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Hairy black holes by spontaneous symmetry breaking
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We study hairy black hole solutions in Einstein(-Maxwell)-scalar-Gauss-Bonnet theory. The complex
scalar coupling function includes quadratic and quartic terms, so the gravitational action has a U(1)
symmetry. We argued that when the effective mass of the scalar field is at the critical value, the black holes
without hairs transform into hairy black holes in a symmetry-broken vacuum via spontaneous symmetry
breaking. These hairy black holes are stable under scalar perturbations, and the Goldstone bosons are
trivial. Moreover, we found that the spontaneous symmetry breaking associated with local U(1) is unlikely

to occur in this theory.
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I. INTRODUCTION

The detection of gravitational waves from the merger of
binary black holes by the Laser Interferometer Gravitational-
Wave Observatory (LIGO) [1] was a major breakthrough in
recent decades. One of the missions of gravitational waves is
to test general relativity since it alone struggles to explain
the presence of dark matter, dark energy, and inflationary
expansion [2-4]. As an alternative to general relativity [5-9],
we consider the Einstein(-Maxwell)-scalar-Gauss-Bonnet
theory which has a nonminimal coupling of the scalar field
with the Gauss-Bonnet(GB) term. The theory belongs to
Horndeski gravity and has second-order field equations, so it
is free of the ghost problem. Additionally, the evasion of the
no-hair theorem was first studied in [10] and later in [11]
based on Bekenstein’s argument [12,13]. The complete
derivation for the evasion of the no-hair theorem was done
in [14]. Atthe same time as the discovery of hairy black holes
in [10], spontaneous scalarization was proposed to explain
how black holes without hair can acquire scalar hair [15].
This mechanism relies on a tachyonic instability that triggers
the spontaneous growth of a scalar hair on a black hole
background [15]. However, the produced hairy black holes
are unstable under the perturbation of scalar fields [16,17].
Later studies showed that the coupling function with quad-
ratic and quartic terms can generate stable hairy black holes
in some parameter regimes [18-20]. Recently stable
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spontaneous scalarization for a quadratic coupling is sug-
gested in [21,22].

We here consider Einstein-scalar-Gauss-Bonnet theory
in (2). We employ the scalar field coupling function f
which enjoys U(1) symmetry with a single complex scalar
field and a nonminimal coupling to the GB term:

f(@*,9) = ag*(r)e(r) = 2(¢* (re(r))*. (1)

This allows us to study hairy black holes in symmetric and
symmetry-broken phases. We define the symmetric phase as
the phase in which the scalar fields near the horizon are at
either the “global” minimum (a < 0) or the “local” maxi-
mum (@ > 0) of the interacting potential (V = —f(¢*, »)3).
The symmetry-broken phase is the phase in which the scalar
field near the horizon is at the “global” minimum (a > 0). In
contrast to spontaneous scalarization, which requires a
negative effective mass squared to generate hairy black
holes, we show that stable hairy black holes are generated
in the symmetry-broken phase when the effective mass
squared is positive. Thus we provides a mechanism for
generating stable hairy black holes rooted from the sym-
metry of the theory.

This paper is organized as follows. Section II discusses
the global U(1) symmetric theory and shows that the
Schwarzschild black hole becomes unstable beyond
asn. against the scalar field perturbation. In Sec. III,
we find hairy black holes in symmetric and symmetry-
broken phases and investigate their instability. We also
calculate the mass and scalar charge of those hairy black
holes. In Sec. IV, we study electrically charged hairy
black holes by spontaneous symmetry breaking in the
theory with local U(1) symmetry. Section V summarizes
our results.

Published by the American Physical Society
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II. GENERATION OF HAIRY BLACK HOLES

We consider the action in four-dimensional asymptoti-
cally flat spacetime:

R
S:/d“x\/—_g[ﬁ—varp*v“(p +flo".0)G|. (2)

L,=-Vo'Vo+ flo*.0)G=T-V, (3)

V=-f(¢" )G (4)
Here G is the GB term

G = R, R""° — 4R, R* + R%, (5)

the coupling function is given by (1), ¢(r) is a complex

field, and a, 4 are coupling constants. We consider A

positive and allow a to take any real values. This
Lagrangian respects the global U(1) symmetry

p(r) = e%o(r) (6)
where y is a constant. We use the metric ansatz

1

ds? = —A(r)de® + 0

dr? + r2(d6? + sin2 0dg?).  (7)

We consider a linear perturbation of the scalar field
around the background solution to examine the instability.
The perturbation equation is written

(vava + f¢*¢g)5¢(r) + f(p*(p*gﬁ(p*(l") = O? (8)

where the subscript of f indicates a derivative with respect
to corresponding variables. To simplify the analysis, we
decompose the complex scalars into real scalars in (15) and
impose ¢, = ¢, for simplicity. We replace the perturbed
field with the following substitution

2 (t, r,0, ¢) = Zwe—imt‘ (9)

I.m r

By employing the tortoise coordinates, the perturbation
equation becomes

1
D' (r,)— (Vo —?)®(r,) =0, dr,= dr,
( ) ( eff ) ( ) \/A—E
(I+1)A 1 1
Veff(r) :(”72)"'5(14/3 +AB/) —Efq,l,/,]Ag7 (10)

where [ is the angular momentum. The system becomes
unstable if the following condition is satisfied [23,24]

o0 1
dr—Veff(r) < 0. (11)
. \/AB

This examines the condition that the system has negative
energy under the scalar field perturbation. In this paper, we
only investigate a sufficient condition for instability. We
plug the Schwarzschild solution into (11), perform the
integration, and rearrange it in a. Then we obtain the
following condition:

5
a>6(2l(l+ 1) + 1)M? = agq, (12)

If the condition above is satisfied, the Schwarzschild black
hole (where A=B =1 - ZTM and ¢ = 0) becomes unsta-
ble. When M :% and [ = 0, the critical value of « is
asen = 37~ 0.2083. A more rigorous examination of
dynamical stability is studied in [25].

III. HAIRY BLACK HOLES
WITH GLOBAL U(1) SYMMETRY

For spontaneous symmetry breaking (SSB) to occur in
this theory, three conditions must be met: (i) the coupling
function f(¢) must exhibit a certain symmetry; (ii) there
must exist different “global” minima f(@y,.) = 0 depend-
ing on the coupling constant; and (iii) ¢}, the near-horizon
value of ¢, should lie near the vacuum of the potential:
@n = Pyac + 0. Our coupling function in (1) satisfies (i)
and (ii), and we impose the boundary condition for ¢, in
accordance with (iii).

A. Symmetric phase

When a is negative, the interaction potential V has a
minimum at ¢ = ¢* = 0, which we call a vacuum of the
system. However, when « is positive, this point becomes a
local maximum, and the system develops a new vacuum.
Here, we search for hairy black hole solutions in the
symmetric phase by assuming a small value of ¢ (close to
the vacuum expectation value) near the horizon and varying
the value of @ when A = 1

m.
1. Equations of motion
We write the equations of motion as follows:

1 1 1
2_K'2 <Rﬂl/ _ERg/w> = _E(va(p \% ¢)gpu

1
+ 5 (qu)* vy§0 + VMQDVU§0*)

1 eklaﬁ’ B
- 5 (gpug/lu + gﬂﬂgpu) \/—__gR”VaﬁVyVKf,

(13)
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of
dp*

f

VeV,p+L Gg=0, VeV, "+ §—¢g —0. (14)

Here f = f(¢*.¢) and R ;5 = %Rgmﬂ. Complex scalar
fields are decomposed into two real scalar fields

o(r) = % (01(9) + ia(). (15)

and the equations of motion (13)—(14) are expressed in
terms of ¢, and ¢,. For the existence of a regular black
hole, specific boundary conditions must be imposed near
the horizon:

A(r)~Aye+0O(e?), B(r)~Bye+O(e?),
@i(r) ~@in +@inse +O(€%), (16)
where € =r—r, 1is the expansion parameter, and

Ay, By, @y and @y (i =1, 2) are constants. We also set
k?> = 1/2 hereafter. The following relations between the
constants are obtained from the equations of motion

2

Bi= (1% 1—x1)‘rh,
_ _Tn@in —
Pin1 = 4x, (1 + /1 Xl) . (17)

where

96
xlzr_i((f(pl)2+(fcpz)2)’ Xo=@1fp, T 02y, (18)

We found that the numerical solutions can only be
generated for the minus sign before the root in B), and
@in1- In addition, ¢”(r,) diverges when the expression
under the square root is zero. We exclude this case
imposing the following condition:

(1=x)],, >0. (19)

Asymptotic flatness is required at infinity, which gives the
following expansion:

A Axs Ap o x3
A~14+—— = cee B~l4+—4+— el
+r 24r3+ +r+4r2+
®in A
@i~ Pico T ; —2—’,214'“', (20)

where x3 = (¢ 1)* + (¢2,1)% and all coefficients are con-
stants. We identify the coefficient A; as the ADM mass of
black holes such that A; = —2M, and ¢, is the scalar
charge ¢;; = O;.

In the presence of symmetry, the conserved current is
defined as

Jo = ig(@ 0,0 — po,0*).  (21)

The flux for a timelike hypersurface near the horizon reads

/ Jn*V—hd¥y = / [9(20,01 — 010,0)]
> >
x [\/A(r)B(r)r?sin0dodgds) =0, (22)

where n,, is a spacelike normal vector defining the timelike
hypersurface ~ with the induced metric 4. As we assume
that all solutions are well-defined near the horizon with the
expansion (16)—(19), the flux vanishes near the horizon.

2. Numerical solutions

The boundary conditions near the horizon are described by
two coefficients, A, and ¢,;, = @, = @), in (16)—(19). The
value of Aj, is determined by the asymptotic flatness (20),
while ¢, is constrained by (19). This condition restricts
the valid range of a, A, and ¢, for a given r,. The
parameter space between these variables for the fixed
values of A is drawn in Fig. 1. In the search of the
parameter space, we had difficulties to find the numerical
solutions just above the lower solid lines. The gray dashed
line denoted by a,, represents the first solution we found
by gradually increasing the a value from the lower solid
line. In contrast, numerical solutions are readily obtainable
within the range a,, < a < @, Where a,,,, is the value
corresponding to the upper solid line in Fig. 1. The
sufficient condition for instability is given by Eq. (11)
and the critical value of a for the onset of instability is
marked by dots labeled as a;, in Fig. 1. Hairy black holes
become unstable when o < o < Opax-

The metric solutions are displayed in Figs. 2(a) and 2(b).
The metric with a, displays severe nonmonotonic behavior
near the horizon. Figure 2(c) shows scalar field solutions
and Fig. 2(d) illustrates the effective potential (10). As «
approaches a,,,,, the positive peak at a, diminishes and
eventually turns negative, signaling the system’s instability.
We calculated the mass (M) and scalar charge (Q) in
Figs. 2(e) and 2(f) respectively. The colored dotted
lines represent the minimum values of a(ay,,) for the

o Qh=t——, aeit=0.2084
o @h=t—>=, ait=0.2091
o Qh=t—, acit=0.2112
o gh=t2 @i =0.2147

1o =t 2, qei=0.2195

o Ph=t=, aqit=0.2254

-04 -0.2 0.0 0.2 0.4
on 100

o o=t oy =0.2322

FIG. 1. The parameter space for a and ¢;, for 1 = ﬁ) and 1 =
is shown in blue and orange, respectively.

Sl
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(c) The scalar solution for pj = ﬁ

056 ;
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0.0 -3
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(e) The black hole mass, M
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(b) The metric solution for amax.
T
0
_1 L
2t
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5L ‘
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r
(d) The effective potential, Vg
1.0 —
08—
0.6 ® Qmax
05+ 04 ® Qcrit.
0.2 > Y ® Qsol
S 0.0
OO 0.00 0.05 0.10
-05+¢
-1.5 -1.0 -0.5 0.0 0.5

(f) The scalar charge, Q

FIG. 2. Hairy black holes in the symmetric phase.

corresponding colored solid lines. These figures show that
the hairy black holes are always heavier than Schwarzschild
black holes of the same radius, and the scalar charge
becomes larger as a approaches a,. This might suggest
that a large scalar charge causes the metric near the horizon
to exhibit nonmonotonic behavior and the difficulties of
finding hairy black holes below «,. Our findings might
implicitly indicate the existence of a relationship between
mass and scalar charge similar to the mass-charge condition
(M > Q,) that prevents naked singularities in Reissner-
Nordstrom black holes.

Ournumerical solutions were obtained using the “NDSolve”
in Mathematica with the options: WorkingPrecision — 40,
PrecisionGoal — 40, AccuracyGoal — 30, MaxSteps — oo,

and InterpolationOrder — All. These ensured high preci-
sion and accuracy in the numerical solutions. The numerical
integration commenced from r, + €, where € = 1079, to
r = 10'*. The radial variables were rescaled by r,, which
was set to 1. We evaluated the accuracy of our numerical
solutions by substituting them back into the equations of
motion. We found that numerical errors is largest near the
horizon (around 107'®) and decreases toward infinity
(around 1070).

B. Symmetry-broken phase

When «a is positive, the potential V in (4) has degenerate
vacua, and the stable minima are determined by

024012-4
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. (04
(o) =ve?,  v=1/5 (23)

where the vacuum states (¢) are labeled by /5. These ground
states do not respect the symmetry of the Lagrangian,
indicating that the symmetry is spontaneously broken. We
expand the field around a ground state v by reparametrizing
it as follows

o(r) = (v + %) e, (24)

Here, o(r) and 6O(r) are physical fields because they
describe excitations above the vacuum. In terms of new
variables, the Lagrangian becomes

1
L,=~- Evao(r)vao(r)

—|v @2 r)\Ve(r o
( +ﬁ) V,0()V0(r) + f0)G (25)

where

f(o) = —ao(r)? = Vaio(r)? — %0(}’)4. (26)

The system originally had one complex scalar field but now
consists of one massive real scalar field o(r) and one
massless real scalar field (r), the Goldstone boson.

1. Equations of motion

The equations of motion are given as

K%{RW—%RQW] - [_%(vay - <v+%>2(ve)2} »

o \2
+V,6V,06+2 (v +%> V,0V,0

- (gpﬂg/lv + g&ﬂgpu)nKﬁaﬁpraﬂvvaf(G) ’
(27)

VeV,6— /2 <v + \2) VOV, 0+ f,G=0, (28)

(y n \%) VeV,0 + V2VesV,0 = 0.  (29)

The field 6(r) is decoupled from the system, and the
solution for &' (r) reads
& 0(?))‘2
— v+ —= 30
4r*\/A(r)B(r) ( V2 (30)

where ¢, is an integration constant. If ¢, is not equal to
zero, the solution is regular at infinity but singular at the

0 (r)=

horizon. If ¢, equals zero, the Goldstone boson becomes
trivial. The corresponding flux for a timelike hypersurface
reads

Afan“\/—_hd%—/2[—29<v+i\/%))29’(r)]

x [ AP B(r)r sin ededqsdz]
= —8ngc,. (31)

Since the flux is zero, as given by (22), ¢, shall also be zero.
Thus, the singular Goldstone boson does not contribute to
the scalar hairs. The hairy black holes in this theory can
only have trivial Goldstone boson hairs. Consequently,
the global U(1) symmetry is effectively equivalent to Z,
symmetry in this perspective.

We also impose the same boundary condition as
in (16)—(17) near the horizon, but ¢;(r) is replaced by
o(r). The expansion coefficients in (17) expand as

96
X1 =—7% (fo‘)z’ Xy = 0pf o (32)
Tn

The boundary conditions are described only by the two
independent variables A, and o), and the coupling con-
stants @ and A. The regularity condition (19) is also
required. The asymptotic flatness is imposed at infinity,
and the metric functions and the scalar field are expanded
in the same way as in (20), replaced by ¢ = 6(¢i =

Cloos @11 = 01) and @, = 0(@r0 = 0,92 = 0).

2. Numerical solutions

We plot the parameter space satisfying (19) with (32) for
given A values in Fig. 3. The parameter space is symmetric
under ¢, — —¢; in the symmetric phase. However, this
symmetry is not present in the vacua of this phase. For a
given value of ¢, the feasible range for @ is 0 < a < s
restricted by (19). Similar to the symmetric phase, our
search for solutions to hairy black holes had difficulties to
find beyond a certain value of @, denoted «,, for given

2.0
1.5
s 1.0

0.5

0.0 ‘ ‘
-0.4 -0.2 0.0 0.2 0.4

FIG. 3. Parameter space for a and ¢, for 1 = % and 1 = % is
shown in blue and orange, respectively.
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08} .
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0.0

100 10° 108 10" 10™
r

(a) The metric sol. for small o

3,

2t 0,=1/10, a=0.2084 p=110, 05=0.3304 |
T 1
|8} op=-1/10, a=0.2084

0

-1 t Op=—-1/10,050/=0.4248

2t .

100 10° 10 10" 10"

r
(c) The scalar field solution

1.0 1.5 2.0 25 3.0 35
2M
(e) Black hole mass

s 03f

1.2

—— A(Oh=15, 254=0.3304) ]

10° 108 10M 10™
r

(b) The metric solution for aygey.

05}
04F

0.2}

0.1}

0.0L s ‘ ‘ ‘ ‘ e
-25 -20 -15 -10 -05 0.0 05 1.0

Q
(f) Scalar charge

FIG. 4. Hairy black holes in the symmetry-broken phase.

values of 1 and ¢;,. In Fig. 3, the gray dashed lines represent
the last solutions we found by increasing values of «
when 1 = ;.

In Figs. 4(a) and 4(b), we displayed the metric functions
for ), = 11—0. When « is small, the metric functions exhibit
monotonicity, preserving the property of g¢,g, ~—1.
However, as a increases, these properties are lost near
the horizon. The scalar fields in Fig. 4(c), on the other hand,
remain monotonic for all values of a(0 < a < ay,;) and
their amplitude increases as a increases. Figure 4(d) dis-
plays the effective potentials in (10). Each color in the
figure corresponds to the solution with the same parameter
sets presented in Fig. 4(c). The effective potentials are

always positive, indicating no direct indication of insta-
bility in the system. Given the same horizon radius
(r, = 1), a hairy black hole always has a larger mass than
a Schwarzschild black hole, as illustrated in Fig. 4(e). The
colored dotted lines share the same values of ¢, with the
corresponding colored solid lines and represent the maxi-
mum values of a from (19). Figure 4(f) plots the scalar
charge of a hairy black hole as a function of a.

IV. HAIRY BLACK HOLES
WITH LOCAL U(1) SYMMETRY

Now, we examine the theory with a local U(1) symmetry
by adding the gauge field to the Lagrangian:

024012-6
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2
5= [ @ty o=y = (D) D+ 07000 (39

where F? = F¥F,; with F,3=V,P;—VsP, (P, an
electromagnetic potential), D, =V, — igP,, and ¢ is an
electric charge of scalar fields. This action is invariant
under gauge transformations ¢(r) — ¢(r)e%") where y(r)
is an arbitrary function.

Equations of motion include the gauge terms on the right
side of (13)

1 1 1 s 1 af
2_1<2 RFV—ERQW :EFﬂﬁFU _gFaﬂF G

—_

-3 ((Do9)* D) g,

1

+3 ((D,@)* D@ + D,p(D,p)*)
1

-3 (Gpu9 + Gip9p0)

x PRV N N S (34)

af . a * % —
G=0. ('Dg) +550=0 (9)

DD+

where V,, is changed to D, in (13) and (14). This action
also gives the gauge field equations

V, " — iq((p*D”qo - (p(D”(p)*) =0. (36)

We take the ansatz of the electric potential to be

P = P,(r)dt. The r-component of (36) requires

(¢"¢' — ™) =0 (37)

where ’ is a derivative with respect to r. To satisfy

this condition, we demand ¢ = ¢@; = ¢,. We follow the

same procedure as before, requiring the near-horizon
expansion (16) with

1.2
1.0f —m—mm]
08} / A((ph=i,a=i)
06f

I
[
044t
|
0.2¢]
|

0.0 !

100 108 108 10" 10"
r

(a) The metric solution.

FIG. 5.

32y’P2 +Y 32y’P2 —Y
h:%7 Pna == (38)
64y?(6A, + P3) 324,y
where
Y=4A,+P; -z, y=g,(a—2¢})
7= (44, + (32y* + 1)P?)2 = 512y%A,,(6A, + P3),  (39)

and additionally demand the regularity condition for the
gauge field near the horizon
P, ~ Pye + O(e?). (40)

Assuming asymptotic flatness and neutral scalar fields
(g = 0), the metric, gauge, and scalar fields expand as

A PT A} .

Al —d 5=+ (41)
B~1+%+P%L22¢%—A;:§%+m, (42)
P,~Pm+%—1;;§+---, (43)
¢~(pm+%_1‘121r(€1+¢1(4A%1_2£%_(P%)+.__ (44)

where all the coefficients are constants. This applies to
hairy black holes with mass and electric charge but
electrically neutral scalar hair (¢ = 0). The corresponding
numerical solutions are shown in Fig. 5.

When ¢ # 0, asymptotic expansions of the gauge and
scalar fields give P, = Py = 0 or ¢, = ¢ = 0. This may
mean that the gauge or scalar field decays faster than 1/r"
at infinity or that no electrically charged scalar hairy black
hole solutions exist. In our numerical calculation, we could
not find any hairy black hole solutions with electrically
charged scalar hair. These two findings strongly suggest the

0.10 }
0.08 | — @@=, =)
0.06 | P (9=, a=75) |
004 | N

0.02 }

0.00

100 105 108 10" 10™
r
(b) The scalar and gauge field.

Numerical solutions for ¢ = 0.
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absence of charged hairy black holes in our theory. Thus,
this theory might not realize SSB associated with local U(1)
symmetry.

V. CONCLUSION

This study reveals that spontaneous symmetry breaking
(SSB) enables the formation of “stable” hairy black holes in
Einstein-scalar-Gauss-Bonnet (EsGB) theory with U(1)
symmetry, starting from black holes without hair. The
vanishing of the Gauss-Bonnet term at infinity confines the
SSB process to the vicinity of the black hole horizon, where
the interacting potential has a nontrivial effect. To support
this argument, we generated hairy black holes irrespective
of the sign of the coupling function in [14]. This is different
from the spontaneous scalarization [15] which necessitates
a positive coupling function for hairy black hole formation.
We then investigated the stability of hairy black holes for
various values of « in the symmetric and symmetry-
broken phase.

We first discovered that when 2M =1 and [ =0,
Schwarzschild black hole becomes unstable beyond
Agep = 25—4 and is expected to transform into hairy black holes.
To describe this, we focus on the initial stage of forming hairy
black holes, where a scalar field is beginning to develop.
Thus small values for the scalar field are imposed near the
black hole horizon, specifically |¢,| < i and |6;,| < 35in the
symmetric and symmetry-broken phase respectively.

For the global U(l) symmetry, hairy black holes
become unstable if ag; < a < @ In the limit of a
small field value of ¢, the critical point of « at which the

hairy black hole become unstable are approximately equal
to the value for the Schwarzschild black hole (ag., & Qo)
Therefore, the Schwarzschild black hole might not evolve
into hairy black holes in the symmetric phase. In the
symmetry-broken phase, the effective potential takes
positive values, indicating that the hairy black holes are
all stable against the scalar field perturbation. Thus, we
expect that the Schwarzschild black holes in the unstable
range of a(a > agy,) would evolve into the hairy black
holes in the symmetry-broken phase.

For the local U(1), we found electrically charged black
holes with neutral scalar hairs but no hairy black holes with
electrically charged scalar hairs. This indicates that SSB
associated with local U(1) is unlikely to occur within this
theoretical framework.

Our approach applies to theories with diverse sym-
metries and admits generalization using a broader class
of coupling functions. To advance our understanding, we
must explore the possibility of identifying the scalar hair
with one found in standard models. This connection could
imply the existence of hairy black holes generated through
spontaneous symmetry breaking in our universe.
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