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In the curved spacetime background, the trajectory of a spinning test particlewill deviate from the geodesic.
Using the effective potential method, we study themotion of a spinning test particle on the equatorial plane of a
polymer black hole in loop quantum gravity described by the Mathisson-Papapetrou-Dixon equations with
minimal spin-gravity interaction.We find that for the boundedorbits in the radial direction, the particle’smotion
is timelike when its spin is small. The radial range of the orbit and its eccentricity decrease with the loop
quantum gravity parameter. However, when the particle takes a large enough spin, we observe an interesting
phenomenon that the timelike and spacelike motions alternately appear while are separated by a critical radius.
Outside the critical radius, the motion is timelike; however inside it is spacelike, and on the radius rc it is null.
This property shares similarities with the event horizon radius. However, unlike the event horizon radius, the
value of rc is related to both the particle’s motion and the black hole parameters. To explore more observable
effects of the loop quantum gravity parameter on the motion of the spinning particle, we focus our attention on
the circular orbits, particularly the innermost stable circular orbits, near the black hole. The result shows that
for the same spin, there are two different innermost stable circular orbits, one with a larger radius and the other
with a smaller radius. Both the radii decrease as the loop quantum gravity parameter increases. More
significantly,with the increase of the spin of the particle, the small innermost stable circular orbit transition from
timelike to spacelike, while the one with large radius does not. Instead, it terminates at a certain value of spin.
Furthermore,we identify the existence of aminimal spinvalue, belowwhich the innermost stable circular orbits
maintain a timelike motion irrespective of the loop quantum gravity parameter. All the results present the
significant influences of the loop quantum gravity parameter on the motion of the spinning particles.
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I. INTRODUCTION

General relativity (GR) serves as a robust theoretical
framework in astrophysics and cosmology, describing how
matter impacts the structure of space and time, ultimately
generating gravity. However, examinations of Einstein’s
field equations within GR have revealed the existence of
singularities [1,2], indicating that GR ceases to be appli-
cable once spacetime curvature reaches the Planck scale.
As an important conclusion of GR, black holes contain
singularities and can produce many important and interest-
ing phenomena, such as gravitational waves [3], gravita-
tional lenses [4], and accretion disks [5].
In order to overcome the singularity problem, various

quantum gravity theories have been proposed, among

which the most famous ones are loop quantum gravity
(LQG) [6–9], string theory [10,11], and noncommutative
geometry [12,13]. As a nonperturbative theory of quantum
gravity, LQG has been extensively studied. In recent years,
the polymer black hole, a quantum extension of the
Schwarzschild black hole in the context of LQG, has been
proposed [14–16], in which the loop quantum effect is
controlled by an uncertain parameter Aλ. The singularity of
this black hole is replaced by a spacelike transition surface,
which smoothly connects an asymptotically Schwarzschild
black hole to a white hole with mass MB and MW ,
respectively. Employing with this polymer black hole in
LQG, many issues, including the construction of rotating
black holes [17] and the formation of periodic orbits of test
particles around this black hole [18], have been explored.
The motion of test particles around black holes can

provide valuable information about the properties of these
astrophysical objects. The parameters of the black hole
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affect the trajectory of the test particles, which can lead to
some observational effects. For example, the motion
of circular or periodic orbits can result distinct feature
in the gravitational waves produced by corresponding
extreme-mass-ratio inspiral systems. The spinless particle
within a polymer black hole in LQG has been extensively
investigated due to the property that they move along the
geodesics [18].
However, for a spinning test particle, due to the spin-

curvature force, its trajectory is nongeodesic [19,20].
By considering the polar-dipole approximation, the trajec-
tory of a spinning particle in curved spacetime can be
described by the well-known Mathisson-Papapetrou-Dixon
(MPD) equations [21–26]. Due to the existence of the spin-
curvature force, the four-momentum of the spinning par-
ticle is not parallel to its four-velocity [25,27,28], where the
four-momentum remains timelike along the trajectory, but
the four-velocity may become superluminal [25,27,28].
Some studies have showed that this superluminal behavior
can be avoided if one takes into account nonminimal
spin-gravitational interactions [29–32]. The properties of
a spinning test particle have also been studied in various
black hole backgrounds [33–55]. Motivated by these
results, in this paper, we focus on exploring the properties
of the trajectories of a spin test particle in the context of a
polymer black hole in LQG, especially for the innermost
stable circular orbit (ISCO), which plays an important role
in accretion disk theory [5].
The organization of this article is as follows. In Sec. II,

we briefly review the polymer black hole solution in LQG.
In Sec. III, we obtain the four-momentum and four-
velocity of the spinning test particle by using the MPD
equations. In Sec. IV, we employ the effective potential
approach to investigate the orbits of the spinning test
particle in detail. Finally, Sec. V provides a brief summary
and conclusion of our results. Through the paper, we use a
geometrized unit system with G ¼ c ¼ 1, and adopt the
metric convention ð−;þ;þ;þÞ.

II. POLYMER BLACK HOLE IN LOOP
QUANTUM GRAVITY

In this section, let us briefly review the polymer black
hole. By solving the effective equations of LQG, the metric
of this black hole can be written as [15–18]

ds2 ¼ −8AλM2
BAðrÞdt2 þ dr2

8AλM2
BAðrÞ þ BðrÞdΩ2; ð1Þ

which is a quantum extension of the Schwarzschild metric
in LQG. The metric functions are defined in terms of radial
variable as

AðrÞ ¼ 1

BðrÞ
�
1þ r2

8AλM2
B

��
1 −

2MBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8AλM2

B þ r2
p

�
; ð2Þ

BðrÞ ¼ 512A3
λM

4
BM

2
W þ ðrþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8AλM2

B þ r2
p

Þ6
8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8AλM2

B þ r2
p

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8AλM2

B þ r2
p

þ r2Þ3 ; ð3Þ

where MB and MW are two Dirac observables in the
model. The dimensionless parameter Aλ is defined as
Aλ ≡ ðλk=ðMBMWÞÞ2=3=2, where the quantum parameter
λk is related to holonomy modifications in LQG [15,16].
The most important feature of this black hole is that the

singularity of this black hole is replaced by a spacelike
transition surface, which smoothly connects an asymptoti-
cally Schwarzschild black hole to a white hole with mass
MB and MW , respectively, when the areal radius BðrÞ
reaches a minimum value, which means the radius coor-
dinate r ¼ 0 [15–17]. This is similar to the quantum bounce
in loop quantum cosmology (LQC). In this paper, we only
focus on the case of the symmetric bounce in which
MB ¼ MW ¼ M. Then the metric functions AðrÞ and
BðrÞ can be rewritten in the form of

AðrÞ ¼ 1

BðrÞ
�
1þ r2

8AλM2

� 
1 −

2Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8AλM2 þ r2

p
!
; ð4Þ

BðrÞ ¼ 2AλM2 þ r2: ð5Þ

By introducing the metric function ÃðrÞ ¼ 8AλM2AðrÞ
[15–18], the line element will be

ds2 ¼ −ÃðrÞdt2 þ dr2

ÃðrÞ þ BðrÞðdθ2 þ sin2θdϕ2Þ: ð6Þ

The event horizon can be obtained by solving ÃðrÞ ¼ 0,

rh ¼ 2M
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2Aλ

p
: ð7Þ

Obviously, the horizon does not exist if Aλ > 1=2.
When Aλ ¼ 0, the above metric exactly reduces to the
Schwarzschild spacetime.

III. MPD EQUATION SOLUTIONS

It is well known that, for a spinning test particle, its
motion does not follow geodesics. However, under the
polar-dipolar approximation, it can be described by the
MPD equations [21–26],

DPμ

Dλ
¼ −

1

2
Rμ
ναβu

νSαβ; ð8Þ

DSμν

Dλ
¼ Pμuν − Pνuμ; ð9Þ

whereRμ
ναβ is the Riemann tensor, Sμν, Pμ, and uμ ¼ dxμ=dλ

are the spin tensor, four-momentum, and four-velocity of the
particle, respectively, and λ is an arbitrary affine parameter.
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Note that in Eqs. (8) and (9), there are 13 variables in
total for Sμν, Pμ and uμ. The remaining undetermined
degrees of freedom are related to the center of mass
of a spinning particle, which is observer-dependent in
relativity [56]. Therefore, we must add a condition called
the “spin supplementary condition” [21,24,57–60] to
determine the entire system. In our study, we adopt the
Tulczyjew spin-supplementary condition [57],

PμSμν ¼ 0: ð10Þ

By making use of Eqs. (8), (9), and (10), one can determine
the mass m and spin s of the particle,

m2 ¼ −PμPμ; ð11Þ

s2 ¼ 1

2
SμνSμν: ð12Þ

Now let us consider the motion of a spinning test particle on
the equatorial plane and consider the case where the spin
vector is perpendicular to the equatorial plane, i.e., Pθ ¼ 0
and Sμν ¼ 0. Further using the spin-supplementary con-
dition, we obtain the nonzero components,

Str ¼ −
sPϕ

m

ffiffiffiffiffiffiffiffiffiffi
−
gθθ
g

r
¼ −Srt; ð13Þ

Stϕ ¼ sPr

m

ffiffiffiffiffiffiffiffiffiffi
−
gθθ
g

r
¼ −Sϕt; ð14Þ

Srϕ ¼ −
sPt

m

ffiffiffiffiffiffiffiffiffiffi
−
gθθ
g

r
¼ −Sϕr; ð15Þ

of the spin tensor, where g is the determinant of the metric.
Furthermore, it was found that there are two Killing

vectors, ξμ ¼ ð∂tÞμ and ημ ¼ ð∂ϕÞμ, in the context of this
black hole, allowing us to construct two constants, namely the
energy and total angular momentum of the particle [26,48],

e¼−ξμPμþ
1

2
Sμνξμ;ν¼−Ptþ

s
ffiffiffiffiffiffi
gθθ

p
2
ffiffiffiffiffiffi−gp
�
−gtt;r

Pϕ

m

�
; ð16Þ

j ¼ ημPμ −
1

2
Sμνημ;ν ¼ Pϕ þ

s
ffiffiffiffiffiffi
gθθ

p
2
ffiffiffiffiffiffi−gp
�
−gϕϕ;r

Pt

m

�
; ð17Þ

whereEqs. (13)–(15) are used in the second step.Thenonzero
components of the momentum can be calculated as

Pt ¼ −
2mγð2γēþM2s̄ j̄ ∂rgttÞ
4γ2 þM2s̄2∂rgtt∂rgϕϕ

; ð18Þ

Pϕ ¼ 2mγMð2γj̄ − ē s̄ ∂rg33Þ
4γ2 þM2s̄2∂rgtt∂rgϕϕ

; ð19Þ

ðPrÞ2 ¼ −
m2 þ gttðPtÞ2 þ gϕϕðPϕÞ2

grr
; ð20Þ

where γ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi−gttgrrgϕϕ
p . The quantities ē¼e=m, j̄ ¼ j=mM,

and s̄ ¼ s=mM are dimensionless energy, orbital angular
momentum, and spin angular momentum, respectively.
From Eq. (9), we have

DStr

Dλ
¼ Ptur − Prut; ð21Þ

DStϕ

Dλ
¼ Ptuϕ − Pϕut: ð22Þ

Since the choice of affine parameter does not change the
motion of the particle, we choose λ ¼ t for simplicity,
which gives ut ¼ 1, and thus we have ur ¼ ṙ and uϕ ¼ ϕ̇.
Then substituting Eqs. (14) and (15) into (21) and (22),
we obtain

Ptur − Pr ¼ Ms̄
2γ

gϕνRν
αβηu

αSβη; ð23Þ

Ptuϕ − Pϕ ¼ −
Ms̄
2γ

grνRν
αβηu

αSβη: ð24Þ

Note that the corresponding equations (23) and (24) given
in Refs. [38,53,54] are corrected. As a result, the expression
for radial and tangential velocities are given by

ṙ ¼
Pr þ Ms̄

2γ RϕtαβSαβ

Pt − Ms̄
2γ RϕrαβSαβ

; ð25Þ

ϕ̇ ¼
Pϕ − Ms̄

2γ RrtαβSαβ

Pt þ Ms̄
2γ RrϕαβSαβ

: ð26Þ

Nevertheless, despite the difference in the form of veloc-
ities, the conclusion for circular orbits remains valid given
in Refs. [38,53,54], for the reason that uϕ returns to
Eq. (26) when ur vanishes. On the other hand, due to
the existence of spin-curvature forces, the velocity and
momentum are not parallel. The momentum always follows
the trajectory in a timelike manner, but the velocity
may exceed the speed of light. In order to deal with this
issue, a superluminal constraint must be imposed on the
velocity [38], i.e.,

uμuμ ¼ gtt þ grrðurÞ2 þ gϕϕðuϕÞ2 < 0: ð27Þ

The appearance of the superluminal problem is due to the
fact that the MPD equation is constructed under the polar-
dipole approximation. If one considers the non-minimal
spin-gravitational interactions, the superluminal problem
will be avoided [29–32].
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It is worth noting that if we restore the values of G and c,
the spin s̄ ¼ sc=ðGMmÞ. Once the actual physical values
of the massM of the background black hole, the mass m of
the test particle, and its spin angular momentum s are
known, s̄ can be calculated accordingly. As an example,
let us assume a Kerr black hole (m ∼ 1032 kg) orbiting
around a supermassive black hole (M ∼ 1036 kg). In this
case, its spin angular momentum is easily obtained as
s ¼ aGm2=c ∼ 2 × 1047 akg · m2 · s−1, which allows us to
calculate s̄ ¼ am=M. Given the values of a as 1=2 and 1
(an extreme black hole), we can approximate obtain the
values of s̄ as 5 × 10−5 and 10−4. Such small values of s̄
imply that the spin-gravity force is negligible and the
trajectory of the test particle may always be timelike in this
extreme mass ratio systems.

IV. MOTION OF SPINNING TEST PARTICLES

In this section, by using the effective method, we would
like to study the circular orbit and the ISCO of the spinning
particles within the polymer black hole background
in LQG.

A. Effective potential and equatorial motion

The motion of particles in a central force field can be
explored using an effective potential. From the expression
of the radial velocity given in the previous section, it can be
seen that ur is parallel to Pr. Thus, we can construct the
effective potential with Pr instead of ur. The momentum
ðPrÞ2 can be decomposed as

ðPrÞ2
m2

¼ 1

D
ðAē2 þ Bēþ CÞ

¼ A
D

 
ē −

−Bþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 − 4AC

p

2A

!

×

 
ē −

−B −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 − 4AC

p

2A

!
; ð28Þ

where the functions A, B, C, and D are

A ¼ −16γ4gtt − 4γ2s̄2M2gϕϕð∂rgϕϕÞ2; ð29Þ

B ¼ 16γ3s̄ j̄ M2ðgϕϕ∂rgϕϕ − gtt∂rgttÞ; ð30Þ

C ¼ −16γ4j̄2M2gϕϕ − 4γ2s̄2j̄2M4gttð∂rgttÞ2
− ð4γ2 þ s̄2M2

∂rgtt∂rgϕϕÞ2; ð31Þ

D ¼ grrð4γ2 þ s̄2M2
∂rgtt∂rgϕϕÞ2: ð32Þ

Since the positive square root in Eq. (28) represents the
four-momentum pointing in the future direction, while
the negative square root represents the four-momentum

pointing in the past direction, we can choose the positive
square root expression as the effective potential,

Veff ¼
−Bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 − 4AC

p

2A
; ð33Þ

whose behavior is plotted in Fig. 1 by varying different
parameters.
As shown in Fig. 1, the effective potential has two

extrema, with the maximum corresponding to an unstable
circular orbit and the minimum corresponding to a stable
one. In Fig. 1(a), for the fixed LQG parameter Aλ and
orbital angular momentum l̄, the effective potential
increases with the spin angular momentum s̄, which means
that the trajectory of a spinning test particle is different
from that of a nonspin particle in the same black hole
background. In Fig. 1(b), for the fixed l̄ and s̄, the effective
potential increases with Aλ, and it will return back to that of
a spinning particle in Schwarzschild spacetime, when
Aλ ¼ 0. In Figs. 1(c) and 1(d), for the fixed Aλ and small
s̄, when l̄ is aligned with s̄, the effective potential increases
with l̄, while decreases with l̄ if l̄ is antialigned with s̄.
Moreover, it is evident that for the same spin, there are two
different sets of stable and unstable circular orbits. To
illustrate this point, we can calculate the radius of circular
orbits r and orbital angular momentum l̄ for different spins.
In Fig. 2, each spin value corresponds to two sets of

stable and unstable circular orbits on the left and right sides,
respectively. The inflection point of the right-hand curve

FIG. 1. Effective potential Veff of a spinning particle for different
parameters in the background of the polymer black holes.
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represents the ISCO with a smaller radius (ISCOS), while
that of the left-hand curve represents the innermost stable
circular orbit with a larger radius (ISCOL). In fact, for the
same spinning test particle, there is only one ISCO, but we
found that when the spin is large, the circular orbit
corresponding to the right inflection point (ISCO) may
be superluminal, while the left one does not. Therefore,
we define ISCOS and ISCOL separately to ensure that
the ISCO is always physical. Detailed analysis will be

presented in the next subsection. It is worth noting that
the description of “orbital angular momentum l̄ and spin s̄
being parallel or antiparallel” is not used here, instead the
terms “right-hand side” and “left-hand side” are used.
This is because when the spin is large enough, the values
of l̄ corresponding to the right-hand curve may become
less than zero; thus it cannot be well described by the
terms “parallel” or “antiparallel”. In addition, multiple
sets of stable and unstable circular orbits may appear for
larger spin.
To better study the circular orbit motion of spin particles

within this black hole background, let us first examine the
case of spin particles moving in a noncircular orbit on the
equatorial plane. As is well known, for a particle trapped in
a potential well, it will be bounded between two radii rp
(perihelion) and ra (aphelion) with ra > rb, as depicted in
Fig. 3, where we take the energy ē ¼ 0.9549. In Fig. 4, as
Aλ increases, the radial velocity of the spin test particle
decreases while the angular velocity increases, and the rp
of the particle orbit increases while the ra decreases, which
causes the orbit of the particle to change with Aλ; i.e., the
range of motion of the particle narrows as the LQG effect
increases. Figure 5 depicts the trend of orbit parameters

FIG. 2. The radius of the circular orbit as a function of the
orbital angular momentum. We take Aλ ¼ 0.1.

0.94

3, 1, 0.9549

0.9549 0.9549

0.960
0.956

14

0.954

3, 3, 1,1,

FIG. 3. (a)–(c) The behaviors of the effective potential Veff . The red dashed lines represent the energy ē ¼ 0.9549, and the particles
move between the two radii rp and ra at the intersection of the dashed line and the effective potential. (d)–(f) The corresponding
bounded trajectories.
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with Aλ, where the shape of the orbit can be characterized
by the eccentricity ϵ¼ðra−rpÞ=ðraþrpÞ, which decreases
slightly as the LQG effect increases.
The above characteristics are universal for both large and

small spins. In the case of small spin, the above types of
orbits are timelike, but in the case of large spin, if the
superluminal constraint is added, the particle’s orbit can
appear to be spacelike, as shown in Fig. 6. In Figs. 6(d)–6(f)
and 6(j)–6(l), the rainbow solid curves represent the time-
like trajectories, while the black curves represent the
spacelike trajectories. There is a critical radius rc between
them. When a particle is released outside rc, it can follow a
rainbow trajectory that is both timelike and physical. Once
crossing rc, it becomes a spacelike and nonphysical
trajectory. At exactly rc, its velocity is null. If the trajectory
is required to be physical, the particle can only move
outside the critical radius rc. As the particle approaches rc,
its velocity gradually approaches the speed of light. It is
worth noting that the critical radius mentioned here
is different from that mentioned in Ref. [61], which is
meaningless and will not occur during the motion of
particles. However, according to numerical calculations,
the critical radius here objectively exists. Interestingly,
when Aλ ¼ 0, i.e., in the Schwarzschild background, the
particle’s trajectory exhibits this behavior as well, leading

us to believe that this behavior also exists in other black
hole backgrounds.
For simplicity, we explain this phenomenon using the

example of a Schwarzschild black hole. In this context,
Eqs. (25) and (26) become

ṙ ¼ Pr

Pt ð34Þ

ϕ̇ ¼ Pϕðr3 þ 2M3s̄2Þ
Ptðr3 −M3s̄2Þ ; ð35Þ

which can be inserted into Eq. (27) to form

�
ds
dt

�
2

¼ gtt þ grrðṙÞ2 þ gϕϕðϕ̇Þ2

¼ gttðPtÞ2ðr3 −M3s̄2Þ2 þ grrðPrÞ2ðr3 −M3s̄2Þ2
ðPtÞ2ðr3 −M3s̄2Þ2

þ gϕϕðPϕÞ2ðr3 þ 2M3s̄2Þ2
ðPtÞ2ðr3 −M3s̄2Þ2 : ð36Þ

It is obvious that solving Eq. (36) does not always yield a
negative result. When we choose a suitable l̄ and ē, as well
as a relatively large s̄, we can change the particle’s
trajectory from timelike to spacelike, thus resulting in a
critical radius rc. If we choose the proper time τ as the
parameter, the square of the t-component of the 4-velocity
is ðdt=dτÞ2, which is precisely the negative reciprocal of
Eq. (36). This result must be positive, leading to the same
critical radius, where the ðdt=dτÞ2 diverges. Clearly, the
critical radius rc prevents the trajectory from entering its
inner region.
From this perspective, although the critical radius rc acts

like a horizon radius, which divides the region outside the
radius from the region inside it, unlike the horizon radius,
the size of rc is related to both the spin of the particle and
the parameters of the black hole. In Fig. 7, it shows the
variation of rc with ē, Aλ and s̄, indicating that rc decreases
monotonically with ē and Aλ, but increases with s̄. It is
worth noting that the appearance of the critical radius rc is
attributed to the spin s, which makes the trajectory of the
particle different from the geodesic. If a spinless particle
moves along the geodesic, it will not exhibit the afore-
mentioned behavior. Furthermore, the MPD equation that
describes the motion of a spinning particle is not an exact
equation. If one wants a more accurate description of the
trajectory of a spinning particle, nonminimal spin-gravita-
tional interactions should be taken into account [29–32].
In the above discussions, we have treated Aλ as a

variable. To obtain constraints on Aλ, one can use orbital
data around the Sagittarius A⋆. The star S2 is a good
example that can be considered as a test particle around
the central supermassive black hole. The perihelion and
aphelion of the star S2 are both far away from the center,

FIG. 4. (a) The radial velocity ṙ as a function of the radial
coordinate r. (b) The angular velocity ϕ̇ as a function of the radial
coordinate r.

FIG. 5. The radii rp and ra, their difference ra − rp, and the
eccentricity of the bounded orbits as a function of the LOG Aλ.
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FIG. 6. (a)–(c) and (g)–(i) The behaviors of the effective potentials. (d)–(f) and (j)–(l) The corresponding trajectories. The red lines in
the effective potentials represent the fixed energy. rc denotes the critical radius of the timelike and spacelike trajectory motions.
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with distances of 893.285M and 24145.9M respectively
[62]. Due to the nature of this extreme mass ratio, the
magnitude of the spin is extremely small, being 10−6 [54],
which renders the spin-gravity force negligible. After
calculation, Tables I and II are presented, respectively
showing the derived values of Aλ with respect to the change
in the total angular momentum j̄ when the orbit is far from
and close to the central black hole. From the two tables, it
can be observed that if the particle moves away from the
central black hole, the derived Aλ will be very large (far
greater than 1=2), indicating that there will be no horizon
radius. Additionally, when the value of j̄ is relatively large,
slight variations in it can lead to significant changes in Aλ,
requiring precise control of j̄ if we want to keep Aλ within
the range of less than 1=2. However, when the particle
moves near the central black hole, Aλ will have a smaller
value with less variability, making it easier to constrain the
value of Aλ. These discussions imply that to accurately
constrain the value of Aλ in the EMRI system, orbits near
the supermassive black hole should be taken into consid-
eration. Of course, for the EMRI system, we can know the
properties of the central supermassive black hole by
detecting the gravitational waves it emits. Although the
magnitude of the spin is very small due to the extreme mass
ratio, small spin can produce considerable accumulated
effect when we observe the secular evolution of EMRI and
can also make the phase of gravitational waves different
from the spinless case [55]. This property may be used for

constraining the polymer black hole in LQG. However,
different from spinless particles, the calculation of gravi-
tational waves of spinning particles is more complicated
and still under exploration [63]. The remaining discussions
in this paper will not cover this aspect.
Next, let us turn our attention to the circular orbits.

By introducing the superluminal constraint and noting the
energy ē > 0, we numerically display the results in the
(s̄ − l̄) parameter space in Fig. 8. The particle can have
timelike stable circular orbits in the gray region, only
spacelike circular orbits in the yellow region, and no
circular orbits in the black region. As Aλ increases, the
spacelike region and the region without circular orbits
gradually shrink. It is evident that the timelike region is
divided into two parts on the left and right. When s̄ is
greater than zero, the intersection of the gray region on the
right with the black region at the center is an ISCOS, while
the intersection of the gray region on the left with the black
region at the center and the yellow region is an ISCOL.
However, the situation is reversed when s̄ is less than zero.
Considering the case of large spin, the effective potential

will have multiple extrema and discontinuities in its first
derivative. As shown in Figs. 9(a) and 9(c), the first
derivative of the effective potential has two zero points
at smaller radii r, which means that the effective potential
has both maximum and minimum values, indicating unsta-
ble and stable circular orbits. At larger radii r, there is only
one zero point, indicating a single stable circular orbit.
After a simple calculation, it is found that the inner two
circular orbits are both spacelike, leaving only the outer

FIG. 7. (a) The variation of critical radius rc with the energy ē.
(b) The variation of critical radius rc with the LQG parameter Aλ.
(c) and (d) The variation of critical radius rc with the spin s̄.

TABLE I. The values of LQG parameters Aλ and corresponding
to different total angular momentum j̄ when the orbit is far away
from the central black hole (893.285 M, 24145.9 M).

j̄ Aλ

1 287.394
2 286.893
3 286.059
38 46.9956
39 34.1922
40 21.0587
41 7.59545
41.53 0.326277

TABLE II. The values of LQG parameters Aλ and correspond-
ing to different total angular momentum j̄ when the orbit is close
to the central black hole (5 M, 15 M).

j̄ Aλ

1 1.4341
2 0.960654
3 0.36757
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single stable circular orbit. In Figs. 9(b) and 9(d), the inner
intersection of the first derivative of the effective potential
with the zero axis is actually a discontinuity, similar to the
situation where function ðx − 1Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx − 1Þ2

p
has a singu-

larity at x ¼ 1. Therefore, there is only one single stable
circular orbit in this case as well.

B. ISCO

In this section, we aim at the ISCO of a spinning
test particle. In the background of a polymer black
hole in LQG, the presence of the ISCO is the combined
result of the mass, spin of the particle, and the LQG
effects.

For a particle moving around a black hole to form an
ISCO, it must meet the following conditions:
(a) The effective potential equals the energy,

Veff ¼ ē; ð37Þ

(b) The first derivative of the effective potential is zero,

dVeff

dr
¼ 0; ð38Þ

(c) The second derivative of the effective potential is zero,

d2Veff

dr2
¼ 0: ð39Þ

For a spin test particle, as depicted in Fig. 2, there exist
an ISCOS and an ISCOL that both satisfy the above
conditions within a certain range of spin. However, when
taking ISCOS as ISCO, it is found that a spacelike situation
occurs when the spin s̄ is large enough, which has been
observed in Refs. [38,53,54]. When taking ISCOL, this
situation does not occur. Figures 10 and 11 show the
variation of ISCOS and ISCOL with the spin s̄.
In Figs. 10 and 11, both ISCOS and ISCOL are

symmetric with respect to the spin s̄. In Fig. 10, the radius
of ISCOS decreases with increasing s̄, and it is spacelike in
the yellow region. It is clear that the radius of ISCOS
increases with the spin s̄. When Aλ ¼ 0 and s̄ ¼ 0, the
radius of ISCOS is exactly at r ¼ 6M, which is the radius

FIG. 9. The first-order derivative of the effective potential V 0
eff

as a function of the radial coordinate r corresponding to different
values of large spin s̄ and Aλ.

FIG. 8. Plots of the region that the spinning test particle has a
circular orbit in the (s̄ − l̄) parameter space with s̄ and l̄ ranging
from ð−8; 8Þ. The gray regions are for the particles that can have a
stable timelike circular orbit, and the yellow regions are for the
particles that have only the spacelike circular orbits. No circular
orbit exists in the black color regions.
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of the ISCO for a spinless test particle in Schwarzschild
spacetime. In Fig. 11, although ISCOL has no null region, it
will terminate at a certain spin value s̄e, which decreases
with Aλ. A simple calculation shows that when Aλ ¼ 0

(Schwarzschild spacetime), s̄e≈6.1480, and when Aλ¼0.5
(no event horizon), s̄e ≈ 3.7666. An interesting result is that
as Aλ increases, the critical spin s̄c of the timelike and
spacelike regions decreases first and then increases, as
shown in Table III. This feature suggests that there exists a
minimum spin s̄min such that the ISCO formed by particles
with spin less than this s̄min ≈ 1.3883 is timelike for all Aλ.
Finally, we end this section with the figures of ISCOS

and ISCOL varying with Aλ. Figure 12(a) shows the ISCOS
without spin, which is consistent with the result given in
Ref. [18]. As s increases, a null region appears. It is obvious
that the ISCO of a polymer black hole in LQG is smaller
than that of a Schwarzschild black hole, which means that a
polymer black hole in LQG has a smaller inner edge of
accretion disk compared to the Schwarzschild black hole
with the same mass. Furthermore, the stronger the LQG

FIG. 11. The variation of ISCOL with the change of the spin s̄,
where the orange regions indicate the absence of ISCOL.

TABLE III. The values of spins s̄c and s̄e corresponding to
different LQG parameters Aλ.

Aλ s̄c s̄e

0 1.6518 6.1480
0.1 1.5835 5.5510
0.2 1.4608 4.9586
0.3 1.3960 4.4033
0.4 1.4262 3.9627
0.5 2.1419 3.7666

FIG. 12. The variation of ISCOS and ISCOL with Aλ for
different spin values s̄. The dashed lines in (c) indicates that
ISCOS is spacelike, and (d) shows the variation of ISCOL.

FIG. 10. The variation of ISCOS with the change of the spin s̄,
where the yellow regions indicate that ISCOS motion is spacelike.
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effect is, the smaller the radius of the inner edge of
accretion disk will be. Figure 12(d) is the variation of
ISCOL with Aλ, which does not exhibit a null region. It is
clear that both the radii of ISCOS and ISCOL decrease as
the LQG effect becomes stronger.

V. SUMMARY AND CONCLUSIONS

In this paper, we have investigated the trajectory of a
spinning test particle on the equatorial plane of a polymer
black hole in LQG by using the effective potential method.
Due to the influence of spin-curvature force, the spinning
test particle does not move along the geodesic. For
simplicity, we only considered the parallel and antiparallel
cases of spin and orbital angular momentum. Moreover, we
restricted our attention on the motion of spinning particle
with a minimal spin-gravity interaction, which case can be
well described by the MPD equations. Meanwhile, the
superluminal constraint is also considered to ensure that the
trajectory is physical.
Firstly, we obtained the effective potential of the test

spinning particle through the property that the radial
momentum and velocity are paralleled to each other. By
confining the particle in the potential well, we obtained its
trajectory on the equatorial plane. These trajectories are
bounded between two radii rp and ra. When adjusting the
LQG parameter Aλ, we found that both the perihelion and
angular velocity of the particle increase with Aλ, while the
aphelion, eccentricity and radial decrease. These features
are detailed examined when Aλ varies.
Secondly, we observed a phenomenon that the timelike

and spacelike trajectories of a particle alternate along its
motion for the large spin. When the particle is released in
the timelike region, it can undergo physical and timelike
motion, and its speed approaches the speed of light
continuously. The timelike and spacelike trajectories
are separated by a critical radius rc, which is similar to
the nature of the horizon radius, but its size is related to
both the spin of the particle and the parameters of the
black hole. Interestingly, in the Schwarzschild back-
ground, the particle’s trajectory exhibits this behavior
as well, leading us to believe that this behavior is a
universal phenomenon. It must be noted that this phe-
nomenon is limited to the context of the MPD equation. If
one wants a more accurate description of the trajectory of
a spinning particle, nonminimal spin-gravitational inter-
actions should be taken into account.

Then, in order to obtain the constraints on Aλ, we
examined the orbits around the Sagittarius A⋆. Due to
the extreme mass ratio, the magnitude of spin angular
momentum is very small, which makes the spin-gravity
force negligible, providing convenience for our calcula-
tions. However, the large orbital radius makes it difficult for
us to accurately control the range of Aλ, indicating that it is
necessary to examine the orbits near the supermassive black
hole if we want to accurately constrain Aλ in the EMRI
system. In addition, since the spin can change the phase of
gravitational waves, detecting the gravitational waves from
the EMRI system can also be used to constrain the polymer
black hole in LQG. However, different from spinless
particles, the calculation of gravitational waves of spinning
particles is more complicated and still under exploration.
Finally, we investigated the ISCO of the spinning

particle. To ensure that it remains physical as the spin s̄
increases, we separated it into ISCOL with a larger radius
and ISCOS with a smaller radius. The result shows that
both the increase in the spin and the enhancement of
LQG effects reduce the radius of ISCOS. As the spin
increases, ISCOS exhibits a timelike region. This prop-
erty implies that a polymer black hole in LQG has a
smaller inner edge of accretion disk compared to the
Schwarzschild black hole. On the contrary, ISCOL does
not exhibit a timelike region, but terminates at a certain
spin value, which will continue to decrease with the
enhancement of the LQG effects.
In conclusion, we in this paper uncovered the LQG

effects on the noncircular orbit, the circular orbits and
ISCOs of the spinning particle within the polymer black
hole. More detailed information of the LQG effects on the
observed phenomena induced by the spinning particles
are expected to be tested. With the improvement of the
accuracy of future space gravitational wave detection and
black hole shadow observation, we believe that our results
will be useful to dig out the nature of the polymer black
hole in LQG.
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