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A gravitational field can cause a rotation of the polarization plane of light. This phenomenon is known as
the gravitational Faraday effect. It arises due to different spin-orbit interactions of left- and right-handed
circularly polarized components of light. Such an interaction also causes transverse displacement in the
light trajectory, in opposite directions for each component. This phenomenon is known as the gravitational
spin-Hall effect of light. We study these effects in a local inertial frame in arbitrary vacuum spacetime and
show that they are observer dependent and arise due to interaction of light polarization with a local
gravitomagnetic field measured by the observer. Thus, to address the effects to a gravitational field alone,
one has to consider zero angular momentum observers.

DOI: 10.1103/PhysRevD.110.024029

I. INTRODUCTION

A study of light propagation in strong gravitational fields
in the geometric optics approximation opens up very
interesting observational possibilities, such as light deflec-
tion and shadows of gravitating objects [1–4]. Going
beyond the geometric optics formalism should be more
informative and interesting. In this work we shall study the
gravitational Faraday and spin-Hall effects of light in an
arbitrary gravitational field (vacuum spacetime) in a local
inertial frame. These effects are related to each other and
arise due to interaction of light polarization (helicity) and
gravitomagnetic field defined in the observer’s frame.
The gravitational Faraday effect is a rotation of the

polarization plane of an electromagnetic wave (light)
propagating in a gravitational field, for example, near a
rotating black hole. A study and observation of this effect
have quite a long history [5–22]. In these works a stationary
gravitational field of a rotating (Kerr) black hole was
considered. A stationary spacetime possesses a timelike
Killing vector field, which can be adapted to define
observers who share the same spacelike hypersurface that
allows one to consider a spacetime decomposition globally
and describe the gravitational Faraday effect. In the case
of a general spacetime there is no preferred global timelike
vector field that could be used to define observers.

To overcome this problem, here we take a local approach
and consider an inertial observer who can perform experi-
ments in a local laboratory having a fixed spatial coordinate
location of all the laboratory equipment bolted into the
laboratory frame. The laboratory should be sufficiently
large to capture the spacetime curvature and sufficiently
small to define a local regular coordinate grid. The local
coordinates are the Fermi normal coordinates, which
naturally serve this purpose.
There is a related gravitational spin-Hall effect resulting

in a transverse polarization-dependent displacement of a
light trajectory due to the interaction between its polari-
zation and a gravitomagnetic field. As a result, a linearly
polarized light splits into left- and right-handed circularly
polarized components propagating along different paths.
Originally, this effect was studied in the weak field
approximation for light propagating in a stationary gravi-
tational field near a rotating gravitational body [23–26]. It
was shown that left- and right-handed circularly polarized
light components get scattered differently. To describe this
effect in a strong stationary gravitational field, the so-called
modified geometric optics formalism was introduced [20].
Then, the formalism was applied to describe the scattering
of polarized light propagating in the stationary spacetime of
a Kerr black hole [27]. The gravitational spin-Hall effect of
light was studied in later works without its relation to the
gravitational Faraday effect [28–31]. In [32] the gravita-
tional Faraday and spin-Hall effects of light were studied in
arbitrary spacetime. But the presented formalism does
not uniquely specify a field of noninertial observers as
such.1 Here we shall consider a local description of the
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gravitational Faraday and spin-Hall effects in the frame
defined by the Fermi normal coordinates. In Sec. II we
review the basic laws of geometric optics. In Sec. III an
inertial observer’s frame is defined via the Fermi normal
coordinates. Section IV contains a study of the gravitational
Faraday effect in the inertial observer’s frame. In Sec. V we
study the related gravitational spin-Hall effect of light. In
Sec. VI we discuss the role of the observer in the detection
of these effects. Section VII contains the summary and
discussion of derived results.
Here we use a system of units in which G ¼ c ¼ 1 and

conventions adopted in the book [33].

II. GEOMETRIC OPTICS

Electromagnetic waves propagating in a gravitational
field are described by the Maxwell equations in a curved
spacetime background. For waves that are highly mono-
chromatic over some spacetime regions, an asymptotic
short-wave (geometric optics) approximation is often used
[33]. The approximation captures basic characteristics of
light propagation in a curved spacetime background
defined by metric gαβ. In what follows, we shall consider
a vacuum spacetime and consider the source-free Maxwell
wave equation for the vector potential Aα in the Lorenz
gauge

Aα
;α ¼ 0; ð1Þ

which reads

Aα;β
;β ¼ 0: ð2Þ

Here and in what follows, the semicolon stands for the
covariant derivative associated with the used spacetime
metric.
The geometric optics approximation begins with a

splitting of the vector potential into a rapidly changing
real phase, called the eikonal ϑ, and a slowly changing
complex amplitude,

Aα ¼ ℜfðaα þ εbα þ � � �Þeiϑ=εg; ð3Þ

where ε ≪ 1 is a dummy expansion parameter used to track
the order of terms: a term with εn, for some integer n, varies
as ðƛ=LÞn, where ƛ=L ≪ 1. Here ƛ is the reduced wave-
length (wavelength=2π) and L is the minimal of the two
characteristic scales—the curvature radius of the wave
front, or the length of a wave packet, and the local curvature
radius of the spacetime.
At this stage, it is convenient to introduce quantities in

terms of which sought laws of the geometric optics are
formulated. They are the following: The eikonal gradient
and metrically related to it the wave vector,

kα ≡ ϑ;α; kα ¼ gαβkβ ¼ dxα=dλ; ð4Þ

tangent to the light ray Γ∶xα ¼ xαðλÞ, where λ is the affine
parameter of the ray. The scalar amplitude

a≡ ðaαāαÞ1=2; ð5Þ

and the unit complex polarization vector

fα ≡ aα=a; fαfα ¼ 0; fαf̄α ¼ 1: ð6Þ

Here and in what follows, the bar stands for complex
conjugation. Substituting the vector potential (3) into the
Lorenz gauge condition (1) and the wave equation (2) and
collecting the leading terms of order ε−2 and ε−1, we derive
the fundamental laws of geometric optics,

kαkα ¼ 0; kβkα;β ¼ 0; ð7Þ

kαfα ¼ 0; kβfα;β ¼ 0; ð8Þ

ða2kαÞ;α ¼ 0: ð9Þ

These laws imply that light rays are spacetime null geo-
desics (7), the polarization vector is orthogonal to the light
ray and parallel-propagated along it (8), and the vector a2kα

is a conserved current, which defines the adiabatically
conserved number of light rays or, in quantum language,
the number of photons (9). Propagation of light in a curved
spacetime is described by the laws of geometric optics
approximately. Note that in this description polarization of
light does not affect its path. Thus, to describe the gravita-
tional spin-Hall effect of light, one has tomodify the standard
laws of geometric optics, which is done in Sec. V.

III. INERTIAL OBSERVER

Consider an inertial observer moving along timelike
geodesic OðτÞ with four-velocity uαðτÞ in a gravitational
field gαβ. Fermi normal coordinates [34],

xα̂ ¼ ðx0̂ ¼ τ; xî; i ¼ 1; 2; 3Þ ð10Þ

associated with this observer, are used to describe local
experiments performed in the observer frame. The spatial
coordinates xî define the proper distance l from some event
on OðτÞ to a spatially separated event in its vicinity via
xî ¼ lvî, where vα̂ is a spacelike unit vector defined atOðτÞ
and orthogonal to uα. The spacetime metric in the vicinity of
OðτÞ computed up to third order in l reads [35,36]
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ds2 ¼ −
�
1þ R0̂ î 0̂ ĵx

îxĵ þ 1

3
R0̂ î 0̂ ĵ;k̂x

îxĵxk̂
�
ðdx0̂Þ2

− 2

�
2

3
R0̂ k̂ î ĵx

k̂xĵ þ 1

4
R0̂ k̂ î ĵ;l̂x

k̂xĵxl̂
�
dx0̂dxî

þ
�
δî ĵ −

1

3
Rî k̂ ĵ l̂x

k̂xl̂ −
1

6
Rî k̂ ĵ l̂;m̂x

k̂xl̂xm̂
�
dxîdxĵ

þOðl4Þdxα̂dxβ̂; ð11Þ

whereRα̂ β̂ γ̂ δ̂ andRα̂ β̂ γ̂ δ̂;μ̂ are evaluated onOðτÞ; that is, they
depend on the observer’s proper time τ only. This metric
approximation is valid if the proper distance l is such that

l ≪ min

�
1

jRα̂ β̂ γ̂ δ̂j1=2
;
jRα̂ β̂ γ̂ δ̂j
jRα̂ β̂ γ̂ δ̂;σ̂j

�
: ð12Þ

This condition implies that the spatial geodesics in the
vicinity of OðτÞ do not intersect.2

To define the observer’s local laboratory we consider a
local nongeodesic congruence of timelike world lines xî ¼
const associated with the observer. The congruence defines
world lines of each spatial point indicating the location of
an apparatus in the laboratory. Using the metric (11) we
derive four-velocity vectors tangent to the world lines in the
corresponding order of the used approximation,

uα̂ðxβ̂Þ ¼
�
1 −

1

2
R0̂ î 0̂ ĵx

îxĵ −
1

6
R0̂ î 0̂ ĵ;k̂x

îxĵxk̂
�
δα̂
0̂
: ð13Þ

Along every world line we define an orthonormal local
tetrad

feα̂ð0Þ ¼ uα̂ðxβ̂Þ; eα̂ðaÞ; a ¼ 1; 2; 3g; ð14Þ

ηðaÞðbÞ ¼ eα̂ðaÞeβ̂ðbÞgα̂ β̂ ¼ diagð−1; 1; 1; 1Þ; ð15Þ

which we shall use to define measurements at a given point
in the laboratory frame.

IV. GRAVITATIONAL FARADAY EFFECT

In this section we study the gravitational Faraday effect.
We begin with writing down the complex polarization
vector in the laboratory frame,

fα̂ ¼ e−iφσmα̂; ð16Þ

where mα̂ is a unit complex vector defined in the local
tetrad (14) as follows:

mα̂ ≡ 1ffiffiffi
2

p ðeα̂ð1Þ þ iσeα̂ð2ÞÞ; m̄α̂ ≡ 1ffiffiffi
2

p ðeα̂ð1Þ − iσeα̂ð2ÞÞ;

ð17Þ

where the parameter σ ¼ �1 specifies polarization, with
“þ” for the right- and “−” for the left-handed circularly
polarized light [33]. Note that the polarization vector fα̂ is
defined up to an additive of the wave vector kα̂. We fix this
gauge freedom by imposing that the complex vector mα̂ is
orthogonal to the local spatial direction of the null ray,
defined by the tetrad vector eα̂ð3Þ. For the defined complex
vectors the following relations hold:

mα̂mα̂ ¼ 0; mα̂m̄α̂ ¼ 1; mα̂kα̂ ¼ 0: ð18Þ

Polarization phase φσ defines a change due to the
gravitational field in the natural rotation of the polarization
vector along a null ray with respect to the complex basis
fmα̂; m̄α̂g. Defined this way the polarization phase corre-
sponds to positive values of φ0 [see the expression (27)]
measured in the anticlockwise direction from eα̂ð1Þ. There is
also gauge freedom due to rotations in the two-dimensional
plane perpendicular to the local spatial direction of the null
ray. According to (16), it implies that the polarization phase
is defined up to an arbitrary angle of rotation of the basis
fmα̂; m̄α̂g. We shall fix this gauge later, when we define a
propagation law for the basis along the null ray.
Applying the propagation equation for the polarization

vector (8) to the expression (16), we derive an evolution
equation for the polarization phase along the null ray,

kα̂φσ;α̂ ¼ −im̄α̂kβ̂mα̂
;β̂: ð19Þ

The next step is to define a propagation law for mα̂ along
the null ray. This is done by a local decomposition of the
spacetime into space and time. By the construction, there is
a local tetrad (14) defined at every point of a null ray. For a
given eα̂ð0Þ ¼ uα̂ there is a local three-dimensional sub-
space Σu of a tangent space orthogonal to uα̂. Avector from
the tangent space can be projected into the subspace Σu by
means of the projection operator

Πα̂
β̂
¼ δα̂

β̂
þ uα̂uβ̂: ð20Þ

Applying the projection operator to kα̂ we construct the unit
spacelike vector nα̂ ¼ eα̂ð3Þ that defines the spatial direction
of a light ray, as we mentioned above. Accordingly, we
have

kα̂ ¼ ωðuα̂ þ nα̂Þ; ð21Þ

where ω ¼ −kα̂uα̂ is the local angular frequency of light.
The decomposition allows one to express a propagation of

2One may consider higher order terms in the metric expansion,
which can be constructed according to the procedure described in
[35,36].
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mα̂ along kα̂ by defining its propagation along uα̂ and nα̂,

kβ̂mα̂
;β̂ ¼ ωðuβ̂mα̂

;β̂ þ nβ̂mα̂
;β̂Þ: ð22Þ

To measure unambiguously the polarization phase evolu-
tion along the light ray (19), we require first that mα̂ does
not rotate about the null ray spatial trajectory defined by its
tangent vector nα̂. If the trajectory were a spacelike
geodesic, then to fulfill this condition,mα̂ had to be parallel
transported along it. In a general case, it has to undergo a
Fermi transport, which implies that the term nβ̂mα̂

;β̂ lies in a
two-dimensional plane spanned by nα̂ and the acceleration
nβ̂nα̂;β̂. But because initially mα̂ is orthogonal to nα̂, the

term nβ̂mα̂
;β̂ is collinear to nα̂. Therefore, when we plug

(22) into (19), this term gives zero contribution to the
polarization phase evolution. Second, we require that mα̂

preserves its original orientation when transported along a
world line defined by uα̂. This means thatmα̂ has to corotate
with the laboratory congruence (see Sec. 13.6 in [33]),
that is,

uβ̂mα̂
;β̂ ¼ ðuα̂wβ̂ − wα̂uβ̂Þmβ̂ − εα̂ β̂ γ̂ δ̂u

β̂Ωγ̂mδ̂: ð23Þ

Here wα̂ ¼ uβ̂uα̂;β̂ is the four-acceleration of the local
laboratory equipment and

Ωα̂ ¼ 1

2
εα̂ β̂ γ̂ δ̂uβ̂uγ̂;δ̂ ð24Þ

is its angular velocity (vorticity), which arise due to a fixed
spatial distance and orientation with respect to the inertial
observer. The Levi-Civita (pseudo)tensor εα̂ β̂ γ̂ δ̂ is normal-
ized as εð0Þð1Þð2Þð3Þ ¼ þ1. The propagation law (23) fixes
the rotational gauge freedom discussed earlier. Plugging
(22) and (23) into (19) and using properties of the Levi-
Civita tensor we derive the polarization phase evolution

kα̂φσ;α̂ ¼ −σΩα̂kα̂; ð25Þ

which allows us to compute evolution of the polarization
phase along the null ray Γ∶xα ¼ xαðλÞ,

φσ ¼ −σ
Z
Γ
Ωα̂kα̂dλ ¼ −σ

Z
Γ
Ωα̂dxα̂: ð26Þ

Finally, we consider a linearly polarized light as a super-
position of its left- and right-handed circularly polarized
components. The angle of rotation of the linear polarization
vector fα̂0 ¼ ðfα̂ þ f̄α̂Þ= ffiffiffi

2
p

measured along the light ray
Γ is

φ0 ¼ −
Z
Γ
Ωα̂kα̂dλ: ð27Þ

This rotation is known as the gravitational Faraday effect
of light.
To derive an expression for the gravitational Faraday

effect measured in the laboratory frame (11) we compute
vorticity (24) of the congruence (13) within the given order
of approximation,

Ωα̂ ¼ −
1

4
ϵ0̂ î ĵ k̂ð2R0̂ l̂ ĵ k̂x

l̂ þ R0̂ l̂ ĵ k̂;m̂x
l̂xm̂Þδα̂

î
; ð28Þ

where ϵ0̂ 1̂ 2̂ 3̂ ¼ −1 is the Levi-Civita symbol. In a vacuum
spacetime the Riemann tensor coincides with the Weyl
tensor, which allows us to express the vorticity in the
following way:

Ωα̂ ¼ −
�
Bî ĵx

ĵ þ 1

2
Bî ĵ;k̂x

ĵxk̂
�
δîα̂: ð29Þ

Here the gravitomagnetic field Bî ĵðτÞ and its gradient
Bî ĵ;k̂ðτÞ are measured along the observer’s world line.
The gravitomagnetic field is defined as follows [37–39]3:

Bα̂ β̂ ≡ �Cγ̂ α̂ β̂ δ̂u
γ̂uδ̂; �Cα̂ β̂ γ̂ δ̂ ¼

1

2
εα̂ β̂ μ̂ ν̂C

μ̂ ν̂
γ̂ δ̂; ð30Þ

such that

Bα̂ β̂ ¼ Bî ĵδ
î
α̂δ

ĵ
β̂
; Bî ĵ ¼ Bĵ î; Bî

î ¼ 0: ð31Þ

We define its gradient as

Bα̂ β̂;μ̂ ≡ �Cγ̂ α̂ β̂ δ̂;μ̂u
γ̂uδ̂: ð32Þ

Then the expression for the gravitational Faraday effect
(27) takes the following form:

φ0 ¼
Z
Γ

�
Bî ĵx

ĵ þ 1

2
Bî ĵ;k̂x

ĵxk̂
�
kîdλ: ð33Þ

To compute the polarization phase one has to find null
geodesics in the frame (11) within the order of approxi-
mation (12).
According to the approximation condition (12), the

gravitational Faraday rotation φ0 ≪ 1 for a light ray
traveling across the local laboratory. However, as it is seen
from (33), changing the spatial direction of a light ray to the
opposite and assuming that vorticity (29) does not change
its sign during the observation time τ, the rotation of the
polarization plane changes from clockwise to counterclock-
wise (or vice versa), as seen from the light ray direction,
thereby keeping the same direction of rotation in the
laboratory frame. Thus, by setting up a set of mirrors

3Note that [39] uses a different sign convention for the
gravitomagnetic field.
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and making the light go back and forth across the
laboratory allows for an accumulation of the angle of
rotation φ0, which after a sufficiently large time τ may
result in a large net value of φ0.

V. GRAVITATIONAL SPIN-HALL EFFECT

The consequence of the gravitational Faraday effect is so
that due to a coupling between light polarization (or
helicity) and angular momentum of its trajectory, the right-
and left-polarized light components propagate along differ-
ent paths. This phenomenon is called the gravitational spin-
Hall effect of light.
To describe this effect we have to go beyond the standard

eikonal approach (3). The reason is that the standard
eikonal expansion is not uniformly valid in its domain,
because for short distances a contribution of polarization
evolution to propagation of light is of order ε, but the
polarization effects accumulate along the light ray trajec-
tory and for sufficiently large distances of order ε−1 they
become of order ε0. Thus, for an eikonal expansion to be
uniformly valid everywhere, we have to take into account
polarization evolution. Namely, we define the combined
eikonal,

ϑ̃≡ ϑþ εφσ: ð34Þ

Then following the same steps taken in deriving the laws of
geometric optics we find that the gradient of the modified
eikonal is

k̃α̂ ≡ ϑ̃;α̂ ¼ ϑ;α̂ þ εφσ;α̂; ð35Þ

and the modified wave vector k̃α̂ is null.4 It implies that

k̃β̂k̃β̂;α̂ ¼ 0. From the expressions (26), (35) and the
gradient equality ϑ;β̂ α̂ ¼ ϑ;α̂ β̂ it follows that

k̃β̂;α̂ ¼ k̃α̂;β̂ − εσΦα̂ β̂; ð36Þ

where we defined

Φα̂ β̂ ≡Ωβ̂;α̂ − Ωα̂;β̂: ð37Þ

As a result, we derive the following equation for null rays:

k̃β̂k̃α̂;β̂ ¼ εσΦα̂ β̂k̃
β̂: ð38Þ

From (29) we can compute the tensor (37) components,

Φ0̂ î ¼ Bî ĵ;0̂x
ĵ þ 1

2
Bî ĵ;k̂ 0̂x

ĵxk̂;

Φî ĵ ¼ −
1

2
ðBî k̂;ĵ − Bĵ k̂;îÞxk̂: ð39Þ

Note that the covariant derivative of the gravitomagnetic
field and its gradient with respect to x0̂ is just the derivative
of the field (30) and its gradient (32) with respect to proper
time τ.
Equation (38) describes the gravitational spin-Hall effect

of light in a local inertial frame in the spacetime metric (11).
Namely, the force term depends on the polarization type via
σ value; that is, the right- and left-polarized light compo-
nents get deflected in the opposite transverse directions. It
follows from the geometric optics condition ε ≪ 1 and the
normal Fermi coordinates validity range (12) that the
components separation within the laboratory frame proper
length l is much less than ε2ƛ. However, taking into
account that handedness (helicity) of a circularly polarized
light reverses under its normal reflection (σ → −σ) and
assuming that the tensor components (39) do not change
their sign in some time interval τ, it is possible to achieve,
by arranging a set of mirrors, that the light travels a
sufficiently large distance by going back and forth in the
laboratory frame, while its components are being under the
influence of the transverse force of the same direction. This
results in accumulation of their transverse separation and
hence in a potential observation of the gravitational spin-
Hall effect.
Let us now represent Eq. (38) in terms of quantities

measured at the given point on the light null geodesic. This
can be achieved by decomposing the expression (36) into
parts parallel and orthogonal to the local uα̂ vector. The
parallel part is derived by contracting (36) with uα̂ twice,
and it is just an identity. The perpendicular part has two
parts. The vector part is derived by contracting (36) with uα̂

and then applying the projection operator (20). Contracting
the vector component with the unit vector nα̂ and express-
ing the result in the local tetrad frame (14), we derive

ω;ð0Þ þ nðaÞω;ðaÞ þ wðaÞnðaÞ þ θðaÞðbÞnðaÞnðbÞ ¼ εσnðaÞEðaÞ:

ð40Þ

Here

θðaÞðbÞ ¼ eα̂ðaÞeβ̂ðbÞΠ
μ̂
α̂Πν̂

β̂
uðμ̂;ν̂Þ ð41Þ

is the expansion of the local congruence of timelike world
lines xî ¼ const and

EðaÞ ≡ eα̂ðaÞeβ̂ð0ÞΦα̂ β̂ ð42Þ

is the local “electric” part of the tensor (37). The tensor part
is derived by applying the projection operator (20) twice to

4This modification affects the direction of the light ray but
leaves its local frequency ω ¼ −kα̂uα̂ unchanged, which can be
seen from the expressions (24) and (26).
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the expression (36) and contracting the derived expression
with the unit vector nα̂. Expressing the result in the local
tetrad frame (14) we derive

Dn
dl

¼ ∇ω

ω
−
n
ω
ð∇ω; nÞ − 2½n ×Ω� þ εσ½n × B�: ð43Þ

Here

DnðaÞ
dl

¼ eα̂ðaÞn
β̂nβ̂;α̂; ð44Þ

where dl is the proper distance element in the local space
Σu,

BðaÞ ≡ 1

2
eðaÞðbÞðcÞΦðbÞðcÞ; ΦðaÞðbÞ ¼ eα̂ðaÞe

β̂
ðbÞΦα̂ β̂ ð45Þ

is the local “magnetic” part of the tensor (37), and eðaÞðbÞðcÞ
is the Levi-Civita (pseudo)tensor normalized as
eð1Þð2Þð3Þ ¼ þ1. The scalar ða; bÞ and vector ½a × b� prod-
ucts between three-vectors a and b lying in Σu are defined
in the usual way.
Equations (40) and (43) represent the null vector k̃α̂

evolution in terms of the local frequency ω and the unit
spacelike vector n. Equation (43) is analogous to the
equation for light propagation in an optically transparent
medium with the refraction coefficient nðωÞ ¼ ω rotating
with the angular velocity Ω in the presence of an external
magnetic field, whose curl is defined by B. Indeed, from the
gravitoelectromagnetic point of view (see, e.g., [40]), the
g0̂ î metric component in (11) corresponds to a gravitoelec-
tromagnetic vector potential, then the vorticity (28) corre-
sponds to a gravitomagnetic field, and finally, B
corresponds to the curl of the gravitomagnetic field.

VI. A ROLE OF OBSERVER

Results of the previous sections show that a gravito-
magnetic field plays a crucial role in the gravitational
Faraday and spin-Hall effects of light. This field, as it
follows from the expressions (13), (24), and (29) depends
on the observer’s frame. This implies that these effects are
observer-dependent phenomena. In this section, our goal is
to illustrate a role of the local observer in the gravitational
Faraday and spin-Hall effects of light.
As an illustrative example, we consider an inertial

observer moving in the equatorial plane of a Kerr black
hole. An orthonormal tetrad parallel-transported along a
timelike geodesic in the Kerr geometry was constructed in
[41]. By calculating the Weyl tensor of the Kerr spacetime
in the observer’s tetrad frame we derive the gravitomagnetic
field (30),

Bα̂ β̂ ¼ 2B cosΨδ1̂ðα̂δ
2̂
β̂Þ þ 2B sinΨδ2̂ðα̂δ

3̂
β̂Þ; ð46Þ

where

B ¼ 3M
r5

jQj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þQ2

p
; Ψ̇ ¼ � EQ − a

r2 þQ2
;

Q ¼ aE − L: ð47Þ

Here M is the black hole mass, a is its reduced angular
momentum, E is the observer’s energy per unit mass, L is
its azimuthal angular momentum, Ψ is the angle of the
tetrad rotation with respect to the Boyer-Lindquist coor-
dinate basis, Ψ̇ is its derivative with respect to the proper
time, “þ” stands for Q > 0, and “−” stands for Q < 0.
Gradient components (32) of the gravitomagnetic field are
the following:

B1̂ 1̂;2̂ ¼ −
3M
r7

ðr3ṙ sinð2ΨÞ � X cos2Ψ ∓ ar2Þ;

B1̂ 2̂;1̂ ¼
3M
r7

ðrṙZ sinΨ cosΨ ∓ Y cos2Ψ� r2EQÞ;

B1̂ 2̂;3̂ ¼ −
3M
r7

cosΨðrṙZ cosΨ� Y sinΨÞ;

B1̂ 3̂;2̂ ¼
3M
r7

ðr3ṙ cosð2ΨÞ ∓ X sinΨ cosΨÞ;

B2̂ 2̂;2̂ ¼ � 3M
r7

ðr2ð2EQþ aÞ þ 5aQ2Þ;

B2̂ 3̂;1̂ ¼
3M
r7

sinΨðrṙZ sinΨ ∓ Y cosΨÞ;

B2̂ 3̂;3̂ ¼ −
3M
r7

ðrṙZ sinΨ cosΨ� Y sin2Ψ ∓ r2EQÞ;

B3̂ 3̂;2̂ ¼
3M
r7

ðr3ṙ sinð2ΨÞ ∓ X sin2 Ψ� ar2Þ; ð48Þ

where

ṙ ¼ � 1

r2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEr2 þ aQÞ2 − Δðr2 þQ2Þ

q
;

Δ ¼ r2 þ a2 − 2Mr;

X ¼ r2ð2EQþ 3aÞ þ 5aQ2;

Y ¼ r2ð4EQþ aÞ þ 5aQ2;

Z ¼ r2 þ 5Q2: ð49Þ

Thus, according to the expressions (33) and (38), (39), the
gravitational Faraday and spin-Hall effects can be detected
in the observer’s frame, except for light propagating in the
black hole equatorial plane ðx2̂ ¼ 0Þ.
The expressions above imply that both the black hole

reduced angular momentum a and the azimuthal angular
momentum L of the observer’s frame contribute to these
effects such that there is the symmetry

aE → −L; L → −aE: ð50Þ
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Thus, if the black hole were not rotating (a Schwarzschild
black hole), then there would also be the gravitational
Faraday effect due to the observer’s angular momentum L,
which couples to the light helicity via the curved due to the
black hole massM spacetime. Observers moving radially in
a Schwarzschild spacetime do not detect the gravitational
Faraday rotation. On the other side, zero angular momen-
tum observers (L ¼ 0) of the Kerr spacetime detect the
gravitational Faraday rotation.
This situation is analogical to an electromagnetic field.

Consider a charged particle placed at the origin of some
frame. There is only an electrostatic field observed in that
frame. However, in a frame moving with respect to the
charged particle with nonzero angular momentum, both
electric and magnetic fields are observed. The magnetic
field vanishes if the frame moves radially with respect to
the particle, i.e., if it has zero angular momentum.
Let us now analyze this situation in the case of a

gravitoelectromagnetic field. The gravitoelectric field is
defined by [37–39]

Eα̂ β̂ ≡ Cα̂ γ̂ β̂ δ̂u
γ̂uδ̂; ð51Þ

such that

Eα̂ β̂ ¼ E î ĵδ
î
α̂δ

ĵ
β̂
; E î ĵ ¼ E ĵ î; E î

î ¼ 0; ð52Þ

and the gravitomagnetic field was already defined above
[cf. the expressions (29) and (30)]. Consider a freely falling
observer’s (FFO) orthonormal frame in a Schwarzschild
black hole spacetime,

eα0̂0 ¼
�
E
f
; ṙ; 0;

L
r2

�
;

eα1̂0 ¼
�
ṙ
f
; f1=2 þ ṙ2

Eþ f1=2
; 0;

ṙL

r2ðEþ f1=2Þ
�
;

eα2̂0 ¼
�
0; 0;

1

r
; 0

�
;

eα3̂0 ¼
�

L

rf1=2
;

ṙf1=2L

rðEþ f1=2Þ ; 0;
1

r
þ L2f1=2

r3ðEþ f1=2Þ
�
; ð53Þ

where

ṙ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − fð1þ L2=r2Þ

q
; f ¼ 1 − 2M=r; ð54Þ

E and L ≥ 0 are the frame energy and azimuthal angular
momentum, and the frame components are given in the
standard Schwarzschild coordinates ðt; r; θ;ϕÞ. Consider
also a fiducial observer’s (FIDO) orthonormal frame, which
is at rest with respect to the Schwarzschild black hole,

eα
0̂
¼ ½f−1=2; 0; 0; 0�; eα

1̂
¼ ½0; f1=2; 0; 0�;

eα
2̂
¼ ½0; 0; r−1; 0�; eα

3̂
¼ ½0; 0; 0; r−1�: ð55Þ

Both frames are in the black hole equatorial plane
ðθ ¼ π=2Þ. Let the frame origins be located at the same
point in space. Then frames of FFO and FIDO are related
via Lorentz transformation [33]:

Λ0̂0
0̂ ¼ γ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − v2
p ; Λî0

0̂ ¼ Λ0̂0
î ¼ γnîv;

Λî0
ĵ ¼ ðγ − 1Þnînĵ þ δî ĵ; ðn1̂Þ2 þ ðn2̂Þ2 þ ðn3̂Þ2 ¼ 1;

ð56Þ

where parameters of the transformation are the following:

n1̂ ¼ ṙ
Ev

; n2̂ ¼ 0; n3̂ ¼ Lf1=2

Evr
;

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − f=E2

q
; γ ¼ E=f1=2: ð57Þ

The gravitoelectromagnetic field measured by FIDO is

E î ĵ ¼ diag

�
−
2M
r3

;
M
r3

;
M
r3

�
; Bî ĵ ¼ 0: ð58Þ

To find how it is related to a gravitoelectromagnetic field in
the FFO frame we decompose it into scalar, vector, and
tensor parts as follows:

E î ĵ ¼ E⊥̂
i ĵ
þ E⊥

nî
nĵ þ E⊥

nĵ
nî −

1

2
ðδî ĵ − 3nînĵÞEnn;

Bî ĵ ¼ B⊥̂
i ĵ
þ B⊥

nî
nĵ þ B⊥

nĵ
nî −

1

2
ðδî ĵ − 3nînĵÞBnn; ð59Þ

where the scalar normal-normal parts are

Enn ¼ E î ĵn
înĵ; Bnn ¼ Bî ĵn

înĵ; ð60Þ

the vector normal-transverse parts are

E⊥
nî
¼ π î

ĵE ĵ k̂n
k̂; B⊥

nî
¼ π î

ĵBĵ k̂n
k̂; ð61Þ

and the tensor transverse-traceless parts are

E⊥̂
i ĵ
¼ π î

k̂π ĵ
l̂E k̂ l̂ þ

1

2
π î ĵEnn;

B⊥̂
i ĵ
¼ π î

k̂π ĵ
l̂Bk̂ l̂ þ

1

2
π î ĵBnn: ð62Þ

Here

π î
ĵ ¼ δî

ĵ − nîn
ĵ ð63Þ
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is a projector on a two-dimensional plane perpendicular to
the velocity vector vî ¼ vnî. The same relations can be
written in an FFO frame. Then, using the definitions of
the gravitoelectric and gravitomagnetic fields we derive
relations between them in these frames: The normal-normal
parts,

E0
nn ¼ Enn; B0

nn ¼ Bnn; ð64Þ

the vector normal-transverse parts,

E⊥
nî0 ¼ γðE⊥

nî
þ eî ĵ

k̂vĵB⊥
nk̂
Þ;

B⊥
nî0 ¼ γðB⊥

nî
− eî ĵ

k̂vĵE⊥
nk̂
Þ; ð65Þ

and the tensor transverse-traceless parts,

E⊥̂
i0 ĵ0 ¼ γ2½ð1þ v2ÞE⊥

i j
þ eî k̂

l̂vk̂B⊥̂
l ĵ
þ eĵ k̂

l̂vk̂B⊥̂
l î
�;

B⊥̂
i0 ĵ0 ¼ γ2½ð1þ v2ÞB⊥̂

i ĵ
− eî k̂

l̂vk̂E⊥̂
l ĵ
− eĵ k̂

l̂vk̂E⊥̂
l î
�: ð66Þ

Then, using field (58) in the FIDO frame we derive the
gravitomagnetic field in the FFO frame,

B1̂02̂0 ¼
3ML
r4

þ 3ML2jLjf1=2
r6ðEþ f1=2Þ ;

B2̂03̂0 ¼ −
3ML2ṙ

r5ðEþ f1=2Þ : ð67Þ

The FIDO gravitoelectric field can be calculated in a similar
way; however, it is not of our interest here. Note that in the
weak gravitational field approximation the leading term of
the gravitomagnetic field (46) with L ¼ 0 coincides with
the leading term of the gravitomagnetic field (67) with
L ¼ aE. This is an illustration of the gravitational Larmor
theorem [40]. We see that FIDO of nonzero angular
momentum L detects the gravitomagnetic field and can
observe the gravitational Faraday and spin-Hall effects in
the Schwarzschild spacetime. Thus, these effects are
observer-dependent phenomena.

VII. DISCUSSION

In this work we studied the gravitational Faraday and
spin-Hall effects of light in a local inertial frame. Our main
results are the expressions (27), (33), (40), and (43). These
expressions imply that the effects are due to the gravito-
magnetic field (30) and its gradient (32) measured in the
local frame. Then we have shown that the gravitomagnetic
field and thus the effects are frame dependent. In particular,
one can consider an inertial zero angular momentum frame
in a Kerr spacetime where the effects can be observed, or
an inertial frame with nonzero angular momentum in a
Schwarzschild spacetime, where the effects can be
observed as well. This implies that in order to address
the gravitational Faraday and spin-Hall effects of light to a
gravitational field alone, one has to consider zero angular
momentum observers.
The advantage of the local approach is that one can

study the gravitational Faraday and spin-Hall effects of
light in a local inertial frame in any spacetime region,
whereas the global timelike vector field of observers
defined through the Killing vector field in a stationary
spacetime exists only in the regions where the Killing
vector field is timelike, e.g., outside a Kerr black hole
ergosphere. We also recall that in order to use the
approach presented here in arbitrary spacetime, one
has to find a local inertial frame (11), which requires
finding a timelike geodesic and constructing an ortho-
normal tetrad parallel-transported along it. Then, the
next problem is to find null geodesics in that frame
within the corresponding order of approximation. We
shall leave these important issues outside the scope of
this paper.
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