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In the canonical tachyonic resonance preheating scenario, only an order one fraction of energy density in
the inflaton is transferred to radiation, due to backreaction effects. One possible way to improve the energy
transfer efficiency is to allow for the perturbative decays of the resonantly produced daughter particles,
which serve as the “spillway” to drain the direct decay products from inflaton and to reduce the
backreaction. In this article, we study two observational consequences of spillway preheating. The first is
on the inflationary observables: the scalar spectrum tilt ns and tensor-to-scalar ratio r. The spillway
scenario modifies the evolution of the equation of state between the end of inflation and the thermal big
bang. As a result, it affects the time elapsed from inflation to the cosmic microwave background, as well as
the fits of inflationary models and their corresponding prediction for ns and r. We map out the equation of
state by systematically scanning the parameter space of the spillway scenario and show that the most
efficient spillway scenario predicts a bluer spectrum, compared to the tachyonic preheating scenario.
Another consequence is the production of high-frequency gravitational waves. Comparing the simulation
results with those of tachyonic preheating, we find that the existence of spillways leads to sharper-peaked
GW spectra with a mildly damped amplitude.
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I. INTRODUCTION

So far, cosmological observations have provided com-
pelling evidence for an exponentially expanding infla-
tionary phase in the early Universe and a hot big bang
shortly after it. Yet the intermediate stage between the two
remains mysterious is often referred to as the “primordial
dark age,” simply reflecting our ignorance of this connect-
ing phase. It has been generally assumed that the phase
transition is achieved through (p)reheating processes con-
verting the inflaton energy to the thermal energies of other
particles. More specifically, this conversion could be
through either perturbative decays of the inflaton [1–3],
the so-called reheating, or nonperturbative and out-of-
equilibrium dynamics [4–13]. The latter processes are
referred to as preheating, usually happening much faster
and earlier than the reheating ones.
Preheating contains a plethora of rich dynamics beyond

the reach of perturbative calculations, and requires a better
understanding. Yet the canonical most-studied preheating

scenarios, such as parametric resonance [11] and tachyonic
resonance [14], could only transfer at most an order one
fraction of the inflaton energy to radiation.1 Reheating is
needed to complete the transition to the thermal big bang
at a (much) later stage. This raises an intriguing question
of whether there exists a more efficient preheating mecha-
nism to deplete more inflaton energy and convert it into
radiation.
One such possibility is the “spillway” preheating, which

could improve the depletion of the inflaton energy density
by up to four orders of magnitude [19]. The bottleneck of
traditional preheating mechanisms is that although initially
the daughter particles, e.g., scalars denoted by χs, could be
produced copiously through exponential nonperturbative
processes, they would backreact on the inflaton, ϕ, pause
the production processes, and prevent further energy trans-
fer. For example, the standard tachyonic resonance pro-
duction could only transfer about half of the inflaton energy
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1The only known exception in the literature is the tachyonic
gauge preheating by coupling the (pseudo)scalar inflaton to the
(dual) gauge field strength [15–18], which can boost the
depletion of the inflaton energy density by up to two orders of
magnitude.
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to radiation [14]. To overcome this difficulty and reduce
the backreaction, a “spillway” is introduced through the
perturbative decays of χs to second-generation daughter
fermions ψ via a Yukawa coupling. The cascade decays
ϕ → χ → ψ , combining nonperturbative decays as the first
step and perturbative decays as the second, is demonstrated
to enhance the inflaton energy transfer significantly in
some parameter space that could be simulated numeri-
cally [19].
Comparison of the spillway mechanism with some

similar earlier studies relying on multistep decays [20–22]
could be found in [19]. In terms of model ingredients,
spillway preheating has some similarity to instant preheat-
ing [20]. But the two models work in different regions of
parameter space and realize very different physics. Instant
preheating is designed to transfer an Oð1Þ fraction of the
inflaton energy density almost instantaneously in the first
oscillation of the inflaton, which allows daughter particles
much heavier than the inflaton to be produced. Spillway
preheating, on the other hand, typically only starts after
Oð10Þ inflaton oscillations, but achieves much higher
energy transfer efficiency, where the fractional inflaton
energy density at the end of preheating could be as small as
10−4. Moreover, while spillway preheating is similar to
some of these models, e.g., in [21,22], it is a more general
simplified model containing only the potential after infla-
tion and allowing the parameters of relevant couplings to
vary. Other aspects on the interplay between nonperturba-
tive and perturbative processes after inflation have been
studied in [23–27].
In this paper, we examine two potential observational

consequences of spillway preheating and compare them
with those of the tachyonic resonance scenario. The first
one we study is the impact on two inflationary observables:
scalar spectrum index ns and tensor-to-scalar ratio r [earlier
studies of the (p)reheating impact on these observables
could be found in [28–39] ]. The spillway scenario could
modify the evolution of the equation of state in the cosmic
dark age, and affect the time elapsed from inflation to the
cosmic microwave background (CMB). As a result, this
could influence the fits of inflationary models and their
corresponding prediction for ns and r. We have imple-
mented a comprehensive scan of the equation of state in the
input model parameter space, which has not been done
before. We then discuss the effects on the fits to ns and r in
different classes of inflationary models. The next observ-
able we explore is the generation of high-frequency
gravitational waves (GWs). The nonlinear dynamics leads
to fragmentation of the inflaton field and an inhomo-
geneous matter distribution, sourcing GWs. GWs from
canonical preheating models have been studied in [40–56].
We will present simulation results of GWs for the spillway
preheating scenario, which share some common properties
with those of the tachyonic resonance scenario, but also
possess their own distinctive feature.

The paper is organized as follows: in Sec. II, we review
the basics of the tachyonic resonance and spillway pre-
heating mechanisms. In Sec. III, we scan the parameter
space, and present how the equation of state evolves in
spillway scenario, comparing it with that in the tachyonic
case. We then discuss how it affects fits of ns and r in
various inflationary models. In Sec. IV, we show how the
GW production depends on the model parameters and
compare the GWs produced in the spillway and tachyonic
preheating scenarios. We conclude in Sec. V.

II. MODELS

In this section, we outline two efficient preheating
models of interest which rely on nonperturbative particle
production. We first discuss key features of the tachyonic
resonance model introduced in [14]. We then review its
variant, spillway preheating studied in [19], and emphasize
the main differences between the two scenarios as well as
the advantage of spillway preheating over the canonical
tachyonic resonance.

A. Tachyonic resonance preheating

The simplest tachyonic resonance preheating model
consists of a real inflaton field ϕ and a real scalar daughter
particle χ. It is governed by the potential

Vðϕ; χÞ ¼ 1

2
m2ϕ2 þ 1

2

M2

f
ϕχ2 þ 1

4
λχ4: ð2:1Þ

The energy scales of this model include the inflaton
mass m, which we will fix to be 10−6Mpl with the reduced
Planck scaleMpl ≈ 2.4 × 1018 GeV. At the end of inflation
(with the time set at t ¼ 0), the inflaton field starts to
oscillate around the minimum of its potential with an initial
amplitude ϕ0 ¼ f. Without loss of generality and for
convenience, we ignore a possible quadratic mass term
for χ in the potential. Yet the trilinear interaction between ϕ
and χ still gives rise to an effective mass squared for χ equal
to M2

f ϕ. When ϕ is on the positive side, the effective mass

squared of χ is of order M2 when the inflaton just starts to
oscillate. When ϕ dips into the negative region, this
effective mass squared becomes negative, triggering a
tachyonic instability. On the branch of negative ϕ, χ ¼ 0
sits at an unstable equilibrium point of the potential,
and quickly begins to grow after spontaneous symmetry
breaking. This instability drives ϕ → χχ decays at a rate
governed by the parameter [57]

q≡M2

m2
: ð2:2Þ

Higher values of q correspond to more efficient particle
production.
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To ensure that the potential is bounded from below to
prevent runaway production of χ particles, the tachyonic
model requires a quartic self-interaction of χ, λχ4, with λ
being a positive dimensionless constant. This interaction
leads to a positive contribution λhχ2i to the effective mass
squared of χ, once the particle production starts. It com-
petes against the tachyonic contribution from the trilinear
coupling on the negative side of ϕ, manifesting as a
backreaction to slow down ϕ → χχ decays. We characterize
the strength of this effect via the backreaction efficiency
parameter, defined to be a product of the ratios between the
energy in the trilinear interaction to the energy in the two
fields [57]:

b≡ 1

4

 
1
2
M2

f ϕχ2

1
2
m2ϕ2

! 
1
2
M2

f ϕχ2

1
4
λχ4

!
¼ M4

2λm2f2
: ð2:3Þ

The model requires b∈ ½0; 1Þ, since setting b ≥ 1 causes
the potential to be unbounded from below. At early times,
m2

χ will be negative whenever hϕi < 0, driving production
of χ until the backreaction from hχ2i becomes large enough
to win out against the tachyonic resonance. We can
compute the critical value of hχ2i when this occurs by
setting the effective mass mχ to zero and solving to obtain

hχ2criti ¼
2b
3q

fhϕi: ð2:4Þ

When b is close to one and q ≫ 1, tachyonic resonance
typically drives ϕ → χχ decays until around half the energy
of the inflaton field is converted to χ. At this point, the
backreaction of χ on the inflaton field halts further energy
transfer.

B. Spillway preheating

The spillway preheating model in [19] aims to improve
the energy depletion of the inflaton in the tachyonic

resonance model by coupling a fermion field ψ to the
scalar daughter particle. The full potential of the theory is
now

Vðϕ; χ;ψÞ ¼ 1

2
m2ϕ2 þ 1

2

M2

f
ϕχ2 þ 1

4
λχ4 þ yχψ̄ψ : ð2:5Þ

The added Yukawa interaction allows for perturbative
decays of χ → ψ̄ψ . The purpose of this addition is to
deplete the χ particles, which consequently reduces the
backreaction of χ against the inflaton condensate. This
allows for more ϕ → χχ decays that will improve the
energy transfer from the inflaton to radiation. At tree level,
the decay width of χ → ψ̄ψ is

Γχ ¼
y2mχ

8π
; ð2:6Þ

wheremχ is the effective mass of χ, defined as the curvature
about the minimum of its potential and given by

mχðϕÞ ¼

8>><
>>:

ffiffiffiffiffiffiffiffiffi
M2

f ϕ
q

ϕ > 0ffiffiffiffiffiffiffiffiffiffiffiffiffi
2M2

f jϕj
q

ϕ < 0

: ð2:7Þ

As an example, we show in Fig. 1 one benchmark
numerical result of the comoving energy densities of the
fields evolving over time in the tachyonic resonance and
spillway preheating models. It demonstrates an improved
energy transfer of the spillway model by about two orders
of magnitude compared to that of the tachyonic resonance
model. χ and ψ are both radiationlike and their energy
densities scale as a−4 with a the scale factor, while the
inflaton energy density scales as a−3. As a result, the
evolution of the equation of state of the whole system could
be quite different in both models, with consequences which
we will discuss more in the following sections.

FIG. 1. Comparison of the comoving energy densities for different fields as a function of time in the tachyonic resonance (left) and
spillway preheating (right) models. We set q ¼ 100, b ¼ 0.5 for both panels. For the spillway preheating, we fix y2=ð8πÞ ¼ 0.1.
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III. OBSERVABLE 1: INFLATIONARY
OBSERVABLES

In this section, we will investigate the effects of spillway
preheating on two inflationary observables: the scalar
spectrum index ns and tensor-to-scalar ratio r. We will
first briefly review the basic formalism of these two
observables, which are sensitive to the average equation
of state w̄re before reheating completes. Then we will
present the dependence of w̄re on the key parameters in the
spillway preheating scenario. Lastly, we will show the
allowed values of ns and r in the spillway preheating
model, comparing them with the current and near-future
measurements.

A. ns and r

The power spectrum for scalar perturbations generated
during inflation, Δ2

RðkÞ, is given by

Δ2
RðkÞ ¼

�
H2

2πϕ̇

�
2
����
k¼aH

¼ 1

8π2ϵV

H2

M2
pl

; ð3:1Þ

where H is the Hubble scale when the mode with wave
number k exits the horizon. The second equality is obtained

by substituting in the potential slow-roll parameter ϵV ¼
M2

pl

2
ðVðϕÞ0=VðϕÞÞ2 with VðϕÞ being the inflaton potential

during inflation and V 0 the derivative with respect to ϕ. We
also use the attractor solution that the inflaton velocity
during inflation is given by ϕ̇ ¼ −V 0=ð3HÞ. This has a
weak scale dependence described by a power law

Δ2
RðkÞ ¼ As

�
k
k�

�
ns−1

; ð3:2Þ

with k� a reference scale and ns the scalar spectrum index,
which is related to the potential slow-roll parameters ϵV and
ηV as

ns − 1≡ d logΔ2
R

d log k
¼ −6ϵVðϕkÞ þ 2ηVðϕkÞ; ð3:3Þ

where ηV ¼ M2
plV

00=V and ϕk denotes the inflaton field
value at the k-horizon exit. The scalar amplitude As could
be expressed in terms of the slow-roll parameters as

As ¼
1

24π2
V

M4
plϵV

: ð3:4Þ

In summary, the scalar perturbation spectrum is completely
determined by the slow-roll parameters ϵV and ηV .
The tensor perturbation of the metric, on the other hand,

has the power spectrum

Δ2
hðkÞ ¼

2

π2
H2

M2
pl

����
k¼aH

: ð3:5Þ

Then the tensor-to-scalar ratio r is determined by

r ¼ Δ2
hðkÞ

Δ2
RðkÞ

¼ 16ϵVðϕkÞ: ð3:6Þ

To predict the observables ns and r, it suffices to
determine the slow-roll parameters ϵVðϕkÞ and ηVðϕkÞ at
k-horizon exit. To achieve that, we need to specify an
inflationary model with a chosen VðϕÞ. Then the only
remaining parameter to determine is ϕk. ϕk is related to Nk,
the number of e-folds from the k-horizon exit to the end of
inflation, by the equation

Nk ¼
Z

ϕe

ϕk

jdϕjffiffiffiffiffiffiffiffi
2ϵV

p : ð3:7Þ

Here ϕe is the value of the inflaton at the end of inflation,
and ϵVðϕeÞ is the potential slow-roll parameter when
inflation ends, which we take to be one. Nk is also related
to the e-folds between the end of inflation and today in a
given expansion history and could be computed as [28]

Nk ¼− log
k

a0T0

−
1−3w̄re

4
Nre−

1

4
log

30

greπ2
−
1

3
log

11gs;re
43

þ 1

4
log

π2rAs

6
þ 1

4
log

VðϕkÞ
VðϕeÞ

þ 1

4
log

2

3
; ð3:8Þ

where a0 ¼ 1 and T0 ¼ 2.73 K are the present-day scale
factor and CMB temperature respectively. We follow the
Planck 2018 convention and use a reference scale of
k ¼ 0.05 Mpc−1. gre ≈ 102 is the effective degree of free-
dom for energy density while gs;re ≈ 102 is that for entropy
during reheating. We use the Planck 2018 measurement
value of As ¼ 2.1 × 10−9 [58]. Two important parameters
characterizing reheating enter this equation: Nre is the
number of e-folds between the end of inflation and the end
of reheating when the Universe becomes radiation domi-
nated, and w̄re is the average equation of state of the
Universe during the entire reheating period,

w̄re ¼
1

Nre

Z
Nre

wðN0ÞdN0: ð3:9Þ

Equation (3.8) thus gives us a relation between the
observables we would like to determine, r and ns, and
the ones we could directly compute from a given reheating
model, w̄re and Nre.
The cosmological equation of state at any given point of

time is wre ¼ ptot=ρtot, where ptot is the average pressure of
the entire system and ρtot is the corresponding space-
averaged comoving energy density. The value of wre clearly
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depends on the preheating dynamics. The inflaton field is
matterlike, corresponding to an equation of state w ¼ 0.
The daughter fields in the spillway model, χ and ψ , are
radiationlike, corresponding to w ¼ 1=3. Because the
distribution of energy densities for different species varies
across preheating models, we expect different preheating
models to generate different time evolutions of wre between
0 and 1=3, before the Universe completes reheating and
reaches a constant wre ¼ 1=3.
The number of e-folds between the end of inflation and

the end of reheating, Nre, could be calculated as

Nre ¼
1

3ð1þ w̄reÞ
log
�
ρ0
ρre

�
; ð3:10Þ

where ρ0 ¼ m2f2=2 is the inflaton energy density at the
end of inflation. ρre is the energy density at the end of
reheating when the perturbative decays, ϕ → χχ, completes
the conversion from the remaining inflaton energy density
to radiation [11]:

ρre ¼ 3Γ2
ϕM

2
pl; Γϕ ¼ M4

8πmf2
: ð3:11Þ

Thus once we know w̄re, Nre is completely determined.
Then combining Eqs. (3.3)–(3.8), we could determine r and
ns for a given inflaton potential. In the next section, we will
discuss how to compute w̄re.

B. Computations of w̄re

As described in the last section, it is the average equation
of state w̄re that enters the computation of inflationary
observables, ns and r. However, to make the physical effect
of the spillway mechanism transparent, we will first discuss
the effect of the spillway on the entire evolution of wre
between the end of inflation and the end of reheating, and
then present the resulting variation in w̄re.
A combination of numerical simulations and analytical

estimates will be necessary to understand the effect of
the spillway on w̄re: numerical simulations are needed to
capture the nonperturbative dynamics shortly after infla-
tion, while analytical estimates will be needed to extrapo-
late what we learn from the numerical simulations until
the end of reheating, which is too long to be simulated
completely.

1. Numerical simulations

We follow the same numerical approach as in [19] to
simulate the time evolution of the system in the spillway
scenario. The equation of motion for the inflaton is

ϕ̈þ 3Hϕ̇ −
1

a2
∇2ϕþm2ϕþ 1

2

M2

f
χ2 ¼ 0; ð3:12Þ

while its direct scalar daughter is governed by

χ̈ þ 3Hχ̇ −
1

a2
∇2χ þ λχ3 þM2

f
ϕχ þ Γχ χ̇ ¼ 0; ð3:13Þ

where the perturbative decays of χ to the fermions serve as
the friction term. The fermionic decay product is approxi-
mated as a perfect, homogeneous, radiationlike fluid whose
energy density is governed by

ρ̇ψ þ 4Hρψ − hΓχ χ̇
2i ¼ 0; ð3:14Þ

where Γχ χ̇
2 acts as a source term. This system of equations,

together with the Friedmann equations to compute the
evolution of the scale factor, could be solved using the
LATTICEEASY software package [59] with the integrator
replaced with the fourth-order Runge-Kutta algorithm. The
fields are simulated on a 1283 lattice of width 2 m−1. For
each simulation we fix the initial oscillation amplitude f ¼
Mpl and the inflaton mass m ¼ 10−6Mpl. We note that of
the two Friedmann equations,

ä
a
¼ −

4πG
3

hρtot þ 3ptoti; ð3:15Þ
�
ȧ
a

�
2

¼ 8πG
3

hρtoti; ð3:16Þ

only one equation is necessary to evolve the scale factor.
G above is the Newton constant. LATTICEEASY chooses to
use (3.15), and (3.16) is computed as a consistency check
for the conservation of energy.
In the scenario we are interested in, preheating through

nonperturbative particle production is effective before the
perturbative reheating completes the transition from infla-
ton domination to thermal big bang. Thus we require that
the inflaton’s perturbative decays happen (much) later than
the timescale of preheating. For efficient preheating, it
happens almost immediately after inflation so we require
Γ−1
ϕ ≫ 100 m−1. This roughly corresponds to q ≤ 2000.

Additionally, we do not test values of q smaller than 10 or
values of b smaller than 0.1, as under these conditions
preheating is always inefficient before reheating kicks in.
Lastly we only consider y2=8π ≤ 0.1: further increasing
from y2=8π ¼ 0.1 to around y2=8π ¼ 0.7 results in little
change to the simulation results, and the coupling enters a
regime where the perturbative computation is no longer
valid. In summary, we run simulations for values of
10 ≤ q ≤ 2000, 0.1 ≤ b < 1, and 0 ≤ y2=8π ≤ 0.1.

2. Evolution of wre

In this section, we analyze the effect of the spillway
mechanism (turning on y ≠ 0) on the evolution of the
equation of state of the Universe, based on the simulation
method described previously. The evolution of the equation
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of state divides into three scenarios depending on the value
of q.
For low values of q ∼ 10, turning on the spillway with a

large value of y prevents efficient particle production
all together, because the χ production from preheating is
too slow compared to the χ → ψ̄ψ decay, and resonant
production of χ is shut off prematurely. In contrast, for
tachyonic resonance with y ¼ 0, resonant production of χ
happens without being hindered. The difference in the
resonant production of χ is directly reflected in the
evolution of equation of state in the two models.
Figure 2 shows the time evolution of wre for b ¼ 0.9
and q ¼ 10. We find that the tachyonic resonance model
with no spillway shows an initial increase of wre to around
0.27, followed by a gradual decrease. This implies that
although the tachyonic resonance production functions for
the first Oð100Þ oscillations, the backreaction from the
produced χ particles will eventually slow down the pro-
duction. Then the χ production is not rapid enough to keep
up with the redshifting of radiation due to the expansion of
the Universe, causing the system to relax back to a matter
domination state. In contrast, wre remains fixed at zero in
the spillway model at this low q and the system never
leaves the matter domination state, due to the lack of
effective χ production.
For the medium range of q (10≲ q≲ 1000), turning on

spillway with greater values of y has two main effects: the
first is increasing the maximum value of equation of state
achieved to be closer to radiationlike, wre ≈ 1=3. Spillway
is known to make energy transfer from the inflaton to its
daughter particles more efficient when q is sufficiently
large. Since the daughter particles are radiationlike, the
equation of state will be closer to 1=3, as expected. In
Fig. 3, we present the time evolution of wre for q ¼ 50,
b ¼ 0.9 and three different ys. All three benchmarks show
similar behavior wherein wre increases to a particular value
and remains roughly constant for Oð100Þ oscillations, then
gradually declines. The plateaulike behavior reflects that
the larger q is, the more efficient ϕ → χχ production is, and

χ is frequently replenished to counteract the decrease of
radiationlike energy density due to redshift. The peak value
of wre becomes more radiationlike as we increase the y
coupling, reaching an almost completely radiationlike
equation of state at y2=ð8πÞ ¼ 0.1. In the tachyonic case
with y ¼ 0, the system reaches a mixed matter-radiation
state around wre ≈ 0.26.
The second effect of turning on the spillway is related to

the time evolution of the equation of state. When the value
of y is larger, the equation of state will decrease towards 0
from its maximum value earlier. In Fig. 3, we notice a mild
gradual decreasing trend in the equation of state in the
y2=8π ¼ 0.1 case, beginning at around mt ≈ 150. Around
this time, ϕ and χ have mostly been depleted, and the
majority of the system’s energy lies within ψ :ψ has no
backreaction on χ or ϕ, so from this point onward, the time
evolution of wre is dominated by redshift, which will slowly
bring the system back to a matterlike equation of state. This
trend is also present in the y2=8π ¼ 0.01 case, but begin-
ning much later around mt ∼Oð1000Þ. This is because
when y is smaller, the depletion of ϕ’s and χ’s energy
densities is slower. The system remains interacting until
later times, maintaining a constant equation of state. We
denote by tcrit the time at which redshift becomes the
dominant effect in the time evolution of wre. In the
tachyonic case, because depletion of the inflaton energy
density is inefficient, the inflaton and scalar daughter field
remains interacting over a much longer period, which is
reflected by the oscillatory behavior of wre in the y ¼ 0 case
of Fig. 3. While redshift pulls the system toward a
matterlike equation of state, it never becomes the dominant
effect, since any energy lost in χ is quickly replaced by
ϕ → χχ decays. Figure 4 plots the approximate dependence
of the time tcrit against y, b, and q. We see a decrease in tcrit
at larger values of y2=8π, as discussed above. tcrit also
decreases as both b and q increase, reflecting that increas-
ing these parameters enhances the inflaton field decay rate,
depleting the inflaton more quickly, and making the system
enter redshift domination earlier.

FIG. 2. wre (gray) and a time-averaged wre (blue) as functions of time mt, for y ¼ 0 (left) and y2=ð8πÞ ¼ 0.1 (right) at q ¼ 10 and
b ¼ 0.9. The dotted horizontal gray line indicates wre ¼ 1=3.
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At even higher values of q≳ 1000, the spillway mecha-
nism becomes so efficient that the equation of state stays
radiationlike for a long time. Figure 5 compares wre for
the tachyonic and spillway cases for q ¼ 2000. The spill-
way model achieves a completely radiation-dominated
equation of state, while the tachyonic potential reaches a
slightly lower maximum of wre ∼ 0.32. Beginning around
mt ∼ 600, the equation of state in the tachyonic case
exhibits similar decreasing behavior observed at lower q
due to the redshifting of the radiationlike energy density.

However, the spillway case remains at wre ¼ 1=3. This
does not mean that the redshifting effect does not happen.
In fact, tcrit is still Oð100Þ m−1. But the equation of state
stays very close to wre ¼ 1=3 even after tcrit, because the
inflaton field density around tcrit makes up only around a
Oð10−4Þ fraction of the total comoving energy density.
To gain a more comprehensive picture of the peak value

of wre as a function of the input parameters, we scan the
three-dimensional parameter space y, q, and b and the
results are presented in Fig. 6. In Fig. 6, we show peak

FIG. 3. wre (gray) and a time-averaged wre (blue) as functions of time for q ¼ 50. The dotted gray line indicates w ¼ 1=3. We fix
b ¼ 0.9 and choose different ys for the three panels.

FIG. 4. Critical time at which redshift domination occurs as a function of b (left) and q (right). Orange denotes y2=8π ¼ 0.01, while
blue denotes y2=8π ¼ 0.1. Dots indicate simulation results, and dashed lines are lines of best fit. When depletion of the inflaton energy
density is faster (corresponding to larger q, b, and y), the inflaton and its daughter particle stops interacting earlier, leading to a lower tcrit.
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values of wre in the (q, b) plane, varying y. We see that in
general, for a given y, the parameter space can be divided
into two regimes. When q > 10, wre increases when q and b
increases. This trend is most noticeable for y2=ð8πÞ ¼ 10−2.
This reflects that increasing the inflaton decay rate and
decreasing the backreaction should both push the system
to a more radiationlike state. For an even larger y, i.e.,
y2=ð8πÞ ¼ 0.1, the system reaches wre ≈ 1=3 once q > 10
and thus do not show any visible increase with increasing
q and b. We also observe that increasing y above a threshold
results in an increase in wre. For a small Yukawa coupling,

e.g., y2=ð8πÞ ¼ 10−3, the spillway effect is limited and the
evolution of wre remains similar to the y ¼ 0 case. When
q ∼ 10, there is no clear trend in the peak value ofwre, except
that wre decreases as we increase y2=ð8πÞ above 10−3,
because the spillway mechanism kills particle production
due to the fast perturbative decays.

3. Effect on w̄re

The immense computational cost prevents numerical
simulations from being run completely between the end

FIG. 5. Equation of state and comoving energy densities for q ¼ 2000, b ¼ 0.9, y2=8π ¼ 0.1.

FIG. 6. Peak value of wre against q and b for different choices of y. The black dots in the panel of y2=ð8πÞ ¼ 0.1 indicate no particle
production at all.
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of inflation until the end of reheating when H ¼ Γϕ.
Therefore some analytical estimate is needed to extrapolate
the time evolution of wre we have learned from numerical
simulations to compute w̄re between the end of inflation and
the end of reheating.
Recall, that the average equation of state is in general

defined as

w̄ ¼ 1

ΔN

Z
wðN0ÞdN0: ð3:17Þ

Given the average of equation of state during two time
periods, w̄1 and w̄2, each lasting a number of e-folds of
ΔN1 andΔN2, respectively, the combined average equation
of state is then simply

w̄ ¼ ΔN1

ΔN1 þ ΔN2

w̄1 þ
ΔN2

ΔN1 þ ΔN2

w̄2: ð3:18Þ

For our purposes, period 1 is between the end of inflation
and the end of simulation time te, and period 2 is between
the end of simulation time and the end of reheating.
Between the end of inflation tend and the end of simulation
time te, the average equation of state w̄1 could be obtained
by numerically evaluating the integral in Eq. (3.17). We can
also obtain the number of e-folds ΔN1 from simulation
results.
Between the end of simulation time te and the end of

reheating tre, an analytical estimate is needed based on what
we have learned from the simulations. For tachyonic
resonance without spillway or spillway with a small
Yukawa coupling y2=ð8πÞ≲ 10−3, numerical simulation
shows that the equation of state quickly reaches a plateau
and stays roughly a constant for the rest of the simulation.
We will assume that the plateau behavior of the equation
of state persists between the end of simulation time until
the end of reheating. Therefore, the average equation of
state during this period is simply w̄2 ¼ wreðt ¼ teÞ, the
value at the end of simulation time. The number of e-folds
ΔN2 between the end of simulation time and the end of
reheating is also straightforward to obtain. From simula-
tion, we know the value of the Hubble constant at the end of
the simulation, He ¼ Hðt ¼ teÞ. On the other hand, the
Hubble constant at the end of reheating is defined by
H ¼ Γϕ. Therefore, the number of e-folds is simply

ΔN2 ¼ log

�
aðt ¼ treÞ
aðt ¼ teÞ

�
¼ 2

3ð1þ w̄2Þ
log

�
Γϕ

He

�
: ð3:19Þ

The analytical estimate is slightly more involved for the
case of efficient spillway with a larger Yukawa coupling
y2=ð8πÞ > 10−3, where the equation of state is observed to
have a nontrivial time dependence. In particular, for all
simulations with efficient spillway turned on, the equation
of state is observed to become redshift dominated before

the end of simulation time. In other words, the matterlike
and radiationlike fluids at the end of the simulation are
noninteracting, and we expect them to stay noninteracting
until the end of reheating. We denote the equation of state
observed at the end of simulation time as we. From we, we
know

we ¼ 0 ×
ρm;e

ρm;e þ ρr;e
þ 1

3
×

ρr;e
ρm;e þ ρr;e

; ð3:20Þ

where ρm;e and ρr;e are the matterlike and radiationlike
energy densities at the end of the simulation time,
respectively.
Since the two fluids are noninteracting, they simply

redshift as time evolves, and the equation of state at some
later time is then

wðΔNÞ ¼ 0 ×
ρm;e

e3ΔN
1

ρm;e

e3ΔN þ
ρr;e
e4ΔN

þ 1

3
×

ρr;e
e4ΔN

1
ρm;e

e3ΔN þ
ρr;e
e4ΔN

¼ we

eΔNð1 − 3weÞ þ 3we
; ð3:21Þ

where ΔN is the number of e-folds between the end of
simulation time to some later time of interest.
The average equation of state from te until some later

time is then

w̄ ¼ 1

3
−
log ð3we þ eΔNð1 − 3weÞÞ

3ΔN
: ð3:22Þ

As a sanity check, when we ¼ 0 or we ¼ 1=3, w̄ is
identically 0 or 1=3 for all ΔN, as it should be.
Now we need to find ΔN2 between the end of simulation

time te and the end of reheating tre. The ratio of total energy
densities is the square of the ratio of the Hubble constants,

ρre
ρe

¼ Γ2
ϕ

H2
e
: ð3:23Þ

On the other hand, the ratio of energy densities can be
computed from the way the energy density components
redshift,

ρðΔNÞ
ρe

¼ ρmðΔNÞ þ ρrðΔNÞ
ρm;e þ ρr;e

¼ ρm;ee−3ΔN þ ρr;ee−4ΔN

ρm;e þ ρr;e
;

¼ ð1 − 3weÞe−3ΔN þ 3wee−4ΔN: ð3:24Þ

From this equation, givenHe, Γϕ, and we,ΔN2 between the
end of inflation and perturbative decay of the inflaton can
be solved for, w̄2 can be determined, and the weighted sum
of w̄1 and w̄2 can be calculated to obtain w̄re.
w̄re against q and b for four different choices of y are

presented in Fig. 7, using the computation procedure
discussed above. Compared to the peak values of wre
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shown in Fig. 6, the most noticeable change is that in the
intermediate range of q (10≲ q≲ 1000), w̄re is reduced
from the corresponding peak value, due to the redshift
domination and the smaller equation of state between te and
tre. In addition, w̄re for the efficient spillway case with a
larger y is comparable or even smaller that of the tachyonic
case in this range. It stems from different treatments of wre
between te and tre for the two cases. Strictly speaking,
assuming that wre remains constant after te in the tachyonic
case is a simplification and might overestimate w̄re. It is
beyond the scope of the paper to extend te to achieve a more
precise computation of the evolution of wre in the tachyonic
scenario. Another new feature appears for y2=ð8πÞ ¼ 0.1:
w̄re demonstrates a clear increase as q increases while the
peak value stays close to 1=3 for q > 10. In this case, as q
increases, perturbative decays become more efficient,
reducing the time between preheating and reheating. As
a result, there is less time for wre to decrease after the peak
value is reached, causing w̄re to be larger.

C. Constraints on ns and r

In the previous section, we have shown that turning on
the spillway mechanism has two major effects on the
average equation of state w̄re between the end of inflation
and the end of reheating: at a low q ∼ 10, w̄re is around 0.2
for tachyonic resonance, while more efficient spillway

makes w̄re closer to 0. At a high q, on the other hand,
turning on efficient spillway increases w̄re to the radiation-
dominated value 1=3. In this section, we discuss how
different w̄res are reflected in the inflationary observables ns
and r. As representative examples, we consider three
groups of inflation models: power-law potential, quartic
hilltop, and α attractor. We will directly present the results
first: the definitions of the inflation potentials and the
relevant formula used could be found later in this section.
The final results are presented in Fig. 8. It shows

predicted values of ns and r for the three representative
inflation models overlaid on the current and near-future
projected observational constraints. The light regions
indicate constraints from fixing Nk in a certain range
(without specifying the preheating models), which com-
monly appear in the literature, while the darker regions
indicate the constraints imposed by fixing various values of
w̄re that could be achieved in different regions of parameter
space in the spillway preheating model. For a given w̄re, the
uncertainty of the prediction shrinks considerably. We will
focus on the curves associated with w̄re > 0. We could see
that when the spillway mechanism is most efficient with
w̄re ≈ 1=3, there is almost a definite relation between ns and
r for a given class of inflation model with varying model
parameters, represented by the dashed dark lines. In
general, more efficient reheating (i.e., average equation
of state closer to w̄re ¼ 1=3) leads to a larger ns,

FIG. 7. Estimates of w̄re against q and b for different choices of y. The black dots in the panel of y2=ð8πÞ ¼ 0.1 indicate w̄re ¼ 0.
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corresponding to a bluer spectrum. For models that are on
the edge of being excluded by Planck 2018 such as the
power-law potential we considered here, turning on the
efficient spillway with a high q could push the model
completely out of the 2σ constraint by Planck 2018. On the
other hand, for inflation models that lean on the redder side
for ns such as the hilltop and α-attractor model, the spillway
preheating is currently within the Planck 2018 constraint.
As the sensitivities improve with the future CMB obser-
vations such as CMB-S4 [60], an efficient preheating
mechanism such as the spillway with a bluer spectrum
would be more preferred if a smaller r is observed, i.e.,
r ¼ ð5; 15Þ × 10−3 associated with the lowest two purple
ellipse in the figure.
For all inflation potentials, the general strategy for

computing the predicted ns and r values is the following:
given an inflation potential, we can write the slow-roll
parameters ϵV and ηV at the time of horizon exit as a
function of ϕk, the inflaton field value at the time of horizon
exit. Using the definition of ns and r in terms of the slow-
roll parameters Eqs. (3.3) and (3.6), we obtain a relation-
ship between ϕk and ns=r. Similarly, one could express ϕe,
the inflaton field value at the end of inflation satisfying
ϵVðϕeÞ ¼ 1, in terms of ns and r. Plugging in the
expression for ϕk and ϕe in terms of ns and r into

Eq. (3.7), we get an expression for Nk in terms of the
inflationary observables, ns and r only, eliminating ϕs. On
the other hand, Eq. (3.8) relates Nk to reheating parameters
Nreðw̄reÞ and w̄re (and also the inflationary observables

through the ratio VðϕkÞ
VðϕeÞ). Equating the two expressions for

Nk results in a curve in ns − r space that varies as we
change w̄re. Below we collect the relevant equations for the
three inflation models we have considered.
Model 1: Power law. Power-law inflation potential is

given by

VðϕÞ ¼ 1

2
m4−αϕα; ð3:25Þ

for some real number α. This general potential encom-
passes several specific inflation models of interest: Setting
α ¼ 2 reproduces “m2ϕ2” inflation [62–64], and axion
monodromy inflation [65,66] suggests α ¼ 2=3 or α ¼ 1.
The corresponding slow-roll parameters are given by

ϵV ¼ M2
pl

2

�
V 0

V

�
2

¼ M2
pl

2
α2ϕ−2

k ; ð3:26Þ

ηV ¼ M2
pl
V 00

V
¼ M2

plαðα − 1Þϕ−2
k : ð3:27Þ

Eliminating ϕk from ns, r, and Nk,
2 we obtain

1 − ns ¼
αþ 2

2Nk
; r ¼ 8α

1 − ns
αþ 2

: ð3:28Þ

On the other hand, Nk is given by Eq. (3.8), which depends
on the inflation potential through the ratio [29]

VðϕkÞ
VðϕeÞ

¼
�
16

r

�
α=2

; ð3:29Þ

and the reheating parameters Nre and w̄re. Numerically
evaluating Eqs. (3.8) and (3.28), and Eq. (3.29) yields the
result plotted in red in Fig. 8.
Model 2: Quartic hilltop. The quartic hilltop potential is

a special case of the hilltop potential introduced by [67] that
is consistent with latest observations from Planck 2018
[58]. The potential takes the form

V ¼ V0

�
1 − α

�
ϕ

Mpl

�
4
�
; ð3:30Þ

where α is a dimensionless real constant. We compute the
slow-roll parameters to be

FIG. 8. Constraints on ns and r for various inflation models
with different values of w̄re and q. The blue region indicates the
current 1σ and 2σ constraints on ns and r [61], while the purple
region shows projected CMB-S4 constraints [60] in the (ns, r)
plane. The light red, green, and gray regions denote ranges of
predicted values in the same plane for the power-law, quartic
hilltop, and tanh inflationary potentials, respectively, fixing Nk
between 47 and 57. The dimensionless parameter α in all the
models are varied between 0 and ∞. The darker bands show the
constraints imposed by spillway preheating for different regions
of the parameter space: the dotted line is for inefficient spillway
preheating with w̄re ¼ 0 and q ¼ 10; the next one to the right is
for w̄re ¼ 0.1, q∈ ½10; 50�; the next is w̄re ¼ 0.2, q∈ ½10; 2000�;
the dashed line corresponds to w̄re ¼ 1=3. Estimates of the
allowed range of q for each w̄re are derived from Fig. 7 assuming
y2=ð8πÞ ¼ 0.1.

2Here we ignore the negligible contribution from ϕe in
Eq. (3.7).
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ϵV ¼ M2
pl

2

0
B@ −4α ϕ3

k
M4

pl

1 − α
ϕ4
k

M4
pl

1
CA

2

; ηV ¼ M2
pl

−12α ϕ2
k

M4
pl

1 − α
ϕ4
k

M4
pl

: ð3:31Þ

The explicit formula for ϕk has been worked out in [68].
Eliminating ϕk from the definition of ns, r, and Nk in
Eqs. (3.3), (3.6), and (3.7), we get

Nk ¼
24ð8ð1 − nsÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3rð16ð1 − nsÞ − 3rÞp Þ

ð8ð1 − nsÞ − 3rÞ2 : ð3:32Þ

Equating this expression to the alternative definition of Nk
in Eq. (3.8), we obtain the results plotted in green in Fig. 8.
Model 3: Tanh potential. Lastly, we consider a specific

form of α-attractor potential [69]

VðϕÞ ¼ V0 tanh2
�

ϕ

αMpl

�
; ð3:33Þ

where V0 is a dimensionful constant while the other
constant α is dimensionless. The slow-roll parameters are

ϵV ¼ 8

α2
csc h2

�
2ϕk

αMpl

�
; ð3:34Þ

ηV ¼ 2

α2

�
4 csc h2

2ϕk

αMpl
− 2 sec h2

ϕk

αMpl

�
: ð3:35Þ

Eliminating ϕk, we obtain

Nk ¼
α2

8

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
128

α2r
þ 1

r
−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
8

α2
þ 1

r �
: ð3:36Þ

On the other hand, Eq. (3.8) expresses Nk in terms of the
reheating parameters Nre and w̄re and the ratio

VðϕkÞ
VðϕeÞ

¼ 16ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 þ 8

p
þ αÞ2

α2rþ 128
: ð3:37Þ

Equating the two expression for Nk, we obtain the result
plotted in gray in Fig. 8.

IV. OBSERVABLE 2: GRAVITATIONAL WAVES

The second observable effect of preheating we study is
the stochastic gravitational wave background (SGWB)
spectrum. In this section, we simulate the SGWB in the
spillway scenario and examine whether and how the
spillway mechanism could alter the SGWB for tachyonic
preheating as studied in [51].

A. High-frequency gravitational waves

In general, fragmentation of the inflaton condensate in
the early stages of preheating generates a quadrupole

moment in the matter distribution that sources high-
frequency GWs (see [13,70] for reviews). In this section,
we provide a review of the dimensional analysis estimate of
the frequency and amplitude of the resulting GWs from
topological defects, relations between the GWs today and
those during preheating, and the contribution from GWs to
the effective number of relativistic degrees of freedom.
These are general discussions, applying to broad classes of
preheating scenarios. Readers who are interested in the
specific results for spillway preheating from simulations
could jump to Sec. IV C.
Our discussion mainly follows that of [71]. The main

source of GW production comes from topological defects
formed, i.e., domain walls in the scalar system we consider.
This could be estimated by considering a spherical bubble
with radius R and quadrupole moment Q, which emits GW
with a power [71]

Pgw;g ∼ G ⃛Q2; ð4:1Þ

where the subscript g denotes quantities at the time of
generation. The quadruple moment that generate the
gravitational wave is sourced by the χ energy density at
the time of generation,

Qij ¼
Z

d3x

�
xixj −

x2δij
3

�
ρχ;g; ð4:2Þ

which we can approximate as Q ∼ ρχ;gR5. Then the total
power of GW could be estimated to be

Pgw;g ∼ G

�
d3

dt3
ðρχ;gR5Þ

�
2

∼Gρ2χ;gR4: ð4:3Þ

Since Pgw;g ∼ ρgw;gR2, ρϕ;g ∼ ϕ2
gm2, and from simulations

with one benchmark shown in Fig. 9, R ∼ 10 m−1, we find
the GW energy density to be

ρgw;g
ρχ;g

∼ Gρχ;gR2 ∼
ρχ;g
M2

pl

10

m2
¼ ρχ;g

ρϕ;g

10ρϕ;g
M2

plm
2
∼ 10

ρχ;g
ρϕ;g

ϕ2
g

M2
pl

;

ð4:4Þ

where we approximate G ∼ 1=ð10M2
plÞ. The fractional

energy density in GWs is then

Ωgw;g ∼
ρgw;g
ρg

∼
ρχ;g
ρg

10ρχ;g
ρϕ;g

ϕ2
g

M2
pl

∼ 10−4–10−2; ð4:5Þ

where ρg is the total energy density stored in all the scalar
fields at the time of GW production, and we approximate
various energy density ratios with values that are con-
sistent with simulation results: ρχ;g=ρϕ;g ∼ ð0.01–1Þρϕ;g=ρg,
ðρχ;gρg

ρϕ;g
ρg
Þ ∼ 0.1, ϕg ∼ 0.1Mpl.
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After being produced, the GW redshifts following the
evolution of the Universe. In practice, we could use the GW
spectrum by the end of the simulation with the scale factor
ae and the Hubble parameter He, and obtain the present-
day peak frequency by incorporating the redshifts between
the end of the simulation and today:

f0 ¼ fe
ae
a0

¼ ke
2πHe

ae
aRD

aRD
a0

He; ð4:6Þ

where fe ¼ ke=ð2πÞ with ke the corresponding wave
number, and aRD in between ae and a0 is the scale factor
when the Universe becomes fully radiation dominated. We
can rewrite the expansion after radiation domination using
the conservation of comoving entropy density and temper-
ature-radiation energy density relation:

aRD
a0

¼
�

gs;0
gs;RD

�
1=3 T0

TRD
¼
�

gs;0
gs;RD

�
1=3
�
gRD
g0

�
1=4
�
ρrad;0
ρRD

�
1=4

¼ GRD

�
ρrad;0
ρRD

�
1=4

; ð4:7Þ

where ρrad;0 is the radiation energy density today, ρRD is the
total energy density when the Universe becomes radiation
dominated, and GRD ≡ ðgs;0=gs;RDÞ1=3ðgRD=g0Þ1=4 with gs
the number of degrees of freedom associated with entropy
and g the number of degrees of freedom associated with
energy density. Next we break He into two factors of H1=2

e ,
and rewrite one of them using the Friedmann equation

He ¼
ffiffiffiffiffiffi
He

p ffiffiffiffiffiffi
He

p
¼

ffiffiffiffiffiffi
He

p �
ρe
3

�
1=4 1ffiffiffiffiffiffiffiffi

Mpl
p

¼
ffiffiffiffiffiffiffiffi
He

Mpl

s �
1

3

�
1=4

ρ1=4e ; ð4:8Þ

where the critical energy density by the end of the
simulation is given by ρe ¼ 3H2

eM2
pl. Between ae and

aRD, the equation of state is w̄2 and the total energy density
evolves as a−3ð1þw̄2Þ. We can then rewrite

ae
aRD

�
ρe
ρRD

�
1=4

¼
�

ae
aRD

�
1þ−3−3w̄2

4 ¼
�

ae
aRD

�1−3w̄2
4 ¼ ϵ1=4e ;

ð4:9Þ

where ϵe ≡ ðae=aRDÞ1−3w̄2 . Putting the equations above
together, the peak frequency today is given by

f0 ¼
�
1

3

�
1=4

ϵ1=4e GRD

�
ke
He

��
He

Mpl

�
1=2 ρ1=4rad;0

2π
: ð4:10Þ

Now we proceed to calculate the shift in the amplitude as
GWs travel through the Universe. The GW energy density

spectrum by the end of the simulation is defined as

ΩGW;eðfÞ ¼
1

ρe

�
dρGW
d log k

�
e
: ð4:11Þ

Since GWs redshift as radiation, the present-day GW
energy density satisfies ρGW;0=ρGW;e ∝ ða0=aeÞ−4, where
0 subscripts denote today. Therefore the present-day
spectrum is

ΩGW;0ðfÞ ¼
1

ρc;0

�
dρGW
d log k

�
0

¼
�
ae
a0

�
4 1

ρc;0

�
dρGW
d log k

�
e

¼
�
ae
a0

�
4 ρe
ρc;0

ΩGW;eðkÞ; ð4:12Þ

where ρc;0 is the critical density today. In terms of the
parameters ϵe and GRD defined previously, the amplitude
becomes

ΩGW;0ðfÞ ¼ ϵeG4
RD

ρrad;0
ρc;0

ΩGW;eðkÞ;

¼ ϵeG4
RDΩrad;0ΩGW;eðkÞ; ð4:13Þ

where Ωrad;0 is the fraction of radiation energy den-
sity today.
Lastly, we can relate the peak amplitude of the SGWB

spectrum to the number of effective degrees of freedom
beyond the Standard Model. In the Standard Model,
radiation energy density, ρrad, consists of the contributions
from photons and neutrinos. Neff then serves as a measure
of the effective number of neutrino species:

ρrad ¼ ργ þ ρν ¼ ργ

�
1þ 7

8

�
4

11

�
4=3

Neff

�
; ð4:14Þ

where ργ and ρν are the energy densities of photon and
neutrinos, respectively. The prefactor ð4=11Þ4=3 comes
from the temperature ratio Tν=Tγ ¼ ð4=11Þ1=3 between
the photon and neutrino baths of the Universe, and (7=8)
accounts for the Fermi distribution of neutrinos. GWs also
contribute to the radiation energy density, and manifest as a
correction term ΔNeff to the effective degrees of freedom
which we define as

ρGW ≡ ργ ×
7

8

�
4

11

�
4=3

ΔNeff : ð4:15Þ

Equivalently, we have

ΔNeff ¼
h20ΩGW;0

h20Ωγ;0

8

7

�
11

4

�
4=3

; ð4:16Þ

where ΩGW;0 is an integration of ΩGW;0ðkÞ over the entire
frequency range and the present-day photon energy density
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is known to be h20Ωγ;0 ¼ 2.47 × 10−5 [72]. The current
Planck bound sets ΔNeff ≤ 0.29 [58], and the future CMB-
S4 could improve the sensitivity to ΔNeff ≤ 0.06 [61]. This
could potentially act as another constraint on preheating
models.

B. Simulation methods

To have a more precise determination of the GW
spectrum, we need to rely on numerical simulations. We
use the CosmoLattice library [73] with a lattice size 5123. The
IR and UV cutoffs are adjusted as necessary to capture the
entire spectrum, varying between simulations. Due to
the increased computational load from the larger lattice
size, we only run simulations up to t ¼ 50 m−1. We find
that majority of GW production happens prior to this time,
and further evolution could be characterized purely by the
redshift analysis described in the previous section. Thus
this earlier time cutoff should not affect the final results. In
addition, the increased efficiency of CosmoLattice pack-
age allows us to maintain the energy conservation with
a precision of 10−3 once the time step is refined to
0.004 m−1.
Below we will briefly outline the procedure of compu-

tations implemented by CosmoLattice package. The aniso-
tropic stress tensor, Πij, could be written in terms of the
stress-energy tensor Tij of the fields, the pressure p, and the
metric gij ¼ a2ðtÞðδij þ hijÞ, as

Πij ≡ Tij − pgij: ð4:17Þ

CosmoLattice computes the transverse-traceless part of this
tensor, ΠTT

ij ¼ ΛijlmΠlm, with the projection operator
defined in momentum space as

Λijlmðk̂Þ≡ Pilðk̂ÞPjmðk̂Þ −
1

2
Pijðk̂ÞPlmðk̂Þ; ð4:18Þ

Pij ¼ δij − k̂ik̂j; ð4:19Þ

where k̂i denotes the unit momentum vector. The metric
tensor hij is then evolved according to the linearized
Einstein equations on the Friedmann–Lemaître–
Robertson–Walker (FLRW) background:

ḧij þ 3Hḣij −
∇2

a2
hij ¼

2

M2
pla

2
ΠTT

ij : ð4:20Þ

However, computing the projection ΠTT
ij at each time step is

computationally expensive. CosmoLattice overcomes this
limitation by decomposing hij in momentum space as

hijðkÞ≡ ΛijlmðkÞulmðkÞ; ð4:21Þ

and evolving ulm according to

ülm þ 3Hu̇lm −
∇2

a2
ulm ¼ 2

M2
pla

2
Πlm: ð4:22Þ

We could then extract the value of hij from the computed
ulm using Eq. (4.21).

C. Results

In this section, we will present the results of GW
production in spillway preheating based on the numerical
method described in the previous section, and compare
them with those from tachyonic resonance preheating
without the spillway mechanism.
In Fig. 10, we present a sample simulation of the

spillway model to demonstrate some general features.
This figure is based on q ¼ 30, b ¼ 0.5, y2=8π ¼ 0.1 with
GWs evolving in time from green to pink. As shown in the
left panel of Fig. 10, after t ∼ 40 m−1, the overall shape of
the gravitational wave spectrum remains unchanged. The
reason for the gravitational wave spectrum to stop evolving
is displayed in the right panel of Fig. 10, which shows that
the energy density of GWs is roughly constant beyond
t ¼ 40 m−1. After this point, the evolution of GWs is
dominated by the effect of redshift. This has been observed
in all our simulations for q > 10. At q ≤ 10, it can take up
until mt ¼ 150 for the GW energy density to plateau. In
these simulations, the time step in our simulation was
further refined to 0.001 m−1 to maintain energy conserva-
tion. Consequently, to reduce the computational costs, each
simulation is only run until this plateau behavior is
observed, and the GW spectrum today is computed
analytically via redshifting the spectrum from the simu-
lations using Eq. (4.13). The right panel also shows that the
decays of the scalar fields to fermions become effective
roughly at the same time as GW production, though slightly
earlier. In other words, the spillway is turned on about the
same time as GWs are produced and could affect the
production and evolution of the GWs, as we will explain
more below.
The present-day GW spectra for various values of b and

two values of y at a fixed q ¼ 200 are presented in Fig. 11.
From the figure, one could see that the GW amplitude
increases as b increases, for both tachyonic resonance and
spillway preheating. As b increases, more χ particles are
produced via the tachyonic instabilities due to ϕχ2, leading
to more field fragmentation and boosted GW production.
On the other hand, the amplitudes of GWs at higher
frequencies are considerably smaller with y2=8π ¼ 0.1
compared to the case with y ¼ 0, for a given pair of
q and b. When spillway is efficient, the perturbative decays
χ → ψ̄ψ erase topological defects in the χ energy density,
as shown in Fig. 9, damping the higher-momenta modes
more than the lower modes. Thus spillway models predict
sharper peaks in the GW spectra. These spillways could
also change w̄re as discussed in Sec. III and thus the
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following evolution of GWs. Yet numerically this turns out
to be a minor effect.
The peak GW amplitude throughout the two-dimen-

sional parameter space (q − b) is presented in Fig. 12. Two

trends are evident in the figure: (1) for a given q > 10, as b
increases, the peak amplitude increases, (2) for q ≳ 100, as
q increases, the peak amplitude decreases. These reflect
that ΩGW;0 should trace the maximum value of hχ2i, which

FIG. 10. Left: SGWB spectrum generated from simulations for a spillway model with q ¼ 30, b ¼ 0.5, y2=8π ¼ 0.1. Time evolves
from green to pink. Right: time evolution of ρGW (blue) and ρψ (green).

FIG. 9. Snapshot of a two-dimensional slice of the deviation of total energy density Δρ from the average ρ̄ at mt ¼ 11. Images
correspond to tachyonic resonance (left) and spillway preheating (right) for q ¼ 200, b ¼ 0.9.

FIG. 11. GW spectra today for models with q ¼ 200 and different bs. Left: y ¼ 0; Right: y2=ð8πÞ ¼ 0.1.
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is proportional to b and hϕi and inversely proportional to q
as shown in Eq. (2.4). We note that in general we expect hϕi
should grow when we increase q, so there may be cases
where increasing q still results in an increase inΩGW;0 if the
growth in hϕi compensates the q suppression. In Fig. 12,
this occurs when 10≲ q≲ 100 and b ∼ 0.9. This is
consistent with the result in Fig. 6, which shows that the
equation of state is dominated by hϕi in this regime.
These trends apply to both tachyonic resonance and

spillway preheating. The peak amplitudes, however, do not
depend strongly on the choices of ys, except for the low q
region with q ∼ 10. In this region, the presence of spillways
actually suppresses the nonperturbative particle production,
as explained in Sec. III B, leading to an even more sup-
pressed GW production, compared to the y ¼ 0 case.

Using Eq. (4.16), we could compute the GW contribu-
tion to ΔNeff . In Fig. 13, we fix q ¼ 200 and displays the
increase of ΔNeff with b. Note that the spillway mechanism
slightly reduces ΔNeff for a given b, corresponding to a
decrease in the produced total GW energy. Even when
preheating mechanism maximizes the production, the
contribution to ΔNeff is still one order of magnitude below
the future CMB-S4 sensitivity.
In summary, the GWs generated in the spillway scenar-

ios have the following features, compared to the canonical
tachyonic resonance scenario:
(1) The spectra usually possess sharper peaks, with the

power falling off more quickly at higher frequencies.
(2) The peak amplitudes are approximately similar,

when both mechanisms are effective in particle
production (q ≫ 10).

(3) The contribution to ΔNeff is a bit smaller, suggesting
a moderately smaller amount of produced GWs.

V. CONCLUSIONS

In this article, we have used classical lattice simulations
to scan the parameter space of the spillway preheating
model, which is tachyonic preheating assisted with a
spillway—the perturbative decay of the direct daughter
particles. For a sufficiently large hierarchy between the
masses of the inflaton and its direct daughter particles
(i.e., a large q parameter), the spillway induces a more
radiationlike equation of state compared to its tachyonic
counterpart. This manifests observationally as a moderate
increase to the scalar tilt ns in the fits to inflationary
observables. Conversely, at small qs, the spillway halts
particle production entirely, preventing efficient energy
transfer out of the inflaton condensate. We also simulate
the GW spectrum produced. The spillway model produces
a sharper peak in the spectrum while dampening the
production at higher frequencies, in comparison with the

FIG. 12. ΩGW;0 as a function of q and b. Left: y ¼ 0; right: y2=ð8πÞ ¼ 0.1.

FIG. 13. ΔNeff against b for y ¼ 0 (blue dots) and
y2=ð8πÞ ¼ 0.1, fixing q ¼ 200. The solid gray line denotes the
present-day Planck bound, and the dashed line denotes the
projected future CMB-S4 bound.
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GW spectrum generated in the canonical tachyonic pre-
heating scenario. Consequently, its contribution to the
number of effective degrees of freedom beyond the
standard model decreases slightly.
Spillway preheating serves as an example of the rich

dynamics in the primordial dark age, which calls for more
studies. In our studies, we have to extrapolate the equation
of state beyond the simulation time analytically based on
some assumptions. It would be desirable to validate these
assumptions numerically by improving the simulations to
extend the time interval with reasonable computational
resources. Beyond the primordial dark age, the setup we
study could happen at the end of an early matter domination
epoch, which leads to similar phenomenology, namely,
modifications to ns and r fit and GW production. Yet the
quantitative features would be different. For example, the
produced GWs would peak at a lower frequency (though
still higher than the range probed by the current GW

detectors), which may be more feasible for the high-
frequency GW detection under development.
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