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We formulate cosmological perturbation theory around the spatially curved FLRW background in the
context of metric-affine gauge theory of gravity which includes torsion and nonmetricity. Performing
scalar-vector-tensor decomposition of the spatial perturbations, we find that the theory displays a rich
perturbation spectrum with helicities 0, 1, 2, and 3, on top of the usual scalar, vector, and tensor metric
perturbations arising from Riemannian geometry. Accordingly, the theory provides a diverse phenom-
enology, e.g. the helicity-2 modes of the torsion and/or nonmetricity tensors source helicity-2 metric tensor
perturbation at the linear level leading to the production of gravitational waves. As an immediate application,
we study linear perturbation of the nonmetricity helicity-3 modes for a general parity-preserving action of
metric-affine gravity which includes quadratic terms in curvature, torsion, and nonmetricity. We then find the
conditions to avoid possible instabilities in the helicity-3 modes of the spin-3 field.
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I. INTRODUCTION

Over the past few decades, numerous cosmological
observations have provided compelling evidence that the
universe is undergoing accelerated expansion. Additionally,
data from sources like the cosmic microwave background
(CMB) and galactic rotation curves indicate the presence of
no ordinary matter, which does not interact with light, may
exist at cosmological scales. These observations have led to
the introduction of two mysterious components in cosmol-
ogy, known as dark energy and dark matter [1–4]. The
simplestmodel capable of explaining these phenomena relies
on general relativity (GR) and a cosmological constant,
which together constitute theΛCDMmodel that incorporates
both dark constituents.
Nonetheless, recent cosmological observations have raised

concerns about the viability of the standard cosmological
model, primarily due to various tensions [5–8]. For instance,
there is a growing tension, currently at a significance level of

approximately 4.4σ, in the measurement of the Hubble
constantH0 as determined by model-dependent observations
on early-time cosmology (such as Planck) [9–11] and direct
measurements in the late universe (for example, using ladder
measurements) [12–14]. Additionally, there are other, albeit
less severe, tensions, such as the σ8 tension—a parameter
related to the clustering of matter, which also implies
discrepancies between local and early-time observations
[15,16]. The scientific community is engaged in a lively
debate regarding whether these tensions stem from new
physics or systematic errors [17–20]. One potential approach
to addressing or mitigating these tensions is to modify the
ΛCDM model, and one avenue for doing so is indeed to
modify GR. Furthermore, there are other theoretical motiva-
tions for modifying GR, including the cosmological constant
problem, the issue of singularities, and the quest for a
consistent framework of quantum gravity [21–23].
There exist various strategies to formulate alternative

theories of gravity beyond GR (for comprehensive reviews,
see [24–31]). In this work, our focus is on a geometrical
extension of GR, which introduces the torsion and non-
metricity tensors as post-Riemannian degrees of freedom
(d.o.f.) into the geometrical structure of the space-time.
From a theoretical point of view, the resulting geometry can
be related to the existence of a new fundamental symmetry
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by applying the gauge principles, which leads to the
appearance of the metric-affine gauge (MAG) theory of
gravity [32]. In fact, within MAG there are several sub-
classes of theories, depending on the construction of the
geometry and the choice of the gravitational action. For
instance, one of the simplest versions is the Einstein-Cartan
theory, where both curvature and torsion are present, the
latter being nondynamical and tied to spinning sources
[33–35]. Another subset is teleparallel gravity, in which the
general curvature is absent, and gravity is solely repre-
sented by torsion and/or nonmetricity [36–38].
Numerous studies have been conducted on Friedmann-

Lemaître-Robertson-Walker (FLRW) cosmology at the
background level within various MAG theories.
Pioneering works can be traced back to [39–41] within
the Einstein-Cartan framework, where it was discovered
that the cosmological singularity can be resolved by
introducing a nonzero spin density of matter. Following
these lines, studies involving couplings between Dirac
fields and torsion found that the cosmological singularity
can be indeed replaced by a cosmic bounce [42–46]. In
addition, further investigations were also carried out within
the general Poincaré and Weyl gauge theories of gravity,
where the torsion tensor and the Weyl vector of the
nonmetricity tensor constitute dynamical fields [47–52].
There are also several studies in MAG concerning late-

time cosmology. It has been found that particular models
with dynamical torsion can provide the same description as
ΛCDM, including an accelerating universe, with the torsion
field accounting for the effects of the dark sector [53,54].
These cosmological effects were originally driven by the
scalar mode 0þ of torsion, but a further generalization in
the presence of the pseudoscalar mode 0− was shortly
achieved, finding that indeed the two modes decouple,
which provides a suitable fitting of the supernova data [55].
A natural extension with odd parity terms in the gravita-
tional action found that the resulting parity-violating
interactions might help to explain the imbalance between
matter and antimatter at cosmological scales [56].
Regarding inflationary models, several works have also

shown interesting features in MAG. Following the original
investigations performed on the cosmology of Einstein-
Cartan theory, different inflationary and singularity-free
solutions in the presence of torsion were soon found [57,58],
while other natural extensions were also carried out by the
introduction of scalar fields nonminimally coupled to the
geometry of the space-time [59], including generalizations
of Higgs-inflation with Holst and Nieh-Yan terms in the
presence of torsion and nonmetricity [60–63]. As for
the theories that endow these fields with dynamics by the
presence of quadratic curvature invariants in the gravitational
action, the authors of [64] found a model which can
consistently describe the inflationary universe by a dynami-
cal torsion field. In fact, linear tensor perturbations of torsion
around a FLRW background were formerly performed and

analyzed in this model, revealing the general occurrence of a
spontaneous parity-violation around such a background,
which does not take place in the standard Starobinsky
inflation.
To sum up, the literature of cosmology in MAG has

primarily focused on the role of torsion, exhibiting a large
variety of interesting features in early and late cosmology,
while nonmetricity has received relatively little attention. In
particular, the physical implications at cosmological scales
of the traceless part of the nonmetricity tensor have not
been extensively investigated. Likewise, as stated in GR
and other alternative theories of gravity, a thorough study
on the cosmological perturbations arising from the theory
turns out to be essential to carry out a more accurate
assessment on its cosmological implications. Thereby, the
main objective of this work is to develop a comprehensive
theory of the cosmological perturbations in the generic
MAG with curvature, torsion, and nonmetricity. For this
task, one must consider cosmological perturbations not
only in the metric sector, but also in the torsion and
nonmetricity sectors. In this sense, the physical role of
the perturbations differs significantly based on whether
they refer to dynamical fields, or on whether the geometry
is particularly special. In the first case, for a nondynamical
torsion tensor such as the one present in Einstein-Cartan
theory, the cosmological perturbations encode all the
dynamics purely in the metric sector. Furthermore, in the
particular case of teleparallel gravity all the geometrical
d.o.f. can be conveniently encoded in the tetrad field [65],
while this is no longer the case in general metric-affine
geometries.
Additionally, in order to conduct an exhaustive analysis

in cosmology, it is also essential to incorporate the matter
sector on top of the geometrical setup, which in the case of
MAG can be described in terms of two fundamental
quantities: the energy-momentum and hypermomentum
tensors. Indeed, the latter plays a crucial role in the theory
since it represents the source for both torsion and non-
metricity tensors. Therefore, the cosmological perturba-
tions must include the corresponding d.o.f. in the geometry
sector, associated with the metric, torsion, and nonmetricity
tensors, as well as d.o.f. encoded in the energy-momentum
and hypermomentum tensors in the matter sector.
This paper is organized as follows. In Sec. II we provide

a brief introduction to MAG and define the most relevant
mathematical quantities appearing in this framework. In
Sec. III we perform 3þ 1 decompositions of arbitrary
tensors up to rank-3, which can be systematically ascribed
to the geometrical and material tensors of MAG in order to
classify the corresponding perturbation modes by their spin
and parity. Section IV is devoted to introducing the
cosmological background, described by the FLRW metric
along with the expressions for the torsion, nonmetricity,
energy-momentum, and hypermomentum tensors satisfy-
ing homogeneous and isotropic conditions. In Sec. V we
provide scalar-vector-torsion (SVT) decomposition of all
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spatial perturbations in the geometrical and matter sectors
of MAG. As a pedagogical and relatively simple applica-
tion, in Sec. VI we study linear perturbations of the helicity-
3 modes of the traceless nonmetricity tensor for a generic
quadratic action of MAG and we find conditions to avoid
pathological instabilities. Finally, in Sec. VII we conclude
and discuss our main results. Some technical details are
presented in the Appendixes.
Wework in natural units c ¼ G ¼ 1, and we consider the

metric signature ð−;þ;þ;þÞ. Tildes will be used to denote
mathematical quantities that are defined from the general
affine connection, whereas their unaccented counterparts
will be only constructed from the Levi-Civita connection.
Greek letters denote four-dimensional indices μ; ν; � � � ¼ 0,
1, 2, 3 while Latin letters denote the three-dimensional
spatial indices i; j; � � � ¼ 1, 2, 3.

II. METRIC-AFFINE GRAVITY WITH TORSION
AND NONMETRICITY

A. Geometrical sector

From a geometrical point of view, the standard frame-
work of GR arises as a particular case of a more general
class of metric-affine theories, where the geometry of the
space-time is described by a metric tensor, a coframe field,
and an independent linear connection [32]. We assume that
the theory enjoys the GLð4; RÞ invariance by which we can
fix the coframe field. Accordingly, the theory is described
by the metric tensor and the connection, the latter including
additional post-Riemannian d.o.f., which correspond to the
torsion and nonmetricity tensors

Tλ
μν ¼ 2Γ̃λ½μν�; Qλμν ¼ ∇̃λgμν: ð1Þ

The components of the affine connection can then be split
into a Levi-Civita part and two independent pieces

Γ̃λ
μν ¼ Γλ

μν þ Kλ
μν þ Lλ

μν; ð2Þ

where Kλ
μν is a metric-compatible contortion tensor con-

taining torsion and Lλ
μν a disformation tensor depending on

nonmetricity:

Kλ
μν ¼

1

2
ðTλ

μν − Tμ
λ
ν − Tν

λ
μÞ; ð3Þ

Lλ
μν ¼

1

2
ðQλ

μν −Qμ
λ
ν −Qν

λ
μÞ: ð4Þ

One can further define the quantity

Nλ
μν ¼ Kλ

μν þ Lλ
μν; ð5Þ

which measures the deviation from Riemannian geometry
as the distortion tensor. The resulting geometric structure is
then characterized by a metric tensor and an asymmetric

affine connection that in general does not preserve the
lengths and angles of vectors under parallel transport.
Hence, such a connection provides corrections in the
covariant derivative operator, which further involves a
generalization of its commutation relations when these
are applied on an arbitrary vector vλ:

½∇̃μ; ∇̃ν�vλ ¼ R̃λ
ρμνvρ þ Tρ

μν∇̃ρvλ; ð6Þ

where the corresponding curvature tensor reads

R̃λ
ρμν ¼ ∂μΓ̃λ

ρν − ∂νΓ̃λ
ρμ þ Γ̃λ

σμΓ̃σ
ρν − Γ̃λ

σνΓ̃σ
ρμ: ð7Þ

Note that the covariant derivatives do not commute in the
presence of torsion even in Minkowski metric. From the
expression of the curvature tensor, it is possible to define
three independent traces, namely the Ricci and co-Ricci
tensors:

R̃μν ¼ R̃λ
μλν; ð8Þ

R̂μν ¼ R̃μ
λ
νλ; ð9Þ

and the homothetic curvature tensor, which depends on the
trace part of nonmetricity:

R̃λ
λμν ¼ ∇½νQμ�λλ: ð10Þ

Furthermore, the trace of the Ricci and co-Ricci tensors
provides a unique independent scalar curvature

R̃ ¼ gμνR̃μν; ð11Þ

whereas the contraction of the curvature tensor with the
Levi-Civita tensor ελρμν ¼ ϵλρμν

ffiffiffiffiffiffi−gp
gives rise to the so-

called Holst pseudoscalar

�R̃ ¼ ελρμνR̃λρμν; ð12Þ

where ϵλρμν is the antisymmetric symbol with ϵ0123 ¼ þ1.
Concerning the torsion and nonmetricity tensors, in four

dimensions they carry 24 and 40 components, respectively,
which represents a large number of independent geomet-
rical d.o.f. included in the affine connection. In this sense,
an irreducible decomposition under the four-dimensional
pseudo-orthogonal group separates the different vector,
pseudovector, and tensor parts of these tensors.
Specifically, the torsion tensor can be decomposed in

terms of a vector, a pseudovector, and a traceless and
pseudotraceless tensor

Tλ
μν ¼

1

3
ðδλνTμ − δλμTνÞ þ

1

6
ελρμνSρ þ tλμν; ð13Þ

where
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Tμ ¼ Tν
μν; ð14Þ

Sμ ¼ εμλρνTλρν; ð15Þ

tλμν ¼ Tλμν −
2

3
gλ½νTμ� −

1

6
ελρμνSρ: ð16Þ

On the other hand, the nonmetricity tensor can also be
decomposed into a Weyl vector and a traceless tensor

Qλμν ¼ gμνWλ þ%Qλμν; ð17Þ

where the Weyl vector is related to the trace of the
nonmetricity tensor

Wμ ¼
1

4
Qμν

ν; ð18Þ

and the traceless tensor is in turn decomposed into a vector,
and two traceless and pseudotraceless tensors

%Qλμν ¼ gλðμΛνÞ −
1

4
gμνΛλ þ

1

3
ελρσðμΩνÞρσ þ qλμν; ð19Þ

with

Λμ ¼
4

9
ðQν

μν −WμÞ; ð20Þ

Ωλ
μν ¼ −

�
εμνρσQρσλ þ εμνρλ

�
3

4
Λρ −Wρ

��
; ð21Þ

qλμν ¼ QðλμνÞ − gðμνWλÞ −
3

4
gðμνΛλÞ: ð22Þ

As can be seen, the first tensor piece Ωλ
μν is antisymmetric

in the last pair of indices as the piece tλμν of torsion,
whereas the second tensor piece qλμν constitutes a fully
symmetric tensor.

B. Matter sector

As for the matter sources in the framework of MAG, not
only an energy-momentum tensor of matter Θμν arises as
source of curvature, but also a hypermomentum density
tensor Δμνλ, which operates as source of torsion and
nonmetricity [32]. Specifically, Θμν is defined from the
variation of the matter action with respect to the metric,
whereas Δμνλ arises from the corresponding variation with
respect to the independent connection.
Following the same line as the previous subsection, the

hypermomentum density tensor can then be decomposed
into spin, dilation, and shear currents as

Δμνλ ¼ðsÞΔ½μν�λ þ
1

4
gμνðdÞΔλ þðshÞ%ΔðμνÞλ; ð23Þ

where the trace part is given by

ðdÞΔμ ¼ Δν
νμ; ð24Þ

while the antisymmetric and symmetric traceless parts are
reducible to

ðsÞΔ½μν�λ¼
1

3

�
gλνðsÞΔ

1

μ−gμλðsÞΔ
1

ν

�
þ1

6
ελρμν

ðsÞΔ
2
ρþðsÞ Δ

3

μνλ;

ð25Þ

ðshÞ%ΔðμνÞλ ¼ gλðμðshÞ%Δ
1

νÞ −
1

4
gμνðshÞ%Δ

1

λ þ
1

3
ελρσðμðshÞ%Δ

2
ρσ

νÞ

þðshÞ%Δ
3

μνλ; ð26Þ

with

ðsÞΔ
1

μ ¼ Δ½μν�ν; ð27Þ

ðsÞΔ
2

μ ¼ εμλρνΔ½ρν�λ; ð28Þ

ðsÞΔ
3

μνλ ¼ Δ½μν�λ −
2

3
gλ½νðsÞΔ

1

μ� −
1

6
ελρμν

ðsÞΔ
2
ρ; ð29Þ

ðshÞ%Δ
1

μ ¼
4

9

�
ΔðνμÞν −

1

4
Δν

νμ

�
; ð30Þ

ðshÞ%Δ
2
μν

λ ¼ −
�
εμνρσΔðσλÞρ þ εμνρλ

�
3

4
ðshÞ%Δ

1

ρ −
1

4
Δν

νρ

��
;

ð31Þ

ðshÞ%Δ
3

λμν ¼ ΔðλμνÞ −
1

4
gðμνjΔρ

ρjλÞ −
3

4
gðμνðshÞ%Δ

1

λÞ: ð32Þ

The aforementioned irreducible decompositions under
the four-dimensional pseudo-orthogonal group will be
useful in the following sections for constructing the
corresponding cosmological perturbations in MAG.

III. 3 + 1 DECOMPOSITION

In cosmology, time and space are clearly distinguished
because of the expansion of the universe. Therefore, we
inevitably decompose the space-time into the three-
dimensional spatial parts and the temporal part to
compute the cosmological perturbations. Here, we first
explain a generic way of the 3þ 1 decomposition,
especially the decomposition of the torsion and non-
metricity tensors. Note that the decomposition in this
section is generic: we do not assume any particular form
of the metric and only assume the existence of a unit
timelike vector nμ satisfying
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nμnμ ¼ −1: ð33Þ

The corresponding projection tensor is defined by

Pμν ≡ gμν þ nμnν; ð34Þ

which is, by definition, orthogonal to nμ, i.e. Pμνnμ ¼ 0.
Using the normal vector (33) and the projection tensor

(34), we can split any four-dimensional tensor into the
parallel and orthogonal components with respect to nμ. This

is easy to see for a vector: Xμ ¼ ð−nαXαÞnμ þ X⃗μ with

X⃗μ ≡ Pμ
αXα. Obviously, ð−nαXαÞ determines the temporal

component of Xμ which is along nμ, while X⃗μ characterizes

pure spatial components as nμX⃗μ ¼ 0. Note that all four-
dimensional tensors like the metric and energy-momentum
tensors, and all four-dimensional irreducible pieces of the
torsion, nonmetricity and hypermomentum tensors (e.g.
Tμ; Sμ; tλμν for the torsion tensor) are indeed reducible to a
further set of three-dimensional quantities. While the 3þ 1
decomposition for a vector Xμ to two three-dimensional

irreducible pieces ð−nαXαÞ and X⃗μ is very simple, the
decomposition of higher-rank tensors is not so straightfor-
ward at first glance, especially if it has a nontrivial
symmetric property like tλμν. In this section, we directly
present the form of the 3þ 1 decomposition for generic
rank-n tensors with n ≤ 3, while a systematic way of
the decompositions is elaborated in the Appendixes. In
Appendix A, we first explain how to identify three-
dimensional irreducible pieces embedded in a four-
dimensional tensor by the use of Young tableaux. We then
derive concrete tensorial expressions of the 3þ 1 decom-
position in Appendix B.
For notational convenience, as we did above, we use an

arrow on top to denote the corresponding spatial quantities,
e.g. for an arbitrary rank-n tensor Xα1���αn, we extract the
spatial part as

X⃗μ1���μn ≡ Pμ1
α1 � � �Pμn

αnXα1���αn ; ð35Þ

which straightforwardly satisfies the following desired
conditions:

nμ1X⃗μ1���μn ¼ � � � ¼ nμn X⃗μ1���μn ¼ 0: ð36Þ

Additionally, in three dimensions, two and three antisym-
metric indices can be respectively dualized to one and zero
indices by using the three-dimensional Levi-Civita tensor

ε⃗μνρ ≡ nλελμνρ: ð37Þ

In general, all the three-dimensional irreducible tensors
arising from the 3þ 1 decomposition are symmetric and
traceless, which means that the following expressions are

also satisfied for irreducible tensors

X⃗μ1���μn ¼ X⃗ðμ1���μnÞ; ð38Þ

X⃗μ1���μi���μnP
μ1μi ¼ � � � ¼ X⃗μ1���μi���μnP

μ1μn ¼ � � �
¼ X⃗μ1���μi���μnP

μiμn ¼ 0: ð39Þ

In short, all the tensors with an arrow on top are symmetric
and traceless spatial tensors in the following. For simplicity
in the notation, we will also put arrows on vectors and on
the three-dimensional spatial Levi-Civita tensor.
For completeness, we present the decompositions of all

generic tensors of rank 0, 1, 2, and 3. For arbitrary rank-0
and rank-1 tensors, the decomposition is trivial:

Xs ¼ Xs; ð40Þ

Xμ ¼ X⃗μ − nμX�; ð41Þ

where X� ≡ Xμnμ.
Next, for a rank-2 tensor, we can first separate it to the

trace part and the traceless symmetric and antisymmetric
parts

Xμν ¼ XðμνÞ þ X½μν� ¼
1

4
gμνX þ%XðμνÞ þ X½μν�; ð42Þ

where X ≡ gμνXμν and %XðμνÞ ≡ XðμνÞ − 1
4
gμνX, with

gμν%XðμνÞ ¼ 0. The traceless symmetric part is further split
into one tensor, one vector, and one scalar1

%XðμνÞ ¼ X⃗μν − 2nðμX⃗�νÞ þ
�
nμnν þ

1

3
Pμν

�
%X��; ð45Þ

where

%X�� ≡ nμnν%Xμν; X⃗�μ ≡ nαPβ
μ%XðαβÞ ¼ nαPβ

μXðαβÞ;

X⃗μν ≡ Pα
μPβ

ν%XðαβÞ −
1

3
Pμν%X��. ð46Þ

For the antisymmetric part we find

1Note that one may more directly decompose the tensor; for
instance, one can consider the 3þ 1 decomposition without
splitting into the symmetric and antisymmetric parts or without
subtracting the trace piece from the symmetric part

XðμνÞ ¼ X⃗μν − 2nðμX⃗�νÞ þ nμnνX�� þ
1

3
PμνX���; ð43Þ

with X�� ≡ nμnνXμν and X��� ≡ PμνXμν, which are related to
fX;%X��g via

X�� ¼ −
1

4
X þ%X��; X��� ¼

3

4
X þ%X��: ð44Þ
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X½μν� ¼ −2X⃗ðEÞ
½μ nν� þ

1

2
ε⃗μνλX⃗

ðBÞλ; ð47Þ

where

X⃗ðEÞ
μ ≡ Pμ

αnβX⃗½αβ�; X⃗ðBÞμ ≡ ε⃗μαβX⃗½αβ�: ð48Þ

The first term on the right-hand side of (47) represents the
electric temporal part and the second one the purely spatial
magnetic part, each one carrying three d.o.f. of the
antisymmetric part of the generic rank-2 tensor Xμν.
Finally, for an arbitrary rank-3 tensor, we have

Xλμν ¼ Xλ½μν� þ XλðμνÞ: ð49Þ

As is shown, the antisymmetric part Xλ½μν� corresponds to a
tensor with the torsionlike symmetry, whereas the sym-
metric part XλðμνÞ is analogous to nonmetricity. Hence,
without any loss of generality, the 3þ 1 decomposition of
arbitrary rank-3 tensors is completely determined by the
corresponding decompositions of the torsion and nonme-
tricity tensors. For this task, we shall use then the notation
used in Sec. II to denote the rank-3 tensor. Following the
prescription explained above (see Appendix B for the
details of the decomposition of rank-2 and rank-3 tensors),
the 3þ 1 decomposition of the torsion tensor is provided
by the expressions

Tμ ¼ T⃗μ − nμϕ; ð50Þ

Sμ ¼ S⃗μ − nμϱ; ð51Þ

tμνρ ¼ 2n½νA⃗ρ�μ þ 2

�
nμn½ν þ

1

2
Pμ½ν

�
B⃗ρ�

þ 1

2
ενρ

αβ

�
−nαA⃗βμ þ

�
nβnμ þ

1

2
Pβμ

�
B⃗α

�
; ð52Þ

where we recall that the quantities A⃗μν and A⃗μν with an
arrow on top are spatial, symmetric, and traceless. For each
tensor appearing in the decomposition, one can write the
inverse relations as follows:

ϕ≡ Tμnμ; T⃗μ ≡ Pν
μTν; ϱ≡ Sμnμ; S⃗μ ¼ Pν

μSν;

ð53Þ

A⃗μν ≡ tαβρPαðμPβ
νÞnρ; B⃗μ ≡ tαβρnαnβPρ

μ;

A⃗μν ≡ tαβρPαðμnλενÞλβρ; B⃗μ ≡ tαβρnαnλελβρμ: ð54Þ

Similarly, the nonmetricity tensor turns out to be expressed
under the 3þ 1 decomposition as

Wμ ¼ W⃗μ − nμθ; ð55Þ

Λμ ¼ Λ⃗μ − nμσ; ð56Þ

Ωμνρ ¼ 2n½νQ⃗ρ�μ þ 2

�
nμn½ν þ

1

2
Pμ½ν

�
Y⃗ρ�

þ 1

2
ενρ

αβ

�
−nαQ⃗βμ þ

�
nβnμ þ

1

2
Pβμ

�
Y⃗α

�
; ð57Þ

qμνρ ¼ C⃗μνρ − 3nðμκ⃗νρÞ þ
3

5
ð5nðμnν þ PðμνÞZ⃗ρÞ

− ðnðμnν þ PðμνÞnρÞξ; ð58Þ

where, once again, C⃗μνρ, κ⃗μν, Q⃗μν, and Q⃗μν are spatial,
symmetric, and traceless tensors. Note that the inverse
relations for the vectors Wμ and Λμ have the same form as
the ones related to Tμ [see (53)], whereas the same holds for
the inverse relations of Ωμνρ and tμνρ [see (54)]. Then, the
remaining inverse relations are related to qμνρ:

ξ≡ nαnβnρqαβρ; Z⃗μ ≡ Pα
μqαβρnβnρ;

C⃗μνλ ≡ Pα
μPβ

νPρ
λqαβρ −

3

5
PαðμPνλÞnβnρqαβρ; ð59Þ

κ⃗μν ≡ Pα
μPβ

νnρqαβρ −
1

3
nαnβnρqαβρPμν: ð60Þ

For later convenience, we use bold characters to denote the
set of spatial scalars, vectors, and tensors:

X ¼ fϕ; ϱ; θ; σ; ξg; ð61Þ

X⃗μ ¼ fT⃗μ; S⃗μ; B⃗μ; B⃗μ; W⃗μ; Λ⃗μ; Y⃗μ; Y⃗μ; Z⃗μg; ð62Þ

X⃗μν ¼ fA⃗μν; A⃗μν; Q⃗μν; Q⃗μν; κ⃗μνg; ð63Þ

X⃗μνρ ¼ fC⃗μνρg: ð64Þ

As we have explained in footnote 1, one may directly
decompose the rank-3 tensor without splitting it into the
four-dimensional irreducible pieces. However, using the
four-dimensional irreducible pieces would be more sys-
tematic since any rank-3 tensor with an additional sym-
metric property (e.g. the torsion tensor Tλ

μν and the
traceless part of the nonmetricity tensor %Qλμν) is always
given by a linear combination of them. In addition, there
would be a practical advantage to consider the 3þ 1
decomposition of the four-dimensional irreducible pieces
in the cosmology. For instance, the tensors tμνρ and Ωμνρ do
not contain any scalar objects after performing the 3þ 1
decomposition. Therefore, they vanish in the homogeneous
and isotropic background and only contribute to the
perturbations (see next section). One can thus discard
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higher-order terms of tμνρ and Ωμνρ even before expanding
the four-dimensional tensors into the 3þ 1 objects.
As rank-2 and rank-3 tensors, it is straightforward to

apply the above 3þ 1 decomposition to the energy-
momentum Θμν and hypermomentum Δμνλ tensors in the
matter sector presented in Sec. II. For the energy-
momentum tensor, we find the well-known results in
cosmological perturbation theory, which we will explain
in Sec. V, while for the hypermomentum tensor, we find
similar results as (50)–(52), and (55)–(58) for the corre-
sponding four-dimensional irreducible pieces that are
defined in (24)–(26). In the context of cosmology, Θμν

and Δμνλ can be used to describe the form of perfect
hyperfluids respecting spatial homogeneous and isotropic
conditions, as well as more general relativistic fluids with
heat flux and anisotropic stress.
It is also worth mentioning that the 3þ 1 decomposition

described above is generic for anymetric, and then it can also
be considered inHamiltonian formalism. Thus, our setup can
be straightforwardly implemented to perform nonlinear
Hamiltonian analysis of any theory which includes torsion
and nonmetricity, or any other rank-3 tensor.

IV. COSMOLOGICAL BACKGROUND

A. Geometrical background

Our current understanding of the evolution of the universe
is based on the cosmological principle, which assumes that,
on a sufficiently large scale, both the geometry of the space-
time and the energy-momentum tensor ofmatter are spatially
homogeneous and isotropic [66]. The first assumption
directly leads to the FLRW space-time, whereas a spatially
homogeneous and isotropic distribution of matter acquires
the form of a perfect fluid, which is consistently realized in
GR via the Einstein field equations in the FLRW space-time.
In the framework of MAG, the inclusion of the torsion,
nonmetricity andhypermomentum tensors at the background
level in the cosmological principle is theoretically and
observationally possible. In this sense, in this section we
assume that these tensors also satisfy the homogeneity and
isotropy, and we provide the general ansatz for the cosmo-
logical background.2

Following Weinberg [21], we can think of the cosmo-
logical principle as the statement that the constant-time
hypersurfaces are described by a maximally symmetric
space; in the polar coordinates, the metric tensor is given by

γijdxi ⊗ dxj ¼ dr2

1 − Kr2
þ r2dΩ2; ð65Þ

where the constant K ¼ 0;�1 is the spatial curvature and
dΩ2 ¼ dϑ2 þ sin2 ϑdφ2 is the line element of the unit two-
sphere. More precisely, the maximally symmetric space
means that the space admits the maximum number of
Killing vectors Xξ, six in the three dimensions, associated
with translations and rotations. In the polar coordinates, the
Killing vectors Xξ ¼ fRi; Xig (i ¼ 1, 2, 3) are given by

R1 ¼ sinφ∂ϑ þ
cosφ
tanϑ

∂φ; R2 ¼ − cosφ∂ϑ þ
sinφ
tanϑ

∂φ;

R3 ¼ −∂φ; ð66aÞ

X1 ¼ χ sinϑ cosφ∂r þ
χ

r
cos ϑ cosφ∂ϑ −

χ sinφ
r sin ϑ

∂φ; ð66bÞ

X2 ¼ χ sinϑ sinφ∂r þ
χ

r
cos ϑ sinφ∂ϑ þ

χ cosφ
r sin ϑ

∂φ; ð66cÞ

X3 ¼ χ cos ϑ∂r −
χ

r
sin ϑ∂ϑ; ð66dÞ

where χ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Kr2

p
.

Using the 3þ 1 decomposition performed in Sec. III, we
can then fix the form of the FLRW background. The normal
vector of the constant-time hypersurfaces is given by

n̄μ∂μ ¼ N−1
∂t; n̄μdxμ ¼ −Ndt; ð67Þ

where we added a bar to point out that the corresponding
quantities are evaluated at the background. The projector
tensor P̄μν is a three-dimensional quantity, so its tensorial
structure has to be given by γij, i.e.,

P̄μνdxμ ⊗ dxν ¼ a2γijdxi ⊗ dxj: ð68Þ
Here, NðtÞ and aðtÞ are functions undetermined by the
cosmological principle, called the lapse function and the
scale factor, respectively. As a result, we obtain the well-
known form of the FLRW metric

ḡ ¼ ḡμνdxμ ⊗ dxν ¼ −n̄μn̄νdxμ ⊗ dxν þ P̄μνdxμ ⊗ dxν ¼
− N2dt ⊗ dtþ a2γijdxi ⊗ dxj: ð69Þ

We use the same procedure to determine the most
general form of the torsion and nonmetricity tensors under
the symmetries of the FLRW space-time. Since the only
nonzero (pseudo)tensors in the maximally symmetric space
are the metric γij and the Levi-Civita tensor ϵijk, we can
immediately conclude

¯X⃗μ ¼ ¯X⃗μν ¼ ¯X⃗μνρ ¼ 0; ð70Þ

X̄ ¼ X̄ðtÞ; ð71Þ

at the background level. Note that the three-dimensional
Levi-Civita tensor ¯ε⃗μνρ ≡ n̄λε̄λμνρ introduced in the previous

2In principle, field(s) can have a configurationwithout satisfying
the homogeneity and isotropy but without contradicting the
cosmological principle thanks to the internal symmetry of the
field(s). Examples include the solid inflation [67–69], the two-form
gauge field [70–73], and the SUð2Þ gauge fields [74].
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section and the Levi-Civita tensor of the maximally
symmetric space εijk are related by

¯ε⃗μνρdxμ ⊗ dxν ⊗ dxρ ¼ a3εijkdxi ⊗ dxj ⊗ dxk: ð72Þ

The factor a3 arises because the projection tensor P̄μν

includes the factor a2 in front of γij. Hence, the irreducible
pieces of the torsion and nonmetricity tensors are given by

T̄μ ¼ −n̄μϕ̄; S̄μ ¼ −n̄μϱ̄; t̄λμν ¼ 0; ð73Þ

W̄μ ¼ −n̄μθ̄; Λ̄μ ¼ −n̄μσ̄; Ω̄λμν ¼ 0;

q̄λμν ¼ −ðn̄λn̄μn̄ν þ n̄ðλP̄μνÞÞξ̄: ð74Þ

The torsion and nonmetricity tensors then read

T̄λ
μν ¼ 2T1ðtÞn̄½μP̄ν�λ þ 2T2ðtÞε̄λμνρn̄ρ; ð75Þ

Q̄λμν ¼ 2Q1ðtÞn̄λn̄μn̄ν þ 2Q2ðtÞn̄λP̄μν þ 2Q3ðtÞP̄λðμn̄νÞ;

ð76Þ

where fTig2i¼1 and fQig3i¼1 are five arbitrary functions
such as

ϕ̄ ¼ −3T1; ϱ̄ ¼ −12T2; θ̄ ¼ 1

2
ðQ1 − 3Q2Þ;

σ̄ ¼ 2

3
ðQ1 þQ2 − 2Q3Þ; ξ̄ ¼ −ðQ1 þQ2 þQ3Þ: ð77Þ

Note also that for simplicity in the notation, we omit bars
on top for the five functions fTi; Qig. By construction, (75)
and (76) then solve the equations

LXξ
T̄λ

μν ¼ LXξ
Q̄λμν ¼ 0; ð78Þ

with LXξ
being the Lie derivative with respect to the Killing

vector. Thus, these expressions constitute the most general
ansatz for the torsion and nonmetricity tensors under the
symmetries of the FLRW space-time. As previously men-
tioned, it is worthwhile to stress that the tensors t̄λμν and
Ω̄λμν vanish in FLRW background, since they cannot
simultaneously satisfy spatially homogeneous and isotropic
conditions.

1. Component expressions

While Eqs. (75) and (76) are coordinate independent, for
practical purposes, it may be convenient to use particular
coordinates xμ ¼ ðt; xiÞ [e.g. the ones used in (65)] and
summarize the component expressions in such a coordinate
system.
Let us first not specify the spatial coordinates xi and keep

the abstract indices for the spatial ones. For the perfor-
mance and mathematical treatment of the cosmological

variables, it is convenient to use γij, instead of P̄ij ¼ a2γij,
in order to raise and lower the Latin indices, e.g. implying

X⃗μ ≡ ð0; a−1XiÞ ⇒ X⃗μ ¼ ḡμνX⃗
ν ¼ ð0; aXiÞ; ð79Þ

with Xi ≡ γijXj. Furthermore, for any spatial rank-2 tensor
we find

X⃗μν ≡
�
0 0

0 a−2Xij

�
⇒ X⃗μν ¼ ḡμαḡνβX⃗

αβ ¼
�
0 0

0 a2Xij

�
:

ð80Þ

Here, we have added a scalar factor and omitted the arrow
in the components. The reason to include the scale factor in
the way of (79) and (80) will be clarified shortly whereas
the arrow is removed so as not to confuse the component of
X⃗μ with the rescaled quantity Xi: for instance, the spatial
component of X⃗μ reads X⃗i ¼ a−1Xi. Hereafter we will use
this convention when raising and lowering Latin indices of
general tensor quantities. In particular, the component
expressions of the metric tensor are

ḡμν ¼
�−N2 0

0 a2γij

�
; ḡμν ¼

�
−N−2 0

0 a−2γij

�
: ð81Þ

From (75) and (76), one can straightforwardly obtain the
component expressions of the torsion and the nonmetricity
as follows:

T̄λ
μν ⟶

8>>>>><
>>>>>:

T̄0
0i ¼ 0

T̄0
ij ¼ 0

T̄i
0j ¼ −NðtÞT1ðtÞδij

T̄i
jk ¼ −2aðtÞT2ðtÞεijk

;

Q̄λμν ⟶

8>>>>>>>>><
>>>>>>>>>:

Q̄000 ¼ −2N3ðtÞQ1ðtÞ
Q̄00i ¼ 0

Q̄0ij ¼ −2NðtÞa2ðtÞQ2ðtÞγij
Q̄i00 ¼ 0

Q̄i0j ¼ −NðtÞa2ðtÞQ3ðtÞγij
Q̄ijk ¼ 0

: ð82Þ

One may notice that the lapse and the scale factor appear in
a systematic way: one lower (upper) temporal and spatial
indices yield factors N and a (N−1 and a−1), respectively.
This is indeed what we wrote in (79) and (80).
When one further specifies the spatial coordinates, one

obtains all the components explicitly; in the polar coor-
dinates xμ ¼ ðx0; x1; x2; x3Þ ¼ ðt; r;ϑ;φÞ, we have
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T̄1
01 ¼ T̄2

02 ¼ T̄3
03 ¼ −NðtÞT1ðtÞ; T̄2

31 ¼
T̄1

23

r2χ2
¼ T̄3

12sin2ϑ ¼ −
2aðtÞT2ðtÞ sin ϑ

χ
; ð83Þ

Q̄000 ¼ −2N3ðtÞQ1ðtÞ; Q̄022 ¼ r2χ2Q̄011 ¼
Q̄033

sin2 ϑ
¼ −2r2a2ðtÞNðtÞQ2ðtÞ; ð84Þ

Q̄202 ¼
Q̄303

sin2 ϑ
¼ r2χ2Q̄101 ¼ −r2a2ðtÞNðtÞQ3ðtÞ: ð85Þ

Then, the affine connection is composed of the Levi-Civita part determined by the metric tensor, and a distortion tensor
containing torsion and nonmetricity, which depends on the five functions fTig2i¼1 and fQig3i¼1 (c.f. [75]):

¯̃Γ0
00 ¼

ṄðtÞ
NðtÞ − NðtÞQ1ðtÞ; ¯̃Γ1

01 ¼ ¯̃Γ2
02 ¼ ¯̃Γ3

03 ¼
ȧðtÞ
aðtÞ þ NðtÞðQ2ðtÞ − T1ðtÞÞ; ð86Þ

¯̃Γ1
10 ¼ ¯̃Γ2

20 ¼ ¯̃Γ3
30 ¼

ȧðtÞ
aðtÞ þ NðtÞQ2ðtÞ; ð87Þ

¯̃Γ0
33 ¼ ¯̃Γ0

22sin2ϑ ¼ r2χ2 ¯̃Γ0
11sin2ϑ ¼

�
aðtÞ
NðtÞ

�
2
�
ȧðtÞ
aðtÞ þ NðtÞðQ2ðtÞ −Q3ðtÞ − T1ðtÞÞ

�
r2sin2ϑ; ð88Þ

¯̃Γ1
32 ¼ − ¯̃Γ1

23 ¼ r2χ2 ¯̃Γ2
13 ¼ −r2χ2 ¯̃Γ2

31 ¼ −r2χ2 sin2 ϑ ¯̃Γ3
12 ¼ r2χ2 sin2 ϑ ¯̃Γ3

21 ¼ r2χaðtÞT2ðtÞ sin ϑ; ð89Þ

¯̃Γ1
11 ¼

Kr
χ2

; ¯̃Γ2
12 ¼ ¯̃Γ2

21 ¼ ¯̃Γ3
13 ¼ ¯̃Γ3

31 ¼
1

r
; ¯̃Γ3

23 ¼ ¯̃Γ3
32 ¼ cotϑ; ¯̃Γ2

33 ¼ − sinϑ cosϑ; ð90Þ

¯̃Γ1
33 ¼ sin2 ϑ ¯̃Γ1

22 ¼ −rχ2 sin2 ϑ; ð91Þ

where dots denote differentiation with respect to the time
coordinate t.

B. Matter background

Let us now introduce the matter content at the back-
ground level. First, by assuming the cosmological princi-
ple, the corresponding metric energy-momentum tensor
fulfilling the symmetries of FLRW space-times acquires the
form of a perfect fluid,

Θ̄μν ¼ ðρ̄ðtÞ þ p̄ðtÞÞn̄μn̄ν þ p̄ðtÞḡμν ¼ ρ̄ðtÞn̄μn̄ν þ p̄ðtÞP̄μν;

ð92Þ

with ρ̄ðtÞ and p̄ðtÞ being the energy density and the pressure
of the fluid, respectively. Note that the normal vector nμ
coincides with the four-velocity of the perfect fluid uμ at the
background level ūμ ¼ n̄μ ¼ ð−NðtÞ; 0; 0; 0Þ. On the other
hand, the spatially homogeneous and isotropic form of the
hypermomentum tensor reads [76]

Δ̄λμν ¼
1

3
Δ̄1ðtÞP̄λμn̄ν þ Δ̄2ðtÞP̄λνn̄μ þ Δ̄3ðtÞn̄λP̄μν

þ 1

4
Δ̄4ðtÞn̄λn̄μn̄ν þ Δ̄5ðtÞε̄λμνρn̄ρ; ð93Þ

which in line with the background values of torsion and
nonmetricity tensors depends on five arbitrary functions
fΔ̄ig5i¼1—in this case, representing the intrinsic spin, dilation
and shear currents of matter. Indeed, we can straightfor-
wardly separate these characteristics by a redefinition of the
aforementioned functions:

Δ̄1 ¼ ðdÞΔ̄1 þ ðshÞΔ̄1; Δ̄2 ¼ ðsÞΔ̄2 þ ðshÞΔ̄2;

Δ̄3 ¼ ðsÞΔ̄3 þ ðshÞΔ̄3; Δ̄4 ¼ ðdÞΔ̄4 þ ðshÞΔ̄4;

Δ̄5 ¼ ðsÞΔ̄5; ð94Þ

with

ðsÞΔ̄2 ¼ −ðsÞΔ̄3; ðshÞΔ̄3 ¼ ðshÞΔ̄2;

ðdÞΔ̄1 ¼ −
3

4
ðdÞΔ̄4; ðshÞΔ̄4 ¼ 4ðshÞΔ̄1; ð95Þ

in such a way that the intrinsic spin, dilation, and shear
currents of matter acquire the following form:

Δ̄½λμ�ν ¼ 2ðsÞΔ̄3n̄½λP̄μ�ν þðsÞΔ̄5ε̄λμνρn̄ρ; ð96Þ

Δ̄λ
λμ ¼ −ðdÞΔ̄4n̄μ; ð97Þ
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%̄ΔðλμÞν ¼ ðshÞΔ̄1n̄λn̄μn̄ν þ
1

3
ðshÞΔ̄1P̄λμn̄ν þ 2ðshÞΔ̄2n̄ðλP̄μÞν:

ð98Þ

Since the three main parts of the hypermomentum tensor
fulfil the same algebraic symmetries as the torsion and
nonmetricity tensors, the intrinsic spin current of matter also
receives both scalar and pseudoscalar contributions:

ðsÞ Δ̄
1

μ ¼ 3ðsÞΔ̄3n̄μ; ðsÞ Δ̄
2

μ ¼ 6ðsÞΔ̄5n̄μ; ðsÞ Δ̄
3

μνλ ¼ 0; ð99Þ

whereas the intrinsic dilation and shear currents of matter are
given by scalar parts:

ðdÞΔ̄μ ¼ −ðdÞΔ̄4n̄μ; ð100Þ

ðshÞ%Δ
1

μ ¼
4

9
ð3ðshÞΔ̄2 −ðshÞΔ̄1Þn̄μ; ðshÞ%Δ

2
μν

λ ¼ 0;

ðshÞ%Δ
3

λμν ¼
�
2

3
ðshÞΔ̄1 þ ðshÞΔ̄2

�
ðn̄λn̄μn̄ν þ n̄ðλP̄μνÞÞ: ð101Þ

1. Component expressions

Overall, the background configuration in the matter
sector described by the metric energy-momentum tensor
(92) and the hypermomentum tensor (93) can be expressed
in component form as

Θ̄μν ⟶

8>><
>>:

Θ̄0i ¼ 0

Θ̄00 ¼ N2ðtÞρ̄ðtÞ
Θ̄ij ¼ a2ðtÞp̄ðtÞγij

;

Δ̄αμν ⟶

8>>>>>>>>>>>><
>>>>>>>>>>>>:

Δ̄000 ¼ − 1
4
N3ðtÞΔ̄4ðtÞ

Δ̄00i ¼ 0

Δ̄0ij ¼ −NðtÞa2ðtÞΔ̄3ðtÞγij
Δ̄i00 ¼ 0

Δ̄i0j ¼ −NðtÞa2ðtÞΔ̄2ðtÞγij
Δ̄ij0 ¼ − 1

3
NðtÞa2ðtÞΔ̄1ðtÞγij

Δ̄ijk ¼ −Δ̄5ðtÞa3ðtÞεijk

: ð102Þ

Having all the background quantities already displayed, the
next sections will be devoted to performing their SVT
decompositions, which directly provides all the possible
cosmological linear perturbations of MAG.

V. COSMOLOGICAL PERTURBATIONS

In this section, we perform perturbations around the
cosmological background configuration characterized by
the FLRW metric (69), background torsion (75), and

nonmetricity (76) in the geometry sector, as well as by
the background perfect fluid energy-momentum tensor (92)
and hypermomentum (93) in the matter sector.

A. Geometrical perturbations

In the geometry sector, we consider perturbations of the
metric tensor and the affine connection around their
cosmological background quantities:

gμν ¼ ḡμν þ δgμν; Γ̃λ
μν ¼ ¯̃Γλ

μν þ δΓ̃λ
μν; ð103Þ

or equivalently in terms of the torsion and nonmetricity
tensors:

gμν ¼ ḡμν þ δgμν; Tλ
μν ¼ T̄λ

μν þ δTλ
μν;

Qλμν ¼ Q̄λμν þ δQλμν; ð104Þ

where quantities with a bar refer to the background and
quantities with “δ” denote the corresponding perturbations.
We have performed the 3þ 1 decomposition of all

building blocks of the theory in terms of the corresponding
irreducible pieces in Sec. III. Having presented the cos-
mological background configuration in Sec. IV, it is then
straightforward to find the 3þ 1 expressions for the
perturbations. For instance, the 3þ 1 decomposition of
the metric perturbation δgμν is

δgμν ¼ −2n̄μn̄ναþ 2P̄μνψ þ h⃗μν − 2n̄ðμβ⃗νÞ; ð105Þ

where n̄μ and P̄μν are given by (33) and (68) and the per-

turbations with an arrow on top, δX⃗μν��� ¼ P̄μ
αP̄ν

β � � �δXαβ���,
are purely spatial, symmetric, and traceless tensors, i.e.
n̄μβ⃗μ ¼ 0; h⃗μν ¼ h⃗ðμνÞ; n̄μh⃗μν ¼ 0, and P̄μνh⃗μν ¼ 0.
The perturbations are regarded as tensors on the back-

ground space-time so their indices are raised and lowered
by the FLRW background metric ḡμν given by (69). Thus,
in the 3þ 1 decomposition, we deal with the background
quantities

n̄μ ¼ ðN−1; 0⃗Þ; P̄μ
ν ¼

�
0 0⃗

0⃗ δij

�
: ð106Þ

Using the above results in (81) and (105), we find the
following form for the full metric tensor:

gμν ¼
�−N2ð1þ 2αÞ aNβ⃗i

aNβ⃗j a2½ð1þ 2ψÞγij þ h⃗ij�

�
: ð107Þ

This component 3þ 1 form of the metric tensor in terms of
the Latin indices is very useful in practice. In order to do so
for the other quantities like torsion and nonmetricity,
similar to Sec. IV, e.g. (79) and (80), we introduce the
scale factors:

AOKI, BAHAMONDE, VALCARCEL, and GORJI PHYS. REV. D 110, 024017 (2024)

024017-10



δX⃗μdxμ ¼ aδX⃗idxi; ð108Þ

δX⃗μνdxμ ⊗ dxν ¼ a2δX⃗idxi ⊗ dxj; ð109Þ

δX⃗μνρdxμ ⊗ dxν ⊗ dxρ ¼ a3δX⃗ijkdxi ⊗ dxj ⊗ dxk; ð110Þ

where the bold letters will be used to denote the set of all
the perturbation quantities of the metric, torsion, and
nonmetricity tensors with the same number of indices.
Using then similar expressions to (50)–(52) and (55)–(58)
for the perturbations δTλ

μν and δQλμν, together with the
background quantities (73) and (74), we obtain

Tλ
μν ⟶

8>>>>><
>>>>>:

T0
0i ¼ − a

3
ðT⃗i þ 3B⃗iÞ

T0
ij ¼ − a2

6N εijkðS⃗k þ 3B⃗kÞ
Ti

0j ¼ −N½A⃗i
j − 1

3
δijðϕ̄þ ϕÞ þ 1

6
εijkðS⃗k − 3

2
B⃗kÞ�

Ti
jk ¼ − a

6
f4δi½jT⃗k� − 6δi½jB⃗k� þ ½3εjklA⃗il − εijkðϱ̄þ ϱÞ�g

; ð111Þ

and

Qλμν ⟶

8>>>>>>>>>>><
>>>>>>>>>>>:

Q000 ¼ −N3½θ̄ þ θ þ 3
4
ðσ̄ þ σÞ − ðξ̄þ ξÞ�

Q00i ¼ − N2a
2
ðΛ⃗i − 1

3
Y⃗i − 2Z⃗iÞ

Q0ij ¼ − Na2
3
fQ⃗ij − 3κ⃗ij − 3½θ̄ þ θ − 1

4
ðσ̄ þ σÞ þ 1

3
ðξ̄þ ξÞ�γijg

Qi00 ¼ −N2aðW⃗i − 1
4
Λ⃗i þ 1

3
Y⃗i − Z⃗iÞ

Qi0j ¼ Na2
6
f½Q⃗ij þ 6κ⃗ij þ ð3ðσ̄ þ σÞ þ 2ðξ̄þ ξÞÞγij� − 3εijkY⃗

kg
Qijk ¼ a3fC⃗ijk þ 1

4
ð4W⃗i − Λ⃗iÞγjk þ γiðjΛ⃗kÞ − 1

6
ðγjkY⃗i − γiðjY⃗kÞÞ þ 3

5
γðijZ⃗kÞ þ 2

3
εliðjQ⃗

l
kÞg

; ð112Þ

where quantities denoted by a bar refer to the background.
Note that for notational convenience in the calculations, we
do not add “δ” to the spatial perturbations in the geometry
sector. This will not bring any confusion since (i) the spatial
quantities with spin higher than zero do not have any
background values as shown in (70), (ii) we have decom-
posed the spin zero quantities, that may have nonvanishing
background values (71), to the background and perturba-
tion parts as ϕtot ¼ ϕ̄þ ϕ and so on. In summary, we have
the following set of perturbation variables in the generic
MAG:

δX⃗ ¼ fα;ψ ;ϕ; ϱ; θ; σ; ξg; ð113Þ

δX⃗i ¼ fβ⃗i; T⃗i; S⃗i; B⃗i; B⃗i; W⃗i; Λ⃗i; Y⃗i; Y⃗i; Z⃗ig; ð114Þ

δX⃗ij ¼ fh⃗ij; A⃗ij; A⃗ij; Q⃗ij; Q⃗ij; κ⃗ijg; ð115Þ

δX⃗ijk ¼ fC⃗ijkg: ð116Þ

Each element of δX⃗i, δX⃗ij, and δX⃗ijk have 3, 5, and 7
independent components, respectively. The 24 d.o.f. of the
torsion perturbations are distributed as 3þ 3þ 9þ 9 d.o.f.
among the above components, whereas the 40 d.o.f. of the
nonmetricity perturbations are split as 1þ 3þ 6þ 3þ 9þ
18 d.o.f.. Thereby, under the 3þ 1 decomposition of the
space-time, these tensors are split into a large number of
d.o.f., which correspond to representations of the three-
dimensional orthogonal group and thus can be further
classified around FLRW geometries according to their spin
and parity, whose leading values are displayed in Table I.

TABLE I. Species in MAG.

Spin and parity 0þ 0− 1þ 1− 2þ 2− 3−

Metric sector gμν α, ψ � � � � � � β⃗i h⃗ij � � � � � �
Torsion sector Tλ

μν ϕ ϱ S⃗i; B⃗i T⃗i; B⃗i A⃗ij A⃗ij
� � �

Nonmetricity sector Qλμν θ, σ, ξ � � � Y⃗i W⃗i; Λ⃗i; Y⃗i; Z⃗i Q⃗ij; κ⃗ij Q⃗ij C⃗ijk
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1. SVT decomposition

After the 3þ 1 decomposition, we only need to deal with
the spatial scalar and tensors with Latin indices belonging
to the spatial maximally symmetric space with metric γij
(and with the “external” parameter t). We shall use Di to
denote the spatial Riemannian covariant derivative com-
patible with γij.

While the tensors δX⃗i, δX⃗ij, and δX⃗ijk have a large
number of components, the symmetries of the FLRW
space-time allow us to significantly simplify the problem:
spatial objects with different helicities evolve completely
independently at the linear level of perturbations [77]. In
this regard, let us decompose perturbations into different
helicity sectors:

δX⃗i ¼ DiSþ VðTÞ
i ; ð117Þ

δX⃗ij ¼
�
DðiDjÞ −

1

3
γijD2

�
Sþ DðiV

ðTÞ
jÞ þ TðTTÞ

ij ; ð118Þ

δX⃗ijk ¼
�
DðiDjDkÞ −

1

5
γðijDkÞð3D2 þ 4KÞ

�
S

þ
�
DðiDj −

1

5
γðijðD2 þ 2KÞ

�
VðTÞ

kÞ

þ DðiT
ðTTÞ
jkÞ þ TTðTTÞ

ijk ; ð119Þ

where S, VðTÞ
i , TðTTÞ

ij , and TTðTTÞ
ijk denote a scalar (rank-0

spatial tensor), a vector (rank-1 spatial tensor), a rank-2
spatial tensor, and a rank-3 spatial tensor respectively. Here,
the superscript “(T)” means that the quantity is transverse,
while the tensors denoted by the superscript “(TT)” are
transverse-traceless and symmetric:

DiVðTÞ
i ¼ 0; ð120Þ

DiTðTTÞ
ij ¼ TðTTÞ

ij γij ¼ 0; TðTTÞ
ij ¼ TðTTÞ

ðijÞ ; ð121Þ

DiTTðTTÞ
ijk ¼ ðTTÞγij ¼ 0; TTðTTÞ

ijk ¼ TTðTTÞ
ijk : ð122Þ

Given the fact that the spatial Riemannian covariant deri-
vatives do not commute in the presence of spatial curvature,
i.e. ½Di;Dj�Xk ¼ ð3Þ Rk

pijXp with ð3ÞRijkl ¼ 2Kγk½iγj�l, as is
shown, the SVT decomposition of a spatially rank-3
symmetric and traceless tensor requires contributions
from the Riemannian Ricci tensor and the Riemannian
Ricci scalar, in order to maintain the traceless property of

such a tensor. The modes S;VðTÞ
i ;TðTTÞ

ij , and TTðTTÞ
ijk

describe the helicity 0, �1, �2, and �3 modes, and
contain 1, 2, 2, and 2 d.o.f., respectively. The uniqueness
of the helicity decomposition, also called the SVT
decomposition being short for the scalar-vector-tensor

decomposition,3 on the maximally symmetric space is
studied in Appendix C (see [77] for the proof up to the
rank-2 tensor). In particular, the uniqueness of this decom-
position guarantees that the different helicity sectors are
decoupled at the linearized equations ofmotion.One can also
confirm that the different sectors are certainly decoupled at
the quadratic order action: any scalar quantities constructed
by a pair of different helicity sectors, themetric γij, the spatial
Levi-Civita tensor εijk, and the covariant derivative Di vanish
up to the freedom of integration by parts (recall that the
maximally symmetric space only allows the metric and the
Levi-Civita tensor as the background tensors). For instance, a

scalar ðDiSÞVðTÞ
i ¼ DiðSVðTÞ

i Þ − SDiVðTÞ
i is apparently non-

zero but is just a boundary term thanks to the transverse
condition; thus, it does not contribute to the equations of
motion. All in all, if one is interested in the linearized
equations of motion (or, equivalently, the quadratic action)
around the FLRW space-time, one can separately discuss the
different helicity sections.4

The perturbations of each helicity mode of the metric,
torsion, and nonmetricity tensors are then given as follows:

(i) Helicity-3 modes:

δgμν ¼ δTλ
μν ¼ 0; ð123Þ

δQλμν

⟶

�δQ000 ¼ δQ00i ¼ δQ0ij ¼ δQi00 ¼ δQi0j ¼ 0;

δQijk ¼ a3CðTTÞ
ijk :

ð124Þ
(ii) Helicity-2 modes:

δgμν ⟶

� δg00 ¼ δg0i ¼ 0

δgij ¼ a2hðTTÞij

; ð125Þ

δTλ
μν ⟶

8>><
>>:

δT0
0i ¼ δT0

ij ¼ 0

δTi
0j ¼ −NAðTTÞi

j

δTi
jk ¼ − a

2
εjklAðTTÞil

; ð126Þ

δQλμν ⟶

8>>>>>><
>>>>>>:

δQ000 ¼ δQ00i ¼ δQi00 ¼ 0

δQ0ij ¼ − Na2
3
ðQðTTÞ

ij − 3κðTTÞij Þ
δQi0j ¼ Na2

6
ðQðTTÞ

ij þ 6κðTTÞij Þ

δQijk ¼ a3
�
DðiC

ðTTÞ
jkÞ þ 2

3
εliðjQ

ðTTÞ l
kÞ

�
:

ð127Þ

3In the present case, we have the rank-3 tensor in addition to
the conventional scalar, vector, and (rank-2) tensor modes.

4In other words, a coupling between different helicity modes
arises only when the background breaks the symmetries of the
FLRW space-time and/or when nonlinear interactions are taken
into account.
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(iii) Helicity-1 modes:

δgμν ⟶

8>><
>>:

δg00 ¼ 0

δg0i ¼ NaβðTÞi

δgij ¼ a2Dðih
ðTÞ
jÞ

; ð128Þ

δTλ
μν ⟶

8>>>>><
>>>>>:

δT0
0i ¼ − a

3
ðTðTÞ

i þ 3BðTÞ
i Þ

δT0
ij ¼ − a2

6N εijkðSðTÞk þ 3BðTÞkÞ
δTi

0j ¼ −N½γkiDðkA
ðTÞ
jÞ þ 1

6
εijkðSðTÞk − 3

2
BðTÞkÞ�

δTi
jk ¼ − a

6
ð4δi½jTðTÞ

k� − 6δi½jB
ðTÞ
k� þ 3εjklDðiAðTÞlÞÞ

; ð129Þ

δQλμν ⟶

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

δQ000 ¼ 0

δQ00i ¼ − N2a
2
ðΛðTÞ

i − 1
3
YðTÞ
i − 2ZðTÞ

i Þ
δQ0ij ¼ − Na2

3
ðDðiQ

ðTÞ
jÞ − 3Dðiκ

ðTÞ
jÞ Þ

δQi00 ¼ −N2aðWðTÞ
i − 1

4
ΛðTÞ
i þ 1

3
YðTÞ
i − ZðTÞ

i Þ
δQi0j ¼ Na2

6
ðDðiQ

ðTÞ
jÞ þ 6Dðiκ

ðTÞ
jÞ − 3εijkYðTÞkÞ

δQijk ¼ a3
��

DðiDj − 1
5
γðijðD2 þ 2KÞ

�
CðTÞ
kÞ þ 1

4
ð4WðTÞ

i − ΛðTÞ
i Þγjk þ γiðjΛ

ðTÞ
kÞ

− 1
6
ðγjkYðTÞ

i − γiðjY
ðTÞ
kÞ Þ þ 3

5
γðijZ

ðTÞ
kÞ þ 1

3
γmlðεlijDðkQ

ðTÞ
mÞ þ εlikDðjQ

ðTÞ
mÞ Þ

�

: ð130Þ

(iv) Helicity-0 modes:

δgμν ⟶

8>><
>>:

δg00 ¼ −2N2α

δg0i ¼ NaDiβ

δgij ¼ a2
h
2ψγij þ

	
DiDj − 1

3
γijD2



h
i ; ð131Þ

δTλ
μν ⟶

8>>>>>><
>>>>>>:

δT0
0i ¼ − a

3
ðDiT þ 3DiBÞ

δT0
ij ¼ − a2

6N εijkðDkS þ 3DkBÞ
δTi

0j ¼ −N
h	

DiDj − 1
3
δijD2



A − 1

3
δijϕþ 1

6
εijk

	
DkS − 3

2
DkB


i

δTi
jk ¼ − a

6

h
4δi½jDk�T − 6δi½jDk�Bþ 3εjkl

	
DiDl − 1

3
γilD2



A − εijkϱ

i
; ð132Þ
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δQλμν ⟶

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

δQ000 ¼ −N3
	
θ þ 3

4
σ − ξ




δQ00i ¼ − N2a
2

	
DiΛ − 1

3
DiY − 2DiZ




δQ0ij ¼ − Na2
3

h	
DiDj − 1

3
γijD2



Q − 3

	
DiDj − 1

3
γijD2



κ − 3

	
θ − 1

4
σ þ 1

3
ξ


γij

i

δQi00 ¼ −N2a
	
DiW − 1

4
DiΛþ 1

3
DiY − DiZ




δQi0j ¼ Na2
6

h	
DiDj − 1

3
γijD2



Qþ 6

	
DiDj − 1

3
γijD2



κ þ ð3σ þ 2ξÞγij − 3εijkDkY

i

δQijk ¼ a3
nh

DðiDjDkÞ − 1
5
γðijDkÞð3D2 þ 4KÞ

i
Cþ 1

4
ð4DiW − DiΛÞγjk þ γiðjDkÞΛ

− 1
6
ðγjkDiY − γiðjDkÞYÞ þ 3

5
γðijDkÞZ þ 2

3
εliðj

	
γmlDkÞDm − 1

3
δlkÞD2



Q
o

: ð133Þ

Thereby, the 10 d.o.f. described by the metric perturbations
are split in terms of four scalars fα; β;ψ ; hg (1 d.o.f. each),

two transverse vectors fβðTÞi ; hðTÞi g (2 d.o.f. each), and one

symmetric and transverse-traceless tensor hðTTÞij (2 d.o.f.); in
Tables II and III, we list all the helicity modes appearing in
the torsion and nonmetricity perturbations and their number
of d.o.f.

2. Fourier space

After performing the SVT decomposition, it is con-
venient to move to the momentum space and work with
Fourier amplitudes of the perturbations. For scalars,
we have5

Sðt; x⃗Þ ¼ 1

ð2πÞ3
Z

d3k
1ffiffiffi
2

p Sðt; k⃗ÞEðx⃗; k⃗Þ þ c:c:; ð134Þ

with real functions Sðt; k⃗Þ and where E are the orthogonal
eigenstates of γij:

D2E ¼ −k2E;Z
dx3

ffiffiffi
γ

p
E�ðx⃗; k⃗ÞEðx⃗; k⃗0Þ ¼ ð2πÞ3δð3Þðk⃗ − k⃗0Þ; ð135Þ

being k the norm of the momentum. We have chosen the
normalisation so that

Z
d3x

ffiffiffi
γ

p ½Sðt; x⃗Þ�2 ¼
Z

d3k
ð2πÞ3 ½Sðt; k⃗Þ�

2: ð136Þ

The helicity-1, -2, and -3 modes can be similarly mapped
to the momentum space but each helicity still contains
two different modes. In MAG, it would be particularly

convenient to characterize them by using the circular

polarization bases EðAÞ
i ; EðAÞ

ij , and EðAÞ
ijk ðA ¼ L;RÞ [64,78];

they are defined by the eigenstates of the operators

D2EðAÞ
i ¼ −k2EðAÞ

i ; εi
pqDpE

ðAÞ
q ¼ λAkE

ðAÞ
i ; ð137Þ

D2EðAÞ
ij ¼ −k2EðAÞ

ij ; εðipqDpE
ðAÞ
qjjÞ ¼ λAkE

ðAÞ
ij ; ð138Þ

D2EðAÞ
ijk ¼ −k2EðAÞ

ijk ; εðipqDpE
ðAÞ
qjjkÞ ¼ λAkE

ðAÞ
ijk ; ð139Þ

with λL ¼ −1, λR ¼ þ1, and satisfy the orthogonal
conditions

Z
d3x

ffiffiffi
γ

p ½EðAÞ
i ðx⃗; k⃗Þ��EðA0Þ

i0 ðx⃗; k⃗0Þγii0 ¼ ð2πÞ3δAA0δð3Þðk⃗− k⃗0Þ;

ð140Þ
Z

d3x
ffiffiffi
γ

p ½EðAÞ
ij ðx⃗; k⃗Þ��EðA0Þ

i0j0 ðx⃗; k⃗0Þγii
0
γjj

0

¼ ð2πÞ3δAA0δð3Þðk⃗ − k⃗0Þ; ð141Þ

TABLE II. Helicity decomposition of the perturbations for the
torsion tensor.

SVT Quantities d.o.f. Total d.o.f.

4 scalars fT; B;ϕ; Ag 1 d.o.f. each 4
4 pseudoscalars fS;B; ϱ;Ag 1 d.o.f. each 4
3 vectors fTðTÞ

i ; BðTÞ
i ; AðTÞ

i g 2 d.o.f. each 6

3 pseudovectors fSðTÞ
i ;BðTÞ

i ;AðTÞ
i g2 d.o.f. each 6

1 rank-2 tensor fAðTTÞ
ij g 2 d.o.f. each 2

1 rank-2 pseudotensor fAðTTÞ
ij g 2 d.o.f. each 25For the closed universe, the momentum is discrete and the

integral is replaced with the summation.
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Z
d3x

ffiffiffi
γ

p ½EðAÞ
ijk ðx⃗; k⃗Þ��EðA0Þ

i0j0k0 ðx⃗; k⃗0Þγii
0
γjj

0
γkk

0

¼ ð2πÞ3δAA0δð3Þðk⃗ − k⃗0Þ: ð142Þ
We omit the superscripts “(T)” and “(TT)” for notational

simplicity, but note that EðAÞ
i is transverse, and fEðAÞ

ij ; EðAÞ
ijk g

are transverse-traceless and symmetric in all the indices.
Also, one should not confuse the spatial index k with the
momentum k; the difference between them is clear from the
context. Note also that thanks to the isotropy of the FLRW
space-time, the final results depend on the norm k but do not
depend on the specific direction k⃗=k.
While we have not classified the quantities with respect

to the parity so far, we now take the parity into account. We
collectively write them as

S ¼ fα; β;ψ ; h;ϕ; T; B; A; θ; σ; ξ;W;Λ; Y; Z;Q; κ; Cg;
ð143Þ

S ¼ fϱ;S;B;A;Y;Qg; ð144Þ

VðTÞ
i ¼ fβðTÞi ; hðTÞi ; TðTÞ

i ; BðTÞ
i ; AðTÞ

i ; WðTÞ
i ;ΛðTÞ

i ; YðTÞ
i ;

ZðTÞ
i ; QðTÞ

i ; κðTÞi ; CðTÞ
i g; ð145Þ

VðTÞ
i ¼ fSðTÞ

i ;BðTÞ
i ;AðTÞ

i ;YðTÞ
i ;QðTÞ

i g; ð146Þ

TðTTÞ
ij ¼ fhðTTÞij ; AðTTÞ

ij ; QðTTÞ
ij ; κðTTÞij g; ð147Þ

T ðTTÞ
ij ¼ fAðTTÞ

ij ;QðTTÞ
ij g; ð148Þ

TTðTTÞ
ijk ¼ fCðTTÞ

ijk g: ð149Þ

Then, the corresponding Fourier transformations are

Sðt; x⃗Þ ¼ 1

ð2πÞ3
Z

d3k
1ffiffiffi
2

p Sðt; k⃗ÞEðx⃗; k⃗Þ þ c:c:; ð150Þ

Sðt; x⃗Þ ¼ 1

ð2πÞ3
Z

d3k
1ffiffiffi
2

p Sðt; k⃗ÞEðx⃗; k⃗Þ þ c:c:; ð151Þ

VðTÞ
i ðt; x⃗Þ ¼ 1

ð2πÞ3
Z

d3k
1ffiffiffi
2

p ½VðLÞðt; k⃗ÞEðLÞ
i ðx⃗; k⃗Þ

þ VðRÞðt; k⃗ÞEðRÞ
i ðx⃗; k⃗Þ� þ c:c:; ð152Þ

VðTÞ
i ðt; x⃗Þ ¼ 1

ð2πÞ3
Z

d3k
1ffiffiffi
2

p ½VðLÞðt; k⃗ÞEðLÞ
i ðx⃗; k⃗Þ

− VðRÞðt; k⃗ÞEðRÞ
i ðx⃗; k⃗Þ� þ c:c:; ð153Þ

and the transformations of the rank-2 and rank-3 tensors are
performed similarly to the vectors. The quadratic form of
the (pseudo)scalar is explained in (136) whereas that of the
(pseudo)vector is

Z
d3x

ffiffiffi
γ

p ½VðTÞ
i ðt; x⃗Þ�2

¼
Z

d3k
ð2πÞ3 f½V

ðLÞðt; k⃗Þ�2 þ ½VðRÞðt; k⃗Þ�2g; ð154Þ

where a contraction of the indices is understood. Note that
we have added the minus sign in front of the right-handed
mode of the parity odd sector to systematically deal
with couplings between the parity even and odd sectors
(see [64,78]).
For illustrative purposes, let us explicitly display the

circular polarization bases in the flat FLRWuniverseK ¼ 0
with the Cartesian metric γij ¼ δij. The scalar harmonics
are nothing but the exponential function

E ¼ eik⃗·x⃗: ð155Þ
By the use of the isotropy of the FLRW space-time, we can
choose k⃗ ¼ ð0; 0; kÞ without loss of generality. We then
find

EðAÞ
i ¼ eðAÞi eik⃗·x⃗; ð156Þ

with

eðLÞi ¼ ð1=
ffiffiffi
2

p
;−i=

ffiffiffi
2

p
; 0Þ; eðRÞi ¼ ð1=

ffiffiffi
2

p
; i=

ffiffiffi
2

p
; 0Þ:
ð157Þ

TABLE III. Helicity decomposition of the perturbations for the nonmetricity tensor.

SVT Quantities d.o.f. Total d.o.f.

10 scalars fθ; σ; ξ;Λ; Y; Z; κ; Q;W; Cg 1 d.o.f. each 10
2 pseudoscalars fY;Qg 1 d.o.f. each 2
7 vectors fΛðTÞ

i ; YðTÞ
i ; ZðTÞ

i ; κðTÞi ; QðTÞ
i ; WðTÞ

i ; CðTÞ
i g 2 d.o.f. each 14

2 pseudovectors fYðTÞ
i ;QðTÞ

i g 2 d.o.f. each 4

3 rank-2 tensors fκðTTÞij ; QðTTÞ
ij ; CðTTÞ

ij g 2 d.o.f. each 6

1 rank-2 pseudotensor fQðTTÞ
ij g 2 d.o.f. each 2

1 rank-3 tensor fCðTTÞ
ijk g 2 d.o.f. each 2
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As eðAÞi satisfies eðAÞi eðAÞj δij ¼ 0, the bases of the helicity-2
and -3 modes are straightforwardly found to be

EðAÞ
ij ¼ eðAÞi eðAÞj eik⃗·x⃗; ð158Þ

EðAÞ
ijk ¼ eðAÞi eðAÞj eðAÞk eik⃗·x⃗: ð159Þ

One can explicitly confirm that EðAÞ
i , EðAÞ

ij , and EðAÞ
ijk satisfy

all the desired properties.

B. Matter perturbations

For the matter perturbations, we have to consider
perturbations around the background matter configuration
that is described in Sec. IV B.
The matter sector is characterized by the energy-

momentum and hypermomentum tensors. Considering
general perturbations around them

Θμν ¼ Θ̄μν þ δΘμν; Δμνλ ¼ Δ̄μνλ þ δΔμνλ; ð160Þ

the aim is to find SVT decomposition of δΘμν and δΔμνλ.
Let us first look at the perturbations around the energy-

momentum tensor which is quite well known in the context
of cosmological perturbation theory. In 3þ 1 decomposi-
tion, the components are

δΘμν ⟶

8<
:

δΘ00 ¼ N2δρ − ρ̄δg00
δΘ0i ¼ −Nðρ̄þ p̄Þδu⃗i þ p̄δg0i
δΘij ¼ p̄δgij þ a2ðγijδpþ π⃗ijÞ

; ð161Þ

where δρ and δp are the perturbations in the energy density
and pressure respectively, δu⃗i is the spatial velocity vector,
which is defined in the four-velocity of the fluid as uμ ¼
ūμ þ δuμ with ūμ ¼ n̄μ and δuμ ¼ ðδu0; δu⃗iÞ, and π⃗ij is
the spatial stress tensor. Note that in obtaining the above
result we have used δu0 ¼ δg00=2N that can be deduced
from gμνuμuν ¼ −1.

The SVT decomposition of the energy-momentum
tensor is now straightforward. The SVT decomposition
of the metric perturbations are already presented in (125),
(128), and (131) and the SVT decomposition of the spatial
velocity vector and the spatial stress tensor can be read
from (117) and (118):

δu⃗i ¼ Diδuþ δuðTÞi ; ð162Þ

π⃗ij ¼
�
DðiDjÞ −

1

3
γijD2

�
π þ Dðiπ

ðTÞ
jÞ þ πðTTÞij : ð163Þ

On the other hand, the perturbation of the hypermo-
mentum δΔμνλ can introduce up to 64 d.o.f. with the SVT
decomposition behaving in the same way as the sum of
the perturbation of torsion (24 d.o.f.) and nonmetricity
(40 d.o.f.) as we described in the previous subsections. We
thus do not explicitly present them here. As we noticed
above, the matter perturbation for the energy-momentum
tensor has a clear physical interpretation as the perturbation
of the 4-velocity of the fluid and the anisotropic pressure.
However, for the hypermomentum, still, it is unclear how to
physically interpret all its perturbation d.o.f.. This could be
interesting to analyze further in the future.

VI. COSMOLOGICAL PERTURBATIONS OF THE
NONMETRICITY HELICITY-3 MODES

Based on the SVT decomposition theorem, the helicity-3
perturbation decouples from all of the modes with different
helicities at the linear order of perturbations. Moreover, we
only have two helicity-3 modes that are characterized by

CðTTÞ
ijk . Thus, it is easy to perform linear perturbation

analysis for the helicity-3 modes. For this task, we consider
the most general parity-preserving gravitational action in
MAG, constructed from four-dimensional invariant quan-
tities of the curvature, torsion, and nonmetricity tensors
under the general linear group GLð4; RÞ up to their
quadratic order6

Sg ¼
1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p ðR̃þ a1R̃2 þ a2R̃λρμνR̃λρμν þ a3R̃λρμνR̃ρλμν þ a4R̃λρμνR̃μνλρ þ a5R̃λρμνR̃λμρν

þ a6R̃λρμνR̃μλρν þ a7R̃ρλμνR̃μλρν þ a8R̃μνR̃μν þ a9R̃μνR̃νμ þ a10R̂μνR̂
μν þ a11R̂μνR̂

νμ

þ a12R̃μνR̂
μν þ a13R̃μνR̂

νμ þ a14R̃λ
λμνR̃ρ

ρ
μν þ a15R̃λ

λμνR̃μν þ a16R̃λ
λμνR̂

μν

þ b1TλμνTλμν þ b2TλμνTμλν þ b3Tλ
λνTμ

μ
ν þ c1TλμνQμλν þ c2Tλ

λνQνμ
μ þ c3Tλ

λνQμν
μ

þ d1QλμνQλμν þ d2QλμνQμλν þ d3Qλ
λνQμ

μ
ν þ d4Qν

λ
λQνμ

μ þ d5Qλ
λνQνμ

μÞ; ð164Þ

where all coefficients ai, bi, ci, and di are constant.

6Note that the action (164) in general develops a ghost instability [79]. Here, however, our aim is to study linear perturbations of the
helicity-3 modes, keeping in mind that the absence of ghosts implies certain relations between the coefficients in the action.
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The helicity-3 modes are encoded in the nonmetricity
tensor Qλμν, or more specifically, in the irreducible piece
qλμν defined in (22). In Appendix E, we have classified the
action (164) in terms of qλμν, where the interaction of the
spin-3 field with all the other fields can be explicitly seen.
Here, before performing explicit calculations of perturba-
tions, some comments are in order. First, the derivatives of
the nonmetricity tensor appear linearly in the definition of
the curvature tensor (7) and, that is why we have considered
quadratic terms in curvature in action (164). Otherwise,
nonmetricity will not be a dynamical quantity. Second, all
terms with coefficients bi and ci in (164) do not contribute
to the quadratic action of perturbations for the helicity-3
modes. Third, in principle, the terms with coefficients

di can generate mass for the helicity-3 modes in any
background.
For the sake of simplicity, we will concentrate on the

spatially flat K ¼ 0 FLRW background and we also work
with the cosmic time N ¼ 1. Note that, as we explain in
Appendix D, the helicity-3 modes are gauge invariant since
they do not have any background value and the trans-
formation parameters (encoded in the four-dimensional
vector ξμ that is defined in Appendix D) involve only
helicity-0 and -1 modes. We thus do not need to fix any
gauge for them. Substituting SVT decomposition of all
quantities, it is cumbersome but straightforward to show
that the quadratic action of perturbations for the helicity-3
modes takes the following form:

Sð2ÞC ¼ 1

16π

Z
dt d3 x a3GðCÞ

T

�
ðĊðTTÞ

ijk Þ2 − 1

a2
ðDlC

ðTTÞ
ijk Þ2 þ 4

a
T2εijkCðTTÞi

lmDjCðTTÞklm −m2
C;effðCðTTÞ

ijk Þ2
�

¼ 1

16π

X
A¼L;R

Z
dt

d3k
ð2πÞ3 a

3GðCÞ
T

�
½ĊðAÞ�2 − ½ωðAÞ

C;k�2½CðAÞ�2
�
; ð165Þ

where a dot denotes derivative with respect to the cosmic time t and we have defined the frequency as

½ωðAÞ
C;k�2 ≡ k2

a2
− 4λAT2

k
a
þm2

C;eff ; ð166Þ

and also the constant kinetic coefficient and the time-dependent effective mass as

GðCÞ
T ≡ −

1

4
ð2a2 þ 2a3 þ a5 þ a6 þ a7Þ; m2

C;eff ≡HðCÞ
T

GðCÞ
T

; ð167Þ

with

HðCÞ
T ≡ 1

4
− d1 − d2 þ

1

2
½2α1 − 7ðα2 þ α3Þ�Ḣ þ ð2α1 − 6α2 − α3ÞH2

þ ð7α2 − 3α1ÞT1H þ 1

2
½2α4Q1 þ ð3α1 − 7α2Þð2Q2 −Q3Þ þ α4ð2Q2 þQ3Þ�H

þ ð3α2 þ 4α3 − α1ÞṪ1 þ ½α1 þ 2ðα3 − α2Þ�T2
1 − α1T2

2

− α4T1Q1 þ ð4α2 − 2α1 − 4α3 − α4ÞT1Q2 þ ½α1 þ 2ðα3 − α2Þ�T1Q3

þ 1

2
½ðα1 − 3α2 − 4α3Þð2Q̇2 − Q̇3Þ þ α4Q̇3� þ ðα1 þ 2α3 þ α4 − 2α2ÞQ2

2

þ 1

2
½ðα1 − 3α2 − 4α3 − α4ÞQ1 þ ðα2 − α1 − 8α3 − α4ÞQ2�Q3 þ α4Q1Q2: ð168Þ

In the above, H ¼ ȧ=a denotes the Hubble parameter, whereas we have introduced the following constants:

α1 ¼ 3a1 þ 3a2 þ a3 þ a4 þ
3a5
2

þ a6
2
þ 3a7

2
þ a8 þ a9 þ a10 þ a11 þ a12 þ a13; ð169Þ

α2 ¼
1

14
ð14a2 þ 10a3 þ 2a4 þ 7a5 þ 5a6 þ 7a7 þ a8 þ a9 þ a10 þ a11 þ a12 þ a13Þ; ð170Þ
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α3 ¼ −
1

14
ð4a3 − 2a4 þ 2a6 − a8 − a9 − a10 − a11 − a12 − a13Þ; ð171Þ

α4 ¼ −
1

2
ða8 þ a9 − a10 − a11Þ; α5 ¼ −

1

2
ð2a10 þ 2a11 þ a12 þ a13Þ; α6 ¼ 4ða10 þ a11Þ: ð172Þ

The action (164) determines the gravitational sector for
the spin-3 field. In general, there can be spin-3 fields in the
matter sector. Taking into account this point, variation of
the quadratic action (165) gives the following equations for
the linear perturbations of the helicity-3 modes:

C̈ðAÞ þ 3HĊðAÞ þ ½ωðAÞ
C;k�2CðAÞ ¼ JðAÞ; ð173Þ

where JðAÞ describe the Fourier amplitudes of the trans-
verse-traceless source provided by the matter sector. More
precisely, at the level of equation of motion, JðAÞ are
encoded in the helicity-3 modes of the intrinsic hyper-

momentum, such that JðAÞ ∝ ðshÞ%Δ
3 ðTTÞðAÞ.

Having the quadratic action (165) in hand, we can look for
the stability conditions. Avoiding ghost instability implies

GðCÞ
T > 0; ð174Þ

which, as is clear from (167), sets constraints on some
coefficients ai in the action. To avoid gradient and tachyonic

instabilities, one may assume ½ωðAÞ
C;k�2 > 0, while this con-

dition is too strong as we will discuss it in detail in the
following.
The parity-violating term, that is linear in k, is present

in the quadratic action (165) as far as torsion has a
nonvanishing background T2 ≠ 0. Indeed, it originates
from the covariant interaction εανλμqρτνSα∇μqρτλ since
S0 ∝ T2 ≠ 0 (see Appendix E). While our original gravi-
tational action (164) is parity-preserving, the background
evolution of the universe breaks the time reflection sym-
metry and then S0 ∝ T2 ≠ 0 spontaneously breaks the
parity invariance of the perturbations: the left-handed

λL ¼ −1 and right-handed λR ¼ þ1 modes of CðTTÞ
ijk obey

different equations of motion, as can be seen from (173). In
this sense, it is important to stress that the coupling constant
of the parity-violating term is the same as the coefficient of

the kinetic term. Hence, the parity invariance of the
helicity-3 modes, if it is dynamical, is inevitably broken
in a cosmological background with T2 ≠ 0 in the quadratic
MAG. A similar observation can be found in the helicity-
2 sector in Poincaré gauge theory [64]. Moreover, the
parity-violating term can only develop instability for one of
the modes (the right-handed λR ¼ þ1 for T2 > 0 and the
left-handed λR ¼ −1 for T2 < 0) for low momenta that

satisfy ½ωðAÞ
C;k�2 < 0. In fact, this type of infrared instability is

very interesting in cosmology as it provides particle
production (see e.g. [80] and [81]).
For the mass term, due to the Hubble friction, we do not

need to assume m2
C;eff > 0; even if the helicity-3 modes

develop instabilities, the growth rate can be slow enough
as long as the size is comparable to the Hubble rate

(jHðCÞ
T j ∼H2), similarly to the Jeans’s instability [82]. It is

also important to elaborate more on the different contribu-
tions to the effective mass of the spin-3 modes m2

C;eff

presented in (168). The first three terms in the right-hand
side of (168), 1=4 − d1 − d2, are present at any background
while the other terms vanish in the absence of background
curvature H ¼ 0, and background torsion and nonmetricity
Ti ¼ Qi ¼ 0. Therefore, if 1=4 − d1 − d2 ¼ 0, the spin-3
field qμνλ is massless when H ¼ Ti ¼ Qi ¼ 0 (the
Minkowski vacuum) while it acquires nonvanishing mass
ifH ≠ 0, orTi ≠ 0 orQi ≠ 0. As iswell known, themassless
spin-3 field presents the issue that it cannot have a consistent
interaction preserving the gauge symmetry. The nonvanish-
ing mass around nontrivial backgrounds might be indeed a
sign of such an inconsistency.
Let us now analyze a particular MAG model, recently

explored in [83], which interestingly displays the broadest
family of static and spherically symmetric black hole
solutions with spin, dilation, and shear charges in MAG.
This model is characterized by a gravitational action with
dynamical torsion, Weyl vector, and traceless nonmetricity
tensor7

S ¼ 1

64π

Z
½4R − 6d̃1R̃λ½ρμν�R̃λ½ρμν� − 9d̃1R̃λ½ρμν�R̃μ½λνρ� þ 2d̃1ðR̃½μν� þ R̂½μν�ÞðR̃½μν� þ R̂½μν�Þ

þ 18d̃1R̃λ½ρμν�R̃ðλρÞμν − 3d̃1R̃ðλρÞμνR̃ðλρÞμν þ 6d̃1R̃ðλρÞμνR̃ðλμÞρν þ 2ð2ẽ1 − f̃1ÞR̃λ
λμνR̃ρ

ρ
μν

þ 8f̃1R̃ðλρÞμνR̃ðλρÞμν − 2f̃1ðR̃ðμνÞ − R̂ðμνÞÞðR̃ðμνÞ − R̂ðμνÞÞ − 3ð1 − 2ã2ÞT ½λμν�T ½λμν��d4x ffiffiffiffiffiffi
−g

p
; ð175Þ

7In [83], the signature ðþ − −−Þ was used, so that the action in our signature ð−þþþÞ shows an opposite sign in R and also in
T ½λμν�T ½λμν�.
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which indeed contains contributions from the spin-3 field. In particular, Eq. (175) can be directly obtained from the general
quadratic action of MAG, up to boundary terms, by setting the following combination of the Lagrangian coefficients:

a1 ¼ 0; a2 ¼ f̃1 −
d̃1
8
; a3 ¼

d̃1
8
þ f̃1; a4 ¼

d̃1
2
; a5 ¼ a7 ¼ −

d̃1
8
; a6 ¼

d̃1
4
; a8 ¼ a10 ¼

d̃1 − f̃1
4

; ð176Þ

a9 ¼ a11 ¼ −
d̃1 þ f̃1

4
; a12 ¼

d̃1 þ f̃1
2

; a13 ¼
f̃1 − d̃1

2
; a14 ¼ ẽ1 −

f̃1
2
; a15 ¼ a16 ¼ 0; ð177Þ

b1 ¼ −
1 − ã2

2
; b2 ¼ −ã2; b3 ¼ c1 ¼ c2 ¼ −c3 ¼ 1; ð178Þ

d1 ¼ −d4 ¼ −
1

4
; d2 ¼ −d5 ¼

1

2
; d3 ¼ 0: ð179Þ

Thus, for this model, the functions (167) and (168) become

GðCÞ
T ¼ −f̃1; m2

C;eff ¼ Ḣ þ 2H2 þ 4T2
2: ð180Þ

The condition to avoid ghost instability (174) implies

f̃1 < 0: ð181Þ

This result is consistent with the ghost-free condition for
the vector modes of the traceless nonmetricity tensor of
the model [83]. The tachyonic instability can also be
avoided if Ḣ þ 2H2 > 0, since m2

C;eff is always positive
in this case. In the other case Ḣ þ 2H2 < 0,m2

C;eff < 0may
happen which, as we explained above, is not necessarily a
pathology of the helicity-3 perturbations.
Before concluding this section, we stress that a massive

spin-3 field should have seven dynamical d.o.f., while
the present analysis only guarantees the stability of the
two polarization modes thereof (the helicity �3 modes).
One should make sure that other helicity sectors are
stable as well. We also note that 1=4 − d1 − d2 ¼ 0 for
the action (175). As we have explained above, theories with
1=4 − d1 − d2 ¼ 0 can be problematic in the Minkowski
limit due to the no-go theorems of massless higher-spin
fields. Nonetheless, one might also regard (175) as an
effective theory around a nontrivial background if the other
five polarization modes of the spin-3 (and other dynamical
modes) are all well behaved there. In this sense, it is
important to systematically analyze the perturbations of all
sectors, which we leave for future study.

VII. CONCLUSIONS

In this work, we laid the foundations to obtain and
analyze the cosmological perturbations in the framework of
MAG, which includes torsion and nonmetricity on top of
the curvature tensor. Indeed, cosmological perturbation
theory in Riemannian geometry plays a fundamental role
in the description of the inhomogeneities and anisotropies
of the universe, such as the structure formation at large

scales, the primordial fluctuations in the CMB, and the
propagation of gravitational waves at cosmological dis-
tances, but its formulation in MAG has remained largely
unaddressed in the literature.
Specifically, the geometrical perturbations in MAG are

associated with the metric, torsion, and nonmetricity ten-
sors, whereas the matter perturbations are encoded in the
energy-momentum and hypermomentum tensors. Thus, we
performed 3þ 1 and SVT decompositions of these tensors
around spatially curved FLRW background and presented
all the possible spatial perturbations arising in MAG. As
shown in Tables II and III, the theory displays a rich
perturbation spectrum for the torsion and nonmetricity
tensors, which includes a large number of d.o.f. with helicity
states 0, 1, 2, and 3, on top of the well-known metric
perturbations of Riemannian geometry. Therefore, MAG
provides a diverse phenomenology at cosmological scales.
For instance, the additional helicity-2 modes can source the
helicity-2modes of metric perturbations at the linear level of
perturbations and lead to a significant production of gravi-
tational waves [84,85]. Moreover, the extra d.o.f. with
different helicities may provide a geometrical source for
darkmatter. In particular, recently, a lot of attention has been
paid to higher spin dark matter models [86–103].
It is worth mentioning that in order to fully determine the

number of physical d.o.f. in MAG, one would need to apply
Hamiltonian analysis since perturbations around FLRW
backgrounds might not exhibit all the possible d.o.f.
appearing in a particular theory. Several studies regarding
the Hamiltonian analysis of theories with torsion and
nonmetricity have already been considered in the literature
[104–108].
As an immediate application of our setup, we studied

linear perturbation of the nonmetricity helicity-3 modes
around the spatially flat FLRW background for a general
parity-preserving MAG action that is quadratic in curva-
ture, torsion, and nonmetricity. As guaranteed by the SVT
decomposition theorem, these modes decouple from the
rest of the modes at the linear level of perturbations, which
makes their perturbation analysis relatively simple. We thus
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found the general stability conditions of the helicity-3
modes and applied them to a particular MAG model with
dynamical torsion, Weyl vector, and traceless nonmetricity
tensor, recently studied in the literature in the context of
black hole physics [83]. We showed that the stability
conditions can be satisfied around the spatially flat
FLRW background. However, we found that the spin-3
field is massless in Minkowski background, while it
acquires a nonvanishing mass in FLRW background when
curvature and/or torsion have a nonvanishing background.
This result shows that five modes of the spin-3 field may
become strongly coupled around the Minkowski back-
ground. It is then interesting to look for possible solutions
to this issue. One simple possibility is to add an explicit
quadratic term of the field in the gravitational action to have
a well-behaved Minkowski limit. We remit the research
following these lines for future works.
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APPENDIX A: IRREDUCIBLE DECOMPOSITION

In this appendix, we present how to systematically find
all the irreducible pieces of general tensors of up to rank 3
in the 3þ 1 decomposition. A scalar is already irreducible,
so we shall start with a four-dimensional vector Xμ. The
vector is irreducible with respect to the four-dimensional
pseudo-orthogonal group. On the other hand, applying
the 3þ 1 decomposition, the four-dimensional vector is
decomposed into a scalar and vector with respect to the
three-dimensional orthogonal group, which are, loosely
speaking, temporal and spatial components of Xμ, respec-
tively. For later convenience, we write this decomposition
by using Young tableaux as follows:

ðA1Þ

We use the Young diagrams (boxes without characters)
and the Young tableaux (boxes filled with either 0 or
Latin characters) to denote four-dimensional and three-

dimensional tensors, respectively. The boxes filled by 0
correspond to temporal components (precisely speaking,
components multiplied by nμ) while the i; j; k; � � � boxes are
spatial components (components multiplied by Pμ

ν). The
number and shape of boxes filled with Latin characters
determine the rank and symmetry of the spatial tensors. For
instance, in (A1), the first term on the right-hand side has
no Latin character, so it corresponds to the scalar part,
whereas the second term represents the spatial vector.
We then consider a generic rank-2 tensor which is

described by a tensor product

ðA2Þ

As is well known, this tensor can be decomposed into
symmetric and antisymmetric parts. However, it should be
noted that indices can be contracted. Hence, the irreducible
decomposition of the rank-2 tensor is

ðA3Þ

where the gray boxes are understood as contracted indices
and the white boxes are traceless; that is, the first, second,
and third terms on the right-hand side respectively describe
a symmetric-traceless tensor, a scalar, and an antisymmetric
tensor in four dimensions. The symmetric and antisym-
metric parts are further decomposed into

ðA4Þ

ðA5Þ

The boxes filled with Latin characters should be top-left
aligned in order that Young subtableaux with Latin char-
acters describe the rank and symmetry of spatial tensors.
According to this rule, one may avoid double-counting of
spatial pieces: for instance, the tableau does not appear
in (A4). Note that 0 does not appear twice (or more than
twice) in different rows within the same column because the
indices are antisymmetrized. We now use the speciality of
three dimensions: two antisymmetric indices can be reduced
to one index by taking the Hodge dual,

ðA6Þ

Herewe added a hat to record that the indices are dualized. In
summary, we find

AOKI, BAHAMONDE, VALCARCEL, and GORJI PHYS. REV. D 110, 024017 (2024)

024017-20



ðA7Þ

showing that 16 components of rank-2 tensor are decom-
posed into two scalars ð2 × 1Þ, threevectors ð3 × 3Þ, and one
tensor ð1 × 5Þ of three dimensions.
We proceed to consider a rank-3 tensor

ðA8Þ

All the essential ingredients have been already explained
above. We first perform the irreducible decompositions
with respect to the four-dimensional orthogonal group:

ðA9Þ

and

ðA10Þ

ðA11Þ

where the Young diagram of the shape (1,1,1) can be
dualized to the shape (1) in four dimensions. Here, the
white boxes, which are supposed to be filled with either 0
or Latin characters in the 3þ 1 decomposition, are top-left
aligned. The 3þ 1 decomposition of vectors (the terms
with only one white box) has been already presented. The
3þ 1 decompositions of other blocks are

ðA12Þ

ðA13Þ

ðA14Þ

One may notice that there are two different ways of

embedding rank-2 spatial tensors in In this way,

the generic four-dimensional rank-3 tensor is decomposed
into three-dimensional symmetric traceless tensors.
Let us count the number of independent components. 64
independent components of a rank-3 tensor are first
decomposed into 24 torsion-type components and 40
nonmetricity-type components. They are further decom-
posed into four-dimensional irreducible pieces as follows
(see e.g. [109]):

ðA15Þ

ðA16Þ

ðA17Þ

ðA18Þ

and

ðA19Þ
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ðA20Þ

ðA21Þ

Note that our Young diagrams are traceless. The nontrivial

parts are and . As shown in (A12) and (A13),

they are decomposed into a scalar, vector, rank-2
tensor, and rank-3 tensor for , and two vectors

and two rank-2 tensors for , respectively. Hence,

we find

ðA22Þ

ðA23Þ

which indeed agree with each other.

APPENDIX B: 3 + 1 DECOMPOSITION
OF RANK-2 AND RANK-3 TENSORS

In this section, we will demonstrate the form of the
splitting from a rank-2 tensor to rank-3 tensor following
the 3þ 1 decomposition with a unit timelike vector nμ
satisfying nμnμ ¼ −1 and a projector as (34) satisfying
Pμνnμ ¼ 0. Then, our tensors will be constructed from all
the possible linear combinations of their three-dimensional
irreducible pieces and expressed in terms of nμ and Pμν.
Following the Young diagram displayed in Eq. (A4), a

symmetric-traceless rank-2 tensor%XðμνÞ is decomposed into
a symmetric traceless tensor, a vector, and a scalar.
Thereby, the most general linear combination constructed
from all these quantities can be written as

%XðμνÞ ¼ c1nμnν þ c2Pμν þ c3X⃗ðμνÞ − 2c4X⃗�ðμnνÞ; ðB1Þ

but note that constants c3 and c4 can be normalized as
c3 ¼ c4 ¼ 1, whereas c1 and c2 contribute to the trace
unless −c1 þ 3c2 ¼ 0. Hence, we find

%XðμνÞ ¼
�
nμnν þ

1

3
Pμν

�
%X�� þ X⃗ðμνÞ − 2X⃗�ðμnνÞ; ðB2Þ

with

%X�� ¼ c1 ¼ nμnν%Xμν: ðB3Þ

In addition, by taking into account the Young diagram (A5)
and the dualization of two antisymmetric indices to one
index, the antisymmetric rank-2 tensor X½μν� turns out to be
determined by a vector and a pseudovector

X½μν� ¼ −2X⃗ðEÞ
½μ nν� þ

1

2
ε⃗μνλX⃗

ðBÞλ; ðB4Þ

where the respective constants in the linear combination
have also been normalized to match our conventions (48).
For an arbitrary rank-3 tensor Xμνρ, the fact that, in

terms of algebraic symmetries, the antisymmetric part
Xμ½νρ� corresponds to a torsionlike tensor and the sym-
metric part XμðνρÞ to a nonmetricitylike tensor, means
that without any loss of generality its 3þ 1 decompo-
sition is completely determined by the corresponding
decompositions of the torsion and nonmetricity tensors.
A straightforward analysis is then to perform the 3þ 1
decomposition of all their four-dimensional irreducible
pieces, which trivially reduces to the problem of finding
the decompositions of the rank-3 tensor modes tμνρ, Ωμνρ,
and qμνρ, since the respective decompositions of the other
rank-1 vectors are well known.
Following these lines, let us now obtain the 3þ 1

decomposition of the tensor tμνρ expressed in Eq. (52).
First, we notice from the Young diagram (A13) that such a
tensor is decomposed into a traceless tensor A⃗μν, a vector

B⃗μ, a traceless pseudotensor A⃗μν, and a pseudovector B⃗μ.
Thereby, by taking into account the skew symmetry tμνρ ¼
tμ½νρ� of this tensor, the most general linear combination
constructed from these four quantities can bewritten then in
terms of nμ and Pμν as

tμνρ ¼ c1n½νA⃗ρ�μ þ c2nμn½νB⃗ρ� þ c3Pμ½νB⃗ρ�

þ ενρ
αβðc4nαA⃗βμ þ c5nμnβB⃗α þ c6PμβB⃗αÞ

þ c7εμ½ραβA⃗ν�βnα þ c8εμ½ραβPν�βB⃗α: ðB5Þ

However, by virtue of the identities

ενρ
αβnαA⃗βμ ¼ 2εμ½ραβA⃗ν�βnα; ðB6Þ

εμ½ραβPν�βB⃗α ¼
1

2
ενρ

αβB⃗αð2nμnβ − PμβÞ; ðB7Þ

the term related to the constant c8 is linearly dependent on
the terms related to c5 and c6, whereas the same holds for
the terms given by the constants c7 and c4. Therefore,
without any loss of generality, we can directly set
c7 ¼ c8 ¼ 0. Next, in order for the tensor mode tμνρ to
be totally traceless and pseudotraceless, we must demand
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c3 ¼
1

2
c2; c6 ¼

1

2
c5; ðB8Þ

which automatically satisfies the condition t½αβμ� ¼ 0, since

3B⃗λn½μενρ�λξnξ − B⃗λεμνρλ ¼ nλA⃗ξ
½μενρ�λξ ¼ 0: ðB9Þ

Then, by replacing the relations (B8) into Eq. (B5), and
choosing c1 ¼ c2 ¼ 2, c4 ¼ −c5 ¼ −1=2 for normaliza-
tion purposes, we find that such a tensor can be finally
written as follows:

tμνρ ¼ 2n½νA⃗ρ�μ þ 2

�
nμn½ν þ

1

2
Pμ½ν

�
B⃗ρ�

þ 1

2
ενρ

αβ

�
−nαA⃗βμ þ

�
nβnμ þ

1

2
Pβμ

�
B⃗α

�
: ðB10Þ

Similarly, the fact that Ωμνρ presents the same algebraic
symmetries as tμνρ leads to an analogous result:

Ωμνρ ¼ 2n½νQ⃗ρ�μ þ 2

�
nμn½ν þ

1

2
Pμ½ν

�
Y⃗ρ�

þ 1

2
ενρ

αβ

�
−nαQ⃗βμ þ

�
nβnμ þ

1

2
Pβμ

�
Y⃗α

�
: ðB11Þ

Finally, let us consider the Young diagram (A12), which
represents the fully symmetric and traceless tensor qλμν. In
this case, the building blocks of the 3þ 1 decomposition
are C⃗λμν, κ⃗μν, Z⃗ρ, and ξ. Thus, the most general linearly
independent combination formed by these building blocks
can be written in terms of nμ and Pμν as

qμνρ ¼ C⃗μνρ þ c1nðμκ⃗νρÞ þ ðc2nðμnν þ c3PðμνÞZ⃗ρÞ
þ ðc4nðμnν þ c5PðμνÞnρÞξ; ðB12Þ

where the following relations must be satisfied in order to
fulfil the traceless condition:

c3 ¼
1

5
c2; c5 ¼ c4: ðB13Þ

In that case, by normalizing the values of the constants as
c1 ¼ −c2 ¼ −3, c4 ¼ −1, we obtain

qμνρ ¼ C⃗μνρ − 3nðμκ⃗νρÞ þ
3

5
ð5nðμnν þ PðμνÞZ⃗ρÞ

− ðnðμnν þ PðμνÞnρÞξ; ðB14Þ

which concludes the derivation of the 3þ 1 decomposition
of arbitrary rank-2 and rank-3 tensors.

APPENDIX C: UNIQUENESS OF THE SVT
DECOMPOSITION

In this appendix, we will show that the SVT decom-
position performed in Sec. VA 1 for rank-1, rank-2, and
rank-3 tensors is uniquely determined. For this task, we will
follow the same reasoning as the one considered in
[77,110,111] for rank-1 and rank-2 tensors, thus extending
these results to the case of rank-3 tensors. First, it is useful
to recall the following equations:

ð3ÞRijkl ¼ 2Kγk½iγj�l; ð3ÞRij ¼ 2Kγij; ð3ÞR¼ 6K; ðC1Þ

with K being the constant spatial curvature of the FLRW
space-time. Then, one can find the following commutator
rules for an arbitrary vector Ui and an arbitrary tensor Uij:

DiD2Ui − D2DiUi ¼ Diðð3ÞRijUjÞ ¼ 2KDiUi; ðC2Þ

DiD2Uij − D2DiUij ¼ Diðð3ÞRi
lUlj þ ð3ÞRl

ij
kUlkÞ

þ ð3ÞRikjlDkUil

¼ 4KðDiUðijÞ −
1

2
DjUi

iÞ: ðC3Þ

For the vector decomposition (117), let us apply Di
which gives us

DiδXi ¼ D2Sþ DiVðTÞi ¼ D2S: ðC4Þ

Thus, one can use the inverse of the operator D2 to
determine S and then VðTÞi is uniquely determined by
(117). Thereby, if the inverse operators exist, Eq. (117)
determines S and VðTÞi uniquely in terms of δXi.
Similarly, for the rank-2 tensor (118), let us first apply

the operator Di, yielding

DiδX⃗
ij ¼ 2

3
DjðD2 þ 3KÞSþ ðD2 þ 2KÞVðTÞj; ðC5Þ

where we have used (C2). Next, by applying the operator
DðiDjÞ − 1

3
γijDlDl to the rank-2 tensor, we get

�
DðiDjÞ −

1

3
γijD2

�
δX⃗ij ¼ 2

3
D2ðD2 þ 3KÞS; ðC6Þ

where we have used (C3). Then, if the inverses of
D2;D2 þ 2K, and D2 þ 3K exist, Eq. (118) determines
S;VðTÞi, and TðTTÞij uniquely in terms of δX⃗ij.
Finally, let us consider the rank-3 tensor given by

Eq. (119). By applying the operator Di, we find
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DiδX⃗
ijk ¼ 1

3
ðD2 þ 6KÞTðTTÞjk þ 4

15
DkðD2 þ 7KÞVðTÞj þ 4

15
DjðD2 þ 7KÞVðTÞk

þ 3

5

�
DkDjD2 −

1

3
γjkD4 þ 8KDkDj −

8

3
KγjkD2

�
S; ðC7Þ

while applying two covariant derivatives provides

DiDjδX⃗
ijk ¼ 4

15
ðD4 þ 9KD2 þ 14K2ÞVðTÞk þ 2

5
DkðD4 þ 11KD2 þ 24K2ÞS

¼ 4

15
ðD2 þ 7KÞðD2 þ 2KÞVðTÞk þ 2

5
DkðD2 þ 3KÞðD2 þ 8KÞS; ðC8Þ

where D4 ≡ D2D2. Furthermore, we can also compute the following operator from three covariant derivatives:

�
DiDjDk −

1

5
γijðDkD2 þ DlDkDl þ D2DkÞ

�
δX⃗ijk ¼ 2

5
D2ðD4 þ 11KD2 þ 24K2ÞS

¼ 2

5
D2ðD2 þ 3KÞðD2 þ 8KÞS: ðC9Þ

Then, if the inverses of the operators

D2; D2 þ 2K; D2 þ 3K; D2 þ 6K; D2 þ 7K; D2 þ 8K; ðC10Þ

exist, the SVT decomposition (119) of the rank-3 tensor is
also uniquely determined.

APPENDIX D: GAUGE TRANSFORMATION AND
GAUGE INVARIANCE

In this appendix, we briefly review the gauge trans-
formation and introduce some common gauges that are
used in the context of cosmological perturbation theory.
Although this is a quite well-known subject, we present it
for the benefit of the readers and completeness of the paper.
The MAG theory is invariant under the four-dimensional

space-time diffeomorphisms. On the other hand, all of
the perturbations are defined in a component form and,
therefore, they change if we perform a coordinate trans-
formation. For example, one may change the space-time
coordinate in the background metric (69) and generate
some fake perturbations. There are two ways to overcome
this difficulty and deal with the real perturbations: (i) work-
ing with gauge-invariant perturbations, (ii) fixing the
gauge. In order to understand these approaches in more
detail, let us consider a general coordinate transformation

xμ → xμ þ ξμ: ðD1Þ

Note that the symbol ξ in this appendix always refers
to the vector ξμ defined above. Under the above trans-
formation, perturbations of a space-time tensor TI ¼
fs; vμ; tμν; fμνλ; � � �g change as

δTI → δTI þ £ξT̄I; ðD2Þ

where perturbations are shown by a δ, background values
are labeled by a bar, and £ξ denotes the Lie derivative along
ξμ. Performing SVT decomposition of ξμ, following the
method presented in Sec. VA 1, we find

ξμ ¼ ðξ0;Diξþ ξðTÞiÞ; ðD3Þ

where Diξ
ðTÞi ¼ 0.

Let us apply (D2) to the metric perturbations.
Substituting (125), (128), and (131) in (107), we find
the following form for the metric in terms of the hel-
icity modes:

gμν ¼
� −N2ð1þ 2αÞ NaðDiβ þ βðTÞi Þ
NaðDjβ þ βðTÞj Þ a2½ð1þ 2ψÞγij þ ðDiDj − 1

3
γijD2Þhþ Dðih

ðTÞ
jÞ þ hðTTÞij �

�
: ðD4Þ

Working with conformal time τ with N ¼ a and substituting TI ¼ fgμνg in (D2) and using (D3), it is straightforward to
show that the different helicities of the metric perturbations change as follows:
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(i) Helicity-2 modes:

hðTTÞij → hðTTÞij . ðD5Þ
(ii) Helicity-1 modes:

βðTÞi → βðTÞi − ðξðTÞi Þ0; hðTÞi → hðTÞi þ 2ξðTÞi . ðD6Þ

(iii) Helicity-0 modes:

α → αþHξ0 þ ðξ0Þ0; β → β − ξ0 þ ξ0; ψ → ψ þHξ0 þ 1

6
D2ξ; h → hþ 2ξ. ðD7Þ

where a prime denotes derivative with respect to the
conformal time τ and H ¼ a0=a is the conformal Hubble
parameter.

1. Helicity-2 tensor modes

As it can be clearly seen from (D5), the helicity-2 tensor

modes hðTTÞij are gauge invariant. Thus, as far as we are
interested in linear perturbations of the helicity-2 modes in
MAG, we can safely consider the following metric:

gμν ¼
�−N2 0

0 a2ðγij þ hðTTÞij Þ
�
: ðD8Þ

2. Helicity-1 vector modes

On the other hand, the helicity-1 vector modes are not
gauge invariant as shown in (D6). We can then either work
with a gauge-invariant variable or fix the gauge. From (D6),
it is clear that the combination

βðTÞi þ ðhðTÞi Þ0=2; ðD9Þ
is gauge invariant. So, for the linear perturbations, one can

work with metric (D4) keeping both βðTÞi and hðTÞi while
ignoring helicity-2 and helicity-0 modes. At the end, it can
be shown that working with (D9), there are only two real
d.o.f. for the system. Alternatively, we can fix the gauge by

choosing ξðTÞi such that βðTÞi ¼ 0 or hðTÞi ¼ 0 (while the
former does not completely fix the gauge). For the latter
choice, we find

gμν ¼
� −N2 NaβðTÞi

NaβðTÞj a2γij

�
: ðD10Þ

The above metric can be used for the linear perturbation
analysis of the helicity-1 modes in MAG.
Note that working with either gauge-invariant

variable (D9) or a gauge-fixed metric for the helicity-1
modes, e.g. (D10), there are only two real helicity-1 d.o.f.
in the metric sector. Thus, in any case we deal with two real

vector d.o.f. which is the direct consequence of the freedom

in choosing ξðTÞi .

3. Helicity-0 scalar modes

The helicity-0 scalar modes are also not gauge-invariant
as shown in (D7). Again, one can either fix the gauge or
work with gauge-invariant variables. In practice, it is easier
to fix the gauge and work with the real d.o.f. and we follow
this approach here. We have freedom in choosing ξ0 and ξ.
Thus, we can work in the following gauges without any
ambiguities:

(i) Longitudinal (Newtonian) gauge: β ¼ 0 and h ¼ 0

gμν ¼
�−N2ð1þ 2αÞ 0

0 a2½ð1þ 2ψÞγij�

�
: ðD11Þ

As it can be seen the metric takes a diagonal form in
this case.

(ii) Spatially uniform gauge: ψ ¼ 0 and h ¼ 0

gμν ¼
�−N2ð1þ 2αÞ NaDiβ

NaDjβ a2γij

�
: ðD12Þ

Note that, in this gauge, the spatial sector of metric
remains the same as the background spatial metric.

One can safely work with either (D11) and (D12) as far
as linear perturbations of the helicity-0 modes are con-
cerned in MAG. In both cases, we deal with two real d.o.f.
in the metric sector which is the direct consequence of the
freedom in choosing ξ0 and ξ.
It is also worth mentioning that fixing the gauge in the

metric sector, one can safely deal with all other perturba-
tions with different helicities in both geometry (torsion and
nonmetricity) and matter sectors at any level of perturba-
tions. However, one may be interested in different gauges
such that fixing the gauge in the torsion and/or nonmetricity
sector. Although cumbersome, this is very straightforward:
one needs to find how the helicity modes of torsion and
nonmetricity change under a general coordinate trans-
formation (D1) by applying the formula (D2). The same
also holds if one is interested in fixing the gauge in the
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matter sector: one needs to look how helicity modes of the
energy-momentum and hypemomentum tensors change
under (D1). For example, the so-called comoving gauge
fixes the gauge such that the four-velocity of the comoving
observer in the energy-momentum tensor remains similar to
its background value all the time. There might be some
interesting gauges with clear physical meaning in the
torsion and nonmetricity or hypemomentum sectors as
well. However, this is beyond the scope of this paper and
we leave it for future works.

APPENDIX E: INTERACTION
OF SPIN-3 FIELD qλμν

In Sec. VI, we have worked out the resulting action for
the helicity-3 modes arising from the general quadratic
action (164) of MAG. As can be seen from (22) and (58),
the helicity-3 modes are encoded in the irreducible part qμνλ
of the traceless nonmetricity tensor. In this appendix, we
thus classify the Lagrangian in the action (164) based on
the kinetics and the interactions of qμνλ as follows:

L ¼ Lðq−RÞ
g þ Lðq−qÞ

g þ Lðq−WÞ
g þ Lðq−ΛÞ

g þ Lðq−TÞ
g þ Lðq−SÞ

g þ Lðq−RTSWΛÞ
g

þ Lðq−tÞ
g þ Lðq−ΩÞ

g þ Lðq−RTStWΛÞ
g þ Lðq−RTSWΛΩÞ

g þ Lðq−TStWΛΩÞ
g ; ðE1Þ

where

16πLðq−RÞ
g ¼ 1

6
ð−α1 þ 3α2 þ 4α3 − α4 − α5ÞqαρτqαρτRþ ðα2 þ 6α3 þ α4 þ α5ÞqαλμqαρτRρλτμ

þ 2α4Rαρ∇τqαρτ þ ðα4 þ α5ÞqατλqρτλRαρ; ðE2Þ

16πLðq−qÞ
g ¼

�
−
1

4
þ d2 þ d1

�
qλμαqλμα þ

1

8
ðα2 þ 6α3Þqατνqρτνqλμρqλμα þ

1

4
ð−2α4 þ 2α5 þ α6Þ∇ρqμαρ∇λqλμα

þ 1

48
ðα1 − 3α2 − 4α3 þ α4 þ α5Þqρτνqρτνqλμαqλμα þ

1

8
ð−α2 − 6α3 − α4 − α5Þqατνqλρτqλμαqμρν

þ 1

2
ð−α2 þ α3Þð∇αqλμρ −∇ρqλμαÞ∇ρqλμα −

1

2
α4qλμρqλμα∇τqαρτ; ðE3Þ

16πLðq−WÞ
g ¼ α4qαρτqρλμqτλμWα þ 1

4
ðα1 − 2α2 þ 2α3ÞqρτλqρτλWαWα − 2α4qαρτWαWρWτ

þ
�
1

2
α2 − 4α3 − 2α4 þ 2α5 þ α6

�
qατλqρτλWαWρ þ 1

2
ð−α1 þ 3α2 þ 4α3Þqρτλqρτλ∇αWα

þ ð−α2 − 6α3Þqατλqρτλ∇ρWα þ α4WαWρ∇τqαρτ þ 2α4∇ρWα∇τqαρτ − 4α4qαρτWα∇τWρ

þ ð−α2 þ α3 þ 2α4 − 2α5 − α6ÞqαρτWα∇λqρτλ; ðE4Þ

16πLðq−ΛÞ
g ¼ 1

4
½−α2 − 3ð2α3 þ α4Þ�qαρτqρλμqτλμΛα þ 1

64
ð−3α1 þ 14α2 þ 42α3 þ 12α4ÞqρτλqρτλΛαΛα

þ 9

32
ðα2 − 8α3 − 4α4 þ 4α5 þ 2α6ÞqατλqρτλΛαΛρ þ 1

32
ð49α2 þ 42α3 − 9α4 þ 72α5 þ 36α6ÞqαρτΛαΛρΛτ

þ 1

8
½3α1 − 9α2 − 2ð6α3 þ α4Þ�qρτλqρτλ∇αΛα þ

�
3

4
α2 þ

9

2
α3 þ α4

�
qατλqρτλ∇ρΛα

þ 1

16
ð12α2 − 12α3 − 11α4 þ 24α5 þ 12α6ÞΛαΛρ∇τqαρτ þ

�
−α2 þ α3 þ

1

2
α4 − 2α5 − α6

�
∇ρΛα∇τqαρτ

þ 1

4
ð−9α2 − 12α3 − α4 − 12α5 − 6α6ÞqαρτΛα∇τΛρ þ 1

4
ð3α2 − 3α3 − 4α4 þ 6α5 þ 3α6ÞqαρτΛα∇λqρτλ; ðE5Þ

16πLðq−TÞ
g ¼ 16

27
α4qαρτTαTρTτ −

2

3
α4qαρτqρνλqτνλTα þ 4

9
α4TαTρ∇τqαρτ −

4

3
α4∇ρTα∇τqαρτ −

16

9
α4qαρτTα∇τTρ

þ 2

9
ðα2 − 8α3 − 4α4 þ 4α5 þ 2α6ÞqατνqρτνTαTρ þ 2

3
ðα2 − α3 − 2α4 þ 2α5 þ α6ÞqαρτTα∇νqρτν

þ 2

3
ðα2 þ 6α3Þqατνqρτν∇ρTα þ 1

9
ðα1 − 2α2 þ 2α3ÞqρτνqρτνTαTα þ 1

3
ðα1 − 3α2 − 4α3Þqρτνqρτν∇αTα; ðE6Þ
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16πLðq−SÞ
g ¼ −

1

144
α1qρτνqρτνSαSα þ

1

144
ða5 þ a6 þ a7 þ 4α2 þ 10α3ÞqατνqρτνSαSρ −

1

36
α4SαSρ∇τqαρτ

þ 1

36
ða5 − a7ÞqαρτSα∇τSρ þ 1

6
ðα2 − α3ÞεανλμqρτνSα∇μqρτλ; ðE7Þ

16πLðq−RTSWΛÞ
g ¼ 8

3
α4qαρτðRρτ − TρWτÞTα þ 4α4qαρτðTαWρWτ −RρτWαÞ þ 8

3
α4qαρτðWα∇τTρ þ Tα∇τWρÞ

−
4

3
α4TαWρ∇τqαρτ þ

1

54
ð−a5 þ a7 − 2α4ÞqαρτSαSρTτ þ 1

3
ð−α1 þ 2α2 − 2α3ÞqρτνqρτνTαWα

−
2

3
ðα2 − 8α3 − 4α4 þ 4α5 þ 2α6ÞqατνqρτνTαWρ þ 1

36
ða5 − a7 þ 2α4ÞqαρτSαSρWτ

þ 1

12
ð3α1 − 6α2 þ 6α3 þ 2α4ÞqρτνqρτνTαΛα þ

1

3
ð2α2 − 2α3 − α4 þ 4α5 þ 2α6ÞTαΛρ∇τqαρτ

þ 1

8
½−3α1 þ 6α2 − 2ð3α3 þ α4Þ�qρτνqρτνWαΛα þ ðα2 þ 6α3 þ 3α4ÞqαρτRρτΛα

þ
�
1

2
α2 − 4α3 − 2α4 þ 2α5 þ α6

�
qατνqρτνTαΛρ −

3

4
ðα2 − 8α3 − 4α4 þ 4α5 þ 2α6ÞqατνqρτνWαΛρ

þ 1

144
ð−7a5 − 4a6 − a7 þ 2α2 − 16α3 − 6α4ÞqαρτSαSρΛτ þ 2

9
ð5α2 þ 2α3 þ α4 þ 8α5 þ 4α6ÞqαρτTαTρΛτ

þ 1

6
ð5α2 þ 2α3 þ α4 þ 8α5 þ 4α6Þð3Wα − 4TαÞqαρτWρΛτ þ ð2α2 − 2α3 − α4 þ 4α5 þ 2α6ÞqαρτWα∇τΛρ

þ
�
5

2
α2 þ α3 −

3

4
α4 þ 4α5 þ 2α6

�
qαρτTαΛρΛτ −

3

8
ð10α2 þ 4α3 − 3α4 þ 16α5 þ 8α6ÞqαρτWαΛρΛτ

þ
�
−α2 þ α3 þ

1

2
α4 − 2α5 − α6

�
WαΛρ∇τqαρτ −

2

3
ðα2 þ 6α3 þ 3α4ÞqαρτΛα∇τTρ

þ ðα2 þ 6α3 þ 3α4ÞqαρτΛα∇τWρ −
2

3
ð2α2 − 2α3 − α4 þ 4α5 þ 2α6ÞqαρτTα∇τΛρ; ðE8Þ

16πLðq−tÞ
g ¼ 1

4
ða8 þ a9 − a10 − a11Þ½4∇ρtαρν∇βqανβ − tαρνð−2tρνβ∇λqαβλ þ tβρν∇λqαβλÞ þ 4qαβρtαγβ∇λtργλ�

−
1

2
ða9 − a11Þðqαλμtαρνtρνβtλβμ þ 2tαρνqανβ∇λtλρβÞ þ

1

2
ða5 − a7Þtαρν½qαλμtρβλðtβνμ þ tμνβÞ

þ qαβλð−2∇νtβρλ þ∇λtβρνÞ� þ
1

4
ð2a5 − 2a7 þ a8 þ a9 − a10 − a11Þqανμtαρνtρβλtμβλ

−
1

2
ða8 − a10Þqβλμtαρνtρνβtλαμ −

1

2
α4qαρνqτβλqνβλtαρτ þ

1

24
ð−α1 þ 3α2 þ 4α3 − α4 − α5Þqνβλqνβλtαρτtαρτ

þ 1

2
ðα2 − α3Þqτβλqνβλtαρνtαρτ þ

1

4
ð−α2 − 6α3 − α4 − α5Þqρνλqτβλtανβtαρτ

þ 1

12
ð−α1 þ 3α2 þ 4α3 − α4 − α5Þqνβλqνβλtαρτtρατ þ

1

2
ðα2 − α3Þqτβλqνβλtαρτtραν þ

1

2
ð−α4 − α5Þqαβλqνβλtαρτtρτν

þ ð−α2 þ α3Þqανλqτβλtαρτtρνβ þ
1

8
β20qαβλqνβλtαρτtνρτ þ

�
α2 þ

5

2
α3 þ α4 þ α5 −

1

4
β20

�
qαβλqτνλtαρτtνρβ

þ 1

2
ð−α2 þ 8α3 þ α4 þ α5Þqανλqτβλtαρτtνρβ þ

1

16
β21qατλqνβλtαρτtνρβ

þ 1

16
ð32α2 þ 80α3 þ 24α4 þ 8α5 − 4α6 þ β21Þqαρβqτνλtαρτtνβλ þ ðα2 − α3Þqρνβtαρτ∇αqτνβ

þ ð−α4 − α5Þqανβqτνβ∇ρtαρτ þ ðα2 − α3Þqρνβtαρτ∇τqανβ þ ð−α2 þ α3Þqανβtαρτ∇τqρνβ

þ 2ðα2 þ 6α3 þ α4 þ α5Þqαρβqτνβ∇νtαρτ þ ð−2α2 þ 2α3Þqρνβtαρτ∇βqατν þ
�
−α4 þ α5 þ

1

2
α6

�
qαρνtαρτ∇βqτνβ;

ðE9Þ
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16πLðq−ΩÞ
g ¼ 1

54
�Ωαργ½4β4�Ωα

βλ�Ωρβ
μqγλμ þ ð2β1�Ωαρ

β þ β2�Ωρα
βÞ�Ωλ

γ
μqβλμ − β3�Ωργ

βð�Ωλ
β
μqαλμ þ�Ωλ

α
μqβλμÞ�

þ 1

54
�Ωρ

βλfβ3�Ωα
βλ�Ωγρμqαγμ þ 2β6�Ωαργ�Ωμ

βγqλαμ þ
2

3
�Ωβ

αγ½ð2β4 − β6Þ�Ωα
ρμ − 3β6�Ωμρ

α�qλγμg

þ 1

9
β9�Ωαργ½�Ωβ

ρ
λð∇βqαγλ −∇λqαγβÞ− 2�Ωρ

βλ∇λqαγβ� þ
1

18
β10�Ωαργð2�Ωρ

β
γ þ�Ωβ

ργÞ∇λqαβλ

þ 1

18
�Ωαγρðβ11�Ωα

β
ρ þ 2β12�Ωρ

β
αÞ∇λqγβλ −

1

9
β13�Ωαργqβλγ∇α�Ωβ

ρ
λ þ 1

9
β14�Ωαργqβλγ∇ρ�Ωβ

α
λ

−
1

9
β15�Ωαργqλαγ∇β�Ωρ

βλ þ 1

3
ð−a10 þ a11Þ�Ωαργqλαγ∇β�Ωβ

ρ
λ þ 1

6
β16∇ρ�Ωαργ∇βqαγβ

þ 1

3
β9∇γqαρβ∇β�Ωαργ þ 1

9
β18�Ωαργqβαγ∇λ�Ωβ

ρ
λ −

1

9
β19�Ωαργqβλγ∇λ�Ωαρ

β þ 1

9
β17�Ωαργqβλγ∇λ�Ωβ

αρ

−
1

9
�Ωαργfβ8qγβλ∇λ�Ωρα

β þ qαβλ½β5∇γ�Ωβ
ρ
λ − β17ð∇λ�Ωργ

β −∇λ�Ωβ
ργÞ�g

×
1

432
β27�Ωαρτ�Ωνβγqαρβqτνγ þ

1

36
ðβ22 − 5β23 − β26Þ�Ωαρτ�Ων

ρ
βqαβγqτνγ þ

1

18
ðβ22 þ β23Þ�Ωαρτ�Ωρ

νβqανγqτβγ

þ 1

36
ð2β22 − 4β23 − β26Þ�Ωαρτ�Ων

ρ
βqανγqτβγ þ

1

36
ðβ22 þ β23Þ�Ωα

νβ�Ωαρτqρνγqτβγ

þ 1

432
β28�Ωαρτ�Ων

ρ
βqατγqνβγ −

1

54
β30�Ωαρτ�Ωρτ

νqαβγqνβγ þ
1

108
β30�Ωαρτ�Ων

ρτqαβγqνβγ

þ 1

108
ð−9β22 þ 3β23 þ β24 − 2β25 þ β26Þ�Ωαρ

ν�Ωαρτqτβγqνβγ þ
1

3
β22�Ωαρτqρνβ∇αqτνβ

þ 1

108
ð−6β22 − 3β23 − 3β25 þ β26Þ�Ωαρτ�Ωρα

νqτβγqνβγ þ
1

72
ð−6β22 þ β24 þ 4β25 − 4β26Þ�Ωαρτqαρνqτβγqνβγ

−
1

18
a1�Ωαρτ�Ωαρτqνβγqνβγ −

1

18
a1�Ωαρτ�Ωρατqνβγqνβγ þ

1

12
β24qανβqτνβ∇ρ�Ωαρτ

þ 1

6
β22�Ωαρτqρνβ∇τqανβ −

1

6
β22�Ωαρτqανβ∇τqρνβ þ

1

6
ð3β22 þ β26Þqαρβqτνβ∇ν�Ωαρτ −

1

2
β22�Ωαρτqρνβ∇βqατν

þ 1

108
β29�Ωαρτqαρν∇βqτνβ; ðE10Þ

16πLðq−RTStWΛÞ
g ¼ 1

12
ða5 þ a6 þ a7 þ 2α2 − 2α3ÞεανλμqρσλqτσμSαtρτν þ

1

12
ð−α2 þ 8α3 þ α4 þ α5ÞεαρλμqτσλqνσμSαtρτν

þ 1

24
ða5 þ a6 þ a7 − 2α2 þ 2α3ÞεατνμqρσλqσλμSαtρτν þ

1

12
ð−α4 − α5ÞεαρνμqτσλqσλμSαtρτν

þ 1

72
ð−α1 þ 3α2 þ 4α3 − α4 − α5ÞεαρτνqσλμqσλμSαtρτν

þ 1

48
ð−4a10 − 4a5 þ 4a7 − 4a9 − 4α4 þ α6ÞεασλμqρνμSαtρτνtτσλ þ

1

12
ða5 − a7ÞεαρλμqνσμSαtρτνtτσλ

− 2α4qρτνRαρtταν þ
1

72
ða5 − a7 þ 2α4ÞqρτνSαSρtταν þ

1

48
ð−4a10 − 4a9 þ α6ÞεασλμqρνμSαtρτνtστλ

þ 1

48
ð−4a10 þ 4a5 − 4a7 − 4a9 − 4α4 þ α6ÞεανλμqρτσSαtρτνtσλμ

þ 1

48
ð−4a10 − 4a9 − 8α4 þ α6ÞεανσμqρτλSαtρτνtσλμ þ

1

3
ð2α2 þ 12α3 þ α4 þ α5ÞqρνσqτνσtρατTα

þ 2

3
ð7α3 þ 3α4 − α5 − α6ÞqατσqρνσtρτνTα þ 1

3
ð−a5 þ a7 − 4α4ÞqαρσtρτνtτνσTα

þ 1

6
ð−4a10 − 2a5 þ 2a7 − 4a9 − 4α4 þ α6ÞqτνσtαρτtνρσTα þ 1

12
ð−4a10 − 4a9 þ α6ÞqτνσtρατtνρσTα
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þ 1

12
ð4a10 þ 4a5 − 4a7 þ 4a9 þ 8α4 − α6ÞqρνσtρατtντσTα þ 2

3
α4qαρσtρτνtστνTα

þ 1

18
ða5 − a7ÞεανσλqρτλSαtτνσTρ þ 1

18
ð−a5 þ a7 − 4α4ÞεατσλqρνλSαtτνσTρ −

4

3
α4qρτνtτανTαTρ

þ
�
−α2 − 6α3 −

1

2
α4 −

1

2
α5

�
qρνσqτνσtρατWα þ ð−7α3 − 3α4 þ α5 þ α6ÞqατσqρνσtρτνWα

þ 1

2
ða5 − a7 þ 4α4ÞqαρσtρτνtτνσWα þ

�
a10 þ

1

2
a5 −

1

2
a7 þ a9 þ α4 −

1

4
α6

�
qτνσtαρτtνρσWα

þ 1

8
ð4a10 þ 4a9 − α6ÞqτνσtρατtνρσWα þ 1

8
ð−4a10 − 4a5 þ 4a7 − 4a9 − 8α4 þ α6ÞqρνσtρατtντσWα

− α4qαρσtρτνtστνWα þ 1

12
ð−a5 þ a7ÞεανσλqρτλSαtτνσWρ þ 1

12
ða5 − a7 þ 4α4ÞεατσλqρνλSαtτνσWρ

þ 2α4qρτνtτανTαWρ þ 2α4qατνtτρνTαWρ − 3α4qρτνtτανWαWρ

þ 1

8
ð6α2 þ 36α3 þ 13α4 þ 3α5ÞqρνσqτνσtρατΛα þ 1

4
½21α3 þ 7α4 − 3ðα5 þ α6Þ�qατσqρνσtρτνΛα

þ 1

2
ðα2 − α3ÞqανσtρτσtρτνΛα þ 1

2
ðα2 − α3ÞqανσtρτνtτρσΛα

þ 1

8
ð−5a5 − 2a6 þ a7 − 28α3 − 12α4ÞqαρσtρτνtτνσΛα

þ 1

16
ð−28a10 þ 16a12 − 2a5 þ 4a6 þ 10a7 þ 4a9 þ 4α4 þ 16α5 þ 7α6ÞqτνσtαρτtνρσΛα

þ
�
−
1

8
a10 −

1

4
a12 −

5

8
a9 þ α2 − α3 −

3

2
α4 þ α5 þ

21

32
α6

�
qτνσtρατtνρσΛα

þ 1

32
ð4a10 þ 8a12 þ 4a5 − 8a6 − 20a7 þ 20a9 þ 32α2 − 32α3 − 8α4 þ 48α5 þ 19α6ÞqρνσtρατtντσΛα

þ 1

4
ð−a5 − a6 − a7 þ α2 þ 6α3 þ 3α4ÞqαρσtρτνtστνΛα

þ 1

48
ð9a5 þ 6a6 þ 3a7 − 4α2 þ 4α3ÞεανσλqρτλSαtτνσΛρ þ 1

12
ð−a5 þ a7ÞεατνλqρσλSα∇σtρτν

þ 1

48
ð−5a5 − 2a6 þ a7 − 28α3 − 12α4ÞεατσλqρνλSαtτνσΛρ

þ 1

16
ð−4a10 þ 4a12 þ 4a9 þ 4α4 þ 4α5 þ α6ÞεαρσλqτνλSαtτνσΛρ

þ 1

6
ð−4α2 − 10α3 − 5α4 − 4α5 − 2α6ÞqρτνtτανTαΛρ þ

�
−2α2 þ 2α3 þ

5

2
α4 − 4α5 − 2α6

�
qατνtτρνTαΛρ

þ
�
α2 þ

5

2
α3 þ

5

4
α4 þ α5 þ

1

2
α6

�
qρτνtτανWαΛρ þ

�
3α2 − 3α3 −

15

4
α4 þ 6α5 þ 3α6

�
qατνtτρνWαΛρ

−
3

16
ð16α2 − 2α3 − 11α4 þ 28α5 þ 14α6ÞqρτνtτανΛαΛρ þ 1

12
ð−a5 þ a7Þεανσλqρτλtτνσ∇ρSα

þ 1

24
ð−4a10 − 4a9 − 4α4 þ α6Þεαρσλqτνλtτνσ∇ρSα

þ 1

6
ð−4a10 − 2a5 þ 2a7 − 4a9 þ α6Þqατνtτρν∇ρTα þ 1

6
ð−a5 þ a7ÞεανσλqρτλSα∇σtρτν

þ
�
−a12 þ a15 − a16 þ

1

2
a6 þ a7 − 2a9 − 3α4 − α5

�
qρτνtταν∇ρWα

þ
�
a12 − a15 þ a16 −

1

2
a6 − a7 þ 2a9 þ α4 þ α5

�
qατνtτρν∇ρWα
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þ 1

8
ð12a10 − 6a12 − 3a6 − 6a7 þ 8α2 − 8α3 − 2α4 þ 2α5 þ α6Þqρτνtταν∇ρΛα

þ 1

8
ð−12a10 þ 6a12 þ 3a6 þ 6a7 − 2α4 þ 14α5 þ 7α6Þqατνtτρν∇ρΛα −

8

3
α4qαρνTα∇τtρτν

þ 4α4qαρνWα∇τtρτν þ ½−α2 − 3ð2α3 þ α4Þ�qαρνΛα∇τtρτν þ ðα2 − α3ÞtρτνΛα∇νqαρτ

−
2

3
α4tρατTα∇νqρτν þ α4tρατWα∇νqρτν þ

�
−α2 þ α3 þ

7

4
α4 −

5

4
ð2α5 þ α6Þ

�
tρατΛα∇νqρτν

−
1

6
α4εαρνλSαtρτν∇σqτσλ þ

1

6
ð4a10 þ 2a5 − 2a7 þ 4a9 þ 8α4 − α6Þqρτνtταν∇ρTα; ðE11Þ

16πLðq−RTSWΛΩÞ
g ¼ 1

3
ð4α4 þ α5Þ�ΩαρτqατνRρ

ν −
2

3
ðα2 þ 6α3 þ α4 þ α5Þ�ΩαρτqρνσRαντσ

þ 1

108
ð−2a10 þ a11 − a12 þ 2a13 þ 4a2 − 2a3 − 3a4 þ 2a5 − 2a7Þðεανλμqρτσ þ εανσμqρτλÞ�Ωρτν�ΩσλμSα

þ 1

108
ð−3a10 − 3a12 þ 2a6 þ 4a7 − 4α2 þ 4α3 − 2α5Þð�Ωτ

σλ þ�Ωσ
τ
λÞεασλμ�ΩρτνqρνμSα

þ 1

108
ð2a2 þ 4a3 þ 2a4 þ a5 − 2a6 − 4a7Þðεανλμ�Ωτ

σλqρσμ þ εαρλμ�Ωτ
σλqνσμ − εανσμ�Ωσ

τ
λqρλμÞ�ΩρτνSα

þ 1

72
½−a6 þ 2ð−a7 − 2α2 þ 9α3 þ α4 þ α5Þ�ðεανλμqρσλqτσμ − εαρλμqτσλqνσμÞ�ΩρτνSα

þ 1

72
ð−a6 − 2a7 þ 2α2 − 2α3 þ α5Þðεατνμqρσλ þ εαρνμqτσλÞ�ΩρτνSαqσλμ

þ 1

432
ð4a5 þ 7a6 þ 10a7 − 8α2 þ 22α3 − 6α4Þ�Ωτ

α
νqρτνSαSρ

þ 1

27
ð2a4 þ 2a7 þ 2α2 − 9α3 − 9α4 þ 3α5 þ 2α6Þð2�Ωτν

σ − �Ωσ
τνÞ�ΩρτνTαqαρσ

þ 1

27
½−a4 − a7 þ 2ð4α2 þ 3α3 þ α4 þ 3α5 þ α6Þ��Ωρτ

σ�ΩρτνqανσTα

þ 1

27
ða4 þ a7 þ 10α2 − 3α3 − 7α4 þ 9α5 þ 4α6Þ�Ωρτν�Ωτρ

σqανσTα

þ 1

54
ð18a10 − 18a4 − 18a7 þ 12α2 þ 30α3 þ 14α4 þ 6α5 − 3α6Þ�Ωρ

α
τ�Ων

τ
σqρνσTα

þ 1

9
½−21α3 − 11α4 þ 3ðα5 þ α6Þ��ΩρτνqατσqρνσTα

þ 1

36
ð−24a10 þ 12a4 þ 12a7 − 8α2 − 48α3 − 8α4 − 8α5 þ 3α6Þ�Ωα

ρτ�Ων
ρ
σqτνσTα

þ 1

108
ð−36a10 − 84α3 þ 4α4 − 12α5 þ 3α6Þ�Ωρ

α
τ�Ων

ρ
σqτνσTα

þ 1

18
ð−6α2 − 36α3 − 2α4 − 3α5Þ�Ωρ

α
τqρνσqτνσTα þ 1

12
ð6α2 þ 36α3 þ 2α4 þ 3α5Þ�Ωρ

α
τqρνσqτνσWα

þ 1

108
½8a4 − 3a6 þ 2ða7 − 2α2 − 12α3 − 2α4 þ α6Þ�ðεανσλqρτλ þ εατσλqρνλÞ�ΩτνσSαTρ

þ 1

18
ð−2a4 þ a6 þ 7α3 þ α4 þ α5Þεαρσλ�ΩτνσqτνλSαTρ

−
2

27
ð2α2 þ 5α3 − 11α4 þ 2α5 þ α6Þ�Ωτ

α
νqρτνTαTρ þ 1

6
½21α3 þ 11α4 − 3ðα5 þ α6Þ��ΩρτνqατσqρνσWα

þ 1

18
ð−2a4 − 2a7 − 2α2 þ 9α3 þ 9α4 − 3α5 − 2α6Þð2�Ωτν

σ − �Ωσ
τνÞ�ΩρτνqαρσWα
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þ 1

18
½a4 þ a7 − 2ð4α2 þ 3α3 þ α4 þ 3α5 þ α6Þ��Ωρτ

σ�ΩρτνqανσWα

þ 1

18
ð−a4 − a7 − 10α2 þ 3α3 þ 7α4 − 9α5 − 4α6Þ�Ωρτν�Ωτρ

σqανσWα

þ 1

36
ð−18a10 þ 18a4 þ 18a7 − 12α2 − 30α3 − 14α4 − 6α5 þ 3α6Þ�Ωρ

α
τ�Ων

τ
σqρνσWα

þ 1

24
ð24a10 − 12a4 − 12a7 þ 8α2 þ 48α3 þ 8α4 þ 8α5 − 3α6Þ�Ωα

ρτ�Ων
ρ
σqτνσWα

þ 1

72
ð36a10 þ 84α3 − 4α4 þ 12α5 − 3α6Þ�Ωρ

α
τ�Ων

ρ
σqτνσWα

þ 1

72
ð−8a4 þ 3a6 − 2a7 þ 4α2 þ 24α3 þ 4α4 − 2α6Þðεανσλqρτλ þ εατσλqρνλÞ�ΩτνσSαWρ

þ 1

12
ð2a4 − a6 − 7α3 − α4 − α5Þεαρσλ�ΩτνσqτνλSαWρ

þ 1

9
ð2α2 þ 5α3 − 11α4 þ 2α5 þ α6Þð�Ωτ

ρ
νqατν þ �Ωτ

α
νqρτνÞTαWρ

þ 1

6
ð−2α2 − 5α3 þ 11α4 − 2α5 − α6Þ�Ωτ

α
νqρτνWαWρ

þ 1

36
ð10a4 þ 10a7 þ 2α2 − 65α3 − 25α4 þ 7α5 þ 6α6Þ

�
�Ωτν

σ −
1

2
�Ωσ

τν

�
�ΩρτνΛαqαρσ

þ 1

72
ð−5a4 − 5a7 þ 40α2 þ 58α3 þ 14α4 þ 22α5 þ 6α6Þ�Ωρτ

σ�ΩρτνqανσΛα

þ 1

72
ð5a4 þ 5a7 þ 42α2 − 7α3 − 11α4 þ 29α5 þ 12α6Þ�Ωρτν�Ωτρ

σqανσΛα

þ 1

144
ð90a10 − 90a4 − 90a7 þ 92α2 þ 174α3 − 18α4 þ 78α5 þ 9α6Þ�Ωρ

α
τ�Ων

τ
σqρνσΛα

þ
�
−
1

3
α2 þ

1

8
ð−37α3 − 11α4 þ α5 þ 3α6Þ

�
�ΩρτνqατσqρνσΛα

−
5

96
ð24a10 − 12a4 − 12a7 þ 8α2 þ 48α3 þ 8α4 þ 8α5 − 3α6Þ�Ωα

ρτ�Ων
ρ
σqτνσΛα

þ 1

288
ð−180a10 þ 64α2 − 372α3 − 156α4 þ 36α5 þ 63α6Þ�Ωρ

α
τ�Ων

ρ
σqτνσΛα

þ 1

48
½−14α2 − 3ð28α3 þ 14α4 þ 5α5Þ��Ωρ

α
τqρνσqτνσΛα

þ 1

288
½24a4 − 19a6 − 2ð7a7 þ 2α2 þ 26α3 þ 4α4 − 3α6Þ�ðεανσλqρτλ þ εατσλqρνλÞ�ΩτνσSαΛρ

þ 1

16
ð4a10 − 2a12 − 2a4 þ a6 þ 7α3 þ α4 − α5 − α6Þεαρσλ�ΩτνσqτνλSαΛρ

þ 1

12
ð10α2 − 17α3 − 21α4 þ 22α5 þ 11α6Þ�Ωτ

ρ
νqατνTαΛρ

þ 1

12
ð2α2 þ 5α3 þ 5α4 þ 2α5 þ α6Þ�Ωτ

α
νqρτνTαΛρ

þ 1

8
ð−10α2 þ 17α3 þ 21α4 − 22α5 − 11α6Þ�Ωτ

ρ
νqατνWαΛρ

þ 1

8
ð−2α2 − 5α3 − 5α4 − 2α5 − α6Þ�Ωτ

α
νqρτνWαΛρ

þ 1

32
ð34α2 − 69α3 − 57α4 þ 78α5 þ 39α6Þ�Ωτ

α
νqρτνΛαΛρ

þ 1

36
½−4a4 þ a6 þ 2ð−a7 þ α2 þ 6α3 þ α4 þ α5Þ�ðεανσλqρτλ þ εατσλqρνλÞ�Ωτνσ∇ρSα
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þ 1

12
ð2a10 þ a12 þ α5Þεαρσλ�Ωτνσqτνλ∇ρSα

þ 1

18
ð12a10 þ 6a12 − 12a4 þ 3a6 − 6a7 þ 8α2 þ 48α3 þ 12α5Þ�Ωτ

ρ
νqατν∇ρTα

þ 1

18
ð−12a10 − 6a12 þ 12a4 − 3a6 þ 6a7 − 4α2 − 24α3 − 12α4 − 12α5Þ�Ωτ

α
νqρτν∇ρTα

þ
�
−a12 − a16 þ a4 þ a7 −

2

3
α2 − 4α3 −

3

2
α5 −

1

4
α6

�
�Ωτ

ρ
νqατν∇ρWα

þ
�
a12 þ a16 − a4 − a7 þ

1

3
α2 þ 2α3 þ α4 þ

3

2
α5 þ

1

4
α6

�
�Ωτ

α
νqρτν∇ρWα

þ 1

48
ð72a10 − 36a4 − 36a7 þ 24α2 þ 144α3 þ 32α4 − 6α5 − 21α6Þ�Ωτ

ρ
νqατν∇ρΛα

þ 1

48
ð−72a10 þ 36a4 þ 36a7 − 36α2 − 48α3 − 4α4 − 42α5 − 3α6Þ�Ωτ

α
νqρτν∇ρΛα

þ 1

9
ðα2 − α3 − 8α4 þ 2α5 þ α6Þð−2Tα þ 3WαÞqαρν∇τ�Ωρτν

þ 1

12
ð3α2 þ 39α3 þ 22α4 − 6α5 − 3α6ÞqαρνΛα∇τ�Ωρτν þ 1

3
ðα2 − α3Þð−2Tα þ 3WαÞ∇νqαρτ�Ωρτν

−
5

4
ðα2 − α3Þ�ΩρτνΛα∇νqαρτ þ

1

36
ð−4α2 þ 4α3 þ 8α4 − 2α5 − α6Þð2Tα − 3WαÞ�Ωρ

α
τ∇νqρτν

þ 1

48
ð12α2 − 12α3 − 56α4 þ 54α5 þ 27α6Þ�Ωρ

α
τΛα∇νqρτν

þ 1

72
ð2α5 þ α6Þðεατνλ∇σqρσλ þ εαρνλ∇σqτσλÞ�ΩρτνSα þ 1

18
ðα2 − α3Þεανσλ�ΩρτνSα∇λqρτσ

þ 1

36
ð−3a6 − 6a7 þ 2α2 − 2α3ÞεανσλqρτλSα∇σ�Ωρτν

þ 1

36
½−a6 − 2ða7 − α2 þ α3Þ�ðεατνλqρσλ þ εαρνλqτσλÞSα∇σ�Ωρτν; ðE12Þ

16πLðq−TStWΛΩÞ
g ¼ 1

18
ðα1 − 3α2 − 4α3 þ α4 þ α5Þ�Ωαρτqνσλqνσλtαρτ þ

1

12
ð−6α2 þ 6α3 − α5Þ�Ωαρτqτσλqνσλtαρν

þ 1

72
ð−12a10 þ 12a12 − 84α3 − 12α4 − 4α5 þ 3α6Þ�Ωαρτ�Ωνσλqτνλtαρσ

þ 1

36
ð−6a10 þ 6a12 þ 8α5 þ 3α6Þ�Ωαρτ�Ων

ρ
σqνσλtατλ

þ 1

18
ða4 − a6 − a7 − 6α2 − α3 − α4 − α5Þ�Ωαρτ�Ωρ

νσqτσλtανλ

þ 1

18
ð2a4 þ a6 þ 4a7 − 8α2 þ 8α3Þ�Ωαρτ�Ων

ρ
σqτσλtανλ þ

1

6
ð2α2 þ 5α3 þ α4 þ α5Þ�Ωαρτqρνλqτσλtανσ

þ 1

18
ða4 þ 2a6 þ 5a7 − 2α2 þ 9α3 þ α4 þ α5Þ�Ωαρτ�Ων

ρ
σqτνλtασλ

þ 1

18
ðα1 − 3α2 − 4α3 þ α4 þ α5Þ�Ωαρτqνσλqνσλtρατ þ

1

12
ð−6α2 þ 6α3 þ 4α4 þ α5Þ�Ωαρτqτσλqνσλtραν

þ 1

72
ð−12a10 − 84α3 þ 4α4 − 20α5 − 3α6Þ�Ωαρτ�Ωνσλqτνλtρασ þ

1

6
ð2α4 þ α5Þ�Ωαρτqασλqνσλtρτν

þ 1

36
ð−6a12 þ 8α4 − 8α5 − 3α6Þ�Ωαρτ�Ωνσλqανλtρτσ

þ 1

72
ð12a10 þ 24a4 − 4a6 þ 16a7 − 16α2 − 68α3 þ 4α4 − 12α5 − 3α6Þ�Ωαρτ�Ωνσλqατλtρνσ
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þ 1

18
½2a4 − a6 − 2ð2α2 þ 5α3 þ α4 þ α5Þ��Ωα

νσ�Ωαρτqτσλtρνλ

þ 1

6
ð2α2 þ 5α3 þ α4 þ α5Þð�Ωαρτqτσλtανσtρνλ þ �ΩαρτqανλqτσλtρνσÞ

þ 1

72
ð−12a10 − 24a4 þ 4a6 − 16a7 þ 16α2 þ 68α3 − 4α4 þ 12α5 þ 3α6Þ�Ωαρτ�Ωνσλqατνtρσλ

þ 1

72
ð−4a4 þ 4a5 þ 5a6 þ 2a7 − 4α2 þ 18α3 þ 2α4 þ 2α5Þεανλμ�ΩρτνqτσμSαtρσλ

þ 1

36
ð−6a10 − 8α4 þ 4α5 þ 3α6Þ�Ωαρτ�Ων

ρ
σqνσλtταλ

þ 1

18
ð−a4 − a7 − 2α2 þ 9α3 þ α4 þ α5Þ�Ωαρτ�Ωρ

νσqασλtτνλ

þ 1

18
ð7a4 þ 7a7 − 2α2 − 19α3 − 3α4 − 3α5Þ�Ωαρτ�Ων

ρ
σqασλtτνλ

þ 2

9
ð2a4 þ 2a7 − 7α3 − α4 − α5Þ�Ωαρτ�Ων

ρ
σqανλtτσλ

þ 1

72
ð6a10 þ 3a12 þ 2a5 − a6 − 4a7 þ 2α2 − 2α3 þ 3α5Þεασλμ�ΩρτνqρνμSαtτσλ

þ 1

72
ð−8a4 þ 5a6 þ 2a7 þ 28α3 þ 4α4 þ 4α5Þεανλμ�ΩρτνqρσμSαtτσλ

þ 1

36
ð−2a4 − 2a5 þ 2α2 þ 5α3 þ α4 þ α5Þεαρλμ�ΩρτνqνσμSαtτσλ

þ 1

18
½−5a4 þ a6 þ 3ð−a7 − 2α2 þ 9α3 þ α4 þ α5Þ��Ωαρτ�Ωρ

νσqτσλtναλ

þ 1

12
½4a4 − a6 þ 2ða7 þ 2α2 − 9α3 − α4 − α5Þ��Ωαρτqτσλtρνσtναλ

þ 1

12
½−4a4 þ a6 þ 2ð−a7 þ 2α2 þ 5α3 þ α4 þ α5Þ��Ωαρτqτσλtανσtνρλ

þ 1

18
ð−7a4 þ 2a6 − 3a7 − 2α2 þ 37α3 þ 5α4 þ 5α5Þ�Ωαρτ�Ωρ

νσqασλtντλ

þ 1

6
½4a4 − a6 þ 2ða7 − 7α3 − α4 − α5Þ��Ωαρτqασλtρνσtντλ þ

1

18
ð3a12 þ 4α4 þ 2α5Þ�Ωαρτ�Ωρ

νσqατλtνσλ

þ 1

12
½−6a10 − 3a12 − 4ðα4 þ α5Þ��Ωαρτqατλtρνσtνσλ þ

1

6
ð2α2 − 9α3 − α4 − α5Þ�Ωαρτqτσλtνρλtνασ

þ 1

12
ð−a6 − 2a7 þ 2α2 − 2α3 þ 4α4 þ 3α5Þ�Ωαρτqτσλqνσλtναρ

þ 1

12
ða6 þ 2a7 þ 8α2 − 8α3Þ�Ωαρτqρνλqτσλtνασ

þ 1

12
ða6 þ 2a7 − 2α2 þ 2α3 − 4α4 − 3α5Þ�Ωαρτqασλqνσλtνρτ

þ 1

6
ð−a6 − 2a7 − 2α2 − 19α3 − 3α4 − 3α5Þ�Ωαρτqασλqτνλtνρσ

þ 1

12
½−a6 − 2ða7 − 2α2 þ 23α3 þ 3α4 þ 3α5Þ��Ωαρτqανλqτσλtνρσ

þ
�
−
1

2
a10 þ

1

4
a12 þ α2 þ 6α3 þ

4

3
α4 þ α5

�
�Ωαρτqατλqνσλtνρσ þ

1

3
ðα2 − α3Þ�Ωαρτqατλtνσλtνρσ
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þ 1

12
ð−6a10 þ 3a12 − 12α2 þ 12α3 − 4α4 þ 6α5 þ 3α6Þ�Ωαρτqαρσqτνλtνσλ

þ 1

6
ð2a4 − a6 þ 2α2 − 9α3 − α4 − α5Þ�Ωαρτqτνλtνασtσρλ

þ 1

12
ð−8a4 þ a6 − 6a7 þ 28α3 þ 4α4 þ 4α5Þ�Ωαρτqανλtνρσtστλ þ

1

3
ðα2 − α3Þ�Ωαρτqατλtνρσtσνλ

þ 1

18
ð4a4 þ 4a7 − 4α2 − 10α3 þ 2α4 − 4α5 − α6Þð�Ωρτ

ν − �Ων
ρτÞ�Ωαρτqνσλtσαλ

þ 1

12
ð−2a12 − 4a9 − 8α4 þ α6Þ�Ωαρτqνσλtρτνtσαλ þ

1

12
ð2a12 þ 4a9 þ 4α5 þ α6Þ�Ωαρτqασλtρτνtσνλ

þ 1

36
ð−2a4 − 2a5 − a6 − 2a7 þ 2α2 þ 5α3 þ α4 þ α5Þεανλμ�ΩρτνqτσμSαtσρλ

þ 1

36
ð−a6 − 2a7 þ 2α2 þ 5α3 þ α4 þ α5Þεανσμ�ΩρτνqτλμSαtσρλ

þ 1

72
ð2a10 þ a12 − 2a6 − 4a7 þ 4a9 þ 4α2 − 4α3 þ 4α4 − α6Þεατνμ�ΩρτνqσλμSαtσρλ

þ 1

18
ð−2a4 − 2a7 − 4α2 − 10α3 − 2α4 − 4α5 − α6Þ�Ωαρ

ν�Ωαρτqνσλtστλ

þ 1

9
ða4 þ a7 − 4α2 − 10α3 − 4α5 − α6Þ�Ωαρτ�Ωρα

νqνσλtστλ

þ 1

72
ð6a10 þ 3a12 − 4α4 þ 2α5Þεασλμ�ΩρτνqρνμSαtστλ

þ 1

18
ð−2a4 þ a6 þ 7α3 þ α4 þ α5Þεανλμ�ΩρτνqρσμSαtστλ −

1

72
ða6 þ 2a7Þεανσμ�ΩρτνqρλμSαtστλ

þ 1

12
f2a10 − a12 − 2½a6 þ 2ða7 − α2 þ α3 þ α4Þ�g�Ωαρτqνσλtναρtστλ

þ 1

36
ð−2a4 þ 2a5 þ 3a6 þ 2a7 − 2α2 þ 9α3 þ α4 þ α5Þεαρλμ�ΩρτνqνσμSαtστλ

þ 1

72
½a6 þ 2ða7 − 2α2 − 5α3 − α4 − α5Þ�εαρσμ�ΩρτνqνλμSαtστλ

þ 1

72
ð2a10 þ a12 − 2a6 − 4a7 þ 4a9 þ 4α2 − 4α3 þ 4α4 − α6Þεαρνμ�ΩρτνqσλμSαtστλ

þ 1

12
ð−2a10 þ 3a12 þ 4a9 þ 4α2 − 4α3 þ 4α4 þ 4α5 þ α6Þ�Ωαρτqνσλtαρνtστλ

þ 1

12
ð−2a10 þ a12 þ 4α2 − 4α3 − 4α4 þ 4α5 þ 2α6Þ�Ωαρτqνσλtρανtστλ

þ 1

18
ð4a4 þ 4a7 − 4α2 − 10α3 þ 2α4 − 4α5 − α6Þ�Ωαρτ�Ωρτ

νqασλtσνλ

þ 1

12
ð2a10 − 3a12 − 4a9 þ 4α2 þ 24α3 þ 2α5Þ�Ωαρτqτσλtαρνtσνλ

þ 1

12
ð2a10 − a12 þ 4α2 þ 24α3 þ 6α5 þ α6Þ�Ωαρτqτσλtρανtσνλ

þ 1

12
ð−2a10 þ a12 − 8a4 þ 2a6 − 4a7 þ 4α2 þ 24α3 þ 6α5 þ α6Þðqτσλtναρ − qασλtνρτÞ�Ωαρτtσνλ

þ 1

72
ð6a10 þ 3a12 − 2a5 þ a6 þ 4a7 − 2α2 þ 2α3 þ 3α5Þεανλμ�ΩρτνqρτσSαtσλμ

þ 1

72
½6a10 þ 3a12 þ 4ðα4 þ α5Þ�εανσμ�ΩρτνqρτλSαtσλμ
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þ 1

72
ð2a10 þ a12 þ 8a4 − 2a6 þ 4a7 þ 4a9 − 4α2 − 24α3 − 2α5Þðεατνμqρσλ þ εαρνμqτσλÞ�ΩρτνSαtσλμ

þ 1

18
f3a10 − 2½a6 þ 2ða7 − α2 þ α3 þ α4Þ�g�Ωαρτ�Ων

ρ
σqνσλtλατ

þ 1

18
ð−3a4 − 2a6 − 7a7 þ 2α2 þ 19α3 þ 3α4 þ 3α5Þ�Ωαρτ�Ωρ

νσqτσλtλαν

þ 1

12
½−4a5 − a6 þ 2ða7 þ 2α2 − 9α3 − α4 − α5Þ��Ωαρτqτσλtρνσtλαν

þ 1

18
ð3a4 þ 2a6 þ 7a7 − 2α2 − 19α3 − 3α4 − 3α5Þ�Ωαρτ�Ων

ρ
σqτνλtλασ

þ 1

12
ð−2a10 þ a12 þ 2a6 þ 4a7 − 4α2 þ 4α3 þ 4α4Þ�Ωαρτqνσλtνασtλρτ

þ 1

6
ð−2a5 − 2a6 − 2a7 þ 2α2 − 9α3 − α4 − α5Þ�Ωαρτqτσλtανσtλρν

þ 1

12
½−4a4 − a6 þ 2ð−3a7 þ 2α2 þ 5α3 þ α4 þ α5Þ��Ωαρτqτσλtνασtλρν

þ 1

12
½−3a6 þ 2ð−3a7 þ 2α2 þ 5α3 þ α4 þ α5Þ��Ωαρτqτνλtνασtλρσ þ

1

4
ða6 þ 2a7Þ�Ωαρτqασλtρνσtλτν

þ 1

18
ð−3a4 − 2a6 − 7a7 þ 2α2 þ 19α3 þ 3α4 þ 3α5Þ�Ωαρτ�Ωρ

νσqασλtλτν

þ 1

18
f3a10 − 2½a6 þ 2ða7 − α2 þ α3 þ α4Þ�g�Ωαρτ�Ωρ

νσqατλtλνσ

þ 1

12
ð−2a5 þ a6 þ 4a7 − 2α2 þ 2α3 þ 4α4 þ α5Þ�Ωαρτqατλtρνσtλνσ

þ 1

12
ð−6a10 − 3a12 þ 4α4 − 2α5Þ�Ωαρτqατλtνρσtλνσ

þ 1

6
ð4a10 þ 2a12 − 4a4 þ a6 − 2a7 þ 14α3 þ 2α4 þ 4α5Þ�ΩρτνqρνσtατσTα

þ 1

18
½4a4 − a6 þ 2ða7 − 6α2 − 8α3 − 2α4 − 4α5 − α6Þ��ΩρτνqανσtρτσTα

þ 1

18
ð6a10 þ 3a12 − 4α2 þ 18α3 − 2α4 þ 4α5Þ�ΩρτνqρνσtτασTα

þ 1

18
½−4a4 þ a6 − 2ða7 þ 6α2 − 6α3 − 8α4 þ 6α5 þ 3α6Þ��ΩρτνqανσtτρσTα

þ 1

9
½−4a4 þ a6 − 2ða7 − 7α3 − 5α4 þ α5 þ α6Þ��ΩρτνqαρσtτνσTα

þ 1

18
ð12a10 − 6a12 − 4a4 − a6 − 6a7 þ 8α2 þ 20α3 þ 4α4 − 2α5 − 3α6Þ�Ωα

ρτqτνσtνρσTα

þ 1

18
ð6a10 − 3a12 þ 4a4 − 2a6 þ 4α2 − 4α3 − 4α4 − 2α5 − α6Þ�Ωρ

α
τqτνσtνρσTα

þ 1

18
ð−6a10 þ 3a12 þ 8a4 − a6 þ 6a7 − 4α2 − 24α3 − 8α4 þ 2α6Þ�Ωρ

α
τqρνσtντσTα

þ 1

18
ð−6a10 − 3a12 þ 3a6 þ 6a7 − 4α2 þ 18α3 − 2α4 − 2α5Þ�ΩρτνqρνσtσατTα

þ 1

18
½−a6 − 2ða7 þ 2α2 − 2α3 − 8α4 þ 2α5 þ α6Þ�ðqανσtσρτ − qαρσtστνÞ�ΩρτνTα

þ 1

4
ð−4a10 − 2a12 þ 4a4 − a6 þ 2a7 − 14α3 − 2α4 − 4α5Þ�ΩρτνqρνσtατσWα

þ 1

12
½−4a4 þ a6 þ 2ð−a7 þ 6α2 þ 8α3 þ 2α4 þ 4α5 þ α6Þ��ΩρτνqανσtρτσWα
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þ 1

12
½−6a10 − 3a12 þ 2ð2α2 − 9α3 þ α4 − 2α5Þ��ΩρτνqρνσtτασWα

þ
�
1

3
a4 −

1

12
a6 þ

1

6
a7 þ α2 − α3 −

4

3
α4 þ α5 þ

1

2
α6

�
�ΩρτνqανσtτρσWα

þ 1

6
½4a4 − a6 þ 2ða7 − 7α3 − 5α4 þ α5 þ α6Þ��ΩρτνqαρσtτνσWα

þ 1

12
ð−12a10 þ 6a12 þ 4a4 þ a6 þ 6a7 − 8α2 − 20α3 − 4α4 þ 2α5 þ 3α6Þ�Ωα

ρτqτνσtνρσWα

þ 1

12
ð−6a10 þ 3a12 − 4a4 þ 2a6 − 4α2 þ 4α3 þ 4α4 þ 2α5 þ α6Þ�Ωρ

α
τqτνσtνρσWα

þ 1

12
ð6a10 − 3a12 − 8a4 þ a6 − 6a7 þ 4α2 þ 24α3 þ 8α4 − 2α6Þ�Ωρ

α
τqρνσtντσWα

þ 1

12
ð6a10 þ 3a12 − 3a6 − 6a7 þ 4α2 − 18α3 þ 2α4 þ 2α5Þ�ΩρτνqρνσtσατWα

þ 1

12
½a6 þ 2ða7 þ 2α2 − 2α3 − 8α4 þ 2α5 þ α6Þ�ðqανσtσρτ − qαρσtστνÞ�ΩρτνWα

þ 1

16
ð28a10 − 2a12 − 12a4 þ a6 − 10a7 þ 42α3 þ 6α4 þ 4α5 − 4α6Þ�ΩρτνqρνσtατσΛα

þ 1

48
½12a4 − 5a6 þ 2ða7 − 30α2 − 26α3 − 8α4 − 12α5 − 3α6Þ��ΩρτνqανσtρτσΛα

þ 1

48
ð6a10 þ 15a12 − 36α2 þ 78α3 þ 34α4 − 12α5 − 12α6Þ�ΩρτνqρνσtτασΛα

þ 1

48
½−12a4 þ 5a6 − 2ða7 þ 30α2 − 44α3 − 18α4 þ 18α5 þ 9α6Þ��ΩρτνqανσtτρσΛα

þ 1

24
ð−12a4 þ 5a6 − 2a7 þ 70α3 þ 26α4 − 6α5 − 6α6Þ�ΩρτνqαρσtτνσΛα

þ 1

16
ð20a10 − 10a12 − 4a4 − 3a6 − 10a7 þ 8α2 þ 20α3 þ 4α4 − 6α5 − 5α6Þ�Ωα

ρτqτνσtνρσΛα

þ 1

48
ð30a10 − 15a12 þ 12a4 − 6a6 − 12α2 þ 12α3 þ 28α4 − 42α5 − 21α6Þ�Ωρ

α
τqτνσtνρσΛα

þ 1

48
ð−30a10 þ 15a12 þ 24a4 þ 3a6 þ 30a7 − 36α2 − 48α3 þ 16α4 − 24α5 − 6α6Þ�Ωρ

α
τqρνσtντσΛα

þ 1

48
ð−6a10 − 15a12 þ 15a6 þ 30a7 − 36α2 þ 78α3 þ 34α4 − 42α5 − 18α6Þ�ΩρτνqρνσtσατΛα

þ 1

48
½−9a6 − 2ð9a7 þ 2α2 − 44α3 − 22α4 þ 6α5 þ 3α6Þ��ΩρτνqανσtσρτΛα

þ 1

48
ð9a6 þ 18a7 þ 4α2 − 88α3 − 44α4 þ 12α5 þ 6α6Þ�ΩρτνqαρσtστνΛα

þ 1

6
ð−4a4 þ a6 − 2a7Þ�Ωαρτqτνσ∇αtνρσ þ

1

3
ðα2 − α3Þð∇ρ�Ων

α
σ þ∇α�Ων

ρ
σÞqτνσtαρτ

þ 1

6
ð4a4 − a6 þ 2a7 − 4α2 − 24α3 − 4α4 − 4α5Þ�Ωαρτqτνσ∇ρtνασ

þ 1

6
ð−3a6 − 6a7 þ 2α2 − 2α3Þqανσtαρτ∇τ�Ων

ρ
σ þ 2

3
ðα2 − α3Þðtνρσ∇τqανσ þ tνασ∇τqρνσÞ�Ωαρτ

þ 1

3
½−4a4 þ a6 þ 2ð−a7 þ α2 þ 6α3 þ α4 þ α5Þ��Ωαρτqανσ∇τtνρσ

þ 1

6
ð2a10 − a12 − 4α4Þqατσtαρτ∇ν�Ωρ

νσ þ 1

6
ð4a10 − 2a12 − 2α5 − α6Þqατσtαρτ∇ν�Ων

ρ
σ

þ 1

3
ð−α2 þ α3Þ�Ωαρτtνρσ∇νqατσ þ

1

6
ð−4α4 − α5Þ�Ωαρτqατσ∇νtρνσ
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þ 1

2
ð2a10 þ a12 þ α5Þ�Ωαρτqατσ∇νtνρσ þ

1

6
ð2a10 − a12 þ 4α4 − 2α5 − α6Þqατνtαρτ∇σ�Ων

ρ
σ

þ 1

3
ðα2 − α3Þ�Ωαρτtρνσ∇σqατν þ

1

3
ð−α2 þ α3Þ�Ωαρτtνρσ∇σqατν

þ 1

12
ð−8α4 þ 2α5 þ α6Þ�Ωαρτtνρτ∇σqανσ þ

1

12
ð−2α5 − α6Þ�Ωαρτtαρν∇σqτνσ

þ 1

12
½8α4 − 3ð2α5 þ α6Þ��Ωαρτtραν∇σqτνσ þ

1

12
ð8α4 − 2α5 − α6Þ�Ωαρτtναρ∇σqτνσ

þ 1

6
ð4α4 þ α5Þ�Ωαρτqατν∇σtνρσ þ

1

3
ðα2 − α3Þð∇σ�Ωαρ

ν þ∇σ�Ωρα
νÞqτνσtαρτ

þ 1

6
½−a6 − 2ða7 − α2 þ α3Þ�ð∇σ�Ωρτ

ν −∇σ�Ων
ρτÞqανσtαρτ

þ 1

3
ðα2 þ 6α3 þ α4 þ α5Þð∇σtαρν þ∇σtρανÞ�Ωαρτqτνσ þ

1

6
ð4α4 − 2α5 − α6Þ�Ωαρτtρτν∇σqανσ

þ 1

6
½−4a4 þ a6 þ 2ð−a7 þ α2 þ 6α3 þ α4 þ α5Þ�ðqτνσ∇σtναρ − qανσ∇σtνρτÞ�Ωαρτ; ðE13Þ

having defined �Ωλμν ¼ 1
2
ερσμνΩλρσ and the following combinations:

β1 ¼ ða10 þ a11 − a12 − a13 − 2a3 þ 3a4 − a6 þ 2a7Þ; ðE14Þ

β2 ¼ ð2a10 þ 2a11 − 3a12 − 3a13 þ 8a2 − 4a3 þ 2a4 þ 4a5 − 2a6 þ 4a8 þ 4a9Þ; ðE15Þ

β3 ¼ 2β1 − β2; ðE16Þ

β4 ¼ ð4a2 þ 2a3 þ 2a5 þ a6 þ a7Þ; ðE17Þ

β5 ¼ ð4a2 − 2a3 − 3a4 þ 2a5 − a6 − 4a7Þ; ðE18Þ

β6 ¼ ð2a2 − 8a3 − 3a4 þ a5 − 4a6 − 7a7Þ; ðE19Þ

β7 ¼ ð2a2 þ 4a3 þ a4 þ a5 þ 2a6 þ 3a7Þ; ðE20Þ

β8 ¼ ð4a2 þ a4 þ 2a5 þ a7Þ; ðE21Þ

β9 ¼ ð2a2 þ 2a3 þ a5 þ a6 þ a7Þ; ðE22Þ

β10 ¼ ða12 þ a13 − 2ða8 þ a9ÞÞ; ðE23Þ

β11 ¼ ð2a10 þ 2a11 − a12 − a13Þ; ðE24Þ

β12 ¼ ða10 þ a11 − a12 − a13 þ a8 þ a9Þ; ðE25Þ

β13 ¼ ð2a2 þ 2a3 − 3a4 þ a5 þ a6 − 2a7Þ; ðE26Þ

β14 ¼ ð2a2 − 4a3 þ a5 − 2a6 − 2a7Þ; ðE27Þ

β15 ¼ a10 þ 2ð−a11 þ a8 þ a9Þ; ðE28Þ

β16 ¼ ð2a10 þ 2a11 þ a12 þ a13 − 4a8 − 4a9Þ; ðE29Þ

β17 ¼ ð−2a2 þ a4 − a5 þ a7Þ; ðE30Þ
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β18 ¼ −2a10 þ a11 þ 2ða8 þ a9Þ; ðE31Þ

β19 ¼ ð2a2 þ 2a4 þ a5 þ 2a7Þ; ðE32Þ

β20 ¼ −a5 − a6 − a7 þ 2α2 − 2α3 þ 2α4 þ 2α5; ðE33Þ

β21 ¼ 4a10 − 4a12 − 4a9 − 16α2 − 96α3 − 24α4 − 16α5 þ α6; ðE34Þ

β22 ¼ −2a2 − 2a3 − a5 − a6 − a7; ðE35Þ

β23 ¼ −2a3 − a6 − a7; ðE36Þ

β24 ¼ −2a10 − 2a11 − 3a12 − 3a13 − 4a8 − 4a9; ðE37Þ

β25 ¼ 2a10 þ 2a11 þ 6a3 − 3a4 þ 3a6 − 2a8 − 2a9; ðE38Þ

β26 ¼ 6ð2a3 − a4 þ a6Þ; ðE39Þ

β27 ¼ 12ð4a10 − 5a11 þ a12 þ a13 þ 8a2 þ 10a3 − a4 þ 4a5 þ 5a6 þ 4a7 − 2a8 − 2a9Þ; ðE40Þ

β28 ¼ 12ð5a10 − 4a11 − a12 − a13 − 8a2 þ 8a3 − 8a4 − 4a5 þ 4a6 − 4a7 þ 2a8 þ 2a9Þ; ðE41Þ

β29 ¼ 96β22 − β24 − 4β25 þ 16β26 þ β27 − β28; β30 ¼ −3β22 þ 6β23 þ β24 þ β25: ðE42Þ

Note that the other tensor modes Ωλμν and tλμν of torsion and nonmetricity are vanishing at the background level, i.e. in
FLRW cosmology, which means that all the terms appearing in the second line of Eq. (E1) do not contribute to the spin-3
field perturbations around the FLRW background up to second order in the gravitational action.

[1] A. G. Riess et al. (Supernova Search Team), Observational
evidence from supernovae for an accelerating universe and
a cosmological constant, Astron. J. 116, 1009 (1998).

[2] S. Perlmutter et al. (Supernova Cosmology Project Col-
laboration), Measurements of Ω and Λ from 42 high
redshift supernovae, Astrophys. J. 517, 565 (1999).

[3] P. J. E. Peebles and B. Ratra, The cosmological constant
and dark energy, Rev. Mod. Phys. 75, 559 (2003).

[4] R. J. Gaitskell, Direct detection of dark matter, Annu. Rev.
Nucl. Part. Sci. 54, 315 (2004).

[5] E. Di Valentino, O. Mena, S. Pan, L. Visinelli, W. Yang, A.
Melchiorri, D. F. Mota, A. G. Riess, and J. Silk, In the
realm of the Hubble tension—A review of solutions,
Classical Quantum Gravity 38, 153001 (2021).

[6] E. Di Valentino et al., Snowmass2021—Letter of interest
cosmology intertwined II: The Hubble constant tension,
Astropart. Phys. 131, 102605 (2021).

[7] E. Di Valentino et al., Cosmology intertwined III: fσ8 and
S8, Astropart. Phys. 131, 102604 (2021).

[8] N. Schöneberg, G. Franco Abellán, A. Pérez Sánchez, S. J.
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[38] J. Beltrán Jiménez, L. Heisenberg, D. Iosifidis, A.
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