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During its inspiral stage, a binary black hole (BBH) produces characteristic gravitational wave (GW)
signals. The waveform of the GW signals can be described by the physical parameters of BBH, such as the
masses of the black holes and the orbital eccentricity. Precise and accurate estimation of these parameters is
crucial for GW astrophysics. In the aspect of precision, decihertz GW detectors are promising proposals, as
they are anticipated to allow us to obtain highly precise parameter estimations for stellar-mass BBHs.
However, the high-precision parameter estimation requires accurate GW waveform modeling. Otherwise,
systematic errors can arise in estimated parameters. We emphasize the importance of considering the orbital
eccentricity in constructing an accurate GW waveform model. B-DECIGO and MAGIS are used as
benchmarks for decihertz GW detectors. We examine the significance of systematic error for a population
of stellar-mass BBH inspirals. We found that the quasicircular GW waveform model exhibits significant
systematic errors for BBH with a very small eccentricity ~10™* at GW frequency 0.1 Hz. The modeling
accuracy can be substantially enhanced by incorporating the leading-order correction to GW phase
evolution associated with eccentricity smaller than 0.01. The higher-order post-Newtonian corrections

induced by eccentricity should be important only for eccentricity larger than 0.01.
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I. INTRODUCTION

Predictions on the actual eccentricity distribution of
merging compact binaries depend on the formation sce-
nario. There are two popular formation scenarios: isolated
formation [1-4] and dynamical formation [5-18]. In the
isolated formation, the binary orbital evolution is primarily
driven by interactions with companion stars, and majority
of binary mergers occur with very small eccentricities. In
this scenario, BBH mergers with e > 0.01 at GW fre-
quency 10 Hz are expected to account for much less than
1% of the total binary merger population [2]. The dynami-
cal formation is relevant to binary formation in globular
clusters [5-12] and nuclear star clusters [13-18]. In
globular clusters, binaries with high eccentricities can be
produced by two-body encounters [7] or binary-single
encounters [6,10]. Consequently, studies based on N-body
simulations [11,12] estimated that binary mergers with
e >0.01 at 10 Hz account for O(1) percents of the
total population. In nuclear star clusters, much higher
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eccentricities are expected due to gravitational capture
[13] and the influence of supermassive black hole [14].
It is expected that the majority of mergers will have small
eccentricity at high GW frequencies. One of the reasons is
that the eccentric orbit of merging binary tends to be
circularized due to GW emission [19,20]. For example, if
the eccentricity was 0.1 at f = 0.1 Hz, it decreases to
e ~0.001 as the GW frequency increases to f = 10 Hz,
which can be estimated from e o f~!%18 [20]. This
eccentricity decay takes less than a year in the case of
stellar-mass BBHs. As a result, GW observation in a lower
GW frequency band is more relevant to eccentric mergers.
It has been demonstrated that observing eccentric binary
mergers in ground-based detectors such as LIGO and Virgo
can provide evidence for the dynamical formation of binary
systems [5—18]. Measuring the orbital eccentricity with the
space-based GW detector LISA can help discriminate
between different formation channels of stellar-mass binary
black holes (BBH) [21-23]. In addition, the precision of the
sky localization of eccentric binary inspirals tends to be
better than those of quasicircular cases in the ground-based
detector networks [24-26]. Recently, Refs. [27-29] showed
that the improvement of sky localization of eccentric
binary inspirals is significantly more pronounced in the
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space-based detector operating in the decihertz band.
Another promising application of eccentric binary inspirals
is the early detection and localization of GWs by utilizing
the high harmonic modes induced by eccentricity [30].

The space-based interferometer DECIGO [31] and the
space-based atom interferometer MAGIS [32,33] have been
proposed to cover decihertz GW frequencies. We refer to
detectors that are sensitive in the range of deci-Hz to several
Hz range as midband detectors. The midband detectors
have great potential for GW science with stellar-mass
compact binaries. Binaries composed of stellar mass black
holes can emit GW signals for weeks and months in the
decihertz band. Continuous observation of GW signal from
compact binaries for long duration enables us to achieve
not only high signal-to-noise (SNR) ratio of the GW signal
but also exquisite measurement of the GW source param-
eters [34-39]. Therefore, successful operation of the
midband detectors will provide valuable hints to the
formation of compact objects [40] as well as the test of
general relativity [41,42].

The high-precision measurement of parameters with
midband detectors requires more accurate GW waveform
modeling. Otherwise, systematic errors can significantly
contaminate the parameter estimations of GW signals.
Specifically, we test the accuracy of estimated parameters
assuming the quasicircular waveform model for the eccen-
tric merger of BBHs. This issue has been examined in the
context of ground-based detectors [43—46]. In Ref. [44], the
author showed that the quasicircular waveform model
becomes inaccurate for eccentric mergers with e ~ 1073
at f = 10 Hz in the case of neutron star binary merger. It
has been also noted that extending the low-frequency limit
results in observing more GW cycles, consequently ampli-
fying the systematic errors [45]. Therefore, we expect that
the issue of systematic errors will be more pronounced in
the midband detectors.

Waveform model constructed using the post-Newtonain
(PN) approximation always has the risk of systematic error
coming from neglected high-order PN effects [47—49].
Therefore, it is essential to ensure that the waveform model
being used includes high enough PN order terms to
minimize systematic errors. In our study, we focus on
the PN corrections associated with eccentricity in the
context of observation with the midband detectors.

The remainder of this paper is organized as follows.
Section II introduces the eccentric waveform models and
the GW detectors used in our work. Section III provides brief
reviews of the GW parameter estimation. Computation
methods for probability distribution are also reviewed in
this section. In Sec. IV, the methods for systematic error
estimation are introduced. Section V focuses on the system-
atic errors due to neglecting eccentricity or inaccurate
eccentric waveforms. In Sec. VI, we discuss the observa-
tional implications of the systematic errors. Lastly, Sec. VIIis
the summary and conclusion of our work.

I1. BASIC SETUP

A. Waveform model

In GW polarization basis, the GW with the polarization
amplitudes &, passing through the detector with antenna
pattern functions F, , will induce the strain signal

h(t) = F+h+(t) +F><h><(t)' (1)

We use the Fourier transform of the signal

h(f) = /_ ® dfh(1)eifds 2)

[Se]

for the parameter estimation. The integral can be calculated
via the stationary phase approximation (SPA). In terms of
SPA amplitude A and phase ¥, the Fourier transform of the
waveform can be written as

h=Ae™, where (3a)

A=-M %(2%) Vi(aMf)7s. (3b)

Here, M = m 4 my, is the binary total mass in the detector
frame, 7 = m;m,/M? is the symmetric mass ratio, and

D =2d;[(1+cosi?)*F3 +4cos 2F%]7V/2  (4)

is the effective distance that absorbs the dependence on the
luminosity distance d; to source, the inclination angle of
the binary & F, , depends on the detector orientation, the
GW source direction, and the GW polarization. In GW
observations with space-based detectors, the detector’s
orbital motion causes significant time variation in detector
orientation, making F,, time-dependent quantities.
However, for computational efficiency, we fix the values
of F, ... This approximation is justified because the time-
dependent F', , effectively result in a slowly changing GW
amplitude over a much longer timescale than the GW
period (~f~1), and thus, it does not affect the GW phase
measurement, which is our primary concern in this work.

The SPA phase is composed of several distinct contri-
butions [50-52]

Y(f)=¢.+2nft.+ (14 AP + AP, (5)

128507

where ¢, and ¢, are the coalescence phase and time, and
v = (zMf)"/3 is the post-Newtonian (PN) orbital velocity
parameter. In this expression, we factor out the leading
order inspiral phase 3/(128%v°) and divide the inspiral
phase corrections into circular term and eccentric term. The
circular term A‘I’gi.’SCPN is the PN correction of the quasi-
circular binary inspiral, and therefore it is nonvanishing
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even for zero-eccentricity orbits. It includes the PN
corrections up to 3.5 PN order. The explicit expression
of the AWSS, can be read off [50]. The eccentric term
accurate up to 3 PN order can be written as [51]

2355 (1,193 6
AW = - e3> 1+ e|, (6
3PN 1462 e() < v ) |: + r— Cp :| ( )

where v, = (zMf,)'/? is the PN orbital velocity parameter
at a reference GW frequency f, and the e, is the orbital
eccentricity at GW frequency f,. The reference GW
frequency f, can be chosen arbitrarily, so we set
fo = 0.1 Hz. The coefficients ¢, are functions of binary
black hole masses and GW frequency. The details of ¢, can
be found in Ref. [51].

Our waveform model is a minimal setup designed to
study eccentric GW waveforms. This approach allows us to
reveal the effects of eccentricity more clearly. However, it is
important to note that eccentric GW waveforms can be
much more complicated in reality. For instance, an eccen-
tric GW waveform consists of multiple harmonics of orbital
frequency f.n,. While second harmonic f = 2f 4, predom-
inates in the small eccentricity regime, the subdominant
modes can potentially impact parameter estimation
[27-29,53]. In addition, the phase corrections from black
hole spins, which we have not incorporated, introduce
additional complications into parameter estimation [36].
This aspect remains for future investigation.

GW waveform defined by Egs. (3), (5), and (6) is the so-
called TaylorF2Ecc [52]. In the following sections, we
simulate GW signals from BBH sources with this wave-
form model. To study waveform accuracy, we define
reduced waveform models EccMPN by collecting PN
corrections in Eq. (6) up to v*¥ terms. Since the »' term
is absent, there is no EccO.5PN. We also consider the
waveform model with AWSE = 0 which is equivalent to
TaylorF2 [50]; we refer to this model as QC for brevity.

B. GW detectors and the frequency range

We examine the near-future GW observations made by
B-DECIGO [31] and MAGIS [32,33]. Both are space-
based GW observatories and are sensitive to decihertz
GWs. The sensitivity curves of the detectors are shown in
Fig. 1. These detectors are anticipated to have exquisite
precision in measuring the inspiral motion of BBH with
stellar mass, as minute variations in GW phase evolution
accumulate over the year-long inspiral lifetime in the
decihertz band, allowing for measurability [36,42]. Their
precision may require more accurate source modeling than
that needed in LIGO, which is one of the motivations of
our study.

The B-DECIGO noise power spectral density (PSD) is
obtained by the analytic fitting function provided in
Eq. (20) of Ref. [36]. In the case of MAGIS, we used

—— B-DECIGO
—— MAGIS
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FIG. 1. Sensitivity curves of B-DECIGO (blue) and MAGIS
(orange). The square root of the noise PSD /S, (f) is used to
present them. In principle, the decihertz band detectors have the
capability to observe the one-year-long inspiral of stellar mass
BBHs. The GW spectrum of BBH inspiral (dashed) with
M =40My, n=0.24, and D =5194 Mpc is presented as an
example. The star markers with labels show the inspiral lifetime
at the frequencies.

s(B) r<r

Su(f) = . (,%)_0'17 s

(7)

where S, = 3.26 x 107 Hz™! and f, = 0.05 Hz, which
approximately fits the resonant mode sensitivity curve in
Ref. [32]. In our analysis, the frequency bands of B-DECIGO
and MAGIS are set to [0.01, 100] Hz, and [0.01, 3] Hz,
respectively.

The GW frequency range of BBH inspiral is also a
crucial factor that determines the frequency range of GW
data. The lower limit of this range is given by

M _% tObS _%
=0. : Hz,
flow 0.035 (ZOMO) (1 yr Z (8)

where M is the detector-frame chirp mass. The observation
duration of GW inspiral £, is set to one year in our work.
However, it should be noted that the appropriate value of
tos May vary depending on the mission duration and duty
cycle of the GW detectors, which are currently uncertain.
The upper GW frequency limit of BBH inspiral is given by
the inner-most stable circular orbit (ISCO) frequency

! 220( M )_1 Hz,  (9)

&2am T \20M,

f ISCO —

where M is the detector-frame total mass. The frequency
range of GW data is determined by the overlapping range
between [flow, fisco] and a detector frequency band.
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III. GW PARAMETER ESTIMATION

A. Basics of parameter estimation

In this section, we provide a brief overview of the GW
parameter estimation. For simplicity, we assume that the
detector noise 7i is stationary and Gaussian. From the
stationarity, the noise covariance between the frequencies f

and f’ is given by

=380 -1 (0

(@ (f)a(f"))
where S,(f) is the (one-sided) noise PSD. From the
Gaussianity, the probability distribution of the noise
ii(f;) at the frequency bins (fo = fi. f1.....fx-1 = fo)
follows (up to a normalization factor)

> 20 s ] serp [y 0m] 1)

p<ﬁ) P |:_ j=0 Sn(fj)

where Af = f;,| — f; which is uniform, and

(glh) = 4Re/ﬂf€ U= (12)

is the noise-weighted inner product of the strain data g and
h. The initial and end frequencies, f; and f,, are deter-
mined by the detector frequency band and GW source, as
described in Sec. II B.

The GW detection significance of strain data d can be
measured by the likelihood ratio between the signal-plus-
noise hypothesis (d = n + h) and the noise-only hypoth-
esis (d = n) [54]. Here, the GW waveform model h
depends on the model parameters §. By Eq. (11), the
logarithm of the likelihood ratio is given by

In A(d|6) = (d|h(8)) —%(h(ﬁ’)lh(ﬁ’))- (13)

The marginalization of A(d|@) over the € parameter space
can be used as the optimal detection statistics. The
marginalization result is proportional to the maximum
value of A(d|@) when it is informative [55]. Since

A(d|@) and In A(d|@) are simultaneously maximized, the
(maximum) matched-filter signal-to-noise ratio (SNR)

pi(d) = 2m0axlnA(d|0) (14)

can be used as a measure of confidence in GW detection.
Parameter @ includes an overall amplitude A, the coales-
cence phase ¢,., the coalescence time f., and the physical
parameters g such as total mass and mass ratio. p,,(d) can
be analytically maximized with respect to A and ¢, and
becomes

pn(d) = [(dlh(te.p))* + (dlin(t.p))?].  (15)

1
)
where p2(h) = (h(u)|h(p)) is the optimal SNR.

The posterior probability distribution function (PDF)
p(0|d) is obtained by the framework of Bayesian parameter
estimation. Under a signal-plus-noise hypothesis, Bayes’
theorem gives

p(0)p(d|0)
p(@ld : (16
|d) = () )
where the logarithm of p(d|@) is given by Eq. (11)
N=1o1d — h(f s,
In p(d|0) = 21d; = hif;0)F Af + const
2750
1
:—E(d—h(0)|d—h(0))+const (17)

(up to an irrelevant constant). p(@) is the prior PDF. For
simplicity, we always use the uniform prior PDF in this
work. The evidence p(d) is given by

p(@) = [ dp(dio)p(®) (18)
and it is a normalization factor for the posterior PDF.

B. Computation of posterior PDF

In contrast to the simple statement of Bayes’ theorem,
numerical computation of posterior PDF has many tech-
nical challenges when model parameter space has a high
dimension. Several numerical algorithms have been devel-
oped to tackle the problems. We obtain posterior PDF
using DYNESTY [56—58] sampler implemented in Bilby [59]
library. DYNESTY sampler adopts the nested sampling
algorithm [56,57] which generates the posterior samples
as a byproduct of computing the evidence Eq. (18).

Parameter estimation in the decihertz band presents an
additional challenge due to a large amount of GW phase
evolution accumulated throughout a one-year-long obser-
vation. To accurately evaluate the likelihood Eq. (17), it is
necessary to resolve the GW phase W(f) o M™/3f=5/3
with sufficiently fine frequency bins. Note that the fre-
quency resolution required to capture phase evolution AW
can be estimated by Af oc AYM>/3f8/3, This estimation
suggests that frequency binning in the decihertz band needs
to be 10% times finer than in the hectohertz band, resulting
in a significant increase in the computing cost of the
likelihood.

To overcome the numerical challenges, we use the
relative binning method [60,61] for the likelihood compu-
tation. The relative binning method is based on the fact that
the phase evolution difference of two slightly different

024025-4



IMPORTANCE OF ECCENTRICITIES IN PARAMETER ...

PHYS. REV. D 110, 024025 (2024)

waveforms changes slowly with frequency. Therefore, once
the likelihood function is evaluated at a reference param-
eter, the likelihood function at nearby parameters can be
evaluated by an interpolating function on coarser frequency
bins. In this way, the relative binning achieves uniform
computation time for the likelihood function regardless of
frequency band and GW sources.

C. Approximate covariance estimation

One of the goals of constructing a posterior PDF is to
obtain covariance between the parameters. Without using
complicated numerical methods, sometimes an analytic
covariance estimation can be useful as a crude estimation
for an actual posterior PDF. Note that Eq. (16) can be
expanded around the maximum a posteriori (MAP) 0 as

1 o
Inp(0|d) zconst—Q—EAG"Adeﬁb Inp(0|d) + O(AG) (19)

where A@Q =0 —9, and 0, is the partial derivative with

respect to 6. We used d,Inp=09,p/p=0 at 6 = 0.
The second derivative term is written as

2, In p(0d) = T ,,(0) + (d — h(8)|2,h(8)). (20)
where
T (0) = (9,h(0)[0,h(0)) (21)

is the Fisher information matrix (see Refs. [62,63] for more

rigorous treatment). When d — k(@) = n < h(@) and h(0)
well approximates the true GW signals, the second term of
the right-hand side of Eq. (20) can be ignored. Note that
O(A@%) terms in Eq. (19) is (h|h)~"/> ~SNR™! times
smaller than O(A@?) terms. Therefore, at the high SNR
limit, the posterior PDF can be approximated to the
multivariate Gaussian distribution near 9, and the covari-
ance matrix X can be obtained by

= (@) = (1) (6). (22)

The 1o statistical error of parameter 0 is approximately
Oga = 1/ 2““(9)

IV. SYSTEMATIC ERROR ESTIMATION

A. MAP shift and systematic error

When the waveform model h(@) faithfully represents
true GW signals % (6y,), the posterior PDF is expected to
peak around the true parameter of the signal 6, which
means that 6 ~ @,. However, the MAP @ does not always
coincide with the true parameter due to the detector noise n
and waveform modeling error 6h = h, — h. As long as the
noise has a zero mean, the shift due to the noise will be

[ eq1=0.001, Ecc 17700 eg1=0.001, QC
x10°
o
21 oL
= 1
14 ,_' =1
o -
O T T T = T
-1.50 -0.75 0.00 0.75 1.50
-6
MM —1 x10
500

O I.-J T T 1 T
—0.00250 -0.00125 0.00000 0.00125 0.00250
M/M,, — 1

400 A

200
O T T T T T

—-0.004 —-0.002 0.000 0.002 0.004
n/my — 1

FIG. 2. Posterior PDFs of eccentric GW signal computed by the
correct model (TaylorF2Ecc, solid) and the inaccurate model
(QC, dashed). The GW signal is generated by TaylorF2Ecc with
My = 40M g, n, = 024, ¢q; = 0.001, and D = 5194 Mpc. We
simulate the parameter estimation assuming one-year observation
in B-DECIGO. This setup produces p, = 30.

averaged out, and only the bias due to the modeling error
will remain. Therefore, denoting the shift of the MAP as
Af?, a systematic error can be defined by

AGgy

= (AGY), (23)
where (-) means averaging over many noise realizations. In
this work, we set n = 0 and simply obtain Afg,, ~ AG“ by
computing the posterior PDF only once, which is a good
approximation for high SNR cases.

Figure 2 shows the example of the MAP shift due to
inaccurate waveform modeling. Here, we simulate a GW
signal having e, = 0.001 with TaylorF2Ecc and compute
the posterior PDF with the same waveform model (solid)
and the QC model (dashed). The MAP shifts due to the use
of the inaccurate (QC) model are clearly shown. While
nontrivial distortion of the posterior PDF can arise (e.g., the
biased posterior PDF having bimodality [46]), we focus on
the systematic error represented by the MAP shift.

B. Fitting factor method

MAP can be approximately obtained as a byproduct of
finding the fitting factor (FF) instead of constructing a
whole posterior PDF, which is computationally expensive.
We will refer to this method as the FF method. FF is defined
as the maximized match, where the match between g and &
is the normalized inner product
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(g/h)
h)=——"~F"—. 24
)= k) 2
Then FF can be written as
FF = moax(g|h(0)>. (25)

It is clear that FF =1 only if h(@) is identical to g,
otherwise FF < 1. Mismatch(MM) defined as

MM = 1 — FF, (26)

is also a useful measure of the difference between two
waveforms.

Maximizing the match with respect to the constant phase
can be done analytically, and Eq. (25) becomes

FF = max \/(glh(c.))? + (glih(r. ). (27)

The right-hand side of Eq. (27) is equal to p,,(9)/p,(9),
implying that FF can be a measure of waveform template
efficiency or, equivalently, SNR loss. Combined with the
fact that p &« D!, inaccurate waveform modeling leads to
GW event loss 1 — FF? ~ 3MM assuming the uniform-in-
volume GW source distribution. Conventionally, an
approximate waveform model is required to be at least
FF > 0.97 with respect to a more accurate waveform
model, which corresponds to ~90% detection efficiency.
To estimate the systematic bias, we compute the match
between d = hy(0,) and h(@), and maximize it with
respect to @. The maximum point of the match approx-
imately coincides with the MAP. It can be shown using the
fact that the derivative of the match can be written as

(d — h|d,h) — (d — hlh)(h|0, In AR)/(h|h)
(d|d)>(h|h)>

9u(d|(0)) =

(28)

In the expression, (d — h|d,h) is dominant since it contains
0,¥, which is much larger than 9, In A in the other term.
This is due to the large phase evolution of the GW chirps.
Therefore, at the maximum point of the match, we can write

~ (d - h|aah)
~ (d|d)(h|h):
 0,Inp(0]d)

— % PG _ 29
(dld)} ()} >

9q(d|1(0))

which indicates that the maximum point of the match is
also the MAP at the same time.

Although computing FF is less expensive than construct-
ing the posterior PDF, the difficulties coming from long

inspiral observation (as described in Sec. III B) still remain.
We find that the relative binning method is very effective
even for FF computation in the decihertz band. This is
because the relative binning method basically realizes fast
(d|h(@)) computation.

C. First order approximation and FCV method

The shift of MAP from 6, can be estimated by using the
local analytic properties of a posterior PDF [64]. Assuming
that MAP is at the stationary point of p(6|d), we have

0,1n p(8|d) = (d — h(8)|0,h()) = 0. (30)

Writing 0 =0, + A0 and expanding Eq. (30) up to the first
order of A@ results in

(d - h(atr)|aah(atr)) - Aabrab(otr) ~ 0. (31)

Here, we dropped A&”(d — h(0,)|0,,h(0,)) which is
subdominant. Putting

d=n+hy(0y) =n+ h(0;) + 5h(6y) (32)
into Eq. (31) and using =% = (I'"!)®, we have

Q% = 5 (8,) (n]0,h(0,)) + E (0,) (5h(6,)]9,h(6,)).
(33)

From the equation above, it is clear that the noise can shift
MAP in a random direction, but the shift is zero on average.
In contrast, the shift by the modeling error is not stochastic.
Therefore, from Eq. (23), we get

Aegys = <A9a> = Zab(atr)(5h(0tr)|abh(0tr)>' (34)

Although Eq. (34) provides a simple estimation for
systematic error, it is not practical since what we obtain
from the posterior PDF is 6, not 6. Instead, Ref. [65]
shows that systematic error can be estimated by replacing

6, with @ in Eq. (34):

A%, = 59(8)(5h(9)|0,h(D)). (35)
When the modeling error is small, we can use

Sh(0) ~ A, — A+ iA(Y, — W) (36)

In this expression, the waveform amplitudes (A, and A)

and phases (¥, and VW) are evaluated at 6. This way of
systematic error estimation is the Fisher-Culter-Vallissneri
(FCV) method [65].

Although the FCV method provides a simple one-step
estimation for systematic errors, it should be utilized
carefully when the assumptions behind this method do
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not hold. First of all, the FCV method can be inaccurate in
large oh situations, which is the limitation of the linear-
order approximation. We find that the possibility of large
oh due to eccentricity is not negligible, and it will be
discussed in Sec. V. Additionally, the method becomes
inaccurate when MAP is located near the boundary points
of the parameter ranges. This is because the FCV method
relies on the stationary point condition Eq. (30) which may
not hold on the boundary points. However, we find that
such cases are rare in the midband detectors due to the
highly localized posterior PDF around MAP.

V. SYSTEMATIC ERROR DUE TO
ECCENTRICITY

A. Eccentricity scale of significant systematic error

In the decihertz band GW observation, the quasicircular
waveform model can induce non-negligible systematic
errors even for GW signals with very small eccentricities.
To demonstrate this, we generate eccentric GW signals and
compute the posterior PDFs with QC assuming B-DECIGO
observation. We obtain the MAP shifts and 1o error ranges
from the posterior PDFs. Figure 3 summarizes the results
for M, M, and 7 as a function of ¢ ;. The figure shows that
the MAP shifts (orange dots) of the parameters are already
as large as 1o error bars (green bars) at ¢, ; ~ 0.0004. Since
this level of eccentricity is not unlikely in the decihertz
band [2,8], the results imply that the eccentric waveform
model will be crucial for the precision test of GR in the
decihertz band. In contrast to the large systematic errors,
the mismatches (bottom panel of Fig. 3) are only 0.01
overall indicating a 1% loss of SNR. This shows that the
quasicircular waveform is still effective for GW detection
purposes. The implications of these results in observational
aspects will be discussed more in Sec. VI.

Figure 3 shows that the systematic error of chirp mass is
more significant than those of total mass and mass ratio. For
example, at eg; ~ 0.0005, the MAP shift of the chirp mass
can be 3¢ while that of the others are 16. This is because the
chirp mass controls the leading order (0 PN) behavior of
GW phase evolution. Since total mass and mass ratio
appear in the GW phase from the 1 PN corrections, they
have smaller effects.

We find that EccOPN has greatly enhanced accuracy
compared to the QC. We compute the systematic errors of
EccOPN by the same method as the QC case and summarize
the results in Fig. 4. It shows that the systematic errors of
EccOPN become comparable with those of QC only when
ep1 > 0.01. Also, the mismatch values of EccOPN are
greatly reduced compared to those of QC. The effectiveness
of EccOPN implies that the higher-order PN corrections
have minor effects. Indeed, we find that the systematic
errors of EccMPN (M > 1) are comparable to the QC and
EccOPN cases only when e ; ~ 0.1 cases. This aspect will
be discussed further in the next section.

— FF ® MAP A Median === FCV
x107°
104 AMg /M,
0.5
00 - TR ..l i iiiiiiiiicesisssssesessssataasessssataanasnasasaanannnnanaann
0000 N SN I G I
—0.001
AM,ys /My,
Ansys/ Mtr
0.002
0.001
0000 Ry i I I ST L L R rrrrrTTrrrrTTTTrr TS
00154 Mismatch
0.010
0.005
0.000 4

T T T T T T T
0.0000 0.0002 0.0004 0.0006 0.0008 0.0010 0.0012
€0.1

FIG. 3. First three panels from the top: systematic errors of M,
M, and 7 as a function of ¢ ;. The parameter estimation is done
with the QC for eccentric GW signals. The GW signals are
generated with M = 40M, n = 0.24, and p, = 30 while e is
varied in each simulation. The MAP shift (orange circles) and 1o
error bars (green bars) are obtained from the resulting posterior
PDFs. The results are normalized by the true parameters of the
GW signals. The error bars are drawn with respect to the (biased)
median values (green triangle) which coincide well with the
MAPs. Systematic error estimations with the FF method (blue
solid curves) and the FCV method (black dashed curves) are also
shown. Bottom panel: mismatch (1 — FF) between the QC and
the eccentric GW signals as a function of eg ;.

B. Validity of the approximate methods

In Figs. 3 and 4, we can see that the systematic error
estimation with the FF method is consistent with the MAP
shift of the actual posterior PDFs. This means that the
approximation in Eq. (29) works well in our results.
Therefore, the FF method is highly efficient in finding
MAP. In Sec. VI, We will use this method to compute
systematic errors in much broader parameter space. Note
that the MAP estimation with the FF method is effective
only within the scope of our work, where the inaccuracy in
the GW phase induces systematic errors. If the inaccuracy
of GW amplitude modeling is non-negligible (for example,
due to the higher harmonics), the FF method may not be
appropriate for the MAP estimation.

Estimations of the FCV method (dashed curves in Figs. 3
and 4) are consistent with the other methods when ¢ is
small, where the MAP shifts are within the 1o error bars.
However, as e ; increases, deviations from other methods
are observed, with this trend becoming more pronounced
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FIG. 4. Similar to Fig. 3, except EccOPN is used for parameter
estimation.

with higher e(;. The inaccurate estimations arise when
AWe(f,) — AP*°(f;) > 6x. This means that the small
modeling error assumption in Eq. (36) is not valid in this
regime, and a higher-order calculation is required.

VI. IMPLICATIONS ON DETECTION AND
MEASUREMENT

Inaccurate waveform modeling can cause systematic error
and, in severe cases, lead to the loss of a GW merger event
due to severe SNR loss. The degree of systematic error and
SNR loss (e mismatch) have complicated dependence on
GW parameters like black hole masses, luminosity distance,
and eccentricity. To take into account the various factors, we
simulate the BBH merger population using Power-law +
Peak (PP) model [66]. The model parameters of PP are set to
the measurement values in Ref. [67]. GW source redshifts are
sampled uniformly in comoving volume up to z = 10. We
assume a constant source-frame merger rate. We collect the
samples satisfying the detection criteria p, > 8 from the
generated event samples. A total of 1024 samples are
collected in each detector.

Systematic errors A6, and the matched filter SNR p,, are
computed for the collected samples. The quantities are
estimated by the FF method (Sec. IV B) for a given waveform
model and an eccentricity value. We repeat the computations
for eccentricities in the range [107,107!].

We classify the event samples into several subsets. An
event sample is regarded as detection if p,, > 8; otherwise,
it is classified as loss. If an event sample is detection

satisfying A0 > 64, it is classified as biased. We use the
Fisher information matrix to estimate ocg. After the
classification, we can define event loss fraction P, and
biased measurement fraction Py as

P 37
loss Ntotal ( )
N
P 9 = —6“ N (38)
N, detection

where Njyss, Nga, and N geieciion are the number of loss, biased
6“, and detection samples, respectively. Here, N, = 1024.

Our results show that the systematic error of QC can be
significant for e ~ O(107*). In both detectors, P, > 0.5
for ey ; > 1073, The systematic errors of M and 7 are less
significant than that of M, but Py, and P, are still non-
negligible for O(10~*) eccentricities. For e;; > 1073, more
than half of M and 1 measurement can be biased. Since
BBH mergers with O(107*)e, ; may not be rare [2,8], our
results imply that a quasicircular waveform model is not
appropriate for a precision test of GR. In this case,
including the leading-order eccentric phase correction in
the waveform model can be very effective. In Fig. 5, the
EccOPN cases have negligibly small Py and P, for the
O(10™*)e ;. More accurate models (EccMPN with M > 1)
can be considered depending on the required precision and
eccentricity distribution of BBHs.

In the QC case, Py of MAGIS is significant for
eccentricities of O(107*), while that of B-DECIGO is
negligible up to ey, ~1072. The difference can be
explained by the difference in their sensitivity curve shape.
In the case of B-DECIGO, the maximum sensitivity of
B-DECIGO is reached at O(1) Hz (see Fig. 1). It means
that O(1) Hz components of a GW signal drive parameter
estimation results. In the case of MAGIS, however,
decihertz components of a GW signal contribute to param-
eter estimation due to its (relatively) flat noise curve. Since
an eccentric BBH has a larger eccentricity at a lower
frequency, the phase difference between the QC and
eccentric waveforms is also larger at a lower frequency.
As a consequence, MAGIS becomes more sensitive to
eccentricity and has higher Pj.

Higher-order EccMPN does not always improve accu-
racy. When EccOPN and Eccl1PN are compared, Ecc1PN
leads to smaller P, and P, However, the other bias
probabilities can be worse (e.g. Py and P, results) at
eg1 > 0.01. This implies that the PN approximation of
eccentric waveform does not converge at 1 PN order for
eo1 > 0.01. We find that the convergent behavior of
accuracy appears only after 1.5 PN or higher orders. In
other words, the high-order PN corrections are crucial
for €pq > 0.01.

From our Py, results, we can estimate the PN order
requirement of the eccentric waveform model for
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FIG. 5. Biased measurement fractions P, Py, Py, P

€o.1

(the first four rows from the top), and event loss fraction P, (the bottom

row) caused by inaccurate waveform modeling in the eccentricity. The results are given a function of ¢ ;, where those for different
accuracy levels (QC and EccMPNG5) are differentiated by the color of the curves. The left panels are the B-DECIGO cases, and the right
panels are the MAGIS cases. Since QC has no e¢(; parameter, there is no result for QC in the fourth row.

GW detection. In B-DECIGO, EccIPN achieves nearly
zero Py, for eg; < 0.1. In MAGIS, the corresponding
model is Ecc1.5PN. Depending on the eccentricity distri-
bution of BBH, less accurate waveform models can be
considered. For example, if the majority of BBHs are
ep; < 1072, then the QC waveform model can be adopted
in B-DECIGO, although it takes the risk P, ~ 0.1. In the
case of MAGIS, EccOPN can be considered when such
eccentricity distribution is expected.

The PN order requirement to avoid systematic error is
more stringent. We find that, in both detectors, only
Ecc2.5PN can maintain all of Pgs below 0.001 for
epy <0.1. If BBH mergers with ey; > 1072 are rare,

Eccl.5PN can be a practically good option for parameter
estimation.

VII. SUMMARY AND CONCLUSION

We examined the influence of eccentricity on the
detection and measurement in the decihertz detectors, B-
DECIGO and MAGIS. If a waveform model is not accurate
for eccentric binaries, systematic error can be a problem in
the estimation of parameters from GW observations. The
systematic error tends to increase as eccentricity increases.
Since the expected eccentricity of BBHs is larger at lower
frequencies, the systematic error problem can be significant
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in the midband detectors. Furthermore, the high precision
of the midband detectors makes the problem more severe.

We studied the significance of the systematic error using
the parameter set generated by the fiducial model of the
BBH merger population. We found that even a small
eccentricity, ey, ~ O(107), can cause systematic errors
that are comparable to statistical errors if a quasicircular
model is used. The risk of systematic error is greatly
reduced by including the leading-order eccentric phase
corrections. The higher-order corrections are important
when ey; > 0.01. To obtain negligible systematic error
for ey ; > 0.01, the eccentric phase corrections up to 2.5 PN
orders are required.

The PN accuracy requirement for GW detection is less
stringent than for parameter estimation. In the case of B-
DECIGO, the waveform model is still effective for
detecting GW signals with e5; < 0.01. If the eccentric
phase corrections up to 1 PN order are included, B-
DECIGO can get negligible event loss for ¢5; < 0.1. In
the case of MAGIS, the PN corrections up to 1.5 PN orders
are required.

Our work can be the basis of more general parameter
estimation studies in the decihertz detectors. In our work,
we consider only the dominant harmonics of the GW
waveform, but, in principle, the multiple harmonics
induced by eccentricity can affect parameter estimation.
Ultimately, studies on modeling accuracy for the case when
black hole spin precession and eccentricity effects coexist
are necessary. Although generating GW waveform for such
studies is not trivial work, if it is possible, extending our
work will be straightforward.

ACKNOWLEDGMENTS

We thank Gihyuk Cho and Gungwon Gang for their
helpful comments on our results. H. G. C. is supported by
the Institute for Basic Science (IBS) under the Project
Code, IBS-R0O18-D3. T.Y. is supported by ‘“the
Fundamental Research Funds for the Central
Universities” under Reference No. 2042024FG0009. H.
M. L is supported by the National Research Foundation
(NRF) of Korea Grants No. 2021R1A2C2012473 and
No. NRF-2021M3F7A1082056.

[1] H. A. Bethe and G.E. Brown, Astrophys. J. 506, 780
(1998).

[2] 1. Kowalska, T. Bulik, K. Belczynski, M. Dominik, and D.
Gondek-Rosinska, Astron. Astrophys. 527, A70 (2011).

[3] M. Dominik, K. Belczynski, C. Fryer, D. Holz, E. Berti, T.
Bulik, I. Mandel, and R. O’Shaughnessy, Astrophys. J. 759,
52 (2012).

[4] S.S. Bavera, T. Fragos, M. Zevin, C.P.L. Berry, P.
Marchant, J.J. Andrews, S. Coughlin, A. Dotter, K.
Kovlakas, D. Misra et al., Astron. Astrophys. 647, A153
(2021).

[5] Y.B. Bae, C. Kim, and H. M. Lee, Mon. Not. R. Astron.
Soc. 440, 2714 (2014).

[6] J. Samsing, M. MacLeod, and E. Ramirez-Ruiz, Astrophys.
J. 784, 71 (2014).

[7] J. Hong and H. M. Lee, Mon. Not. R. Astron. Soc. 448, 754
(2015).

[8] C.L. Rodriguez, S. Chatterjee, and F. A. Rasio, Phys. Rev.
D 93, 084029 (2016).

[9] D. Park, C. Kim, H. M. Lee, Y. B. Bae, and K. Belczynski,
Mon. Not. R. Astron. Soc. 469, 4665 (2017).

[10] J. Samsing, Phys. Rev. D 97, 103014 (2018).

[11] C.L. Rodriguez, P. Amaro-Seoane, S. Chatterjee, K.
Kremer, F. A. Rasio, J. Samsing, C.S. Ye, and M. Zevin,
Phys. Rev. D 98, 123005 (2018).

[12] M. Zevin, I. M. Romero-Shaw, K. Kremer, E. Thrane, and
P.D. Lasky, Astrophys. J. Lett. 921, 1.43 (2021).

[13] R.M. O’Leary, B. Kocsis, and A. Loeb, Mon. Not. R.
Astron. Soc. 395, 2127 (2009).

[14] F. Antonini and H. B. Perets, Astrophys. J. 757, 27 (2012).

[15] J. Takatsy, B. Bécsy, and P. Raffai, Mon. Not. R. Astron.
Soc. 486, 570 (2019).

[16] H. Tagawa, B. Kocsis, Z. Haiman, I. Bartos, K. Omukai, and
J. Samsing, Astrophys. J. Lett. 907, L20 (2021).

[17] L. Gondan and B. Kocsis, Mon. Not. R. Astron. Soc. 506,
1665 (2021).

[18] H. Tagawa, B. Kocsis, Z. Haiman, I. Bartos, K. Omukai, and
J. Samsing, Astrophys. J. 908, 194 (2021).

[19] P.C. Peters and J. Mathews, Phys. Rev. 131, 435 (1963).

[20] P.C. Peters, Phys. Rev. 136, B1224 (1964).

[21] A. Nishizawa, E. Berti, A. Klein, and A. Sesana, Phys. Rev.
D 94, 064020 (2016).

[22] A. Nishizawa, A. Sesana, E. Berti, and A. Klein, Mon. Not.
R. Astron. Soc. 465, 4375 (2017).

[23] K. Breivik, C. L. Rodriguez, S. L. Larson, V. Kalogera, and
F. A. Rasio, Astrophys. J. Lett. 830, L18 (2016).

[24] B. Sun, Z. Cao, Y. Wang, and H. C. Yeh, Phys. Rev. D 92,
044034 (2015).

[25] S. Ma, Z. Cao, C. Y. Lin, H. P. Pan, and H. J. Yo, Phys. Rev.
D 96, 084046 (2017).

[26] H.P. Pan, C.Y. Lin, Z. Cao, and H. J. Yo, Phys. Rev. D 100,
124003 (2019).

[27] T. Yang, R. G. Cai, Z. Cao, and H. M. Lee, Phys. Rev. Lett.
129, 191102 (2022).

[28] T. Yang, R. G. Cai, and H. M. Lee, J. Cosmol. Astropart.
Phys. 10 (2022) 061.

[29] T. Yang, R. G. Cai, Z. Cao, and H. M. Lee, Phys. Rev. D
107, 043539 (2023).

[30] T. Yang, R. G. Cai, Z. Cao, and H. M. Lee, Phys. Rev. D
109, 104041 (2024).

024025-10


https://doi.org/10.1086/306265
https://doi.org/10.1086/306265
https://doi.org/10.1051/0004-6361/201015777
https://doi.org/10.1088/0004-637X/759/1/52
https://doi.org/10.1088/0004-637X/759/1/52
https://doi.org/10.1051/0004-6361/202039804
https://doi.org/10.1051/0004-6361/202039804
https://doi.org/10.1093/mnras/stu381
https://doi.org/10.1093/mnras/stu381
https://doi.org/10.1088/0004-637X/784/1/71
https://doi.org/10.1088/0004-637X/784/1/71
https://doi.org/10.1093/mnras/stv035
https://doi.org/10.1093/mnras/stv035
https://doi.org/10.1103/PhysRevD.93.084029
https://doi.org/10.1103/PhysRevD.93.084029
https://doi.org/10.1093/mnras/stx1015
https://doi.org/10.1103/PhysRevD.97.103014
https://doi.org/10.1103/PhysRevD.98.123005
https://doi.org/10.3847/2041-8213/ac32dc
https://doi.org/10.1111/j.1365-2966.2009.14653.x
https://doi.org/10.1111/j.1365-2966.2009.14653.x
https://doi.org/10.1088/0004-637X/757/1/27
https://doi.org/10.1093/mnras/stz820
https://doi.org/10.1093/mnras/stz820
https://doi.org/10.3847/2041-8213/abd4d3
https://doi.org/10.1093/mnras/stab1722
https://doi.org/10.1093/mnras/stab1722
https://doi.org/10.3847/1538-4357/abd555
https://doi.org/10.1103/PhysRev.131.435
https://doi.org/10.1103/PhysRev.136.B1224
https://doi.org/10.1103/PhysRevD.94.064020
https://doi.org/10.1103/PhysRevD.94.064020
https://doi.org/10.1093/mnras/stw2993
https://doi.org/10.1093/mnras/stw2993
https://doi.org/10.3847/2041-8205/830/1/L18
https://doi.org/10.1103/PhysRevD.92.044034
https://doi.org/10.1103/PhysRevD.92.044034
https://doi.org/10.1103/PhysRevD.96.084046
https://doi.org/10.1103/PhysRevD.96.084046
https://doi.org/10.1103/PhysRevD.100.124003
https://doi.org/10.1103/PhysRevD.100.124003
https://doi.org/10.1103/PhysRevLett.129.191102
https://doi.org/10.1103/PhysRevLett.129.191102
https://doi.org/10.1088/1475-7516/2022/10/061
https://doi.org/10.1088/1475-7516/2022/10/061
https://doi.org/10.1103/PhysRevD.107.043539
https://doi.org/10.1103/PhysRevD.107.043539
https://doi.org/10.1103/PhysRevD.109.104041
https://doi.org/10.1103/PhysRevD.109.104041

IMPORTANCE OF ECCENTRICITIES IN PARAMETER ...

PHYS. REV. D 110, 024025 (2024)

[31] S. Kawamura, T. Nakamura, M. Ando, N. Seto, T. Akutsu, I.
Funaki, K. Ioka, N. Kanda, I. Kawano, M. Musha et al., Int.
J. Mod. Phys. D 28, 1845001 (2019).

[32] P.W. Graham, J.M. Hogan, M. A. Kasevich, and S.
Rajendran, Phys. Rev. D 94, 104022 (2016).

[33] P.W. Graham et al. (MAGIS Collaboration), arXiv:1711
.02225.

[34] R. Nair, S. Jhingan, and T. Tanaka, Prog. Theor. Exp. Phys.
2016, 053E01 (2016).

[35] R. Nair and T. Tanaka, J. Cosmol. Astropart. Phys. 08
(2018) 033; 11 (2018) EO1.

[36] S.Isoyama, H. Nakano, and T. Nakamura, Prog. Theor. Exp.
Phys. 2018, 073E01 (2018).

[37] M. A. Sedda, C.P. L. Berry, K. Jani, P. Amaro-Seoane, P.
Auclair, J. Baird, T. Baker, E. Berti, K. Breivik, A. Burrows
et al., Classical Quantum Gravity 37, 215011 (2020).

[38] P. W. Graham and S. Jung, Phys. Rev. D 97, 024052 (2018).

[39] T. Yang, H. M. Lee, R. G. Cai, H. G. Choi, and S. Jung, J.
Cosmol. Astropart. Phys. 01 (2022) 042.

[40] T. Nakamura, M. Ando, T. Kinugawa, H. Nakano, K. Eda,
S. Sato, M. Musha, T. Akutsu, T. Tanaka, N. Seto et al.,
Prog. Theor. Exp. Phys. 2016, 093E01 (2016).

[41] K. Yagi and T. Tanaka, Prog. Theor. Phys. 123, 1069 (2010).

[42] H.G. Choi and S. Jung, Phys. Rev. D 99, 015013 (2019).

[43] K. Martel and E. Poisson, Phys. Rev. D 60, 124008 (1999).

[44] M. Favata, Phys. Rev. Lett. 112, 101101 (2014).

[45] M. Favata, C. Kim, K. G. Arun, J. C. Kim, and H. W. Lee,
Phys. Rev. D 105, 023003 (2022).

[46] H.S. Cho, Phys. Rev. D 105, 124022 (2022).

[47] S. Tanay, M. Haney, and A. Gopakumar, Phys. Rev. D 93,
064031 (2016).

[48] S. Tanay, A. Klein, E. Berti, and A. Nishizawa, Phys. Rev. D
100, 064006 (2019).

[49] G. Cho, S. Tanay, A. Gopakumar, and H. M. Lee, Phys. Rev.
D 105, 064010 (2022).

[50] A. Buonanno, B.R. Iyer, E. Ochsner, Y. Pan, and B.S.
Sathyaprakash, Phys. Rev. D 80, 084043 (2009).

[51] B. Moore, M. Favata, K. G. Arun, and C. K. Mishra, Phys.
Rev. D 93, 124061 (2016).

[52] J. Kim, C. L. Kim, H. W. Lee, M. Favata, and K. G. Arun,
LALSimInspiralTaylorF2Ecc.c file reference, https://Iscsoft
.docs.ligo.org/lalsuite/lalsimulation/_I_a_Il_sim_inspiral_
taylor_f2_ecc_8c.html (2019).

[53] B. Moore and N. Yunes, Classical Quantum Gravity 37,
225015 (2020).

[54] B.P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), Classical Quantum Gravity 37, 055002 (2020).

[55] J. D. Romano and N. J. Cornish, Living Rev. Relativity 20, 2
(2017).

[56] J. Skilling, ATP Conf. Proc. 735, 395 (2004).

[57] J. Skilling, Bayesian Anal. 1, 833 (2006).

[58] J.S. Speagle, Mon. Not. R. Astron. Soc. 493, 3132
(2020).

[59] G. Ashton et al., Astrophys. J. Suppl. Ser. 241, 27 (2019).

[60] N.J. Cornish, arXiv:1007.4820.

[61] B. Zackay, L. Dai, and T. Venumadhav, arXiv:1806.08792.

[62] L.S. Finn, Phys. Rev. D 46, 5236 (1992).

[63] L.S. Finn and D.F. Chernoff, Phys. Rev. D 47, 2198
(1993).

[64] E.E. Flanagan and S. A. Hughes, Phys. Rev. D 57, 4566
(1998).

[65] C. Cutler and M. Vallisneri, Phys. Rev. D 76, 104018
(2007).

[66] C. Talbot and E. Thrane, Astrophys. J. 856, 173 (2018).

[67] R. Abbott et al. (KAGRA, Virgo, and LIGO Scientific
Collaborations), Phys. Rev. X 13, 011048 (2023).

024025-11


https://doi.org/10.1142/S0218271818450013
https://doi.org/10.1142/S0218271818450013
https://doi.org/10.1103/PhysRevD.94.104022
https://arXiv.org/abs/1711.02225
https://arXiv.org/abs/1711.02225
https://doi.org/10.1093/ptep/ptw043
https://doi.org/10.1093/ptep/ptw043
https://doi.org/10.1088/1475-7516/2018/08/033
https://doi.org/10.1088/1475-7516/2018/08/033
https://doi.org/10.1088/1475-7516/2018/11/E01
https://doi.org/10.1093/ptep/pty078
https://doi.org/10.1093/ptep/pty078
https://doi.org/10.1088/1361-6382/abb5c1
https://doi.org/10.1103/PhysRevD.97.024052
https://doi.org/10.1088/1475-7516/2022/01/042
https://doi.org/10.1088/1475-7516/2022/01/042
https://doi.org/10.1093/ptep/ptw127
https://doi.org/10.1143/PTP.123.1069
https://doi.org/10.1103/PhysRevD.99.015013
https://doi.org/10.1103/PhysRevD.60.124008
https://doi.org/10.1103/PhysRevLett.112.101101
https://doi.org/10.1103/PhysRevD.105.023003
https://doi.org/10.1103/PhysRevD.105.124022
https://doi.org/10.1103/PhysRevD.93.064031
https://doi.org/10.1103/PhysRevD.93.064031
https://doi.org/10.1103/PhysRevD.100.064006
https://doi.org/10.1103/PhysRevD.100.064006
https://doi.org/10.1103/PhysRevD.105.064010
https://doi.org/10.1103/PhysRevD.105.064010
https://doi.org/10.1103/PhysRevD.80.084043
https://doi.org/10.1103/PhysRevD.93.124061
https://doi.org/10.1103/PhysRevD.93.124061
https://lscsoft.docs.ligo.org/lalsuite/lalsimulation/_l_a_l_sim_inspiral_taylor_f2_ecc_8c.html
https://lscsoft.docs.ligo.org/lalsuite/lalsimulation/_l_a_l_sim_inspiral_taylor_f2_ecc_8c.html
https://lscsoft.docs.ligo.org/lalsuite/lalsimulation/_l_a_l_sim_inspiral_taylor_f2_ecc_8c.html
https://lscsoft.docs.ligo.org/lalsuite/lalsimulation/_l_a_l_sim_inspiral_taylor_f2_ecc_8c.html
https://lscsoft.docs.ligo.org/lalsuite/lalsimulation/_l_a_l_sim_inspiral_taylor_f2_ecc_8c.html
https://lscsoft.docs.ligo.org/lalsuite/lalsimulation/_l_a_l_sim_inspiral_taylor_f2_ecc_8c.html
https://doi.org/10.1088/1361-6382/ab7963
https://doi.org/10.1088/1361-6382/ab7963
https://doi.org/10.1088/1361-6382/ab685e
https://doi.org/10.1007/s41114-017-0004-1
https://doi.org/10.1007/s41114-017-0004-1
https://doi.org/10.1063/1.1835238
https://doi.org/10.1214/06-BA127
https://doi.org/10.1093/mnras/staa278
https://doi.org/10.1093/mnras/staa278
https://doi.org/10.3847/1538-4365/ab06fc
https://arXiv.org/abs/1007.4820
https://arXiv.org/abs/1806.08792
https://doi.org/10.1103/PhysRevD.46.5236
https://doi.org/10.1103/PhysRevD.47.2198
https://doi.org/10.1103/PhysRevD.47.2198
https://doi.org/10.1103/PhysRevD.57.4566
https://doi.org/10.1103/PhysRevD.57.4566
https://doi.org/10.1103/PhysRevD.76.104018
https://doi.org/10.1103/PhysRevD.76.104018
https://doi.org/10.3847/1538-4357/aab34c
https://doi.org/10.1103/PhysRevX.13.011048

