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We develop a fully analytical waveform model for precessing binaries with arbitrary spin vectors using
post-Newtonian (PN) theory in the extreme mass-ratio limit and a hierarchical multiscale analysis. The
analytical model incorporates leading PN order spin precession dynamics from spin-orbit, spin-spin, and
quadrupole-monopole couplings, and 2PN order dissipative dynamics truncated to first order in the mass
ratio q ≪ 1. Due to the pure analytic nature of the model, the framework developed herein can readily be
extended to both higher PN and higher-q order. Although the PN series is asymptotic to this limit, our
results can be used to estimate how precession affects the measurability of certain binary parameters, and to
inform and compare with other waveform approximants, such as effective-one-body models, hybrid
waveforms, and self-force calculations.
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I. INTRODUCTION

Extreme mass-ratio inspirals (EMRIs) are among the
most interesting sources for future gravitational-wave
(GW) detectors. In a typical EMRI, a small compact object
(the secondary) orbits a supermassive black hole (BH)
(the primary), performing Oð1=qÞ cycles before plunging,
where q ≪ 1 is the binary mass ratio. Systems with a stellar
mass secondary and q < 10−4 emit GWs in the mHz
regime, falling in the frequency bucket of the LISA space
mission [1]. Less asymmetric binaries with lighter primar-
ies would push the emission at higher frequencies, possibly
entering the horizon of deciHz detectors [2]. Moreover, in
case subsolar compact objects exist, EMRIs could assemble
around stellar-mass or intermediate-mass BHs, providing a
novel source for ground-based detectors [3,4].
EMRI signals are chiefly emitted when the secondary

probes the strong-field region near the primary. This,
augmented by the large number of orbits performed before
the plunge, allows for unprecedented precision in the

parameter estimation, and makes EMRIs unique probes
of strong gravity, to test both GW emission and the
structure of spacetime near supermassive compact objects.
Projections based on future LISA detections show that

tests of strong gravity with EMRIs will improve current
constraints by several orders of magnitude [5–8], including
searches for extra fundamental charges and fields [9–19],
anomalous multipole moments [5,20–26], tests of the Kerr
bound on the spin of the secondary [27], nonvanishing tidal
Love numbers of the primary [28–30], horizon-scale struc-
ture [31–33], and tests of exotic compact objects [34–36] and
of ultralight-boson condensates around BHs [37–40].
The large number of orbits in an EMRI is both a blessing

and a curse. On the one hand, it provides a magnifying
glass to measure and constrain the above effects to
unprecedented levels, often well below percent level. On
the other hand, this requires an equally exceptional model-
ing of the complex and long EMRI signal in order to tame
systematic errors (see [41] for a recent review). In particu-
lar, astrophysical EMRIs are expected to assemble mostly
due multibody scattering events, and therefore to evolve on
highly eccentric, nonequatorial orbits. For the same reason,
both the primary and secondary spin vectors are generically
oriented and not aligned with each other nor with the orbital
angular momentum. This implies that, at variance with
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stellar-mass binaries detected so far [42], precession in
EMRIs is the rule rather than the exception and should
therefore be accurately modeled.
State of the art perturbative self-force (SF) models are

currently able to provide waveforms accurate at first-post-
adiabatic accuracy, i.e., yielding a OðqÞ phase error over
the course of the inspiral [43–45]. Such models have been
computed for quasicircular inspirals of Schwarzschild BHs
in general relativity [46,47]. Extending these results to
generic orbits around a Kerr BH is a primary goal of current
efforts [48–55], possibly including other effects, as geo-
desic resonances and the spin of the secondary [56–61].
Further, in the broader context of GW modeling and
phenomenology, SF models overlap in validity with the
effective-one-body (EOB) framework [62–66], which
seeks to approximate the fully relativistic two-body prob-
lem through a deformed Schwarzschild/Kerr BH, with the
deformation informed from the current limit of PN theory
and calibrated to numerical relativity simulations. The two
approaches, SF and EOB, have shown quantitative agree-
ment for quasicircular nonspinning EMRIs [67].
With SF calculations beyond general relativity having

just started to develop consistent waveform models [68],
most of the studies about tests of gravity listed above are
typically restricted to simplified settings, especially to
circular and/or equatorial orbits around a Kerr BH.
When the secondary spin is included, this is typically
assumed to be aligned to the primary spin and to the binary
angular momentum, forcing zero precession [29,69–71].1
It is important to stress that, for EMRIs, there is no strong
underlying motivation for this assumption other than
simplicity. Furthermore, although challenging to model,
precession is crucial to disentangle certain effects due to the
objects’ multipolar structure [74].
The scope of this paper is to develop a new waveform

model for precessing binaries with arbitrary spin vectors.
By exploiting both the EMRI limit and the post-Newtonian
(PN) approximation, as well as using a multiscale analysis,
we can solve the equations of motion fully analytically.
While the PN series is known to be asymptotic to the

EMRI limit [75–77], and accurate waveform modeling for
EMRIs requires SF calculations, we believe our approach
can be fruitful for a variety of purposes. For example, the
generation of SF templates is computationally expensive
due to the long duration of the signal and high-harmonic
content, although impressive progress has been achieved
recently [78–81]. Our analytical waveform model can be
very useful for fast, order-of-magnitude measurability
estimates on the relevance of precession effects, and for
comparison/hybridization with other waveform models

aiming to incorporate SF results, for example to describe
less asymmetric binaries [41,82,83].
In this paper we present the formalism and analytical

computation. Parameter estimation will be discussed in a
follow-up work [84].
The rest of the paper is organized as follows. In Sec. II

we present the setup, framework, and main equations. The
latter are then solved perturbatively in the q ≪ 1 and PN
limit in Sec. III. Radiation-reaction effects and waveform
approximants are computed in Sec. IV, while in Sec. V we
explicitly present quantitative estimates for the EMRI GW
phase introduced by precession. We conclude in Sec. VI
with a discussion on possible extensions. We use geom-
etrized (G ¼ c ¼ 1) units throughout.

II. SETUP & FORMALISM

In this section, we provide the details of our formalism,
specifically the reduction of the PN precession equations
to the EMRI limit, and the details of our chosen spin-
precessing waveform.

A. EMRI limit of the PN spin precession equations

Consider the PN spin precession equations, which to
second order in the spins of the individual bodies include
the spin-orbit, spin-spin, and quadrupole-monopole cou-
plings [85–88]. To the leading PN order, the equations take
the form

˙S⃗1 ¼ Ω⃗1 × S⃗1; ð1Þ
˙S⃗2 ¼ Ω⃗2 × S⃗2; ð2Þ

˙̂L ¼ −L−1ð ˙S⃗1 þ ˙S⃗2Þ; ð3Þ

where

Ω⃗1 ¼ Ω⃗SO
1 þ Ω⃗SS

1 þ Ω⃗QM
1 ; ð4Þ

with

Ω⃗SO
1 ¼ 1

r3

�
2þ 3

2

m2

m1

�
LL̂; ð5Þ

Ω⃗SS
1 ¼ 1

2r3
½S2 − 3ðS⃗2 · L̂ÞL̂�; ð6Þ

Ω⃗QM
1 ¼ −

3

2r3
m2

m1

ðS⃗1 · L̂ÞL̂: ð7Þ

In the above expressions, L ¼ μ
ffiffiffiffiffiffiffi
Mr

p
, the masses of the

two BHs are ðm1; m2Þ, μ ¼ m1m2=M is the reduced mass,
andM ¼ m1 þm2 is the total mass. The expression for Ω⃗2

is obtained by taking 1 ↔ 2 in Eqs. (4)–(7). The spins can

1See [72,73] for recent progress in modeling a misalignment
between the primary spin and the orbital angular momentum at
first postadiabatic order.
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be written in terms of dimensionless quantities as
S⃗A ¼ m2

Aχ⃗A, with A ¼ ð1; 2Þ. Equation (3) is due to the
fact that the total angular momentum, J⃗ ¼ LL̂þ S⃗ (where
S⃗ ¼ S⃗1 þ S⃗2 is the total spin vector), is conserved on the
precession timescale.
Now, consider taking the EMRI limit of these equations.

Let the larger object have mass and spin ðm1; S⃗1Þ, while the
smaller object has mass and spin ðm2; S⃗2Þ. The limit is
given by m1 ≫ m2, with q ¼ m2=m1 ≪ 1. From this,

M ¼ ð1þ qÞm1; μ ¼ qm1

1þ q
; ð8Þ

L ¼ qm2
1

v
; S⃗2 ¼ q2m2

1χ⃗2 ¼ q2σ⃗2; ð9Þ

J⃗ ¼ S⃗1 þ
qm2

1

v
L̂þ q2σ⃗2; ð10Þ

where v ¼ ðM=rÞ1=2 is the orbital velocity, and σ⃗2 ¼ χ⃗2m2
1

is a “renormalized” spin vector. The inclusion of quadru-
pole-monopole interactions introduces an additional con-
stant of motion on the precession timescale, specifically

M2χeff ¼
�
1þm2

m1

�
ðS⃗1 · L̂Þ þ

�
1þm1

m2

�
ðS⃗2 · L̂Þ; ð11Þ

¼ ðS⃗1 · L̂Þ þ q½ðS⃗1 þ σ⃗2Þ · L̂� þ q2ðσ⃗2 · L̂Þ; ð12Þ

where we have recast all expressions to highlight all q
factors. Inserting these into Eqs. (1)–(3), and expanding in
q ≪ 1 gives

dχ⃗1
dτ

¼ ½qΩ⃗ð1Þ
1 þ q2Ω⃗ð2Þ

1 þOðq3Þ� × χ⃗1; ð13Þ

dχ⃗2
dτ

¼ ½Ω⃗ð0Þ
2 þOðqÞ� × χ⃗2; ð14Þ

dL̂
dτ

¼ ½Ω⃗ð0Þ
L þ qΩ⃗ð1Þ

L þOðq2Þ� × L̂ ð15Þ

with τ ¼ t=m1, and

Ω⃗ð1Þ
1 ¼ v5

�
2 −

3

2
vχeff

�
L̂; ð16Þ

Ω⃗ð2Þ
1 ¼ −v5

�
9

2
− 3vχeff

�
L̂þ v6

2
χ⃗2 ð17Þ

Ω⃗ð0Þ
2 ¼ 3

2
v5ð1 − vχeffÞL̂þ v6

2
χ⃗1 ð18Þ

Ω⃗ð0Þ
L ¼ v6

2
ð4 − 3vχeffÞχ⃗1; ð19Þ

Ω⃗ð1Þ
L ¼ 3

2
v6ð−3þ 2vχeffÞχ⃗1 þ

3

2
v6ð1 − vχeffÞχ⃗2: ð20Þ

We have used the definition of χeff in Eq. (11) to replace all
instances of S⃗1 · L̂. It is worth noting that Eqs. (13)–(15) are
expanded to different orders in q. The reason for this is two-
fold: (1) it is a necessity to employ MSA when we study
solutions to the precession equations in the EMRI limit in
Sec. III, and (2) it is necessary to ensure that J⃗ is conserved
on the precession timescale, due to the different scalings
of the spin vectors with q in Eq. (10). Indeed, it is
straightforward to check that dJ⃗=dt ¼ Oðq3Þ, and thus J⃗
is conserved at this order in the mass ratio (neglecting
radiation reaction).
At this stage, there is a useful simplification that can be

performed, by replacing χ⃗1 with J⃗=m2
1. The expansion of J⃗

in the EMRI limit is given by Eq. (10). Using this
expansion to replace χ⃗1 in Eqs. (19) and (20) will produce
a remainderOðq2Þ, since the linear term in the mass ratio is
proportional to L̂ and L̂ × L̂ ¼ 0. Such Oðq2Þ remainder
can be neglected, being higher order than what we are
presently considering. Likewise, performing the same
procedure with Eq. (18) yields a remainder OðqÞ, which
can also be neglected. Thus, to the order we are working
in q, we may replace χ⃗1 with J⃗=m2

1 without loss of
accuracy. Doing so completely eliminates the precessing
χ⃗1 from Eqs. (14) and (15), and replaces it with the fixed J⃗.
As a result, the evolution of χ1 decouples from the other
angular momenta. The latter, namely χ⃗2 and L̂, are the only
quantities we need to take into account when solving for the
precession equations in the EMRI limit.

B. Spin precessing SPA waveform

Gravitational waveforms from spin precessing binaries
were first studied in the PN approximation in [89], with
the first frequency domain templates being computed by
Lang & Hughes [90] using the stationary phase approxi-
mation (SPA) [91]. Standard SPA breaks down for spin
precessing waveforms [92], and is not suitable for actual
searches. However, the Lang & Hughes waveform provides
the necessary qualitative features to capture the effects of
spin precession of the frequency domain waveform, and
results in conservative estimates on parameter estimation
[93,94]. As a matter of simplicity, we limit ourselves to this
waveform model. We remark however that the formalism
and the analysis of the precession equations, contained in
Sec. III and IV E, are general enough to be used in any
precessing waveform.
In the frequency domain, the Lang & Hughes waveform

for spin precessing quasicircular binaries takes the form

h̃IðfÞ ¼
ffiffiffiffiffi
5

96

r
M5=6

π2=3DL
AIðfÞf−7=6eiΦIðfÞ ð21Þ
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with frequency f, chirp mass M ¼ μ3=5M2=5, luminosity
distance DL, and the subscript I labeling the two possible
data streams from the three arms of the LISA detector.2 The
amplitude function AIðfÞ is a slowly varying function of
frequency through the precession orbital angular momen-
tum of the binary and the motion of the LISA constellation.
For the present analysis, the phase is more important than
the amplitude, but explicit expression for the latter can be
found in Eq. (2.29) of [90]. The waveform phase ΦðfÞ is a
sum of multiple contributions, specifically

ΦðfÞ ¼ ΨðfÞ − φpol;IðfÞ − φDðfÞ − δΦðfÞ; ð22Þ

with ΨðfÞ the Fourier phase arising from the evolution
of orbital quantities under radiation reaction, φpolðfÞ the
polarization phase due to the time-(frequency-)varying
polarization basis of the GWs, φD the Doppler phase
due to the motion of the LISA constellation, and δΦ the
waveform precession phase due to the precessing orbital
angular momentum. The first and last of these contributions
are most important to the present analysis, and are the focus
of the remainder of this paper. Expressions for the polari-
zation and Doppler phases can be found in Eqs. (2.30) and
(2.31) in [90], respectively.
In the time domain, the Fourier phase Ψ is given by

ΨðtÞ ¼ 2πft − 2ϕðtÞ; ð23Þ

with ϕðtÞ the orbital phase, and for any given value of f.
The factor of two multiplying the orbital phase comes from
the leading PN approximation of GWs, specifically the
quadrupole approximation. Coordinate time t and orbital
phase ϕ may be computed in TaylorF2 approximates in
terms of v ¼ ð2πMFÞ1=3, with F the orbital frequency.
Application of the stationary phase approximation to
Eq. (23) enforces f ¼ 2F. Thus v ¼ ðπMfÞ1=3, and the
Fourier phase takes the form

ΨðfÞ ¼ 2πftc − 2ϕc −
π

4
þ 3

128ηv5

�
1þ

X
n

ψnvn
�
: ð24Þ

The PN coefficients of the phase are well known for generic
mass binaries; see for example [95]. We will provide
expressions in the EMRI limit in Sec. IV C.
The evolution of the waveform precession phase is

directly related to the precession equation of the orbital
angular momentum through Eq. (28) of [89], specifically

dδΦ
dt

¼ ðL̂ · N⃗Þ
1 − ðL̂ · N⃗Þ2 ðL̂ × N⃗Þ · dL̂

dt
; ð25Þ

where N⃗ is the line of sight from the detector to the source.
Since the LISA constellation is not fixed relative to
the Solar System’s barycenter, N⃗ is generally a function
of time. Further, because of the dependence on L̂, the
solution for δΦ is intricately tied to the solutions to the
precession equations. Solving for these equations is
the main goal of this work, and the detailed procedure
will be explained in the next sections. Once one obtains the
solution within the time domain, the waveform precession
phase can be computed in the frequency domain by
application of the stationary phase condition.

III. PRECESSION SOLUTIONS
IN THE EMRI LIMIT

The full precession equations in Eqs. (1)–(7) were solved
analytically in the compatible mass limit in [86–88]. The
procedure to obtain these solutions is to transform into a
coprecessing frame, where the angular momenta undergo
nutation parametrized by the magnitude of the total spin S2,
which can be solved for in terms of Jacobi elliptic
functions. One then returns to the inertial frame and solves
for the precession angle. Due to the multiple scales
associated with the problem (orbital, precession, and
radiation reaction), one must utilize multiple scale analysis
(MSA) to obtain solutions with sufficient phase accuracy
for GW modeling. In this context, the leading order secular
evolution at each scale is obtained by averaging over the
shorter scale(s), specifically the precession dynamics are
averaged over the orbital timescale, and the radiation
reaction effects are averaged over both the orbital and
precession timescale.
Since we are seeking precessing solutions within the

EMRI limit, we break from the previous work and focus
on solutions to the reduced equations in Eqs. (13)–(20).
A tempting approach to solving Eqs. (14) and (15) might be
to consider a series solution of the form

L̂ðtÞ ¼
X
n¼0

qnL̂ðnÞðtÞ; ð26Þ

and likewise for χ⃗2. At leading order, the equations and
their solutions are all bounded. However, for L̂ð1Þ the
subsequent evolution equations contain a resonance at

the frequency associated with Ω⃗ð0Þ
L , causing the solution

to diverge linearly in time. This resonance is an artifact of
the expansion in Eq. (26), and is thus unphysical. Similar
pathologies appear in the study of nonlinear and/or forced
oscillators, and must be handled via MSA or renormaliza-
tion methods.
This consideration implies that, unlike the comparable

mass case in [87,88] (see also very recent work [96,97])
where there are only three scales, in the EMRI scenario,
there are actually four: one for the orbital timescale
Torb ∼ v−3, two for the precession timescales TL ∼ v−6

2While our analysis is independent of the specific GW
detector, for concreteness we will focus on LISA, for which
EMRIs are a primary target.
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and Tχ2 ∼ qv−6, and one for the radiation reaction timescale
Trr ∼ v−9. Of the two precession timescales, the former
arises from the precession of the orbital angular momen-
tum, while the latter arises from the precession of the
secondary’s spin and is suppressed by q. Note that the
presence of so many scales is largely a result of using PN
equations as an approximation to the systems we wish to
study. In a realistic self-force calculation, the only new
scale would result from the presence of the smaller mass
and would solely be coupled to the mass ratio q. Indeed,
this is what introduces the new scale within the precession
dynamics, specifically through the second term in Eq. (15).
In addition, to handle this new scale, we do not average
over the shorter scales as is typically done in PN problems.
Instead, the MSAwe perform on the precession dynamics is
to eliminate the artificial resonances that lead to divergen-
ces in the precession solutions, thus renormalizing the
amplitude. While we use MSA to achieve this, one can also
use renormalization group techniques, which provide
equivalent solutions (see Appendix D).
To set up the MSA, we define the long timescale τ̃ ¼ qτ,

and seek solutions of the form

L̂ðtÞ ¼
X∞
n¼0

qnL̂ðnÞðτ; τ̃Þ: ð27Þ

The total derivatives with respect to τ transform to

d
dτ

¼ ∂

∂τ
þ q

∂

∂τ̃
: ð28Þ

Under these assumptions, after expanding in q ≪ 1,
Eqs. (14) and (15) become

∂L̂ð0Þ

∂τ
¼ ωLêz × L̂ð0Þðτ; τ̃Þ; ð29Þ

∂χ⃗ð0Þ2

∂τ
¼ ½ωSJêz þ ωSLL̂

ð0Þ� × χ⃗ð0Þ2 ; ð30Þ

∂L̂ð1Þ

∂τ
þ ∂L̂ð0Þ

∂τ̃
¼ ωLêz × L̂ð1Þ − ωð1Þ

L êz × L̂ð0Þ

þ vωSLχ⃗
ð0Þ
2 × L̂ð0Þ ð31Þ

with the frequencies

ωL ¼ Jv6

2m2
1

ð4 − 3vχeffÞ; ωð1Þ
L ¼ 3Jv6

2m2
1

ð3 − 2vχeffÞ;

ωSL ¼ 3

2
v5ð1 − vχeffÞ; ωSJ ¼

Jv6

2m2
1

: ð32Þ

These new equations, specifically Eqs. (29)–(31), can be
solved iteratively up to linear order in q.

A. L̂ at Oðq0Þ
To leading order in MSA, the evolution of the orbital

angular momentum is given by Eq. (29). The presence of
the cross product therein couples the x- and y-components
of L̂ð0Þ together. However, these can be decoupled by
recasting the equations in second order form, specifically

∂
2L̂ð0Þ

x

∂τ2
¼ −ω2

LL̂x;
∂
2L̂ð0Þ

y

∂τ2
¼ −ω2

LL̂y: ð33Þ

The general solutions are

L̂ð0Þ
x ðτ; τ̃Þ ¼ Xðτ̃Þ cos½αðτÞ� þ Yðτ̃Þ sin½αðτÞ�; ð34Þ

L̂ð0Þ
y ðτ; τ̃Þ ¼ Xðτ̃Þ sin½αðτÞ� − Yðτ̃Þ cos½αðτÞ�; ð35Þ

where ðX; YÞ are purely functions of the long timescale τ̃,
and the precession angle α is defined by

dα
dτ

¼ ωL; ð36Þ

which reduces to αðτÞ ¼ ωLτ since ωL is a constant in the
absence of radiation reaction. However, once radiation
reaction is included, one needs to directly integrate Eq. (36)
to obtain the full evolution of αðτÞ, i.e.,

αðvÞ ¼ αc þ
Z

dv
ωLðvÞ
dv=dτ

: ð37Þ

The z-component can trivially be solved to obtain

L̂ð0Þ
z ðτ̃Þ ¼ Zðτ̃Þ; ð38Þ

which does not depend on the short timescale τ. The
functions ðX; Y; ZÞ cannot be determined at this order in the
MSA, but due to the normalization of the orbital angular
momentum, they obey

½Xðτ̃Þ�2 þ ½Yðτ̃Þ�2 þ ½Zðτ̃Þ�2 ¼ 1: ð39Þ

B. χ⃗ 2 at Oðq0Þ
To leading order, the precession equation for χ⃗ð0Þ2 ðτ; τ̃Þ is

given in Eq. (30), with the frequencies ωSL and ωSJ given
in Eq. (32). The original precession equations possess a
sufficient number of constants of motion to define a
coprecessing reference frame, and the same holds true at
Oðq0Þ. We can exploit this fact to define a frame where the
unit orbital angular momentum is fixed to be

L̂ð0Þ
co−p ¼ ½Xðτ̃Þ; Yðτ̃Þ; Zðτ̃Þ�; ð40Þ
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while Ĵ still defines the z-axis of the frame. To define a
suitable basis in the coprecessing frame, allow two basis
vectors to be Ĵ and

P̂ ¼ L̂ð0Þ × Ĵ

jL̂ð0Þ × Ĵj
¼ ½X sin α − Y cos α;−X cos α − Y sin α; 0�ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − Z2
p ; ð41Þ

the latter of these is orthogonal to the LJ-plane. A third can
then be defined by

Q̂ ¼ Ĵ × P̂

jĴ × P̂j
¼ ½X cos αþ Y sin α; X sin α − Y cos α; 0�ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − Z2
p ; ð42Þ

which, along with L̂, spans the LJ-plane. The secondary’s
spin vector can then be written as

χ⃗ð0Þ2 ¼ χ2;PðτÞP̂þ χ2;QðτÞQ̂þ χ2;JðτÞĴ; ð43Þ

with the components satisfying

∂χ2;P
∂τ

¼ ωRðτ̃Þχ2;J − ωQðτ̃Þχ2;Q; ð44Þ

∂χ2;Q
∂τ

¼ ωQðτ̃Þχ2;P; ð45Þ

∂χ2;J
∂τ

¼ −ωRðτ̃Þχ2;P; ð46Þ

where

ωRðτ̃Þ ¼ ωSL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½Xðτ̃Þ�2 þ ½Yðτ̃Þ�2

q
; ð47Þ

ωQðτ̃Þ ¼ ωSJ − ωL þ ωSLZðτ̃Þ: ð48Þ

This system can be decoupled to obtain a single equation
for χ2;P, specifically

d2χ2;P
dτ2

þ ω2
Pðτ̃Þχ2;P ¼ 0; ð49Þ

where

ωPðτ̃Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ωQðτ̃Þ�2 þ ½ωRðτ̃Þ�2

q
: ð50Þ

The solution is then

χ2;P ¼ χP;0 cos½γPðτÞ� þ χ̇P;0 sin½γPðτÞ�; ð51Þ

with ½χP;0; χ̇P;0� set by initial conditions, and the spin angle
γP is defined through

∂γP
∂τ

¼ ωPðτ̃Þ: ð52Þ

Much like the precession angle α, γP must be integrated
under the effect of radiation reaction. In general, ½χP;0; χ̇P;0�
are functions of the long-time variable τ̃. However, at the
order in q, where we are working, this dependence is
irrelevant and they may be taken to be constants.
The remaining two components satisfy equations that

depend on v, even after they are transformed to γP being the
dependent variable, i.e.,

dχ2;Q
dγP

¼ −
ωQðvÞ
ωPðvÞ

χ2;PðγPÞ; ð53Þ

dχ2;J
dγP

¼ −
ωRðvÞ
ωPðvÞ

χ2;PðγPÞ: ð54Þ

To solve these exactly, one would have to solve integrals of
the form

χ2;J ∼
Z

dτ ωR½vðτÞ�eiγPðτÞ; ð55Þ

which are nontrivial. These can be evaluated by realizing
that ωP in Eq. (52) is always positive definite, and thus,
there are no critical points of the phase γP. Then, the
integral can be approximated by Laplace’s method via
repeated integration by parts, the first application of which
produces a correction of order

1

ωP

dv
dτ

∂ωSL

∂v
∼Oðv8Þ ð56Þ

while the leading order term is of orderωR=ωP ∼ 1þOðvÞ.
Thus, χ2;J can be solved to high precision by assuming
νR ¼ ωR=ωP does not evolve appreciably on the radiation
reaction timescale, with the result being

χ2;J¼ χJ;0þνR½−χP;0 sinγPþ χ̇P;0cosγP�þOðv8Þ; ð57Þ

where χJ;0 is an integration constant. Likewise,

χ2;Q¼ χQ;0þνQ½χP;0 sinγP− χ̇P;0cosγP�þOðv7Þ; ð58Þ

with νQ ¼ ωQ=ωP, and the components of the secondary’s
spin in the coprecessing frame are now solved.
As a final point before proceeding, the solutions in

Eqs. (51) and (57)–(58) possess four integration constants,
but χ⃗2 has only three components. One of these is
redundant, which can be discovered by inserting these
solutions and Eq. (43) into the original precession equations
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in Eq. (30). This is only satisfied if χJ;0 ¼ ωQχQ;0=ωR, thus
eliminating the anomalous degree of freedom.

C. L̂ at OðqÞ
We are now left with solving Eq. (31), which must

simultaneously give us L̂ð1ÞðτÞ and ½Xðτ̃Þ; Yðτ̃Þ; Zðτ̃Þ�.
Rearranging terms, we may write

∂L̂ð1Þ

∂τ
− ωLêz × L̂ð1Þ ¼ −

∂L̂ð0Þ

∂τ̃
− ωð1Þ

L êz × L̂ð0Þ;

þ vωSLχ⃗
ð0Þ
2 × L̂ð0Þ: ð59Þ

The left-hand side above indicates that L̂ð1Þ will oscillate
with phase variable α on the short timescale. The artificial
resonance arises due to the right-hand side of the above
equation containing two types of terms, specifically those
that oscillate solely with α, and those that couple both α
and γP. The former of these are what cause the artificial
resonance, and can be seen if one rewrites the source term

above, which only depends on L̂ð0Þ and χ⃗ð0Þ2 , into a
harmonic decomposition. More specifically

∂L̂ð0Þ

∂τ̃
¼ Ĉ1ðτ̃Þ cos αþ Ŝ1ðτ̃Þ sin αþ Z0ðτ̃Þêz; ð60Þ

with

Ĉ1ðτ̃Þ ¼ ½X0ðτ̃Þ;−Y 0ðτ̃Þ; 0�;
Ŝ1ðτ̃Þ ¼ ½Y 0ðτ̃Þ; X0ðτ̃Þ; 0�; ð61Þ

where 0 corresponds to differentiation with respect to τ̃.
Further,

êz × L̂ð0Þ ¼ Ĉ2ðτ̃Þ cos αþ Ŝ2ðτ̃Þ sin α; ð62Þ

Ĉ2ðτ̃Þ ¼ ½Yðτ̃Þ; Xðτ̃Þ; 0�;
Ŝ2ðτ̃Þ ¼ ½−Xðτ̃Þ; Yðτ̃Þ; 0�: ð63Þ

Lastly, we may write

χ⃗ð0Þ2 × L̂ð0Þ ¼
X1

j;k¼−1
Êjkðτ̃ÞeiðjαþkγPÞ

¼ Ĉ3ðτ̃Þ cos αþ Ŝ3ðτ̃Þ sin α

þ
X1
j¼−1

X
k≠0

Êjkðτ̃ÞeiðjαþkγPÞ ð64Þ

where

Ĉ3ðτ̃Þ ¼ χQ;0F ðτ̃Þ½Yðτ̃Þ; Xðτ̃Þ; 0�; ð65Þ

Ŝ3ðτ̃Þ ¼ χQ;0F ðτ̃Þ½−Xðτ̃Þ; Yðτ̃Þ; 0�; ð66Þ

F ðτ̃Þ ¼ ωQðτ̃Þ
ωRðτ̃Þ

−
Zðτ̃Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½Xðτ̃Þ�2 þ ½Yðτ̃Þ�2
p : ð67Þ

The ½Ĉjðτ̃Þ; Ŝjðτ̃Þ; Z0ðτ̃Þ� produce the artificial resonance
and, thus, the sum total of them must vanish in order to
remove this. Thus, the equations that ½Xðτ̃Þ; Yðτ̃Þ; Zðτ̃Þ�
must satisfy are

Z0ðτ̃Þ ¼ 0; ð68Þ

X0ðτ̃Þ ¼ ωXYðτ̃ÞYðτ̃Þ; ð69Þ

Y 0ðτ̃Þ ¼ −ωXYðτ̃ÞXðτ̃Þ; ð70Þ

with

ωXYðτ̃Þ ¼ −ωð1Þ
L þ vχQ;0

ωSL

ωRðτ̃Þ
ðωSJ − ωLÞ: ð71Þ

Equation (68) implies that Z is a constant, and thus,
½ωQ;ωR;ωXY � are also constant as a result of the normali-
zation condition in Eq. (39). As such, we will drop the
dependence on τ̃ from the quantities. Choosing Z ¼ L̂z;0,
the solutions for Xðτ̃Þ and Yðτ̃Þ are

Xðτ̃Þ ¼ L̂x;0 cos½λðτ̃Þ� − L̂y;0 sin½λðτ̃Þ�; ð72Þ

Yðτ̃Þ ¼ −L̂y;0 cos½λðτ̃Þ� − L̂x;0 sin½λðτ̃Þ�; ð73Þ

where λðτ̃Þ, which we call the renormalization angle, is
defined by

dλ
dτ̃

¼ ωXY; ð74Þ

and ½L̂x;0; L̂y;0; L̂z;0� are constants set by initial data. The
function L̂ð0Þðτ; τ̃Þ is now completely determined and we
have removed the artificial resonance in Eq. (31).
We are now left with the task of determining L̂ð1Þ, or

more specifically its dependence on the short timescale τ.
The only remaining source on the right-hand side of
Eq. (59) is the double sum in Eq. (64), i.e.,

∂L̂ð1Þ

∂τ
− ωLêz × L̂ð1Þ ¼ vωSLŜðτ; τ̃Þ ð75Þ

with

Ŝðτ; τ̃Þ ¼
X
j

X
k≠0

Êjkðτ̃Þei½jαðτÞþkγpðτÞ�: ð76Þ
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It is simplest to consider each component of this separately.
The z-component of the above equation decouples and,
after integrating, produces

L̂ð1Þ
z ¼vωSL

ωP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− L̂2

z;0

q
½χP;0 sinγPþ χ̇P;0ð1−cosγPÞ�: ð77Þ

The x− and y−components are coupled in the same way as
in Sec. III A. Decoupling them produces

∂
2L̂ð1Þ

x;y

∂τ2
þ ω2

LL̂
ð1Þ
x;y ¼ vωSLT x;yðτ; τ̃Þ ð78Þ

where

T xðτ; τ̃Þ ¼
∂

∂τ
Ŝxðτ; τ̃Þ − ωLŜyðτ; τ̃Þ ð79Þ

T yðτ; τ̃Þ ¼
∂

∂τ
Ŝyðτ; τ̃Þ þ ωLŜxðτ; τ̃Þ: ð80Þ

The sources T x;y can be written in harmonics of α and γP,
specifically

T x;y¼ΩþfCðþÞ
x;y ðτ̃Þcos½δþðτÞ�þSðþÞ

x;y ðτ̃Þsin½δþðτÞ�g
þΩ−fCð−Þ

x;y ðτ̃Þcos½δ−ðτÞ�þSð−Þx;y ðτ̃Þsin½δ−ðτÞ�g; ð81Þ

with Ω� ¼ 2ωL � ωP, δ� ¼ α� γP, and the functions

Cð�Þ
x ðτ̃Þ ¼ Sð�Þ

y ðτ̃Þ ¼ A�½−χP;0Yðτ̃Þ ∓ χ̇P;0Xðτ̃Þ�; ð82Þ

Sð�Þ
x ðτ̃Þ ¼ −Cð�Þ

y ðτ̃Þ ¼ A�½�χ̇P;0Yðτ̃Þ − χP;0Xðτ̃Þ�; ð83Þ

where

A� ¼ Lz;0ðωP � ωQÞ � ωSL ∓ L2
z;0ωSL

2ωP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L2

z;0

q ð84Þ

are constants on the precession timescale. It is straightfor-
ward to show that the solutions to Eq. (78) are

L̂ð1Þ
x;yðτ; τ̃Þ¼lx;ycos½αðτÞ�þ l̇x;y sin½αðτÞ�

þvωSL

ωP
fCð−Þ

x;y ðτ̃Þcos½δ−ðτÞ�þSð−Þx;y ðτ̃Þsin½δ−ðτÞ�g

−
vωSL

ωP
fCðþÞ

x;y ðτ̃Þcos½δþðτÞ�þSðþÞ
x;y ðτ̃Þsin½δþðτÞ�g;

ð85Þ

where ½lx;y; l̇x;y� are constants set by initial conditions. In
general, these will be functions of the long timescale τ̃,
which would then be determined by proceeding to next
order in our MSA. Since we are truncating our analysis at
linear order q, we take these to be constants instead.

At linear order in q, the initial conditions for L̂ are

lim
t→0

L̂ð1Þ ¼ ½0;0;0�; lim
t→0

dL̂ð1Þ

dt
¼ lim

t→0
Ŝðτ; τ̃Þ≡ Ŝð0Þ; ð86Þ

where the former comes from the standard perturbative
description for specifying initial data, while the latter is
enforced from the precession equations, more specifically
Eq. (75). Enforcing this, the constants ½lx;y; l̇x;y� are

lx;y ¼
vωSL

ωP
½CðþÞ

x;y ð0Þ − Cð−Þ
x;y ð0Þ�; ð87Þ

l̇x;y ¼
Sx;yð0Þ
ωL

þ vωSL

ωLωP

h
ðωL þ ωPÞSðþÞ

x;y ð0Þ

− ðωL − ωPÞSð−Þx;y ð0Þ
i
: ð88Þ

This completes the solution to the precession equations to
the desired order in q.

D. Numerical comparison

Having obtained the solution to the PN precession
equations in the EMRI limit through MSA, we test the
accuracy of the solutions by comparing to numerical
evolutions of Eqs. (13)–(20). Since we only desire to
understand the accuracy of the precession solutions, we
do not consider the effect of radiation reaction at this point,
which is instead discussed in Sec. IV.
The numerical evolutions are performed in

Mathematica with the NDSolve method. We use the
ImplicitRungeKutta method with accuracy and
precision tolerances set to 10−13. We consider an EMRI
with q ¼ 10−5, χ1 ¼ 0.99, χ2 ¼ 1, and initial L̂ ¼ ½sin β0;
0; cos β0� with β0 ¼ 1.04. As a result of these choices,
χeff ¼ 0.5. We evolve the EMRI to tf ¼ 105m1, which is
long enough for us to estimate the error in the MSA. For
this EMRI, the top panels in Figs. 1 and 2 provide a
comparison of the numeric and analytic solutions of the
components of χ⃗2 and L̂, respectively.
Generally, the analytic solutions dephase compared to

the numerical evolutions, due to the latter only being
accurate to finite order in the MSA, specifically OðqÞ
for χ⃗2 and Oðq2Þ for L̂. To provide a complete estimate of
how large the error can become throughout a complete
EMRI coalescence, we empirically estimate the bounded
curve as

max jL̂num − L̂anj ≤ Cqnτ; ð89Þ

where C is a number to be determined. Since we are
neglecting radiation reaction for this comparison, the
difference will generally grow linearly in τ ¼ t=m1.
However, this growth will change when radiation reaction
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is included, becoming more rapid closer to merger. To
account for this, we recast Eq. (89) in the form

max jL̂num − L̂anj ≤ CðqωλÞnτ; ð90Þ

which is due to the fact that λ is a proxy for the long
timescale τ̃ ¼ qτ through Eq. (74).
To find the value of C, we take each component of χ⃗2

and L̂, and compute the difference between the MSA and
numerical evolution, which are shown in the bottom panels
of Figs. 1 and 2. We then find the points corresponding to
the maxima of the oscillations, and use the polyfit
function of NumPy in Python to find C. The resulting curves
are specificed by dot-dashed lines in the bottom panels of
Figs. 1 and 2. The components of L̂ act as outliers in this
analysis. We find the bounding curves of the x− and
y−components to be approximately constants proportional
to the mass ratio q to high accuracy. The reason for this
behavior arises from the constants lx;y and l̇x;y, which
should generically be functions of the long timescale τ̃.
However, to completely obtain these, one would have to
proceed to higher order than we currrently desire in the
MSA to completely fix these functions. The near-constant
error in these two components is then a result of truncating
the MSA at the desired order. On the other hand, the error in
the z−components scales with ω2

λ due to a remainder of
Oðq2Þ. As a result, the error on L̂z is better controlled than

the other components of L̂. Note that the analytic solutions
can be improved by proceeding to higher order in the MSA,
but this goes outside the scope of this study.

IV. RADIATION REACTION & PRECESSION
PHASE

The precession solutions of the previous section provide
a solution to the binary dynamics on the precession
timescale. To include radiation reaction within these
solutions, we invoke the use of MSA again, now relying
on the fact that the radiation reaction timescale is longer
than the precession timescale. This can be seen readily from
the definitions of the precession timescale Tpr ¼ 1=ωL ∼
v−6 and radiation reaction timescale Trr ¼ 1=v̇ ∼ v−9, and
thus Tpr=Trr ∼ v3. As a result, the evolution of the binary on
the precession timescale found in the previous section still
holds, but all precessional constants (such as J, ωL, etc.)
become time dependent. Meanwhile, the evolution of the
binary on the radiation reaction timescale will be given to
leading order by the precession average of relevant quan-
tities containing ½L̂; χ⃗2�.
At this stage, it is worth pointing out that the quantities

½χQ;0; χP;0; χ̇P;0� are not well behaved in the aligned limit.
This can be seen by taking our analytic solutions for the
components of χ⃗2 and taking the limit t → 0 in a PN
expansion. In this limit, we may solve for the values of
these parameters in terms of the more reasonable initial

FIG. 1. Top: comparison between numerical evolution (black line) of χ2 and the analytic MSA solution (red dot-dashed line) at order
Oðq0Þ for an EMRI with q ¼ 10−5, β0 ¼ 1.04, χeff ¼ 0.5, χ1 ¼ 0.99, and v ¼ 0.3193. Bottom: difference between the numerical and
analytic solutions. The solutions generally dephase due to undetermined remainders ofOðqÞ in the MSA. The difference is bounded by
the cyan dashed curves, which are directly proportional to the phase qωλt ∼ λðtÞ.
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components of χ⃗2 in a (nonprecessing) Cartesian reference
frame. For each component, to leading PN order we have

χQ;0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L2

z;0

q
ðL̂x;0χ

x
2;0 þ L̂y;0χ

y
2;0 þ L̂z;0χ

z
2;0Þ þOðvÞ;

ð91Þ

χP;0 ¼
L̂y;0χ

x
2;0 − L̂x;0χ

y
2;0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − L2
z;0

q þOðvÞ; ð92Þ

χ̇P;0 ¼
χz2;0ð1 − L̂2

z;0Þ − L̂z;0ðL̂x;0χ
x
2;0 þ L̂y;0χ

y
2;0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − L̂z;02

q þOðvÞ;

ð93Þ

where χx;y;z2;0 are the initial values of the secondary spin in a
nonprecessing reference frame, and are regular for aligned
EMRIs. One can see from the above expressions that one of
these components will vanish when L̂z;0 → 1, while the
other two will diverge. In order to ensure regularity of all
quantities that enter the waveform, we define parameters

χ̄Q;0 ¼
χQ;0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L̂2

z;0

q ; ð94Þ

½χ̄P;0; ˙̄χP;0� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L̂2

z;0

q
½χP;0; χ̇P;0�; ð95Þ

which are also regular in the aligned limit.

A. Precession averages

To begin, we provide explicit precession averages of
necessary quantities. More explicitly, within the radiation
reaction equation for v̇, a term ðL̂ · S⃗1;2Þ will appear at

1.5PN order, whereas a term ðS⃗1 · S⃗2Þ at 2PN order. While
we did not explicitly solve for the evolution of S⃗1 from the
precession equations, the conservation of J⃗ on the pre-
cession timescale ensures that S⃗1 ¼ J⃗ − L⃗ − S⃗2. For our
computations, the two averages of relevance are ðL̂ · S⃗2Þ
and ðS⃗1 · S⃗2Þ, due to the fact that any instances of ðL̂ · S⃗1Þ
can be substituted with χeff in Eq. (11).
The two averages of relevance will both be suppressed

by q2, due to their dependence on the secondary spin.
At Oðq2Þ, both are independent of the evolution of L̂,

FIG. 2. Top: comparison between the numerical evolution (black solid line) of L̂ and the analytic MSA solution (red dot-dashed line)
at OðqÞ for an EMRI with the same parameters as Fig. 1. The inset in the right plot shows a zoom of the behavior of L̂z, due to the fact
that the nutational motion is suppressed by q. Bottom: difference between the numerical and analytic solutions. The solutions generally
dephase due to uncontrolled remainders in the MSA. For the x− and y−components, the difference is bounded by the cyan dashed
curves, which is directly proportional to the mass ratio q. The reason for this is that the constants of integration lx;y and l̇x;y in Eq. (85)
are technically functions of τ̃ in the MSA. However, these can only be obtained by going to higher order, whereas we have stopped at
first order in q, leaving them as undetermined constants. For the z−component, the difference is primarily controlled by the
undetermined remainder of Oðq2Þ.
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only being time dependent through the phase γPðtÞ. Hence,
at leading order, the averages only need to be performed
with respect to γP, specifically

hfðγPÞiγ ¼
1

2π

Z
π

−π
dγPfðγPÞ: ð96Þ

Inserting the precession solutions and taking the average
reveals

hL̂ · S⃗2iγ ¼
q2m2

1χQ;0

ωR

�
ωQLz;0 þ ωR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L2

z;0

q �
þOðq3Þ;

ð97Þ

hS⃗1 · S⃗2iγ ¼ q2m2
1JχQ;0

ωQ

ωR
þOðq3Þ: ð98Þ

It is worth noting that the above averages only depend on
one component of the secondary spin, specifically χJ;0. The
remaining two components are contained in the oscillatory
corrections to these, and will be necessary to ensure that the
various phases appearing in the waveform will contain all
of the components of χ⃗2. Thus, we write

ðL̂ · S⃗2Þ ¼ hL̂ · S⃗2iγ þ q2m2
1DL;2ΔχðτÞ þOðq3Þ; ð99Þ

ðS⃗1 · S⃗2Þ ¼ hS⃗1 · S⃗2iγ þ q2m4
1D1;2ΔχðτÞ þOðq3Þ ð100Þ

with

ΔχðτÞ ¼ ˙̄χP;0 cos½γPðτÞ� − χ̄P;0 sin½γPðτÞ�; ð101Þ

DL;2 ¼ Lz;0
ωSL

ωP
−
ωQ

ωP
; ð102Þ

D1;2 ¼
JωR

m2
1ωP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L2

z;0

q : ð103Þ

B. Evolution of J

Within the PN two-body problem, the evolution of the
total angular momentum obeys at leading PN order

dJ
dL

¼ J2 þ L2 − S2

2JL
; ð104Þ

where we recall that S2 is the magnitude of the total spin
vector S⃗ ¼ S⃗1 þ S⃗2. From the results of Sec. IVA, the
precession average can be readily taken, obtaining	

dj
dh



γ

¼ j2 þ h2 − χ21
2jh

− q2
χQ;0ωQ

ωRh
þOðq3Þ; ð105Þ

where we have normalized all angular momenta by m2
1,

specifically J ¼ jm2
1 and L ¼ hm2

1, with h ¼ q=v. In the
comparable mass case, the evolution for JðLÞ can be
directly solved in closed form after taking the precession
average (see [88]). However, because of the presence
of J in Eq. (98), Eq. (105) is more complicated and an
exact closed-form expression form has not been found.
Physically, this arises due to the fact that, in the comparable
mass case, the orbital angular momentum constitutes the
largest contribution to the total angular momentum budget
of the binary. In the EMRI limit, it is the primary’s spin that
takes up this role, unless the primary is nearly nonspinning.
Instead of a closed-form solution, one can seek a

perturbative solution in q, with ansatz jðhÞ ¼ j0ðhÞ þ
q2j2ðhÞ þOðq3Þ. The analytic solutions for j0 and j2 are

j0ðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ21 þ h2 þ c1h

q
; ð106Þ

j2ðhÞ ¼
Lz;0χQ;0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L2

z;0

q þ h½c2 þ χJ;0l1ðhÞ�
j0ðhÞ

þ c1hχJ;0½lþðhÞ − l−ðhÞ − ln χ1�
2χ1j0ðhÞ

; ð107Þ

where ½c1; c2� are integration constants that must be set by
initial conditions, and

l1 ¼ ln ½2j0ðhÞ − c1 − 2h�; ð108Þ

l� ¼ ln ½j0ðhÞ − h� χ1�: ð109Þ

The above solution is obtained without taking either a
complete EMRI or PN expansion of the right-hand side of
Eq. (104), but is obtained by taking h ¼ q=v as an indepen-
dent variable. In [88], it was found that for near equal mass
binaries, a naive PN expansion of expression similar to
Eq. (106) resulted in a significant loss of accuracy compared
to numerical integration of the PN precession and radiation
reaction equations. The reason for this poor convergence
results from the dependence of h (or L) on the PN expansion
variable v, which always enters such expressions coupled to
q. Taking an expansion in v then assumes particular limits of
the ratio q=v, an assumption that can be broken as the binary
inspirals. For the EMRIs under consideration,q∼10−6–10−4,
and thus the ratio q=v only becomes of order unity when
q ∼ v, which will only occur for EMRIs so widely separated
that their GW emission is typically outside of the detection
band. As a result, we expandEqs. (106) and (107) in q ≪ 1 to
obtain our final expression for jðvÞ,

jðvÞ ¼ χ1 þ
qc1
2vχ1

þ q2
�
Lz;0χ̄Q;0 −

c21 − 4χ21
8v2χ31

�
þOðq3Þ:

ð110Þ
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Before continuing, it isworth noting that the above expression
for jðvÞ has a pole when χ1 ¼ 0. This is a result of the
nonuniform nature of the q ≪ 1 expansion of Eq. (106). If
χ1 ∼ q=v, then the expansion used to obtain Eq. (110) is no
longer valid. This is not unexpected, since a similar problem
arises in the comparablemass case [88]. For theEMRI system
used inFigs. 1 and2,q=v ∼ 3 × 10−5 and χ1 ¼ 0.99. Thus, in
order for the expansion in Eq. (110) to not be valid, the
primary would effectively have to be nonspinning to reason-
ably high precision. Since we are concerned with EMRIs
with a spinningprimary,we useEq. (110) for the remainder of
our analysis. If one desires to extend the analyses herein to
slowly spinning primaries, one must instead use Eqs. (106)
and (107), and take caution when expanding in either q ≪ 1
or v ≪ 1.
In Fig. 3, we provide an explicit comparison between the

analytic solution jðvÞ in Eq. (110) against the numerical
integration of the coupled PN precession and radiation
reaction equations. Unlike the comparisons in Figs. 1 and 2,
we do not restrict the comparison to a short time window,
but allow the EMRI to fully evolve up to the Schwarzschild
innermost stable circular orbit (ISCO). We simply choose
this as a convenient stopping point of the numerical
integration due to the long computation time of EMRI
inspirals. For the EMRI with the same physical parameters
as Figs. 1 and 2, the numerical integration is performed up
to time ∼1.45 × 107m1, which corresponds to ∼2.31 years
for a 106M⊙ primary. The numerical integration is per-
formed using Mathematica’s NDSolve function with the
ImplicitRungeKutta method, and accuracy and pre-
cision goals set to 10−13. For this EMRI system, the total
integration takes approximately seven minutes on current
laptop processors without parallelization. On the other
hand, the analytic approximations developed herein can
be evaluated much more rapidly, highlighting one of the
main strengths of our analytical model.
The top panel of Fig. 3 provides a direct comparison

of the numerical and analytic solutions as a function of the
orbital velocity v. For the EMRI described above, the total
angular momentum does not vary significantly over the
inspiral, since the angular momentum budget is largely
controlled by the primary. Specifically, J only changes by
approximately a few parts per million of its initial value,
and thus the comparison in the top panel of Fig. 3 is
performed relative to the final value at the end of the
coalescence, Jc. The bottom panel displays the relative
error between the two solutions, highlighting that the
EMRI expansion used to obtain Eq. (110) does not induce
significant error.

C. Expansion of dv=dt and TaylorF2 approximants
for orbital quantities

The relevant quantity where these averages will occur is
the evolution of the orbital velocity, which in PN theory
satisfies

dv
dt

¼ a0ðqÞ
3M

v9
�
1þ

X
n

anðq; SAÞvn
�
; ð111Þ

where the an coefficients up to 2PN order are

a0ðqÞ ¼
96η

5
; a1ðqÞ ¼ 0; ð112Þ

a2ðqÞ ¼ −
743

336
−
11

4
η; ð113Þ

a3ðqÞ ¼ 4π − β3; ð114Þ

a4ðqÞ ¼
34103

18144
þ 13661

2016
ηþ 59

18
η2 − σ4: ð115Þ

FIG. 3. Top: comparison of the analytic expression for the
evolution of the total angular momentum J under radiation
reaction in Eq. (110) (red dot-dashed line) to an exact solution
obtained by numerically integrating the coupled PN precession
and radiation reaction equations (black solid line). For an EMRI,
J does not vary significantly over the inspiral, since the largest
contribution to the total angular momentum is the primary’s spin
for this EMRI, and the effect of radiation reaction constitutes a
first post-adiabatic (1PA) correction. As a result, the comparison
is displayed relative to the value at the end of the numerical
integration Jc. Bottom: relative error between the numerical and
analytic solutions for JðvÞ.
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The coefficients ðβ3; σ4Þ are the 1.5PN spin-orbit and 2PN
spin-spin corrections, specifically

β3 ¼
1

M2

X
A

�
113

12
þ 25

4

mB

mA

�
ðS⃗A · L̂Þ; ð116Þ

σ4 ¼
1

μM3

�
247

48
S⃗1 · S⃗2 −

728

48
ðS⃗1 · L̂ÞðS⃗2 · L̂Þ

�

þ
X
A

1

M2m2
A

�
233

96
S2A −

719

96
ðS⃗A · L̂Þ

�
: ð117Þ

To expand these quantities in the EMRI limit, we substitute
all instances of S⃗1 · L̂ with χeff in Eq. (11), replace all
remaining instances of dot products between angular
momenta with their precession averages in Eqs. (97)
and (98), and finally series expand about q ≪ 1, followed
by v ≪ 1. The end result is

dv
dt

¼ 32

5

q
m1

v9
�
1þ

X
n¼2

ānvn þ q
X
n¼0

āð1Þn vn

þ qΔχðγPÞ
X
n¼3

d̄nvn þOðq2Þ
�
; ð118Þ

where the coefficients ½ān; āð1Þn ; d̄n� are given, to 2PN order,
in Appendix B.
Having obtained Eq. (118), the two relevant orbital

quantities we must solve for under radiation reaction are
the orbital phase ϕ and coordinate time t, the former of
which is related to v through

dϕ
dt

¼ Ω ¼ v3

m1ð1þ qÞ ; ð119Þ

while the latter can be computed from the reciprocal of
Eq. (118). TaylorF2 approximants are expression of the
form ϕðvÞ and tðvÞ, which map to Fourier frequency
through the stationary phase approximation (SPA). By
using the reciprocal of Eq. (118), and PN expanding, the
evolution of ϕðvÞ can be written as

ϕðvÞ ¼ ϕsecðvÞ þ ϕoscðvÞ; ð120Þ

and likewise for tðvÞ, where ϕsec is a purely monotonic
(secular) function of v, and ϕosc is an oscillatory correction
due to precession. The TaylorF2 approximants for the
secular part of the orbital phase and coordinate time take
the form

ϕsecðvÞ ¼ ϕc −
1

32qv5

�
1þ

X
n¼0

X
k¼0

qkϕðk−1Þ
n vn þOðq2Þ

�
;

ð121Þ

tsecðvÞ ¼ tc −
5m1

256qv8

�
1þ

X
n¼0

X
k¼0

qktðk−1Þn vn þOðq2Þ
�
;

ð122Þ

with ½ϕc; tc� integration constants. The coefficients

½ϕðkÞ
n ; tðkÞn � are given explicitly, up to 2PN order, in

Appendix B.
The oscillatory corrections require a more careful pro-

cedure. The historical method of doing has been to perform
MSA, similar to Sec. III, where, in this case, the two
timescales are the precession timescale of the secondary
spin tpr;2 ∼ 1=ωP and the radiation reaction timescale
trr ∼ 1=ðdv=dtÞ. However, for the current problem, this
is not actually necessary, and one can simply use the same
method, namely Laplace’s method, used to solve Eqs. (53)
and (54) to obtain the oscillatory corrections. After one
application of Laplace’s method, we find for the oscillatory
corrections

ϕoscðvÞ ¼ −
1

32qv5

�
q2χTðγsecP Þ

X
n¼7

ϕðoscÞ
n vn þOðq3Þ

�
;

ð123Þ

toscðvÞ ¼ −
5m1

256qv8

�
q2χTðγsecP Þ

X
n¼7

tðoscÞn vn þOðq3Þ
�
;

ð124Þ

where

χTðγPÞ ¼
Z

dγPΔχðγPÞ

¼ χ̄P;0 cos γP þ ˙̄χP;0 sin γP; ð125Þ

and the toscn coefficients are given in Appendix B. The
higher order corrections are suppressed by the factor
dv=dγP ∼ tpr;2=trr ∼ qv4. This is the same factor that
appears at each order in MSA of the radiation reaction
effects, and thus the two methods are equivalent. Note that,
because of the nature of our perturbative expansion, only
the secular part of γP appears in the argument of χT for the
oscillatory corrections. An explicit expression for this is
given in the next section.
At the level of approximation we are currently working,

the coefficients of the secular contributions only contain
one component of χ⃗2, namely χ̄Q;0, which enters at 1.5PN
order and first order in the mass ratio q. The remaining two
components ½χ̄P;0; ˙̄χP;0� are contained in the coefficients of
the oscillatory correction in Eqs. (123) and (124), which
enter at 3.5PN order and second order in the mass ratio. The
effect of the latter two components is, thus, highly sup-
pressed compared to χ̄Q;0. These will enter into the secular
part of the phases if one goes to higher order in the small

ANALYTICAL MODEL OF PRECESSING BINARIES USING … PHYS. REV. D 110, 024006 (2024)

024006-13



mass ratio expansion. However, we do not do so here,
because the averages in Eqs. (97) and (98) will depend on

the first order correction χ⃗ð1Þ2 , which has not been explicitly
computed here. There is nothing stopping one from
proceeding to higher order in the MSA of Sec. III, besides
the increasing analytic complexity that comes with high
order MSA computations. For our purposes, this goes
outside the scope of this paper, and we truncate the
expansions of the secular and oscillatory contributions at
the orders indicated in Eqs. (121)–(124), respectively. We
leave higher order computations to future work.
With the orbital phase and time in hand, we can readily

compute the stationary phase of thewaveform from Eqs. (21)
and (22). The stationary phase condition is still f¼2F, and
the PN expansion parameter is v¼ð2πMFÞ1=3¼ðπMfÞ1=3,
where the second equality holds only after applying the
stationaryphase condition. The secular part of thewaveform’s
stationary phase, up to 2PN order, is now

ΨsecðfÞ ¼ 2πftðfÞ− 2ϕðfÞ− π

4
;

¼ 2πftc − 2ϕc −
π

4
þ 3

128qv5

�
1þ

X
n;k

qkψ ðk−1Þ
n vn

�
;

ð126Þ

where

ψ ð−1Þ
n ¼ −

5

3
tð−1Þn þ 8

3
ϕð−1Þ
n ; ð127Þ

ψ ð0Þ
n ¼

8<
:

5
3
− 5

3
tð0Þ0 þ 8

3
ϕð0Þ
0 n ¼ 0

− 5
3
tð0Þn þ 5

3
tð−1Þn þ 8

3
ϕð0Þ
n n > 0

; ð128Þ

with ½tð−1Þn ; tð0Þn ;ϕð−1Þ
n ;ϕð0Þ

n � given inAppendixB.On theother
hand, the oscillatory correction is

ΨoscðfÞ ¼ −
3

128qv5

�
q2χTðγsecP Þ

X
n¼7

ψ ðoscÞ
n vn

�
; ð129Þ

with

ψ ðoscÞ
n ¼ 5

6
tðoscÞn −

8

3
ϕðoscÞ
n ; ð130Þ

such that ΨðfÞ ¼ ΨsecðfÞ þΨoscðfÞ. This completes
the computation of TaylorF2 approximants for all orbital
quantities.

D. TaylorF2 approximants for precessional quantities

Having solved for the orbital quantities under radiation
reaction, we now turn to the effect of radiation reaction
upon precessional quantities and seek TaylorF2-style
approximants for them. The quantities of relavance are
the three phases that parametrize the precession solutions in
Sec. III, namely the precession angle α, the spin angle γP,
and the renormalization angle λ, which are defined in
Eqs. (36), (52), and (74), respectively.
The method for obtaining the TaylorF2 approximants for

these is nearly identical to that of Sec. IV C, with two small
caveats. For the spin angle γP, the frequency ωP defined in
Eq. (52) is a complicated function of ðq; vÞ and must be PN
expanded to obtain the approximant. For the renormaliza-
tion angle λ, this quantity is already suppressed by a
factor of q and, thus, we only solve for its evolution at
leading order in the mass ratio. Following the procedure of
Sec. IV C, the total (secular plus oscillatory) solutions are

αðvÞ ¼ αc −
5χ1

32qv2

�
1þ

X
n

X
k¼0

qkðαðk−1Þn þ αl;ðk−1Þn ln vÞvn þ q2χTðγsecP Þ
X
n

αðoscÞn vn
�
; ð131Þ

γðvÞ ¼ γc −
5

64qv3

�
1þ

X
n

X
k¼0

qkðγðk−1Þn þ γl;ðk−1Þn ln vÞv2 þ q2χTðγsecP Þ
X
n

γðoscÞn vn
�
; ð132Þ

λðvÞ ¼ λc þ
45χ1
128v2

�
1þ

X
n

ðλðk−1Þn þ λl;ðk−1Þn ln vÞvn þ qχTðγsecP Þ
X
n

λðoscÞn vn
�
; ð133Þ

where ½αc; γc; λc� are integration constants, and the secular

coefficients ½αðkÞn ; αl;ðkÞn ; γðkÞn ; γl;ðkÞn ; λð0Þn ; λl;ð0Þn � and oscillatory

coefficients ½αðoscÞn ; γðoscÞn ; λðoscÞn � are given explicitly in
Appendix B. Note that the secular parts of these quantities
can be obtained by setting the oscillatory coefficients to
zero in the above expressions. Further, unlike the orbital

quantities, the secular parts of these expressions contain
terms dependent on the logarithm of v. These naturally
appear at sufficiently high order in the PN expansion, and
appear here due to the starting PN order of these precessional
quantities. These will also appear for the orbital quantities in
Eqs. (121) and (122) if one proceeds to higher PN order.
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E. Waveform precession phase δΦ
The evolution of the precession phase of the waveform is

given in Eq. (28) of [89], specifically

dδΦ
dt

¼ ðL̂ · N⃗Þ
1 − ðL̂ · N⃗Þ2 ðL̂ × N⃗Þ · dL̂

dt
; ð134Þ

where N⃗ is the line of sight from the detector to the source.
Since the precession phase δΦ is a scalar quantity, it does
not matter which frame one chooses to compute it in, i.e.,
the inertial frame of the binary versus the inertial frame of
the detector. For simplicity, we choose to do the compu-
tation in the former where J⃗ is fixed and defines the z-axis
of the coordinate system. Then,

N⃗ ¼ ½sin θN cosϕN; sin θN sinϕN; cos θN �; ð135Þ

and applying Eq. (15), Eq. (134) becomes

dδΦ
dτ

¼ ðL̂ · N⃗Þ
1 − ðL̂ · N⃗Þ2 fωLPLNðJ⃗Þ

þ q½vωSLPLNðχ⃗2Þ − ωð1Þ
L PLNðJ⃗Þ�g; ð136Þ

where

PLNðA⃗Þ ¼ ðL̂ · A⃗ÞðL⃗ · N⃗Þ − ðA⃗ · N⃗Þ ð137Þ

for an arbitrary vector A⃗. Generically, ðθN;ϕNÞ will be
functions of time due to the fact that the LISA detector is
not fixed relative to the inertial frame of the binary.
However, we argue that this effect can be neglected in
the computation of the precession phase in Appendix A.
The right-hand side of Eq. (136) must be expanded in

q ≪ 1, and we seek a solution of the form

δΦ ¼ δΦð0ÞðτÞ þ qδΦð1ÞðτÞ þOðq2Þ: ð138Þ

Formally, one should perform MSA to solve for the
precession phase. However, we employ a shortcut that
reproduces the results of such an MSA, and does not result
in a loss of accuracy. Because of the algebraic complexity
of solving for the precession phase, we split the compu-
tation into two separate parts below.

1. δΦ at Oðq0Þ
At leading order in q ≪ 1, one simply has to take q → 0

and L̂ → L̂ð0Þ in Eq. (136). The definition of N⃗ is given in
Eq. (135), while L̂ð0Þ is given by Eqs. (34), (35), (38), (72),
and (73). Thus, we have

L̂ · N⃗ ¼ L̂z;0 cos θN þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L̂2

z;0

q
sin θN cos ᾱ; ð139Þ

and, at Oðq0Þ, Eq. (134) becomes

dδΦð0Þ

dα
¼ −

b0 þ b1 cos ᾱþ b2 cos2 ᾱ
d0 − d1 cos ᾱ − d2 cos2 ᾱ

≡ F 0ðᾱÞ; ð140Þ

where ᾱ ¼ αþ λ − ϕN þ ϕL with ϕL ¼ arctanðL̂y;0=L̂x;0Þ,
λ is given by Eq. (74), and the ðbi; diÞ coefficients are only
functions of the constants ðL̂z;0; θNÞ and are given in
Appendix C. The presence of λ in this expression would
normally require the application of MSA to solve for δΦð0Þ.
However, the shortcut in Sec. IV C to obtain the oscillatory
corrections to the TaylorF2 approximants may also be
employed here. More explicitly, the solution is

δΦð0ÞðτÞ ¼
Z

dαF 0½ᾱðαÞ�;

¼
Z

dᾱð1þ qνXYÞ−1F ðᾱÞ; ð141Þ

where to obtain the second equality we have performed
a change of variables, and the factor in the parentheses
comes from

dᾱ
dα

¼ 1þ qνXYðτÞ; ð142Þ

with νXYðτÞ ¼ ωXY=ωL, which only varies on the radiation
reaction timescale. Further, F 0ðᾱÞ only varies on the more
rapid precession timescale, and ᾱ does not possess any
stationary points. Thus, we may again employ Laplace’s
method to obtain

δΦð0ÞðτÞ ¼ δc þN ΦᾱðτÞ þ
ffiffiffi
2

p

d2
½h−E−ðτÞ − hþEþðτÞ�

þOðq2v3Þ; ð143Þ

where the remainder is determined by dνXY=dᾱ expanded
in q ≪ 1 and v ≪ 1, and δc is an integration constant. The
purely oscillatory (nonsecular) functions E� are explicitly

E�ðτÞ ¼ tan−1
�

β� sin ᾱðτÞ
1 − β� cos ᾱðτÞ

�
; ð144Þ

quantities ðN Φ; h�; β�Þ are functions of the ðbi; diÞ coef-
ficients and are given explicitly in Appendix C.

2. δΦ at OðqÞ
At first order in the mass ratio,

dδΦð1Þ

dγP
¼ ωL

ωP

B1ðα; λ; γP; vÞ
d0 − d1 cos ᾱ − d2 cos2 ᾱ

þ ωL

ωP

B2ðα; λ; γP; vÞ
ðd0 − d1 cos ᾱ − d2 cos2 ᾱÞ2

; ð145Þ
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where B1;2 are complicated functions of time through
½α; λ; γP� on the precession timescale and v on the radiation
reaction timescale. We do not provide explicit expression
for these, but they can be readily derived from Eq. (136)

by inserting L̂ → L̂ð0Þ þ qL̂ð1Þ and χ⃗2 → χ⃗ð0Þ2 , and expand-
ing in q ≪ 1. In terms of these vector quantities

B1 ¼ ðL̂ð0Þ · N⃗Þ2ðL̂ð1Þ · ĴÞ þ νSLðL̂ð0Þ · N⃗ÞPð0Þ
LNðχ⃗ð0Þ2 Þ

− ν1ðL̂ð0Þ · N⃗ÞPð0Þ
LNðĴÞ; ð146Þ

B2 ¼ ðL̂ð1Þ · N⃗Þf2ðL̂ð0Þ · ĴÞðL̂ð0Þ · N⃗Þ
− ðĴ · N⃗Þ½1þ ðL̂ð0Þ · N⃗Þ2�g; ð147Þ

where νSL ¼ vωSL=ωL, ν1 ¼ ωð1Þ
L =ωL, and P

ð0Þ
LN is given by

Eq. (137) with the replacement L̂ → L̂ð0Þ.
There is no exact closed-form solution to Eq. (145), but

an approximate solution can be obtained from the following
considerations. The ratios ½νSL; ν1� only vary on the
radiation reaction timescale, and not significantly. For
the example EMRI system studied in Fig. 3, νSL varies
by only ∼2% over the course of the inspiral, while ν1 varies
by ∼0.6%. Thus, we treat these factors as effectively
constant when solving Eq. (145). Further, γP varies more
rapidly than α and λ, which can be seen from the PN scaling
of these quantities in Eqs. (131)–(133). More specifically,
dα=dγP ¼ ωL=ωP ∼OðvÞ. Since we are working in a PN
expansion, we define ξ ¼ ωL=ωP to be an order-keeping
parameter and perform MSA using ξ ≪ 1. Equation (145)
can now be solved by using

d
dγP

¼ ∂

∂γP
þ ξ

∂

∂α
ð148Þ

and seeking a solution of the form

δΦð1Þ ¼ δΦð1Þ
0;secðα; λÞ þ

X
k¼1

ξk
h
δΦð1Þ

k;oscðα; λ; γPÞ

þ δΦð1Þ
k;secðα; λÞ

i
: ð149Þ

Note that δΦð1Þ
0;sec does not have an oscillatory contribution

so from now on we define δΦð1Þ
0;sec ¼ δΦð1Þ

0 for the ease of
notation. We write the functions B1;2 as

B1;2 ¼ hB1;2ið0Þγ ðα; λÞ þ δBð0Þ
1;2ðα; λ; γPÞ

þ ξ
h
hB1;2ið1Þγ ðα; λÞ þ δBð1Þ

1;2ðα; λ; γPÞ
i
; ð150Þ

where δBð0;1Þ
1;2 are purely oscillatory functions in γP,

i.e., hδBð0;1Þ
1;2 iγ ¼ 0.

At first order in ξ, Eq. (145) becomes

dδΦð1Þ
0

dα
þ∂δΦð1Þ

1;osc

∂γP
¼ hB1ið0Þγ þδBð0Þ

1

d0−d1cos ᾱ−d2cos2ᾱ

þ hB2ið0Þγ þδBð0Þ
2

ðd0−d1cosᾱ−d2cos2ᾱÞ2
: ð151Þ

Averaging the above equation with respect to γP eliminates

the second term on the left-hand side, as well as the δBð0Þ
1;2

terms on the right hand side. This decouples the dynamics

of the secular δΦð1Þ
0 from the oscillatory δΦð1Þ

1;osc. The

averages hB1;2ið0Þγ take the simple forms

hB1ið0Þγ ¼ bð1Þ0 þ bð1Þ1 cos ᾱþ bð1Þ2 cos2 ᾱ; ð152Þ

hB2ið0Þγ ¼
�X3

k¼1

cð1Þk cosk ᾱ

�
þsin ᾱ

�X2
k¼0

sð1Þk cosk ᾱ

�
ð153Þ

with the coefficients ½bð1Þi ; cð1Þi ; sð1Þi � given in Appendix C.
Due to the superposition of the source term in Eq. (145), we
can split the solution for δΦð1Þ into the linear combination
of solutions sourced from B1 and B2 separately, specifically

δΦð1Þ
0 ¼ δΦðB1Þ

0 þ δΦðB2Þ
0 . The necessary integral with

respect to α can be performed using the same method in
Eq. (141), with the end result being

δΦðB1Þ
0 ¼−N ðB1Þ

Φ ᾱþ
ffiffiffi
2

p

d2

h
hðB1Þþ EþðτÞ−hðB1Þ− E−ðτÞ

i
; ð154Þ

δΦðB2Þ
0 ¼N ðB2Þ

Φ ᾱþ κ

Δ3=2
0

LðτÞ

þ
ffiffiffi
2

p

Δ3=2
0 Δ1

�
gþffiffiffiffiffiffiffi
Δþ

p EþðτÞþ
g−ffiffiffiffiffiffi
Δ−

p E−ðτÞ
�

þσ0þσCcos ᾱþσð1ÞS sin ᾱþσð2ÞS sinð2ᾱÞ
2d2Δ0Δ1ðd0−d1cos ᾱ−d2cos2ᾱÞ

ð155Þ

with

LðτÞ ¼ log

� ffiffiffiffiffiffi
Δ0

p
− d1 − 2d2 cos ᾱðτÞffiffiffiffiffiffi

Δ0

p þ d1 þ 2d2 cos ᾱðτÞ
�
; ð156Þ

and ½N ðB1;2Þ
Φ ; hðB1Þ

� ;Δ1; κ; g�; σ0; σC; σ
ð1;2Þ
S � are given in

Appendix C. Generically, one could also have integration
constants in Eqs. (154) and (155), but these can be
eliminated by redefintion of δc in Eq. (143). For the
oscillatory contribution, the solution is trivially given by
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δΦð1Þ
1;osc ¼

1

dðᾱÞ
Z

dγP δB
ð0Þ
1 ðα; λ; γPÞ

þ 1

½dðᾱÞ�2
Z

dγP δB
ð0Þ
2 ðα; λ; γPÞ;

¼
�
BC
1 ðᾱÞ
dðᾱÞ þ BC

2 ðᾱÞ
½dðᾱÞ�2

�
cos γP

þ
�
BS
1ðᾱÞ
dðᾱÞ þ BS

2ðᾱÞ
½dðᾱÞ�2

�
sin γP; ð157Þ

where ½BC
1;2;B

S
1;2� are functions of ᾱ given explicitly in

Appendix C. We stop our computation here, since it
suffices for capturing the leading-order behavior of the
secondary spin. The methodology can be extended to
higher order if one desires more phase accuracy.
Finally, we have numerically checked that the phase

contribution of δΦð1Þ
1;sec is negligible, so we do not provide

analytical results for this term.
In Fig. 4, we provide a comparison of our analytic

solution for the total δΦ to numerical integration of
Eq. (134) for the same EMRI system in Fig. 3. The
dephasing (bottom panel) between the two solutions is

∼2 radians over the full coalescence, indicating the
accuracy of the approximations used to obtain the analytic
expression in Eqs. (143), (154), (155), and (157). It is worth
remembering that this total dephasing is over > 2 years
of inspiral, while over the last year of the inspiral, the
dephasing is ∼1 radian for this EMRI. While typically this
could impact parameter estimation, the goal of this study is
not to develop the most accurate model possible for EMRIs,
but a model that has the necessary qualitative features to
forecast uncertainties on the secondary’s spin. If one
desired more phase accuracy, one could carry out the
analysis here to higher order. This completes the compu-
tation of the waveform precession phase.

V. WAVEFORM PHASING DUE TO SPIN
PRECESSION AND SECONDARY SPIN

Finally, with the analytical results of the previous
sections at hand, we can now quantify the GW phase
introduced by spin precession and by the presence of a
(non)precessing secondary spin. The total waveform phase
is given in Eq. (22), with the Fourier phase ΨðfÞ and
precession phase δΦðfÞ being the most relevant for our
analysis. We define the quantity

ΨTðf; θa; χa2Þ ¼ Ψðf; θa; χa2Þ − δΦðf; θa; χa2Þ; ð158Þ

with χa2 ¼ ½χ̄Q;0; χ̄P;0; ˙̄χP;0�, and θa ¼ ½m1; q; Lz;0;ϕL; c1;
χ1; χeff ; θN;ϕN; tc;ϕc; δc� are the waveform parameters
not associated with the secondary’s spin. Further, we define
the total phase accumulated by ΨT over one year of inspiral
to be

ΔΨTðθa;χa2Þ¼ΨTðfISCO;θa;χa2Þ−ΨTðf1 yr;θa;χa2Þ; ð159Þ

where fISCO is the Fourier frequency associated with the
Kerr ISCO, and f1 yr is the Fourier frequency one year
before the EMRI reaches the ISCO.
From the total accumulated phase in Eq. (159), we

consider two quantities that act as measures of the impact of
spin precession on the waveform. The first is the dephasing
between an aligned (nonprecessing) EMRI and an EMRI
undergoing spin-orbit precession (without a spinning sec-
ondary), specifically

δΨLðθaÞ¼ΔΨTðθa;χa2 ¼0Þ−ΔΨTðθaalign;χa2 ¼0Þ; ð160Þ

where θaalign are the parameters in the aligned limit. The
quantity δΨL provides us with a measure of how many
radians of phase the leading-order spin-orbit interaction
introduces in the waveform. For this comparison, the spin
of the secondary is neglected, while we take χeff ¼ χ1Lz;0,
which follows from the expansion of Eq. (11) about q ≪ 1.
The aligned limit, specified by θaalign, is given by Lz;0 ¼ 1.
We use the TaylorF2 approximation for ΨðfÞ given in

FIG. 4. Top: comparison of the analytical result for the wave-
form precession phase δΦ found by combining Eqs. (143), (154),
(155), and (157) (red dashed line) to an exact solution obtained by
numerically integrating Eq. (134) (black solid line). Bottom:
absolute error between the analytic and numerical solutions.

ANALYTICAL MODEL OF PRECESSING BINARIES USING … PHYS. REV. D 110, 024006 (2024)

024006-17



Eq. (126), while for δΦðfÞ we use the analytic approxi-
mation given in Sec. IV E with α and γP given by Eqs. (131)
and (132), respectively. For the analysis carried out here,
we fix the orientation of the line of sight vector N⃗,
which enters the precession phase δΦ, to θN ¼ π=6 and
ϕN ¼ π=4. We fix χ1 ¼ 0.9 and q ¼ 10−5, and study how
the dephasing δΨL varies with increasing misalignment,
i.e., with decreasing Lz;0. Figure 5 shows the results of this
comparison, revealing that increasing misalignment pro-
duces greater dephasing compared to the aligned limit,
owing to the increasing precession effects on the binary.
The total dephasing is generally large, typically ≳104

radians or larger, even for EMRIs with small misalignment.
The reason for this is that the misalignment enters the
GW phase at leading order in the mass ratio Oðq−1Þ and at
1.5PN order,Oðv3Þ, through χeff . Thus, the contribution for
generic spin-orbit precession is large compared to a non-
precessing EMRI.
The second quantity we can consider is the dephasing

between an EMRI with a spinning secondary and one
without it,

δΨχ2ðθa; χa2Þ ¼ ΔΨTðθa; χa2Þ − ΔΨTðθa; χa2 ¼ 0Þ; ð161Þ

where θa is held fixed between the two inspirals. Studying
the above quantity is useful since, assuming the absence of
parameter degeneracies, a dephasing greater than one
radian would substantially impact a matched-filter search,
leading to a significant loss of detected events, and being
potentially detectable [98]. The quantity δΨχ2 is dependent

on the parameters θa, but many of these have negligible
impact on the dephasing. The three most important param-
eters we have identified are q, Lz;0, and χ1. The first should
be obvious since the secondary’s spin is coupled to the
mass ratio. The z-component of the orbital angular momen-
tum’s initial orientation Lz;0 controls the amplitude of
precession effects, specifically, more misalignment (smaller
Lz;0) leads to stronger precession effects. Lastly, the
primary’s spin controls the location of the ISCO, and the
total angular momentum through Eq. (110), modulating
how much the primary influences the precession of the
secondary.
Figure 6 shows the dephasing δΨχ2 as a function of

frequency (left) and time (right) for various values of the
primary’s spin, and with χ̄Q;0 ¼ 1 and χ̄P;0 ¼ 0 ¼ ˙̄χP;0. In
this case, the secondary’s spin is a constant in the
coprecessing reference frame of Sec. III B, and thus
only undergoes simple precession (no nutation). The
total dephasing over one year of inspiral is typically
0.7–1.0 radian, depending on the value of the primary’s
spin χ1. Larger values of of χ1 produce slightly more
dephasing than lower values, owing to the ISCO being
smaller for prograde orbits and allowing for a larger
number of total GW cycles. Figure 7 shows the same
comparison, but for the secondary spin with orientation
½χ̄Q;0; χ̄P;0; ˙̄χP;0� ¼ ½0.687;−0.259;−0.635�. The dephas-
ings in this case are slightly smaller than those in Fig. 6,
due to the fact that the components ½χ̄P;0; ˙̄χP;0� mainly
contribute to the phase through oscillatory corrections,
which are suppressed by q2. Thus, the component χ̄Q;0

FIG. 5. GW dephasing (160) between an aligned EMRI ðLz;0 ¼ 1Þ and a precessing configuration with varying misalignment
(colored curves, smaller values of Lz;0 correspond to large misalignment). The EMRI in this figure has a nonspinning secondary, and
the precession is induced by the spin-orbit coupling between the primary spin and orbital angular momentum. Further, we fix
χ1 ¼ 0.90 and q ¼ 10−5.
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produces the largest contribution to the phase, and will
likely be the best recovered component of the secondary’s
spin when performing parameter estimation. Note that this
is not unexpected, since it is known that the component of
the secondary spin parallel to the total angular momentum,
which is related to χ̄Q;0, produces the dominant contribu-
tion to the GW phase [99–102].

In Fig. 8, we investigate how the initial misalignment of
the orbital angular momentum, encoded in Lz;0, impacts the
phase accumulated due to the secondary’s spin. The limit
Lz;0 → 1 corresponds to alignment between the orbital
angular momentum and primary spin, and decreasing
values provide greater misalignment. Generally, more
misalignment produces more precession cycles, thus

FIG. 6. GW dephasing (161) between an EMRI with a spinning secondary and one without, as a function of the frequency (left panel)
and of the time (right panel). We consider binaries with mass ratio q ¼ 10−5, evolving for one year until the ISCO. Colored curves refer
to different values of the primary spin χ1, while we fix Lz;0 ¼ 0.87; χ̄Q;0 ¼ 1; χ̄P;0 ¼ 0 ¼ ˙̄χP;0.

FIG. 7. Same as Fig. 6 but for Lz;0 ¼ 0.87; χ̄Q;0 ¼ 0.687; χ̄P;0 ¼ −0.259; ˙̄χP;0 ¼ −0.635. The latter two component of the secondary
spin contribute to the waveform phase in oscillatory corrections, which are suppressed by q2, while χ̄Q;0 is only suppressed by q. As a
result, there is less de-phasing compared to the case in Fig. 6.
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increasing the impact of the secondary spin on the
waveform’s phase. For the largest misalignment studied
here, specifically Lz;0 ¼ 0.1, δΨχ2 ∼Oð10Þ radians after
one year of inspiral. The case Lz;0 ¼ 0.87 provides the
smallest dephasing, which is due to the fact that L̂ is
nearly aligned with the line of sight vector N⃗. Lastly,
in Fig. 9, we study the impact of the mass ratio on
the dephasing. Due to the fact that spin effects are

suppressed by the mass ratio, more comparable mass
systems (larger q) produce more dephasing over one year
of inspiral than more disparate mass systems.
The PN analysis carried out here suggests that we may

expect Oð1Þ −Oð10Þ radians of phase from EMRIs with a
precessing secondary. To understand if this is reasonable,
we may compare to aligned results obtained using
Teukolsky fluxes in [27]. In Fig. 2 therein, it was found

FIG. 8. Same as Fig. 6 but for χ1 ¼ 0.90 and varying the value of Lz;0. Smaller values of Lz;0 correspond to systems with greater initial
misalignment between the orbital angular momentum and primary spin, leading to more precession cycles in the waveform, and thus,
larger δΨχ2.

FIG. 9. Same as Fig. 6 but for χ1 ¼ 0.90; Lz;0 ¼ 0.87, and varying the value of the mass ratio q. Since the secondary’s spin is
suppressed by the mass ratio, larger and more comparable mass systems produce more dephasing over a fixed one year duration of
inspiral.
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that one may reasonably expect ∼Oð10Þ radians of dephas-
ing due to an aligned spinning secondary. In our case, Fig. 8
shows that close to alignment (solid line), only ∼Oð1Þ
radians are accumulated, an order of magnitude less than
that found in [27]. We owe the difference to the fact that we
are using the PN approximation to model an EMRI system,
which is known to not be a reasonably accurate approxi-
mation of the dynamics of EMRIs. Nevertheless, this
comparison shows that the dephasing we obtain from
our naive PN analysis is a conservative estimate of the
effects of the secondary’s spin. As a result, we expect that
results on the uncertainty of the secondary’s spin compo-
nents obtained in a parameter estimation study that makes
use of our waveform model will also be conservative
estimates of those obtained from a proper self-force wave-
form that includes a precessing secondary. Such an analysis
goes outside the scope of this paper, and we plan to address
this in future work [84].

VI. CONCLUSION AND FUTURE WORK

In this work we have developed a consistent and fully
analytical framework to describe precessing binaries with
generic spin vectors and a large mass ratio asymmetry,
exploiting both the PN theory in the EMRI limit, as well as
a hierarchical multiscale analysis. We have solved the
equations of motion for precessing quantities at the leading
order in the mass ratio.
As a key result of our formalism, we have computed

the PN phase corrections due to precession within the
TaylorF2 GW approximant in the frequency domain,
including contributions from both the primary and secon-
dary spin vectors with generic orientation. We have there-
fore developed a fully analytical waveform model for
precessing EMRIs with arbitrary spin vectors.
The agreement between our analytical results and

numerical integrations of the equations of motion is well
controlled. While we find excellent agreement to Oðq0Þ,
the maximum dephasing to OðqÞ is less controlled, up to
two radians for a full evolution lasting a few years up to
the ISCO of the primary. Note that our perturbative
procedure can be extended to higher orders in q, and
there is nothing preventing one from including high order
MSA computations, which will presumably make the final
result more accurate.
In any case, the intrinsic error of the analytical waveform

is typically smaller than those of the precession and
secondary-spin effects that we have focused on.
Furthermore, despite this intrinsic error, our analytical
template can be useful to forecast the order of magnitude
of the parameter errors inferred by future observations
(using either Fisher-matrix or more sophisticated
Monte Carlo Markov Chain approaches), or for comparison
with other waveforms in certain regimes. The model
developed here can also be used for producing hybrid
waveforms aiming to describe less asymmetric binaries by

matching SF models that include PN contributions and the
EOB formalism.
In a follow-up work [84], we will use our TaylorF2

model to perform parameter estimation using a Fisher-
matrix analysis. Preliminary results show that, although the
PN series is known to be only asymptotic to the EMRI
regime (and is therefore not a faithful representation of the
signal), it nevertheless provides reliable results for what
concerns the errors of the waveform parameters. Thus, it
can be exploited to estimate how precession affects the
measurability of certain binary parameters, especially those
that feature degeneracies in the nonprecessing case. A
detailed study on this problem will appear in [84].
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APPENDIX A: ARGUMENTS FOR NEGLECTING
THE LISA CONSTELLATION MOTION IN THE
CALCULATION OF THE PRECESSION PHASE

Consider, in addition to the line of sight from binary to
detector N⃗, the line of sight from binary to the barycenter of
the ecliptic N⃗E, which is parametrized by a new set of
angles ðθNE;ϕNEÞ. We assume that the inertial frame of the
ecliptic is fixed relative to the inertial frame of the binary,
and thus ðθNE;ϕNEÞ are fixed. Then, one has the distance
from the binary to the ecliptic’s barycenter R⃗E ¼ REN⃗E,
the distance from the binary to the LISA detector
R⃗ðtÞ ¼ RðtÞN⃗ðtÞ, and the distance from the ecliptic’s
barycenter to the LISA detector rD ¼ rDn⃗DðtÞ. Here
rD ¼ 1 AU, and these vectors satisfy R⃗ðtÞ ¼ R⃗E þ r⃗ðtÞ.
Rearranging, we have

N⃗ ¼ RE

RðtÞ N⃗E þ rðtÞ
RðtÞ n⃗DðtÞ: ðA1Þ
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One can also show using the law of cosines that
RðtÞ ∼ RE þO½rðtÞ=RðtÞ�. Combining this with Eq. (A1),
we realize that N⃗ ∼ N⃗E þOðr=REÞ, where RE can be taken
as the luminosity distance to the source. Since rD ¼ 1 AU,
and RE∼100Mpc−10Gpc, the ratio r=RE∼10−14−10−16,
which is approximately the limit of double precision
accuracy. Hence, we can consider ðθN;ϕNÞ as fixed when
considering the precession phase of the waveform δΦ.
The LISA constellation’s motion does, however, enter the
definitions of the beam pattern functions.

APPENDIX B: COEFFICIENTS OF TaylorF2
APPROXIMANTS

In this section we provide the explicit expression for the
coefficients appearing in various PN quantities in Sec. IV.
For dv=dt expanded in small mass ratio in Eq. (118), the
PN coefficients are

ā2 ¼ −
743

336
; ā3 ¼ 4π −

113

12
χeff ; ðB1Þ

ā4 ¼
34103

18144
−
233

96
χ21 þ

719

96
χ2eff ; ðB2Þ

āð1Þ0 ¼ −3; āð1Þ2 ¼ 435

112
; ðB3Þ

āð1Þ3 ¼ 1

12
ð−144π þ 377χeff þ 38χ̄Q;0Þ; ðB4Þ

āð1Þ4 ¼ 215

189
þ 1165

96
χ21 −

719

32
χ2eff −

133

16
Lz;0χ1χ̄Q;0

þ 1

24
χeff χ̄Q;0; ðB5Þ

d̄3 ¼
19

6
DL;2; d̄4 ¼

1

24
DL;2χeff −

247

48
D1;2; ðB6Þ

with DL;2 and D1;2 velocity dependent factors given in
Eqs. (102) and (103). To leading order in a PN and small
mass ratio expansion

DL;2 ∼ −χ1vþOðq; v2Þ; ðB7Þ

D1;2 ∼ −χ1 þOðq; vÞ: ðB8Þ

The nonzero coefficients of ϕðvÞ and tðvÞ in Eqs. (121)
and (122) up to 2PN order read

tð−1Þ2 ¼ −
4

3
ā2; tð−1Þ3 ¼ −

8

5
ā3; ðB9Þ

tð−1Þ4 ¼ 2ðā22 − ā4Þ; tð0Þ0 ¼ −āð1Þ0 ; ðB10Þ

tð0Þ2 ¼ 4

3

�
2āð1Þ0 ā2 − āð1Þ2

�
; ðB11Þ

tð0Þ3 ¼ 8

5

�
2āð1Þ0 ā3 − āð1Þ3

�
; ðB12Þ

tð0Þ4 ¼ −6āð1Þ0 ā22 þ 4ā2ā
ð1Þ
2 þ 4āð1Þ0 ā4 − 2āð1Þ4 ; ðB13Þ

tðoscÞ7 ¼ −
608

9
χ1; ðB14Þ

tðoscÞ8 ¼ −
�
1216

9
L̂z;0χ1 þ

992

15
χeff

�
χ1; ðB15Þ

ϕð−1Þ
2 ¼ −

5

3
ā2; ϕð−1Þ

3 ¼ −
5

2
ā3; ðB16Þ

ϕð−1Þ
4 ¼ 5ðā22 − ā4Þ; ϕð0Þ

0 ¼ −1 − āð1Þ0 ; ðB17Þ

ϕð0Þ
2 ¼ 5

3

�
ā2 þ 2āð1Þ0 ā2 − āð1Þ2

�
; ðB18Þ

ϕð0Þ
3 ¼ 5

2

�
ā3 þ 2āð1Þ0 ā3 − āð1Þ3

�
; ðB19Þ

ϕð0Þ
4 ¼ −5

h
ð1þ 3āð1Þ0 Þā22 − 2ā2ā

ð1Þ
2

− ð1þ 2āð1Þ0 Þā4 þ āð1Þ4

i
; ðB20Þ

ϕðoscÞ
7 ¼ −

380

9
χ1; ðB21Þ

ϕðoscÞ
8 ¼ −

4

9
χ1ð190L̂z;0χ1 þ 93χeffÞ: ðB22Þ

For the precessional angle in Eq. (131), the nonzero PN
coefficients up to 2PN order are

αð−1Þ1 ¼ −
3

2
χeff ; αð−1Þ3 ¼ 2āð0Þ3 −

3

2
χeff ā

ð0Þ
2 ; ðB23Þ

αð−1Þ4 ¼ ā4 − ā22 −
3

4
χeff ā3; αl;ð−1Þ2 ¼ 2ā2; ðB24Þ

αð0Þ−1 ¼ c1
3χ21

; αð0Þ0 ¼ −āð1Þ0 −
3c1χeff
8χ21

; ðB25Þ

αð0Þ1 ¼ 3

2
χeff ā

ð1Þ
0 −

c1
χ21

ā2; ðB26Þ

αð0Þ3 ¼ 2āð1Þ3 − 4ā3ā
ð1Þ
0 þ 3ā2ā

ð1Þ
0 χeff −

3

2
χeff ā

ð1Þ
2

−
c1
4χ21

ð4ā22 − 4ā4 þ 3χeff ā3Þ; ðB27Þ
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αð0Þ4 ¼ āð1Þ4 þ 3ā22ā
ð1Þ
0 − 2ā4ā

ð1Þ
0 − 2ā2ā

ð1Þ
2 þ 3

2
χeff ā3ā

ð1Þ
0 −

3

4
χeff ā

ð1Þ
3 −

c1
8χ21

ð8ā2ā3 − 3ā22χeff þ 3ā4χeffÞ; ðB28Þ

αl;ð0Þ2 ¼ 2āð1Þ2 − 4ā2ā
ð1Þ
0 þ c1

4χ21
ð4ā3 − 3ā2χeffÞ ðB29Þ

αðoscÞ7 ¼ −
152

9
χ1; ðB30Þ

αðoscÞ8 ¼ −
2

45
χ1ð760χ1L̂z;0 þ 87χeffÞ: ðB31Þ

For the spin angle γP in Eq. (132), the nonzero PN coefficients are

γð−1Þ1 ¼ −
3

2
ðL̂z;0χ1 þ χeffÞ; γð−1Þ2 ¼ −3ā2 þ 3χ1χeffL̂z;0 þ

3

2
χ21ð1 − L̂2

z;0Þ; ðB32Þ

γð−1Þ4 ¼ −3ðā22 þ ā3χeff − ā4Þ − 3L̂z;0χ1ðā3 − ā2χeffÞ −
3

2
ā2ðL̂2

z;0 − 1Þχ21 −
3

2
L̂z;0ðL̂2

z;0 − 1Þχ31χeff þ
3

8
ð5L̂4

z;0 − 6L̂2
z;0 þ 1Þχ41;

ðB33Þ

γl;ð−1Þ3 ¼ 3ðā3 − ā2χeffÞ − 3ā2L̂z;0χ1 þ
3

2
L̂z;0ðL̂2

z;0 − 1Þχ31 −
3

2
ðL̂2

z;0 − 1Þχ21χeff ; ðB34Þ

γ̄ð0Þ0 ¼ −āð1Þ0 −
2

3

c1L̂z;0

χ1
; γ̄ð0Þ1 ¼ 3

2
āð1Þ0 ðχ1L̂z;0 þ χeffÞ þ c1

�
1 − L̂2

z;0 þ
3L̂z;0χeff
4χ1

�
; ðB35Þ

γ̄ð0Þ2 ¼ 6ā2ā
ð1Þ
0 þ c1

�
2ā2L̂z;0

χ1
−
3

2
ðL̂2

z;0 − 1Þð2L̂z;0χ1 − χeffÞ
�
−
3

2
āð1Þ0 χ1ð−L̂2

z;0χ1 þ 2L̂z;0χeff þ χ1Þ − 3āð1Þ2 ; ðB36Þ

γð0Þ4 ¼ 3

8

n
24ā22ā

ð1Þ
0 − 8ā2

h
āð1Þ0 χ1ðL̂2

z;0ð−χ1Þ þ 2L̂z;0χeff þ χ1Þ þ 2āð1Þ2

i
þ 16ā3ā

ð1Þ
0 L̂z;0χ1 þ 16ā3ā

ð1Þ
0 χeff

− 16ā4ā
ð1Þ
0 − 5āð1Þ0 L̂4

z;0χ
4
1 þ 4āð1Þ0 L̂3

z;0χ
3
1χeff þ 6āð1Þ0 L̂2

z;0χ
4
1 − 4āð1Þ0 L̂z;0χ

3
1χeff − āð1Þ0 χ41 − 4āð1Þ2 L̂2

z;0χ
2
1

þ 8āð1Þ2 L̂z;0χ1χeff þ 4āð1Þ2 χ21 − 8āð1Þ3 L̂z;0χ1 − 8āð1Þ3 χeff þ 8āð1Þ4

o
þ c1
4χ1

h
8ā22L̂z;0 − 6ā2ðL̂2

z;0 − 1Þχ1ð2L̂z;0χ1 − χeffÞ − 8ā3L̂
2
z;0χ1 þ 6ā3L̂z;0χeff þ 8ā3χ1 − 8ā4L̂z;0

þ 35L̂5
z;0χ

4
1 − 15L̂4

z;0χ
3
1χeff − 50L̂3

z;0χ
4
1 þ 18L̂2

z;0χ
3
1χeff þ 15L̂z;0χ

4
1 − 3χ31χeff

i
; ðB37Þ

γl;ð0Þ3 ¼ 3

2

�
4ā2ā

ð1Þ
0 L̂z;0χ1 þ 4ā2ā

ð1Þ
0 χeff − 4ā3ā

ð1Þ
0 − āð1Þ0 L̂3

z;0χ
3
1 þ āð1Þ0 L̂2

z;0χ
2
1χeff þ āð1Þ0 L̂z;0χ

3
1 − āð1Þ0 χ21χeff

− 2āð1Þ2 L̂z;0χ1 − 2āð1Þ2 χeff þ 2āð1Þ3

�
þ c1
4χ1

h
ā2ð−8L̂2

z;0χ1 þ 6L̂z;0χeff þ 8χ1Þ − 8ā3L̂z;0

þ ðL̂2
z;0 − 1Þχ21ð20L̂2

z;0χ1 − 9L̂z;0χeff − 4χ1Þ
i
; ðB38Þ

γðoscÞ7 ¼ −
1235

48
χ1; γ

ðoscÞ
8 ¼ −

13

48
χ1ð95χ1L̂z;0 − 2χeffÞ: ðB39Þ

Lastly, for the renormalization angle λ in Eq. (133), the nonzero PN coefficients are given by

λð0Þ1 ¼ −
4

3
χeff þ

2

3
χ̄Q;0; ðB40Þ
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λð0Þ3 ¼ 2ā3 −
4

3
χeff ā2 þ

2

3
χ̄Q;0ā2; ðB41Þ

λð0Þ4 ¼−ā22þ ā4−
1

3
ð2ā3χeffþ ā3χ̄Q;0þ ā2χeff χ̄Q;0Þ; ðB42Þ

λl;ð0Þ2 ¼ 2ā2 þ
2

3
χeff χ̄Q;0; ðB43Þ

λðoscÞ7 ¼ −
152

9
χ1; ðB44Þ

λðoscÞ8 ¼ −
8

135
χ1ð570χ1L̂z;0 þ 583χeff − 152χ̄Q;0Þ: ðB45Þ

APPENDIX C: COEFFICIENTS OF THE
WAVEFORM PRECESSION PHASE

The ðbi; diÞ coefficients appearing in the reduced evo-
lution equation for δΦ in Eq. (140) are

b0 ¼ L̂z;0ð1 − L̂2
z;0Þcos2 θN; ðC1Þ

b1 ¼ ð1 − 2L̂2
z;0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L̂2

z;0

q
cos θN sin θN; ðC2Þ

b2 ¼ L̂z;0ð1 − L̂2
z;0Þsin2 θN; ðC3Þ

d0 ¼ 1 − L̂2
z;0cos

2 θN; ðC4Þ

d1 ¼ L̂z;0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L̂2

z;0

q
sinð2θNÞ; ðC5Þ

d2 ¼ ð1 − L̂2
z;0Þsin2 θN: ðC6Þ

From these, and defining ζ ¼ 1þ qνXY , the coefficients
appearing the solution in Eq. (143) are

Δ0 ¼ d21 þ 4d0d2; ðC7Þ

Δ� ¼ d21 − 2d2ð−d0 þ d2Þ ∓ d1
ffiffiffiffiffiffi
Δ0

p
; ðC8Þ

e� ¼
ffiffiffiffi
Δ

p
0 ∓ d1 � 2d2; ðC9Þ

n� ¼ e�ffiffiffiffiffiffiffiffiffi
2Δ�

p ; β� ¼ n� − 1

n� þ 1
; ðC10Þ

h� ¼ b1d2 þ b2d1
ζ

ffiffiffiffiffiffiffi
Δ�

p ∓ b2d21 þ 2b2d0d2 þ b1d1d2 − 2b0d22
ζ

ffiffiffiffiffiffiffiffiffiffiffiffi
Δ0Δ�

p ;

ðC11Þ

N Φ ¼ −
ffiffiffi
2

p
b2 − hþ þ h−ffiffiffi

2
p

ζd2
: ðC12Þ

The discriminants Δ0 and Δ� are all positive definite for
any value of ðβ0; θNÞ.
For the solutions at linear order in q, the coefficients

appearing in δΦðB1Þ
0 are

bð1Þ0 ¼ L̂z;0

νRP
ð1− L̂2

z;0Þ
h
ν1νRP

þνSLχ̄Q;0

�
νRPL̂z;0−νQP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− L̂2

z;0

q �i
cos2θN; ðC13Þ

bð1Þ1 ¼ ð1 − 2L̂2
z;0Þ

2νRP

h
νRP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L̂2

z;0

q
ðν1 þ L̂z;0νSLχ̄Q;0Þ

− ð1 − L̂2
z;0ÞνQPνSLχ̄Q;0

i
sinð2θNÞ; ðC14Þ

bð1Þ2 ¼ −bð1Þ0 tan2 ðθNÞ: ðC15Þ

The quantities ½N ðB1Þ
ϕ ; hðB1Þ

� � are given by Eqs. (C11)

and (C12), with the replacements h�→hðB1Þ
� and bi→bð1Þi

for i ¼ 0; 1; 2. For δΦðB2Þ
0 , the coefficients are

cð1Þ1 ¼−
1

4
ð2−3L̂2

z;0þ L̂2
z;0cosð2θNÞÞLþ sinð2θNÞ; ðC16Þ

cð1Þ2 ¼ 2L̂z;0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L̂2

z;0

q
Lþsin4 ðθNÞ; ðC17Þ

cð1Þ3 ¼ −ð1 − L̂2
z;0ÞLþ cos θNsin3 θN; ðC18Þ

sð1Þ0 ¼−ð1−2L̂2
z;0þ L̂2

z;0cos
2θNÞL−cosθN sinθN; ðC19Þ

sð1Þ1 ¼ 2L̂z;0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L̂2

z;0

q
L−sin4 θN; ðC20Þ

sð1Þ2 ¼ −ð1 − L̂2
z;0ÞL− cos θNsin3 θN; ðC21Þ

L� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2
x þ l2

y

q
cosϕ0 cosϕ1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l̇2
x þ l̇2

y

q
cosψ1 sinϕ0;

ðC22Þ

ϕ0 ¼ ϕN − ϕL; ðC23Þ

ϕ1 ¼ tan−1ðly=lxÞ − ϕN; ðC24Þ

ψ1 ¼ tan−1ðl̇y=l̇xÞ − ϕN; ðC25Þ

Δ1 ¼ −d20 þ d21 þ 2d0d2 − d22; ðC26Þ

κ ¼ −2d2s
ð1Þ
0 þ d1s

ð1Þ
1 þ 2d0s

ð1Þ
2 ; ðC27Þ
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gþ ¼ cð1Þ1 d2
�
2d20ðd1 −

ffiffiffiffiffiffi
Δ0

p �
þ 2d0d2

� ffiffiffiffiffiffi
Δ0

p
− 4d1

�
þ d1

�
−3d21 þ

ffiffiffiffiffiffi
Δ0

p
d1 þ 2d22

��
þ cð1Þ2

�
−d20

�
d21 −

ffiffiffiffiffiffi
Δ0

p
d1 þ 4d22

�
þ d0d2

�
d21 − 3

ffiffiffiffiffiffi
Δ0

p
d1 þ 4d22

�
þ d31

�
d1 −

ffiffiffiffiffiffi
Δ0

p ��
þ cð1Þ3

�
−2d30ðd1 −

ffiffiffiffiffiffi
Δ0

p �
þ d20

�
4d1d2 − 6

ffiffiffiffiffiffi
Δ0

p
d2
�
þ 2d0

�
d31 −

ffiffiffiffiffiffi
Δ0

p
d21 − 3d1d22 þ 2

ffiffiffiffiffiffi
Δ0

p
d22
�
þ d21d2

� ffiffiffiffiffiffi
Δ0

p
− d1

��
;

ðC28Þ

g− ¼ −cð1Þ1 d2
�
−2d20

� ffiffiffiffiffiffi
Δ0

p
þ d1

�
þ 2d0d2

� ffiffiffiffiffiffi
Δ0

p
þ 4d1

�
þ d1

�
3d21 þ

ffiffiffiffiffiffi
Δ0

p
d1 − 2d22

��
− cð1Þ2

�
d20
�
d21 þ

ffiffiffiffiffiffi
Δ0

p
d1 þ 4d22

�
− d0d2

�
d21 þ 3

ffiffiffiffiffiffi
Δ0

p
d1 þ 4d22

�
−
�
d31
� ffiffiffiffiffiffi

Δ0

p
þ d1

���
− cð1Þ3

�
2d30

� ffiffiffiffiffiffi
Δ0

p
þ d1Þ− 2d20d2

�
3

ffiffiffiffiffiffi
Δ0

p
þ 2d1

�
− 2d0

�
d31 þ

ffiffiffiffiffiffi
Δ0

p
d21 − 3d1d22 − 2

ffiffiffiffiffiffi
Δ0

p
d22
�
þ d21d2

� ffiffiffiffiffiffi
Δ0

p
þ d1

��
;

ðC29Þ

σ0 ¼ 2d30d1s
ð1Þ
2 − 4d30d2s

ð1Þ
1 − 2d20d1d2s

ð1Þ
0 − 4d20d1d2s

ð1Þ
2 þ 8d20d

2
2s

ð1Þ
1 − 2d0d31s

ð1Þ
2 þ 4d0d21d2s

ð1Þ
1 þ 4d0d1d22s

ð1Þ
0

þ 2d0d1d22s
ð1Þ
2 − 4d0d32s

ð1Þ
1 þ 2d31d2s

ð1Þ
0 − 2d1d32s

ð1Þ
0 ; ðC30Þ

σC ¼ 2ð−d20 þ 2d0d2 þ d21 − d22Þð2d0d2sð1Þ2 þ d21s
ð1Þ
2 − d1d2s

ð1Þ
1 þ 2d22s

ð1Þ
0 Þ; ðC31Þ

σð1ÞS ¼ 2d0d2ðcð1Þ1 ð2d2ðd0 − d2Þ þ d21Þ þ cð1Þ2 d1ðd0 þ d2Þ þ cð1Þ3 ð2d20 − 2d0d2 − d21ÞÞ; ðC32Þ

σð2ÞS ¼ cð1Þ1 d0d1d22 þ cð1Þ1 d1d32 þ 2cð1Þ2 d20d
2
2 − 2cð1Þ2 d0d32 − cð1Þ2 d21d

2
2 − cð1Þ3 d20d1d2 þ 3cð1Þ3 d0d1d22 þ cð1Þ3 d31d2; ðC33Þ

N ðB2Þ
Φ ¼ 1ffiffiffi

2
p

Δ3=2
0

ffiffiffiffiffiffi
Δ−

p ffiffiffiffiffiffiffi
Δþ

p
Δ1

n ffiffiffiffiffiffiffi
Δþ

p h
cð1Þ1 d2ð2d1ðd20 − 4d0d2 þ d22Þ −

ffiffiffiffiffiffi
Δ0

p
ð2d0ðd2 − d0Þ þ d21Þ − 3d31Þ

þ cð1Þ2

�
−d20

�
d1
� ffiffiffiffiffiffi

Δ0

p
þ d1

�
þ 4d22

�
þ d0d2

�
d21 þ 3

ffiffiffiffiffiffi
Δ0

p
d1 þ 4d22

�
þ d31

� ffiffiffiffiffiffi
Δ0

p
þ d1

��i
þ

ffiffiffiffiffiffi
Δ−

p h
cð1Þ1 d2

�
2d1ðd20 − 4d0d2 þ d22Þ þ

ffiffiffiffiffiffi
Δ0

p
ð2d0ðd2 − d0Þ þ d21Þ − 3d31Þ

þ cð1Þ2

� ffiffiffiffiffiffi
Δ0

p
d1ðd20 − 3d0d2 − d21Þ − d20d

2
1 − 4d20d

2
2 þ d0d21d2 þ 4d0d32 þ d41

�i
þ cð1Þ3

ffiffiffiffiffiffi
Δ−

p � ffiffiffiffiffiffi
Δ0

p
ð2d30 − 6d20d2 − 2d0d21 þ 4d0d22 þ d21d2Þ þ d1ð−2d30 þ 4d20d2 þ 2d0ðd21 − 3d22Þ − d21d2Þ

�
− cð1Þ3

ffiffiffiffiffiffiffi
Δþ

p � ffiffiffiffiffiffi
Δ0

p
ð2d30 − 6d20d2 − 2d0d21 þ 4d0d22 þ d21d2Þ þ d1ð2d30 − 4d20d2 − 2d0d21 þ 6d0d22 þ d21d2Þ

�o
:

ðC34Þ

For the oscillatory correction in Eq. (157), the functions
BC;S
1;2 ðᾱÞ can be decomposed as

BC;S
1 ¼ νSL

X2
k¼0

½HC;S
ðkÞ cosðkᾱÞ þKC;S

ðkÞ sinðkᾱÞ�; ðC35Þ

BC;S
2 ¼ vωSLωL

ωP
IðᾱÞJ C;SðαÞ; ðC36Þ

with

HC
ð0Þ ¼

1

2
L̂2
z;0νQPχ̄P;0ðsin2 θN − 2cos2 θNÞ; ðC37Þ

HC
ð1Þ ¼

L̂z;0ð2L̂2
z;0 − 1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − L̂2
z;0

q νQPχ̄P;0 cos θN sin θN; ðC38Þ

HC
ð2Þ ¼

1

2
L̂2
z;0νQPχ̄P;0sin2 θN; ðC39Þ

KC
ð1Þ ¼

L̂z;0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L̂2

z;0

q ˙̄χP;0 cos θN sin θN; ðC40Þ
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KC
ð2Þ ¼

1

2
˙̄χP;0sin2 θN; ðC41Þ

HS
ð0Þ ¼

1

2
L̂2
z;0νQP ˙̄χP;0ðsin2 θN − 2cos2 θNÞ; ðC42Þ

HS
ð1Þ ¼

L̂z;0ð2L̂2
z;0 − 1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − L̂2
z;0

q νQP ˙̄χP;0 cos θN sin θN; ðC43Þ

HS
ð2Þ ¼

1

2
L̂2
z;0νQP ˙̄χP;0sin2 θN; ðC44Þ

KS
ð1Þ ¼ −

L̂z;0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L̂2

z;0

q χ̄P;0 cos θN sin θN; ðC45Þ

KS
ð2Þ ¼ −

1

2
χ̄P;0sin2 θN ðC46Þ

IðᾱÞ ¼ ð1 − 2L̂2
z;0 þ L̂2

z;0cos
2 θNÞ cos θN;

− 2L̂z;0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L̂2

z;0

q
sin3 θN cos ᾱ

þ ð1þ L̂2
z;0Þ cos θN sin θNcos2 θN; ðC47Þ

J SðαÞ¼ ˙̄χP;0cosθN

þ
h
SðaÞx cosϕNþSðaÞy sinϕN

i
sinθN sinα

þ
h
CðaÞ
x cosϕNþCðaÞ

y sinϕN

i
sinθN cosα; ðC48Þ

J CðαÞ¼ χ̄P;0cosθN

þ
h
CðsÞ
x cosϕNþCðsÞ

y sinϕN

i
sinθN sinα

þ
h
SðsÞx cosϕNþSðsÞy sinϕN

i
sinθN cosα; ðC49Þ

CðaÞ
x;y ¼ CðþÞ

x;y − Cð−Þ
x;y ; C

ðsÞ
x;y ¼ CðþÞ

x;y þ Cð−Þ
x;y ; ðC50Þ

SðaÞx;y ¼ SðþÞ
x;y − Sð−Þx;y ; S

ðsÞ
x;y ¼ SðþÞ

x;y þ Sð−Þx;y ; ðC51Þ

where Sð�Þ
x;y and Cð�Þ

x;y are given in Eqs. (82) and (83).

APPENDIX D: OBTAINING L̂ðqÞ THROUGH THE
RENORMALIZATION GROUP METHOD

In addition to the MSA technique used to integrate
L̂ðqÞ as discussed in Sec. III C, we now employ the
Renormalization group (RG) method to obtain L̂ðqÞ.
The RG method is a perturbative approach, and particularly
useful to study nonlinear equations [103]. For example, in
order to solve an equation of the following form

ẍþ ωx ¼ ϵx3; ðD1Þ

the RG method can be useful. Note that in this example, the
right-hand side (rhs) contains a nonlinear perturbation
(proportional to x3), and ϵ is the perturbation parameter.
Within a perturbative scheme, the zeroth order solution acts
as a source of perturbation for the first order, and it
introduces a diverging feature. In the present context, it
turns out that L̂ can also be written as Eq. (D1), and the RG
method can be implemented. Our aim is to compare MSA
and RG methods, and understand how well these analytical
techniques match with the numerical estimation.
In order to employ the RG method in the present paper,

we are interested to write L̂ as in Eq. (D1). By using
Eqs. (13)–(20), and ignoring terms∼Oðq2Þ, we arrive at the
following expression:

d2L̂x;y

dτ2
þ ω2

LL̂x;y ¼ q
n
−2

h
−ωð1Þ

L ωL þ vωSLωLχ2z
i
L̂x;y

þ vωSLωLL̂zχ2x;y ∓ vωSLωSJL̂y;x

o
:

ðD2Þ

Here we have ignored the z-component of L̂ as our
interest is to address the artificial resonance or divergence,
which appears from the x and y components of L̂. We can

now seek a perturbative solution of L̂x L̂x;y ¼ L̂ð0Þ
x;y þ qLð1Þ

x;y,
and arrive at the following expression

d2L̂ð1Þ
x;y

dτ2
þ ω2

LL̂
ð1Þ
x;y ¼

n
−2

h
−ωð1Þ

L ωL þ vωSLωLχ
ð0Þ
2z

i
L̂ð0Þ
x;y

þ vωSLωLL̂
ð0Þ
z χð0Þ2x;y ∓ vωSLωSJL̂

ð0Þ
y;x

o
:

ðD3Þ
From this point, we will only focus on the x-component,

whereas the y-component can be derived similarly. To
proceed further, we will adopt the notion used in Sec. III,

and obtain χð0Þ2x , L
ð0Þ
x;y accordingly. Let us first introduce the

following expressions:

X¼ sinβ0cosΨ0; Y¼−sinβ0cosΨ0; Z¼ cosβ0; ðD4Þ
where we have dropped the τ̃ term in bracket. However, as
can be understood from the discussion in Sec. III, the above
quantities only change over the radiation reaction time-
scale. With this substitution, we obtain P̂ and Q̂ as follows:

P̂ ¼ ðsinðαþ Ψ0Þ;− cosðαþ Ψ0Þ; 0Þ;
Q̂ ¼ ðcosðαþ Ψ0Þ; sinðαþ Ψ0Þ; 0Þ: ðD5Þ

Therefore, the expression for L̂ð0Þ
x;y has become:

L̂ð0Þ
x ðτÞ ¼ sin β0 cosðαþ Ψ0Þ; L̂ð0Þ

y ðτÞ ¼ sin β0 sinðαþΨ0Þ;
ðD6Þ
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where the values of Ψ0 and β0 can be fixed from the initial
conditions. With these implementations, we now write

down the expression of χð0Þ2x and χð0Þ2z as follows:

χð0Þ2x ¼ χ2;PðP̂ · x̂Þ þ χ2;QðQ̂ · x̂Þ ¼ χQ;0 cosðαþ Ψ0Þ þ F x;

ðD7Þ

where

F x ¼ F 1x cos½δþ þΨ0� þ F 2x cos½δ− þΨ0�
þ F 3x sin½δþ þΨ0� þ F 4x sin½δ− þΨ0�; ðD8Þ

with δþ ¼ ðωL þ ωPÞτ, and δ− ¼ ðωL − ωPÞτ. The expres-
sions for F 1x, F 2x, F 3x, and F 4x are given by

F 1x ¼ −ð1=2ÞðνQ þ 1Þχ̇P;0;
F 2x ¼ −ð1=2ÞðνQ − 1Þχ̇P;0;
F 3x ¼ ð1=2ÞðνQ þ 1ÞχP;0;
F 4x ¼ −ð1=2ÞðνQ − 1ÞχP;0: ðD9Þ

To expand Eq. (D3), the other quantity of particular interest

is χð0Þ2z . By using Eqs. (43) and (57), we arrive at

χð0Þ2z L̂
ð0Þ
x ¼ χJ;0L̂

ð0Þ
x þ νR½−χP;0 sinðγPÞ þ χ̇P;0 cosðγPÞ�L̂ð0Þ

x ;

¼ χJ;0L̂
ð0Þ
x þ νR sin β0½−χP;0 sinðγPÞ þ χ̇P;0 cosðωPτÞ� cosðαþ Ψ0Þ;

¼ χJ;0L̂
ð0Þ
x þ Gx; ðD10Þ

where

Gx ¼ G1x cos½δþ þ Ψ0� þ G2x cos½δ− þ Ψ0�
þ G3x sin½δþ þ Ψ0� þ G4x sin½δ− þ Ψ0�; ðD11Þ

and

G1x ¼ G2x ¼
νR sin β0χ̇P;0

2
;

G3x ¼ −G4x ¼ −
νR sin β0χP;0

2
: ðD12Þ

Therefore, the final expression reads

d2L̂ð1Þ
x

dτ2
þω2

LL̂
ð1Þ
x ¼ −2

h
−ωð1Þ

L ωL þ vωSLωLχ
ð0Þ
2z

i
L̂ð0Þ
x þ vωSLωLL̂

ð0Þ
z χð0Þ2x − vωSLωSJL̂

ð0Þ
y ;

¼ −2
h
−ωð1Þ

L ωL þ vωSLωLχJ;0
i
L̂ð0Þ
x þ vωSLωLL̂

ð0Þ
z χQ;0 cosðωLτþΨ0Þ− vωSLωSJL̂

ð0Þ
y

þ vωLωSLL̂
ð0Þ
z F x − 2vωLωSLGx;

¼ −2
h
−ωð1Þ

L ωL þ vωSLωLχJ;0
i
L̂ð0Þ
x þ vωSLωL cosβ0χQ;0 cosðωLτþΨ0Þ− vωSLωSJ sinβ0 sinðωLτþΨ0Þ

þ vωLωSL cosβ0F x − 2vωLωSLGx: ðD13Þ

In the last line of the above expression, we have used

L̂ð0Þ
z ¼ cos β0, and expressed L̂ð0Þ

y from Eq. (D6). Before
solving the above equationusing theRGmethod,we can clean
it a bit by introducing the following notations, along with
setting χQ;0 ¼ νRχJ;0 (as discussed at the end of Sec. III B):

A ¼ −2
�
−ωð1Þ

L ωL þ vωSLωLχJ;0
�
;

B ¼ vωSLωL cos β0νRχJ;0;

C ¼ −vωSLωSJ sin β0;

D1 ¼ vωLωSL cos β0;

D2 ¼ 2vωLωSLGx: ðD14Þ

With these expressions, we arrive at

d2L̂ð1Þ
x

dτ2
þ ω2

LL̂
ð1Þ
x ¼ AL̂ð0Þ

x þ B cosðωLτ þ Ψ0Þ
þ C sinðωLτ þ Ψ0Þ þ ðD1F x −D2GxÞ:

ðD15Þ

The perturbations that lead to diverging solutions are given by
the first three terms, whereas the last term (D1F x −D2Gx)
contains δ� which provides regular solution. Therefore, our
goal is to renormalize the first three terms of the above
expression.
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With this equation at hand, we are now in a position
to employ the RG method. By following the standard
convention to employ RG techniques in literature [104],
we require the leading-order solution to be
AqðτÞ cosðωLτ þΨqðτÞÞ. With this, the final solution,
truncated at the first order, can be written as [104]:

L̂xðτÞ ¼ AqðτÞ cosðωLτ þΨqðτÞÞ þ qỹ1ðτ; Aq;ΨqÞ þ qRx;

ðD16Þ

in which AqðτÞ and ΨqðτÞ are to be expanded in the
perturbation parameter, i.e., mass ratio q. In the above
equation, ỹ1 is obtained by obtaining the Fourier transform
of the perturbation term, i.e., the entire rhs of Eq. (D3). To

be precise, ỹ1 is the nonsecular part of this Fourier trans-
formation and therefore, gives a regular solution. In order to
achieve this, we reintroduce the long timescale τ̃ ¼ qτ, and
use a near-identity transformation on Aq and Ψq:

AqðτÞ ¼ Ãqðτ̃Þ þ qαðτ; ÃqÞ;ΨqðτÞ ¼ Ψ̃qðτ̃Þ þ qβðτ; ÃqÞ:
ðD17Þ

In a naive sense, the values of Ãq, Ψ̃q, α, and β will be fixed
by ensuring that all the secular terms are eliminated. The
other quantity in Eq. (D16) that is yet to be defined is given
by Rx. It appears due to (D1F x −D2Gx) in Eq. (D15), and
is given by:

Rx ¼ R0 cosðωLτ þR1Þ þ vωLωSL cos β0

�
F 1x

cosðδþ þ Ψ0Þ
ðωL þ ωPÞ2 − ω2

L
þ F 2x

cosðδ− þΨ0Þ
ðωL − ωPÞ2 − ω2

L
þ F 3x

sinðδþ þ Ψ0Þ
ðωL þ ωPÞ2 − ω2

L

þ F 4x
sinðδ− þΨ0Þ

ðωL − ωPÞ2 − ω2
L

�
− 2vωLωSL

�
G1x

cosðδþ þ Ψ0Þ
ðωL þ ωPÞ2 − ω2

L
þ G2x

cosðδ− þΨ0Þ
ðωL − ωPÞ2 − ω2

L
þ G3x

sinðδþ þΨ0Þ
ðωL þ ωPÞ2 − ω2

L

þ G4x
sinðδ− þΨ0Þ

ðωL − ωPÞ2 − ω2
L

�
: ðD18Þ

In the above expression, the first term on the rhs is the homogeneous part of the solution. Here R0 and R1 are free
parameters which can be determined from the initial conditions. Finally, we arrive at

AqðτÞ ¼ Aqð0Þ −
qτ
2ωL

C; ey1 ¼ 0;

ΨqðτÞ ¼ Ψqð0Þ −
qτ

2ωLAqð0Þ
ðB þ Aqð0ÞAÞ: ðD19Þ

It is easy to note that Aqð0Þ ¼ sin β0, and Ψqð0Þ ¼ Ψ0. Therefore, we write down the expression for L̂xðτÞ as

L̂xðτÞ ¼
�
sin β0 −

qτ
2ωL

C
�
cos

�
ωLτ þ Ψ0 −

qτ
2ωLAqð0Þ

ðB þ sin β0AÞ
�
þ qRx: ðD20Þ

By setting q ¼ 0, we end up with L̂ð0Þ
x ðτÞ ¼ sin β0 cosðωLτ þ Ψ0Þ, which is consistent with the previously obtained result

in Eq. (D6).
We can now compare the results from MSA and RG methods for a given set of parameters. This is shown in Fig. 10 for a

mass ratio of q ¼ 10−4 and representative binary parameters.
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