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We use the quasilocal formalism of Brown and York, supplemented with counterterms, to investigate the

thermodynamics of asymptotically flat black holes. We consider two families of exact regular black hole

solutions, which are thermodynamically stable. The first one consists of four-dimensional static charged
hairy black holes in extended supergravity. The second family consists of five-dimensional static charged
black holes in Gauss-Bonnet (GB) gravity. Despite the fact that their characteristics are completely
different, we found a striking similarity between their thermodynamic behavior.
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I. INTRODUCTION

The black hole represents the equilibrium end state of
gravitational collapse, and the relationship between
thermodynamic entropy and the area of an event horizon
is one of the most robust results in gravitational physics.
Once quantum effects were taken into account, it was
understood by Hawking [1] that black holes can emit
radiation. While the Hawking radiation produces a very
small effect that is not relevant from an empirical point of
view, the black hole thermodynamics makes sense only in a
theoretical framework in which the black holes are thermo-
dynamically stable. However, this is not the case for black
holes in flat spacetime, e.g., Schwarzschild, Reissner-
Nordstrom (RN), and Kerr black holes are thermodynami-
cally unstable.

One way to circumvent this situation is to enclose the
asymptotically flat black hole by a finite “box” [2] such that
the radiation cannot escape to the asymptotic region.
However, while this proposal is interesting from a theo-
retical point of view, it does not provide any concrete hint
of physical situations where this kind of boundary con-
ditions can appear naturally. A more general construction,
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for a theory with a nontrivial negative cosmological
constant, was considered by Hawking and Page [3]. They
found that, indeed, there exists a general family of “large”
black holes [with the horizon radius comparable with the
radius of anti-de-Sitter (AdS) spacetime] that are thermody-
namically stable. In this case, the conformal boundary of AdS
(where the boundary conditions should be imposed) plays the
role of the “box.” However, the boundary conditions are
changed to correspond to a spacetime with a negative
cosmological constant and, while this is a very important
result in the context of AdS-CFT duality [4], it cannot be
applied to asymptotically flat black holes.

Therefore, to obtain a well-defined thermodynamic
framework, the key point is the existence of asymptotically
flat black holes, which are thermodynamically stable,
without imposing artificially boundary conditions corre-
sponding to a finite box. Elucidating this aspect could be
relevant for understanding the existence of supermassive
black holes that cannot be formed by gravitational collapse.
One can imagine a scenario where, in the early Universe,
small black holes exist in a suitable environment that makes
them thermodynamically stable, e.g., surrounded by dark
matter. Then, after a long time, they can grow up to become
supermassive if there is enough matter around they can
absorb.

In this work, we carefully investigate the existence of such
an “environment” and present a detailed analysis of the
thermodynamic stability by using the quasilocal formalism
supplemented with boundary counterterms. Both Gauss-
Bonnet-Maxwell and Einstein-Maxwell-dilaton theories can
be interpreted as particular completions of Einstein-Maxwell
gravity, and so the question of how these theories modify
some concrete features of black holes could be of significant
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interest. First, we consider a four-dimensional theory, with a
scalar field and its self-interaction, in which there exist exact
hairy black hole solutions. While this is a toy model for static
black holes, it shows that, even in a simple theoretical setup,
the hair can stabilize, dynamically and thermodynamically,
the black holes (see, also, [5—7]). It can very well be that more
complicated models for dark matter can have a similar effect.
Second, we consider the five-dimensional gravity when the
Einstein-Hilbert action is supplemented by GB corrections.
These models can be understood, for example, as effective
theories from string theory where the higher derivative
corrections are tree level, depending of the string tension
(there are also quantum corrections depending of the string
coupling). It was found a long time ago that there exist exact
static neutral black hole solutions, and they are thermody-
namically stable [8] (see also [9,10]).1 We consider the
generalization of RN black hole in GB theory, compute the
conserved charges within the quasilocal formalism of Brown
and York [12] that is self-consistent, and so we do not need
Wald formalism [13] to obtain the entropy.2 We find again
that there exist thermodynamically stable charged static
black holes.

The quasilocal formalism supplemented with counter-
terms in flat spacetime was used in [17] to obtain the
thermodynamics of the dipole black ring [18]. However,
this formalism was put on a firm ground by Mann and
Marolf [19], where they have shown that the addition of an
appropriate covariant boundary term to the gravitational
action yields a well-defined variational principle for
asymptotically flat spacetimes. This becomes the standard
tool that leads to a natural definition of conserved quantities
at spatial infinity, e.g., [20-26]. In this work, we use
concrete counterterms to circumvent the problem with the
background subtraction method when the “background”
cannot be explicitly constructed. We construct the counter-
term for GB gravity (and fix the ambiguity of an overall
numerical factor), which is consistent with a correct
variational principle and regularizes the Euclidean action.
Interestingly, unlike the AdS case, there is no need of
adding counterterms for the scalar field in flat spacetime
when it vanishes at the boundary. We shall consider both
the grand canonical ensemble, in which the electric
potential difference between the event horizon and the
infinity is fixed, and the canonical ensemble, in which the
electric charge is fixed.

The remainder of the paper is organized as follows: In
Sec. II, we present the exact asymptotically flat hairy
charged black hole solution and study in detail the local and
global thermodynamic stability. We use the counterterm

"There is another physical mechanism that could be important
for the stability of black holes in theories with higher derivative
terms, namely the scalarization and existence of the scalar
condensates [11].

The Wald formalism and a concrete computation of scalar
charge for various hairy black holes can be found, e.g., in [14—16].

method to obtain the on-shell regularized Euclidean action
and the quasilocal formalism to obtain the conserved
charges. We identify the region of the phase space where
there exist thermodynamically stable black holes. In
Sec. III, we present the charged black hole solution
in GB gravity. We obtain the on-shell Euclidean action,
conserved charges, Smarr formula, and verify the
quantum-statistical relation. Again, we identify the region
of the phase space where there exist thermodynamically
stable black holes. In the last section, we present a brief
review of our main results, complement the analysis of
thermodynamic behavior with an analysis using the
thermodynamic potential, and discuss to some extent the
extremal limit that is important for the existence of a
consistent canonical ensemble. In Appendix A, we sum-
marize the general thermodynamic stability conditions of
response functions for charged black holes. In Appendix B,
we compare the counterterm method in AdS with the one in
flat spacetime and explain why there is no need of scalar
counterterms for regularizing the Euclidean action of
asymptotically flat hairy black holes. In Appendix C, we
review the basics of the Arnowitt-Deser-Misner (ADM)
formalism in five dimensions, required for Sec. III.

II. BLACK HOLES IN EINSTEIN-MAXWELL-
DILATION THEORY

Let us consider the theory given by the action

1=, [ ewma|R-geer - e v )

where k = 8z, in the unit system where G =c = 1;
F? = F,,F*, where F,, = 0,A, — 0,A, is the gauge field
and A, the gauge potential, and (0¢)* = ¢*“0,¢0,¢.

The potential [27-29] is

V() =2Y(2¢ + ¢ cosh ¢ — 3sinh ), (2)

where T is a dimensionful parameter that characterizes the
strength of the potential. Importantly, now it is well
understood that in fact this is a model of a dilaton and
its self-interaction in the sense that the dilaton is endowed
with a potential that originates from an electromagnetic
Fayet-Tliopoulos (FI) term in N/ = 2 extended supergravity
in four spacetime dimensions [30,31] (see also, [32]).
Therefore, the theory we consider is consistent, and its
ground state is stable (recently, exact hairy charged soliton
solutions were constructed in [33-36]). The schematic
behavior of the potential (2) is depicted in Fig. 1. The
potential is symmetric under ¢ - —¢ and YT — -7
transformations.

The exact static hairy black hole solution was obtained
in [29]
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FIG. 1. Schematic behavior of the scalar field potential for the

family T < 0 and Y > 0. The region ¢ < O corresponds to the
negative branch, and ¢ > 0 corresponds to the positive branch.

ds® = Q(x) {— Fx)di + :z?()f S+ de} :
g(x—1)

Aﬂ:[tb— - }s;,, $(x) = In(x),

where d¥3 = d6* + sin’0dp* and

£(x) = r(xzz; L m) P17

X

X
Q(x) = oy R
In the expressions above, x is a dimensionless coordinate
that is related to the standard canonical radial coordinate, r,
by the transformation Q(x) = r. There are two constants
of integration, # and ¢, which are related to the mass and
electric charge of the solution, and @ in the expression of
gauge field is an arbitrary additive constant. The black hole
event horizon is located at x = x_ such that f(x,) = 0 and
x, is the biggest root. The asymptotic region is located at
x — 1, where the conformal factor Q diverges, and the
scalar field (along with its potential) vanishes.

We distinguish two families of solutions: the family for
which T > 0 and the family for which T < 0. Within each
family, there are two branches of solutions, characterized
by the domain for the coordinate x, which in turn fixes the
sign of ¢. These two branches are characterized by distinct
boundary condition for the scalar field. To obtain the
asymptotic behavior of the dilaton, we consider the trans-
formation to the canonical radial coordinate, namely
Q(x) = r* near the boundary. This gives rise to two
possible changes of coordinates,

T

1
x=1+—+ Sr

—— 5

nro 2n*r? )
The negative branch corresponds to the case where 0 <
x < 1 (and so ¢ < 0). By using the corresponding change
of coordinates, we obtain the following boundary expan-
sion: ¢p = —i + O(r73). The positive branch corresponds

to the case where 1 < x < oo (and so ¢ > 0), and the

boundary expansion of the scalar field becomes
¢ = +# +O@3)? It is worth emphasizing that the
“scalar charge” ¥ = 5! is not conserved, and so there is
no independent integration constant associated to the
scalar field.

In the remainder of this section, we will be focusing on the
family T > 0, which contains thermodynamically stable
black holes. The family Y < 0 only supports black hole
solutions for the positive branch, but in this case, the potential
(2) becomes unbounded from below, as shown in Fig. 1.

A. Euclidean action and thermodynamics

Let us briefly present the computation of the on-shell
Euclidean action. For concreteness, we perform the com-
putations in the positive branch, that is, under the
assumption that x — 1 > 0.

Let us consider first the bulk part of the action (1) and the
Gibbons-Hawking boundary term [41], given by

1
JA— / Lxv/ZhK, (6)
K .Jom
where K =V, n* is the trace of the extrinsic curvature, and
h is the determinant of the metric on the hypersurface
x = const, with unit normal n,,. Within this foliation of the
spacetime, the boundary dM becomes the hypersurface
x = const in the limit x — 1.
These two first contributions yield
4rp
B + 16y = (=TS - @Q) Tt
2 T —121%¢? 2
o n n~q~+3n
n(x—1) 3

+0(x-1)],

(7)

where the temperature and entropy are defined as usual:
The temperature is obtained by removing the conical
singularity in the Euclidean section, and the entropy is
one quarter of the area of the event horizon,

_x, df(r)

T= , S =7nQ ,
4rn dr )

(8)

X=x;

and Q and @ are the electric charge and its conjugate
potential. The electric charge, in terms of the constants of
integration, is obtained by using the Gauss law

3Generally, for example, in string theory, where the scalar
fields are moduli related to the coupling constants, the expansion
of the scalar field in flat spacetime is ¢ = ¢, + Z/r + - - -, where
X is the scalar charge. A discussion of why scalar charges (which
are not conserved charges) [37], when ¢, can vary, do not appear
in the first law of black hole thermodynamics was presented in
[38,39]. However, since the theory, we are interested in contains
the dilaton potential, the boundary conditions for the dilaton are
such that ¢, = 0 (see also, [40]).

024045-3
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1 q
= ¢ -1
0 yp %ﬁ, e’ x F . 9)
and the conjugate potential is defined as
-1
&= a(— 1) —A ) =L=ZD )
X+

Now, in order to remove the divergent contribution
appearing in (7), it is necessary to add a gravitational counter-
term for asymptotically flat spacetime [17,19,42-441"

1
Iy = ——/ &EPxvV-hV 2RO, (11)
oM

K

where R() is the Ricci scalar on oM. In the Euclidean
section, we have

4np 2 T — 12n%q* + 617
IE=""1— - Olx-1)].
= e o oD
(12)
The total action is therefore
12722 =Y
15 =TI 4+ 16y + 15 = p(-TS — ®Q) +ﬁ(%>
(13)

The last term in (13) is indeed the mass of the black hole,
as follows from computing the conserved charges of the
system. We compute this energy by using the Brown-York
quasilocal formalism [12], with the quasilocal boundary
stress tensor

2 ol
Ty =——F———7>»
ab /—_h 5/’lab
where I = I + Igy + I, and the index a stands for the

coordinates on the hypersurface x = const. For this case,
the concrete expression for 7, is [17]

(14)

1
Tab = ; [Kab - habK - lP(RE;) - R(3>hab) - habDlP + lI,;ab] s

Y= (%)2 (15)

Now, according to the Brown-York formalism, the con-
served charge associated to the isometry generated by the
killing vector &4 is

*Unlike AdS spacetime where counterterms for the scalar field
should be also included, in our case, there is no need of
counterterms associated to the dilaton. We discuss this point
in great detail in Appendix B.

Ezy{ d*c\/oN &bz, (16)
5%

where N is the timelike unit normal to the hypersurface
x = const and ¢ is the determinant of the metric with x =
const and ¢ = const. The integration is performed in the
limit x — 1. For &% = §¢ and the result is

1277¢> =Y
E:#, (17)
127

which also reproduces the mass read off from the expan-
sion, in the canonical coordinates, of g,, in the asymptotic
region. Therefore, the Euclidean on-shell action satisfies
the quantum-statistical relation

IE
—=E-TS-®0. 18

The computation made so far has assumed that the
boundary condition for the gauge field is 6A,|;,, = 0.
This implies that the conjugate potential, ®, is fixed.
Thus, the thermodynamic potential obtained, namely,
G=E—-TS—®Q, corresponds to the grand canonical
ensemble. One can construct the canonical ensemble, in
which Q is fixed instead, by performing a Legendre trans-
formin (®, Q), which is equivalent to adding to the action the
following boundary term:

K

2
I, = —/ d*xV—hn, F*A,, (19)
oM

giving rise to the thermodynamic potential 7 = E — T'S.

Now that we have all the thermodynamic quantities
consistently computed, one can verify that the first law of
black hole thermodynamics is satisfied,

dE = TdS + ®dQ. (20)

Notice that the scalar charge does not appear explicitly in
the first law as an independent term. This comes as a
consequence of the fact that this scalar field is a secondary
hair with no independent integration constant associated to
it. Explicitly, the scalar charge is £ = 5~! and, by rearrang-
ing (17), we get

2
1
E-= 473 = 21
T T2 0 1)

and so X depends on the conserved charges E and Q, and
the parameter of the theory Y.
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B. Equation of state ®=®(Q, T)

To proceed further with the thermodynamic behavior, let us construct the equation of state ® = ®(Q, T). First, we
replace ¢ = Qn in the expressions for the thermodynamic quantities, as follows from (9). We then have the parametric

expressions

T =

(xp = D[ Q* =3 =3 V)2 + (n* Q> =57 + 1 V)xy — 21 Q%)

27nx?.

where n must be isolated from the horizon equation
f(xy) =0. In Fig. 2, we have depicted the equation of
state for the positive and negative branch, respectively. In
both cases, we have considered the family T > 0.

The equation of state contains relevant information on
the local stability. Concretely, the response function

known as isothermal permittivity, is a measure of the
stability of the configurations against small fluctuations
of the electric charge (for more details, see [45,46]). If
er > 0, the system is locally stable against electric fluc-
tuations. In both cases, the positive and negative branches
contain regions where e > 0. For the negative branch (the
plot at the right-hand side of Fig. 2), the region for which
er > 0 corresponds, as we are going to show in the next
section, to the region where the second relevant response
function, the heat capacity at constant electric charge, C,
(and also Cg), is negatively defined, indicating a thermal
instability. This is similar with the thermodynamics of RN
black hole, and so these configurations are not locally
stable.

The interesting case is for the positive branch (the plot on
the left-hand side of Fig. 2), where a novel region with
er > 0 develops. This is the region A, as shown in the plot.

Region A
: Region B
Region C
0 0.2 0.4 0.6 0.8 1
— = T=0 — T=0.08 — T=015—"T=023 ——T=0.30
—— o =0)(0) -+ P, =P, (0)

. =20t (22)

It looks a very small region in the phase space, but it is valid
for any Q > 0 (and T > 0). Next, we show that in this
particular region, the heat capacity is also positive, thus
fulfilling the conditions for local stability. The regions A,
B, and C are separated by the curves characterized by
(0®/0Q); = 0 (the dotted curve that separates A from B)
and (0Q/0®); =0 (the dashed curve that separates B
from C).

C. Phase diagram and local stability

The second response function relevant for the local
stability is the heat capacity, both at fixed electric charge,
Cy, and at fixed conjugate potential Co,

aS aS
=T— =7T(—) . 24
co=1(3p), c=1(37), o

Thermally stable configurations are those with Cy > 0 for
the canonical ensemble and Cg, > O for the grand canonical
(see Appendix A for a brief summary on the criteria for
local stability).

1. Canonical ensemble: Q fixed

In Fig. 3, we have depicted the phase diagram 7 — S of
the canonical ensemble for the positive (left-hand side plot)
and negative branch (right-hand side plot), respectively.

T T T T 1
0 02 0.4 0.6 0.8 1

—-—T=0. —— T7=003——T7=006——T7T=0.09 ——T=0.12
__(D():(D()(Q)

FIG. 2. Equation of state ® — Q, for T fixed. Left-hand side: positive branch. Right-hand side: negative branch.

024045-5



DUMITRU ASTEFANESEI et al.

PHYS. REV. D 110, 024045 (2024)

0.67
Region A
0.5

Region B
0.4

|
|
|
\
\

FIG. 3.

As commented above, the interesting behavior occurs for
the positive branch, where we observe that C, > 0 for both
regions, A and B. However, only in region A we have, in
addition, e7 > 0 and, hence, only region A contains fully
locally stable configurations for the positive branch. On the
other hand, the negative branch is characterized by two
regions, according to the sign of Cy,. These two regions are
separated by exactly the same curve that divides the regions
er > 0 and €7 < 0 in the @ — Q phase space [the dashed
curve, for which (9Q/d®); = 0 and Cy' = 0], and thus,
the response functions C, and e cannot be simultaneously
positive for the negative branch.

2. Grand canonical ensemble: ® fixed

A similar analysis can be done in the grand canonical
ensemble. As shown in Fig. 4, since clearly Cg < 0, the
black holes of the negative branch are not stable. However,
for the positive branch, we also observe that, in particular,
the region A is characterized by Cg > 0, which also
corresponds to ey > 0, and so there exist black hole

Region A

Region B

Region C

: : : e — — =
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
S
T ®=065 " ®=067 —— ®=069 —— =071 —— ®=0.72
0
—— ®=074—— =076 ——O=078"""" o 22,
00 GEY

T — S for fixed Q. Left-hand side: positive branch. Right-hand side: negative branch.

solutions, which are thermodynamically stable (region B
corresponds to €7 < 0, and so the response functions are
not simultaneously positively defined). We would also like
to point out that, for the positive branch, the stable black
holes are also globally stable, as they minimize the
thermodynamic potential, G. We are going to discuss this
point in more detail in discussion section.

III. BLACK HOLES IN EINSTEIN-MAXWELL-
GAUSS-BONNET

Let us now consider the Einstein-Maxwell-Gauss-
Bonnet action [8]

1 1
I:—/ dsx\/—g R+_(XRGB—F2 . (25)
2K M 4

where x« = 87z in the unit system where G =c =1,
F,, =0,A, —d,A,, A, is the gauge potential, Rgp = R* —
4R, R" + R,,,,R" is the GB invariant, and « is the
coupling constant with GB sector. It is convenient to

0.4]

0.3 1

0.14

S

T ®=03""®=04""O=05"0=07— D®=08
O=09—db=] — d=12

FIG. 4. T — S for fixed ®. Left-hand side: positive branch. Right-hand side: negative branch.
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distinguish two branches, according to the sign of «
since they have different thermodynamic properties, as
shown below.

The equations of motion for this system are

1 1
R,, —=Rg,, +~aH,, = kT

2R 3 B V=0 (26)

where TEM =L (F,F," —}g,F*) is the energy-

momentum tensor for the electromagnetic field, and

H,, =2R,05,R, %" — 4R, ,R” — 4R,,RS + 2RR,,

Hovp

1
) Ree . (27)

The spherically symmetric black hole solution was
obtained in [47]

dszz—f(r)dtz—ﬁ—;i(—}f)—i—rzdilz, A, ( —%)5’
(28)

where d¥} = d6* + sin’0d¢? + sin’@sin’pdy? is the line
element of the unit three-sphere, ® is an additive constant
in the expression of gauge potential, and ¢ is the charge
parameter. Working with this ansatz, the differential equa-
tion for f(r) becomes

2 2
(P +a—af)f +2r(f - 1) +-L =0, (29
and there exist two families characterized by e¢ = +1,
which can be expressed in a compact form as

f(r):1+'§{1+e<1+2aﬂ 2?3)] (30)

where y is the constant of integration related to the mass.
However, only the family e = —1 is consistent with asymp-
totic conditions of flat spacetime, namely f(r — o) =
1 + O(r72). The other family characterized by e =1 is
not asymptotically flat, namely f(r — o) =2r?/a+
1 + O(r~2). Since we are interested in asymptotically flat
spacetime, in what follows, we are going to consider the
family ¢ = —1.

As in general relativity, in GB theory, the black hole
configurations can also have at most two horizons for
which f(r) =0,

ry Z%[Zu—ai \/(2/1—“)2_16‘12}%’ (31)

with the outer one, r,, corresponding to the event horizon.
We would like to emphasize that the solution is regular

when 2y —a > 0; otherwise, it becomes a naked singu-
larity. Therefore, the extremal black holes exist when the
constraint (2u — a)? = 16¢* is satisfied. In this case, the
two horizons coincide (v, = r_), and so the mass param-
eter can be written as y = 2r2 + (1/2)a.

In the next section, we shall explicitly compute the
regularized quasilocal stress tensor and energy. As a
consistency check, we prove that, once an ambiguity in
the overall factor that multiplies the counterterm is fixed,
the quasilocal mass matches, indeed, the Arnowitt-Deser-
Misner (ADM) mass [48-51].

A. Euclidean action and thermodynamics

In this section, we use again the counterterm method and
quasilocal formalism of Brown and York [12] to consis-
tently compute the regularized Euclidean on-shell action,
boundary stress tensor, and energy. We verify that the
quantum-statistical relation and first law of black hole
thermodynamics are consistently satisfied. We also obtain
the Smarr formula in this nontrivial case.

The regularized action of this theory is

1" =I5y + Iy + 15, (32)

where IE , is the bulk part of the action given by (25), Igy
and [ are the Gibbons-Hawking boundary term [52] and
the gravitational counterterm, respectively, with their cor-
responding extension for the GB sector,

1 — 1
IgH_—EAM d4x hE<K+§(Z’CGB), (33)

1 3.\: '
Ift_;/(wd“x hE<§R>2<1+éaR>, (34)

where /4 is the determinant of the induced metric 4, on the
boundary dM, K, = V, n, is the extrinsic curvature, with
n, being the normal unit vector to M, K = h*’ K ,;,, and

2 1
Ko = [gKachb(Kth —K“7) +§Kab<chKCd - KZ)] ha?

1
_2<Rab _ERhab> K, (35)

and R = h*’R,,, is the trace of the Ricci tensor on oM.

For now, we use an arbitrary factor denoted by j in the
GB counterterm because the variational principle is well
defined for any j. This ambiguity can be eliminated on
physical grounds, and we are going to fix this factor in a
consistent manner later on so that the physical quantities
are well defined. A similar couterterm was used in [53] (see
also, [54,55] for GB counterterms in AdS).
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The on-shell Euclidean action in the bulk can be
written as’

3ﬂﬂq2

[P =3arty = D7 -5

(36)

nf

1 bEulk = g
where ' = df/dr, and r, is the location of the boundary.
We shall take the limit r, — oo at the end of the compu-
tation. Specifically, for RNGB black hole, the result for the
bulk term can be written in the compact form as

zf rt +3ar’ +2¢q
gE P T + 37
o= (- T )
The Gibbons-Hawking boundary term is®
3
=200, 39)

Observe that I, contains a divergent part o 72, which does
not come from the GB sector. As expected, this divergent
quantity is going to be removed with the gravitational
counterterm that turns out to be

IE=-—" (—,u —ja) —I—¥ri +0(r;?).  (39)

All the divergent contributions are now canceled out, and
the final result for the Euclidean action is

_p (r++3ar++2q ) (40)

E=""u+—(j-1
ptm = la- 4 rta

3z  #p
8 2
Notice that the second term in Eq. (40), proportional to «, is
a finite contribution purely due to the GB sector. We shall
see below that, for consistency with the asymptotically flat
spacetime boundary conditions, we have to fix j = 1 such
that we recover the usual ADM mass.

We now compute the quasilocal energy for this system at
spatial infinity. According to the Brown-York formalism,

Equasi = /3 d3x\/5na7:ub§b (41)
5%

is the conserved charge associated with the time symmetry
of the metric, given by the Killing vector £ = 67, where ¢

*Here, f§ = fg dr is the periodicity of the imaginary time in the
Euclidean section.
®Some intermediate results are

j hab:_f%(3rfl+2f) g Kab:_3rf,+6f
ab 1’3 s ab 2r3f%

)

where G, =R, — %’Rhab.

is the determinant of the metric on the three-sphere
dst = r2ds2, n, = 8,/\/—g" = f28), is the normal unit
to the hypersurface ¢ = constant, and z,;, is the boundary
stress tensor

2 ol 1 1 [/~ 1~
ah:\/——_h5hab |:Kab_Khub +§a<Qah_§Qhab>:|
2.
_;lpab. (42)
where

Qab = 3k7ab + 2KRab - 4RacK2 + RKab - 2KCdRcadb7

Q - Qabhab’ (43)
and
- d¥(R) 1
lPab = dR Rub - ET(R)hah,
3.\: 1.

The components of the boundary stress tensor are

f

Ty 287[7[3("12,4-(1)]%—05]0%—(2j(1+3r12,>]
b
1 (3
— = [ U= ] + 07, (45)
A=)+ (Gt a— fa)f
00 — 1
1673
AT o) (46)

327rrb

where f = f(r,) and 7, = sin*¢r,, = sin*Gsin’rgg.

We have now all the necessary ingredients to compute
the thermodynamic quantities. By using the formula (41),
we get

3 |
Equasi = g”ﬂ + Eﬂ(] - l)a (47)
This expression for the energy of RNGB black hole is

consistent with the usual statistical formula obtained from the
thermodynamic potential in the grand canonical ensemble:

oIE @ [oIF
= (5), 75 (G), =Fwe @

A similar computation can be done in the canonical
ensemble as E = (dI”/df) . where [56]
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- 2 -
I:I+—/ d*xV —hF"”nMAD —1F = IE+,BQCI>. (49)
K.Jom

This action is compatible with the boundary condition for
the gauge field that fixes the electric charge, which is given
by the Gauss law,

0=af wr =Yg (50)

and ® =A,(c0) —A,(ry) = ﬁq is the conjugate poten-

Zr%r
tial. The Hawking temperature is computed as usual by
removing the conical singularity in the Euclidean section,

T—pi=Lpry——"20 (s
frg = — r = .
477 VT 228 (P )

Before comparing the ADM and quasilocal masses, let us
first proceed further with computing the entropy directly
from the regularized action

£ oIt 1, 5
S:—I —|—ﬂ ﬁ :Eﬂ' r+(r+—|—3a), (52)
[}

which follows from statistical mechanics, after using the
semiclassical approximation InZ ~ e~!", where Z is the
partition function. The entropy receives a contribution from
the GB sector and can be also computed by Wald
formalism [13,57].

Before fixing j, let us first verify the quantum-statistical
relation. There is some hope that we can eliminate the
ambiguity related to j by using this relation, but since the 7,
component of the boundary stress tensor has a similar
contribution, both contributions cancel each other in the
quantum statistical relation. Concretely, we obtain’

3 1
QEE—TS—d)Q:gﬂ,u—i-Eﬂ(j—l)a

1 ([t +3art +2¢° .
J— =pH" IE, 53
4ﬂ< ri+a b (53)

and so it is satisfied for any ;.

Therefore, the correct way to fix j is to compare the
quasilocal mass at spatial infinity with the ADM mass.
Once j is fixed for one specific solution, the counterterm
can be used to regularize the energy of all regular solutions
with the same boundary conditions. We emphasize that the
falloff of the GB term is very fast at the boundary, and that
is why the asymptotic flat boundary conditions are

"We have assumed the boundary condition 54 ulaaq = 0 for the
gauge potential that fixes @ (the grand canonical ensemble).
Similarly, F=E-TS = ap+ia(j—Da—3a*r (3 +3a) =
p~'TE for the canonical ensemble.

permitted. For completeness, in Appendix C, we provide
the basic details for computing the ADM mass that matches
the holographic mass only for j = 1.

We would also like to emphasize that in the limit
r, — o0, the trace of the boundary stress tensor vanishes,

3u
1 67[}’2

Ta,h® = + O(r3?), (54)

and it is covariantly conserved, T“b;b = 0, which is com-
patible with our solution with no matter or conical defects
at spatial infinity [58].

It is also straightforward to verify the first law of black
hole thermodynamics,

dE = TdS + ®dQ. (55)
The Smarr formula is
2E = 3TS + 200 + 2Ba, (56)

where the last term is, in principle, consistent with an
extension of the first law, dE = TdS + ®dQ + Bda,

oE 3 /1 3r2-2
b= (5) —-3a(5+ 5 TE).
Jga)s o 8 \2 ri+a

when the parameter a can vary, which is not our study case.

B. Equation of state: Q — ®

In this section, we obtain the equation of state and study
in detail the regions where the system achieves local
stability.

The equation of state ® = ®(Q,T) can be implicitly
written as

1 (0D\: 3 —40?
T‘éQ:)E@:E' (58)

In the limit a = 0, the equation of state reduces to the one
of charged black hole in general relativity. For this case, it is
well known that there are no locally stable configurations as
Cy and e cannot be simultaneously positive.

For the family a > 0, the isotherms 7" # 0 in the Q — ®
plane are characterized by being “closed,” i.e., starting and
ending at Q = ® = 0, as shown in the first plot of Fig. 5.
This indicates that there is one curve, say @5 = ®y(Q),
along which e; = 0, and another curve, say ®,, = ®,(Q),
along which e diverges or, alternatively, e}l = 0. From the
expression of the isothermal permittivity,

_ 0(127a®* + 200 + 37a® — 3Q) (59)
r= (402 = 3)(Q — 7a®)® ’
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FIG. 5.

it follows that the @, = ®y(Q) is given implicitly by the
cubic equation

127a®(Q) + 200D} (Q) + 3mady(Q) —30 =0,  (60)
whereas
_Q
()= . (61)

Because ¢ changes twice its sign along a given isotherm
T # 0, we can distinguish three regions. Regions A and C
contain electrically stable configurations (¢7 > 0), and
region B contains electrically unstable ones. While region
B and C mimic the behavior for charged black holes in
Einstein-Maxwell gravity, the presence of the GB invariant,
moduled by the constant a, is responsible for new stable
configurations within region A, which consists of small
black holes characterized by © > % which is equivalent
to r2 < a.

Moreover, for a > 0, there exists a maximum allowed
temperature that depends only on a. By looking at the first
plot in Fig. 5, we can observe that, as temperature
approaches to its maximum, 7, the corresponding
isotherm shrinks to eventually disappears. It can be shown
but also follows from visual inspection that in the limit
T > Thaxs © = Q/(za). In other words, the isotherms

Region C

Equation of state ® — Q, for fixed 7. Left-hand side: @ = 1. Right-hand side: a = —1.

tend to align with the dotted curve in Fig. 5. Replacing
® = Q/(na) in the equation of state and then taking the
limit Q — 0 leads to

1
dr\/a

On the other hand, for @ < 0, there is one special curve in
the Q —® phase space, namely, ®, = ®y(Q), where
er = 0. This situation is depicted in the second plot of
Fig. 5. As shown next, for the @ < 0 case, the region with
er > 0 is thermally unstable, C, < 0.

(62)

Tmax =

C. Phase diagram and local stability

1. Canonical ensemble: Q fixed

Let us focus on the case @ > 0. From the equation of
state, we have that, for a given Q within the region A, the
electrically stable configuration is the one that has the
largest value of ®. We now explicitly show that configu-
rations within region A are also thermally stable. The heat
capacity in this case is

(as) 3vr0®(Q + na®)?(3 — 4@?)

Co=T|—=| =5 3 2 .

or ), 20*(12za®’ +20Q0®° + 3za® —3Q)
(63)

0.159

S

T T 1
60 80 100 120 140

T T T T T T 1
0 20 40 60 80 100 120 140

20 0 Fp 0000512 ——0-24——0-36—— 048 — 06

——0=0——0=24—— Q=48 ——0=72——0=96——0=12

FIG. 6. T — S for fixed Q. Left-hand side: @ = 1. Right-hand side: a = —1.

024045-10



EXISTENCE OF THERMODYNAMICALLY STABLE ...

PHYS. REV. D 110, 024045 (2024)

It is easy to translate the curves that divide region A, B, and
C, given by (60) and (61), into the diagrams T — S, as
shown in the first plot in Fig. 6. As commented earlier,
region A contains small black holes, r%r < a, which is
S < 27%a. These configurations are thermally stable as
Cp > 0 and thus are locally thermodynamically stable.

2. Grand canonical ensemble: ® fixed

The thermodynamic stability in the grand canonical
ensemble can be investigated in the same way, though the
analysis is simpler. The heat capacity for this ensemble is

_ 3V70(Q + ra®)
® 20 (a® - Q)

(64)

Consider the case of interest, @ > 0. Since region A is
characterized by ® > Q/(ra), it immediately follows that
Co > 0 within this region.

Thus, we conclude that region A contains fully thermo-
dynamically stable configuration both in the canonical and
grand canonical ensembles.

IV. DISCUSSION

In this paper, we provide examples of thermodynami-
cally stable asymptotically flat black holes. We have shown
that effective theories with the dilaton and its self-
interaction, as well as gravity with GB corrections, can
allow for thermodynamic stability regions in the phase
diagram of charged static black holes.

The conserved charges of asymptotically flat black
holes are usually computed by using Hamiltonian methods
[48-51]. However, supplemented with counterterms, the
quasilocal formalism of Brown and York [12] becomes a
powerful framework for computing conserved quantities in
general relativity. The basic idea in [12] is to define a
“quasilocal” energy inside a given finite region that can be
directly derived from the gravitational action for that
specific spatially bounded region. The quasilocal energy
is the value of Hamiltonian that generates unit magnitude
proper-time translations in a timelike direction orthogonal
to spacelike hypersurfaces at some fixed spatial boundary,
and so it agrees with the ADM energy in the limit when the
spatial boundary is pushed to infinity. We emphasize,
though, that while within the ADM formalism the foliation
is made by hypersurfaces that are Cauchy surfaces such that
the data on a slice determine completely the future
evolution of the system, that is not necessary the case
for the quasilocal formalism. One important result of our
work was to obtain a consistent counterterm for GB gravity
in flat spacetime. While the variational principle is at the
basis of this construction, a relevant subtlety we had to deal
with was the existence of a finite contribution coming from
the counterterm that is related to the ambiguity in defining
its overall factor. To fix this ambiguity and construct the

general counterterm that regularizes the action, we had to
rely on the Hamiltonian formalism. Once the quasilocal
formalism is consistently supplemented with counterterms,
it can be also used for theories with higher derivative
corrections. We emphasize that, unlike in the case of Wald
formalism, we do not need to use the first law a priori, and
so the quasilocal formalism is self-consistent providing all
information about the thermodynamic behavior of the
gravitational system.

The existence of asymptotically flat hairy black holes in
theories with a scalar field potential was proposed in [59].
We made this proposal concrete by analyzing exact
solutions when the dilaton together with its potential are
present in the theory. Since in flat spacetime, the effective
potential (obtained from the self-interaction of dilaton
together with the non-trvial coupling to the gauge field)
plays the role of the local “box,” one can expect that there can
exist thermodynamically stable black holes in such theories.
This is indeed true for four-dimensional supergravity theory
with FI terms for which, interestingly, there exist exact hairy
solutions. Unlike the black holes in AdS spacetime, the small
black holes (the parameter T coming from the FI sector
provide a scale in the theory) are stable. This can be
understood as follows: When the horizon radius is large,
the dilaton potential gets weaker (it vanishes at the boun-
dary), and so the large black holes are not stable, while for
small ones, the self-interaction becomes relevant acting like a
box allowing configurations in stable thermal equilibrium.
There exists a family of solutions that contains two distinct
branches, but only one branch contains thermodynamically
stable hairy black holes (see the first plotin Fig. 2 and the first
plot in Fig. 3, where the stable black holes reside within
region A, for the positive branch). The range for which these
black holes exist is close to the extremality.

Surprisingly, the charged black holes in a gravity theory
with GB corrections have a similar thermodynamic behav-
ior. As discussed in Sec. III, there is again a family of
asymptotically flat black holes with two different branches,
but only one branch contains thermodynamically stable
black holes. In this case, it seems that the GB term in the
action behaves as an “effective potential.” This can be
explicitly checked by comparing the behavior in the
asymptotic region of the V(¢) vs GB term:

T T
V(p) = 3—0¢5 +——¢"+ O(¢°)

630
- 3071Tsr5 B 56(3)77T7r7 +O0) (69)
and
Rep =R?—4R,,R* + R, ,, R
L R )
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FIG. 7. Left-hand side: F — Q for fixed T for @ = 1. Right-hand side: F — T for fixed Q for a = 1.

We observe the rapid falloff that explains, in both cases, the
existence of asymptotically flat solutions. However, in both
cases, the backreaction deep in the bulk becomes relevant.

For GB theory, the small black holes in the range close to
the extremality are again thermodynamically stable.
However, there is now an extra constraint, namely the
existence of a critical charge: Only those with Q < % V3na
or, equivalently, S < 27°a’/? are thermodynamically sta-
ble. This can be also understood from the first plot in
Figs. 5 and 6, where we see that one zone that contains the
near-extremal black holes (those close to the horizontal
dotted curve) is within Region A (stable), but the other is in
Region B (unstable).

To summarize this striking analogy, let us concretely
emphasize which branches are relevant for the existence of
thermodynamically stable black hole configurations. For
the Einstein-Maxwell-scalar theory, stability criteria are
met when the scalar field potential has positive concavity
and is bounded from below. This occurs for one of two
families, namely the Y > 0 one, where T is the (global)
parameter that controls the strength of the self-interaction.
Within this family, only the branch for which the scalar
field is positively defined and satisfies some particular
boundary condition contains thermodynamically stable
black hole solutions. For charged black holes in the GB
theory, stability criteria are met when the metric is
asymptotically flat. This occurs for one of the two families,
namely the one defined by € = —1, where ¢ = %1 defines
the asymptotic structure of the metric, and, within this
family, for one of the two branches, namely the one where
a > 0, where a controls the strength of the GB correction in
the action.

To complement the thermodynamic analysis in the bulk
of the paper that was based on the equation of state, we now
briefly present an analysis of the thermodynamic potential.
We start with the GB case and focus on the case of interest,
namely a > 0. The relevant information obtained from the
equation of state can also be read off from the F — Q
diagram when T is fixed, depicted in the first plot of Fig. 7.
The locally thermodynamically stable black holes are the

ones in region A, i.e., those with the biggest value of ®, for
a given Q <1v/3ra. Since ® = (0F/0Q), the stable
configurations in F — Q diagram correspond to the lowest
part of each isotherm, having the biggest slope. Also from
Fig. 7, it follows that these configurations minimize the
thermodynamic potential. From this observation, we con-
clude that locally stable black holes are also globally stable.
We shall investigate the global stability using the F — T
diagram, depicted in the second plot of Fig. 7. Since
Co = —T(0*F/0T?),,, it follows that locally stable con-
figurations are those satisfying (0°F/0T?), < 0, which
also corresponds to the lower part of the curve, containing
again configurations minimizing F.

The thermodynamic potential for the hairy black hole
solution is depicted in Fig. 8§ where we consider the positive
branch. However, the thermodynamically stable configu-
rations are present only in the positive branch, correspond-
ing to the first plot in Fig. 8. Since Cy = —T(0*F /dT?),,,
we observe that the locally stable configurations Cy > 0
are those with negative concavity, which correspond to the
configurations that minimizes . Therefore, in a similar
manner as we did in the GB case, we obtain that these
solutions are also globally stable.

0.87
0.74
0.6
0.54

F 0.4

0.34

0.24

0.14

0

0 0?1 0?2 Oj3 O.‘4
T
[—0=01—0=02—0=03—0=04——0=05——0=06]

FIG. 8.
solutions.

F —T for fixed Q, in the positive branch of the hairy
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0.01 4

r+
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FIG. 9. Horizon temperature vs r, for both scenarios, the hairy black hole (the plot at the left) and for the Gauss-Bonnet black hole

(the plot at the right).

For completeness, we present the plots of 7' vs r, for both
cases corresponding to the hairy and GB black hole solutions.

For the hairy case, we consider r, = /Q(x ) that plays the
role of the canonical radial coordinate of the horizon (for the
positive branch, 1 < x, < o0). This is depicted in Fig. 9,
where we observe again a clear similarity: In the presence of
electric charge, there exists a maximum value of the temper-
ature and two branches, of which the branch of small black
holes contains the stable ones.

Since there is no solution of flat spacetime with constant
charge, and unlike AdS spacetime where hairy charged
solitons were explicitly constructed in some specific cases
[34-36], making sense of the ground state in this case is not
obvious. However, as in [45], one can consider the extremal
black hole (otherwise the spacetime can collapse in a naked
singularity) as the state with respect to which we compute the
energy. Therefore, to complete the analysis, let us consider
the extremal limit that is relevant for the existence of the
canonical ensemble. One can use the entropy function
formalism [60—62] to obtain the near horizon geometry of
black hole solutions in theories that are diffeomorphism and
gauge invariant. This method is based on the existence of an

0.3

024

0, Q)

0.1 4

S(T=

enhanced AdS, in the near horizon geometry that also plays
an important role for understanding the entropy of spinning
[62] astrophysical black holes [63]. For asymptotically flat
hairy black holes in a theory with a dilaton potential, this
analysis was done in [6] (see also [64] for a related discussion
in a different context), and for GB charged hairy black holes,
the details can be found in [54], and so we do not repeat them
here. We would only like to emphasize that, for the extremal
black holes we have considered in our work, the entropy does
not vanish, and so these are regular solutions of the equations
of motion. In the GB case, the results can be obtained
analytically, as follows: Consider 7 =0 limit, namely
r2 =g, as follows from (51). By replacing this value in
the horizon equation, f(r, ) = 0 or, equivalently, in (31), we
get the following relation between the conserved charges for
the extremal black hole:

1
E=—

T (3za + 8v30Q),

(67)

and the entropy becomes

0.6 0.8 1

0

FIG. 10. Entropy of extremal black hole for the hairy black holes in the positive branch. T = 1.
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- (22’; Q;: <37m + f/%) : (68)

In the hairy case, we can show, through numerical
computations, that the entropy of extremal black holes is
also positive, with its values depending of the electric
charge. It turns out that, for increasing values of Q, the
entropy of extremal hairy black hole rapidly approaches to
zero, as depicted in Fig. 10. This can be also seen from the
first plot of Fig. 3, though, from that plot and for curves
with large values of Q, it is not as easy to discern that
S(T=0) > 0.

While the theories are completely different, we would like
to point out that, generally, theories with higher derivatives
f(R) are equivalent with theories with a scalar field and its
self-interaction [65,66]. However, this consideration cannot
be applied for our work because one theory is four-
dimensional, while the other is five-dimensional. The GB
term is trivial in four dimensions, but once it is coupled with
the scalar field, it contributes to the equations of motion, and
so we expect that the hairy black holes receive corrections.
Since we were not able to generate exact solutions, we leave
the detailed analysis of this specific case for a future work.
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APPENDIX A: LOCAL STABILITY CONDITIONS

The local stability of equilibrium configurations follows
from demanding that heat capacity C, = T(dS/dT), and
isothermal permittivity ¢ = (0Q/0®), to be simultane-
ously positive defined. The proof follows from considering
that at stable equilibrium, the entropy has a maximum value
with respect to the entropy of the system when considering
the fluctuations. We can use the argument (see, for instance,
[67]) that, if S(E, Q) represents the entropy before some
fluctuations in E and Q, given by E and 6Q, respectively,
then, for the configuration S(E, Q) to be stable, the average
entropy 3 [S(E + 6E, Q + 6Q) + S(E — §E, Q — 5Q)] after
the perturbation cannot be greater than the initial one. The
same argument is valid in terms of the energy: For a given
state E = E(S, Q) to be locally stable, the average energy
after the perturbation cannot be lower than the initial one.

7’]2dx2

X f(x)

ds> = Q(x)|—f(x)dt* +

e+ sinzedqbﬂ, A = [cp _ M] 5
X

This gives rise to three mathematical conditions for local
stability, namely

’E ’E 0 0E\ 12 ~ o

0SZQ0Q2S 95/ o \90/ s ’

0*E *E

957/ o 007 )¢

Consider the canonical ensemble, for which the thermo-
dynamic potential is F = E—TS. For infinitesimal
changes in its thermodynamics, we can describe the system
by dF (T, Q) = —SdT + ®dQ, and it can be shown, using
the standard thermodynamic relations, that the conditions

(A1) can be written in terms of F and, indeed, can be
reduced to only two independent requirements:

as o*F
=T|—) =-T(— A2
Co (0T> 0 (aT2>Q >0, (A2)

2\ —1
7= (), = (Ge2), >

o) \00*);
where we have used § = —(0F/dT), and @ = (0F /9Q);.
In the grand canonical ensemble, it can be shown that
stability also follows from analyzing the concavity of the
thermodynamic potential G. In this case,G = E — TS — ®Q,

the first law takes the form dG(T, ®) = —SdT — Qd®, and
the relevant response function for local stability in this case is

2
Co=7(2 :—Ta—% >0,
o) or? ) &

where S = —(0G/0T) .

(A1)

(A3)

(A4)

APPENDIX B: DILATON COUNTERTERMS
IN ADS VS FLAT SPACETIME

Let us consider the Einstein’s equation derived from
Einstein-Maxwell-scalar gravity (1), but now with the
general potential (see, e.g., [68] where the extremal limit
was also discussed)

Vig) = % (2 + cosh ) + 2Y(2¢) + ¢ cosh ¢p — 3 sinh ),
(BI)

which contains the cosmological constant A. We now
consider the asymptotically AdS solution, for which the
limit A — 0 leads to the asymptotically flat solution,

u 0> (B2)
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where

X

oW -t =SS

1nx> [1 _2x= 1)q2]‘ (B3)

By taking the trace of the Einstein’s equation, we can use the relation R = %(045)2 + 2V to simplify the bulk part of the
action that yields

1 1 1
Ty = —/ d“x\/ —g|R—5(0p)> — e’ F> = V(¢)| = —/ d4x\/ —g[V(¢) — e?F?]. (B4)
2K Jm 2 2K Jm
The on-shell Euclidean action is
2Q(x)  (xf(x)Q'(x))’
Iy = ﬁ/ { . (B5)
n
Together, the bulk part and Gibbons-Hawking boundary term add up to
pl(12°q* = T)(x; — 1) —6n*(xy —3)]  B(6n° — A) BA pA
T+ T = 2 (r, 1 e ) =17 Ty (B
m(xy — 1) i (xp = 1) 2 (e = 1)% 377 (x, — 1)

where x;, — 1 is the boundary location. We note that there are three divergent terms proportional with A that are not going to
survive for the asymptotically flat solution when the cosmological constant vanishes. The gravitational counterterm
required to remove the divergences is specific to the flat and AdS spacetimes. For asymptotically flat spacetime, the
gravitational counterterm is

1 122> — 612 = Y
Iy =< / d3x\/|h_|\/27€(3>:n(xﬁ _P2rq” = =) | oy, (B7)
oM b

-1) 123

It is clear that the counterterm for asymptotically flat spacetime perfectly cancels the only divergence coming from
Ivux + Igy when A = 0. The total action for flat spacetime satisfies the quantum-statistical relation f~'1* = E — TS — ®Q,
as shown in Sec. I

Now, the gravitational counterterm for asymptotically AdS spacetime is

1 2 7
E z 3 N » 1)
5 ) = KAde\/ﬁLﬂ—i—zR } (BS)
BN+ 4T + 240> —48°q>) (8> — A) SA SA
- 3 3 T 5,3 2733 30 (B9)
481 8 (xp = 1) 2 (xp, — 1) 3n’(x,— 1)
where A = —3/#7. For the AdS case, the divergence coming from I, + Iy are not completely canceled by (B9), and one

of the terms o (x;, — 1)~! survives. Concretely,

B2 (x4 1) + (A 427 = 245%¢%) (x ;. — 1)] L PA
483 (x,. — 1) 24 (xp = 1)

Igulk + 1§ GH + Ict (Ads) — (BlO)

and the remaining divergent term is canceled by the contribution from the scalar field counterterm [69,70] (consistent with
the Hamiltonian formalism [71,72])

| e ¢ W) _ A PA
Ig % AM S/ [25 " dﬁ} 24P (xp = 1) 48 (BL1)

where ¢p(r) = A/r+B/r* + -, r = \/Q(x), and B = dW(A)/dB (in this case, B = 0 and W = 0). The total action also

satisfies the quantum-statistical relation, f~'1* = E — TS — ®Q, where I* = I{; + gy + 1], (\4) + I}
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APPENDIX C: ADM MASS IN D =5 DIMENSIONS

Let us employ the ADM formalism, which is as follows:
First, consider a generic equation of motion for GB gravity

1 1
Rﬂl/ - ERg’MD -+ ZaHm, = K'le,

(C1)
where T, is a generic energy-momentum tensor. It is
convenient to rewrite it as

1

1 _
R, + Za<H’”“ - —Hgm,> =«T,, (C2)

3
where H = ¢**H,, and T, =T,, —1Tg,, T = ¢*T,,.
Now, we expand the left-hand side for a small perturbation,
9w = Y + N> where |h, | < 1is the perturbation around
a background spacetime, §,,. The left-hand side of (C2)
expands as —%Dhﬂ,, + O(h?*) when the harmonic gauge
condition is considered,

v, <h"” - % f;ﬂvh) =0, (C3)

where h = §#*h,,. Since |h,,| < 1, we consider the non-

relativistic limit, under which Uh,, ~ V2h s T~ =To. In
this limit, we have the Poisson equation
V2h,, = 2T, (C4)
The solution to (C4) can be expressed as
-k [T,O"dYy
h,(x') =~ [ o (O8]
;w(x ) A / |x _ y|2 ( )

where A = [7sin’0d0 [T sinpdp [3* dy = 277 is the area
of the unit three-sphere. We obtain

) Kk [ - . 1
R O N D

Notice that

/sz (%)deﬁV(%)dS:—%jédS:—zA, ()

where fs dS = Ar’ is the area of the three-sphere of
radius r. Therefore,

vi <ﬁ) ==2A8"(x—y) = Vih,, (x')

- —21</ T,,(y")8*(x—y)dy ==2«T,, (x'),
(C8)

which is consistent with (C5).

Now, to get the ADM mass, M zpy;, one must identify
Mapm = f Tood*x. By expanding hgy, from (C5) for the
asymptotic region, |x| > |y|, we obtain

hoo(x') = % {% / Tood'y + O(r“‘)] , (C9)

- {lz / (TOO—%900T> d4y+<9(r—4>], (c10)

K| 2
:Z [?/T00d4y+o(r_4):|, (Cll)
o ZKMADM 4
= o). (C12)

Therefore, the ADM mass can be directly read by obtaining
hoo from expanding g,

3
M apm = g”rzhom

(C13)
where we have replaced x = 87 and A = 2. For the GB
metric (30), we asymptotically expand g, to read hy
around the flat spacetime,
_ H —4
goo——l‘l'p‘l'o(r ),

Y24
hoo - p, (C14)

Therefore, only for j = 1, we consistently obtain

3
M apm = EQuasi = g”ﬂv (C15)
and so (34) with j =1 is the correct counterterm that is
going to regularize the Euclidean action for any solution
with the same boundary conditions.
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