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Universidade de Lisboa—UL, Avenida Rovisco Pais 1, 1049-001 Lisboa, Portugal
3Department of Physics, Waseda University, 3-4-1 Okubo, Shinjuku, Tokyo 169-8555, Japan

4Center for Gravitational Physics and Quantum Information, Yukawa Institute for Theoretical Physics,
Kyoto University, 606-8502, Kyoto, Japan

(Received 21 March 2024; accepted 25 June 2024; published 19 July 2024)

We investigate thermodynamics of static and spherically symmetric black holes (BHs) in generalized
Proca (GP) theories by applying the Iyer-Wald prescription. BH solutions in GP theories are divided into
the two classes. The first class corresponds to the solutions obtained by the direct promotion of the BH
solutions in shift-symmetric Horndeski theories, while the second class consists of the solutions which are
obtained only in GP theories and contain a nonzero electromagnetic field. For BH solutions in the first
class, we confirm that the BH entropy and its thermodynamic mass remain the same as those in the
counterpart solution in shift-symmetric Horndeski theories. We also calculate the thermodynamical
variables of the several static and spherically symmetric BH solutions in the second class and investigate
the thermodynamical stability when there exist two BH solutions.
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I. INTRODUCTION

General Relativity (GR) is the unique gravitational
theory in four dimensions which only contains 2 degrees
of freedom (DOF) of metric and preserves the Lorentz
symmetry [1]. While GR has been tested by the local
experiments as well as the astrophysical probes [2], the
standard cosmological model based on GR has been
plagued by tensions of today’s measurements [3,4], which
has motivated us to study gravitational theories other than
GR [2,5–7].
Robust modifications to GR are described by scalar-

tensor (ST) theories that possess a scalar field (ϕ) DOF as
well as the metric tensor (gμν) DOF [8]. The framework of
ST theories has been extensively generalized since the (re)
discovery of Horndeski theories [9–11], which are known
as the most general ST theories with second-order equa-
tions of motion, despite the existence of higher-derivative
interactions of the metric and scalar field. Horndeski
theories are characterized by the four independent coupling
functions G2;3;4;5ðϕ; XÞ, where X ≔ −ð1=2Þgμν∇μϕ∇νϕ
represents the canonical kinetic term of the scalar field
with ∇μ being the covariant derivative associated with the
metric gμν.
Within the framework of shift-symmetric Horndeski

theories that are invariant under the constant shift trans-
formation ϕ → ϕþ c, where the functions G2;3;4;5 depend
only on X, Ref. [12] showed that a no-hair result of static
and spherically symmetric black hole (BH) solutions holds
under several hypotheses. If one violates at least one of

them, it is possible to realize BH solutions endowed with
nontrivial scalar field profile. For a scalar field with the
linear dependence on time t of the form ϕ ¼ qtþ ψðrÞ
with q being constant, there exist the stealth Schwarzschild
solution [13–15] and the BH solution with asymptotically
(anti-)de Sitter [(A)dS] spacetimes [13,16].1 If the asymp-
totic flatness is abandoned, the linear term of X in G4 gives
rise to the exact hairy BH solution with an asymptotic
geometry mimicking the Schwarzschild-AdS spacetime
[17–20]. For the coupling G5 ∝ ln jXj, which is equivalent
to the linear coupling to the Gauss-Bonnet (GB) term, there
exists the hairy asymptotically flat hairy BH solution
[21,22]. There also exists the asymptotically flat BH
solution in the model where G4ðXÞ ⊃ ð−XÞ1=2 [23].
Hairy BH solutions also exist for non-shift-symmetric
couplings to the GB term [24–42].
The linear stability of static and spherically symmetric

BH solutions in Horndeski theories has been studied in the
literature, e.g., Refs. [43–47]. However, in the models
where the scalar field linearly depends on time, e.g., the
stealth Schwarzschild solution [13,16], the standard linear
perturbation analysis cannot be applied because the per-
turbations become infinitely strongly coupled [48,49]. For
such solutions, there could be several ways to clarify their

1By “a stealth solution,” we mean a solution where the
spacetime geometry remains that of a GR BH solution, i.e.,
the Schwarzschild or Kerr solution, while the profile of the scalar
field becomes nontrivial.
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stability. One of them is to investigate their thermodynam-
ical stability. When one has two BH solutions in a given
gravitational theory, one can argue that the BH solution
with smaller entropy is more unstable than one with larger
entropy. Wald’s entropy formula [50] may not be directly
applicable to Horndeski theories in the presence of deriva-
tive interactions between the scalar field and the spacetime
curvature [51,52]. This is because the apparent dependence
of the action on the Riemann curvature of the spacetime
may be modified before and after a partial integration and
there may exist an additional contribution from higher-
derivative coupling of a scalar field.
In our former work [53], following the original pre-

scription by Iyer and Wald [54], we have constructed
thermodynamical variable for static and spherically sym-
metric BH solutions in Horndeski theories. Because of the
four-dimensional diffeomorphism invariance, there exists
the associated Noether charge. As shown by Iyer and Wald,
the variation of the Hamiltonian is given by that of the
Noether charge evaluated on the boundaries of the Cauchy
surface, i.e., in our case, the BH event horizon and spatial
infinity [54]. The conservation of the total Hamiltonian of
the BH system reproduces the first law of BH thermody-
namics. The Iyer-Wald prescription had been applied for
BH solutions in a particular class of Horndeski theories in
Refs. [51,52]. It had also been applied to the planar BH
solutions in some classes of Horndeski theories [55].
Reference [53] analyzed the whole Horndeski theories
and was able to apply all classes of the static and spheri-
cally symmetric BH solutions including those with the
linearly time-dependent scalar field in shift-symmetric
theories [13,16].
Horndeski theories have been straightforwardly

extended to the vector-tensor (VT) theories which admit
the second-order equations of motion despite the presence
of derivative interactions. These theories are called gener-
alized Proca (GP) theories [56–58]. The interactions in the
purely longitudinal sector in GP theories were obtained
by promoting the derivative of the scalar field ∇μϕ in
shift-symmetric Horndeski theories to the vector field Aμ.
Along such an extension, X and □ϕ in ST theories can
be generalized to Y ¼ −ð1=2ÞgμνAμAν and ∇μAμ in VT
theories. Beside them, there are also derivative interactions
containing the electromagnetic polarizations which are
given by the contractions including the field strength of
the vector field Fμν ¼ ∂μAν − ∂νAμ. Up to the generalized
quartic-order interactions, we find the explicit form of the
action of GP theories as shown later.
BH solutions with nontrivial profiles of the vector field

in GP theories have been obtained in Refs. [59–70]. The
stealth Schwarzschild solutions and the Schwarzschild-(A)
dS solutions with the scalar field ϕ ¼ qtþ ψðrÞ in shift-
symmetric Horndeski theories [13–16] have been straight-
forwardly promoted to those with At ¼ q and Ar ¼ ψ 0ðrÞ in
GP theories [60,61,63–67]. Besides the straightforward

promotion of the stealth Schwarzschild solutions and the
Schwarzschild-(A)dS BH solutions to GP theories, there
also exist the stealth Schwarzschild solutions and the
Schwarzschild-(A)dS solutions with the nonzero electric
charge, if the coupling parameter is chosen to the certain
value [60,61,64–66]. There are also the other BH solutions
with nontrivial vector hair in various classes of GP theories
[61,66,68,69]. The linear stability of the hairy BH solutions
in GP theories has been investigated in Refs. [71,72]. In the
present work, by applying the prescription by Iyer and
Wald and extending the analysis in Ref. [53], we will
investigate thermodynamical properties of the static and
spherically symmetric BH solutions in GP theories. In the
case that Horndeski and GP theories share the same
BH solutions, we will carefully check whether the entropy
and the thermodynamic mass of BHs remain unchanged
between the two descriptions in ST and VT theories. We
will also discuss the thermodynamic properties for several
exact BH solutions which are generic to GP theories.
Horndeski and GP theories do not satisfy the constraint on
the speed of gravitational waves [73–75], cGW ¼ c, and ST
and VT theories beyond them [76–78], contain the BH
solutions with very similar properties [48,79–81]. Thus, to
understand thermodynamic stability of BHs in Horndeski
and GP theories will give a direct hint for BH thermody-
namics of these extended theories.
The paper is constructed as follows. In Sec. II, we review

GP theories and derive the boundary current and the
Noether charge associated with the diffeomorphism invari-
ance. In Sec. III, we present thermodynamic quantities of
static and spherically symmetric BHs in GP theories in
terms of the variation of the Noether charge associated with
the diffeomorphism invariance, which are evaluated at the
boundaries of the Cauchy surface. In Sec. IV, we inves-
tigate BH thermodynamics of the stealth Schwarzschild
solutions and the Schwarzschild-(A)dS solutions without
and with the electric charge. We also compare their
entropies with the peculiar solution in the same theory.
In Sec. V, we study the thermodynamical stability of
the other BH solutions in GP theories including the gen-
eralized quadratic- and cubic-order interactions. In Sec. VI,
we close the paper after giving the brief summary and
conclusion.

II. GENERALIZED PROCA THEORIES AND
NOETHER CHARGE FOR DIFFEOMORPHISM

A. Generalized Proca theories

We consider the action for GP theories, which is given by

SGP ≔
X4
i¼2

SðiÞ; ð1Þ

where the generalized quadratic-, cubic-, and quartic-order
interactions are, respectively, defined by
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Sð2Þ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
G2ðF ; F̃ ; YÞ; ð2Þ

Sð3Þ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p ð−G3ðYÞ∇μAμÞ; ð3Þ

Sð4Þ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p fG4ðYÞRþG4YðYÞ½ð∇μAμÞ2

þ c2ðYÞ∇ρAσ∇ρAσ − ð1þ c2ðYÞÞ∇ρAσ∇σAρ�g: ð4Þ

Here, gμν is the spacetime metric tensor, ∇μ represents the
covariant derivative associated with gμν, R is the Ricci
scalar associated with gμν, Aμ is the vector field, Fμν ≔
∇μAν −∇νAμ represents the electromagnetic field strength
of the vector field Aμ, and

F ≔ −
1

4
gαβgρσFαρFβσ; Y ≔ −

1

2
gμνAμAν;

F̃ ≔ −
1

4
F̃μνFμν; ð5Þ

with F̃μν ≔ 1
2
ϵμναβFαβ being the 2-form field strength dual

to Fμν. G2ðF ; F̃ ; YÞ is the free function of the given
arguments. Similarly, G3ðYÞ, G4ðYÞ, and c2ðYÞ are
the free functions of Y. The equations of motion of
GP theories are given by the second-order differential
equations [56–58].
Using the Stückelberg trick Aμ → Aμ þ∇μφ, the Uð1Þ

symmetry under the transformation φ → φþ χ and Aμ →
Aμ −∇μχ is restored. In the absence of the electromagnetic
polarizations, Y → X ¼ − 1

2
gμν∇μφ∇νφ, ∇μAμ → □φ ¼

gμν∇μ∇νφ, and then GP interactions (2)–(4) reduce to

Sð2Þ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
G̃2ðXÞ; G̃2ðXÞ ≔ G2ð0; 0; XÞ; ð6Þ

Sð3Þ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p ð−G3ðXÞ□φÞ; ð7Þ

Sð4Þ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p fG4ðXÞR

þ G4XðXÞ½ð□φÞ2 −∇μ∇νφ∇μ∇νφ�g; ð8Þ

which correspond to shift-symmetric Horndeski theories
with the metric gμν and the “scalar field” φ, up to the
generalized quartic-order interaction. Thus, in the absence
of the electromagnetic modes, any solution in GP theories
with Aμ reduces to that in shift-symmetric Horndeski
theories with the scalar field φ.

B. Equations of motion and boundary current

The variation of the action (1) is given by

δS ¼
Z

d4x
ffiffiffiffiffiffi
−g

p ðEμνδgμν þ EAμ
δAμ þ∇μJμÞ; ð9Þ

where Eμν ¼ 0 and EAμ
¼ 0 are the Euler-Lagrange (EL)

equations for the metric and vector field, respectively. The
boundary term is given by the total derivative of the
covariant current

Jμ ¼
X4
i¼2

JμðiÞ; ð10Þ

with the contribution from each order of GP interactions

Jρð2Þ ≔ −G2FFρσδAσ −G2F̃ F̃
ρσδAσ; ð11Þ

Jρð3Þ ¼G3ðYÞ
�
gρμAν −

1

2
Aρgμν

�
δgμν −G3ðYÞgρνδAν; ð12Þ

Jρð4Þ ¼ G4ðYÞ½∇νðgρσδgσνÞ −∇ρðgνσδgσνÞ�
þG4YðYÞAα½gνρ∇σAα − gσν∇ρAα�δgσν
þG4YðYÞ∇νAν½2gρσδAσ − 2gρσAνδgνσ þ Aρgνσδgνσ�

− 2G4YðYÞ
�
ð∇σAρÞδAσ − Aν∇ðσAρÞδgνσ

þ 1

2
Aρ∇νAσδgσν

�
þ 2c2ðYÞG4YðYÞFρσδAσ; ð13Þ

where we have defined G2F ≔ ∂G2

∂F , G2F̃ ≔ ∂G2

∂F̃
, and GiY ≔

∂Gi
∂Y (i ¼ 2, 3, 4). We also define the 3-form dual to the
current Jμ, Eq. (10), by

Θαβγ ≔ Jμεμαβγ ¼ εαβμγJμ ¼
X4
i¼2

εαβμγJ
μ
ðiÞ: ð14Þ

In Sec. IV, we will focus on the class of GP theories with
the choice of the functions

G2 ¼ F þ 2m2Y −
Λ

8πG
; G4ðYÞ ¼

1

16πG
þ βY;

G3ðYÞ ¼ c2ðYÞ ¼ 0; ð15Þ

which is equivalent to the VT theory with the nonminimal
coupling of the vector field to the Einstein tensor Gμν:

SNMC ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

16πG
ðR − 2ΛÞ þ F þ 2m2Y

þ βGμνAμAν

�
: ð16Þ
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Within the theory (15), the stealth Schwarzschild solutions
and the Schwarzschild-(A)dS solutions have been obtained
in this GP theory [60,61,64–66] for the first time. We note
that the current from the variation of the action (16) is
given by

JρNMC ≔ −FρσδAσ þ
1

16πG
½∇νðgρβδgβνÞ −∇ρðgβνδgβνÞ�

þ β

�
AαAβgρσ∇βδgσα −

1

2
AσAα∇ρδgσα

−
1

2
AβAρgασ∇βδgσα −

1

2
AμAμð∇αðgρσδgσαÞ

−∇ρðgασδgσαÞÞ
�
− β

�
∇σðAρAαÞ − 1

2
∇ρðAσAαÞ

−
1

2
∇νðAρAνÞgσα −

1

2
∇σðAνAνÞgρα

þ 1

2
∇ρðAνAνÞgασ

�
δgσα: ð17Þ

As we will see later, this is not exactly the same as the
current (10) with the condition (15), but the thermody-
namical quantities become the same.

C. Noether charge for the differmorphism invariance

Since GP theories (1) with Eqs. (2)–(4) are invariant
under the diffeomorphism transformation, xμ→xμþξμðxμÞ,
there exists the associated Noether current. Under the
diffeomorphism transformation, the variations of the metric
and the vector field are, respectively, given by

δξgμν ¼ ∇μξν þ∇νξμ; δξAμ ¼ ξσ∇σAμ þ Aσ∇μξ
σ; ð18Þ

and with use of the EL equations, we obtain the conserved
Noether current for the differmorphism invariance

JμðξÞ − ξμL ¼ 2∇νK
½νμ�
ðξÞ ¼ 2

X4
i¼2

∇νK
½νμ�
ði;ξÞ; ð19Þ

where the contribution from each order of GP interactions is
given by

Kμν
ð2;ξÞ ≔

1

2
ðG2FFμν þG2F̃ F̃

μνÞ; ð20Þ

Kμν
ð3;ξÞ ≔ −G3ðYÞξμAν; ð21Þ

Kμν
ð4;ξÞ ¼ G4ðYÞ∇μξν þ 2G4YðYÞAαð∇μAαÞξν

− 2G4YðYÞð∇αAαÞAμξν

−
1

2
ð1þ 2c2ðYÞÞG4YðYÞFμνAαξα

þG4YðYÞðAμ∇νAα þ Aμ∇αAνÞξα: ð22Þ

This is because the right-hand side of Eq. (19) is given by the

divergence of the antisymmetric rank-2 tensor K½μν�
ðξÞ . Thus,

K½μν�
ðξÞ can be interpreted as the Noether charge for the

diffeomorphism invariance.
Similarly, for the theory with the nonminimal coupling to

the Einstein tensor (16) (see Sec. IV), the Noether charge is
given by

Kμν
NMCðξÞ ¼

1

2
FμνAσξ

σ þ 1

16πG
∇μξν

þ β

�
AβAμ∇βξ

ν −
1

2
ðAρAρÞ∇μξν

þ 2Aαð∇μAαÞξν − ð∇αAαÞAμξν − Aαð∇αAμÞξν

−
1

2
FμνAσξσ þ Aμð∇νAσÞAσ

�
: ð23Þ

We then define the 2-form tensor dual to the Noether charge

K½μν�
ðξÞ [82],

QðξÞαβ ≔ −ϵαβμν
X4
i¼2

Kμν
ði;ξÞ ¼

X4
i¼2

QðiÞ
ðξÞαβ: ð24Þ

We also define the 2-form tensor where the first index of
Θναβ defined in Eq. (14) is contracted by the infinitesimal
differmorphism transformation ξν by

iξΘαβ ≔ ξνΘναβ ¼ εαβμνJμξν: ð25Þ

We now consider the variation of the dual Noether charge
with respect to the physically independent charges in the
solution subtracted by Eq. (25):

δQðξÞαβ− iξΘαβ¼−
X4
i¼2

ðδðεαβμνKμν
ðiÞðξÞÞþεαβμνJ

μ
ðiÞξ

νÞ: ð26Þ

In Refs. [50,54], Iyer and Wald showed that the integration
of Eq. (26) on the boundaries of the Cauchy surface gives
rise to the variation of the total Hamiltonian of a given BH
system.

III. THERMODYNAMIC VARIABLES
OF STATIC AND SPHERICALLY SYMMETRIC

BLACK HOLES

From now on, we focus on the static and spherically
symmetric solutions whose metric is written by

ds2 ¼ −hðrÞdt2 þ dr2

fðrÞ þ r2γabdθadθb; ð27Þ

where t and r are the temporal and radial coordinates and
γabdθadθb ≔ dθ2 þ sin2 θdφ2 represents the metric of the
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unit 2-sphere. We assume that the spacetime contains
the event horizon at r ¼ rg where hðrgÞ ¼ fðrgÞ ¼ 0 and

limr→rg
fðrÞ
hðrÞ ¼ const. We also assume the following ansatz

for the vector field to be compatible with the staticity and
spherical symmetry of the spacetime:

Aμdxμ ¼ A0ðrÞdtþ A1ðrÞdr: ð28Þ

In the case where hðrÞ and fðrÞ have several positive roots,
we assume that rg corresponds to the largest positive root
with h0ðrgÞ > 0 and f0ðrgÞ > 0, which does not include the
cosmological horizon by definition.
We consider the case that ξμ corresponds to the timelike

Killing vector field ξμ ¼ ð1; 0; 0; 0Þ. The variation of the
metric and the vector field of a given solution can be written
in terms of those of the independent integration constants

htt ¼ −δh ¼ −
X
j

∂h
∂cj

δcj;

hrr ¼ −
δf
f2

¼ −
1

f2
X
j

∂f
∂cj

δcj; hab ¼ 0;

δA0 ¼
X
j

∂A0

∂cj
δcj; δA1 ¼

X
j

∂A1

∂cj
δcj; ð29Þ

where cj’s are integration constants of a given BH solution
including the position of the event horizon rg. Following
Iyer and Wald [50,54], with the use of Eq. (26), the
variation of the Hamiltonian with respect to the integration
constants is given by the contributions from the boundaries,
i.e., the horizon r → rg and the infinity r → ∞ as

δH≔ δH∞ − δHH

¼−
Z

dΩ
X4
i¼2

 
δ

 
r2

ffiffiffi
h
f

s
K½tr�

ðiÞðξÞ

!
þ r2

ffiffiffi
h
f

s
J½tðiÞξ

r�
!�����

r→∞

þ
Z

dΩ
X4
i¼2

 
δ

 
r2

ffiffiffi
h
f

s
K½tr�

ðiÞðξÞ

!
þ r2

ffiffiffi
h
f

s
J½tðiÞξ

r�
!�����

r→rg

;

ð30Þ

where dΩ ≔ sin θdθdφ represents the differential of the
solid angle and the subscript H represents the quantities
evaluated at the event horizon. The variation of the
Hamiltonian on the event horizon is identified with the
variation of the BH entropy SGP in GP theories

δHH ¼ THðGPÞδSGP; ð31Þ

where THðGPÞ represents the Hawking temperature (denoted
by H) of the given BH solution

THðGPÞ ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h0ðrgÞf0ðrgÞ

p
4π

: ð32Þ

The conservation of the total Hamiltonian δH ¼ 0 leads to
the first law of BH thermodynamics in GP theories,

THðGPÞδSGP ¼ δH∞: ð33Þ

To illustrate that the variation of the Hamiltonian is
independent of the description of the theory, we consider
the class of GP theories (15) which is physically equivalent
to the theory (16), which admits the stealth Schwarzschild
and Schwarzschild-(A)dS solutions [60,61,64–66]. By con-
sidering the variation of Eqs. (27) and (28), we obtain

− δ

 
r2

ffiffiffi
h
f

s
K½tr�

GPðξÞ

!
− r2

ffiffiffi
h
f

s
J½tGPξ

r�

¼ r2

ffiffiffi
h
f

s �
−
δfðrÞ
8πGr

þ A0ðrÞA0
0ðrÞfðrÞ

2hðrÞ2 δhðrÞ

−
A0ðrÞA0

0ðrÞ
2hðrÞ δfðrÞ − A0ðrÞfðrÞ

hðrÞ δA0
0ðrÞ

þ β

�
−
3A1ðrÞ2fðrÞ

r
δfðrÞ − 4fðrÞ2A1ðrÞ

r
δA1ðrÞ

−
A0ðrÞ2
rhðrÞ δfðrÞ

�	
: ð34Þ

Although the Noether charges for the two equivalent
theories (15) and (16) do not coincide in general as

K½tr�
GPðξÞ − K½tr�

NMCðξÞ ¼
2βA1ðrÞ2fðrÞ2

r
−
βA0ðrÞ2fðrÞh0ðrÞ

4hðrÞ2

þ βA1ðrÞ2fðrÞ2h0ðrÞ
4hðrÞ ; ð35Þ

we find that the integrands of the variation of the
Hamiltonian (30) for the two equivalent theories (15)
and (16) coincide as

− δ

 
r2

ffiffiffi
h
f

s
K½tr�

GPðξÞ

!
− r2

ffiffiffi
h
f

s
J½tGPξ

r�

¼ −δ

 
r2

ffiffiffi
h
f

s
K½tr�

NMCðξÞ

!
− r2

ffiffiffi
h
f

s
J½tNMCξ

r�: ð36Þ

Thus, physically relevant quantities for BH thermodynam-
ics do not depend on the description of the theory. The
difference between the Noether charges (35) is exactly
due to a μ ambiguity because the difference between the
two Noether charges originated from the difference of the
total derivative terms of the Lagrangians (15) and (16) as
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Eq. (41) of Ref. [54]. We note that the μ ambiguity does not
modify the total Hamiltonian [54].
Before going to explore BH thermodynamics in GP

theories, we shall review BH thermodynamics in the Uð1Þ-
invariant VT theories, i.e., Einstein-Maxwell (EM) and
Einstein-Born-Indeld (EBI) theories.

A. Einstein-Maxwell theory

In this subsection, we consider EM theory with the
cosmological constant Λ,

G2 ¼ F −
Λ

8πG
G4 ¼

1

16πG
; G3 ¼ c2 ¼ 0: ð37Þ

As the unique exact static and spherically symmetric BH
solution in EM theory (37), there exists the Reissner-
Nordström (RN)-de Sitter solution,

fðrÞ ¼ hðrÞ ¼ 1 −
Λ
3
r2 þ 1

r

�
rg
3
ð−3þ r2gΛÞ −

4πGQ2

rg

�

þ 4πGQ2

r2
;

A0ðrÞ ¼
Q
r
þ qEM; A1ðrÞ ¼ 0; ð38Þ

in which the constant qEM corresponds to the gauge DOF.
The variation of the Hamiltonian on the horizon r ¼ rg

yields

δHH ¼ δrg
2G

�
1 − r2gΛ −

4πGQ2

r2g

�
þ 4πA0ðrgÞδQ: ð39Þ

However, the same gauge-dependent term proportional to
δQ also appears in the variation of the Hamiltonian at the
infinity r → ∞, δH∞. Thus, in the conservation of the
Hamiltonian, this term proportional to δQ cancels. Hence,
the differential of the BH entropy is given by

THðEMÞδSEM ¼ δrg
2G

�
1 − r2gΛ −

4πGQ2

r2g

�
; ð40Þ

where the Hawking temperature (32) is given by THðEMÞ ¼
T0ð1 − r2gΛ − 4πGQ2

r2g
Þ with

T0 ≔
1

4πrg
ð41Þ

being the Hawking temperature of the Schwarzschild BH.
Thus, we obtain the BH entropy

SEM ¼ S0; ð42Þ

where

S0 ≔
πr2g
G

ð43Þ

represents the Bekenstein-Hawking entropy.
The variation of the Hamiltonian at the infinity r → ∞

yields

δH∞ ¼ ∂MEM

∂rg
δrg ¼ δMEM −

∂MEM

∂Q
δQ¼ δMEM −ΦHδQ;

ð44Þ

where ΦH ≔ −4πðA0ðr → ∞Þ − A0ðrgÞÞ ¼ 4πQ
rg

describes

the difference in the electric potential between at the
infinity r → ∞ and at the horizon r ¼ rg. The conservation
of the Hamiltonian H ¼ 0 yields the first law of thermo-
dynamics for the electrically charged BH,

THðEMÞδSEM ¼ δMEM −ΦHδQ: ð45Þ

Thus, by integrating this, the thermodynamic mass of BHs
is given by

MEM ¼ M0

�
1þ 4πGQ2

r2g
−
Λr2g
3

�
; ð46Þ

where

M0 ≔
rg
2G

ð47Þ

represents the thermodynamic mass in the Schwarzschild
background, which coincides with the Arnowitt-Deser-
Misner (ADM) mass of the BH spacetime.
EM theory (37) also admits the Schwarzschild-(A)dS

solution with the trivial vector field

hðrÞ ¼ fðrÞ ¼ 1 −
Λr2

3
−
rg
r

�
1 −

Λr2g
3

�
;

A0ðrÞ ¼ A1ðrÞ ¼ 0: ð48Þ

The variation of the Hamiltonian yields δHH ¼
THðGRÞδSGR ¼ δrg

2G, where the Hawking temperature (32)
is given by THðGRÞ ¼ T0. Thus, we obtain the Bekenstein-
Hawking entropy as the BH entropy SGR ¼ S0. The
variation of the Hamiltonian at the infinity r → ∞ yields

δMGR ¼ δrg
2G. The thermodynamic mass of the BH is given

by MGR ¼ M0, which coincides with the ADM mass.

B. Einstein-Born-Infeld theory

We then consider EBI theory with the cosmological
constant Λ,
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G2 ¼ −β

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2F
β

s
− 1

!
−

Λ
8πG

;

G4 ¼
1

16πG
; G3 ¼ c2 ¼ 0; ð49Þ

where β > 0 represents the nonlinear coupling parameter.
As the unique static and spherically symmetric BH solution
in EM theory (49), there exists the exact BH solution

hðrÞ ¼ fðrÞ ¼ 1

3

�
3þð8πGβ−ΛÞr2 − 8πG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βðQ2þ r4βÞ

q

− 16πQ
ffiffiffiffiffi
β2

p
F1

�
1

4
;
1

2
;
5

4
;−

r4β
Q2

�

−
rg
r

�
3þð8πGβ−ΛÞr2g − 8πG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βðQ2þ r4gβÞ

q

− 16πQ
ffiffiffiffiffi
β2

p
F1

�
1

4
;
1

2
;
5

4
;−

r4gβ

Q2

���
;

A0ðrÞ ¼−
ffiffiffiffiffiffiffi
βr2

p
F1

�
1

4
;
1

2
;
5

4
;−

r4β
Q2

�
þqEBI; A1ðrÞ ¼ 0;

ð50Þ

where 2F1½α; β; γ; x� represents the hypergeometric func-
tion and the constant qEBI corresponds to the gauge DOF.
In the limit of β → ∞,

f ¼ h ¼ −
Λ
3
r2 þ 1 −

rg
r

�
1 −

Λr2g
3

þ 4πGQ2

r2g

�

þ 4πGQ2

r2
þO

�
1

β

�
;

A0ðrÞ ¼ q0EBI þ
Q
r
þO

�
1

β

�
; ð51Þ

which recovers the RN-(A)dS solution, where the constant
q0EBI corresponds to the redefined gauge DOF by taking the
constant shift of qEBI into account. The variation of the
Hamiltonian yields

δHH ¼ δrg
2G

"
1 − r2gΛþ 8πGβ

 
r2g −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ r4gβ

β

s !#

þ 4πA0ðrgÞδQ: ð52Þ

However, the same term proportional to δQ also appears in
the variation of the Hamiltonian at the infinity r → ∞,
δH∞. Thus, in the conservation of the Hamiltonian, the
term proportional to δQ cancels. The differential of the BH
entropy is given by

THðEBIÞδSEBI ¼
δrg
2G

�
1 − r2gΛþ 8πGβ

 
r2g −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ r4gβ

β

s !�
;

ð53Þ

where the Hawking temperature (32) is given by

THðEBIÞ ¼ T0

"
1 − r2gΛþ 8πGβ

 
r2g −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ r4gβ

β

s !#
:

ð54Þ

Thus, we obtain the Bekenstein-Hawking entropy
SEBI ¼ S0. The thermodynamic mass of the BH is given by

MEBI ¼ M0

 
1 −

1

3
r2gΛþ

8πG


βr2g −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βðQ2 þ r4gβÞ

q �
3

rg

−
16πGQ

ffiffiffi
β

p
3 2F1

�
1

4
;
1

2
;
5

4
;−

r4gβ

Q2

�!
; ð55Þ

which coincides with the ADM mass. The conservation of
the Hamiltonian δH ¼ 0 yields the first law of thermody-
namics for the electrically charged BH, THðEBIÞδSEBI ¼
δMEBI −ΦHδQ, where ΦH ≔ −4πðA0ðr → ∞Þ − A0ðrgÞÞ.
EBI theory (49) also admits the Schwarzschild-(A)dS

solution with the trivial vector field (48). We note that
by applying the general stability criteria for electrically
charged BH solutions in the presence of the nonlinear
electrodynamics minimally coupled to the Einstein-Hilbert
term derived in Ref. [83] the linear stability of the BH
solutions in EBI theory (50) has been proven in Ref. [84]
(see also Ref. [85]).

IV. STEALTH SCHWARZSCHILD
AND SCHWARZSCHILD-(ANTI-)DE

SITTER SOLUTIONS

In the section, we focus on the class of GP theories (15)
physically equivalent to the theory (16), which admits the
stealth Schwarzschild and Schwarzschild-(A)dS solutions
[60,61,64–66].

A. Solutions with the vanishing cosmological
constant and Proca mass

In this subsection, we focus on the case of the vanishing
Proca mass and cosmological constant m ¼ Λ ¼ 0 in the
theory (15) or (16).

1. Stealth Schwarzschild solution

For arbitrary value of β, there exists the (electrically
neutral) stealth Schwarzschild solution [60,61,64,65]
given by
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hðrÞ ¼ fðrÞ ¼ 1 −
rg
r
; A0ðrÞ ¼ q;

A1ðrÞ ¼ q
ffiffiffiffiffiffiffirrg

p
r − rg

⇒ YðrÞ ¼ q2

2
: ð56Þ

The variation of the Hamiltonian on the horizon r ¼ rg
yields

δHH ¼ 1

2G
ð1 − 8πGq2βÞδrg − 16πβrgA0ðrgÞδq: ð57Þ

We emphasize that, following the formulation in Ref. [53],
the same differential as Eq. (57) can be obtained from the
stealth BH solution in shift-symmetric Horndeski theory
with G2 ¼ 2m2X − Λ

8πG, G4 ¼ 1
16πG þ βX, and G3 ¼ G5 ¼

0 for the linearly time-dependent ansatz of the scalar field
φ ¼ qtþ ψðrÞ. Since the same δq term as that in Eq. (57)
also appears in the variation of the Hamiltonian at the
infinity r ¼ ∞, these terms cancel in the conservation of
the Hamiltonian δH ¼ 0. Thus, the differential of the BH
entropy is given by

THðGPÞδSGP ¼
1

2G
ð1 − 8πGq2βÞδrg; ð58Þ

where the Hawking temperature (32) is given by that of the
Schwarzschild spacetime THðGPÞ ¼ T0. Thus, we obtain the
entropy of the stealth Schwarzschild BH

SGP ¼ S0ð1 − 8πGq2βÞ: ð59Þ

The variation of the thermodynamics mass δMGP is given
by δMGP ¼ 1

2G ð1 − 8πGq2βÞδrg. Therefore, the thermody-
namic mass of the BH is given by

MGP ¼ M0ð1 − 8πGq2βÞ: ð60Þ

We note that M0 corresponds to the ADM mass. For the
positivity of the entropy and thermodynamic mass of the
BH, we have to impose 8πGq2β < 1.
There also exists the GR Schwarzschild solution hðrÞ ¼

fðrÞ ¼ 1 − rg
r with the trivial vector field Aμ ¼ 0. The

entropy of the GR Schwarzschild BH is given by the
Bekenstein-Hawking entropy

SGR ¼ S0; ð61Þ

and the thermodynamic mass of the BH is given by

MGR ¼ M0: ð62Þ

When we compare these two entropies (SGR; SGP) at the
same thermodynamic mass of BHs MGR ¼ MGP, we can
easily find

SGP ¼
SGR

1 − 8πGq2β
: ð63Þ

Thus, the stealth Schwarzschild solution in GP theories is
thermodynamically more stable than the GR Schwarzschild
BH when β > 0.

2. Stealth Schwarzschild solution with the electric field

For the specific value β ¼ 1
4
, there also exists the stealth

Schwarzschild solution with the electric field [60,61,64,65]
given by

hðrÞ ¼ fðrÞ ¼ 1 −
rg
r
; A0ðrÞ ¼ qþQ

r
;

A1ðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ 2qQrþ q2rrg

q
r − rg

⇒ YðrÞ ¼ q2

2
: ð64Þ

We note that, although a BH has nonzero electric chargeQ,
the metric remains the Schwarzschild one, unlike the
case of EM theory. The variation of the Hamiltonian on
the horizon r ¼ rg yields2

δHH ¼ 1

2G
ð1 − 2πGq2Þδrg − 4πrgA0ðrgÞδq: ð65Þ

Since the same δq term as that in Eq. (65) also appears in
the variation of the Hamiltonian at the infinity r ¼ ∞, these
terms cancel in the conservation of the total Hamiltonian
δH ¼ 0. Thus, the differential of the BH entropy is solely
given by

THðGPÞδSGP ¼
1

2G
ð1 − 2πGq2Þδrg: ð66Þ

Since the Hawking temperature is given by Eq. (41), we
obtain the entropy of the stealth Schwarzschild BH with the
electric field as

SGP ¼ S0ð1 − 2πGq2Þ: ð67Þ

On the other hand, by integrating δMGP ¼
1
2G ð1 − 2πGq2Þδrg, the thermodynamic mass of the BH
is given by

MGP ¼ M0ð1 − 2πq2GÞ: ð68Þ

Thus, despite the presence of the electric charge Q, the
differentials of the entropy and the thermodynamic mass
of the BH are integrable with respect to rg, and these
thermodynamic quantities exactly coincide with the β ¼ 1

4

limit of the electrically neutral case discussed in Sec. IVA

2This result differs from Eq. (48) in Ref. [70] after the
replacement of q → P and rg → 2m.

MASATO MINAMITSUJI and KEI-ICHI MAEDA PHYS. REV. D 110, 024047 (2024)

024047-8



1. In other words, the electric charge Q does not affect
thermodynamics of BHs as well as the background metric.
For the positivity of the entropy and the thermodynamic
mass of the BH, we have to impose 0 < 2πGq2 < 1.
When we compare these two entropies (SGR; SGP) at

the same mass value MGR ¼ MGP, we can easily find that
SGP ¼ SGR

1−2πGq2 for 0 < 2πGq2 < 1. Hence, SGP > SGR,

and the stealth Schwarzschild BH with the electric
field is thermodynamically more stable than the GR
Schwarzschild BH.

3. Solution with A1ðrÞ= 0
For β ¼ 1

4
, there also exists the exact BH solution in the

branch with A1ðrÞ ¼ 0 [59,61] given by

fðrÞ ¼ hðrÞ ¼ 1−
ffiffiffiffi
rg
r

r
; A0ðrÞ ¼

1ffiffiffiffiffiffiffiffiffi
2πG

p fðrÞ; A1ðrÞ ¼ 0:

ð69Þ

Because of the absence of the 1=r term in the metric
functions, the ADM mass for the solution (69) MADM ¼
1
2G limr→∞ rð1 − fðrÞÞ diverges. Thus, the metric of the
solution (69) is not asymptotically flat.
The variation of the Hamiltonian on the horizon r ¼ rg

yields

δHH ¼ THðGPÞδSGP ¼
1

4G
δrg; ð70Þ

where the Hawking temperature (32) is given by that of the
Schwarzschild spacetime THðGPÞ ¼ 1

2
T0. Thus, we obtain

the Bekenstein-Hawking formula for the BH entropy
S ¼ S0. The differential of the thermodynamic mass of
the BH is given by δH∞ ¼ δMGP ¼ 1

4G δrg. Therefore, the
thermodynamic mass of the BH is given by MGP ¼ M0

2
.

While the ADM mass for the solution (69) diverges, the
thermodynamic mass of BHs MGP remains finite. Our
results coincide with the thermodynamic properties
obtained in Ref. [59].
We now compare the entropy of the BH solution (69)

with that of the GR Schwarzschild solution with the trivial
vector field. For the same thermodynamic mass of BHs
MGP ¼ MGR, we find that SGP ¼ 4SGR and hence the
entropy of the BH solution (69) is always larger than
that of the GR Schwarzschild solution. On the other hand,
if we compare the BH solution (69) with the stealth
Schwarzschild solution with the electric field (64) dis-
cussed in Sec. IVA 2, the entropy of the BH solution (69) is
larger than that of the stealth Schwarzschild solution with
the electric field (64) for 0 < q2 < 3

8πG, while it is smaller
for the opposite case 3

8πG < q2 < 1
2πG.

As the consequence of a naive comparison of entropies
for the three different BH solutions existing in the theory

(15) [or equivalently (16)] with m ¼ Λ ¼ 0 and β ¼ 1
4
, the

solution (69) seems to be thermodynamically preferred.
However, as mentioned above, the solution (69) is not
asymptotically flat because in the large distance regions the
leading corrections to the metric functions are given by 1ffiffi

r
p ,

not by 1
r. Thus, the solution (69) does not share the same

asymptotic behavior of the spacetime with the other BH
solutions in the same theory. Since a phase transition could
hardly affect the asymptotic structure of the spacetime, we
expect that the transition between the BH solution of
Eq. (69) and the stealth Schwarzschild BH with the electric
field (64) or the GR Schwarzschild BH solution would not
be plausible.

B. Solutions with the nonzero cosmological
constant and Proca mass

In this subsection, in the theory (15) or equivalently (16),
we focus on the solutions in the case of m ≠ 0 and Λ ≠ 0,
which allow asymptotically de Sitter (dS) or AdS BH
solutions. Besides the BH solutions with the nontrivial
vector field, there are the GR Schwarzschild-(A)dS sol-
utions with the trivial vector field given by

hðrÞ ¼ fðrÞ ¼ −
Λ
3
r2 þ 1 −

rg
r

�
1 −

Λ
3
r2g

�
;

A0ðrÞ ¼ A1ðrÞ ¼ 0: ð71Þ

The entropy and the thermodynamic mass of the GR
Schwarzschild-dS BH are given by

SGR ¼ S0; MGR ¼ M0

�
1 −

Λr2g
3

�
; ð72Þ

where S0 and M0 are given by Eqs. (43) and (47),
respectively.

1. Schwarzschild-(A)dS solution

For arbitrary value of β, there exists the Schwarzschild-
(A)dS BH solution [61,64,65] given by

hðrÞ ¼ fðrÞ ¼ −
Λ̄
3
r2 þ 1 −

rg
r

�
1 −

Λ̄
3
r2g

�
;

A0ðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ − Λ̄

p

4m
ffiffiffiffiffiffiffi
πG

p ;

A1ðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ − Λ̄

p

4m
ffiffiffiffiffiffiffi
πG

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − fðrÞp
fðrÞ ⇒ YðrÞ ¼ Λ − Λ̄

32πGm2
; ð73Þ

where the effective cosmological constant is given by

Λ̄ ≔ −
m2

β
; ð74Þ
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and the existence of the solution requires Λ − Λ̄ ≥ 0. The
variation of the Hamiltonian on the horizon r ¼ rg yields

δHH ¼ THðGPÞδSGP ¼
δrg
4Gβ

ðm2r2g þ βÞ
�
1þ Λ

Λ̄

�
; ð75Þ

where the Hawking temperature (32) is given by
THðGPÞ ¼ T0ð1 − Λ̄r2gÞ. By integrating Eq. (75), we obtain
the BH entropy

SGP ¼ S0
Λþ Λ̄
2Λ̄

: ð76Þ

The variation of the Hamiltonian at the infinity r → ∞
yields

δH∞ ¼ δMGP ¼
δrg
4G

�
1þm2r2g

β

�
Λþ Λ̄
Λ̄

; ð77Þ

and by integrating this, the thermodynamic mass of the BH
is given by

MGP ¼ M0

�
1 −

Λ̄
3
r2
�
Λþ Λ̄
2Λ̄

: ð78Þ

Thus, we have the two different Schwarzschild-(A)dS
solutions with the thermodynamical properties as summa-
rized in Table I.
Since the metric solutions and the thermodynamic

quantities associated with them remain the same as those
in the counterpart solutions in shift-symmetric Horndeski
theories, our discussion below will have a considerable
overlap with that in Sec. V of Ref. [53]. In this paper, we
summarize only the essential properties of them.
(1) In the case of Λ ≥ Λ̄ > 0 for β < 0, for a given mass

M, the entropy of the GR Schwarzschild-dS BHwith
Λ is always larger than that of GP Schwarzschild-dS
BH with Λ̄. This means that GP Schwarzschild-dS
BH is more thermodynamically unstable than the
GR Schwarzschild-dS BH. For the comparison of
these two entropies, readers should refer to Fig. 1
of Ref. [53].

(2) In the case of Λ̄ ≤ Λ < 0 for β > 0, SGRðMÞ and
SGPðMÞ coincide at some critical mass MGR-GP,
beyond which SGR > SGP. In an asymptotically
AdS spacetime, there exists another critical mass
MHP, below which the Schwarzschild-AdS BH

evaporates to thermal radiation in AdS space via
the Hawking-Page (HP) transition [86]. In the
present case, we find two critical masses, MHPðGRÞ
and MHPðGPÞ, which satisfy MHPðGRÞ > MHPðGPÞ.
We also find MGR-GP < MHPðGRÞ. As a result, we
can classify into two cases: 1) MHPðGRÞ >
MHPðGPÞ > MGR-GP and 2) MHPðGRÞ > MGR-GP >
MHPðGPÞ. For convenience, we introduce the AdS

curvature radii l ≔
ffiffiffiffiffiffiffiffiffiffiffiffi
−3=Λ

p
and l ≔

ffiffiffiffiffiffiffiffiffiffiffiffi
−3=Λ̄

p
.

If rcr < l=l < 1, we find case 1 below, while
if 0 < l=l < rcr, we obtain case 2 below, where
rcr is given by the root of the equation r6cr þ
3r4cr þ 16r2cr − 4 ¼ 0, i.e., rcr ≈ 0.48835.
(a) In case 1, rcr < l=l < 1, for M < MGR-GP,

we find only thermal radiation in AdS with
the effective cosmological constant Λ̄, For
MGR-GP < M < MHPðGPÞ, it is also thermal ra-
diation in AdS space with the cosmological
constant Λ. For MHPðGRÞ > M > MHPðGPÞ, the
GP Schwarzschild-AdS BH will evaporate
via the HP phase transition, finding thermal
radiation in AdS space with the cosmological
constant Λ. For M > MHPðGRÞ, the GP
Schwarzschild-AdS BH will evolve into the
GR Schwarzschild-AdS BH via thermal phase
transition.

(b) In case 2, 0 < l=l < rcr, for M < MHPðGPÞ,
there is only thermal radiation in AdS space
with the effective cosmological constant Λ̄ just
as in case 1. For MHPðGPÞ < M < MGR-GP, we
find the transition from thermal radiation in AdS
space with Λ into the stable GP Schwarzschild-
AdS BH. For MHPðGRÞ > M > MGR-GP, the GP
Schwarzschild-AdS BH will evaporate into
thermal radiation in AdS space with Λ. For
M > MHPðGRÞ, the GP Schwarzschild-AdS BH
will evolve into the GR Schwarzschild-AdS BH
via thermal phase transition just as in case 1.

For the more concrete comparison of two entropies in each
case, readers should refer to Fig. 2 of Ref. [53].

2. Charged Schwarzschild-AdS solution

For β ¼ 1
4
, there exists the charged Schwarzschild-AdS

BH solution [61,64,65], given by

TABLE I. Summary of thermodynamic quantities of Schwarzschild-(A)dS solutions.

Solution Mass Entropy Temperature

Schwarzschild-(A)dS solution with Λ (GR) ð1 − Λr2g
3
ÞM0

S0 ð1 − Λr2gÞT0

Schwarzschild-(A)dS solution with Λ̄ (GP) ð1 − Λ̄r2g
3
Þ ΛþΛ̄

2Λ̄ M0
ΛþΛ̄
2Λ̄ S0 ð1 − Λ̄r2gÞT0
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hðrÞ ¼ fðrÞ ¼ −
Λ̄
3
r2 þ 1 −

rg
r

�
1 −

Λ̄
3
r2g

�
;

A0ðrÞ ¼
Q
r
þ 1

4m
ffiffiffi
π

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ − Λ̄
G

s
;

A1ðrÞ ¼
1ffiffiffiffiffiffiffiffiffi
fðrÞp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A0ðrÞ2
fðrÞ −

Λ − Λ̄
16πGm2

s
⇒ YðrÞ ¼ Λ − Λ̄

32πGm2
;

ð79Þ

where the effective cosmological constant is given by

Λ̄ ≔ −4m2; ð80Þ

Q is the electric charge, and the existence of the solution
requires Λ − Λ̄ ≥ 0. The variation of the Hamiltonian on
the horizon r ¼ rg yields

δHH ¼ THðGPÞδSGP ¼ −
δrg

16Gm2
ð1þ 4m2r2gÞðΛþ Λ̄Þ;

ð81Þ

where the Hawking temperature (32) is given by
THðGPÞ ¼ T0ð1þ 4m2r2gÞ. Thus, we obtain the integrable
relation

δSGP ¼
πrgδrg
G

Λþ Λ̄
Λ̄

⇒ SGP ¼
S0
2

Λþ Λ̄
Λ̄

: ð82Þ

The variation of the Hamiltonian at the infinity r → ∞
yields

δH∞ ¼ δMGP ¼
δrg
4G

ð1þ 4m2r2gÞ
Λþ Λ̄
Λ̄

: ð83Þ

The mass of the total system is given by

MGP ¼
M0

2

�
1 −

Λ̄r2g
3

�
Λþ Λ̄
Λ̄

: ð84Þ

Thus, despite the presence of the nonzero electric chargeQ,
the differentials of the entropy and mass are integrable with
respect to rg and the results correspond to the β ¼ 1

4
limit of

the electrically neutral case. The thermodynamical stability
of the Schwarzschild-AdS BH solutions remains the same
as that discussed in Sec. IVA 2.

V. OTHER BLACK HOLE SOLUTIONS
IN GP THEORIES

A. Schwarzschild-de Sitter solution with generalized
cubic-order GP interaction

We consider the class of GP theories with generalized
cubic-order GP interaction

G2 ¼ g2ðYÞ; G3 ¼ g3ðYÞ; G4 ¼
1

16πG
; c2 ¼ 0;

ð85Þ

where g2ðYÞ and g3ðYÞ are the regular functions of Y. The
theory (85) admits the exact Schwarzschild-(A)dS solu-
tion [62,66]

hðrÞ ¼ fðrÞ ¼ 8πGg2ðY0Þ
3

r2 þ 1 −
rg
r

�
1þ 8πGr2gg2ðY0Þ

3

�
;

A0ðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

9

�
48πGY0g2ðY0Þ þ

g2YðY0Þ2
g3YðY0Þ2

�
r2 þ 2Y0 þ

1

r

�
−
2rgY0

3
ð3þ 8πGr2gg2ðY0ÞÞ −

2Pg2YðY0Þ
3g3YðY0Þ

�
þ P2

r4

s
;

A1ðrÞ ¼
1

r2fðrÞ
�
P −

r3

3

g2YðY0Þ
g3YðY0Þ

�
; ð86Þ

where P and Y0 are integration constants. The constant
norm of the vector field Y ¼ Y0 is obtained as the unique
solution of the equations of motion, and the solution (86) is
the unique one for the BH with nontrivial profile of the
vector field. The sign of Y0, i.e., the character of the vector
field, cannot be determined by the equations of motion. The
cubic-order coupling function g3ðYÞ does not contribute to
the spacetime geometry, while the asymptotic behavior of
the spacetime is fixed by the value of g2ðY0Þ. We note that
the constant P may be interpreted as the electric charge
which does not affect the metric functions hðrÞ and fðrÞ,

and hence the solution (86) may be interpreted as a kind of
stealth BH.
The variation of the Hamiltonian on the horizon r ¼ rg

yields

δHH ¼ THðGPÞδSGP ¼
δrg
2G

ð1þ 8πGr2gg2ðY0ÞÞ; ð87Þ

where the Hawking temperature (32) is given by

THðGPÞ ¼ T0ð1þ 8πGg2ðY0Þr2gÞ: ð88Þ
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In Eq. (52), the variation with respect to P cancels and
does not contribute to the BH entropy. The variation of P
also does not contribute to the thermodynamic mass of
BHs. Thus, by integrating this, we obtain the Bekenstein-
Hawking entropy as the entropy of the BH solution
(86) SGP ¼ S0.
The variation of the Hamiltonian at the infinity r → ∞

yields

δH∞ ¼ δMGP ¼
δrg
2

�
1

G
þ 8πr2gg2ðY0Þ

�
: ð89Þ

The thermodynamic mass of the BH is given by

MGP ¼ M0

�
1þ 8πG

3
r2gg2ðY0Þ

�
; ð90Þ

which coincides with the ADM mass MADM ¼ MGP.
From now on, we focus on the specific choice of the

coupling functions

g2ðYÞ ¼ −
Λ

8πG
þ 2m2Y; g3ðYÞ ¼ γ3Y; ð91Þ

where m2 and γ3 represent the mass term of the vector field
and the coupling constant of the the cubic-order interaction,
respectively. The entropy and the thermodynamic mass of
BHs, respectively, reduce to

SGP ¼ S0; MGP ¼
�
1þ r2g

3
ð16πGY0m2 −ΛÞ

�
M0: ð92Þ

The theory (91) also admits the GR BH solution with the
trivial vector field (71) whose entropy and thermodynamic
mass are, respectively, given by Eq. (72). For Λ > 0, when
MGR ¼ 1

3G
ffiffiffi
Λ

p , the condition fðrÞ ¼ hðrÞ ¼ 0 has the

degenerate solution; i.e., the BH and cosmological horizons
coincide at rg ¼ 1ffiffiffi

Λ
p . Thus, for the horizons to be formed for

the GR Schwarzschild-dS solution, we restrict

0 < rg <
1ffiffiffiffi
Λ

p : ð93Þ

On the other hand, for Λ < 0, the event horizon is always
present in the GR Schwarzschild-AdS solution, and there is
no upper bound on the value of rg. However, heat capacities
for the Schwarzschild-AdS BHs in the two theories are,
respectively, given by

CGP ≔
∂MGP

∂THðGPÞ
¼ 2πr2g

G

1þ r2gð16πGm2Y0 þ jΛjÞ
−1þ r2gð16πGm2Y0 þ jΛjÞ ;

CGR ≔
∂MGR

∂THðGRÞ
¼ 2πr2g

G

1þ r2gjΛj
−1þ r2gjΛj

: ð94Þ

Thus, we find that CGP < 0 and CGR < 0 for

rg <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

jΛj þ 16πGm2Y0

s
; rg <

ffiffiffiffiffiffi
1

jΛj

s
; ð95Þ

respectively, where an AdS BH decays into thermal
radiation through the HP phase transition [86].
For the same thermodynamic mass of BHs,

MGP ¼ MGR, we compare the entropies for the solutions
(86) and (71). For Λ > 0, from Eq. (93), we impose
0 < rgðGRÞ < 1ffiffiffi

Λ
p . The two horizon radii rgðGPÞ and rgðGRÞ

are related by

rgðGPÞ

�
1 −

r2gðGPÞ
3

ðΛ − 16πGY0m2Þ
�

¼ rgðGRÞ

�
1 −

r2gðGRÞ
3

Λ
�
: ð96Þ

It is easy to check that, for the spacelike vector field Y0 < 0,
rgðGPÞ > rgðGRÞ and hence SGP > SGR. On the other hand,
for the timelike vector field Y0 > 0, SGP < SGR.

1. Schwarzschild-dS solutions

In the case of the Schwazschild-dS solutions (Λ > 0), we

introduce the dimensionless horizon radii xGP ≔
ffiffiffi
Λ
3

q
rgðGPÞ

and xGR ≔
ffiffiffi
Λ
3

q
rgðGRÞ, and the dimensional parameter

Γ2 ≔
16πGY0m2

Λ . Equation (96) reduces to

xGPð1 − x2GPð1 − Γ2ÞÞ ¼ xGRð1 − x2GRÞ: ð97Þ

For Eq. (93), we have to impose 0 < xGR < 1ffiffi
3

p . To obtain

the Schwarzschild-dS solution in GP theory, we also
impose that Γ2 < 1.
In Fig. 1, the normalized entropy of BHs, GΛπ S, is shown

as the function of the normalized thermodynamic mass
of BHs, 2G

ffiffiffiffi
Λ

p
M ≔ 2G

ffiffiffiffi
Λ

p
MGP ¼ 2G

ffiffiffiffi
Λ

p
MGR for Γ2 ¼

0.50 (in the left panel) and Γ2 ¼ −0.30 (in the right panel).
In each panel, red and blue curves correspond to the
normalized entropies for the solutions (86) and (71),
respectively. The ratio SGP=SGR decreases as Y0 increases,
while increases as Y0 decreases.

2. Schwarzschild-AdS solutions

On the other hand, for the Schwarzschild-AdS solutions
(Λ < 0), we introduce the dimensionless horizon radii

x̃GP ≔
ffiffiffiffiffi
jΛj
3

q
rgðGPÞ and x̃GR ≔

ffiffiffiffiffi
jΛj
3

q
rgðGRÞ, and the dimen-

sional parameter Γ̃2 ≔
16πGY0m2

jΛj . Equation (96) reduces to

x̃GPð1þ x̃2GPð1þ Γ̃2ÞÞ ¼ x̃GRð1þ x̃2GRÞ: ð98Þ

MASATO MINAMITSUJI and KEI-ICHI MAEDA PHYS. REV. D 110, 024047 (2024)

024047-12



To have the Schwarzschild-AdS solutions, we have to
impose that Γ̃2 > −1. In Fig. 2, the normalized entropy
of BHs, GjΛj

π S, is shown as the function of the nor-

malized thermodynamic mass of BHs, 2G
ffiffiffiffiffiffijΛjp

M ≔
2G

ffiffiffiffiffiffijΛjp
MGP ¼ 2G

ffiffiffiffiffiffijΛjp
MGR, for Γ̃2 ¼ 5.0 (in the left

panel) and Γ̃2 ¼ −0.50 (in the right panel). In each panel,
blue and red curves correspond to the normalized entropies
for the solutions (71) and (86), respectively. For each curve,
the solid and dashed regions correspond to those which
are stable and unstable against the HP phase transition,
respectively. For Y0 > 0, for a smaller thermodynamic
mass, a BH in GP theories decays into thermal radia-
tion in the AdS spacetime of GR, while for a larger

thermodynamic mass, a BH peculiar to GP theories has
a transition to a GR BH. On the other hand, for Y0 < 0, for
a smaller thermodynamic mass, a GR BH decays into
the thermal radiation in the AdS spacetime peculiar to GP
theories, while for a larger thermodynamic mass, a GR BH
theories has a transition to a BH peculiar to GP theories.
The ratio SGP=SGR decreases as Y0 increases, while
increases as Y0 decreases.

B. RN-(A)dS solution with cubic-order
GP interaction

We consider the class of GP theories with generalized
cubic-order GP interaction

FIG. 1. The normalized entropy of BHs GΛ
π S is shown as the function of the normalized thermodynamic mass of BHs 2G

ffiffiffiffi
Λ

p
M ≔

2G
ffiffiffiffi
Λ

p
MGP ¼ 2G

ffiffiffiffi
Λ

p
MGR for Γ2 ¼ 0.50 (in the left panel) and Γ2 ¼ −0.30 (in the right panel). In each panel, blue and red curves

correspond to the normalized entropies for the solutions (86) and (71), respectively.

FIG. 2. The normalized entropy of BHs, GjΛj
π S, is shown as the function of the normalized thermodynamic mass of BHs,

2G
ffiffiffiffiffiffijΛjp

M ≔ 2G
ffiffiffiffiffiffijΛjp

MGP ¼ 2G
ffiffiffiffiffiffijΛjp

MGR, for Γ̃2 ¼ 5.0 (in the left panel) and Γ̃2 ¼ −0.50 (in the right panel). In each panel, blue
and red curves correspond to the normalized entropies for the solutions (71) and (86), respectively. For each curve, the solid and dashed
regions correspond to those which are stable and unstable against the HP phase transition, respectively.
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G2 ¼ F −
Λ

8πG
; G3 ¼ g3ðYÞ;

G4 ¼
1

16πG
; c2 ¼ 0; ð99Þ

where g3ðYÞ represents the regular function of Y. The
theory (99) admits the RN-(A)dS BH solution [64,65]

hðrÞ ¼ fðrÞ ¼ −
Λr2

3
þ 1 −

rg
r

�
4πGQ2

r2g
þ 1 −

r2gΛ
3

�

þ 4πGQ2

r2
;

A0ðrÞ ¼ qþQ
r
; A1ðrÞ ¼

1

fðrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A0ðrÞ2 − 2Y0fðrÞ

q
;

ð100Þ

where q and Q are integration constants. The existence of
the solution requires that the norm of the vector field is
given by the constant Y ¼ Y0 which satisfies

∂g3
∂Y

ðY0Þ ¼ 0: ð101Þ

This is the unique static and spherically symmetric BH
solution with a nontrivial vector field in the given theory
(99). The variation of the Hamiltonian on the horizon
r ¼ rg yields

δHH ¼ δrg
2G

�
1 − Λr2g −

4πGQ2

r2g

�
þ 4πA0ðrgÞδQ: ð102Þ

The term proportional to δq is canceled by the same
contribution at the infinity r → ∞ in the conservation
of the total Hamiltonian δH ¼ 0. Thus, the differential
of the BH entropy is given by THðGPÞδSGP ¼
δrg
2G ð1 − Λr2g − 4πGQ2

r2g
Þ, where the Hawking temperature

(32) is given by THðGPÞ ¼ T0ð1 − Λr2g − 4πGQ2

r2g
Þ. Thus, by

integrating this, we obtain the Bekenstein-Hawking
entropy as the BH entropy SGP ¼ S0.
The thermodynamic mass of the BH is given by

MGP ¼ M0

�
1þ 4πGQ2

r2g
−
Λr2g
3

�
; ð103Þ

which coincide with the ADM mass MADM ¼ MGP. We
have ∂MGP

∂rg
δrg ¼ δMGP −

∂MGP
∂Q δQ ¼ δMGP −ΦHδQ, where

ΦH ≔ −4πðA0ðr → ∞Þ − A0ðrgÞÞ. The conservation of the
Hamiltonian H ¼ 0 for the solution (100) yields the first
law of BH thermodynamics in the presence of the electric
charge Q,

THðGPÞδSGP ¼ δMGP −ΦHδQ; ð104Þ

which coincides with the first law in EM theory (45).
In the same theory (99), there also exists the

Schwarzschild-(A)dS solution in GR,

hðrÞ ¼ fðrÞ ¼ −
Λr2

3
þ 1 −

rg
r

�
1 −

r2gΛ
3

�
;

A0ðrÞ ¼ A1ðrÞ ¼ 0: ð105Þ

C. RN-(A)dS solution with quadratic-order
GP interaction

We consider the class of GP theories with generalized
quadratic-order GP interaction,

G2 ¼ ð1þ 2g2ðYÞÞF −
Λ

8πG
; G3 ¼ 0;

G4 ¼
1

16πG
; c2 ¼ 0; ð106Þ

where g2ðYÞ represents the regular function of Y. The
theory (106) admits the RN-(A)dS BH solution [64,65]

hðrÞ ¼ fðrÞ ¼ −
Λr2

3
þ 1

−
rg
r

�
4πGQ2

r2g
ð1þ 2g2ðY0ÞÞ þ 1 −

r2gΛ
3

�

þ 4πGQ2

r2
ð1þ 2g2ðY0ÞÞ;

A0ðrÞ ¼ qþQ
r
; A1ðrÞ ¼

1

fðrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A0ðrÞ2 − 2Y0fðrÞ

q
;

ð107Þ

where q and Q are integration constants. The existence of
the solution requires that the norm of the vector field is
given by the constant Y ¼ Y0 which satisfies

∂g2
∂Y

ðY0Þ ¼ 0: ð108Þ

This is the unique static and spherically symmetric BH
solution with a nontrivial vector field in the given theory
(106). We note that the same solution as Eq. (107) can be
obtained from the equivalent description of the same theory
as Eq. (106),

G2 ¼ F −
Λ

8πG
; G3 ¼ 0;

G4 ¼
1

16πG
þ βg4ðYÞ; c2 ¼ −

g2ðYÞ
G4Y

; ð109Þ
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by taking the limit of β → 0 after the derivation of the EL
equations.
The variation of the Hamiltonian on the horizon r ¼ rg

yields

δHH ¼ δrg
2G

�
1 − Λr2g −

4πGQ2

r2g
ð1þ 2g2ðY0ÞÞ

�

þ 4πA0ðrgÞð1þ 2g2ðY0ÞÞδQ: ð110Þ

The term proportional to δQ in Eq. (110) cancels the same
contribution at the infinity r → ∞ in the conservation of the
total Hamiltonian δH ¼ 0. Thus, the differential of the BH
entropy is given by

THðGPÞδSGP ¼
δrg
2G

�
1 − Λr2g −

4πGQ2

r2g
ð1þ 2g2ðY0ÞÞ

�
;

ð111Þ

where the Hawking temperature (32) is given by THðGPÞ ¼
T0½1 − Λr2g − 4πGQ2

r2g
ð1þ 2g2ðY0ÞÞ�. Thus, by integrating

this, we obtain the Bekenstein-Hawking entropy SGP ¼ S0.
The thermodynamic mass of the BH is given by

MGP ¼ M0

�
1 −

r2gΛ
3

þ 4πGQ2

r2g
ð1þ 2g2ðY0ÞÞ

�
; ð112Þ

which coincides with the ADM mass MGP ¼ MADM.
We have ∂MGP

∂rg
δrg ¼ δMGP −

∂MGP
∂Q δQ ¼ δMGP − ð1þ

2g2ðY0ÞÞΦHδQ, where ΦH ≔ −4πðA0ðr → ∞Þ−
A0ðrgÞÞ ¼ 4πQ

rg
. By defining the effective charge Q̃ ≔ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2g2ðY0Þ
p

Q and the corresponding effective electric

potential on the horizon Φ̃H ≔ 4πQ̃
rg
, the first law of BH

thermodynamics for the solution (107) is given by

THðGPÞδSGP ¼ δMGP − Φ̃HδQ̃: ð113Þ

In the same theory (106), there also exists the
Schwarzschild-(A)dS solution with the trivial vector field
as in GR, Eq. (105).

VI. CONCLUSION

Wehave investigated thermodynamics of static and spheri-
cally symmetricBHs inGP theories. To obtain thevariationof
the total Hamiltonian, following the prescription by Iyer and
Wald, we have employed the Noether charge associated with
the diffeomorphism invariance. The variation of the total
Hamiltonian coincides with the variation of the Noether
charge evaluated on the boundaries of the Cauchy surface.
In aBH system, thevariations of theHamiltonian on the event
horizon and at the spatial infinity, respectively, give rise to the
differentials of the entropy and the thermodynamic mass of
theBH. The conservation of the total Hamiltonian leads to the
first law of BH thermodynamics.
Solutions in GP theories can be divided into the two

classes. The first class (class I) corresponds to the solu-
tions obtained by the direct promotion of the solutions in
shift-symmetric Horndeski theories with the replacement
of ∇μφ → Aμ. The second one (class II) consists of the
solutions which are obtained only in GP theories and
possess nonzero electromagnetic fields. For the solutions in
class I, we have explicitly confirmed that the thermody-
namic properties of the static and spherically symmetric
BH solutions, i.e., the entropy and thermodynamic mass of
BHs, remain the same as those in the counterpart solutions
in shift-symmetric Horndeski theories, although BH
thermodynamics has been constructed independently. We
have also discussed thermodynamic properties of static and
spherically symmetric BHs in class II. In Tables II and III,
we classify BH solutions in GP theories into class I and II
and summarize their thermodynamical variables. In
Table II, we show the results of the class I solutions.
Those BH solutions do not contain an electric field.
Similarly, in Table III, we summarize thermodynamic
properties of the class II solutions. Those BH solutions
possess a nonzero electric field.
In Sec. IV, we have shown that thermodynamic vari-

ables of stealth Schwarzschild and Schwarzschild-(A)dS
solutions in GP theories remain the same as those of
the counterpart solutions in shift-symmetric Horndeski
theories discussed in Ref. [53]. For the same thermody-
namic masses, the entropies of stealth Schwarzschild and
Schwarzschild-(A)dS solutions have been investigated to

TABLE II. Thermodynamic properties of BHs in GP theories which have counterpart solutions in the shift-symmetric Horndeski
theories. T0, S0, andM0 are defined in Eqs. (41), (43), and (47), respectively. q and Λ̄ are defined in Eqs. (56) and (74), respectively. The
entropies of two BHs for the theories Ia and Ib are compared to study their thermodynamical stability in Secs. IVA 1 and IV B 1,
respectively.

Class I Action Solution Mass Entropy Temperature

Ia G2 ¼ F , G4 ¼ 1
16πG þ βY, Stealth Schwarzschild ð1 − 8πGq2βÞM0 ð1 − 8πGq2βÞS0 T0

G3 ¼ c2 ¼ 0 GR Schwarzschild M0 S0 T0

Ib G2 ¼ F þ 2m2Y − Λ
8πG, GP Schwarzschild-(A)dS



1 − r2gΛ̄

3

�
M0

ΛþΛ̄
2Λ̄ S0 ð1 − Λ̄r2gÞT0

G4 ¼ 1
16πG þ βY, G3 ¼ c2 ¼ 0 GR Schwarzschild-(A)dS



1 − Λr2g

3

�
M0

S0 ð1 − Λr2gÞT0
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study their thermodynamical stability in Secs. IVA 1 and
IV B 1, respectively.
As discussed in Sec. IV, we have found that the entropy

and the thermodynamic mass of the stealth Schwarzschild
BH and the Schwarzschild-(A)dS BH with the electric
field, which are obtained only for the specific value of the
coupling constant of the vector field to the Einstein tensor,
ð1=4ÞGμνAμAν, exactly coincide with those of the electri-
cally neutral stealth Schwarzschild BH and the electrically
neutral stealth Schwarzschild-dS BH in GP theories in the
limit of the corresponding value of the coupling constant. In
other words, in these solutions, the electric field does
not affect thermodynamic properties of the BHs as well as
the background BH solutions. Two entropies of stealth
Schwarzschild solution and Schwarzschild-(A)dS solution
with the electric field have been compared for stability
analysis in Secs. IVA 2 and IV B 2, respectively. The same
theory with this coupling constant also admitted the BH

solution with fðrÞ ¼ hðrÞ ¼ 1 −
ffiffiffi
rg
r

q
, whose thermody-

namic properties have been discussed in Sec. IVA 3. Since
this BH solution is not asymptotically flat and the thermo-
dynamical transition to the stealth Schwarzschild solutions
with the electric field is not possible, we did not discuss the
stability by thermodynamical variables.
We have also investigated thermodynamic properties

of other static and spherically symmetric BH solutions
in GP theories in the presence of the generalized cubic-
and quadratic-order GP interactions. There exist the
Schwarzschild-(A)dS and RN-(A)dS solutions with the
constant norm of the vector field, respectively. As discussed
in Sec. VA, in the case of the Schwarzschild-(A)dS
solutions, we have shown that for the spacelike vector

field the entropy of the GP BH is larger than that of the
Schwarzschild-(A)dS BH in GR. As discussed in Secs. V B
and V C, in the case of the RN-(A)dS BH solutions, we
have shown that thermodynamic properties of BHs remain
the same as those in EM theory.
As an extension of this work, it would be important to

analyze thermodynamic properties of BH solutions in GP
theories,which canbe constructedonly numerically. Itwould
also be interesting to extend our analysis of BH thermody-
namics to solutions in vector-tensor theories beyond GP,
especially stealth solutions and Schwarzschild-(A)dS solu-
tions. As in the Horndeski theories [52], there could be
potential ambiguities about the definition of the temperature
in the generalized Proca theories. Since in the generalized
Proca theories gravitons propagate with a speed which is
different from the speed of light, the black hole event horizon
does not play the role of the causal boundary for gravitons. To
obtain an effective horizon for gravitons, a disformal trans-
formation should be performed to the black hole solutions in
the original generalized Proca theories. The black hole
temperature and thermodynamic quantities computed for
the effective horizons for gravitions could be different from
those computed for the event horizon. However, theories
rewritten through such a disformal transformation do not
belong to a class of the generalized Proca theories, and the
formulation of black hole thermodynamics in such an
extended theory is beyond the scope of this paper. We hope
to come back to these issues in our future work.
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TABLE III. Thermodynamic properties of BHs in GP theories which do not have counterpart solutions in the shift-symmetric
Horndeski theories. T0, S0, and M0 are defined in Eqs. (41), (43), and (47), respectively. q and Λ̄ are defined in Eqs. (64) and (80),
respectively. The entropies of two BHs for the theories IIa, IIb, and IIc are compared to study their thermodynamical stability in Secs. IV
A 2, IVA 3, IV B 2, and VA, respectively.

Class II Action Solution Mass Entropy Temperature

IIa G2 ¼ F , G4 ¼ 1
16πG þ Y

4
, Stealth Schwarzschild ð1 − 2πGq2ÞM0 ð1 − 2πGq2ÞS0 T0

G3 ¼ c2 ¼ 0 GR Schwarzschild M0 S0 T0

BH solution with A1 ¼ 0 M0

2
S0 T0

2

IIb G2 ¼ F þ 2m2Y − Λ
8πG, GP Schwarzschild-(A)dS



1 − Λ̄r2g

3

�
ΛþΛ̄
2Λ̄ M0

ΛþΛ̄
2Λ̄ S0 ð1 − Λ̄r2gÞT0

G4 ¼ 1
16πG þ Y

4
, G3 ¼ c2 ¼ 0 GR Schwarzschild-(A)dS



1 − Λr2g

3

�
M0

S0 ð1 − Λr2gÞT0

IIc G2 ¼ g2ðYÞ, G3 ¼ g3ðYÞ GP Schwarzschild-(A)dS ð1þ 8πG
3
r2gg2ðY0ÞÞM0 S0 ð1þ 8πGg2ðY0Þr2gÞT0

G4 ¼ 1
16πG, c2 ¼ 0 GR Schwarzschild-(A)dS



1 − Λr2g

3

�
M0

S0 ð1 − Λr2gÞT0

IId G2 ¼ F − Λ
8πG, G3 ¼ g3ðYÞ GP RN-(A)dS
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