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Horizon-penetrating form of parametrized metrics for static and stationary black holes
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The Rezzolla-Zhidenko (RZ) and Konoplya-Rezzolla-Zhidenko (KRZ) frameworks provide an efficient
approach to characterize agnostically spherically symmetric or stationary black-hole spacetimes in arbitrary
metric theories. In their original construction, these metrics were defined only in the spacetime region
outside of the event horizon, where they can reproduce any black-hole metric with percent precision and a
few parameters only. At the same time, numerical simulations of accreting black holes often require metric
functions that are regular across the horizon, so that the inner boundary of the computational domain can be
placed in a region that is causally disconnected from the exterior. We present a novel formulation of the RZ/
KRZ parametrized metrics in coordinate systems that are regular at the horizon and defined everywhere in
the interior. We compare the horizon-penetrating form of the KRZ and RZ metrics with the corresponding
forms of the Kerr metric in Kerr-Schild coordinates and of the Schwarzschild metric in Eddington-
Finkelstein coordinates, noting the similarities and differences. We expect the horizon-penetrating
formulations of the RZ/KRZ metrics to represent new tools to study via simulations the physical
processes that occur near the horizon of an arbitrary black hole.
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I. INTRODUCTION

The past few years have provided compelling evidence
that black holes as predicted by Einstein’s general relativity
are perfectly compatible with gravitational-wave [1] and
electromagnetic [2,3] observations. Yet, because of the
uncertainties accompanying these observations, there is
still plenty of room for alternative interpretations within
other theories of gravity (see, e.g., Refs. [4-8]).

Because of the wide variety of existing alternative theories
of gravity, and to avoid the impractical approach in which a
validation of observations is made on a case-by-case manner
for every single theory, model-independent representations
of generic black-hole spacetime have been proposed to
measure the deviation from general relativity of alternative
theories of gravity. In this way, it is in principle possible to
invoke astronomical observations to constrain possible
deviations between different black-hole geometries [9]. A
first attempt in this direction is the parametrization of
rotating black holes by Johannsen and Psaltis [10] and
Johannsen [11], who expanded the deviation from the Kerr
metric in terms of a Taylor series of the dimensionless
compactness parameter M/r, where M is the black-hole
mass and r is a generic radial coordinate. Despite some of its
expansion coefficients being observationally constrained,
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such an approach requires an infinite number of parameters
with equal importance and is only able to reproduce small
deviations from general relativity [12].

These shortcomings were addressed first for nonrota-
ting black holes by the Rezzolla-Zhidenko (RZ) paramet-
rization [13], which expresses the deviation of a generic
spherically symmetric metric from the Schwarzschild
metric in terms of a Padé expansion of a compactified radial
coordinate." The superior convergence properties of the
continued-fraction expansion allows one to approximate
arbitrary black holes in alternative theories reaching a percent
precision with only a few expansion coefficients [14,15]. The
extension of this approach to stationary black-hole space-
times was later obtained with the Konoplya-Rezzolla-
Zhidenko (KRZ) parametrization [16]. The KRZ metric
adopts the same continued fraction expansion in the radial
direction, and a Taylor expansion in the polar direction,
providing excellent convergence to various black-hole met-
rics [17]. Since these parametrized metrics are not the result
of a generic parametrized action, no field equations can be
associated with the RZ/KRZ metrics, which thus cannot be
employed in scenarios or simulations where the spacetime
is dynamical.

Although the RZ/KRZ parametrizations have been
successful in describing an arbitrary black-hole metric in

"The general formulation of the parametrized metric makes it
applicable also to nonvacuum spacetimes, such as those involving
a compact star or a boson star [14].
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a theory-independent manner, they are constructed only for
the exterior portion of the spacetime, that is, for the part of
the spacetime between the event horizon and spatial infinity
in the case of vacuum spacetimes, or for the part of the
spacetime between the surface of the compact star and
spatial infinity in the case of nonvacuum spacetimes. The
interior region, despite not being necessarily undefined, is
disconnected from the exterior by virtue of the coordinate
singularity at the horizon. Numerical simulations, on the
other hand, traditionally make use of “horizon-penetrating”
(HP) coordinates, that is, coordinate systems that are
regular across the horizon, so that the inner boundary of
the computational domain can be placed in a region that is
causally disconnected from the exterior and hence does not
require special or sophisticated boundary conditions. In the
case of Kerr spacetimes, the most commonly simulated
spacetimes for rotating black holes [18], this is accom-
plished by expressing the Kerr metric not in Boyer-
Lindquist coordinates (that are singular at the horizon),
but in terms of Kerr-Schild coordinates, hence obtaining a
coordinate mapping that is regular everywhere in the
interior with the obvious exception of the ring singularity.
Clearly, it would be useful to have RZ/KRZ parametriza-
tions that have similar features, that is, that are regular at the
event horizon and in the interior.

A first attempt to derive a version of the KRZ para-
metrization that is regular on the event horizon was
proposed by Konoplya, Kunz, and Zhidenko [19].
Although HP in principle, the KRZ formulation in
Ref. [19] is not useful in practice. This is because they
used a coordinate transformation that alters the curvature
invariants, leading to a Kerr reduction that is not Ricci flat.
The metric form in Ref. [19] also has a zero g,, component
and hence a zero determinant of the three-metric, incom-
patible with a 3 4 1 split of spacetime normally employed
in numerical simulation codes. We here present a different
HP formulation of the RZ/KRZ parametrizations with an
invariant Ricci scalar and nonzero three-metric determi-
nant. As such, they can be used in numerical simulations
modeling; for instance, the accretion flows onto arbitrary
black holes in alternative theories of gravity. In such
scenarios, in fact, the gravitational mass of the accreting
material is many orders of magnitude smaller than that of
the black hole, and the spacetime is therefore determined by
the black hole to a very good approximation.2 Hence, given
a specific physical scenario where the background space-
time is not influenced by the dynamics of matter or fields to
be evolved (baryonic matter, electromagnetic fields, radi-
ation fields, scalar fields, etc.), the use of our HP KRZ
metric allows one to simulate black-hole accretion

*Taking for example the case of the accretion flows onto the
supermassive black holes M87* [2] or Sgr A* [3], the mass of a
typical accretion disk with the external edge at 10* gravitational
radii is only 107! (107°) that of the central black-hole M87% [20]
(Sgr A* [21]). Similar small ratios can be computed in the case of
accretion onto x-ray binaries [22].

processes by evolving the corresponding conservation
equations of energy, momentum, and rest-mass from large
distances down to the black-hole interior without encoun-
tering any coordinate singularity.

The structure of the paper is as follows. In Sec. II we
review the basic aspects of the KRZ parametrization for
general rotating black holes. Section III reports instead the
main steps needed for the derivation of our HP versions of
the KRZ parametrization in spherical coordinates. We also
offer an alternative Cartesian formulation of the HP KRZ
metric in Sec. I'V. Section V applies our HP coordinates to a
couple of examples of rotating black holes. Section VI
provides a reduction of the HP KRZ metric to nonrotating
black holes. Finally, a brief discussion of our results is
presented in Sec. VII. Hereafter, we adopt a set of units in
which ¢ = 1 = G, with ¢ and G being the speed of light
and the gravitational constant, respectively. Furthermore, as
usual, we adopt Greek letters for indices running from 0 to
3 and Latin letters for indices running from 1 to 3.

II. GENERAL STATIONARY
BLACK-HOLE METRICS

In our construction of HP coordinates of parametrized
black-hole metrics, it is more convenient to start from the
case of stationary black holes and reduce the resulting
expressions to the nonrotating case. Hence, we start from
the standard KRZ parametrization [16], where the space-
time around a general rotating black hole in an arbitrary
metric theory of gravity is stationary and axisymmetric,
described by a metric in the form

N? — WZsin%6
KZ

B2
+ 2(1\72 dr? + r2d6'2> + K2rsin’0dg?. (1)

ds* = — dr* — 2Wrsin®0dtdg

where the coordinates ¢ and ¢ are associated with the
timelike and spacelike (azimuthal) Killing vectors marking
the spacetime symmetry, while r and @ are along the radial
and angular directions perpendicular to ¢, so that (z, r, 8, ¢)
form a set of coordinates that are spherical asymptotically.

In the metric (1), the functions B = B(r,0), N = N(r.,0),
K =K(r,0), W =W(r,0), and X = X(r, 0) are functions
of r and @ only, with the latter being defined as

a? cos? 0

PR (2)

r

2:=1+

with a, := J/M being the rotation parameter of the black
hole, while M and J are the black-hole mass and angular
momentum, respectively.

’In the case of the Kerr metric, such coordinates are repre-
sented by the Boyer-Lindquist coordinates.
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As a result, the determinant of the KRZ metric (1) is then
given by

g = det(g,,) = —2*B*r*sin® 6, (3)

while the inverse metric can be found by using the identity
8, = g*g,,, with the nonzero components being

) K>
gr=-G_ ——=—1 (4)
Grp — 99
Gip w
9= =y (5)
Gip — 9uGp¢ r
1 N?
g = ? = sg° (6)
1 1
0 — — — 7
g Yoo =2 )
N? — W?2sin? 6
g = ®)

gi/) — 9upp ON2K%r2sin?2 0

The event horizon of the black hole in the KRZ metric is
located at a surface where the metric component g,,
diverges (or ¢’ vanishes), that is,

N2(r,0) = 0. (9)

In particular, ry is the horizon radius in the equatorial plane
(.e., at @ =7/2), so that N?(ry, z/2) =0. The other
important surface of a stationary black hole is represented
by the “static limit” and is defined as the surface at which
the metric component g,, vanishes:

N? = W?sin? 0. (10)

The region between these two surfaces is the ergosphere,
and hence it is characterized by the condition

0 < N? < W?sin? 0, (11)

and, within the Kerr metric, it represents the region where
energy and angular momentum can be extracted from the
black hole via the Penrose process (see, e.g., Ref. [23] for a
very comprehensive overview).

The geometry of such axisymmetric spacetime depends
on five quantities: one constant parameter a,, and four
functions B, N, K, W, that can be parametrized in terms of
expansions in the r and @ directions. An essential aspect of
the RZ, and therefore of the KRZ framework, is the
introduction of a compactified radial coordinate

- o
=1 —-—, 12
fom 1= (12)

which maps the black-hole exterior r € [ry, o) to X €0, 1)
and hence allows one to impose rather trivially the
asymptotic properties of the spacetime. Similarly, one
can introduce the new angular coordinate

y = cos 6, (13)

which maps the polar angle 0€[0,7/2] to y€([1,0].
Adopting these new variables, the metric functions in
terms of (¥,7) of the KRZ metric are expressed after a
variable separation in a product of functions of ¥ and a
Taylor series of y

N(E5) =50 + S AEF.  (14)
BES) =1+ B0 (15)
g
WE5) =23 Wi, (16)
i=0
K2(%,9) =1+ “*rW +%i K (%)y', (17)

B;(%) = bio(1 = %) + B;(¥)(1 - X%, (18)
Wi(%) = wig(1 = %)* + Wi(3)(1 - %)°, (19)
Ki(%) = kio(1 = X)* + K;(%)(1 - %)°, (20)

Ag(%) =1 —e(1 = %) + (agy + koo — €o)(1 — X)?
+ Ag(%)(1 — %)%, (21)

Aps1 (%) = Ki(X) + €;(1 = %)* + ap(1 - %)°

+A;(%)(1 - %)%, (22)
where the tilded functions A, B;, K;, and W; are expressed
as Padé series in terms of continued fractions of X
ajy

= T 9’
1 4+ G2t
14755

A() s (23)

b

= 7bi2x )
L
T+

B3): (24)

- k;
K . il

T3 kax
1+ 5
T+

W, . Wil
1+ w,-;}{‘

147
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Thanks to the superior convergence properties offered by
continued fractions, the expanded metric can approximate
deviations from a Schwarzschild spacetime with the same
mass or a Kerr spacetime with the same spin in terms of a
few parameters only. A detailed discussion of the properties
of the expansion in a variety of spacetimes can be found in a
number of recent works [5,14,15,24-28].

III. HORIZON-PENETRATING COORDINATES

Since the rr component of the metric (1) diverges at the
event horizon, we need to find a coordinate system that is
HP, namely, where this function is regular at the event
horizon and hence allows one to smoothly join the interior
with the exterior.

A. A first Ansatz

As mentioned in the Introduction, as a first attempt to
derive a version of the KRZ parametrization that is regular
on the event horizon, Konoplya, Kunz, and Zhidenko [19]
introduced a new time and azimuthal variable in an
Eddington-Finkelstein—like form

di = dt + C(r,0)dr, (27)
djp = dgp + D(r,0)dr, (28)

where C and D are smooth functions of r and 6. The new
coordinates 7 and (35 defined have now a dependence on the
coordinates r and 0, so that the KRZ metric (1) in these
coordinates becomes

N2 — W2sin20 . .
dst = - WSO o owrsin? 0didgh
+ K22 sin? 0d? + r2d6* + g,,dr?
+ 2gdrdi + 2g,,drd, (29)
where
¥B? N? w .
[ ( N2 —FC2> + <EC— D) K2r2 sm26’, (30)
N? w L
gr;—FC EC_D Wrsin 0, (31)
w
9 = (E C- D) K?r? sin? 6. (32)

Since the functions C and D are arbitrary, they mini-
mized the number of new terms by imposing a relation

w

D=—C.
K2r

(33)

As a result, all the associated brackets in Egs. (30)—(32)
vanish. To specify the transformation function C, those
authors proposed

22
o VIR -
NZ

so that the two terms in g,, cancel out exactly

>B?> N?

=0 (35)

9rr =
and thus the only new metric component is

N? TB?

9ri = K2 C= K (36)

In summary, adopting this new set of variables, and

dropping the hat symbol for the 7 and ¢ coordinates, the
KRZ metric (1) is transformed into

N2 —W2sin260 >B?
a’szz—izsmdtz—l—m/—zdtdr
K K

—2Wrsin? Odidd + r2d6* + K*r*sin20dg*.  (37)

Despite taking a simple form, with five nonzero com-
ponents as in the original Boyer-Lindquist-like coordinates
and as is regular at the horizon, the KRZ metric in these
coordinates (37) is problematic. It is easy to realize this by
considering the metric (37) when reduced to the case of a
Kerr spacetime. We recall that the Kerr metric in Boyer-
Lindquist coordinates takes the form

oM aM >
ds? = — (1 =20 a2 = 200 4 sin20drdg + =X dr?
T T A

A
+ Td6? + s sin20dg?, (38)

where the functions

Yk = 1> + a2 cos’ 0, (39)
A:=7r2—2Mr+ a?, (40)
A= (r? 4+ a?)? — a’Asin? 9, (41)

and where it should be noted that the function Xk differs by
a quadratic term in the radial coordinate from the corre-
sponding KRZ function, i.e., Zx = Zr? (X is dimensionless
while Xk has the dimensions of a squared length).

A direct comparison between the Kerr metric (38) and
the original KRZ metric presented in Eq. (1) implies that
the free metric functions in the metric (37) for the case of a
Kerr spacetime are given by

024032-4
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B =1, (42)
N2 = %, (43)
K? = 2:r2 , (44)

- 2’;{ . (45)

Substituting the relations (42)—(45) in the transformed HP
metric (37) yields the KRZ metric reduced to a Kerr
spacetime in the HP coordinates

oM 2% aM
ds? = - <1 - ) dt + X drdr -~ a.sin20drdg
ZK \/_ z:K
A
L Td? + < sin20dg?. (46)
K

The Ricci scalar of such a metric does not vanish
everywhere, but is instead given by

a*Asin? 0 cos? 0

R = g/“’R =
nv Z3KA2

F(r,0), (47)

where the function F has the radial dependence F(r, 8)
r with n < 6. In other words, the metric is flat only at the
horizon, the polar axis, and the equatorial plane. Because a
well-posed coordinate transformation cannot change the
Ricci-flatness property of the Kerr solution, this is an
indication that the initial coordinate transformations (27)
and (28) are not adequate and alternative approaches need
to be found.

Besides leading to a Kerr reduction that is not Ricci flat,
the metric in Eq. (37) also suffers from an additional
drawback when it needs to be implemented in numerical
simulations (see Refs. [4,29] for some examples of numeri-
cal simulations of accretion onto black holes in different
theories of gravity). This is because numerical codes
solving the equations of general-relativistic hydrodynamics
or magnetohydrodynamics systematically adopt a 3 + 1
split of spacetime where the metric and its inverse have
components given by (see, e.g., [30,31])

—a + B B
G = : (48)
Bi Vij
—-1/a? p/a?
g = , (49)
pla* v -pp e

where «a is the (scalar) lapse function, # is the shift
vector, and 7 is the spatial three-metric. In the 3 4 1 split,

the determinant of the four-metric g := det(g,,) and that of
the three-metric y := det(y;;) are related by the simple
expression

V= vy (50)

Since the metric in Eq. (37) has g, = y,, = 0, the deter-
minant of the three-metric is zero (y = 0), but that of the
four-metric is nonzero as in Eq. (3), thus leaving the lapse
function divergent. Overall, therefore, the coordinate trans-
formation in Eqs. (27) and (28) leads to a KRZ form (37) that
is not useful in practice. In view of these drawbacks, in the
following section we present a KRZ form in HP coordinates
that is regular at the horizon and that can be implemented in
numerical simulations. [See Appendix B for a discussion
about the coordinate transformation leading to the KRZ
formulation in Eq. (37).]

B. A new Ansatz for a subclass
of the KRZ metric

As anticipated in the previous section, a different
approach to find a form of the KRZ metric that is HP
and leads to a Ricci-flat Kerr reduction is to start from a
formulation of the KRZ expansion where the metric
functions that are themselves separable. Fortunately, this
problem has already been solved by Konoplya, Stuchlik,
and Zhidenko [32], who have derived a subclass of the
KRZ metric that allows for separation of variables. In such
a subclass, the KRZ functions can be written as

B(r,0)=:Rp(r), (51)
N2(r.0) =1 = Fulr) ‘r’—j (52)
W(r,0) - Z(rl ; “*Rr’;’(r), (53)
K(r0) =51, <1+ . | aicos HNZ(r)> M
1 { a_j 2RM( )+a§cr(;szﬁ
L)
=3(r.0) + (1 +ZR(1:”S))r) azsrifg, (54)

where Eq. (52) can be taken as the implicit definition of the
function Ry (r). Note that in this way, four free KRZ
functions: B and N depend on r alone, while the functions
W and K have also a #-dependence, but only in terms of
2(r,0) and sin’ 6.

024032-5
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We can now proceed with a coordinate transformation
that will guarantee regularity across the horizon by requir-
ing that the transformation functions C and D are inde-
pendent of 6, i.e., C= C‘(r), D= D(r). The differential
form is then reduced to

di = dt + C(r)dr, (55)

dp = d¢p + D(r)dr, (56)

so that the transformed metric remains as in Egs. (29)-(32).
Note that when choosing the transformation functions
C(r) and D(r) to regularize the metric components in
Egs. (30)-(32), we can no longer force the relation (33),
because the factor W/(K?r) is dependent on 6. Thus,
none of the brackets in Egs. (30)—(32) vanish, but each of
them has to be regular at the horizon; i.e., they cannot
contain a factor N? in the denominator. To this scope
we set

RpRy
C(r)= ,
(r) N%r

RBa*

D(r) = 2

which results in the condition

w Rga, 1 Rﬁ
—C-D=——=——>-1
K2r NZp2 <ZK2 r?

RBa* RM
= BT (M)
K22 ( + Zr) (59)

The corresponding modified metric components are then
simplified as

R2 RZ R2 2 R 2
Gpr B <ZK2 ——M> 4 25 (1 +—M> sin’@

T NK? ) K Tr
_ IR 1+R_M +R_12; 1+R_M 2 a%sin%0
K? xr K2 xr r?
Ry
=(1+=")R%, 60
(145 (60)
RBRM RBRM RM a%sinze RBRM
=M TS MM = , 61
Ir K*r + K2*r xr >r? xr (61)
9,5 =— 1+R—M Rga, sin> 6 (62)
rg Sr BY%x ’

leading to the following form of the separable KRZ metric
in HP coordinates (where we drop the hat on the ¢ and ¢
coordinates)

R R R
ds?=—(1-2)dP + 22 Rpdtdr—2—-2 a, sin? Odid¢
Xr Xr xr

R R .
- (1 +Z—A:) R3dr* -2 (1 +Z—A:> Rga, sin® drdg
+2r2d0* + K*r*sin” 0dg?. (63)

We note that, as already remarked in Ref. [32], it is in
principle possible to introduce a new radial coordinate
defined through the differential di = Rpdr, such that the
function Rp(r) is absorbed into the differential and hence
the function B(#) = 1. While this choice does produce an
apparent simplification of the metric form (63), it does at
the cost of introducing more complex expressions for
the radial functions X, N2, and K2, which have to adopt
a definition different from those given in Egs. (2), (52),
and (54), and hence containing an additional radial
function Ry (7). In practice, therefore, the new radial
coordinate 7 does not lead to a significant (or effective)
simplification to the metric (63); for this reason, we will
not consider it further in the following sections.

To calculate the inverse of the metric in Eq. (63), it is
useful to first use the following identity:

91Ty = 9irGip9rp + GirGpg = GuIre9pp = ZRpr7sin* 0, (64)

which, in turn, simplifies the expressions of the inverse
metric, whose nonzero components are

2
" Grp = 9rr9pp B ( L4+ R_M)

 9uGep — I 9T + G5 9ph — InIriGpp zr
(65)
r9¢¢p — YtpYrp R
g = 9ur9pp — ip9r¢ __m . (66)
9uGrp = 9irGig9rp + GirGpp — Iu9rr9pp  ZRBT
2
r_ Gip — 9uGpgp _ N? (67)
9uGrp = 9irGig9rp + GirGpp = IuIrr9pp R
b _ 91t9r¢p — 91rGrgp _ a4y (68)
- 2 2 _ - SR.r2’
91t9vp — 91r91¢9rep 95 9pp — 919rr9pep BT
g¢¢ _ g%r —919rr _ 1
9uGrp = GirGig9rp - GirGpp = Iudrrdpy  Zrosin®@’
(69)
11
00 __ _
== (70)
Joo Zr

Note that none of the metric components in Egs. (63)
and (65)—(70) contain the singular term 1/N?, thus man-
ifesting the HP nature of such a form of the separable
KRZ metric.
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With the HP KRZ metric (63), it is important to check
whether it yields a Ricci-flat Kerr reduction. We manage to
obtain an expression for the Ricci scalar while keeping
R(r) and Ry, (r) unspecified,

1
R:=g"R,, = S [Rp(Rp — 1)F5(r,0)

+ Rp(2R), + Ry r)F3(r,0) + RyrF4(r,0)], (71)

where the radial dependence in the functions F; with i = 2,
3, 4 is given by F;(r,0) < r" with n <4 and a prime
indicates a radial derivative. Clearly, under the conditions
that R = 1 and R;;, = const (see Sec. V), the Ricci scalar
vanishes, as expected for the Kerr metric. Moreover,
expression (71) does not change if evaluated in the original
coordinates, i.e., the standard KRZ metric (1) with sepa-
rability constraints in Egs. (51)—(54), thus proving that the
coordinate transformation chosen in Egs. (55) and (56) has
the desired properties of providing an HP form of the KRZ
metric that is Ricci flat when reduced to a Kerr black hole.

To facilitate a direct implementation in numerical
codes, we report here explicitly the 3 + 1 metric compo-
nents of (63) and (65)—(70):

Ry
=(1+=")R3, 72
Vrr ( + 21") B ( )
— (148 gy, sin2 o (73)
}/rqﬁ Sr B%x 5
Yoo = X%, (74)
Yoo = K*r*sin® 0, (75)
RpRy
=—, 76
p="2 (76)
R
By = —2—’;’@ sin? 0, (77)
o = . (78)
1 + RM/(Z}") ’
while the corresponding inverse is
K? 1
7/rr — , 79
TRZ 1+ Ry/(Zr) (79)
= 80
¥ ZRB}’Z ’ ( )
"=, (81)
>r?
Y = # (82)
>r? sin’ @

Ry 1

r T XRprl+Ry/(Zr) (83)
p? =0, (84)
_ Ry/(Zr)

IV. CARTESIAN FORM OF THE KRZ METRIC
IN HP COORDINATES

It is not unusual that general-relativistic codes implement
black-hole metrics in Cartesian coordinates as these, by
construction, remove possible coordinate singularities at
the polar axis and are generally easier to handle in fully
numerical-relativity codes (see, e.g., [18] for a comparison
of different codes). Hence, it is convenient to derive
expressions of the KRZ metric in HP coordinates also in
Cartesian coordinates, and to this scope, we take inspiration
by the mathematical path followed when expressing the
Kerr metric in Cartesian Kerr-Schild coordinates. More
specifically, we start with a “Kerr-Schild decomposition”
where the metric is split into two parts,

9w = é;w + fl’ﬂul’ﬂw (86)

where §,, is a reference metric with a particularly simple
form, f is a scalar function, and #, is a null vector with
respect to the full metric, i.e.,

ge,t, = 0. (87)

The decomposition (86) is totally generic and hence
employable in any coordinate system. However, it is easier
for us to try a Kerr-Schild form starting from spherical
coordinates and then transform over to Cartesian ones.
Inspired by what was done for the Kerr solution in Kerr-
Schild coordinates, we fix the scalar function f in Eq. (86)
to be

Ry
=1 88
S (38)
From the relevant metric functions

Ry
=(14+=2)R%, 89
grr ( + Zr) B ( )
9ro = 0’ (90)

R
Grp = _<1 +2—A:>R3a* sin2 6, (91)

the null vector is assumed to have components
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£, =Ry, =0, ¢,=—a,sin’0, (92)

As a result, we can solve Eq. (87) to obtain the component
¢;, namely,

gwfyfv = gttftft =+ 2gtrl/ﬂtl/ﬂr + g”frfr
+ 2900,y + P40

R 2R R
= —(1+ ), + =2, + (1-H2) =0,
>r >r r

with the solutions being

ZV—RM

£, =1 .
! Zr+RM

and 7, =— (94)

For simplicity, hereafter we will consider the simpler
solution #, = 1. The remaining part of the metric has then
the following form:

9 = -1, (95)
9 =0, (96)
9ip = 0. (97)
9 = R, (98)
Jrp = —Rpa, sin’ 6, (99)
oo = 217, (100)

Gpp = (r* + a?) sin? 0. (101)

Next, when wishing to express the Kerr metric in
Cartesian Kerr-Schild coordinates we can adopt a set of
coordinates defined as

= /7 + asinfcos <¢ + arctan ﬁ) L (102)
r
. . a*

y = \/;?:;ésmesm (qﬁ + arctan—), (103)
.

z = rcosf. (104)

Employing the Kerr-Schild decomposition (86) and the
Cartesian coordinates (102)-(104), we can obtain the
separable KRZ metric in Cartesian HP coordinates. In
particular, the corresponding null vector #, will have
spatial components

x [ az(x? +y?) a,y
ly == - =, 105
DY 4 (r* + a2)? ] r* +a? (105)
2042 112
y ai(x* +y7) a.x
£, =< , 106
D (r2+a£)2] P +a? (106)
T2 2 2042 112
z [P+ a2 az(x* +y*)
£, =— Ry — , 107
N Y B r2(r? + a%)} (107)
where X is now expressed as
az?
=1+ - (108)
and r is implicitly determined by the relation
x? 4 y?
=1, 109
2 +d? r2 (109)

which marks the ring singularity when z = 0.
Similarly, the components of the reference metric g,
will be given by

G = Gy = 91z = 0, (110)

2 [ @4 27+ a)
fo = —=— | R% — 2Ry—1)+x
YGxx er2|: B (2 ) ( B )+ rz(x2+y2)]
2
y a, 2xy
- Rz—1), 111
+x2+y2 er2+a§< 5= 1) (1)
2 2
. Y 2 az(x*+y?) (r’+a?)
=——|R;————(2Rz—-1 Z—
o z[ (Prap PR AR
x? a, 2xy
* Rp—1 112
+x2+y erz_’_a%( B )’ ( )
2 2 2\2 20,2 142
. Z rr4ai\* , ai(x*+y%)
gzzzzzrz [( 2 ) Ry — 4 (ZRB_l)
P +y?) (113)
2(r*+a?)|’
s [ @+ 2 (r* +a3)
= R S T oyt T
o z[ Fray RV e
2.2
xy a,x“—y
- & ~1 114
2., .2 2
i xz [r*+az az(x*+y
gxzzzzr2|: 2 R%? }’2(}”2 Cl%) (ZRB_I)_Z]
a,yz
22 (Rp—1), 115
2 Ry - 1) (115)
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2 2 20,2 2
. yz [rP+a; , ai(x*+y°)
g_vz:erz ) RB_rz(rz—i—a%) (ZRB_I)_Z
a, Xz
~5. 2 (Re=1). (116)

It is then not difficult to verify that the null condition (87)
still holds in terms of the full metric (86). In particular, in
the case of Rp(r) = 1, the null vector is reduced to

rx +a.y
ly=——%, 117
T (117)
ry — a,x
l, =—S5——>, 118
= (18)
¢ =2, (119)

r

and the reference metric can be dramatically simplified
since §,, = 1,,, the Minkowski metric for flat spacetime.
For compactness, we will not present here the 3 + 1
expressions for the KRZ metric in Cartesian HP coordi-
nates, which we, however, report in Appendix A.

V. REDUCTION TO KNOWN STATIONARY
BLACK HOLES

We next show how various known metrics describing
stationary black holes can be represented within the
framework of the KRZ metric in HP coordinates by
suitably choosing specific expressions for the metric
functions Rg(r) and Ry (r).

A. Kerr metric

Starting from the generic metric (63), the reduction to the
Kerr spacetime is obtained when fixing

(120)
(121)
so that Eqs. (51)—(54) reduce to Egs. (42)—(45). Under the

conditions (120) and (121), the HP KRZ metric (63)
becomes

oM aM aM
ds? — — (1 _ r) de? + 2 drdr — E—r a, sin? Odidd

EK ZK K
2M 2M
+ (1 + _r) drr =2 (1 + _r) a, sin”> 0drd¢
ZK ZK

A

+ X d6? + ——sin® Odg¢?, (122)
Zg

which is precisely the Kerr-Schild form of the Kerr metric

and hence Ricci flat. The fact that the reduction of the KRZ
metric in HP coordinates (63) leads to the Kerr-Schild

metric in the case of the Kerr solution represents a very
important feature, as it considerably simplifies the com-
parison between Kerr black holes and other, non-Kerr but
stationary, black holes described by the KRZ metric (63).

The Cartesian HP form of the metric satisfies the relation

2Mr
9w :nﬂv"i_z—fﬂfw (123)
K
with the null four-vector having components
rx+a,y ry—a.x z
,= |1, , = . 124
: < r2—|—a§ r2+a* r> ( )

B. Kerr-Newman metric

Similarly, the Kerr-Newman metric in HP coordinates
can be obtained from the generic HP KRZ metric (63) after
setting

Ry(r) =1, (125)
2
R M(r ) =2M — Q— R
-

(126)

where Q is the electric charge of the black hole. The KRZ
functions are then modified as

B> =1, (127)
QZ
N? =5+ =, 128
},.2 + I‘2 ( )
A 2.2
> :_2_%, (129)
ZKV ZKI"
2M 2
w = 2Ma. _Qa. (130)
ZK ZKI"

As a result, the reduction of the HP KRZ metric (63) in the
case of the Kerr-Newman solution is

2Mr— Q2 2Mr— Q2
ds2:—<1—r7Q>dt2+2;7thdr
K

g
2Mr— Q>
MmO in?0drdg
g
2Mr— Q? 2Mr—Q?
4 (1 +’7Q> dr2—2<1 +’7Q>
g g
A2 — 022
X a, sin?Odrdd + S d6® + rina* sin2 0d¢?,
r

(131)

which, to the best of our knowledge, has not been
presented before in the literature (an HP formulation of
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the Kerr-Newmann solution in Cartesian coordinates can
be found in Ref. [33], while a version in null coordinates
has been presented in Ref. [34]). The corresponding
Cartesian HP form is then

2Mr_Q2ff

SN Wl ys (132)

g/,w = rl/u/ +
with the null vector (124) unchanged.

C. Rotating dilaton metric
For a rotating dilaton black hole characterized by
rotation parameter a, and dilaton parameter b,, the KRZ
functions have the following form:

2
0 r

=— 133
r? + b? (133)
2Mp  a?>  Ag
N2=1-— — = —, 134
72 + 22 (134)
X 2Mp)\ a? sin® Aq
K? = 1+ = ) 135
N ( g ) r Tgr? (133)
2M
w =2l (136)
ZKI”
which imply
2
R =45 137
o) =\ (137)
2Mp
wln ==L, (138)
where
p=1/r*+ b2 —b,. (139)

Therefore, the corresponding HP KRZ metric (63) describ-
ing a rotating dilaton black hole is

2Mp 4Mp r?
dsz——<1— >dt2—|— o \/ 2+b2dtdr

g
4M 2M ?
—Z—pa* sin? Odrdgp + (1 +—p> T

K ) 2 4 b2

2Mp r? .
- 2(1 + Z—K) oy b%a* sin® Odrdg

A
+ T d6? + z—d sin? Od¢p?. (140)

K

The Cartesian HP form again satisfies the decomposition

o

2Mp
9w = 9w =+ £ fzn

— 141
ZK H ( )
with the null vector and reference metric as expressed in
Eqgs. (105)—(107) and Egs. (110)—(116).

VI. REDUCTION TO STATIC BLACK HOLES

The KRZ framework describing generic stationary black
holes [16] inherited much of the mathematical properties
that make it so efficient from the previous RZ approach
describing generic static black holes [13]. We complete our
treatment of the HP formulation of the KRZ metric by
considering also the simpler, but often more transparent,
case of nonrotating spacetimes. To this scope, we recall that
the RZ metric, to which the KRZ metric reduces in the case
of spherically symmetric spacetimes, takes the form [13]

B2
ds* = —N?dr* + mdr2 + r2d0* + r’sin? 0dg?.  (142)
A rapid comparison with the KRZ metric (1) indicates that
the two are equivalent if

a, =0, (143)
X=1, (144)
W =0, (145)
K> =1, (146)
and thus the remaining metric functions become
B(r)=:Rg(r). (147)
N2 (r) =1 = Rul), (148)

so that the HP KRZ metric (63) reduces to the RZ metric in
HP coordinates

R 2R5R R
ds2:_< M)d2 B dtdr + (1+M)R§dr2
r r r

+ r2d6? + r*sin0d¢?
~N2dP +2(1 - N?)Bdtdr + (2 — N*)B2dr>

+ 2d6° + rsin20dg>. (149)

Note that the HP RZ metric (149) has nontrivial inverse
metric components given by

g'=-2-N?), (150)
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1-N?
g = B (151)
NZ
g’ :p, (152)
00 1
1
b= 154
e r? sin% 6 (154)

It is interesting to note that the metric (149) effectively
represents the generalization to arbitrary static spacetimes
of the well-known Eddington-Finkelstein coordinates
employed for a Schwarzschild black hole [30,35,36]. In
the case of a Schwarzschild black hole, in fact, the RZ
metric functions are fixed to be

B =1, (155)

2M
N =1-"—,
;

(156)

so that the metric (149) takes the form

2M AM 2M
ds? = —<1 —)drz + —dtdr + (1 +>dr2
r r r

+ r2d6? + r? sin 0d¢?, (157)
which indeed corresponds to the Schwarzschild solution in
(ingoing) Eddington-Finkelstein coordinates.

Finally, and in analogy with what was done with the
KRZ metric in HP coordinates, we provide below explicit
expressions for the corresponding components when the
metric is written in a 3 + 1 split:

vij = diag(B*(2 = N?), 7%, r* sin” 0), (158)
y 1 11
V=di v ], (159
Y 1ag (BZ(z _NZ) r2 r2 Sll’l2 9) ( )
B, = B(1-N?), (160)
1-N?
h= : 161
P =Ba-~ (161)
1 - N2)?
PP = <2 — N2> : (162)
) 1
@ =5 (163)

VII. CONCLUSION

As new and unprecedented observations of stellar-mass
and supermassive black holes are now becoming available,
and as the number of new alternative theories of gravity is
increasing steadily, it is clear that parametrized approaches
to describe the metric of static and stationary black holes
represent a very effective approach to extract agnostically
information from such observations.

In this spirit, we have here considered the family of the
Rezzolla-Zhidenko and Konoplya-Rezzolla-Zhidenko par-
ametrizations of black-hole spacetimes—which are able to
reproduce arbitrary black-hole spacetimes with percent
precision and only a few coefficients—as a reference
approach to study the phenomenology of matter near black
holes. These parametrizations, however, have been con-
structed only for the exterior portion of the spacetime that,
in the case of black holes, spans the region between the
event horizon and spatial infinity. For this reason, they are
not optimal for actual numerical simulations as those
studying the accretion onto supermassive black holes,
which instead make use of horizon-penetrating coordinates
that are well defined in the black-hole interior and up to the
physical singularity.

We have therefore discussed two different Ansaetze for
the derivation of an HP form of the KRZ metric. The first
approach leads to a regular version of the KRZ metric, but
suffers from having a nonzero Ricci scalar when reduced
to the Kerr limit. The violation of this constraint is to be
found in the coordinate transformations employed that are
too general and unrestricted to provide at the same time
regularity and a Ricci-flat Kerr reduction. To compensate
for these shortcomings, we have considered an alternative
Ansatz which starts from a subclass of the KRZ metric
that already allows for separation of variables of the
Hamilton-Jacobi equations. We then show that in such a
subclass, the KRZ metric can be written in an HP form
that shares many similarities with the Kerr-Schild decom-
position. To facilitate the use of this HP form of the KRZ
metric, we have derived the corresponding expressions in
3 + 1 decompositions of the spacetime when employing
either spherical or Cartesian coordinates. Finally, we have
shown that when reduced to the case of Kerr and
Schwarzschild black holes, the HP form of the KRZ
metric reduces, respectively, to the Kerr-Schild represen-
tation of the Kerr spacetime and to the Eddington-
Finkelstein formulation of the Schwarzschild spacetime.
This highlights that in the relevant limit, the HP KRZ
formulation leads to Ricci-flat spacetimes.

Because these parametrized metrics will allow one to
model accretion flows onto arbitrary black holes in
alternative theories of gravity, they have the potential
of being a very effective tool to extract important
information from the astronomical observations of black
holes.
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APPENDIX A: THE 3+1 FORM OF THE KRZ
METRIC IN CARTESIAN HP COORDINATES

Here we report the 3 + 1 expressions for the KRZ metric
in Cartesian HP coordinates. According to Sec. IV and
Egs. (48) and (49), the three-metric in the Cartesian HP
coordinates has components

- x? Rz_af(x2+y2)(2R _1)+2z2(r2+a§)
TR B (P4 a2)? B r2(x%+y?)
2
y a, 2xy Ry
- Rp—1)+_"7%, Al
+x2+y2 erz—ﬁ—ai( B )+Zr < (A1)
2 20,2 12 2024 2
e Y S ol
Xor (I" +a*) r (X +y )
x? a, 2xy Ry
— Rp—1)+=272, A2
+x2—|—y2 er2+a£( B >+Zr Y (A2)
2 2, 2\2 2022 112
2 rta 2 a;(x* +y7)
Vzz :erz |:< 2 ) RB—T(ZRB_ 1)
G i) ST (A3)
2(r* + a?) > Y
20,2 12 20,24 2
Coxy [, ar(x*+y7) ZZ(r*+a2)
=g = e
2_ .2
Xy a, x“—y Ry,
- - Ry—-1)+—7¢.7,, A4
x> 4y? er2+a%( B )+Zr oy (A4)
2, 2 20,2 112
Xz 1T Hai o, a;(x* +y7)
sz :erz |: r2 B_ rz(r2+a%) (ZRB_ l) —Z
a y< Ry
Eﬁ(RB—l)‘Fgfxbﬂz, (A5)
2., 2 20,2 12
yz |r-+a; a*(-x +y)
he = 5o { R = CRe ) —z]
a, Xz Ry,
L Ry — 1)+ A6
erz( B )+Zr rE (A6)

the shift vector f3; is proportional to #;, the spatial part of the
null vector

s _RMf _ Ryx a;(*+y*)| Ry ay
DT A (r* +a?)? rri+a?’
(A7)
, _ Ry, _Rny a;(¥*+y*)] Ry a.x (A3)
YRR T2 (P +a2)? | Er i tar
5 - Ry , Ryz[r+ai a2(x*+y?)] (A9)
D VRS o B r(rr+a2)]|’
the lapse function remains as
2 1
(A10)

TR, =)

APPENDIX B: A DIFFERENT ANSATZ

For completeness, and setting aside the problematic
aspects related to the 3 + 1 decomposition of the KRZ
form (37), we here provide a potential explanation about
why it leads to a Kerr reduction that is not Ricci flat. We
believe the origin of this behavior is to be found in the
incomplete coordinate transformation in Egs. (27) and (28).
To see this, it is sufficient to integrate them and obtain

i=1+C(r.0), (B1)
b =¢+D(r,0), (B2)
where
C(r,0) = / C(r,0)dr, (B3)
D(r,0) = / D(r,6)dr. (B4)

Taking again the differential of Eqs. (B3) and (B4) we
obtain

di = dt + C,(r,0)dr + Cy(r,0)do, (B5)
dp = d + D,(r,0)dr + Dy(r,6)do, (B6)
where
oC aC
==, =g (B7)
oD oD
Dy=—.  Dy=— (B8)

Clearly, Eqgs. (B5) and (B6) are different from the
original ansatz (27) and (28) because of the additional
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d@ term, thus indicating that such an ansatz is not general
enough. This consideration motivates us to use the full
transformation in Eqs. (B5) and (B6) to obtain a novel
form, to the best of our knowledge, of the KRZ metric in
HP coordinates. After some algebra, the transformed KRZ
metric has the form

N2 —W2sin20
ds? = —Tsm —2Wrsin? Odid
+K?r?sin? 0dgp” + g,,dr? + 2g,3drdi +2g,,drdd
+29,0drd0 + good6” + 295:d0di + 2g,,d0d,  (BI)
where
B> N? w
gy = (W PCQ) <K—2C -D ) K2r2 Sil’l2 H,
(B10)
N? w -
g”:FC o C,—D, |Wrsin“ 6, (B11)
5 = KC - D, |K?*r*sin’ 6 (B12)
gr¢ - K2r r r ’
N2
g9 = C Cg + ( C D )
X KCQ—DQ K2r2 Sin2 9, (Bl3)
K*r

N? w 2 .
Joop = <2r2 _FC%) =+ (E Cg — Dg) K27‘2 Sll’l2 9,

(B14)
N? W -
doi = FCG - ECQ - Dg Wrsin 9, (BIS)
903 id Cy— Dy | K*r? sin 0. (B16)
0 — K2 0 0

Using now the same relation between C, and D, adopted in
Eq. (33), the transformed metric components (B10)-(B16)
become

B> N?
Grr = W C%’ (B17)
NZ
9 = Fcr’ (BIS)
9,4 =0, (B19)
N2
9ro = —Pcrca’ (B20)

N? 14 2
Joo = <2r2 — —Cg> + (K—2 Cg — Dg) K2r2 Sil’l2 9,
r

K2
(B21)
N? w -
90t =12 Co = | 1z, Co = Do |Wrsin“0, (B22)
oy = KC — D, | K%r?sin? 0 (B23)
0 Kzr (4 4 .

The exact form of the functions Cy and Dy is still
unknown, but could be uniquely determined by the choices
made for the functions C, and D, to guarantee the
regularity of the metric at the event horizon. For instance,
we could fix the function C,, integrate it in the radial
direction to obtain C(r,#), and then get C, after differ-
entiating in the polar direction. However, this is possible in
practice only for the special class of functions for which
C(r,0) is separable, i.e., for C(r,0) = ®(r)¥(). While it
is in principle possible to proceed in this manner, and this
may be explored in the future, the Ansatz made in Sec. III B
to restrict the KRZ to metric functions that are themselves
separable has turned out to be the simplest and most
effective in practice.
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