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Gravitational Faraday and spin-Hall effects of light: Local description

Andrey A. Shoom :
Max Planck Institute for Gravitational Physics (Albert Einstein Institute), Leibniz Universitdt Hannover,
Callinstrasse 38, 30167, Hannover, Germany
Immanuel Kant Baltic Federal University, Kaliningrad 236016, Russia

® (Received 24 April 2024; accepted 24 May 2024; published 12 July 2024)

A gravitational field can cause a rotation of the polarization plane of light. This phenomenon is known as
the gravitational Faraday effect. It arises due to different spin-orbit interactions of left- and right-handed
circularly polarized components of light. Such an interaction also causes transverse displacement in the
light trajectory, in opposite directions for each component. This phenomenon is known as the gravitational
spin-Hall effect of light. We study these effects in a local inertial frame in arbitrary vacuum spacetime and
show that they are observer dependent and arise due to interaction of light polarization with a local
gravitomagnetic field measured by the observer. Thus, to address the effects to a gravitational field alone,
one has to consider zero angular momentum observers.
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I. INTRODUCTION

A study of light propagation in strong gravitational fields
in the geometric optics approximation opens up very
interesting observational possibilities, such as light deflec-
tion and shadows of gravitating objects [1-4]. Going
beyond the geometric optics formalism should be more
informative and interesting. In this work we shall study the
gravitational Faraday and spin-Hall effects of light in an
arbitrary gravitational field (vacuum spacetime) in a local
inertial frame. These effects are related to each other and
arise due to interaction of light polarization (helicity) and
gravitomagnetic field defined in the observer’s frame.

The gravitational Faraday effect is a rotation of the
polarization plane of an electromagnetic wave (light)
propagating in a gravitational field, for example, near a
rotating black hole. A study and observation of this effect
have quite a long history [5-22]. In these works a stationary
gravitational field of a rotating (Kerr) black hole was
considered. A stationary spacetime possesses a timelike
Killing vector field, which can be adapted to define
observers who share the same spacelike hypersurface that
allows one to consider a spacetime decomposition globally
and describe the gravitational Faraday effect. In the case
of a general spacetime there is no preferred global timelike
vector field that could be used to define observers.
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To overcome this problem, here we take a local approach
and consider an inertial observer who can perform experi-
ments in a local laboratory having a fixed spatial coordinate
location of all the laboratory equipment bolted into the
laboratory frame. The laboratory should be sufficiently
large to capture the spacetime curvature and sufficiently
small to define a local regular coordinate grid. The local
coordinates are the Fermi normal coordinates, which
naturally serve this purpose.

There is a related gravitational spin-Hall effect resulting
in a transverse polarization-dependent displacement of a
light trajectory due to the interaction between its polari-
zation and a gravitomagnetic field. As a result, a linearly
polarized light splits into left- and right-handed circularly
polarized components propagating along different paths.
Originally, this effect was studied in the weak field
approximation for light propagating in a stationary gravi-
tational field near a rotating gravitational body [23-26]. It
was shown that left- and right-handed circularly polarized
light components get scattered differently. To describe this
effect in a strong stationary gravitational field, the so-called
modified geometric optics formalism was introduced [20].
Then, the formalism was applied to describe the scattering
of polarized light propagating in the stationary spacetime of
a Kerr black hole [27]. The gravitational spin-Hall effect of
light was studied in later works without its relation to the
gravitational Faraday effect [28-31]. In [32] the gravita-
tional Faraday and spin-Hall effects of light were studied in
arbitrary spacetime. But the presented formalism does
not uniquely specify a field of noninertial observers as
such.' Here we shall consider a local description of the

'T am thankful to Professor Don N. Page for clarifying this
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gravitational Faraday and spin-Hall effects in the frame
defined by the Fermi normal coordinates. In Sec. II we
review the basic laws of geometric optics. In Sec. III an
inertial observer’s frame is defined via the Fermi normal
coordinates. Section IV contains a study of the gravitational
Faraday effect in the inertial observer’s frame. In Sec. V we
study the related gravitational spin-Hall effect of light. In
Sec. VI we discuss the role of the observer in the detection
of these effects. Section VII contains the summary and
discussion of derived results.

Here we use a system of units in which G = ¢ = 1 and
conventions adopted in the book [33].

II. GEOMETRIC OPTICS

Electromagnetic waves propagating in a gravitational
field are described by the Maxwell equations in a curved
spacetime background. For waves that are highly mono-
chromatic over some spacetime regions, an asymptotic
short-wave (geometric optics) approximation is often used
[33]. The approximation captures basic characteristics of
light propagation in a curved spacetime background
defined by metric g,4. In what follows, we shall consider
a vacuum spacetime and consider the source-free Maxwell
wave equation for the vector potential A* in the Lorenz

gauge
A%, =0, (1)
which reads
A%P 5 =0. (2)

Here and in what follows, the semicolon stands for the
covariant derivative associated with the used spacetime
metric.

The geometric optics approximation begins with a
splitting of the vector potential into a rapidly changing
real phase, called the eikonal 9, and a slowly changing
complex amplitude,

A2 — g{{(a(z 4 eb* 4 .. .)61}9/5}7 (3)
where ¢ < 1 is a dummy expansion parameter used to track
the order of terms: a term with &”, for some integer n, varies
as (A/L)", where 4/L < 1. Here % is the reduced wave-
length (wavelength/2z) and £ is the minimal of the two
characteristic scales—the curvature radius of the wave
front, or the length of a wave packet, and the local curvature
radius of the spacetime.

At this stage, it is convenient to introduce quantities in
terms of which sought laws of the geometric optics are
formulated. They are the following: The eikonal gradient
and metrically related to it the wave vector,

k* = ks = dx*/d], (4)

tangent to the light ray I': x* = x*(4), where 4 is the affine
parameter of the ray. The scalar amplitude

a=(a"a,)'"?, (5)
and the unit complex polarization vector

faEaa/av ffa=0, fa]‘a:l' (6)

Here and in what follows, the bar stands for complex
conjugation. Substituting the vector potential (3) into the
Lorenz gauge condition (1) and the wave equation (2) and
collecting the leading terms of order £ ™2 and £~!, we derive
the fundamental laws of geometric optics,

Kk, =0,  kk®y; =0, (7)
kf, =0,  Kfr,=0, (8)
(a*k%),, = 0. 9)

These laws imply that light rays are spacetime null geo-
desics (7), the polarization vector is orthogonal to the light
ray and parallel-propagated along it (8), and the vector a”k*
is a conserved current, which defines the adiabatically
conserved number of light rays or, in quantum language,
the number of photons (9). Propagation of light in a curved
spacetime is described by the laws of geometric optics
approximately. Note that in this description polarization of
light does not affect its path. Thus, to describe the gravita-
tional spin-Hall effect of light, one has to modify the standard
laws of geometric optics, which is done in Sec. V.

III. INERTTIAL OBSERVER

Consider an inertial observer moving along timelike
geodesic O(r) with four-velocity u*(z) in a gravitational
field g,3. Fermi normal coordinates [34],

Xt = (x0 =r,xli=1,2,3) (10)

associated with this observer, are used to describe local
experiments performed in the observer frame. The spatial

coordinates x' define the proper distance # from some event
on O(7) to a spatially separated event in its vicinity via
x = £v, where v® is a spacelike unit vector defined at O(7)
and orthogonal to u*. The spacetime metric in the vicinity of

O(7) computed up to third order in ¢ reads [35,36]
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1
ds* = <1+R030Axx +3R@;@jkxx1x>(dx)
(2R ki o lp BAPN N
—2(3 (),;;}xx-—i—z 0k750% XX |axtdx

1 1
+<5;j—3R,kj1xx 6R21}]lrhxxx >ddej
+ O(*)dxdx? (11)

where R, . are evaluated on O(7); that is, they

apys 0 Ripy s,
depend on the observer’s proper time z only. This metric

approximation is valid if the proper distance ¢ is such that

}. (12)

This condition implies that the spatial geodesics in the
vicinity of O(z) do not intersect.”

To define the observer’s local laboratory we consider a
local nongeodesic congruence of timelike world lines x' =
const associated with the observer. The congruence defines
world lines of each spatial point indicating the location of
an apparatus in the laboratory. Using the metric (11) we
derive four-velocity vectors tangent to the world lines in the
corresponding order of the used approximation,

1 IRs
2’|R

<< min{

|R&/?7$| apybde

S P 1 4 A 4 A 2 N
ut(x’) = <1 —ER();@}-xlx/ — —R();@}.;;Cx’xka> 85 (13)

Along every world line we define an orthonormal local
tetrad

{e&(o) = u&(xﬁ), e&(a);a =1,2,3}, (14)

Nayb) = €% (@€’ ()92p = diag(=1,1,1,1),  (15)

which we shall use to define measurements at a given point
in the laboratory frame.

IV. GRAVITATIONAL FARADAY EFFECT

In this section we study the gravitational Faraday effect.
We begin with writing down the complex polarization
vector in the laboratory frame,

fo = e om?, (16)

where m® is a unit complex vector defined in the local
tetrad (14) as follows:

2 . . . . .

One may consider higher order terms in the metric expansion,
which can be constructed according to the procedure described in
[35,36].

R
v

(6”(1)

Nia

(e*(1) +ice’ (2>) n® - iae’}(z)),

(17)

where the parameter ¢ = +1 specifies polarization, with
“+” for the right- and “—” for the left-handed circularly
polarized light [33]. Note that the polarization vector f% is
defined up to an additive of the wave vector k% We fix this
gauge freedom by imposing that the complex vector m? is
orthogonal to the local spatial direction of the null ray,
defined by the tetrad vector ea(g,). For the defined complex
vectors the following relations hold:

m%my = 0, méing, =1, mék, = 0. (18)
Polarization phase ¢, defines a change due to the
gravitational field in the natural rotation of the polarization
vector along a null ray with respect to the complex basis
{m%, in%}. Defined this way the polarization phase corre-
sponds to positive values of ¢, [see the expression 27)]
measured in the anticlockwise direction from e () There is

also gauge freedom due to rotations in the two-dimensional
plane perpendicular to the local spatial direction of the null
ray. According to (16), it implies that the polarization phase
is defined up to an arbitrary angle of rotation of the basis
{m%, in%}. We shall fix this gauge later, when we define a
propagation law for the basis along the null ray.
Applying the propagation equation for the polarization
vector (8) to the expression (16), we derive an evolution
equation for the polarization phase along the null ray,
k&(pn—.& = —iﬁ’l&kﬁm&;ﬁ. (19)
The next step is to define a propagation law for m® along
the null ray. This is done by a local decomposition of the
spacetime into space and time. By the construction, there is
a local tetrad (14) defined at every point of a null ray. For a
given e®) = u” there is a local three-dimensional sub-

space X, of a tangent space orthogonal to u®. A vector from
the tangent space can be projected into the subspace X, by
means of the projection operator

HZ = 52’ + uuy. (20)

Applying the projection operator to k% we construct the unit
spacelike vector n% = e 5, that defines the spatial direction

of a light ray, as we mentioned above. Accordingly, we
have

kK = w(u® + n%), (21)

where @ = —kzu® is the local angular frequency of light.
The decomposition allows one to express a propagation of
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m% along k% by defining its propagation along u® and n?,

Km® = w(u/}m&;/; + nﬁm&;/;,). (22)

To measure unambiguously the polarization phase evolu-
tion along the light ray (19), we require first that m® does
not rotate about the null ray spatial trajectory defined by its
tangent vector n® If the trajectory were a spacelike
geodesic, then to fulfill this condition, m® had to be parallel
transported along it. In a general case, it has to undergo a
Fermi transport, which implies that the term nPm@ B liesina
two-dimensional plane spanned by n% and the acceleration
nﬁna;ﬁ. But because initially m% is orthogonal to n%, the
term n/}m&;/} is collinear to n®. Therefore, when we plug
(22) into (19), this term gives zero contribution to the
polarization phase evolution. Second, we require that m®
preserves its original orientation when transported along a
world line defined by u®. This means that m® has to corotate
with the laboratory congruence (see Sec. 13.6 in [33]),
that is,

u/}m&;ﬁ = (ufwy — w&u/;)m/} - e&/;?gu/}Q?ms. (23)

Here w® = u” ua,/; is the four-acceleration of the local
laboratory equipment and

QF = %e[’/}f"suﬁu?;g (24)
is its angular velocity (vorticity), which arise due to a fixed
spatial distance and orientation with respect to the inertial
observer. The Levi-Civita (pseudo)tensor &, 5 is normal-
ized as €()(1)(2)3y = +1. The propagation law (23) fixes
the rotational gauge freedom discussed earlier. Plugging
(22) and (23) into (19) and using properties of the Levi-
Civita tensor we derive the polarization phase evolution

k&%,a = —O'Qak&, (25)

which allows us to compute evolution of the polarization
phase along the null ray I':x* = x%(4),

@, = —0/ Q, k%) = —a/ Q,dx?. (26)
r r

Finally, we consider a linearly polarized light as a super-
position of its left- and right-handed circularly polarized
components. The angle of rotation of the linear polarization
vector f& = (f*+ f%)/+/2 measured along the light ray
I'is

Qo = —/Qak&d;{. (27)
r

This rotation is known as the gravitational Faraday effect
of light.

To derive an expression for the gravitational Faraday
effect measured in the laboratory frame (11) we compute
vorticity (24) of the congruence (13) within the given order
of approximation,

A 1 AT el el A ~
_ k i ]

QF = _Zeo J (ZR()?},})C + Rm}-,;;,hx xm)é%l, (28)
where 0123 = —1 is the Levi-Civita symbol. In a vacuum
spacetime the Riemann tensor coincides with the Weyl
tensor, which allows us to express the vorticity in the
following way:

~ 1 4 2 )
Q= - (5’2 s Bi;;&X’X") 5 (29)

Here the gravitomagnetic field B;;(7) and its gradient
B;;;(7) are measured along the observer’s world line.
The gravitomagnetic field is defined as follows [37-39]°:

7,6

1 .
B&/}E*C};&/}SM}/M , *C&/}yfszi%/}ﬁﬁcﬂyﬁv (30)

such that
o BaaSiS o — B -
B&/,—Bijéaéﬁ, Bij—Bji, B =0. (31)
We define its gradient as
B&[};ﬁ = *Cm%;ﬁu?u‘s. (32)

Then the expression for the gravitational Faraday effect
(27) takes the following form:

®o :[ (B;}Xj +§B;j;i{x/xk> kldll (33)

To compute the polarization phase one has to find null
geodesics in the frame (11) within the order of approxi-
mation (12).

According to the approximation condition (12), the
gravitational Faraday rotation ¢y <1 for a light ray
traveling across the local laboratory. However, as it is seen
from (33), changing the spatial direction of a light ray to the
opposite and assuming that vorticity (29) does not change
its sign during the observation time 7z, the rotation of the
polarization plane changes from clockwise to counterclock-
wise (or vice versa), as seen from the light ray direction,
thereby keeping the same direction of rotation in the
laboratory frame. Thus, by setting up a set of mirrors

*Note that [39] uses a different sign convention for the
gravitomagnetic field.
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and making the light go back and forth across the
laboratory allows for an accumulation of the angle of
rotation ¢, which after a sufficiently large time z may
result in a large net value of ¢.

V. GRAVITATIONAL SPIN-HALL EFFECT

The consequence of the gravitational Faraday effect is so
that due to a coupling between light polarization (or
helicity) and angular momentum of its trajectory, the right-
and left-polarized light components propagate along differ-
ent paths. This phenomenon is called the gravitational spin-
Hall effect of light.

To describe this effect we have to go beyond the standard
eikonal approach (3). The reason is that the standard
eikonal expansion is not uniformly valid in its domain,
because for short distances a contribution of polarization
evolution to propagation of light is of order ¢, but the
polarization effects accumulate along the light ray trajec-
tory and for sufficiently large distances of order ! they
become of order €. Thus, for an eikonal expansion to be
uniformly valid everywhere, we have to take into account
polarization evolution. Namely, we define the combined
etkonal,

5=+ eq, (34)

Then following the same steps taken in deriving the laws of
geometric optics we find that the gradient of the modified
eikonal is

ky = ’9,& =394+ €psq (35)

and the modified wave vector k% is null.* It implies that
I}/}I}i};& = 0. From the expressions (26), (35) and the
gradient equality 19;[; a="Y% ) it follows that

kjo = ko — €05, (36)

where we defined

&/} = Q/};& - Q&j} (37)

2 = €0® k. (38)
From (29) we can compute the tensor (37) components,

“This modification affects the direction of the light ray but
leaves its local frequency @ = —k;u® unchanged, which can be
seen from the expressions (24) and (26).

3 1 ~
Dp; = By’ + 5 B>
1 :
;5 = =5 (Bigy = Bjig)x". (39)

Note that the covariant derivative of the gravitomagnetic

field and its gradient with respect to x is just the derivative
of the field (30) and its gradient (32) with respect to proper
time 7.

Equation (38) describes the gravitational spin-Hall effect
of light in a local inertial frame in the spacetime metric (11).
Namely, the force term depends on the polarization type via
o value; that is, the right- and left-polarized light compo-
nents get deflected in the opposite transverse directions. It
follows from the geometric optics condition € < 1 and the
normal Fermi coordinates validity range (12) that the
components separation within the laboratory frame proper
length # is much less than e*A. However, taking into
account that handedness (helicity) of a circularly polarized
light reverses under its normal reflection (¢ - —o) and
assuming that the tensor components (39) do not change
their sign in some time interval z, it is possible to achieve,
by arranging a set of mirrors, that the light travels a
sufficiently large distance by going back and forth in the
laboratory frame, while its components are being under the
influence of the transverse force of the same direction. This
results in accumulation of their transverse separation and
hence in a potential observation of the gravitational spin-
Hall effect.

Let us now represent Eq. (38) in terms of quantities
measured at the given point on the light null geodesic. This
can be achieved by decomposing the expression (36) into
parts parallel and orthogonal to the local u® vector. The
parallel part is derived by contracting (36) with u% twice,
and it is just an identity. The perpendicular part has two
parts. The vector part is derived by contracting (36) with u®
and then applying the projection operator (20). Contracting
the vector component with the unit vector n% and express-
ing the result in the local tetrad frame (14), we derive

@ (o) + 1w @) + Wiyn + 0 pn'n®) = eonE ).
(40)

Here
Oy = (@ )T (41)

is the expansion of the local congruence of timelike world
lines x' = const and

E() = e (el )@y (42)

is the local “electric” part of the tensor (37). The tensor part
is derived by applying the projection operator (20) twice to

024029-5
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the expression (36) and contracting the derived expression
with the unit vector n% Expressing the result in the local
tetrad frame (14) we derive

Dn Vo n
%zj—a(vw,n)—z[nxQ]—l—eo[an]. (43)

Here

Dng . 5
J7 = @ Mpar (44)

where d¢ is the proper distance element in the local space
DI

a b
€€ Pap (45)

o
=~
S
=
=

I

1
Bo) =5 e@w)e)®

is the local “magnetic” part of the tensor (37), and e, ()
is the Levi-Civita (pseudo)tensor normalized as
e(1)(2)3) = +1. The scalar (a,b) and vector [a x b] prod-
ucts between three-vectors @ and b lying in X, are defined
in the usual way.

Equations (40) and (43) represent the null vector k®
evolution in terms of the local frequency @ and the unit
spacelike vector n. Equation (43) is analogous to the
equation for light propagation in an optically transparent
medium with the refraction coefficient n(w) = w rotating
with the angular velocity Q in the presence of an external
magnetic field, whose curl is defined by B. Indeed, from the
gravitoelectromagnetic point of view (see, e.g., [40]), the
gp; metric component in (11) corresponds to a gravitoelec-
tromagnetic vector potential, then the vorticity (28) corre-
sponds to a gravitomagnetic field, and finally, B
corresponds to the curl of the gravitomagnetic field.

VI. A ROLE OF OBSERVER

Results of the previous sections show that a gravito-
magnetic field plays a crucial role in the gravitational
Faraday and spin-Hall effects of light. This field, as it
follows from the expressions (13), (24), and (29) depends
on the observer’s frame. This implies that these effects are
observer-dependent phenomena. In this section, our goal is
to illustrate a role of the local observer in the gravitational
Faraday and spin-Hall effects of light.

As an illustrative example, we consider an inertial
observer moving in the equatorial plane of a Kerr black
hole. An orthonormal tetrad parallel-transported along a
timelike geodesic in the Kerr geometry was constructed in
[41]. By calculating the Weyl tensor of the Kerr spacetime
in the observer’s tetrad frame we derive the gravitomagnetic
field (30),

- i 52 in o253
B&ﬂ 2B cos ‘Pé(fﬁﬂ) + 2B ssin ‘Pé(&éﬁ), (46)

where

3M . EQ—-a
B =" 2 2 P4 -= -

5 lelvVr+ 0% 2+ 0
Q=aE-L. (47)

Here M is the black hole mass, a is its reduced angular
momentum, £ is the observer’s energy per unit mass, L is
its azimuthal angular momentum, ¥ is the angle of the
tetrad rotation with respect to the Boyer-Lindquist coor-
dinate basis, ¥ is its derivative with respect to the proper
time, “+” stands for Q > 0, and “—" stands for Q < 0.
Gradient components (32) of the gravitomagnetic field are
the following:

IM
Biis = —— (PFsin(2¥) £ X cos* ¥ F ar?),
: r

M
By =

P
M
g

(riZsin¥cos ¥ F Y cos®> ¥ + r*EQ),
Biss = ——-cos ¥(riZcos¥ £ Y sin¥),
Biss = 3;—1;4 (r}#cos(2¥) F X sin¥ cos P),
Bsss = :I:i—lg (r*(2EQ + a) + 5a0?),

3M
By = —sin¥(riZsin¥ F Y cos'¥),

,
M, - ,
Bsss = —T(rrZsm‘Pcos‘P:I: Ysin®¥ F r’EQ),
M, 5. . . 5 )
Biss = — (r’isin2¥) F Xsin® ¥ + ar’), (48)
r

=r? +50% (49)

Thus, according to the expressions (33) and (38), (39), the
gravitational Faraday and spin-Hall effects can be detected
in the observer’s frame, except for light propagating in the

black hole equatorial plane (x> = 0).

The expressions above imply that both the black hole
reduced angular momentum a and the azimuthal angular
momentum L of the observer’s frame contribute to these
effects such that there is the symmetry

aE - —L, L — —aE. (50)
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Thus, if the black hole were not rotating (a Schwarzschild
black hole), then there would also be the gravitational
Faraday effect due to the observer’s angular momentum L,
which couples to the light helicity via the curved due to the
black hole mass M spacetime. Observers moving radially in
a Schwarzschild spacetime do not detect the gravitational
Faraday rotation. On the other side, zero angular momen-
tum observers (L = 0) of the Kerr spacetime detect the
gravitational Faraday rotation.

This situation is analogical to an electromagnetic field.
Consider a charged particle placed at the origin of some
frame. There is only an electrostatic field observed in that
frame. However, in a frame moving with respect to the
charged particle with nonzero angular momentum, both
electric and magnetic fields are observed. The magnetic
field vanishes if the frame moves radially with respect to
the particle, i.e., if it has zero angular momentum.

Let us now analyze this situation in the case of a
gravitoelectromagnetic field. The gravitoelectric field is
defined by [37-39]

ﬁgu?u‘%, (51)
such that

Eip = Eiididh & =En

1jratp 1] Jju €l§:O’ (52)
and the gravitomagnetic field was already defined above
[cf. the expressions (29) and (30)]. Consider a freely falling
observer’s (FFO) orthonormal frame in a Schwarzschild
black hole spacetime,

3 E L
ey = ?,F,O,—z,
Y [ - i iL
ety = |2 f 1/2’0’ 2 /2y |
Lf TEvs r(E+f17%)
1
eajr: 0,0,; :|,
[ L . 1/2L 1 L2 1/2
ey = | O ()
7R EH ) T PES )
where

(1+L%/r?),  f=1=-2M/r, (54)

= i\/ E? -
E and L > 0 are the frame energy and azimuthal angular
momentum, and the frame components are given in the
standard Schwarzschild coordinates (¢, r, @, ¢). Consider
also a fiducial observer’s (FIDO) orthonormal frame, which
is at rest with respect to the Schwarzschild black hole,

ea = [07f1/27 07 O]a
e? =1[0,0,0,r71. (55)

et = [£71/2,0,0,0],
- [07 07 r_lvo]y

Both frames are in the black hole equatorial plane
(0 =7/2). Let the frame origins be located at the same
point in space. Then frames of FFO and FIDO are related
via Lorentz transformation [33]:

5 1
AA/O—]/: s A A/’—ynv
A = (=i 435 (1) + (27 + () = 1,

(56)

where parameters of the transformation are the following:

nizi’ nﬁzo, nészl/Z,
Ev Evr
=\/1-f/E, v =E/f'2 (57)

The gravitoelectromagnetic field measured by FIDO is

By =0. (58)

PR R 1

2M M M
5;}- = diag (— >

To find how it is related to a gravitoelectromagnetic field in
the FFO frame we decompose it into scalar, vector, and
tensor parts as follows:

1
5” = EJ‘ + SnJ_an + EJ‘ n; — 5 (5;} — 3n;n3)5nn,

1
B;} = B;L} + Bn%n] + Bj}.n; ) (5;] - 3n;n])B,m, (59)
where the scalar normal-normal parts are
Epn = 5;}11;11}, B, = B;}Jl?n}, (60)
the vector normal-transverse parts are
EL=migymh, B =miBynt.  (61)
and the tensor transverse-traceless parts are
TR 1
5;; = m'm; S,}j + Eﬂ;}-f,m,
- 1
B;J‘] = ﬂ;kﬂ'}llgm + Eﬂi}Bnn- (62)

Here

m) =8 —nand (63)
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is a projector on a two-dimensional plane perpendicular to

the velocity vector »' = vn'. The same relations can be
written in an FFO frame. Then, using the definitions of
the gravitoelectric and gravitomagnetic fields we derive
relations between them in these frames: The normal-normal
parts,

E/nn = Enm B;m = Bnnv (64)
the vector normal-transverse parts,
1l il kTRl
Sn?’ - Y(L‘:n; + €ij UJBnIAc)’
1 L _ kel
Bn?’ - }/(Bn; eij Ujgnfc)’ (65)
and the tensor transverse-traceless parts,
_ 1,k 1,k
5#,}., =y’(1+ vz)é’ilj + elv Bll] + e/ v* By,
B#,-;,, =7*(1 + 112)5#}, - emlvké’#}, —e;0ME. (66)

Then, using field (58) in the FIDO frame we derive the
gravitomagnetic field in the FFO frame,

B ML 3ML?|L|f'/?
Yy =4 r6(E +f1/2) ’
3ML*i
B"I'\/ —_ == 37~ . 67
R T (67)

The FIDO gravitoelectric field can be calculated in a similar
way; however, it is not of our interest here. Note that in the
weak gravitational field approximation the leading term of
the gravitomagnetic field (46) with L = 0 coincides with
the leading term of the gravitomagnetic field (67) with
L = aE. This is an illustration of the gravitational Larmor
theorem [40]. We see that FIDO of nonzero angular
momentum L detects the gravitomagnetic field and can
observe the gravitational Faraday and spin-Hall effects in
the Schwarzschild spacetime. Thus, these effects are
observer-dependent phenomena.

VII. DISCUSSION

In this work we studied the gravitational Faraday and
spin-Hall effects of light in a local inertial frame. Our main
results are the expressions (27), (33), (40), and (43). These
expressions imply that the effects are due to the gravito-
magnetic field (30) and its gradient (32) measured in the
local frame. Then we have shown that the gravitomagnetic
field and thus the effects are frame dependent. In particular,
one can consider an inertial zero angular momentum frame
in a Kerr spacetime where the effects can be observed, or
an inertial frame with nonzero angular momentum in a
Schwarzschild spacetime, where the effects can be
observed as well. This implies that in order to address
the gravitational Faraday and spin-Hall effects of light to a
gravitational field alone, one has to consider zero angular
momentum observers.

The advantage of the local approach is that one can
study the gravitational Faraday and spin-Hall effects of
light in a local inertial frame in any spacetime region,
whereas the global timelike vector field of observers
defined through the Killing vector field in a stationary
spacetime exists only in the regions where the Killing
vector field is timelike, e.g., outside a Kerr black hole
ergosphere. We also recall that in order to use the
approach presented here in arbitrary spacetime, one
has to find a local inertial frame (11), which requires
finding a timelike geodesic and constructing an ortho-
normal tetrad parallel-transported along it. Then, the
next problem is to find null geodesics in that frame
within the corresponding order of approximation. We
shall leave these important issues outside the scope of
this paper.
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