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We investigate the scalar induced gravitational waves (SIGWs) in metric teleparallel gravity with the
Nieh-Yan (NY) term, which results in parity violation during the radiation-dominated era. By solving the
equations of motion of linear scalar perturbations from both the metric and the tetrad fields, we obtain
the corresponding analytic expressions. Then, we calculate the SIGWs in metric teleparallel gravity with
the NY term and evaluate the energy density of SIGWs with a monochromatic power spectrum numerically.
We find that the spectrum of the energy density of SIGWs in metric teleparallel gravity with the NY term is
significantly different from that in general relativity (GR), which makes metric teleparallel gravity
distinguishable from GR.
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I. INTRODUCTION

Gravitational waves (GWs) play an important role in
exploring the early universe. The successful detection of
GWs generated from the merger of compact objects by the
Laser Interferometer Gravitational-Wave Observatory
(LIGO) scientific collaboration and the Virgo collaboration
[1–10] opens a new window to probe the nature of gravity
in the strong gravitational field and nonlinear regime. It also
marks the dawn of multimessenger astronomy. The scalar
induced gravitational waves (SIGWs) originated during the
early universe due to the nonlinear interaction between
scalar and tensor perturbation, which contribute to the
stochastic gravitational wave background, have attracted
much attention recently [11–32]. The frequency of SIGWs
varies widely, and SIGWs can be detected by space-based
GW detectors like the Laser Interferometer Space Antenna
(LISA) [33,34], Taiji [35], TianQin [36,37], the Deci-hertz
Interferometer Gravitational-Wave Observatory (DECIGO)
[38], as well as by the pulsar timing array (PTA) [39–42]
and the Square Kilometer Array [43]. The recent stochastic
GW signal captured by PTA [44–50] can also be explained
with SIGWs [51–61].
The gravity theory with parity-violating (PV) terms

attracted significant attention recently [62–78]. On the
one hand, the violation of parity symmetry in a weak
interaction [79,80] prompts the investigation of whether
such parity violation occurs in gravitational interaction.
On the other hand, the recent studies on galaxy trispec-
trum and the cross-correlation of the E and B mode
polarization of the cosmic microwave background

(CMB) [81–84] have hinted at the existence of parity
violation in our universe. The PV scalar trispectrum was
also studied in [85–89].
The simplest PV term in the Riemannian geometry is

the Chern-Simons (CS) term, which is quadratic in the
Riemann tensor. CS gravity was initially proposed in
four-dimensional spacetime in [90], and has since been
extensively studied in cosmology, GWs, and primordial
non-Gaussianity [91–102]. Recently, the SIGWs in CS
gravity have also been studied [103,104]. However, CS
gravity suffers from Ostrogradsky instability [105] and
propagates ghost modes [101,102] due to the presence of
higher-derivative field equations. As a result, it can only
be treated as a low-energy effective theory. To cure this
issue, CS gravity was generalized to ghost-free PV
gravity [105].
Considering gravity theory beyond Riemann geometry,

various gravity theories based on teleparallel geometry
have been proposed [106–127]. Interestingly, the sym-
metric teleparallel gravity with the method of spatially
covariant gravity was also studied [128] recently. Within
the framework of metric teleparallel gravity, similar to the
CS gravity, the simplest PV term is TAμνT Aμν [129], where
TAμν represents the torsion tensor and T Aμν ¼ εμνρσTA

ρσ=2
is the dual of the torsion tensor. This term is a generali-
zation of the Nieh-Yan (NY) term, initially proposed in
Riemann-Cartan geometry [130,131], and the thermal
Nieh-Yan anomaly in Weyl superfluids was also studied
[132]. The simplest metric teleparallel gravity with the
PV term was constructed by adding the NY term to
the metric teleparallel equivalent Einstein-Hilbert action.
Furthermore, the linear cosmological perturbations in this
theory have also been investigated [129,133–135].*Contact author: gaoxian@mail.sysu.edu.cn
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Unlike CS gravity, the equations of motion (EOMs) in
the above-mentioned gravity model do not involve higher-
order derivatives, and thus the Ostrogradsky instability is
effectively avoided. In this paper, we concentrate on the
nonlinear perturbation in metric teleparallel gravity with
the NY term, specifically investigating the behavior of
the SIGWs. However, when the perturbations beyond linear
order are taken into account, inconsistencies may arise in
the simplest PV metric teleparallel gravity mentioned
above. This situation is similar to what we encountered
in symmetric teleparallel gravity with the PV term when
calculating SIGWs [136]. Briefly, the theory contains
extra scalar degrees of freedom due to the PV term,
which, however, do not manifest themselves at the linear
order around a homogeneous and isotropic background.
This is reminiscent of the so-called strong coupling
problem in the study of Hořava gravity [137–141] and
fðTÞ gravity [142–147].
In this paper, we will demonstrate that the simplest

metric teleparallel gravity with the NY term also suffers
from such a strong coupling problem. Specifically, the
scalar perturbations arising from the tetrads do not possess
their own linear EOMs, while appearing in the EOM of the
SIGWs. To avoid this problem, we replace the metric
teleparallel equivalent Einstein-Hilbert action with a gen-
eral linear combination of quadratic monomials of the
torsion tensor. We then derive the EOMs governing the
perturbations originating from the tetrads and determine
their solutions during the radiation-dominated era. Utilizing
these results, we calculate the contribution of both the NY
term and the scalar perturbations in the tetrads to the energy
density of SIGWs in our model, respectively.
This paper is organized as follows. In Sec. II, we briefly

introduce the metric teleparallel gravity with the NY term.
In Sec. III, we give the EOMs for both the background
evolution and the linear scalar perturbations, and we then
solve these EOMs during the radiation-dominated era. In
Sec. IV, we derive the EOM of SIGWs and calculate the
power spectra of the SIGWs. To analyze the feature of
SIGWs, we compute the energy density of SIGWs with the
monochromatic power spectrum of primordial curvature
perturbation. Our results are summarized in Sec. V. The
analytic expressions of the integral kernel are included in
the Appendix.

II. THE METRIC TELEPARALLEL GRAVITY
WITH THE NIEH-YAN TERM

In this section, we review the metric teleparallel gravity.
In this paper, we use the following conventions: the flat
space metric is ηAB ¼ diagðþ1;−1;−1;−1Þ, and lowercase
Latin letters ði; j;…Þ denote purely spatial indices, while
capital Latin letters ðA;B;…Þ and Greek alphabet letters
ðμ; ν;…Þ are used for Lorentz indices and spacetime
indices, respectively. The metric tensor is produced by
the tetrads eAμ and their inverses eAμ,

gμν ¼ ηABeAμeBν and gμν ¼ ηABeAμeBν; ð1Þ

where these tetrads satisfy eAμeBμ ¼ δBA and eAμeBν ¼ δμν.
In metric teleparallel geometry, the curvature vanishes,

Rσ
ρμν ¼ ∂μΓσ

νρ − ∂νΓσ
μρ þ Γσ

μαΓα
νρ − Γσ

ναΓα
μρ ¼ 0: ð2Þ

The gravitational effects are described in terms of the
torsion tensor, which is defined by the antisymmetric part
of the affine connection

Tρ
μν ¼ Γρ

μν − Γρ
νμ; ð3Þ

where the affine connection in the Weitzenböck gauge
is [148]

Γρ
μν ¼ eAρ∂μeAν: ð4Þ

Considering the following action:

S ¼ Sg þ SNY þ Sm; ð5Þ

where Sg is the gravitational action

Sg ¼
1

2

Z
d4xeT ; ð6Þ

with e ¼ detðeAμÞ ¼ ffiffiffiffiffiffi−gp
,

T ¼ 1

2
SαμνTα

μν; ð7Þ

and the superpotential Sαμν is [149]

Sαμν ¼ t1Tα
μν þ t2T ½μ

α
ν� þ t3δα½μTν�; ð8Þ

where Tμ ¼ Tνμ
ν and t1, t2, and t3 are three constants.

The PV term in action (5) is

SNY ¼
Z

d4xe
gðθÞ
4

LNY; ð9Þ

where

LNY ¼ TAμνT Aμν − εμνρσRμνρσ ð10Þ

is the NY term,

T Aμν ¼ εμνρσTA
ρσ=2 ð11Þ

is the dual of the torsion tensor, and TA
μν ¼ eAρTρ

μν,
εμνρσ ¼ ϵμνρσ=

ffiffiffiffiffiffi−gp
is the Levi-Civita tensor, with ϵμνρσ the

antisymmetric symbol. The NY term is a topological
term and was first proposed in Riemann-Cartan geo-
metry [130,131]. In the framework of teleparallelism,
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i.e., Rμνρσ ¼ 0, the NY term coupled to a scalar field
was extended to metric teleparallel geometry and added
to the metric teleparallel equivalent Einstein-Hilbert
Lagrangian [129].
The last term in Eq. (5) effectively describes the matter

filled in the universe,

Sm ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

2
∇μθ∇μθ − VðθÞ

�
: ð12Þ

In conclusion, the action we consider in this paper is

S ¼
Z

d4xe

�
1

2
T þ gðθÞ

4
TAμνT Aμν

�

þ
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

2
∇μθ∇μθ − VðθÞ

�
: ð13Þ

Note that if we choose the parameters to be

t1 ¼ 1=4; t2 ¼ 1=2; t3 ¼ −1; ð14Þ
then the first term in action (5) becomes the teleparallel
equivalent Einstein-Hilbert Lagrangian up to a surface term

T ¼ −TμTμ þ
1

4
TρσμTρσμ þ

1

2
TμσρTρσμ ¼ −R̊ − 2∇̊μTμ;

ð15Þ
where R̊ is the Ricci scalar corresponding to the Levi-Civita
connection and ∇̊ is the metric-compatible covariant
derivative. Linear cosmological perturbations, including
linear gravitational waves, were studied [110,134,150] with
the parameter set (14). However, this model suffers from
the strong coupling problem beyond linear orders, which
wewill show in the next section. Nevertheless, this problem
can be avoided by choosing a suitable parameter set instead
of (14).

III. THE BACKGROUND AND LINEAR
SCALAR PERTURBATION

In this section, we calculate the evolution of the back-
ground and linear cosmological scalar perturbations. To
this end, we first provide the perturbed tetrads and metric
up to cubic order.

A. The tetrads and the corresponding metric

We consider the background spacetime to be a spatially
flat Friedmann-Robertson-Walker universe. The back-
ground tetrads can be parametrized as

ēAμ ¼ diagða; a; a; aÞ: ð16Þ
By substituting the tetrads into (1), we obtain the back-
ground metric

ds2 ¼ a2ðdτ2 − δijdxidxjÞ: ð17Þ

The parametrization for the linearly perturbed tetrad field
is [144,151]

e00 ¼ að1þ ϕÞ; e0i ¼ a∂iβ; ea0 ¼ aδai∂iγ;

eai ¼ aδaj
�
ð1 − ψÞδij þ ∂i∂jEþ ϵijk∂

kλþ 1

2
hij

�
; ð18Þ

where we consider only the linear scalar and tensor per-
turbations. Substituting the parametrized tetrads into (1),
we obtain the perturbed metric up to linear order,

g00 ¼ a2ð1þ 2ϕÞ; g0i ¼ −a2∂iB;

gij ¼ −a2½ð1 − 2ψÞδij þ 2∂i∂jEþ hij�; ð19Þ

where B ¼ γ − β. From the expressions of the linearly
perturbed metric, we can observe that in the Newtonian
gauge, where B ¼ 0 and E ¼ 0, the scalar perturbations
from tetrads satisfy γ ¼ β and E ¼ 0. We will use the
Newtonian gauge for the remainder of this paper.
In a given coordinate system, we can always write the

tetrad field as eAμ ¼ ēAνeνμ, and thus use the exponential
expansion [146,152]

eνμ ¼ expðδeνμÞ ¼ δνμ þ δeνμ þ
1

2
δeνρδeρμ

þ 1

6
δeνρδeρσδeσμ þ � � � ; ð20Þ

where δeνμ is the perturbation of eνμ and eνμ ¼ ēAνeAν.
Then the perturbed tetrad field up to the cubic order is1

e00 ¼ a

�
1þ ϕþ 1

2
ϕ2 þ 1

2
∂iγ∂

iγ þ 1

12
hij∂iγ∂jγ

�
; ð21Þ

e0i ¼ a

�
∂iγ þ

1

2
ðϕ − ψÞ∂iγ −

1

2
ϵijk∂

jλ∂kγ þ 1

4
hij∂jγ

þ 1

12
ðϕ − 2ψÞhij∂jγ −

1

12
ðϵlijhlk þ ϵkljhliÞ∂jλ∂kγ

�
;

ð22Þ

ea0 ¼ aδai
�
∂iγ þ

1

2
ðϕ − ψÞ∂iγ −

1

2
ϵijk∂

kλ∂jγ þ 1

4
hij∂jγ

þ 1

12
ðϕ − 2ψÞhij∂jγ −

1

12
ðϵkljhki − ϵijkhklÞ∂jλ∂lγ

�
;

ð23Þ

1For our purpose of calculating SIGWs, we only keep cubic
terms that contain two scalar modes and one tensor mode for
notational simplicity.
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eai ¼ aδaj
�
ð1 − ψÞδij þ ϵijk∂

kλþ 1

2
hij þ

1

2
δijψ

2

þ 1

2
∂iγ∂jγ − ϵijkψ∂

kλ −
1

2
ðδij∂lλ∂lλ − ∂iλ∂jλÞ

−
1

2
hijψ −

1

4
ϵkilhjk∂lλ −

1

4
ϵjklhki∂lλþ

1

8
hjkhki

þ 1

4
hijψ2 −

1

4
ðϵiklhkj − ϵjklhkiÞψ∂lλ

þ 1

12
ðhjk∂iγ∂kγ þ hik∂jγ∂kγÞ

−
1

12
ðhij∂kλ∂kλ − hkl∂kλ∂lλδijÞ

�
: ð24Þ

The inverse tetrad field eAμ can be obtained with the
relation eAμeAν ¼ δμν ,

e00 ¼
1

a

�
1 − ϕþ 1

2
ϕ2 þ 1

2
∂iγ∂

iγ −
1

12
hij∂iγ∂jγ

�
; ð25Þ

e0i ¼
1

a

�
−∂iγ þ 1

2
ðϕ − ψÞ∂iγ − 1

2
ϵijk∂

kλ∂jγ þ 1

4
hij∂jγ

−
1

12
ðϕ − 2ψÞhij∂jγ þ

1

12
ðϵiljhlk þ ϵlkjhliÞ∂jλ∂kγ

�
;

ð26Þ

ea0 ¼
1

a
δa

i

�
−∂iγ þ

1

2
ðϕ − ψÞ∂iγ þ

1

2
ϵijk∂

kλ∂jγ þ 1

4
hij∂jγ

−
1

12
ðϕ − 2ψÞhij∂jγ −

1

12
ðϵkljhki þ ϵikjhkl Þ∂jλ∂lγ

�
;

ð27Þ

eai ¼
1

a
δilδa

j

��
1þ ψ þ 1

2
ψ2

�
δlj − ϵjlk∂

kλ −
1

2
hjl

þ 1

2
∂lγ∂jγ − ϵjlmψ∂

mλ −
1

2
ð∂kλ∂kλδlj − ∂lλ∂jλÞ

−
1

2
ψhjl þ

1

4
ϵklmhkj∂mλ −

1

4
ϵkjmhlk∂mλþ

1

8
hlkhkj

−
1

4
hjlψ2 −

1

12
ðhjk∂lγ∂kγ þ hlk∂jγ∂kγÞ

þ 1

4
ðϵklmhkj þ ϵjkmhklÞψ∂mλ

þ 1

12
ðhjl∂kλ∂kλ − hkm∂kλ∂mλδjlÞ

�
: ð28Þ

The corresponding perturbed metric up to the cubic
order is

g00 ¼ a2
�
1þ 2ϕþ 2ϕ2 −

1

3
hij∂iγ∂jγ

�
; ð29Þ

g0i ¼ a2
�
ðϕþ ψÞ∂iγ −

1

2
hij∂jγ þ ψhji∂jγ

þ 1

3

�
ϵkilhkj −

1

2
ϵjklhki

�
∂
jγ∂lλ

�
; ð30Þ

and

gij ¼ −a2
�
ð1 − 2ψ þ 2ψ2Þδij þ hij − 2ψhij

−
1

2
ðϵkilhkj þ ϵkjlhkiÞ∂lλþ

1

2
hkihkj

þ
�
ϵilkhkjψ∂lλþ

1

6
hik∂kγ∂jγ þ i ↔ j

�

þ 2hijψ2 −
�
2

3
hij∂kλ∂kλþ

1

3
δijhkl∂kλ∂lλ

−
1

2
hjk∂kλ∂iλ −

1

2
hik∂kλ∂jλ

��
: ð31Þ

With the relation gνρgρμ ¼ δνμ, the inverse metric is

g00 ¼ 1

a2

�
1 − 2ϕþ 2ϕ2 þ 1

3
hij∂iγ∂jγ

�
; ð32Þ

g0i ¼ 1

a2

�
ðϕþ ψÞ∂iγ − 1

2
hij∂jγ − ψhij∂jγ

þ 1

3

�
ϵk

i
lhkj −

1

2
ϵjklhki

�
∂
jγ∂lλ

�
; ð33Þ

and

gij ¼ −
1

a2

�
ð1þ 2ψ þ 2ψ2Þδij − hij − 2ψhij

þ 1

2
ðϵljkhli þ ϵl

i
khljÞ∂kλþ

1

2
hkihjk − 2ψ2hij

þ
�
ϵilkhkjψ∂lλ −

1

6
hik∂kγ∂jγ þ i ↔ j

�

þ
�
2

3
hij∂kλ∂kλþ

1

3
δijhkl∂kλ∂lλ

−
1

2
hjk∂kλ∂iλ −

1

2
hik∂kλ∂jλ

��
: ð34Þ

We also have

e ¼ ffiffiffiffiffiffi
−g

p ¼ a4
�
1þ ϕ − 3ψ þ 1

2
ϕ2 − 3ϕψ

þ 9

2
ψ2 þ 1

4
hijhij

�
: ð35Þ
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B. The background equations of motion
and linear scalar perturbations

Expanding action (5) to linear order, we obtain

Sð1Þ ¼
Z

d3xdτa2
�
−
3

2
C1H2ϕ −

�
1

2
ðθ0Þ2 þ a2V

�
ϕ

−
9

2
C1H2ψ −

3

2
ððθ0Þ2 − 2a2VÞψ

− 3C1Hψ 0 − a2Vθδθ þ δθ0θ0
�
; ð36Þ

where C1 ¼ 2t1 þ t2 þ 3t3 and the prime represents the
derivative with respect to conformal time τ.

Varying the above action with respect to scalar pertur-
bations, we obtain the background EOMs as follows:

−
3

2
C1H2 ¼ 1

2
ðθ0Þ2 þ a2V; ð37Þ

C1ðH2 þ 2H0Þ ¼ ðθ0Þ2 − 2a2V; ð38Þ

θ00 þ 2Hθ0 þ a2Vθ ¼ 0: ð39Þ

It is obvious that when t1 ¼ 1=4, t2 ¼ 1=2, and t3 ¼ −1,
yielding C1 ¼ −2, we recover the results of general
relativity (GR).
The quadratic action is

Sð2ÞSS ¼
Z

d3xdτa2
�
1

2
ðδθ0Þ2 − 1

2
a2Vθθδθ

2 − a2Vθδθðϕ − 3ψÞ − ðϕþ 3ψÞδθ0θ0 − 1

2
∂iδθ∂

iδθ þ 3

2
C1ðψ 0Þ2

þ 1

4
ð9ψ2 þ ϕ2Þð3C1H2 þ ðθ0Þ2 − 2a2VÞ þ 3C1Hϕψ 0 þ 9C1Hψψ 0 −

1

2
C2∂iϕ∂iϕ − C3∂iψ∂iψ þ 2t3∂iψ∂iϕ

− C2ψ∂2γ0 − 2gθHδθ∂2λ − 2gθθ0ψ∂2λþ C2∂iϕ∂iγ0 −
1

2
C2∂iγ0∂iγ0 þ

1

2
C2∂2γ∂2γ þ C4∂iλ0∂iλ0 − C4∂2λ∂2λ

�
; ð40Þ

where C2¼2t1þ t2þ t3, C3 ¼ 2t1 þ t2 þ 2t3, C4 ¼ 2t1 − t2,
gθ ¼ dg=dθ, and ∂

2 represents ∂i∂i.
Then the EOMs for scalar perturbations can be obtained

by varying the above quadratic action with respect to the
corresponding scalar perturbations

3C1Hðψ 0 þHϕÞ − 2t3∂2ψ þ C2∂2ðϕ − γ0Þ
¼ −ðθ0Þ2ϕþ δθ0θ0 þ a2Vθδθ; ð41Þ

3C1H2ð3ψ − 2ϕÞ − 2t3∂2ϕþ 2C3∂2ψ − C2∂2γ0

− 3C1H0ð3ψ þ ϕÞ − 3C1Hð2ψ 0 þ ϕ0Þ − 3C1ψ 00

− 2gθθ0∂2λ − 3δθ0θ0 þ 3a2Vθδθ þ 9ðθ0Þ2ψ ¼ 0; ð42Þ

C3ψ − t3ϕ ¼ gθθ0λ; ð43Þ

δθ00 þ 2Hδθ0 − ∂
2δθ þ a2Vθθδθ − θ0ðϕ0 þ 3ψ 0Þ þ 2a2Vθϕ

¼ −2gθH∂
2λ; ð44Þ

gθðHδθ þ θ0ψÞ ¼ C4ðλ00 þ 2Hλ0 − ∂
2λÞ; ð45Þ

ð2Hϕþ ϕ0 þ 2Hψ þ ψ 0Þ ¼ ðγ00 þ 2Hγ0 − ∂
2γÞ; ðC2 ≠ 0Þ:

ð46Þ

From the above EOMs, we can see that if we choose the
parameter set defined in (14), which corresponds to the
teleparallel equivalent of GR with C2 ¼ C4 ¼ 0, the EOM
for the scalar perturbation γ disappears. However, γ exists
in the EOM of SIGWs, which leads to a strong coupling

problem. Note that even if we choose the parameter set
as (14), the linear perturbation λ from tetrads exists in
the EOMs (43) and (44), resulting in the EOMs of the
perturbations from the metric and scalar field being differ-
ent from those in GR. Obviously, the extra scalar degrees of
freedom exist in this model, whose nature and characteri-
zation need to be further studied, and we will leave this to
our future work.

C. The evolution of background and linear scalar
perturbations during the radiation-dominated era

During the radiation-dominated era, the equation of state
is P̄=ρ̄ ¼ 1=3, with

P̄ ¼ ðθ0Þ2
2a2

− V; ρ̄ ¼ ðθ0Þ2
2a2

þ V; ð47Þ

being the pressure and energy density of the background
universe. We also have δP=δρ ¼ 1=3, where

δρ ¼ −a−2θ0ðϕθ0 − δθ0Þ þ Vθδθ;

δP ¼ −Vθδθ þ a−2θ0ðδθ0 − ϕθ0Þ ð48Þ
are the perturbations of the energy density and pressure.
Combining the above two equations (47) and the first

two equations for the background evolution (37) and (38),
we obtain

H ¼ 1

τ
; θ0 ¼ �

ffiffiffiffiffiffiffiffiffiffiffi
−2C1

p 1

τ
: ð49Þ
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From the above equation, we can see that the evolution of
the Hubble parameter is independent of C1.
Obviously, for any choice of parameters t1, t2, and t3, the

EOMs for the linear scalar perturbations, (41)–(46), are very
difficult to solve analytically. This poses significant chal-
lenges for us in analyzing the behavior of SIGWs in our
model. In this paper, we primarily focus on the contributions
from the PV term and the perturbations from the tetrads,
denoted as λ and γ, to SIGWs. We expect the background
evolution to be the same as that ofGR, implying the selection
of C1 ¼ 2t1 þ t2 þ 3t3 ¼ −2. Furthermore, we aim to min-
imize the differences between the scalar perturbations from
the metric in GR and teleparallel gravity with the NY term.
In the case of GR, ϕ ¼ ψ without consideration of aniso-
tropic stress. We maintain this assumption in our model,
setting ϕ ¼ ψ . Additionally, in (45),Hδθ þ θ0ψ ¼ R is the
gauge-invariant curvature perturbation. As introduced in
Sec. II, the curvature vanishes in teleparallel gravity, so
we set C4 ¼ 0 to ensure R ¼ 0.
With the above assumptions, C1 ¼ −2, C4 ¼ 0, and

ϕ ¼ ψ , the EOMs for the linear perturbations (41)–(46)
reduce to

ψ 00 þ 3Hψ 0 þ ðH2 þ 2H0Þψ ¼ −Hðψ 0 þHψÞ þ C∂2ψ ;

ð50Þ

C2ψ ¼ gθθ0λ; ð51Þ

Hδθ þ θ0ψ ¼ 0; ð52Þ

2ð2Hψ þ ψ 0Þ ¼ ðγ00 þ 2Hγ0 − ∂
2γÞ; ðC2 ≠ 0Þ; ð53Þ

with

C ¼ 2t3 − C2
3C1

: ð54Þ

Here, Eq. (50) is derived by combining Eqs. (41)–(43)
and (48).

Note that in the case of GR, C ¼ 1=3, we obtain the
solution easily,

C2 ¼ 0; ð55Þ
which results in the disappearance of EOM for γ (53),
giving rise to the strong coupling problem. Thus, we
require C ≠ 1=3 to avoid the strong coupling problem.
Besides, C relates to the propagating speed of perturbation
ψ , we assume C is a real number, and C ≤ 1.
For late convenience to calculate the SIGWs, we split the

perturbations into the primordial perturbation and the
transfer functions as follows:

ψðk; τÞ ¼ 2

3
ζðkÞTψ ðxÞ; ð56Þ

γðk; τÞ ¼ 2

3
ζðkÞ 1

k
TγðxÞ; ð57Þ

where ζ is the primordial curvature perturbation generated
during the inflationary era and x ¼ kτ. It is worth noting
that we assume R ¼ 0 in teleparallel gravity. However,
teleparallel gravity can only be viewed as a low-energy
theory. During inflation, gravity may be described by
another UV-complete theory. Thus, we expect ζ to be
nonzero, resulting in observable effects in the CMB.
Recalling the evolution of the conformal Hubble param-

eter, the EOMs for the transfer functions can be written as

T��
ψ ðxÞ þ 4

x
T�
ψðxÞ þ CTψ ðxÞ ¼ 0; ð58Þ

T��
γ ðxÞ þ 2

x
T�
γðxÞ þ TγðxÞ ¼ 2T�

ψ ðxÞ þ
4

x
Tψ ðxÞ; ð59Þ

where “�” represents the derivative with respect to the
argument. Then we can solve the above EOMs easily,

TψðxÞ ¼
3

x2C

�
sin ðx ffiffiffiffi

C
p Þ

x
ffiffiffiffi
C

p − cos ðx
ffiffiffiffi
C

p
Þ
�
; ð60Þ

TγðxÞ ¼
1

2C3=2x2
f−2iC3=2c1x sinðxÞ þ C3=2c2x sinðxÞ þ 2C3=2c1x cosðxÞ

− iC3=2c2x cosðxÞ þ 3ðCþ 1Þx cosðxÞ½Ciðxþ
ffiffiffiffi
C

p
xÞ − Ciðx −

ffiffiffiffi
C

p
xÞ�

þ 3ðCþ 1Þx sinðxÞ½Sið
ffiffiffiffi
C

p
xþ xÞ − Siðx −

ffiffiffiffi
C

p
xÞ� − 6 sin ð

ffiffiffiffi
C

p
xÞg; ð61Þ

where

SiðxÞ ¼
Z

x

0

dy
sin y
y

; CiðxÞ ¼ −
Z

∞

x
dy

cos y
y

ð62Þ

are sine integral and cosine integral, respectively.

If we choose the parameter set (14), then C ¼ 1=3, and
the transfer function Tψ is the same as that in GR. However,
from EOM (52), the fluctuation of the scalar field δθ still
differs from that in GR. There are two integral constants, c1
and c2, in the transfer function Tγ . We expect that Tγ is a
real function and finite as x → 0. Then, we can obtain

FENGGE ZHANG, JIA-XI FENG, and XIAN GAO PHYS. REV. D 110, 023537 (2024)

023537-6



c1 ¼
1

4C3=2

�
6

ffiffiffiffi
C

p
þ 3ð1þ CÞ log

�
1 −

ffiffiffiffi
C

p

1þ ffiffiffiffi
C

p
��

; ð63Þ

c2 ¼
i

2C3=2

�
6

ffiffiffiffi
C

p
þ 3ð1þ CÞ log

�
1 −

ffiffiffiffi
C

p

1þ ffiffiffiffi
C

p
��

: ð64Þ

By substituting c1 and c2 into Eq. (61), the transfer function Tγ becomes

TγðxÞ ¼
1

2C3=2x2

�
x cosðxÞ

�
6

ffiffiffiffi
C

p
þ 3ð1þ CÞ log

�
1 −

ffiffiffiffi
C

p

1þ ffiffiffiffi
C

p
��

− 6 sin ð
ffiffiffiffi
C

p
xÞ

þ 3ðCþ 1Þx cosðxÞ½Ciðxþ
ffiffiffiffi
C

p
xÞ − Ciðx −

ffiffiffiffi
C

p
xÞ�

þ 3ðCþ 1Þx sinðxÞ½Siðxþ
ffiffiffiffi
C

p
xÞ − Siðx −

ffiffiffiffi
C

p
xÞ�

�
: ð65Þ

It seems that Tγ is singular when C → 1 due to the
logarithmic divergence. In fact, in the limit C → 1, we have

TγðxÞjC→1 ¼
3

x2
½−x cos xðEγ − 1 − Cið2xÞ þ logð2xÞÞ

þ sin xðxSið2xÞ − 1Þ�; ð66Þ

where Eγ is the Euler Gamma constant.
Recalling the assumptions we made above, C1 ¼ −2 and

C4 ¼ 0, only t1 is a free parameter; the others can be
expressed as

t2 ¼ 2t1; t3 ¼ −
4t1 þ 2

3
; C2 ¼

2

3
ð4t1 − 1Þ;

C3 ¼
4

3
ðt1 − 1Þ; C ¼ 1

9
ð8t1 þ 1Þ: ð67Þ

IV. THE SCALAR INDUCED
GRAVITATIONAL WAVES

In this section, we first derive the EOMs for SIGWs, and
then we calculate the power spectrum and the energy density
of SIGWs. Expanding action (5) to cubic order, we obtain

SGW ¼ Sð2ÞTT þ Sð3ÞTT; ð68Þ
where

Sð2ÞTT ¼
Z

d3xdτ
a2

8
½C5ðh0ijh0ij − ∂khij∂khijÞ þ g0ϵijkhli∂jhlk�

ð69Þ
and

Sð3ÞTT ¼
Z

d3xdτa2ðLij þ LPV
ij Þhij; ð70Þ

with

Lij ¼
1

2
∂iδθ∂jδθ þ C4∂i∂jλ∂2λ −

1

2
gθθθ0δθ∂i∂jλ −

1

2
gθδθ0∂i∂jλ −

1

2
gθδθ∂i∂jλ0 þ gθθ0ψ∂i∂jλþ

1

2
C2∂iϕ∂jϕ − 2t3∂iϕ∂jψ

þ C3∂iψ∂jψ −
1

2
C2∂iγ0∂jϕ − t3H∂iγ∂jϕþ 1

4
C2∂iγ∂jϕ0 þ C2∂iγ0∂jψ þ 7

2
C2H∂iγ∂jψ −

1

4
ð5C5 þ t3Þψ 0

∂i∂jγ

−
1

2
θ0∂iγ∂jδθ −

1

2
C2H∂iγ

0
∂jγ −

1

4
C2∂iγ∂jγ00 þ

1

6
C1H2

∂iγ∂jγ −
1

6
C1H0

∂iγ∂jγ −
1

4
C2∂i∂jγ∂2γ þ

1

6
ðθ0Þ2∂iγ∂jγ ð71Þ

and

LPV
ij ¼ ϵklj

�
−
1

2
C5∂k∂iλ∂lϕþ 1

2
C5∂k∂iλ∂lψ

−
1

4
gθθ0∂kλ∂l∂iλ − C4∂kλ0∂l∂iγ

−
1

2
gθ∂k∂iγ∂lδθ −

1

4
gθθ0∂kγ∂l∂iγ

�
; ð72Þ

where C5 ¼ 2t1 þ t2 ¼ 4t1.

A. The EOM for SIGWs

Varying the cubic action for SIGWs (68) with respective
to hij, the EOM for SIGWs is

−
C5
4
ðh00ij þ 2Hh0ij −∇2hijÞ

þ 1

8
g0ðϵlki∂lhkj þ ϵlkj∂

lhkiÞ ¼ T lm
ijslm; ð73Þ

where
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sij ¼ −
1

2
ðLij þ Lji þ LPV

ij þ LPV
ji Þ: ð74Þ

T lm
ij is the projection tensor.

We decompose hij into circularly polarized modes as

hijðx; τÞ ¼
X
A¼R;L

Z
d3k

ð2πÞ3=2 e
ik·xpA

ijh
A
k ðτÞ; ð75Þ

where the circular polarization tensors are defined as

pR
ij ¼

1ffiffiffi
2

p ðeþij þ ie×ijÞ; pL
ij ¼

1ffiffiffi
2

p ðeþij − ie×ijÞ: ð76Þ

The plus and cross polarization tensors can be expressed as

eþij ¼
1ffiffiffi
2

p ðeiej − ēiējÞ;

e×ij ¼
1ffiffiffi
2

p ðeiēj þ ēiejÞ; ð77Þ

where eiðkÞ and ēiðkÞ are two basis vectors which are
orthogonal to each other and perpendicular to the
wave vector k, i.e., satisfying k · e ¼ k · ē ¼ e · ē ¼ 0
and jej ¼ jēj ¼ 1.
The projection tensor extracts the transverse and trace-

free part of the source, of which the definition is

T lm
ijslmðx; τÞ ¼

X
A¼R;L

Z
d3k

ð2πÞ3=2 e
ik·xpA

ijp
Alms̃lmðk; τÞ;

ð78Þ
where s̃ij is the Fourier transformation of the source sij.
With the above settings, we can now rewrite the EOM for

SIGWs in Fourier space as

uA
00

k þ
�
ω2
A −

a00

a

�
uAk ¼ −

4a
C5

SAk ; ð79Þ

where uA ¼ ahA and

ω2
A ¼ k2

�
1 −

λAMPV

k

�
; ðλR ¼ 1; λL ¼ −1Þ; ð80Þ

here MPV ¼ g0=C5, the source

SAk ¼ pAijs̃ijðk; τÞ: ð81Þ

The source SAk can be divided into four parts,

SAk ¼ SAðPC1Þk þ SAðPC2Þk þ SAðPV1Þk þ SAðPV2Þk ; ð82Þ

where SAðPC1Þk and SAðPV1Þk do not contain the contribution
from γ, representing the parity-conserved and parity-

violating parts, respectively, while SAðPC2Þk and SAðPV2Þk
represent the parts that contain the contribution from γ,

SAðPC1Þk ¼
Z

d3k0

ð2πÞ3=2 p
Aijk0ik

0
jζðk0Þζðk − k0ÞfPC1ðu; v; xÞ;

SAðPC2Þk ¼
Z

d3k0

ð2πÞ3=2 p
Aijk0ik

0
jζðk0Þζðk − k0ÞfPC2ðu; v; xÞ;

SAðPV1Þk ¼
Z

d3k0

ð2πÞ3=2 p
Aijk0ik

0
jζðk0Þζðk − k0ÞfAPV1ðk; u; v; xÞ;

SAðPV2Þk ¼
Z

d3k0

ð2πÞ3=2 p
Aijk0ik

0
jζðk0Þζðk − k0ÞfAPV2ðk; u; v; xÞ; ð83Þ

where u ¼ k0=k, v ¼ jk − k0j=k, and

pAijk0ik
0
j ¼

1

2
k02sin2ðϑÞe2iλAl; ð84Þ

with ϑ being the angle between k0 and k and l being
the azimuthal angle of k0. The function fPC1ðu; v; xÞ,
fPC2ðu; v; xÞ, fAPV1ðu; v; xÞ, and fAPV2ðu; v; xÞ are defined as

fPC1ðu; v; xÞ ¼ −
2

9

�
4t1 þ 8

3
TψðuxÞTψðvxÞ −

2

3
ð4t1 − 1Þ

×
uk
H

T�
ψðuxÞTψ ðvxÞ þ u ↔ v

�
; ð85Þ

fPC2ðu; v; xÞ ¼ −
2

9

�
4t1 − 1

3
T�
γðuxÞTψ ðvxÞ þ

16t1 − 1

3

v
u

× TγðuxÞT�
ψ ðvxÞ þ

32t1 þ 1

3

H
uk

TγðuxÞ

× TψðvxÞ −
1

3
ð4t1 − 1ÞH

vk
T�
γðuxÞTγðvxÞ

−
1

6
ð4t1 − 1Þ v

u
TγðuxÞT��

γ ðvxÞ

−
1

6
ð4t1 − 1Þ v

u
TγðuxÞTγðvxÞ þ u ↔ v

�
;

ð86Þ
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fAPV1ðu; v; xÞ ¼
2

9

λAk
MPV

C22
C5

�
u
4
TψðuxÞTψ ðvxÞ þ u ↔ v

�
;

ð87Þ

fAPV2ðu; v; xÞ ¼
2

9

λAMPV

k
C5

�
uk
2vH

Tψ ðuxÞTγðvxÞ

þ 1

2v
TγðuxÞTγðvxÞ þ u ↔ v

�
: ð88Þ

We have used the equations for the background and linear
perturbations to simplify the above expressions.
Equation (79) can be solved by the method of Green’s

function,

hAk ðτÞ ¼ −
4

C5aðτÞ
Z

τ
dτ̄GA

k ðτ; τ̄Þaðτ̄ÞSAk ðτ̄Þ; ð89Þ

where Green’s function GA
k ðτ; τ̄Þ satisfies the equation

GA00
k ðτ; τ̄Þ þ

�
ω2
A −

a00

a

�
GA

k ðτ; τ̄Þ ¼ δðτ − τ̄Þ: ð90Þ

The coupling function g characterizes the deviation of
Green’s function from standard GR. For an arbitrary form
of g, ωA defined in Eq. (80) is a complex function of both
the wave number k and the conformal time τ. Consequently,
it is challenging to solve Eq. (90) and obtain the expression
for Green’s function analytically. On the one hand, for our
purpose of studying the contributions from the scalar
perturbations to the SIGWs, we assume that the change
in Green’s function is as minimal as possible relative to that
in GR. On the other hand, since ωA is associated with the
propagation speed of the GWs, we assume that ωA is
approximately time-independent and depends only on the
wave number during the generation of SIGWs. We will
consider an exponential form of the coupling function

gðθÞ ¼ g0eαθ; ð91Þ

which renders ωA independent of time and allows us to
obtain an analytical solution to Eq. (90).
Recalling the background equations (49), the solution for

the scalar field is found to be

θ ¼ 2β lnðτ=τ0Þ þ θ0; ð92Þ

where θ0 is the value of θ at τ0 and β ¼ �1, corresponding
to θ0 ¼ �2=τ, respectively. Substituting Eqs. (91) and (92)
into the coupling function g, we obtain

g0 ¼ 2αβg0eαθ0

τ2αβ0

τ2αβ−1: ð93Þ

From Eq. (93), it is evident that if we set 2αβ − 1 ¼ 0, then
g0 becomes a constant. Consequently, MPV defined above
becomes

MPV ¼ g0eαθ0

C5τ0
; ð94Þ

which is independent of time, as is ωA. With these
assumptions, we can analytically solve Eq. (90) to obtain
the expression for Green’s function,

GA
k ðτ; τ̄Þ ¼

sin½ωAðτ − τ̄Þ�
ωA

Θðτ − τ̄Þ; ð95Þ

where Θ is the Heaviside step function.
The constant MPV defined in Eq. (94) has the dimension

of energy, which can be interpreted as the characteristic
energy scale of parity violation in our model. Therefore,
it is of interest to estimate MPV based on current obser-
vations. The recent observations from GW170817 [153]
and GRB170817A [154] constrain the propagating speed
of GWs to be

−3 × 10−15 ≤ cgw − 1 ≤ 7 × 10−16: ð96Þ

Using the definition of ωA in Eq. (80), we have

cgw ¼ ωA

k
¼

�
1 −

λAMPV

k

�
1=2

≃ 1 −
λAMPV

2k
; ð97Þ

which means

jMPVj
k

< 1.4 × 10−15: ð98Þ

Therefore, the typical energy scale of parity violation is
much smaller than the wave numbers that we are inter-
ested in.
Besides, the constraint on the parity-violating energy

scale MPV from the GW events of binary black hole
mergers in the LIGO-Virgo catalogs GWTC-1 and
GWTC-2 is MPV < 6.4 × 10−42 Gev at 90% confidence
level [107], which corresponds to MPV ∼Oð10−3Þ Mpc−1.
Since SIGWs are generated on small scales where
k ≫ 1 Mpc−1, this also implies MPV=k ≪ 1.
From Eq. (87), it might appear that the term fAPV1 ∝

ðk=MPVÞC22=C5 could be very large and potentially violate
perturbation theory. However, we will show that this term is
negligible.
The dimensions of scalar perturbations ψ and λ are

½ψ � ¼ k0 and ½λ� ¼ k−1, while the coefficient ½C2� ¼ k0.
Furthermore, according to (18), we have ψ ∼ kλ. Taking
into account relation (51), we find that
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C2
gθθ0

k ¼ kλ
ψ

∼ 1; ð99Þ

which implies

C2 ∼
gθθ0

k
∼
MPV

k
C5 ≪ C5: ð100Þ

Recalling the relation C2 ¼ 2=3ðC5 − 1Þ, we have C5 ∼ 1.
Consequently, the coefficient in Eq. (87) can be esti-

mated as

k
MPV

C22
C5

∼
MPV

k
C5 ≪ 1: ð101Þ

Considering the above analysis, we can conclude that the
contribution from the PV term to SIGWs is negligible.

B. The power spectrum of SIGWs

The solutions of the circularly polarized modes can be
written as

hAk ðτÞ ¼
4

C5

Z
d3k0

ð2πÞ3=2 p
Aijk0ik

0
jζðk0Þζðk − k0Þ 1

k2
IAðk; u; v; xÞ; ð102Þ

where

IAðk; u; v; xÞ ¼ −
Z

x

0

dx̄
aðτ̄Þ
aðτÞ kG

A
k ðτ; τ̄Þ

X
i¼1;2

ðfPCiðu; v; x̄Þ þ fAPViðk; u; v; x̄ÞÞ

¼
X
i¼1;2

ðIAPCiðk; u; v; xÞ þ IAPViðk; u; v; xÞÞ; ð103Þ

with

IAPCiðk; u; v; xÞ ¼ −
Z

x

0

dx̄
aðτ̄Þ
aðτÞ kG

A
k ðτ; τ̄ÞfPCiðu; v; x̄Þ

ð104Þ
and

IAPViðk; u; v; xÞ ¼ −
Z

x

0

dx̄
aðτ̄Þ
aðτÞ kG

A
k ðτ; τ̄ÞfAPViðu; v; x̄Þ:

ð105Þ
The analytic expressions for IAPC1 and I

A
PV1 can be found in the

Appendix. The remaining parts, IAPC2 and IAPV2, cannot be
calculated analytically, so we will compute them numerically.
The power spectra of the SIGWs PA

h are defined by

hhAkhCk0 i ¼
2π2

k3
δ3ðkþ k0ÞδACPA

hðkÞ: ð106Þ

With the definition of PA
h (106) and the solution

of SIGWs, we can obtain the power spectra of the
SIGWs2

PA
hðk; xÞ ¼

4

C25

Z
∞

0

du
Z

1þu

j1−uj
dvðJ ðu; vÞIAðu; v; xÞ2

× PζðukÞPζðvkÞÞ; ð107Þ

where

J ðu; vÞ ¼
�
4u2 − ð1þ u2 − v2Þ2

4uv

�
2

ð108Þ

and Pζ is the power spectrum of primordial curvature
perturbation.
The fractional energy density of the SIGWs is

ΩGWðk; xÞ ¼
1

12

�
k
H

�
2 X
A¼R;L

PA
hðk; xÞ ¼

x2

12

X
A¼R;L

PA
hðk; xÞ

¼ 1

3C25

Z
∞

0

du
Z

1þu

j1−uj
dvJ ðu; vÞ

X
A¼R;L

ĨAðk; u; v; xÞ2 PζðukÞPζðvkÞ; ð109Þ

2We have assumed that ζ is Gaussian to derive Eq. (107). For the non-Gaussian contributions, please refer to Refs. [89,155–158] and
references therein.
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where the overline represents the time average and

ĨAðk; u; v; xÞ2 ¼ IAðk; u; v; xÞ2x2.
The GWs behave as free radiation, thus the fractional

energy density of the SIGWs at the present time ΩGW;0 can
be expressed as [16]

ΩGW;0ðkÞ ¼ ΩGWðk; η → ∞ÞΩr;0; ð110Þ

where Ωr;0 ≃ 9 × 10−5 is the current fractional energy
density of the radiation [159].
To analyze the behavior of SIGWs in our model, in the

following part of this section, we compute the energy
density of SIGWs with a concrete power spectrum of
primordial curvature perturbations. Considering the SIGWs
induced by the monochromatic power spectrum,

PζðkÞ ¼ Aζδðlnðk=kpÞÞ; ð111Þ

then we obtain the energy density of SIGWs at the present
time,

ΩGW;0ðkÞ ¼
1

3C25
Ωr;0A2

ζ k̃
−2J ðk̃−1; k̃−1Þ

×
X
A¼R;L

ĨAðk; k̃−1; k̃−1; x → ∞Þ2Θð2 − k̃Þ;

ð112Þ

where k̃ ¼ k=kp. We perform numerical calculations to
determine the energy density of SIGWs, and the result is
shown in Fig. 1.
Recalling the discussion in Sec. III, the energy density of

SIGWs may exhibit discrepancies between PV metric
teleparallel gravity and GR. This discrepancy arises from
the extra scalar perturbation in tetrads γ, as well as the
distinct evolution of scalar perturbation from metric ψ and

the fluctuation of the scalar field δθ, which deviate from
their counterparts in GR. From Fig. 1, as expected, it is
evident that the spectrum of the energy density of SIGWs
differs significantly between GR and our model. For the
SIGWs from GR, there is a divergence at k̃ ¼ 2=

ffiffiffi
3

p
due to

the resonant amplification [11,15]. In contrast, the energy
density of SIGWs in our model is regular across all
frequencies. This feature makes metric teleparallel gravity
distinguishable from GR.
It is difficult to completely analyze the behavior of the

spectrum of the energy density of SIGWs due to the
absence of analytic expressions for IA. We only consider
the analytic part of IA, especially the contribution from
IAPC1, which is analytic. From the expression (A11) in the
Appendix, the possible divergence in IAPC1 comes from a
logarithmic term, log jw −

ffiffiffiffi
C

p ðuþ vÞj, which is similar to
GR. In the case of SIGWs induced by the monochromatic
power spectrum, the term in IAPC1 that contains this
logarithmic divergence is given by

IAPC1 ⊃
3

4
k̃3
�
9k̃ð8ð5t1 þ 1Þð8t1 þ 1Þ − 3ð14t1 þ 1Þk̃2Þ

ð8t1 þ 1Þ3

−
8ð16t1 þ 5Þ
ð8t1 þ 1Þ3=2

�
logðj − 9k̃2 þ 32t1 þ 4jÞ: ð113Þ

For convenience of discussion, we have approximated
w ¼ ωk=k ≃ 1, taking into account the observational con-
straints on the propagating speed of GWs (96) and (97).
The above expression vanishes even when −9k̃2 þ 32t1 þ
4 ¼ 0; thus IAPC1 does not contribute a divergent term.

V. CONCLUSION

SIGWs are a useful tool to test gravitational theory and
probe the early universe. In this paper, we calculate the
SIGWs from metric teleparallel gravity with the NY term in
teleparallel geometry. By replacing the teleparallel equiv-
alent Einstein-Hilbert Lagrangian with the general torsion
scalar T, Eq. (7), the strong coupling problem was avoided
effectively only if C2 ≠ 0.
In the context of teleparallelism, we assumed C4 ¼ 0 to

maintain vanishing curvature perturbation. Furthermore,
we aimed to minimize deviations in the background
evolution and the scalar perturbation from the metric
compared to those in GR, so that we can focus on the
contribution from scalar perturbations in the tetrad field and
the PV source. With this consideration, we solved EOMs
for the background and the linear scalar perturbations
during the radiation-dominated era and obtained the ana-
lytic solutions. We had chosen the coupling function of the
PV term to be the exponential form, which ensures that the
speed of SIGWs is independent of time. We further derived
the analytical expression for Green’s function of the tensor
perturbations. With these analytic solutions, we calculated

FIG. 1. The energy density of SIGWs from GR (dotted line)
and our model (solid and dashed lines). The peak scale is
kp ¼ 1012 Mpc−1, which corresponds to the maximum sensitiv-
ity of TianQin and LISA. The amplitude of the power spectrum is
fixed to be Aζ ¼ 10−2.
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the power spectrum and the energy density of SIGWs.
Then, we evaluated numerically the energy density of
SIGWs with a monochromatic power spectrum of the
primordial curvature perturbation. Considering the obser-
vational constraints on the propagating speeds of the GWs,
we conclude that the effect of the PV term on the SIGWs is
negligible. Nevertheless, the spectrum of the energy density
of SIGWs in our model still differs from that in GR.
Crucially, there is no divergence in the energy density of
SIGWs in our model, which makes teleparallel gravity
distinguishable from GR.
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APPENDIX: THE INTEGRAL KERNEL

In this appendix, we derive the integral kernel IAPC1 and
IAPV1. With Green’s function (90) and the definition of IA,
we can express the integral kernel as follows;

IA1 ðu; v; xÞ ¼
sinðwxÞ
wx

IA1sðu; v; xÞ þ
cosðwxÞ

wx
IA1cðu; v; xÞ; ðA1Þ

where the subscripts “s” and “c” stand for contributions involving the sine and cosine functions, respectively, and
w ¼ ωA=k. We also write

IA1sðu; v; xÞ ¼ IA
1sðu; v; xÞ − IA

1sðu; v; 0Þ;
IA1cðu; v; xÞ ¼ IA

1cðu; v; xÞ − IA
1cðu; v; 0Þ; ðA2Þ

where IA
1s and IA

1c are defined by

IA
1sðu; v; yÞ ¼ −

Z
dy coswyfðu; v; yÞy;

IA
1cðu; v; yÞ ¼

Z
dy sinwyfðu; v; yÞy: ðA3Þ

After lengthy calculations, we obtain the kernel of PC part

IA
PC1sðu;v; yÞ ¼ −

1

9C3u3v3y4
½6Cð14t1 þ 1Þuvy2 cosðwyÞ cosð

ffiffiffiffi
C

p
uyÞ cosð

ffiffiffiffi
C

p
vyÞ þ

ffiffiffiffi
C

p
vyð−2t1ð9Cy2ðu2 − v2Þ

− 7w2y2 þ 42Þ þ 9Cy2ðv2 − u2Þ þw2y2 − 6Þ cosðwyÞ sinð
ffiffiffiffi
C

p
uyÞ cosð

ffiffiffiffi
C

p
vyÞ þ

ffiffiffiffi
C

p
uyð2t1ð9Cy2ðu2 − v2Þ

þ 7ðw2y2 − 6ÞÞ þ 9Cy2ðu2 − v2Þ þw2y2 − 6Þ cosðwyÞ cosð
ffiffiffiffi
C

p
uyÞ sinð

ffiffiffiffi
C

p
vyÞ

þ ð2t1ð9Cy2ðu2 þ v2Þ− 7w2y2 þ 42Þ þ y2ð9Cðu2 þ v2Þ−w2Þ þ 6Þ cosðwyÞ sinð
ffiffiffiffi
C

p
uyÞ sinð

ffiffiffiffi
C

p
vyÞ

− 2Cð14t1 þ 1Þuvwy3 sinðwyÞ cosð
ffiffiffiffi
C

p
uyÞ cosð

ffiffiffiffi
C

p
vyÞ þ 2

ffiffiffiffi
C

p
ð14t1 þ 1Þvwy2 sinðwyÞ sinð

ffiffiffiffi
C

p
uyÞ

× cosð
ffiffiffiffi
C

p
vyÞ þ 2

ffiffiffiffi
C

p
ð14t1 þ 1Þuwy2 sinðwyÞ cosð

ffiffiffiffi
C

p
uyÞ sinð

ffiffiffiffi
C

p
vyÞ þwyð−2− 11Cðu2 þ v2Þy2

þw2y2 − 2t1ð14þ 23Cðu2 þ v2Þy2 − 7w2y2ÞÞ sinðwyÞ sinð
ffiffiffiffi
C

p
uyÞ sinð

ffiffiffiffi
C

p
vyÞ�

−
1

36C3u3v3
½B1ðCiðA3yÞ þCiðA4yÞ−CiðjA2jyÞ−CiðA1yÞÞ þB2ðCiðA3yÞ−CiðA4yÞ þCiðjA2jyÞ

−CiðA1yÞÞ þB3ðCiðjA2jyÞ−CiðA1yÞ−CiðA3yÞ þCiðA4yÞÞ�; ðA4Þ
where

A1 ¼ wþ
ffiffiffiffi
C

p
ðuþ vÞ; A2 ¼ w −

ffiffiffiffi
C

p
ðuþ vÞ; A3 ¼ wþ

ffiffiffiffi
C

p
ðu − vÞ; A4 ¼ w −

ffiffiffiffi
C

p
ðu − vÞ; ðA5Þ

and

B1 ¼ 9C2ð2t1 þ 1Þðu2 − v2Þ2 þ 12Cð5t1 þ 1Þw2ðu2 þ v2Þ − ð14t1 þ 1Þw4; ðA6Þ
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B2 ¼ 4C3=2ð5þ 16t1Þu3w; B3 ¼ 4C3=2ð5þ 16t1Þv3w: ðA7Þ

We also get

IA
PC1cðu; v; yÞ ¼

1

9C3u3v3y4
½6Cð14t1 þ 1Þuvy2 sinðwyÞ cosð

ffiffiffiffi
C

p
uyÞ cosð

ffiffiffiffi
C

p
vyÞ

þ
ffiffiffiffi
C

p
vyð−2t1ð9Cy2ðu2 − v2Þ − 7w2y2 þ 42Þ

þ 9Cy2ðv2 − u2Þ þ w2y2 − 6Þ sinðwyÞ sinð
ffiffiffiffi
C

p
uyÞ cosð

ffiffiffiffi
C

p
vyÞ

þ
ffiffiffiffi
C

p
uyð2t1ð9Cy2ðu2 − v2Þ þ 7ðw2y2 − 6ÞÞ

þ 9Cy2ðu2 − v2Þ þ w2y2 − 6Þ sinðwyÞ cosð
ffiffiffiffi
C

p
uyÞ sinð

ffiffiffiffi
C

p
vyÞ

þ ð2t1ð9Cy2ðu2 þ v2Þ − 7w2y2 þ 42Þ
þ y2ð9Cðu2 þ v2Þ − w2Þ þ 6Þ cosðwyÞ sinð

ffiffiffiffi
C

p
uyÞ sinð

ffiffiffiffi
C

p
vyÞ

þ 2Cð14t1 þ 1Þuvwy3 cosðwyÞ cosð
ffiffiffiffi
C

p
uyÞ cosð

ffiffiffiffi
C

p
vyÞ

þ 2
ffiffiffiffi
C

p
ð14t1 þ 1Þvwy2 cosðwyÞ sinð

ffiffiffiffi
C

p
uyÞ cosð

ffiffiffiffi
C

p
vyÞ

þ 2
ffiffiffiffi
C

p
ð14t1 þ 1Þuwy2 cosðwyÞ cosð

ffiffiffiffi
C

p
uyÞ sinð

ffiffiffiffi
C

p
vyÞ

þ wyð2þ 11Cðu2 þ v2Þy2 − w2y2

þ 2t1ð14þ 23Cðu2 þ v2Þy2 − 7w2y2ÞÞ cosðwyÞ sinð
ffiffiffiffi
C

p
uyÞ sinð

ffiffiffiffi
C

p
vyÞ�

−
1

36C3u3v3
½B1ðSiðA1yÞ þ SiðA2yÞ − SiðA3yÞ − SiðA4yÞÞ

− B2ðSiðA3yÞ þ SiðA2yÞ − SiðA1yÞ − SiðA4yÞÞ
þ B3ðSiðA1yÞ þ SiðA3yÞ − CiðA2yÞ − CiðA4yÞÞ�: ðA8Þ

We have the following limit:

IA
PC1sðu; v; x → ∞Þ ¼ 0 ðA9Þ

and

IA
PC1sðu; v; x → 0Þ ¼ −

9Cð2t1 þ 1Þðu2 þ v2Þ þ ð14t1 þ 1Þw2

9C2u2v2

þ 1

36C3u3v3

�
B1 log

				A1A2

A3A4

				 − B2 log

				A2A3

A1A4

				 − B3 log

				A2A4

A1A3

				
�
; ðA10Þ

thus

IAPC1sðu; v; x → ∞Þ ¼ 9Cð2t1 þ 1Þðu2 þ v2Þ þ ð14t1 þ 1Þw2

9C2u2v2

−
1

36C3u3v3

�
B1 log

				A1A2

A3A4

				 − B2 log

				A2A3

A1A4

				 − B3 log

				A2A4

A1A3

				
�
: ðA11Þ

We also have

IA
PC1cðu; v; x → ∞Þ ¼ B1 − B2 − B3

36C3u3v3
πΘð−A2Þ ðA12Þ

and
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IA
PC1cðu; v; 0Þ ¼ 0; ðA13Þ

thus

IAPC1cðu; v; x → ∞Þ ¼ B1 − B2 − B3

36C3u3v3
πΘð−A2Þ: ðA14Þ

As for the PV part, we have the following expressions:

IA
PV1sðu; v; yÞ ¼

λAk
MPV

C22
C5

uþ v
12C3u3v3y4

�
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C
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ffiffiffiffi
C

p
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C

p
vyÞ

þ 2
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C
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ffiffiffiffi
C

p
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ffiffiffiffi
C

p
uyÞ
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ffiffiffiffi
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p
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ffiffiffiffi
C

p
uyÞ cos ð

ffiffiffiffi
C

p
vyÞ

þ
ffiffiffiffi
C

p
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p
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ffiffiffiffi
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p
vyÞ
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p
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C

p
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C

p
uyÞ sin ð

ffiffiffiffi
C

p
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−
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C22
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�
; ðA15Þ

where

D1 ¼ 3C2ðu2 − v2Þ2 þ 6Cw2ðu2 þ v2Þ − w4; D2 ¼ 8C3=2u3w; D3 ¼ 8C3=2v3w: ðA16Þ

We have the following limits:

IA
PV1sðu; v; x → ∞Þ ¼ 0 ðA17Þ

and

IA
PV1sðu; v; y → 0Þ ¼ λAk
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C22
C5
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�
; ðA18Þ

thus

IAPV1sðu; v; x → ∞Þ ¼ −
λAk
MPV

C22
C5
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þ λAk
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C22
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�
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				A1A2

A3A4

				 −D2 log

				A2A3

A1A4

				 −D3 log

				A2A4

A1A3

				
�
: ðA19Þ
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We also have

IA
PV1cðu; v; yÞ ¼

λAk
MPV
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We have the following limits:
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