonian at the infinity » — oo
yields

oM oM
= —Mbr, = Mpy —— ==

SHo
or, 00

6Q = 6Mpy — P60,
(44)

where @y := —4x(Ay(r — o0) — Ag(r,)) = 470 Jescribes

Ty
the difference in the electric potential between at the
infinity r — oo and at the horizon r = r,. The conservation
of the Hamiltonian H = 0 yields the first law of thermo-
dynamics for the electrically charged BH,

TrEm)0SEm = My — @y6Q. (45)

Thus, by integrating this, the thermodynamic mass of BHs
is given by

42GQ?  Ar
MEM_M0<1+ i 2Q _i>’ (46)
ry 3
where
;
M, = —L 47
)=aL (47)

represents the thermodynamic mass in the Schwarzschild
background, which coincides with the Arnowitt-Deser-
Misner (ADM) mass of the BH spacetime.

EM theory (37) also admits the Schwarzschild-(A)dS
solution with the trivial vector field

o r
b = £ =1- 5= 2 (1250,
Aalr) = A1(r) =0 (48)

The variation of the Hamiltonian yields &Hy =
Th(Gr)0Scr = g—g, where the Hawking temperature (32)
is given by Tygr) = To. Thus, we obtain the Bekenstein-
Hawking entropy as the BH entropy Sgr = So- The
variation of the Hamiltonian at the infinity » — oo yields
OMgr = i—rG”. The thermodynamic mass of the BH is given

by Mgr = M, which coincides with the ADM mass.

B. Einstein-Born-Infeld theory

We then consider EBI theory with the cosmological
constant A,
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G4:%, G3:C2:O, (49)

where f > 0 represents the nonlinear coupling parameter.
As the unique static and spherically symmetric BH solution
in EM theory (49), there exists the exact BH solution

h(r)=f(r) :% {3 + (82Gp— N)r* — snG\/m

115 4
- 167TQ\/,B72F1 |:Z,§,Z,—FQ—€:|

—%<3+(8ﬂGﬂ—A)r§—SﬂG\/ﬂ(QZ—l-r;‘ﬁ)
115
1m0 3.5 )|

115 r4ﬁ
Ao(r):—\/ﬁrzF1 ZEZ_@ + qEBI> Al(r):()’

(50)
where ,F[a, B, v, x| represents the hypergeometric func-

tion and the constant ggp; corresponds to the gauge DOF.
In the limit of f — oo,

A, r A2 4nGQ?
=—h=—— 1-9(1-——4
f=h 37 + r( 3 + rﬁ
426> (1
4 4760 +(’)@>,
r
1
A0(r) = diag + 2+.0( ). (51)

which recovers the RN-(A)dS solution, where the constant
qrp; corresponds to the redefined gauge DOF by taking the
constant shift of ggg; into account. The variation of the
Hamiltonian yields

2, 4
St = 2 1—r§A+87zGﬁ<r§_ e ;ﬁﬂ
+47Ao(r,)60. (52)

However, the same term proportional to §Q also appears in
the variation of the Hamiltonian at the infinity r — oo,
O0Hs. Thus, in the conservation of the Hamiltonian, the
term proportional to 5Q cancels. The differential of the BH
entropy is given by

or 0% + r4ﬂ
TH(EBI)55E31 = Té {1 - rﬁA + 82Gp (rg — \/7 ] ,

(53)
where the Hawking temperature (32) is given by
2, 4
+
Tresn =To [l — A+ 87rGﬂ<r§ - \/Qﬂ :
(54)

Thus, we obtain the Bekenstein-Hawking entropy
Serr = So- The thermodynamic mass of the BH is given by

8nG ﬂz—\/ﬂ Q>+ ryp
MEBI:M0<1_%r§A+ - ( ! 3( ! >) Ty
162GOVE [1 15 #p
——3 e [Z’E’Z’_ED’ 5

which coincides with the ADM mass. The conservation of
the Hamiltonian §H = 0 yields the first law of thermody-
namics for the electrically charged BH, Tygpp6Sgsr =
Mg — ©p6Q, where @y == —4n(Ay(r — c0) — Ay(r,)).

EBI theory (49) also admits the Schwarzschild-(A)dS
solution with the trivial vector field (48). We note that
by applying the general stability criteria for electrically
charged BH solutions in the presence of the nonlinear
electrodynamics minimally coupled to the Einstein-Hilbert
term derived in Ref. [83] the linear stability of the BH
solutions in EBI theory (50) has been proven in Ref. [84]
(see also Ref. [85]).

IV. STEALTH SCHWARZSCHILD
AND SCHWARZSCHILD-(ANTI-)DE
SITTER SOLUTIONS

In the section, we focus on the class of GP theories (15)
physically equivalent to the theory (16), which admits the
stealth Schwarzschild and Schwarzschild-(A)dS solutions
[60,61,64—-66].

A. Solutions with the vanishing cosmological
constant and Proca mass

In this subsection, we focus on the case of the vanishing
Proca mass and cosmological constant m = A = 0 in the
theory (15) or (16).

1. Stealth Schwarzschild solution

For arbitrary value of f, there exists the (electrically
neutral) stealth Schwarzschild solution [60,61,64,65]
given by
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W) = f() =1="2 Ay(r) =g,
Al(r):qr_rrrg =y =L (56)

The variation of the Hamiltonian on the horizon r = Iy
yields

SHy = %(1 — 82Gq*p)dr, — 16xpr,Ay(r,)dq. (57)
We emphasize that, following the formulation in Ref. [53],
the same differential as Eq. (57) can be obtained from the
stealth BH solution in shift-symmetric Horndeski theory
with G, = 2m?X — &, G, = .-+ X, and G; = G5 =
0 for the linearly time-dependent ansatz of the scalar field
@ = qt +y(r). Since the same 5q term as that in Eq. (57)
also appears in the variation of the Hamiltonian at the
infinity r = oo, these terms cancel in the conservation of
the Hamiltonian 6H = 0. Thus, the differential of the BH
entropy is given by

1
Tuicr8Sar = 5 (1 = 82Ga*)sr,, (58)

where the Hawking temperature (32) is given by that of the
Schwarzschild spacetime T'ygpy = T. Thus, we obtain the
entropy of the stealth Schwarzschild BH

SGP = So(l - 87[Gq2ﬁ) (59)

The variation of the thermodynamics mass 6Mgp is given
by 6Mgp = 5% (1 — 87G¢*B)5r,. Therefore, the thermody-
namic mass of the BH is given by

Mgp = Mo(1 - 82G4’). (60)

We note that M, corresponds to the ADM mass. For the
positivity of the entropy and thermodynamic mass of the
BH, we have to impose 87Gg*f < 1.

There also exists the GR Schwarzschild solution A(r) =
f(r)=1-" with the trivial vector field A, = 0. The
entropy of the GR Schwarzschild BH is given by the
Bekenstein-Hawking entropy

Sar = S0, (61)
and the thermodynamic mass of the BH is given by

Mgr = M,. (62)
When we compare these two entropies (Sgr, Sgp) at the

same thermodynamic mass of BHs Mgr = Mgp, we can
easily find

Scr
Sgp = ——R___ 63
P = 82GgPp (63)

Thus, the stealth Schwarzschild solution in GP theories is
thermodynamically more stable than the GR Schwarzschild
BH when g > 0.

2. Stealth Schwarzschild solution with the electric field

For the specific value f = i, there also exists the stealth
Schwarzschild solution with the electric field [60,61,64,65]
given by

M =f=1-"2 Al =g+2,
\/Q2 +2q0r + qzrrg e
A(r) = — = () =% (64)

g

We note that, although a BH has nonzero electric charge Q,
the metric remains the Schwarzschild one, unlike the
case of EM theory. The variation of the Hamiltonian on
the horizon r = r, yields2

SHy = % (1 -27Gq?*)ér, —4nr,Ay(r,)dq. (65)
Since the same 6¢g term as that in Eq. (65) also appears in
the variation of the Hamiltonian at the infinity r = oo, these
terms cancel in the conservation of the total Hamiltonian
O0H = 0. Thus, the differential of the BH entropy is solely
given by

1
TH(GP)5SGP = E (1 - 271Gq2)5rg. (66)

Since the Hawking temperature is given by Eq. (41), we
obtain the entropy of the stealth Schwarzschild BH with the
electric field as

SGP = So(l - 277.'Gq2) (67)

On the other hand, by integrating J6Mgp =
5& (1 =27Gq?)ér,, the thermodynamic mass of the BH
is given by

MGP :Mo(l —2ﬂ'q2G) (68)

Thus, despite the presence of the electric charge Q, the
differentials of the entropy and the thermodynamic mass
of the BH are integrable with respect to r,, and these
thermodynamic quantities exactly coincide with the f = ‘—1‘
limit of the electrically neutral case discussed in Sec. [VA

*This result differs from Eq. (48) in Ref. [70] after the
replacement of ¢ — P and r, — 2m.
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1. In other words, the electric charge O does not affect
thermodynamics of BHs as well as the background metric.
For the positivity of the entropy and the thermodynamic
mass of the BH, we have to impose 0 < 27G¢> < 1.
When we compare these two entropies (Sgr, Sgp) at
the same mass value Mgr = Mgp, we can easily find that
Sap = 1_;?% for 0 <27Gg* < 1. Hence, Sgp > Scr,
and the stealth Schwarzschild BH with the -electric

field is thermodynamically more stable than the GR
Schwarzschild BH.

3. Solution with A{(r)=0

For g = ﬁ, there also exists the exact BH solution in the
branch with A;(r) = 0 [59,61] given by

F =) =12 A= p(0). =0

(69)

Because of the absence of the 1/r term in the metric
functions, the ADM mass for the solution (69) Mapy =
selim, o r(1 = f(r)) diverges. Thus, the metric of the
solution (69) is not asymptotically flat.

The variation of the Hamiltonian on the horizon r = r,
yields

1
SHH = TH(GP)5SGP = E(Srg, (70)

where the Hawking temperature (32) is given by that of the
Schwarzschild spacetime T'ygp) = %TO. Thus, we obtain
the Bekenstein-Hawking formula for the BH entropy
S =Sy. The differential of the thermodynamic mass of

the BH is given by 0H,, = Mgp = iérg. Therefore, the

thermodynamic mass of the BH is given by Mgp = %

While the ADM mass for the solution (69) diverges, the
thermodynamic mass of BHs Mgp remains finite. Our
results coincide with the thermodynamic properties
obtained in Ref. [59].

We now compare the entropy of the BH solution (69)
with that of the GR Schwarzschild solution with the trivial
vector field. For the same thermodynamic mass of BHs
Mgp = Mggr, we find that Sgp = 4Sgr and hence the
entropy of the BH solution (69) is always larger than
that of the GR Schwarzschild solution. On the other hand,
if we compare the BH solution (69) with the stealth
Schwarzschild solution with the electric field (64) dis-
cussed in Sec. IV A 2, the entropy of the BH solution (69) is
larger than that of the stealth Schwarzschild solution with

3

the electric field (64) for 0 < g% < Tc> While it is smaller
3

i 3 2 1
for the opposite case g°= < ¢° < 3.6

As the consequence of a naive comparison of entropies
for the three different BH solutions existing in the theory

(15) [or equivalently (16)] withm = A =0and f = ;11, the
solution (69) seems to be thermodynamically preferred.
However, as mentioned above, the solution (69) is not
asymptotically flat because in the large distance regions the
leading corrections to the metric functions are given by \/i;,
not by % Thus, the solution (69) does not share the same
asymptotic behavior of the spacetime with the other BH
solutions in the same theory. Since a phase transition could
hardly affect the asymptotic structure of the spacetime, we
expect that the transition between the BH solution of
Eq. (69) and the stealth Schwarzschild BH with the electric
field (64) or the GR Schwarzschild BH solution would not
be plausible.

B. Solutions with the nonzero cosmological
constant and Proca mass

In this subsection, in the theory (15) or equivalently (16),
we focus on the solutions in the case of m # 0 and A # 0,
which allow asymptotically de Sitter (dS) or AdS BH
solutions. Besides the BH solutions with the nontrivial
vector field, there are the GR Schwarzschild-(A)dS sol-
utions with the trivial vector field given by

Ao(r) =A(r) =0. (71)

The entropy and the thermodynamic mass of the GR
Schwarzschild-dS BH are given by

2
Arg

Sgr = So» Mgr = Mo( _T>’ (72)

where S, and M, are given by Eqgs. (43) and (47),
respectively.

1. Schwarzschild-(A)dS solution

For arbitrary value of f, there exists the Schwarzschild-
(A)dS BH solution [61,64,65] given by

Mﬂ=ﬂ0=—%#+1—ﬁo-§@)

VAR
_4m\/E7
VA-AV1-f(r) A=A
“amvae 7 T = 556G

where the effective cosmological constant is given by

A (r)

(73)

A==t (74)
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TABLE I. Summary of thermodynamic quantities of Schwarzschild-(A)dS solutions.

Solution Mass Entropy Temperature

Schwarzschild-(A)dS solution with /_\ (GR) (1- ATrzz) M, So (1- ArZ)T 0
. . . L3 - -

Schwarzschild-(A)dS solution with A (GP) _ %) AZLAA M, %SO (1- Arg)TO

and the existence of the solution requires A — A > 0. The
variation of the Hamiltonian on the horizon r = r, yields

or A
SHy = Thicp)dSap = —= (m*r? 14+=), 75
Hy H(GpP)9Scp 4Gﬂ<m rg+B) +A (75)
where the Hawking temperature (32) is given by
Trcp) = To(1 — Ar}). By integrating Eq. (75), we obtain
the BH entropy

SGP = SOT (76)

The variation of the Hamiltonian at the infinity r — oo
yields

or m?r2\ A+ A
5Hm_5MGP_4—(§<1+ ﬁ9>T, (77)

and by integrating this, the thermodynamic mass of the BH
is given by

A NA+A
MGP:Mo(l——}J)L—. (78)

Thus, we have the two different Schwarzschild-(A)dS
solutions with the thermodynamical properties as summa-
rized in Table I.

Since the metric solutions and the thermodynamic
quantities associated with them remain the same as those
in the counterpart solutions in shift-symmetric Horndeski
theories, our discussion below will have a considerable
overlap with that in Sec. V of Ref. [53]. In this paper, we
summarize only the essential properties of them.

(1) Inthe case of A > A > 0 for # < 0, for a given mass

M, the entropy of the GR Schwarzschild-dS BH with
A is always larger than that of GP Schwarzschild-dS
BH with A. This means that GP Schwarzschild-dS
BH is more thermodynamically unstable than the
GR Schwarzschild-dS BH. For the comparison of
these two entropies, readers should refer to Fig. 1
of Ref. [53].

(2) In the case of A <A <0 for >0, Sgp(M) and
Sgp(M) coincide at some critical mass Mgg.gp,
beyond which Sgr > Sgp. In an asymptotically
AdS spacetime, there exists another critical mass
Myp, below which the Schwarzschild-AdS BH

evaporates to thermal radiation in AdS space via
the Hawking-Page (HP) transition [86]. In the
present case, we find two critical masses, Mpp(cr)
and MHP(GP)’ which satisfy MHP(GR) > MHP(GP)'
We also find Mgr.gp < MupGr)- As a result, we
can classify into two cases: 1) Mpypr) >
Mypp) > Mgrgp and 2) Mypgr) > Mcrcp >
Mpp(cp). For convenience, we introduce the AdS

curvature radii # :== \/=3/A and 7 := \/=3/A.

If v, < Z/¢ <1, we find case 1 below, while
if 0 <7/¢ < t,, we obtain case 2 below, where
r, is given by the root of the equation t$ +
3t 41612 —4 =0, ie., t, ~0.48835.

(@) In case 1, r, <?/f <1, for M < Mg gp,
we find only thermal radiation in AdS with
the effective cosmological constant A, For
Mgr.gp < M < Mypgp), it is also thermal ra-
diation in AdS space with the cosmological
constant A. For Mypgr) > M > Mypp), the
GP Schwarzschild-AdS BH will evaporate
via the HP phase transition, finding thermal
radiation in AdS space with the cosmological
constant A. For M > Mypr), the GP
Schwarzschild-AdS BH will evolve into the
GR Schwarzschild-AdS BH via thermal phase
transition.

(b) In case 2, 0 <7/ <1y, for M < Mupcp),
there is only thermal radiation in AdS space
with the effective cosmological constant A just
as in case 1. For Mypgpy < M < Mgr.gp, We
find the transition from thermal radiation in AdS
space with A into the stable GP Schwarzschild-
AdS BH. For MHP(GR) > M > Mggr.gp, the GP
Schwarzschild-AdS BH will evaporate into
thermal radiation in AdS space with A. For
M > Mypgr), the GP Schwarzschild-AdS BH
will evolve into the GR Schwarzschild-AdS BH
via thermal phase transition just as in case 1.

For the more concrete comparison of two entropies in each
case, readers should refer to Fig. 2 of Ref. [53].

2. Charged Schwarzschild-AdS solution

For g = %, there exists the charged Schwarzschild-AdS
BH solution [61,64,65], given by
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A ry A
h(r) = f(r) = —gr2 +1-= (1 —§r§>,
1 A A=A A=A
Ailr) = IO\ () T T6nGnE Yir) = 322Gm*’
(79)

where the effective cosmological constant is given by
A = —4m?, (80)

Q is the electric charge, and the existence of the solution
requires A — A > 0. The variation of the Hamiltonian on
the horizon r = r, yields

ory
oHy = Thcr)0Sap =

~16Gm2 (1+4m*r2)(A+A),

(81)

where the Hawking temperature (32) is given by
Thcp) = To(1 +4m*r2). Thus, we obtain the integrable
relation

arydry A+ A

0Sgp = = . (82
GP G (82)

= =
A T2 R
The variation of the Hamiltonian at the infinity r — oo
yields

or A+A

The mass of the total system is given by

M, AP\ A+ A
Mgp=—(1-—2)——. 84
GP D) < 3 A ( )

Thus, despite the presence of the nonzero electric charge Q,
the differentials of the entropy and mass are integrable with
respect to r, and the results correspond to the f = % limit of
the electrically neutral case. The thermodynamical stability
of the Schwarzschild-AdS BH solutions remains the same
as that discussed in Sec. IVA 2.

V. OTHER BLACK HOLE SOLUTIONS
IN GP THEORIES

A. Schwarzschild-de Sitter solution with generalized
cubic-order GP interaction

We consider the class of GP theories with generalized
cubic-order GP interaction

1

G, = g(Y), G4:@, Cy

G3:g3(Y)7 :0,

(85)
where ¢,(Y) and g3(Y) are the regular functions of Y. The

theory (85) admits the exact Schwarzschild-(A)dS solu-
tion [62,66]

)

2

h(r)=f<r>=%mr2+1_g<1+wf+gz<m

Ao(r) = X (482G o0 (¥ Gr(Yo)\ 5 5y 1

or)— 9 T 092( 0)+g3Y(Y02r+ 0+r
— 1 ”392Y(Y0)

Al(r) _W<P_§g3y(yo)>’

where P and Y| are integration constants. The constant
norm of the vector field Y = Y|, is obtained as the unique
solution of the equations of motion, and the solution (86) is
the unique one for the BH with nontrivial profile of the
vector field. The sign of Y, i.e., the character of the vector
field, cannot be determined by the equations of motion. The
cubic-order coupling function g3(Y) does not contribute to
the spacetime geometry, while the asymptotic behavior of
the spacetime is fixed by the value of g,(Y,). We note that
the constant P may be interpreted as the electric charge
which does not affect the metric functions A (r) and f(r),

2r. Y
(— Y0 (3 1 82Gr20,(¥y)

B 2P92Y(Y0)> P

3g3v(Yo) I

I

3

(86)

and hence the solution (86) may be interpreted as a kind of
stealth BH.

The variation of the Hamiltonian on the horizon r = r,
yields

9

or,
My = Trar3Scr = 5 (1 +87Grjgx(Yo)),  (87)

where the Hawking temperature (32) is given by

Thcp) = To(1 + 82Ggy(Yo)ry). (88)
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In Eq. (52), the variation with respect to P cancels and
does not contribute to the BH entropy. The variation of P
also does not contribute to the thermodynamic mass of
BHs. Thus, by integrating this, we obtain the Bekenstein-
Hawking entropy as the entropy of the BH solution
(86) Sgp = So-

The variation of the Hamiltonian at the infinity r — oo
yields

_ ory

1
5Hoo = 5MGP 7 (E + Sﬂrégz(Y0)> . (89)

The thermodynamic mass of the BH is given by

8rG
MGP:MO<1+Tr392(Y0))a (90)

which coincides with the ADM mass M apy = Mgp.-
From now on, we focus on the specific choice of the
coupling functions

A
@(Y) = ———+2m?Y,

e g(Y) =rsY, (91)

where m? and y represent the mass term of the vector field
and the coupling constant of the the cubic-order interaction,
respectively. The entropy and the thermodynamic mass of
BHs, respectively, reduce to

2

Sap=So. Mgp = <1 —|—%(16ﬂGY0m2 —A))MO. (92)

The theory (91) also admits the GR BH solution with the
trivial vector field (71) whose entropy and thermodynamic
mass are, respectively, given by Eq. (72). For A > 0, when

Mgr = ﬁX’ the condition f(r) =h(r) =0 has the

degenerate solution; i.e., the BH and cosmological horizons
coincide at r, = # Thus, for the horizons to be formed for

the GR Schwarzschild-dS solution, we restrict

1
0<rg<ﬁ. (93)

On the other hand, for A < 0, the event horizon is always
present in the GR Schwarzschild-AdS solution, and there is
no upper bound on the value of r,. However, heat capacities
for the Schwarzschild-AdS BHs in the two theories are,
respectively, given by

Co e OM gp :27rr§ 1+ r2(162Gm*Y, + |A|)
O 0Tyeey G —1+r2(162Gm>Y, + [A])
oM, 27212 14 r2|A
Con 1= e _ 207y 14731 (04)

C0Thery G —1+72A]

Thus, we find that Cgp < 0 and Cggr < O for

1 1
< , — 95
"¢ \/|A| F162Gm?y, T\ )

respectively, where an AdS BH decays into thermal
radiation through the HP phase transition [86].

For the same thermodynamic mass of BHs,
Mgp = Mg, we compare the entropies for the solutions
(86) and (71). For A > 0, from Eq. (93), we impose
0 < rycr) < JLK The two horizon radii r,gpy and rycg)

are related by

r2
rycp) <1 - 9(3“’}’) (A - 167rGY0m2)>

rycr
= ry0R) (1 - )A>. (96)

It is easy to check that, for the spacelike vector field Y, < 0,
r4(GP) > Tgcr) and hence Sgp > Sggr. On the other hand,
for the timelike vector field Yy > 0, Sgp < Sgr-

1. Schwarzschild-dS solutions
In the case of the Schwazschild-dS solutions (A > 0), we

introduce the dimensionless horizon radii xgp = \/érg(Gp)

and xgg = \/érg(GR), and the dimensional parameter

2 .
I := 16”6#. Equation (96) reduces to

xap(l = xgp(1 = T2)) = xr(l —xgg).  (97)

For Eq. (93), we have to impose 0 < xgg < % To obtain
the Schwarzschild-dS solution in GP theory, we also
impose that I', < 1.

In Fig. 1, the normalized entropy of BHs, GTA S, is shown
as the function of the normalized thermodynamic mass
of BHs, 2GVAM = 2G\/AMgp = 2G\/AMgg for T'y =
0.50 (in the left panel) and I, = —0.30 (in the right panel).
In each panel, red and blue curves correspond to the
normalized entropies for the solutions (86) and (71),
respectively. The ratio Sgp/Sgr decreases as Y, increases,
while increases as Y|, decreases.

2. Schwarzschild-AdS solutions

On the other hand, for the Schwarzschild-AdS solutions
(A < 0), we introduce the dimensionless horizon radii

Xgp = V;—‘rg(gp) and Xgg = \/@rg(GR), and the dimen-
. ~ 2 .
sional parameter I, := 16”%""’ . Equation (96) reduces to

Xap(l + ¥5p(1 + 1)) = Far(1 + ¥2R). (98)
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FIG. 1. The normalized entropy of BHs %S is shown as the function of the normalized thermodynamic mass of BHs 2Gv/AM :=
2GV/AMgp = 2GV/AMgy for T', = 0.50 (in the left panel) and I, = —0.30 (in the right panel). In each panel, blue and red curves

correspond to the normalized entropies for the solutions (86) and

To have the Schwarzschild-AdS solutions, we have to
impose that T, > —1. In Fig. 2, the normalized entropy
of BHs, %S, is shown as the function of the nor-
malized thermodynamic mass of BHs, 2G\/|A|M :=
2G+/|AIMgp = 2G+/|A|Mgy, for T, = 5.0 (in the left
panel) and I', = —0.50 (in the right panel). In each panel,
blue and red curves correspond to the normalized entropies
for the solutions (71) and (86), respectively. For each curve,
the solid and dashed regions correspond to those which
are stable and unstable against the HP phase transition,
respectively. For Y, > 0, for a smaller thermodynamic
mass, a BH in GP theories decays into thermal radia-
tion in the AdS spacetime of GR, while for a larger

GIA]
—S
w

4+

,
2GIA|ZM

GlA|
2

FIG. 2. The normalized entropy of BHs, S, is shown as

(71), respectively.

thermodynamic mass, a BH peculiar to GP theories has
a transition to a GR BH. On the other hand, for Y, < 0, for
a smaller thermodynamic mass, a GR BH decays into
the thermal radiation in the AdS spacetime peculiar to GP
theories, while for a larger thermodynamic mass, a GR BH
theories has a transition to a BH peculiar to GP theories.
The ratio Sgp/Sgr decreases as Y, increases, while
increases as Y, decreases.

B. RN-(A)dS solution with cubic-order
GP interaction

We consider the class of GP theories with generalized
cubic-order GP interaction

GIA]

—S
w

6r

P R S S S S S S S S S SR RN S ST S

1 2 3 4

\
2GIA|ZM

the function of the normalized thermodynamic mass of BHs,

2G+/|AIM = 2G+/|A|Mgp = 2G+/|A|[Mgg, for T, = 5.0 (in the left panel) and I, = —0.50 (in the right panel). In each panel, blue
and red curves correspond to the normalized entropies for the solutions (71) and (86), respectively. For each curve, the solid and dashed
regions correspond to those which are stable and unstable against the HP phase transition, respectively.
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A
Gy=F ———,

2 872G
1

Gy =——,
* 7 162G

G; = g5(Y),

¢ =0, (99)

where ¢3(Y) represents the regular function of Y. The
theory (99) admits the RN-(A)dS BH solution [64,65]

B B Ar2 g [(4nGQ? rin
47GQ?
o
Ao = +2. 5 Aol =20 ()
(100)

where ¢ and Q are integration constants. The existence of
the solution requires that the norm of the vector field is
given by the constant Y = Y, which satisfies

093 -

(101)
This is the unique static and spherically symmetric BH
solution with a nontrivial vector field in the given theory
(99). The variation of the Hamiltonian on the horizon
r =r, yields

sr
1= AR -
2G<

The term proportional to 6q is canceled by the same
contribution at the infinity r — co in the conservation
of the total Hamiltonian 6H = 0. Thus, the differential

47/7GQ2

!J

OHy =

) +4rA(ry)6Q.  (102)

of the BH entropy is given by TypdScp =
2G(l Ar} 4”rG2Q2), where the Hawking temperature

=To(1 - Ar; 4”GQ ). Thus, by

integrating this, we obtain the Bekensteln Hawking
entropy as the BH entropy Sgp = S),.
The thermodynamic mass of the BH is given by

(32) is given by Tygp) =

=003 o

Mep =Myl 1
GP 0( =+ ré 3

which coincide with the ADM mass M py = Mgp. We
have %5 5r, = Mgp — %552 6Q = 8Mgp — P 5Q, where
Dy = —47r(A0(r - 0) — AO( r,))- The conservation of the
Hamiltonian H = 0 for the solution (100) yields the first

law of BH thermodynamics in the presence of the electric
charge Q,

Tygp)0Scp = 6Mcp —

@50, (104)

which coincides with the first law in EM theory (45).
In the same theory (99), there also exists the
Schwarzschild-(A)dS solution in GR,

) =51 = =A 1 -2 (1-18Y),

(105)

C. RN-(A)dS solution with quadratic-order
GP interaction

We consider the class of GP theories with generalized
quadratic-order GP interaction,

Gy, =(142¢,(YV))F ———, G; =0,
2= (1+20,(Y)) 872G 3
1
G4 = @, Cyr = 0, (106)

where ¢,(Y) represents the regular function of Y. The
theory (106) admits the RN-(A)dS BH solution [64,65]

2
h(r)=f(r) = _ATr+ 1
r, (4 GQ2 A
_79(”% (1+292(Y0))+1—g7>
42G Q>
i (1+292(Y0))»
Aol =g +2, 5\ Al =200 ()

(107)

where ¢ and Q are integration constants. The existence of
the solution requires that the norm of the vector field is
given by the constant Y = Y, which satisfies

092

o7 — (Yy) =0.

(108)

This is the unique static and spherically symmetric BH
solution with a nontrivial vector field in the given theory
(106). We note that the same solution as Eq. (107) can be
obtained from the equivalent description of the same theory
as Eq. (106),

A
e @70
1 %(Y)
=- 10
G =16s + Bga(Y) &) Gy (109)
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by taking the limit of f — 0 after the derivation of the EL
equations.

The variation of the Hamiltonian on the horizon r = r
yields

g

or, 4rGQ?
5HH = <1 — Ar 2 il Q (1 + 292(Y0)))
26 2

+4rAo(ry) (1 +29,(Y,))60Q (110)

The term proportional to §Q in Eq. (110) cancels the same
contribution at the infinity » — oo in the conservation of the
total Hamiltonian 6 = 0. Thus, the differential of the BH
entropy is given by

7zQ2

9

T oS :%(I—A2
H(GP)OPGP ry

o (14 20:(0))

(111)

where the Hawking temperature (32) is given by Tygp) =
To[l — Ar} 4”GQ (142g5(Yy))]. Thus, by integrating

this, we obtain the Bekenstein-Hawking entropy Sgp = Sp.
The thermodynamic mass of the BH is given by

rPA  4zGQ?
MGP:MO(l_T+ g

(+2000). (1)
ry

which coincides with the ADM mass Mgp = Mapu-
We  have "ffﬁ? 8ry = 0Mgp — 2558250 = 5Mgp — (1+
29,(Y0))@ud0, (I)H i= —4n(Ag(r — oo) —
Ay(ry)) = 4”Q. By defining the effective charge O :=

1+ 2g:( YO Q and the corresponding effective electric
potential on the horizon ®, := 4”Q the first law of BH

thermodynamics for the solution (107) is given by

where

Tr(cp)dSap = 6Mgp — ®y50. (113)

In the same theory (106), there also exists the
Schwarzschild-(A)dS solution with the trivial vector field
as in GR, Eq. (105).

TABLE II.

VI. CONCLUSION

We have investigated thermodynamics of static and spheri-
cally symmetric BHs in GP theories. To obtain the variation of
the total Hamiltonian, following the prescription by Iyer and
Wald, we have employed the Noether charge associated with
the diffeomorphism invariance. The variation of the total
Hamiltonian coincides with the variation of the Noether
charge evaluated on the boundaries of the Cauchy surface.
In a BH system, the variations of the Hamiltonian on the event
horizon and at the spatial infinity, respectively, give rise to the
differentials of the entropy and the thermodynamic mass of
the BH. The conservation of the total Hamiltonian leads to the
first law of BH thermodynamics.

Solutions in GP theories can be divided into the two
classes. The first class (class 1) corresponds to the solu-
tions obtained by the direct promotion of the solutions in
shift-symmetric Horndeski theories with the replacement
of Vﬂga — A,. The second one (class II) consists of the
solutions which are obtained only in GP theories and
possess nonzero electromagnetic fields. For the solutions in
class I, we have explicitly confirmed that the thermody-
namic properties of the static and spherically symmetric
BH solutions, i.e., the entropy and thermodynamic mass of
BHs, remain the same as those in the counterpart solutions
in shift-symmetric Horndeski theories, although BH
thermodynamics has been constructed independently. We
have also discussed thermodynamic properties of static and
spherically symmetric BHs in class II. In Tables II and III,
we classify BH solutions in GP theories into class I and II
and summarize their thermodynamical variables. In
Table II, we show the results of the class I solutions.
Those BH solutions do not contain an electric field.
Similarly, in Table III, we summarize thermodynamic
properties of the class II solutions. Those BH solutions
possess a nonzero electric field.

In Sec. IV, we have shown that thermodynamic vari-
ables of stealth Schwarzschild and Schwarzschild-(A)dS
solutions in GP theories remain the same as those of
the counterpart solutions in shift-symmetric Horndeski
theories discussed in Ref. [53]. For the same thermody-
namic masses, the entropies of stealth Schwarzschild and
Schwarzschild-(A)dS solutions have been investigated to

Thermodynamic properties of BHs in GP theories which have counterpart solutions in the shift-symmetric Horndeski

theories. T, Sy, and M|, are defined in Eqs. (41), (43), and (47), respectively. ¢ and A are defined in Eqs. (56) and (74), respectively. The
entropies of two BHs for the theories la and Ib are compared to study their thermodynamical stability in Secs. IVA 1 and IVB 1,

respectively.
Class I Action Solution Mass Entropy Temperature
Ia Gy =F, Gy =15+ pY, Stealth Schwarzschild (1-82Gg*p)M, (1 -82G4*p)S, Ty
Gy=¢,=0 GR Schwarzschild M, So T,
b = Fomly - GP Schwarzschild-(A)dS (1 _ % ) M, A+A So (1-Ar)T,
Gy =1ec+BY.G3=c,=0 GR Schwarzschild-(A)dS (1 _ T"Z)Mo So (1-Ar)T,

024047-15



MASATO MINAMITSUII and KEI-ICHI MAEDA

PHYS. REV. D 110, 024047 (2024)

TABLE III. Thermodynamic properties of BHs in GP theori

es which do not have counterpart solutions in the shift-symmetric

Horndeski theories. T, Sy, and M, are defined in Eqgs. (41), (43), and (47), respectively. g and A are defined in Egs. (64) and (80),
respectively. The entropies of two BHs for the theories Ila, IIb, and Ilc are compared to study their thermodynamical stability in Secs. [V

A2, IVA3, IVB2, and VA, respectively.

Class II Action Solution Mass Entropy Temperature
Ila =F, Gy =1+1% Stealth Schwarzschild (1 -22Gg*)M, (1 -22Gg*)S, Ty
Gy=c,=0 GR Schwarzschild M, So T
BH solution with A; =0 % So %
1Ib G, = F +2m?Y — %, GP Schwarzschild-(A)dS (1 %) %Mo A+A So (1- /_\rﬁ)To
G, =155 +% Gy =c, =0 GR Schwarzschild-(A)dS (1 _ AT'Z,) M, So (1=Ar2)T,
e Gy =g (Y), Gy = g3(Y)  GP Schwarzschild-(A)dS (14828 120,(Y,)) M, So (14 87Ggy(Yo)r2) Ty
Gy =1de 2= GR Schwarzschild-(A)dS (1 _ AT M, So (1=Ar)T,
I1d Gy =F -2, Gy = g3(Y) GP RN-(A)dS (1 n 4,,5'Qz /\3,2)M0 So [1-Ar2 - %}TO
Gy=1dg =0 GR Schwarzschild-(A)dS (1 _ 7) So (1-Ar2)T,
Ile Gy = (1+2g,(V))F - & GP RN-(A)dS - % 9 (1 + 2g,(¥,))]M, So (1-Ar —“”f—ﬁz(l +29:(Yo)|To
Gy =1¢s Gy =c; =0  GR Schwarzschild-(A)dS ( '/ So (1=Ar2)T,

study their thermodynamical stability in Secs. IVA 1 and
IV B 1, respectively.

As discussed in Sec. IV, we have found that the entropy
and the thermodynamic mass of the stealth Schwarzschild
BH and the Schwarzschild-(A)dS BH with the electric
field, which are obtained only for the specific value of the
coupling constant of the vector field to the Einstein tensor,
(1/4)G*A,A,, exactly coincide with those of the electri-
cally neutral stealth Schwarzschild BH and the electrically
neutral stealth Schwarzschild-dS BH in GP theories in the
limit of the corresponding value of the coupling constant. In
other words, in these solutions, the electric field does
not affect thermodynamic properties of the BHs as well as
the background BH solutions. Two entropies of stealth
Schwarzschild solution and Schwarzschild-(A)dS solution
with the electric field have been compared for stability
analysis in Secs. IVA 2 and IV B 2, respectively. The same
theory with this coupling constant also admitted the BH
solution with f(r) = h(r) = 1— 4/, whose thermody-
namic properties have been discussed in Sec. IV A 3. Since
this BH solution is not asymptotically flat and the thermo-
dynamical transition to the stealth Schwarzschild solutions
with the electric field is not possible, we did not discuss the
stability by thermodynamical variables.

We have also investigated thermodynamic properties
of other static and spherically symmetric BH solutions
in GP theories in the presence of the generalized cubic-
and quadratic-order GP interactions. There exist the
Schwarzschild-(A)dS and RN-(A)dS solutions with the
constant norm of the vector field, respectively. As discussed
in Sec. VA, in the case of the Schwarzschild-(A)dS
solutions, we have shown that for the spacelike vector

field the entropy of the GP BH is larger than that of the
Schwarzschild-(A)dS BH in GR. As discussed in Secs. V B
and V C, in the case of the RN-(A)dS BH solutions, we
have shown that thermodynamic properties of BHs remain
the same as those in EM theory.

As an extension of this work, it would be important to
analyze thermodynamic properties of BH solutions in GP
theories, which can be constructed only numerically. It would
also be interesting to extend our analysis of BH thermody-
namics to solutions in vector-tensor theories beyond GP,
especially stealth solutions and Schwarzschild-(A)dS solu-
tions. As in the Horndeski theories [52], there could be
potential ambiguities about the definition of the temperature
in the generalized Proca theories. Since in the generalized
Proca theories gravitons propagate with a speed which is
different from the speed of light, the black hole event horizon
does not play the role of the causal boundary for gravitons. To
obtain an effective horizon for gravitons, a disformal trans-
formation should be performed to the black hole solutions in
the original generalized Proca theories. The black hole
temperature and thermodynamic quantities computed for
the effective horizons for gravitions could be different from
those computed for the event horizon. However, theories
rewritten through such a disformal transformation do not
belong to a class of the generalized Proca theories, and the
formulation of black hole thermodynamics in such an
extended theory is beyond the scope of this paper. We hope
to come back to these issues in our future work.
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