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The inspiral-merger-ringdown consistency test (IMRCT) is one among a battery of tests of general
relativity (GR) employed by the LIGO-Virgo-KAGRA (LVK) Collaboration. It is used to search for
deviations from GR in detected gravitational waves (GWs) from compact binary coalescences (CBCs) in a
model-agnostic way. The test compares source parameter estimates extracted independently from the
inspiral and postinspiral portions of the CBC signals and, therefore, crucially relies on the accurate modeling
of the waveform. Current implementations of the IMRCT routinely use quasicircular waveforms, under the
assumption that the residual eccentricity of the binary when the emitted GWs enter the frequency band of the
LVK detector network will be negligible. In this work, we perform a detailed study to investigate the typical
magnitudes of this residual eccentricity that could potentially lead to spurious violations of the IMRCT. To
that end, we conduct injection campaigns for a range of eccentricities and recover with both quasicircular
and eccentric waveforms. We find that an eccentric GW signal from a GW150914-like system with
eccentricity egw ≳ 0.04 at an orbit averaged frequency hfrefi ¼ 25 Hz breaks the IMRCT if recovered with
quasicircular waveforms at ≳68% CL. The violation becomes more severe (≳90% confidence) for egw ¼
0.055 at hfrefi ¼ 25 Hz. On the other hand, when eccentric waveforms are used, the IMRCT remains intact
for all eccentricities considered. We also briefly investigate the effect of the magnitude and orientation
(aligned/antialigned) of the component spins of the binary on the extent of the spurious violations of the
IMRCT. Our work, therefore, demonstrates the need for accurate eccentric waveform models in the context
of tests of GR.

DOI: 10.1103/PhysRevD.110.024030

I. INTRODUCTION

The LIGO-Virgo [1,2] network of ground-based inter-
ferometric gravitational-wave (GW) detectors has detected
∼90 compact binary coalescence (CBC) events in its first
three observing runs (O1, O2, O3) [3]. The majority of
these are binary black hole (BBH) mergers, although
binary neutron star [4,5] and neutron star-black hole
coalescences [6] have also been observed.
The detected GW signals, especially those pertaining to

BBH mergers, come from the last few orbits of the inspiral,
as well as the merger and ringdown phases (see, e.g., [7]).

These GWs are well suited to probe general relativity (GR)
in the strong-field regime, unlike most tests of GR that use
electromagnetic waves, which typically probe the weak
field regime.1

The LIGO-Virgo-KAGRA (LVK) Collaboration [1,2,10]
has conducted a suite of tests of GR across O1, O2, and
O3 [11]. This includes2

(1) A model-agnostic residuals test, which subtracts out
the best-matched GR-modeled CBC waveform from
the data containing the GW signal, and checks if the

*These authors contributed equally to this work.
†arifshaikh.astro@gmail.com
‡sajad.bhat@iucaa.in
§shasvath.kapadia@iucaa.in

1A notable exception to this is the results of the Event Horizon
Telescope [8], which imaged the shadow of the supermassive
black hole at the center of the M31 galaxy and enabled
electromagnetic-based strong-field tests of GR [9].

2But is not limited to.
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statistical properties of the residual are consistent
with noise [12–14].

(2) A test that probes the inspiral evolution of the CBC
by searching for deviations in Post-Newtonian (PN)
parameters of the GW signal [15–22].

(3) An inspiral-merger-ringdown consistency test
(IMRCT) that compares and assesses the consis-
tency between the low- and high-frequency portions
of the CBC signals [23,24].

(4) Propagation tests of GWs that compare their speed
with respect to the speed of light [25] as well as any
modulations in the waveform due to finite-graviton-
mass-driven velocity dispersion [26].

In this work, we restrict our attention to the IMRCT. The
IMRCT compares the two-dimensional joint posterior on
the final mass and spin of the merged binary estimated
independently from the inspiral (low-frequency) and post-
inspiral (high-frequency) portions of the waveform [23,24].
A sufficiently large deviation from GR should result in the
difference distribution between final mass and final spin
evaluated from these 2D posteriors to deviate from the
origin (zero). However, it is conceivable that waveforms that
do not accurately capture the physics of the CBC could lead
to biased posteriors. We propose to study the resulting
systematics in the IMRCT. In particular, we investigate how
the neglect of eccentricity in the waveform models could
cause spurious violations of this test.
It is well known that, as GWs carry away energy and

angular momentum of a CBC, it reduces the binary orbit’s
eccentricity [27,28]. The prevalent expectation is that by the
time GWs from the CBC enter the frequency band of the
LVK network, any initial eccentricity that the binary may
have had at the time of formation would have been reduced
to a negligibly small value. Indeed, current constraints on
the rate of eccentric mergers, from searches for such signals,
suggest that observations of these in O4 are likely to be
relatively rare [29–31]. Thus, tests of GR conducted so far
by the LVK routinely use quasicircular waveforms, includ-
ing the IMRCT.
On the other hand, certain formation channels, such as

those pertaining to dense stellar environments, could
produce binaries whose eccentricities are non-negligible
when they enter the LVK frequency band [32]. Dynamical
encounters in such environments could harden the binary
so that GW emission cannot completely carry away the
eccentricity by the time the GWs enter the LVK’s
frequency band [33–35]. Moreover, in active galactic
nuclei disks, eccentricity can be amplified by binary-
single encounters [36,37], while the presence of a third
object in the vicinity of the binary could similarly boost the
eccentricity via the Kozai-Lidov mechanism [38–44]. Such
eccentricity-enhancing processes could also leave a residual
in-band eccentricity detectable by the LVK network.
Neglecting eccentricity of such signals in (PN) parametrized
tests has already been shown to lead to spurious violations

of GR both at the individual event level [45] and population
level inference [46]. We here focus only on the effect of
neglect of eccentricity on the IMRCT.
Performing the IMRCT using quasicircular waveform

models, could potentially cause systematics in the IMRCT.
Intuitively, the eccentricity at the time of band entry of the
GW signal will be larger than the eccentricity in the
postinspiral phase, where it is usually vanishingly small.
Thus, one would expect source parameters recovered with
quasicircular waveform models to be biased when using the
inspiral portion of the waveform [47–49], while those
recovered using the postinspiral phase to be relatively less
biased, if at all. The resulting 2D difference distribution
constructed from the (inspiral/postinspiral) final mass and
spin posteriors should be deviated from zero.
To assess the impact of neglecting eccentricity in wave-

form models on the IMRCT, we consider a set of synthetic
eccentric GW signals. We inject these in the most probable
realization of (zero-mean) Gaussian noise, the so-called
“zero-noise” realization,3 assuming an O4-like noise power-
spectral density (PSD) [50]. We then perform the IMRCTon
each of these signals, using quasicircular templates. We find
that the IMRCT is indeed violated with quasicircular
templates, as we increase the injected eccentricity, for a
set of masses and spins where the IMRCT is known not to
suffer from other systematics. This violation progressively
increases, from moderate to severe, with increasing eccen-
tricity. To ascertain that no intrinsic waveform systematics
are contributing to this bias, we repeat the IMRCT using
eccentric waveform model for recovery. We indeed find that
the IMRCT is no longer violated.
Past work, using an approximate Fisher matrix analy-

sis [51] and the Cutler-Vallisneri framework [52], pointed
out that the IMRCT could be violated due to neglect of
eccentricity [53]. Another work also found spurious viola-
tions of the IMRCT using available numerical-relativity
waveforms as injections, while performing the IMRCTwith
quasicircular phenomenological waveform models [54]. Our
work complements and expands on both of these studies in
the following way. We perform Bayesian parameter infer-
ence runs using a large-scale nested sampler and, therefore,
have a more realistic estimate of the bias compared to those
in provided in [53]. Moreover, unlike in [53], we do not
neglect the eccentricity in the postinspiral part of the signal
which may lead to overestimation or underestimation of the
bias. Also, becausewe employ an eccentric waveformmodel
TEOBResumS-Dalí [55,56], we have two advantages
over the results in [54]. We use the same waveform model
to create the injection and then to recover it. Therefore,
we rule out any bias originating due to the waveform

3Here zero-noise realization refers to the most-probable
realization of Gaussian noise with zero mean, and the parameter
uncertainties obtained using this noise-realization provide lower
bound to the estimates obtained using the nonzero real noise
realization.
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systematics which may be present if the recovery template is
not as accurate as the injected numerical relativity (NR)
waveforms. Also, we have the freedom to create injections at
arbitrary values of eccentricities allowing us to do an
injection study on a finer grid of eccentricity values. This,
in turn, allows us to identify more accurately at what
eccentricity the IMRCT bias becomes severe. Similarly,
we examine the sensitivity of the bias for a given eccentricity
on other parameters like the magnitude of the component
spins and their orientation (aligned/antialigned) with respect
to the orbital angular momentum of the binary. Moreover,
we ascertain that the IMRCT is indeed recovered as
expected, when eccentricity is included, for all eccentricities
considered. We make contact with both these works to
compare the eccentricity at which the IMRCT is violated,
using a generalized definition of eccentricity that is inde-
pendent of waveform models [57].
The rest of this paper is organized as follows. Section II

briefly describes the IMRCT, and argues why one should
expect spurious violations due to neglect of eccentricity.
Section III shares the results of the injection campaign
described above. Section IV summarizes the work and
discusses other potential sources of spurious IMRCT
violations.

II. METHODS

A. Gravitational-wave parameter estimation

In GR, GWs have two polarizations, hþ and h×. The
phase evolution of these polarizations depends on the
intrinsic parameters of the binary, viz. the masses m1,
m2 of the individual components4 and the spin vectors of
these components S1, S2. The amplitude of the polar-
izations depends on the inclination of the binary with
respect to the line of sight, ι; luminosity distance dL; the
phase ϕc; and time tc at coalescence. In addition to the
above mentioned intrinsic parameters, we need two more
parameters—eccentricity e and mean anomaly l5—at a
given reference frequency to accurately describe GWs from
a binary in eccentric orbit. Also, the GWwaveform shape is
more sensitive to the “chirpmass”Mc ¼ m3=5

1 m3=5
2 =ðm1 þ

m2Þ1=5 compared to individual masses, and often it is more
practical to useMc and the mass ratio q ¼ m1=m2 instead
of m1 and m2 for parameter estimation (PE) [51].
The response of the GW detector to each of the GW

polarizations is given by the antenna pattern functions,
Fþ; F×. These depend on the location of the source in the
sky, viz. the right ascension α and declination δ, as well as

the polarization angle ψ . The GW strain measured by the
detector is a linear combination of the two polarizations,
weighted by the antenna pattern functions

hðt; θ⃗; λ⃗Þ ¼ Fþðλ⃗FÞhþðt; θ⃗; λ⃗hÞ þ F×ðλ⃗FÞh×ðt; θ⃗; λ⃗hÞ; ð1Þ

with t as the detector-frame time, θ⃗ ¼ fMc; q;S1;S2; e; lg,
λ⃗F ¼ fα; δ;ψg, λ⃗h ¼ fdL; ι; tc;ϕcg, and λ⃗ ¼ λ⃗F ∪ λ⃗h.
Given two waveforms h1;2ðt; θ⃗; λ⃗Þ, their noise-weighted

inner product is defined as

hh1; h2i ¼ 4ℜ
Z

fmax

fmin

h̃⋆1 ðf; θ⃗; λ⃗Þh̃2ðf; θ⃗; λ⃗Þ
SnðfÞ

df; ð2Þ

where f is the frequency, and h̃1;2 are Fourier transforms of
the corresponding time domain waveforms, ⋆ represents
complex conjugation, and ℜ denotes the real part. SnðfÞ is
the noise PSD of the detector. The lower and the upper
cutoff frequencies, fmin and fmax are determined by the
source properties and the sensitivity of the detector.
Let us now consider a time-domain stretch of detector

strain data,

sðtÞ ¼ nðtÞ þ hðt; θ⃗; λ⃗Þ; ð3Þ

known to consist of noise nðtÞ and GW signal hðt; θ⃗; λ⃗Þ
whose parameters θ⃗; λ⃗ are to be estimated. This can be
achieved by sampling the seventeen-dimensional GW
posterior pðθ⃗; λ⃗jsÞ ∝ pðθ⃗; λ⃗Þpðsjθ⃗; λ⃗Þ, where pðθ⃗; λ⃗Þ is
the prior distribution on the parameters, and the GW
likelihood is given by [51]

pðsjθ⃗; λ⃗Þ ∝ exp

�
−
hs − hðθ⃗; λ⃗Þ; s − hðθ⃗; λ⃗Þi

2

�
: ð4Þ

The sampling of this high-dimensional posterior is typically
achieved using large-scaleMarkov-chainMonte Carlo meth-
ods, or nested-sampling methods.

B. The inspiral-merger-ringdown consistency test

The IMRCT can be thought of as a coarse-grained test of
the frequency evolution of a BBH waveform. It compares
the low-frequency and high-frequency portions of the
waveform by comparing the final mass and spin of the
merged binary estimated from the inspiral and merger-
ringdown regimes. Let MI

f and χIf ≡ jSIfj=ðMI
fÞ2 be the

estimates of the detector-frame final mass and dimension-
less spin of the merged binary, respectively, from the
inspiral and MMR

f , χMR
f be the same from the postinspiral

part. The IMRCT constructs a joint distribution on the
following difference parameters [23,24]:

ΔMf

M̄f
≡ 2

MI
f −MMR

f

MI
f þMMR

f
;

Δχf
χ̄f

≡ 2
χIf − χMR

f

χIf þ χMR
f

: ð5Þ

4Strictly, the masses that determine the shape of the GW signal
measured at the detector are the so-called “detector-frame”
masses, which are simply the masses multiplied by (1þ z),
where z is the cosmological redshift.

5The angle variable that describes the position of the compact
objects on the orbit can be also described by other equivalent
variables like eccentric anomaly or true anomaly [58].
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The joint distribution on these parameters should be
consistent with zero if the waveform model used to extract
the signal in the data captures all the physics associated
with the production of the signal. On the other hand, a
sufficiently large deviation from GR is expected to shift this
distribution to an extent that it does not contain zero with
high confidence (≳68% or ≳90%). In this work, we
demonstrate that even if both the waveform model and
the signal in the data are consistent with GR, an eccentric
signal recovered with a quasicircular model will also lead to
a (spurious) violation of the IMRCT.
The estimate of the final mass and final spin of the

merged binary determined with the intrinsic parameters θ⃗
extracted from the inspiral portion of the waveform is
achieved via numerical-relativity-based fits [59–61], as
done in [23,24]. On the other hand, the shape of the
ringdown contained in the postinspiral portion of the
waveform depends on the final mass and spin, which
can therefore be extracted directly.
In this work, we restrict ourselves to nonprecessing

waveforms, i.e., waveforms produced by binaries whose
spin vectors are aligned or antialigned with the orbital
angular momentum vector L (z axis). Moreover, we only
consider binaries with mass ratios q that are close to 1
(q ¼ m1=m2 ∼ 1). We therefore only need to use the leading
order ð2;�2Þ multipole, since higher multipoles for the
types of systems we consider will be suppressed.
The choice of the transition frequency that separates the

inspiral and postinspiral portions of the waveform is not
unique. However, all implementations of the IMRCT use
some approximation of the frequency corresponding to the
innermost stable circular orbit (ISCO) of the binary. The
LVK estimates the ISCO using the medians of intrinsic
parameters θ extracted from the full inspiral-merger-
ringdown waveform. Narayan et al. [54] use the medians
of the final mass and spin of the merged binary estimated
from the full inspiral-merger-ringdown waveform, similar to
what was originally done in [23,24]. However, as pointed
out in [23,24,54], the IMRCT is largely insensitive to
moderate variations in the choice of the transition frequency.
In this work, we use the exact values of θ⃗ (i.e., the injected
values), as well as the numerical relativity fits [59–61], to
determine a point estimate of the final mass and spin, from
which the ISCO frequency is evaluated.

C. A standardized definition of eccentricity

In GR, there is no universally agreed upon definition of
eccentricity. Consequently, different waveform models
adopt custom internal definitions of eccentricity, leading
to model-dependent inferences about eccentricity. To
mitigate ambiguity in the inferred value of eccentricity
from gravitational wave data analysis, there is a growing
effort to standardize the definition of eccentricity. This
standardization involves measuring eccentricity from a

gauge-independent quantity, such as the gravitational
waveform modes [56,57,62–67].
The waveform modes are obtained from the polarizations

by decomposing the complex combination hþ − ih× on a
sphere into a sum of spin-weighted spherical harmonic
modes hlm, so that the waveform along any direction ðι;φ0Þ
in the binary’s source frame is given by

hðt; ι;φ0Þ ¼
Xl¼∞

l¼2

Xm¼l

m¼−l
hlmðtÞ−2Ylmðι;φ0Þ; ð6Þ

where ι and φ0 are the polar and azimuthal angles on the
sky in the source frame, and −2Ylm are the spin ¼ −2
weighted spherical harmonics.
In this work, we employ the Python implementation

gw_eccentricity of the standardized definition of
eccentricity from [57], which defines the eccentricity egw
using the frequency of the (2, 2) mode h22. Initially, it
computes eω22

as described in [57,63,64,66]:

eω22
ðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ωp
22ðtÞ

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ωa
22ðtÞ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ωp
22ðtÞ

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

ωa
22ðtÞ

p : ð7Þ

Here, ωp
22ðtÞ and ωa

22ðtÞ denote the interpolants through the
frequency of the (2, 2) mode at the pericenter (point of
closest approach) and the apocenter (point of farthest
approach), respectively. The frequency ω22 of the (2, 2)
mode is derived from h22 as

h22ðtÞ ¼ A22ðtÞe−iϕ22ðtÞ; ð8Þ

ω22ðtÞ ¼
dϕ22ðtÞ

dt
: ð9Þ

After computing eω22
from h22, egw is determined through

the following transformation to ensure that egw correctly
exhibits the Newtonian limit [67],

egw ¼ cosðΨ=3Þ −
ffiffiffi
3

p
sinðΨ=3Þ; ð10Þ

where

Ψ ¼ arctan

�
1 − e2ω22

2eω22

�
: ð11Þ

Since eccentricity decays via gravitational wave radia-
tion, we must specify a reference frequency where the value
of egw is measured. Because eccentricity induces modu-
lations in the instantaneous frequency ω22, we obtain a
monotonic orbit-averaged hω22i by taking the orbital
average of the instantaneous ω22 (see Sec. II. E. 2 of [57]
for more details). Between any two consecutive extrema
[local maxima (pericenters, tp) or minima (apocenters, ta) in
the instantaneous ω22] tXi and tXiþ1 one can define

SHAIKH, BHAT, and KAPADIA PHYS. REV. D 110, 024030 (2024)

024030-4



hω22iXi ¼ 1

tXiþ1 − tXi

Z
tXiþ1

tXi

ω22ðtÞdt

¼ ϕ22ðtXiþ1Þ − ϕ22ðtXi Þ
tXiþ1 − tXi

; ð12Þ

and associate hω22iXi with the midpoint between tXi and tXiþ1:

htiXi ¼ 1

2
ðtXi þ tXiþ1Þ: ð13Þ

Applying this procedure to all consecutive pairs of peri-
center times, one can obtain the set fðhtipi ; hω22ipi Þg and
similarly, the set fðhtiai ; hω22iai Þg for apocenter times.
Finally, taking the union of these two datasets, one can
build an interpolant in time to obtain hω22iðtÞ and use
hfrefiðtrefÞ≡ hω22iðtrefÞ=ð2πÞ for defining the reference
frequency hfrefi corresponding to a reference time tref .
Presenting our results with a standardized definition

facilitates one-to-one comparisons with similar studies in
the past and enables future studies to do the same with the
results in this work.

D. Parameter estimation setup

We obtain our results by performing Bayesian parameter
inference runs using a state-of-the-art GW parameter
inference framework built in Bilby [68] with a dynamical
nested sampler dynesty [69]. For the injection and
recovery, we use the publicly available eccentric waveform
model TEOBResumS-Dalí [55,56,70–74].6 In the follow-
ing, wewill denote the eccentricity that the waveformmodel
takes as an input by eeob and the frequency where eeob is
defined by fref. Additionally, we provide fhfrefi; egwg for
each injection to facilitate better comparisons across wave-
form models and systematics studies.7 For a given model
eccentricity eeob at a model reference frequency fref, the
standardized eccentricity egw at hfrefi is obtained by first
generating the eccentric waveform modes for the given pair
ffref; eeobg and then following the steps discussed in
Sec. II C.
Ideally, to accurately describe an eccentric orbit, the

waveform model should also include mean anomaly as a
free parameter [57,58,64]. In this work, we use the version
of TEOBResumS-Dalí that was used in Ref. [66] by the
waveform developers to showcase the accuracy and robust-
ness of their model. This version of TEOBResumS-Dalí
does not allow mean anomaly as a free parameter. Although
the most recent version of TEOBResumS-Dalí, released
after the completion of this work, allows mean anomaly as a

free parameter, this version is yet to be tested (at the time
of this writing) in a parameter inference study by sam-
pling over mean anomaly and is currently under review.
Eccentric waveform models Ecc1dSur [64] and
SEOBNRv4EHM [65,75] include mean anomaly as a free
parameter, but these are not publicly available. Publicly
available eccentric waveform models SEOBNRE [76,77]
and EccentricTD [78] do not include mean anomaly as
a free parameter but instead start at the pericenter or
apocenter.8

Because the version of TEOBResumS-Dalí used in the
work does not allow sampling over mean anomaly, Ref. [66]
sampled over the reference frequency, i.e., the PE was
performed by sampling over eccentricity and reference
frequency with fixed mean anomaly. The motivation behind
such an approach is that by varying the reference frequency
with fixed mean anomaly one can expect to explore the
same parameter space as in the case of varying mean
anomaly at a fixed reference frequency. For example, in a
recent work in Ref. [81], it was shown that one can map an
eccentric NR waveform to an eccentric effective one-body
waveform using just the initial eccentricity and reference
frequency at the first apocenter (that is, at a fixed mean
anomaly). Although sampling over reference frequency
may reduce bias in PE compared to a fixed reference
frequency when mean anomaly is fixed, no significant bias
was found in the recovered parameters when sampling
exclusively over eccentricity with both mean anomaly and
reference frequency fixed (see Fig. 3. in Ref. [66]).
Contrary to Refs. [66,81] which suggest that using

(eccentricity, mean anomaly) at fixed reference frequency
and using (eccentricity, reference frequency) at fixed mean
anomaly are equivalent, it has been also argued that
sampling over eccentricity and reference frequency with
fixed mean anomaly may not be equivalent to sampling
over eccentricity and mean anomaly with fixed reference
frequency (see the introduction in Ref. [82]) since these two
methods may not explore the same parameter space. In
addition, varying reference frequency changes the reference
point where binary properties are measured.
Given the fact that no significant bias was reported by the

waveform developers in Ref. [66] when sampling only
eccentricity with fixed reference frequency and that this
version does not allow varying mean anomaly, we restrict
our PE to sample only over eccentricity. However, future
works that will use the recent version of TEOBResumS-
Dalí once it is reviewed, should sample over mean

6We use the commit 0f19532 of the eccentric branch of
TEOBResumS available at https://bitbucket.org/eob_ihes/
teobresums/.

7Note that we sample over the model eccentricity eeob and
not egw.

8In some classes of GW sources, eccentricity and mean
anomaly may not be sufficient to describe the orbit. For example,
in Ref. [79], the Arnowitt-Deser-Misner energy and angular
momentum are used to describe a generic planar orbit. See also
Ref. [80] which uses the same parametrization to study the
possibility of GW190521 resulting from a dynamical capture of
two nonspinning black holes.
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anomaly to reduce any potential bias due to neglecting mean
anomaly.
To obtain the 2D posteriors onΔMf=M̄f andΔχf=χ̄f for

the IMRCT, we use the summarytgr command line tool
from PESummary [83]. It provides the posteriors on
ΔMf=M̄f and Δχf=χ̄f in a postprocessing step making
use of mass and spin posterior samples along with the NR
fits for the final mass and the final spin parameters. The
uninformative priors used for the mass and spin parameters
forces nontrivial undesirable priors on ΔMf=M̄f and
Δχf=χ̄f obtained in the postprocessing. To revoke this
effect and to impose agnostic priors on these inference
parameters used to probe GR violation, we reweight9 the
2D posterior to a flat prior on the deviation parameters, as is
routinely done by the LVK [11,85].
Given the posterior samples obtained in the PE from the

inspiral and postinspiral part, summarytgr uses an NR
informed fit to obtain the final mass and spin posteriors.
This fit is based on quasicircular NR simulations only and
does not take into account any eccentric corrections which
has been shown to be negligible at the quasi-Newtonian
level with small eccentricity approximation [53]. Curr-
ently, we lack a sufficient number of NR simulations of
merging eccentric binaries required for obtaining the
eccentricity corrected NR fit for final mass and final spin.
We measure fhfrefi; egwg for a given ffref ; eeobg using
gw_eccentricity [57].

III. RESULTS

The main result of this work can be divided into two
parts. The first part, Sec. III A, discusses the effect of
neglecting eccentricity in the waveform template on the
IMRCT. The second part, Sec. III B, demonstrates the
robustness of the IMRCT performed on GW data contain-
ing an eccentric signal using a waveform template that
includes physics required to describe GWs coming from
binaries on an eccentric orbit. We list the injection values
and priors in Table I and summarize the results of the study
of bias in IMRCT due to neglecting eccentricity in Table II.

A. Effects of neglecting eccentricity
in templates on IMRCT

1. Aligned spin case

First, we focus on studying the cases where the spins of
the binary components are aligned with the orbital angular
momentum of the binary. It is convenient to define the tilts

θSLi as the angle between of the component spin Si and the
orbital angular momentum L:

θSLi ¼ cos−1
�

L:Si

jLjjSij
�

i ¼ f1; 2g: ð14Þ

Since TEOBResumS-Dalí can describe only nonprecess-
ing systems, θSLi can take only two values 0 (aligned) or π
(antialigned). In this section, we consider binary systems
with θSL1;2 ¼ 0. Since the waveform model only allows tilts
of either 0 or π, and does not allow sampling over arbitrary
spin orientations, we choose the prior on the tilts to be a
Dirac delta function peaked at the injection value.
We choose the component masses to be similar to that

of the gravitational wave event GW150914. For this study
we choose a total mass of system that lies within the
“golden mass” range M∈ ½50 − 100�M⊙ which ensures
high enough SNRs both in the inspiral and postinspiral
parts of the signal [23]. The injection parameters and the
priors are noted in Table I. The injection eccentricities
eeob ∈ f0.05; 0.06; 0.07; 0.08; 0.09; 0.1g are defined at a
reference frequency of fref ¼ 20 Hz. These injected
waveforms have egw values f0.040; 0.048; 0.055; 0.063;
0.071; 0.079g10 measured at an orbit-averaged frequency
of hfrefi ¼ 25 Hz. To understand the effect of spin
magnitudes on IMRCT systematics, we consider two

TABLE I. Injection values of the binary parameters and
corresponding priors used for PE with Bilby [68]. Uða; bÞ
stands for uniform prior in the range ða; bÞ. sinð0; πÞ and
cosð−π=2; π=2Þ stand for the sine and cosine priors, respectively
on the ranges mentioned. Single values represent Dirac delta
priors peaked at those values. Different values in the curly braces
represent different injections. The table, therefore, represents 12
injections—six different eccentricities each with two different
spin configurations.

Parameter Injected value Prior

McðM⊙Þ 26.36 Uð12; 45Þ
q 0.8 Uð0.25; 1Þ
χ1 f0.2; 0.4g Uð0; 0.99Þ
χ2 f0.1; 0.3g Uð0; 0.99Þ
θSL1 (rad) 0 0
θSL2 (rad) 0 0
dLðMPcÞ 410 Uð50; 2000Þ
ι 0.78 sinð0; πÞ
αðradÞ 4.89 Uð0; 2πÞ
δ −0.218 cosð−π=2; π=2Þ
ψðradÞ 0.54 Uð0; πÞ
tcðsÞ 1126259462ð≡t0Þ Uðt0 − 2; t0 þ 2Þ
ϕcðradÞ 4.205 Uð0; 2πÞ
eeob f0.05; 0.06; 0.07; 0.08; 0.09; 0.10g 10−4

frefðHzÞ 20 20

9Reweighting of posterior refers to removing the effect of any
nontrivial undesirable prior on the posterior (see Chapter 5 in
Ref. [84] for details). This is done when there is no prior
information about the parameter in consideration or the prior
information about the parameter is unphysical and one wants to
be as objective as possible.

10We used the ResidualAmplitude method within
gw_eccentricity to measure these eccentricities.
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TABLE II. Summary of the study of bias in IMRCT due to neglecting eccentricity. It provides the threshold injection eccentricity
(eeob at 20 Hz) at or above which the IMRCT result is biased at 68% and 90% confidence. It also provides the eccentricity egw in terms of
standardized definition [57] at an orbital averaged frequency hfrefi ¼ 25 Hz corresponding to each of these threshold injections. As an
example, for an aligned low spin ðχ1; χ2Þ ¼ ð0.2; 1.0Þ system, GR is excluded at 68% confidence for eeob ¼ 0.05 (egw ¼ 0.04), and GR
is excluded at 90% confidence for eeob ¼ 0.07 (egw ¼ 0.055).

Dimensionless
component spins Tilts

Threshold eccentricity
for GR violation at 90%

Threshold eccentricity
for GR violation 68%

ðχ1; χ2Þ ðθSL1 ; θSL2 Þ eeob at fref ¼ 20 Hz egw at hfrefi ¼ 25 Hz eeob at fref ¼ 20 Hz egw at hfrefi ¼ 25 Hz
(0.4, 0.3) (0, 0) 0.09 0.071
(0.2, 0.1) (0, 0) 0.07 0.055 0.05 0.040
(0.4, 0.3) ðπ; 0Þ 0.07 0.056
(0.4, 0.3) ð0; πÞ 0.10 0.079 0.09 0.071
(0.4, 0.3) ðπ; πÞ 0.08 0.064

FIG. 1. Bias in IMRCT due to neglecting eccentricity in recovery template. The top and the bottom row represent the IMRCT
result for the aligned spin configurations with dimensionless component spins ðχ1; χ2Þ ¼ ð0.4; 0.3Þ and ðχ1; χ2Þ ¼ ð0.2; 0.1Þ,
respectively. The contours represent the joint probability distribution of the final mass deviation ΔMf=M̄f and final spin deviation
Δχf=χ̄f at 90% and 68% confidence on the left and the right panels, respectively. For ðχ1; χ2Þ ¼ ð0.4; 0.3Þ, the GR value is excluded
at 68% confidence at eeob ¼ 0.09. For ðχ1; χ2Þ ¼ ð0.2; 0.1Þ, the GR value is excluded at 68% and 90% confidence for eeob ¼ 0.05 and
0.07, respectively.
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different choices of dimensionless component spins, one
low ðχ1; χ2Þ ¼ ð0.2; 0.1Þ and one moderate ðχ1; χ2Þ ¼
ð0.4; 0.3Þ, for the set of injected eccentricities. All the
injections considered in this study have Hanford-
Livingston-Virgo network (at O4 design sensitivity)
SNR in the range 27–52.
While recovering the injection, we use a Dirac delta prior

on eccentricity peaked at eeob ¼ 10−4 making the param-
eter estimation procedure equivalent to one using a qua-
sicircular template.11

The results of these IMRCTs are shown in Fig. 1. The
top row shows the results for ðχ1; χ2Þ ¼ ð0.4; 0.3Þ, and the
bottom row shows the same for ðχ1; χ2Þ ¼ ð0.2; 0.1Þ. In
each of these rows, the left panel shows the isoprobability
contours of the 2D probability distribution on the final
mass deviation ΔMf=M̄f (along x axis) and the final spin
deviation Δχf=χ̄f (along y axis) plane at 90% confidence.
The right panel shows the same at 68% confidence.
Different contours in each panel correspond to the injected
eccentricities eeob ∈ f0.05; 0.06; 0.07; 0.08; 0.09; 0.1g as
noted on the top of the right panel. Figure 1 also shows the
marginalized 1D posterior of ΔMf=M̄f on top of the left
panel and that of Δχf=χ̄f on the right of the right panel.
It can be noted that in the case of moderate spin ðχ1; χ2Þ ¼

ð0.4; 0.3Þ, for smaller eccentricities (eeob < 0.08), the con-
tours at 90% and 68% contain the point (0, 0) denoted byþ
which stands for zero-deviation from GR. We will denote
this point of zero deviation from GR as the “GR value.”
However, for larger eccentricities (eeob ≳ 0.08), the contours
are shifted toward positive deviation in ΔMf=M̄f, and the
GR value is excluded at 68% confidence for eeob ≥ 0.09. For
smaller spins ðχ1; χ2Þ ¼ ð0.2; 1Þ, the bias is more severe.
For the low spin case (bottom row in Fig. 1), the GR value is
excluded at 68% confidence for eeob ¼ 0.05 and at 90% con-
fidence for eeob ¼ 0.07.
One can also construct a statistical measure of the

deviation from GR using the GR quantile QGR which is
the fraction of the posterior samples contained within the
isoprobability contour that passes through the GR value [no-
deviation point (0,0)]. A smaller QGR implies a better
agreement with GR since the GR value is contained within
a smaller isoprobability contour. In this work, we compute
the GR quantile in a slightly different way. Instead of using
the samples directly, we use an interpolated histogram of the
2D probability distribution. In particular, we use the imple-
mentation in summarytgr within PESummary [83].
In Fig. 2, we plot the QGR for different component spin

configurations as a function of the injection eccentricities.
It shows the overall trend of QGR increasing with eeob.
While for moderate spins ðχ1; χ2Þ ¼ ð0.4; 0.3Þ, QGR

becomes ≈68% at eeob ¼ 0.08, for low spins ðχ1; χ2Þ ¼
ð0.2; 0.1Þ, QGR becomes > 68% at eeob ¼ 0.05 and ≳90%
at eeob ¼ 0.07.

2. Antialigned spin case

In this section, we study how the bias in the IMRCT due
to neglecting eccentricity in the recovery waveform model
depends on the orientation of the spin with respect to the
angular momentum of the system. Let the pair ðθSL1 ; θSL2 Þ
denote the tilts of the spin S1 of the primary and the spin S2

of the secondary, respectively, with respect to the orbital
angular momentum L of the system. We consider the
following three cases:
(1) ðπ; 0Þ: S1 is antialigned and S2 is aligned.
(2) ð0; πÞ: S1 is aligned and S2 is antialigned.
(3) ðπ; πÞ: Both S1 and S2 are antialigned.

We consider only the moderate spin case where the
dimensionless spins are (0.4, 0.3). The other parameters
remain the same as in Table I. We use a Dirac delta prior
peaked at the injected values for the tilts. The number of
injections for each of these tilts is six for six different
eccentricities making a total of 18 injections for these three
tilt configurations.
The rows from the top to bottom in Fig. 3 show the

IMRCT results for the cases of primary antialigned,
secondary antialigned, and both antialigned, respectively.
In each of these figures, the left panel shows the isoprob-
ability contours at 90% confidence, and the right panel
shows the same at 68% confidence in the ΔMf=M̄f −
Δχf=χ̄f plane. The general trend is similar to that of aligned
spin cases in Sec. III A 1.

FIG. 2. GR Quantile QGR vs injected eccentricity for different
component spins for the aligned spin systems. Small QGR
indicates better agreement with GR. Circles denote the quasi-
circular recovery, and the ellipses denote the eccentric recovery.
The low spin ðχ1; χ2Þ ¼ ð0.2; 0.1Þ and moderate spin ðχ1; χ2Þ ¼
ð0.4; 0.3Þ case are denoted by violet and orange, respectively.
When recovered with quasicircular templates, low spin cases
show more bias compared to the moderate spin case.

11For eeob ≤ 10−4, the corresponding egw is 10−6 implying the
waveforms to be essentially quasicircular. See Fig. 10 in [57].
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FIG. 3. IMRCT with quasicircular recovery template for injections with antialigned spin configurations.The panels from the top to
bottom correspond to primary antialigned, secondary antialigned, and both antialigned spin configurations, respectively. For all three
cases, the dimensionless component spin magnitudes are ðχ1; χ2Þ ¼ ð0.4; 0.3Þ. Owing to neglecting eccentricity in the recovery
template, the GR value is excluded at 68% confidence at eeob ¼ 0.07, 0.09 and 0.08 for primary antialigned, secondary antialigned, and
both antialigned cases, respectively. The GR value is also excluded at 90% confidence for secondary antialigned at eeob ¼ 0.1.
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B. IMRCT with eccentric signal

In the previous section, we showed that IMRCT shows
spurious deviation from GR when the parameters from an
eccentric gravitational wave signal are inferred using a
quasicircular waveform model (using a delta function prior
on eccentricity fixed at eeob ¼ 10−4). In this section, we
show that such spurious deviations go away when the
eccentric waveform model is used instead of the quasicir-
cular model by allowing the sampler to sample from a
uniform prior on eccentricity as described in Table III.

1. Aligned spin case

First, we consider the case of aligned spin where both the
primary and the secondary spin are aligned with the angular
momentum of the system, i.e., θSL1;2 ¼ 0. In Fig. 4, we show
the results of IMRCTs with a set of eccentric aligned spin
signals. The top row shows the result for injections with
moderate component spins ðχ1; χ2Þ ¼ ð0.4; 0.3Þ, and the
bottom row shows the result for low component spins
ðχ1; χ2Þ ¼ ð0.2; 0.1Þ. The set of injected eccentricities and
the prior on the eccentricity for both of these spin
configurations are provided in Table III. The other param-
eters remain the same as in Sec. III A 1.
In each row of Fig. 4, the left (right) panel shows the

isoprobability contours of the 2D probability distribution in
the ΔMf=M̄f − Δχf=χ̄f plane at 90% (68%) confidence.
The 1D posterior on ΔMf=M̄f is shown on the top of the
left panel, and the 1D posterior on Δχf=χ̄f is shown on the

TABLE III. Injection values of the eccentricities and priors for
IMRCTs with eccentric recovery.

Parameter Injected value Prior

eeob f0.05; 0.06; 0.07; 0.08; 0.09; 0.10g Uð8 × 10−3; 0.15Þ
frefðHzÞ 20 20

FIG. 4. IMRCTwith eccentric recovery template for aligned spin injections. The top row corresponds to ðχ1; χ2Þ ¼ ð0.4; 0.3Þ, and the
bottom row corresponds to ðχ1; χ2Þ ¼ ð0.2; 0.1Þ. Same as Fig. 1, but now the injections are recovered with eccentric templates instead of
quasicircular templates. GR value is included within the isoprobability contours at both the 68% and 90% confidence levels for all
injections for these two spin configurations.
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right of the right plot. In both of these spin configurations,
for all the injected eccentricities, we find IMRCTs to be
unbiased both at 68% and 90% confidence.
For these two aligned spin configurations, the GR

quantile QGR, when recovered with an eccentric waveform
template, is shown using ellipses in Fig. 2.QGR is plotted as
a function of the injection eccentricities. It can be seen that
for all the injected eccentricities, the QGR remains < 68%

for low spins ðχ1; χ2Þ ¼ ð0.2; 0.1Þ and< 30% for moderate
spins ðχ1; χ2Þ ¼ ð0.4; 0.3Þ implying an agreement with GR.

2. Antialigned spin case

We now turn our focus to the potential effects of the
orientation of the component spins on IMRCTs with
eccentric signal when recovered with eccentric waveform
models. We consider the same injections as in Sec. III A 2;
we consider three possible configurations where the pair of
tilts may take the values ðπ; 0Þ; ð0; πÞ or ðπ; πÞ with the
component dimensionless spins ðχ1; χ2Þ ¼ ð0.4; 0.3Þ. In
Sec. III A 2, these injections were recovered using a
quasicircular template which resulted in spurious bias
in the IMRCT result. Now we recover these injections
with eccentric template using a prior on eccentricity as
shown in Table III.
The rows from the top to bottom in Fig. 5 show the

IMRCT contours for primary antialigned, secondary anti-
aligned, and both antialigned configurations, respectively.
For a given row, the left (right) panel shows the isoprob-
ability contours of the 2D probability distribution in the
ΔMf=M̄f − Δχf=χ̄f plane at 90% (68%) confidence. The
1D posterior on ΔMf=M̄f is shown on top of the left panel,
and the 1D posterior onΔχf=χ̄f is shown on the right of the
right panel. Different contours in each panel correspond to
different injected eccentricity as denoted on top of the right
panel of each row. Unlike the results in Fig. 3, all the
contours in Fig. 5 include the GR value.
We also plot the QGR (denoted by ellipses) values of the

IMRCTs corresponding to these injections in Fig. 6. Note
that the QGR values for these cases of recovery with
eccentric templates are very small compared to the
quasicircular recovery (denoted by circles). The QGR for
eccentric recovery is < 68% for all considered eccen-
tricities in these three antialigned spin configurations.
While for the primary antialigned cases, the QGR remains
≲10%, for the secondary antialigned and both antialigned
cases, the GR quantile is even smaller, QGR ≲ 5% imply-
ing excellent agreement with GR.

IV. SUMMARY AND OUTLOOK

The IMRCT [23,24] is one among several tests of GR
with GWs used by the LVK. While model agnostic in the
sense that it is not based on any particular alternative
theory of gravity, it does nevertheless crucially rely on the
CBC template waveform being an accurate representation

of the GW signal. Thus, intuitively, one would expect
spurious violations of this test when physical and envi-
ronmental effects are not accounted for in the wave-
form model.
To demonstrate this, in this work, we focus our attention

on GWs from eccentric compact binaries. We inject, in
zero noise assuming an O4-like noise PSD, synthetic
GW150914-like CBC signals but with a range of residual
eccentricities at a reference frequency of fref ¼ 20 Hz. The
spins are always assumed to lie along the orbital angular
momentum (z-) axis, although we consider two different
sets of spin magnitudes, and all possible orientation(aligned/
antialigned) combinations of the binary components along
the z axis. We then perform the IMRCT with quasicircular
templates (these being routinely used by current implemen-
tations of the IMRCT), as well as eccentric templates.
We find that, as expected, the IMRCT gets progressively

biased with increasing injected eccentricity while recovering
with quasicircular templates. At 68% confidence, we find
that the IMRCT starts to get violated for eccentricities—as
defined by the waveform model used—between eeob ∼
0.05–0.09 at a reference frequency fref ¼ 20 Hz, for our
chosen CBC systems. Converting this to a standardized
definition of eccentricity [57], these values become egw ∼
0.04–0.07 at an orbital averaged frequency hfrefi ¼ 25 Hz.
Indeed, as the eccentricity is increased, the violations occur
even at 90% confidence.
On the other hand, when recovering with eccentric

templates, we find that the IMRCT is always satisfied,
regardless of the spin magnitude, orientation, or eccentricity
value, at 68% confidence. Our work therefore demonstrates
the need for accurate eccentric waveform models for
IMRCT and possibly other tests of GR. Moreover, our
work complements and expands on previous work studying
the effect of neglect of eccentricity on the IMRCT. These
either use approximate GW PE likelihoods [53], or only
study the potential bias in the IMRCT caused by recovering
a few eccentric numerical relativity waveforms with phe-
nomenological waveforms [54].
Two important limitations of our work must be pointed

out. The first is that the injections are performed in zero
noise rather than real noise. This could potentially intro-
duce additional fluctuations in the IMRCT as a conse-
quence of a particular noise realization. The second is that
the recovery of the IMRCT has been tested using identical
injection and recovery waveform models. It would be of
interest to consider eccentric numerical-relativity injec-
tions recovered with other eccentric waveform models that
are nominally used for GW PE. Such a study might
potentially demonstrate nontrivial biases in the IMRCT
even when eccentric waveforms are used, and if not, would
ascertain the feasibility of using current eccentric wave-
form models for tests of GR. We plan to address the said
limitations in future work.
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FIG. 5. IMRCTwith eccentric recovery template for injections with antialigned spin configurations. The rows from the top to bottom
correspond to primary antialigned, secondary antialigned, and both antialigned spin configurations, respectively. For all three cases, the
dimensionless component spin magnitudes are ðχ1; χ2Þ ¼ ð0.4; 0.3Þ. Same as Fig. 3 but now the injections are recovered with eccentric
templates instead of quasicircular templates. Note that the GR value is included at both 68% and 90% confidence for all the injections for
these three configurations.
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