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The predicted present-day amplitude of matter fluctuations based on cosmic microwave background
(CMB) anisotropy data has sometimes been found discrepant with more direct measurements of late-time
structure. This has motivated many extensions to the standard cosmological model, including kinetic
interactions between dark matter and dark energy (DMDE) that introduce a drag force slowing the growth
of structure at late times. Exploring this scenario, we develop a model for quasilinear scales in the matter
power spectrum by calculating the critical overdensity in the presence of this interaction and a varying dark
energy equation of state. We explicitly avoid modeling or interpretation of data on nonlinear scales in this
model (such as use of ΛCDM-calibrated priors), which would require numerical simulations. We find that
the presence of the drag force hinders halo formation, thus increasing the deviation from ΛCDM in the
mildly nonlinear regime. We use CMB lensing observations from the sixth data release of the Atacama
Cosmology Telescope up to L ¼ 1250 (in combination with Planck, Sloan Digital Sky Survey, and 6dFGS
data) to derive the strongest constraints to date on the amplitude of the drag term, finding the dimensionless
interaction strength ΓDMDE=ðH0ρcÞ < 0.905ð2.76Þ at the 68% (95%) confidence level. The inclusion of
nonlinear corrections improves our constraints by about 35% compared to linear theory. Our results do not
exclude the best-fit values of ΓDMDE found in previous studies using information from galaxy weak lensing,
though we find no statistical preference for the dark matter–dark energy kinetic interactions over ΛCDM.
We implement our model in a publicly available fork of the Boltzmann code CLASS.
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I. INTRODUCTION

Some recent measurements of the amount of clustering
and matter content in the Universe obtained using the
cosmic microwave background (CMB) and weak gravita-
tional lensing from nearby galaxies have yielded conflict-
ing results. To quantify this discrepancy, we use the
variance of the linear-theory density field smoothed on a
scale of 8 Mpc=h (σ8) rescaled by the total matter density at
the present day: S8 ≡ σ8ðΩm=0.3Þ0.5. The variance of the
matter density can be calculated as an integral over the
linear power spectrum,

σ28ðzÞ≡ σ2ðR ¼ 8.0 h=Mpc; zÞ ð1Þ

¼
Z

dk
k
k3Pðk; zÞ

2π2
W2ðkRÞ; ð2Þ

where W is the Fourier transform of a spherical top-hat
filter. The present-day value of S8 can be indirectly inferred
from an extrapolation of observations of primary CMB
anisotropies that capture the early Universe around recom-
bination. Various CMB experiments broadly agree on this
measurement: the Planck satellite 2018 release finds S8 ¼
0.830� 0.013 [1], while the combination of WMAP and
the Atacama Cosmology Telescope (ACT) DR4 finds S8 ¼
0.840� 0.030 [2]. Meanwhile, weak lensing measure-
ments from galaxy surveys that measure the clustering
of matter directly at later times give somewhat lower values
of S8 ¼ 0.763þ0.040

−0.036 for the Hyper Suprime-Cam Y3 [3],
S8 ¼ 0.776� 0.017 for the Dark Energy Survey Year 3 [4],
and S8 ¼ 0.773þ0.028

−0.030 for the Kilo-Degree Survey [5],
among others (although a joint analysis of the Kilo-
Degree Survey and the Dark Energy Survey found a value
closer to the primary CMB results with S8 ¼ 0.790þ0.018

−0.014
[6]). Intriguingly, gravitational lensing of the CMB (prob-
ing larger scales and intermediate cosmic times) yields*Contact author: alague@sas.upenn.edu
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S8 ¼ 0.840� 0.028 for the Atacama Cosmology Tele-
scope (ACT DR6) [7,8], S8 ¼ 0.831� 0.029 for Planck
PR4 lensing (NPIPE) [9], while SPT-3G lensing finds S8 ¼
0.836� 0.039 [10], in very good agreement with the
primary CMB extrapolations.
These values are obtained assuming a flat ΛCDM model

of the Universe. Many modifications to this model have
been proposed to alleviate discrepancies between S8
measurements. Most of them fall into three broad catego-
ries: (a) models that change the shape of the matter power
spectrum on small scales, (b) models that modify the
growth of structure over time, and (c) models that do a
combination of both. In the present work, we constrain a
model in the third category that predicts a slower growth of
structure on (predominantly) small scales at late times.
The model we consider in this study allows for a transfer

of momentum between the dark matter and dark energy
(DMDE) components parametrized by a scattering rate:
ΓDMDE [11,12]. It is a two-parameter extension of ΛCDM
where the dark energy equation of state can vary from the
cosmological constant value of w ¼ −1. When the scatter-
ing rate is nonzero, there is an additional friction or “drag”
term in the equation of motion of the matter density
perturbations, which leads to a highly redshift-dependent
suppression of the growth of structure. This model has been
constrained previously using data from the primary CMB,
baryon acoustic oscillations (BAO), and galaxy weak
lensing [12–14], though these works used exclusively
linear theory. The accuracy of this approximation degrades
on small scales and could bias the value of the interaction
rate inferred from the data as well as affect the preference
for this model over ΛCDM. In this article, we address these
concerns by (a) developing a halo model to compute the
matter power spectrum on weakly nonlinear scales and
(b) using lensing of the CMB, which is sensitive to larger
scales and higher redshifts than galaxy weak lensing [7].
This paper is organized as follows. First, in Sec. II, we

present the theoretical background for the model and its
numerical implementation. In Sec. III we list the dataset
combinations we use to constrain our model parameters,
and in Sec. IV we present the results of our statistical
analysis. Finally, in Sec. V, we discuss the implications of
our findings and compare our results with those of previous
analyses.

II. THEORY

A. Linear perturbations

We consider a kinetic interaction between dark matter
(DM) and dark energy (DE), which couples their velocity
divergences. This DMDE scattering model, which we refer
to as wΓCDM, was originally constructed in Ref. [11]. It
was investigated more recently in Ref. [12]. We assume that
the DE component has an equation of state parameter
w > −1 and a sound speed c2s ¼ 1 (we use units with the

speed of light c ¼ 1 throughout this paper). In this case, the
perturbation equations for the DM and DE components in
the Newtonian gauge read [11,15]

δ0DM ¼ −θDM þ 3ϕ0; ð3Þ

δ0DE ¼ −
�
ð1þ wÞ þ 9

H2

k2
ð1 − w2Þ

�
θDE

þ 3ð1þ wÞϕ0 − 3Hð1 − wÞδDE; ð4Þ

θ0DM ¼ −HθDM þ k2ϕþ aΓDMDE

ρ̄DM
Δθ; ð5Þ

θ0DE ¼ 2HθDEþ
k2

ð1þwÞδDEþk2ϕ−
aΓDMDE

ð1þwÞρ̄DE
Δθ; ð6Þ

where δ≡ ρ=ρ̄ − 1 is the energy density contrast, θ≡∇ · v
is the velocity divergence, Δθ≡ θDE − θDM, H is the
conformal Hubble factor (H ¼ aH), ϕ is the Newtonian
gravitational potential, and ΓDMDE is a constant parameter
proportional to the DMDE cross section which quantifies
the strength of this interaction rate [11]. The bars denote
spatial averages and the primes denote differentiation with
respect to conformal time. The system of equations (3)–(6)
describes the evolution of the DM and DE perturbations.
In the ΛCDM model, there are no DE perturbations,
and in models where δDE is allowed to grow, the coupling
to DM happens through the gravitational potential ϕ.
In the case of the DMDE drag force, the coupling between
the DE and DM equations happens through the diffe-
rence in their respective velocities. Multiple models explore
dynamical couplings between DM and DE using field
theory approaches [16] or numerical simulations of micro-
physical models [17,18]. We modify the Boltzmann
code CLASS [19] to incorporate the ΓDMDE parameter.
(The CLASS version developed in this work is publicly
available.1)
In the subhorizon limit, the dark energy perturbations do

not grow given their sound speed. In this case, the DM
perturbations obey

δ̈DM þ 2H

�
1þ ΓDMDE

2Hρ̄DM

�
δ̇DM − 4πGρ̄DMδDM ¼ 0; ð7Þ

where the overdot denotes differentiation with respect to
cosmic time. Equation (7) is the nonrelativistic (i.e.,
subhorizon) version of the system of equations (3)–(6)
and describes the evolution of DM perturbations in the
Newtonian limit. In ΛCDM, the perturbations behave as a
damped harmonic oscillator where the friction force is
given by the rate of expansion of the Universe. We note that
the role of ΓDMDE is to increase the amplitude of the friction

1https://github.com/fmccarthy/Class_DMDE.
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term in the evolution of DM perturbations, thus slowing
their growth. We recover the differential equation for the
usual cold DM perturbations when ΓDMDE → 0. Since
ρ̄DM ∝ a−3, the impact of the DMDE scattering is highly
redshift dependent. At late times, we have a ∼ 1 and
ΓDMDE=ð2Hρ̄DMÞ ∼ ΓDMDE=ð2ΩmH0ρcÞ ∼ ΓDMDE=ðH0ρcÞ
so we expect deviations from ΛCDM to be significant for
ΓDMDE=ðH0ρcÞ of order 1.2 Importantly, as argued in
Ref. [14], the suppression happens on subhorizon scales
and does not affect the background dynamics (indeed, the
DMDE coupling is a pure momentum exchange, and thus
only appears at first order in perturbations). Thus, any
change in the expansion history compared to ΛCDM
(which affects the redshift where DE starts to dominate)
is due to varying w away from −1. This allows the DMDE
model to suppress the growth of structure without lowering
Ωm. Furthermore, while the coupling introduces further
acoustic oscillations, these are more present in the DE
and velocity perturbations and thus have little impact on
the DM perturbations and background expansion rate. For
these reasons, we do not consider modifications to the
BAO data.
The redshift dependence of the effect of DMDE scatter-

ing can be seen in Fig. 1. We observe that the impact of
ΓDMDE is negligible for redshifts above z ∼ 1.5 and that the
equation of state parameter of DE suppresses the impact of
DMDE scattering as it approaches w ¼ −1. This causes a
degeneracy when varying both parameters and we thus
marginalize over w when deriving constraints on ΓDMDE.
An important distinction from previous studies on

DMDE scattering from cosmological observables is that
we do not make use of late-redshift small-scale weak

lensing measurements from galaxies. Indeed, Ref. [12]
used a prior on S8 constructed from data from the Dark
Energy Survey while Refs. [13,14] used data from the
Canada-France-Hawaii Telescope Lensing Survey [20]. We
instead use CMB gravitational lensing data to L ∼ 1250

modeled with an adapted nonlinear prescription.
It is worth noting that neither of the previous studies

cited used a nonlinear model in obtaining their constraints.
The lensing data from the Dark Energy Survey and the
Canada-France-Hawaii Telescope include information on
very small scales and at late times where the DM and
baryon dynamics are highly nonlinear. When using observ-
ables on those scales, it is therefore preferable to calibrate
models to sufficiently detailed numerical simulations
accounting for this added complexity. While there exist
simulations of interacting dark sectors [17,18], the red-
shift evolution of the matter power spectrum from the
simulations does not match what we find with the wΓCDM
model using linear theory. This suggests that the physics
implemented in these simulations represents a different
type of interaction than what we are modeling.

B. Nonlinear model

In the absence of high-resolution simulations, one can
model differences in the nonlinear behavior of matter in
a model beyond ΛCDM through the “spherical-collapse”
model [21]. This model treats halos as single, spherically
symmetric overdensities and is used to calculate two
important quantities which enter in the halo model:
(i) the critical overdensity, δc, which a region of space
must reach to collapse into a bound structure, and (ii) the
virial overdensity,Δv, of the structure after it has undergone
collapse. The former is used to calculate the distribution of
halos as a function of mass through the halo mass function
while the latter gives the virial radius used to calculate halo
density profiles. Standard expressions for these quantities
assume ΛCDM and must be modified in the case of non-
ΛCDM evolution.
To account for the nonlinear evolution of the matter

density on semilinear scales, we follow Ref. [22] and
calculate the critical overdensity and virial overdensity
under the spherical collapse approximation while allowing
for DMDE coupling. As in previous analyses [11,12], we
neglect the impact of clustering of dark energy perturba-
tions given its high sound speed and focus on DM, which
we take to be cold, but we allow for variations in the
equation of state of dark energy away from its ΛCDM
value of w ¼ −1. In the spherical collapse approximation,
we consider a spherical region of constant density with
radius r.
Assuming that the coupling only affects the rate of

change of the DM velocity, we can write the nonlinear
equation of motion for the DM overdensity as

FIG. 1. Impact of DMDE scattering on σ8 as a function of
redshift and DE equation of state. The thin gray line has the same
cosmology as the green curve, but with a sum of neutrino masses
set to match the σ8ðz ¼ 0Þ of the dashed blue curve. This
demonstrates the difference in redshift evolution between
νΛCDM and wΓCDM.

2These order-of-magnitude approximations are valid given
ρDM ≈ ρm ¼ Ωmρc and from 2Ωm ∼Oð1Þ.
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δ̈DM þ 2H

�
1þ ΓDMDE

2Hρ̄DM

�
δ̇DM −

4

3

δ̇2DM
1þ δDM

¼ 3

2
ð1þ δDMÞH2ΩmðaÞδDM; ð8Þ

whereΩmðaÞ is the redshift-dependent mean matter density
(we use Ωm to denote the value at the present day). To
monitor the evolution of the spherical overdensity, we
define the differential radius as

q≡ r
ri
−

a
ai
; ð9Þ

where ri and ai are the initial radius and scale factor at
some high redshift (during the matter-dominated era). The
differential radius isolates the impact of gravity in the
collapse of a top-hat overdensity by subtracting the change
in its radius due to the background expansion. Under the
assumption that the mass contained in the overdensity is
constant over time, we have that the change in the density
contrast depends only on the change in volume giving

1þ δ ¼
�

1

qai=aþ 1

�
3

ð1þ δiÞ; ð10Þ

where δi is the initial overdensity. Following the procedure
used for modified gravity models in Refs. [23,24], we make
the change of variables y≡ ln a with Eq. (8) and derive the
equation of motion for the differential radius,

d2q
dy2

þ 1

H
dH
dy

dq
dy

þ ΓDMDE

Hρ̄DM

�
dq
dy

− q

�

¼ −
1

2

Ωma−3 þ ð1þ 3wÞΩΛa−3ð1þwÞ

Ωma−3 þ ΩΛa−3ð1þwÞ q

−
1

2

Ωma−3

Ωma−3 þΩΛa−3ð1þwÞ

�
a
ai

þ q

�
δ: ð11Þ

This equation is found by first observing that the change in
the radius of the overdensity is related to the matter it
contains, so that ̈r=r ∝ ρm in ΛCDM. One can then make
the change of variables r → q and a → y and use Eq. (10)
to obtain the density of matter inside the perturbation
and derive the full equation for the differential radius q
[a more complete derivation of Eq. (11) can be found in
Appendix C]. We recover the equation of motion for q
found in the literature in the limit ðΓDMDE; wÞ → ð0;−1Þ.
We solve Eq. (11) numerically with the initial conditions
qi ¼ 0 and ½dq=dy�i ¼ −δi=3ð1þ δiÞ. The spherical
overdensity collapses when r ¼ 0 ⇒ q ¼ −a=ai and the
maximal radius is attained when dq=dy ¼ −a=ai. After
identifying the redshift of collapse zc we vary the value of
the initial overdensity δi until zcðδiÞ ¼ 0 (or any specific
redshift at which the matter power spectrum is evaluated).
We then take the same δi and calculate the corresponding

value of the linear overdensity at the collapse redshift using

δc ¼
DðzcÞ
DðziÞ

δi; ð12Þ

whereD is the linear growth factor found by solving for the
time-dependent part of Eq. (7) on large scales (where the
solution is assumed to be separable). This value is known
as the critical overdensity and has a reference value of
δc ¼ 1.686 for a matter-dominated universe. The critical
overdensity is the quantity that indicates which regions
collapse to form bound structures and is therefore central in
the calculation of the halo mass function (and by extension
the nonlinear matter power spectrum).
The virial overdensity Δv can also be found using a

similar approach. Virialization in the presence of evolving
dark energy has a density-profile-dependent effect on
halos, which motivates the use of numerical simulations.
We leave the treatment of the fully nonlinear regime and
halo interiors to future studies. We follow the conventions
of Ref. [25] and take the virial radius to be half of the
maximal radius.

C. Numerical implementation

As stated previously, we adapt the Boltzmann code
CLASS to include the effects of the ΓDMDE parameter as
described by the system of equations (3)–(6). These
changes allow us to track the impact of DMDE interaction
in the linear regime. The code CLASS also includes a
numerical implementation of the halo model HMcode [26]
in order to incorporate nonlinear corrections to the matter
power spectrum. This approach is based on the assumption
that all the matter in Universe is contained within halos of
different masses and that, at a fixed redshift, halos of the
same mass have the same density profile. Under this
assumption, the distribution of matter on nonlinear scales
can be found by integrating over the radial density profiles
and over halo masses. The latter integral is weighted by the
abundance of halos given their mass, a quantity known as
the halo mass function. There are further corrections which
can be applied to account for changes in density profiles
such as baryonic feedback parameters. In all cases, the
corrections from the halo model leave the linear power
spectrum unchanged at large scales and early times, where
linear theory is a good approximation.
We modify the HMcode implementation in CLASS to

include the changes to the spherical and virial overdensities
described in Sec. II B as these two numbers enter in the
computation of the shape of the halo mass function and the
size of DM halos. Since Eq. (11) would be too computa-
tionally expensive to solve for every set of parameters
of the nonlinear model, we instead solve the system for a
finite set of values of fΩm; w;ΓDMDEg and calibrate fitting
functions for δc and Δv. For more details on the fitting
function, see Appendix A.
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The version of HMcode implemented in CLASS uses a δc
value fitted to N-body simulations rather than its spherical
collapse value [22]. In order to modify the spherical
overdensity in a self-consistent way, we first update the
fitting functions for δc and Δv in CLASS to match that of the
2020 HMcode [25]. This gives us an implementation of
HMcode which matches more closely the 2020 version of
the halo model compared to the 2016 version currently
implemented in CLASS.3 However, our changes do not
include the modifications to baryonic feedback parameters
made between the 2016 and the 2020 halo model versions.
We then compare the results with another Boltzmann code
(CAMB [27]), which implements the 2020 HMcode version,
and verify that the nonlinear power spectra for ΛCDM from
both our implementation and the version in CAMB agree
at the 2% level for k ≤ 1 h=Mpc (see Appendix A). On
fully nonlinear scales, we do not implement the detailed
baryonic feedback models of the latest HMcode and this
results in relative deviations of a few parts per thousand.
This matches the expected variation between nonlinear
models themselves. The difference between HMcode 2020
from CAMB and our modified nonlinear model results
in a relative difference in the lensing convergence power
spectrum of less than 10−3 for L ≤ 300 and 10−2

for L ≤ 2000.
By changing the linear matter power spectrum and the

virial and spherical overdensities, our model accounts for
changes in the two-halo term (the term which accounts for
two-point correlations in the matter field between halos)
and halo mass function in wΓCDM. As shown in detail in
Ref. [25], these components of the halo model are the most
important at scales larger than k ∼ 1 h=Mpc. We neglect
changes to the halo density profiles and the halo concen-
tration-mass relation, as these would require nonlinear
simulations beyond the scope of this work. The impact
of halo concentration on the nonlinear matter power spec-
trum manifests at scales smaller than k ∼ 2 h=Mpc [25].
From the calculations of Ref. [7] based on the shape of the
lensing kernel, most of the CMB lensing signal originates
from structure around redshift z ∼ 1–2. Furthermore, the
power spectrum analysis of Ref. [28] suggests that scales
below k ∼ 0.5h/Mpc contribute most to the CMB lensing
signal for our range of L. The adaptations made to the halo
model should thus be sufficient to capture the change in our
choice of observables.
Examples of the impact of ΓDMDE on the matter power

spectrum are shown in Fig. 2. We observe an increase in
suppression with respect to wCDM when accounting for
nonlinearities. This suppression reaches its maximum value
around k ∼ 1–2 h=Mpc and decreases on smaller scales.
This characteristic spoonlike feature is present when
nonlinear structure growth is delayed and the scale of
nonlinearity increases. On sufficiently small scales, the

nonlinear growth due to mode coupling to large-scale
modes dominates despite the initial suppression, and the
power spectrum can eventually exceed the linear theory
prediction. This effect has been found to occur in cosmol-
ogies with a scale-dependent power spectrum suppression,
such as models with massive neutrinos [29–32], ultralight
axions [33], and some quintessence models [34]. A more
intuitive explanation for this spoon-shaped ratio is that the
change in the matter power spectrum introduces a sup-
pression in the number of high mass halos. Conversely,
the number density of low mass halos in wΓCDM and
ΛCDM is comparable (this occurs also in cosmologies with
massive neutrinos compared to ΛCDM) [35]. Since the
one-halo term in the power spectrum is dominated by low-
mass halos on small scales and by high-mass halos on
intermediate scales, we observe a decrease in the power
spectrum ratio followed by an increase to match the ΛCDM
result.

D. CMB lensing power spectrum

The main addition in our datasets is the CMB lensing
convergence power spectrum from ACT. The binned data
points with error bars for the extended L range are shown in
Fig. 3. Lensing of the CMB is a particularly good probe for
constraining ΓDMDE as it is sensitive to changes in the
growth of the matter power spectrum. Under the Limber
approximation [36], the lensing convergence angular power
spectrum of the CMB is given by

Cκκ
L ¼

Z
z⋆

0

dz
HðzÞ
χ2ðzÞW

2ðzÞPNLðk ¼ L=χðzÞ; zÞ; ð13Þ

where PNL is the nonlinear matter power spectrum, z⋆ is the
redshift of the last scattering distance, χ is the comoving
distance, χ⋆ ¼ χðz⋆Þ, and

FIG. 2. Matter power spectra computed from our halo model
and from linear theory at redshift z ¼ 1 with w ¼ −0.98 for
various values of ΓDMDE compared to the wCDM result with
ΓDMDE=ðH0ρcÞ ¼ 0 (to isolate the impact of the scattering term).

3The 2020 version is not yet implemented in CLASS.

CONSTRAINTS ON DARK MATTER-DARK ENERGY SCATTERING … PHYS. REV. D 110, 023536 (2024)

023536-5



WðzÞ ¼ 3Ωm

2

H0

H2ðzÞ ð1þ zÞχðzÞ χ⋆ − χðzÞ
χ⋆

: ð14Þ

In wΓCDM, the DMDE interaction causes a suppression of
the matter power spectrum which appears in the lensing
convergence as a reduction in Cκκ

L . This effect is shown for
ΓDMDE=ðH0ρcÞ ≤ 10 in Fig. 3. Given the integral over
redshift in Eq. (13), CMB lensing is also sensitive to the
time evolution of the matter power spectrum. To constrain
the DMDE interaction, it is beneficial to include as much
information on the small-scale (high k) matter power
spectrum as possible. This motivates the use of the ACT
DR6 lensing data, which extend to L ¼ 1250, rather than
L ¼ 400 for Planck lensing.

III. DATA AND METHODOLOGY

To constrain the wΓCDM model, we use the following
datasets including observations of the cosmic microwave
background, baryon acoustic oscillations, and weak gravi-
tational lensing as listed below.
(1) Planck CMB two-point: From the Planck 2020 data

release [37,38], the HiLLiPoP likelihood [39] for
high-lTTTEEE, and the original and Sroll2 low-
lTT and EE likelihoods. We find comparable results
when using the CamSpec likelihood [40] for high-l
(see Appendix B).

(2) SDSSþ 6dFGSBAO: From the Sloan Digital Sky
Survey, we include the DR7 MGS [41], the DR12
BOSS [42], and the DR16 eBOSS [43] BAO like-
lihoods including information from the Lyman-α
forest. We add to this the results of the 6dFGS
survey [44].

(3) ACT DR6þ Planck CMB lensing: We use the
updated PR4 lensing likelihood [9] on its own
and also in combination with the ACT DR6 CMB
lensing likelihood [7,8]. For the ACT lensing data,
we use two configurations which are the baseline

(base.) with 40 < L < 763 and the extended (ext.)
going to 40 < L < 1250. The data points and error
bars for these data are shown along with the theory
curve in Fig. 3. We use the version of the ACT DR6
likelihood which also incorporates the lensing data
from Planck, and therefore all uses of the ACT
lensing likelihood include lensing data from Planck.

This choice of datasets is very close to the combination
used in the ACT DR6 lensing analysis [8] with the
exception that the latter used the CamSpec instead of the
HiLLiPoP likelihood for the primary CMB and the fact that
we have added the quasar BAO data from eBOSS DR16
which extends to redshift z ¼ 2.2 and the Lyman-α forest
which extends to z ¼ 3.5. One major difference with the
analysis of the wΓCDMmodel found in Ref. [12] is that we
do not use measurements of the growth rate (fσ8) from
redshift-space distortions. This is due to the fact that these
measurements are based on templates for a ΛCDM cos-
mology and may not be suitable for testing models with
large deviations from their fiducial model.
We sample the posterior distribution of the cosmological

parameters fΩbh2;Ωch2; τ; ln 1010As; ns; 100θsg which are
the standard ΛCDM parameters (see Ref. [38]) along with
the new model parameters fw;ΓDMDEg. We impose the
same priors on the ΛCDM parameters as in the analysis of
Ref. [8], but fix the sum of the neutrino masses to 0.06 eV.
The matter power spectrum model calibration in the high
neutrino mass regime is particularly dependent on the
implementation of neutrinos used in the simulations [25].
Thus, we leave the modeling of massive neutrinos in the
presence of DMDE scattering in the nonlinear regime for
future work. The DMDE scattering also suppresses the
matter power spectrum as do massive neutrinos, but the
former has a much different scale and redshift dependence as
is shown in Fig. 1. It has been shown in simulations that the
effect of massive neutrinos has a different L-dependent sup-
pression in the lensing convergence power spectrum, match-
ing the ΛCDM result more closely on large scales [45]. We
therefore expect massive neutrinos and ΓDMDE to be only
marginally degenerate.
For the wΓCDM parameters, we use the linear priors

10−8 < ΓDMDE=ðH0ρcÞ < 50 and −1þ 10−6 < w < −0.6.
These bounds are chosen to ensure the priors are unin-
formative and to avoid numerical instabilities arising
when 1þ w ¼ 0 in the expression for the DE velocity
divergence in Eq. (6) or ΓDMDE ¼ 0 in the nonlinear fitting
functions (see Appendix A). We use the Markov chain
Monte Carlo sampling software COBAYA [46] for sampling
and the GetDist package [47] for the analysis and plotting.
We run the chains until the Gelman-Rubin statistic
reaches jR − 1j ≤ 0.02.

IV. RESULTS

We evaluate the posterior distributions for the wΓCDM
model parameters for three different dataset combinations:

FIG. 3. Lensing convergence power spectrum for different
values of ΓDMDE when the dark energy equation of state is fixed
at w ¼ −0.98.
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(1) Planck primary CMB and lensing with BAO data
from SDSS and 6dFGS,

(2) same as (1) with ACT DR6 lensing baseline,
(3) same as (1) with ACT DR6 lensing extended.
We display the resulting 68% and 95% confidence con-

tours in Fig. 4 and Table I. We observe a sharp tightening of
the constraints when including the new ACT DR6 lensing
data. This is due to the fact that this dataset allows us to
constrain a larger range of scales of the matter power
spectrum [7]. In the case where w ≈ −1, the effects of
ΓDMDE are dampened and the parameter becomes uncon-
strained. This can be seen in Fig. 4 as the posterior
distribution for ΓDMDE=ðH0ρcÞ widens as w approaches
−1. This situation is present with many multiparameter
extensions of ΛCDM where one of the added parameters
going to zero (or to the ΛCDMvalue) erases completely the

effect of varying another added parameter, such as ultra-
light axions [48] and early dark energy [49,50]. In Fig. 4,
we observe a shift between the peak in the posterior distri-
butions of S8; σ8;Ωm and their best-fit values. Looking at
Table II, maximum-likelihood values for ΓDMDE and w lie
at the edge of their priors. The marginalized distribution of
the parameters which are degenerate with these are non-
Gaussian, with most of the weight close to the best fit
and a tail extending away from it. The shift between the
maximum-likelihood values and the peak of the posterior
distribution is indicative of potential prior volume effects.
However, the changes in the minimum χ2 as shown in
Table II are very small and the posterior distributions of the
parameters are all consistent with ΛCDM at the 68% C.L.,
indicating that such prior volume effects are negligible. It is
also worth noting that the differences in χ2 and best-fit

FIG. 4. Triangle plot of posterior distributions of wΓCDM model parameters along with S8, σ8 Ωm for various datasets. The dashed
gray lines denote the best-fit value for the Planck þ BAO þ ACT DR6 lensing extended data.

TABLE I. 68% C.L. (95% C.L.) parameter constraints for wΓCDM.

Datasets ΓDMDE=ðH0ρcÞ w S8 σ8 H0 Ωm

Planck þ BAO < 1.64ð< 7.72Þ < −0.975 0.758þ0.067
−0.034 0.733þ0.064

−0.033 66.65þ0.71
−0.49 0.3211þ0.0061

−0.0077
Planck þ BAOþ ACT Lens. Base. < 0.905ð< 2.76Þ < −0.975 0.789þ0.045

−0.024 0.760þ0.043
−0.022 66.54þ0.69

−0.51 0.3227þ0.0064
−0.0076

Planck þ BAOþ ACT Lens. Ext. < 0.942ð< 2.78Þ < −0.978 0.790þ0.046
−0.024 0.761þ0.043

−0.022 66.54þ0.63
−0.45 0.3231þ0.0058

−0.0072
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parameters are mostly due to small numerical effects and
not physical.
In Fig. 5, we compare the preferred values of S8 and Ωm

obtained from the ΛCDM, wCDM, and wΓCDM models
using the full dataset including Planck primary CMB with
PR4 lensing, BAO data from SDSS and 6dFGS, and ACT
DR6 lensing (extended). We note that varying w away from
−1 does not change the inferred value of S8 on its own,
but widens the posterior on Ωm. This comes from the fact
that both the DE equation of state and the amount of matter
in the Universe affect the cosmic expansion rate during
the matter-dominated era, which introduces a degeneracy
between the two parameters. However, we only observe
a widening in the S8 direction when varying ΓDMDE since
this parameter changes the shape of the matter power
spectrum. Marginalizing over this parameter gives a value
of S8 compatible with the results from galaxy weak lensing
surveys (see Sec. I).
To assess the impact of our nonlinear model on the

constraints on ΓDMDE, we compare the constraints on
ΓDMDE using the dataset combination CMB two-pointþ
BAOþ CMB lensing (extended) with three different non-
linear treatments. The first is using linear theory, the second
is using the HALOFIT prescription [51], and the last is our
full nonlinear model. HALOFIT is a simulation-calibrated

fitting function designed to infer the nonlinear matter power
spectrum from the shape of its linear counterpart. It has
been heavily tested for ΛCDM cosmologies, but does not
account for the impact of the drag force on halo formation.
Furthermore, HALOFIT was found to output a slightly
enhanced nonlinear spectrum compared to the last iteration
of HMcode [25]. Since the main feature of the DMDE
model is a suppression of the power spectrum, we expect
HALOFIT to underestimate the impact of ΓDMDE in the
nonlinear regime. For this reason, we expect to find a less
constraining bound on ΓDMDE using this model. It is worth
noting, however, that HALOFIT is known to break down for
cosmological models with a sharp matter power spectrum
cutoff such as cosmologies with ultralight particles [52].
The posterior contours of this comparison are shown in
Fig. 6 for the baseline and extended ACT DR6 lensing
datasets. We find the 68% confidence level (C.L.) con-
straints ΓDMDE=ðH0ρcÞ < 0.942, 1.11, 1.38 using the non-
linear, HALOFIT, and linear models, respectively, with the
full dataset including the extended L-range for lensing.
Thus, the inclusion of the nonlinear corrections improves
our constraints by about 35%. Comparing this with the first
row of Table I, this indicates that most of the constraining
power in our analysis comes from the CMB lensing data
from ACT. While the improvement is small over HALOFIT,
the nonlinear model accounting for changes in the spherical

FIG. 5. Changes in the S8 −Ωm posterior distributions when
varying w and ΓDMDE compared to ΛCDM for the full dataset
including Planck primary CMB with PR4 lensing, BAO data
from SDSS and 6dFGS, and ACT DR6 lensing (extended).

TABLE II. Best-fit values comparison using CMBþ BAOþ CMB lensing (extended). The best-fit values of
some parameters lie at the edge of their priors and the slight changes in χ2 are due to numerical effects.

Model ΓDMDE=ðH0ρcÞ w S8 σ8 Ωm Δχ2ðΛCDMÞ
wΓCDM 10−8 −1þ 10−6 0.836 0.814 0.3164 −0.4
wCDM � � � −1þ 10−6 0.836 0.810 0.3193 −1.1
ΛCDM � � � � � � 0.835 0.810 0.3179 0.0

FIG. 6. Comparison of posterior distribution in ΓDMDE for
different choices of nonlinear model using Planckþ BAOþ
ACT DR6 baseline or extended lensing.
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overdensity yields the tightest constraints, as expected. Our
constraints are also more robust as they are based on a
physically motivated model which includes linear dynam-
ics corrections on semilinear scales. Furthermore, we
exclude data highly sensitive to the clustering of matter
on very small scales which would require numerical
simulations to model accurately.

V. DISCUSSION

We have performed a new analysis of the wΓCDMmodel
with the most recent gravitational lensing data from the
Atacama Cosmology Telescope. Unlike previous studies of
this model, our approach did not make use of small-scale
galaxy weak lensing data and involved a physically
motivated halo model for quasilinear scales. We note that
using a prior on S8 as done in Ref. [12] from galaxy weak
lensing involves collapsing rich nonlinear physics into a
prior fitted using linear theory (even if we use our halo
model, the prior is on σ8 which is based on the shape of the
linear matter power spectrum). Furthermore, the linear
model used to derive this prior is based on ΛCDM while
we consider an extension of this model with significant
deviations in the shape of the matter power spectrum. Since
the shape of the power spectrum deviates from the linear
theory prediction on the scales relevant for galaxy weak
lensing, we do not make use of such a prior in our analysis.
Incorporating galaxy weak lensing data would require
combining such datasets at the likelihood level after either
applying scale cuts that restrict to quasilinear scales, or
after validating the halo model approach with numerical
simulations.
We have adapted the Boltzmann code CLASS and its

accompanying HMcode implementation. For the latter, we
have modified the equations for calculating the spherical
collapse and virial overdensities following the methods
used for modified gravity models. These modifications
have allowed us to arrive at the first nonlinear corrections
for the wΓCDMmodel. We have integrated these equations
numerically and derived fitting functions for their solutions
for fast computation. Our model reaches the tightest con-
straints on strength of the kinetic coupling between DM
and DE to date at ΓDMDE=ðH0ρcÞ < 0.905. The Bayesian
model comparison we have conducted finds no preference
for nonzero Γ, with only a slightly decreased χ2 when
compared to ΛCDM. The bound we find on this parameter
is compatible with the central value found in Ref. [12]
which included a prior on S8 from galaxy weak lensing
surveys, but we do not find evidence for ΓDMDE > 0.

ACKNOWLEDGMENTS

The authors would like to thank Bruce Partridge,
Cristóbal Sifón, Vivian Poulin, and Oliver Philcox for
useful discussions. A. L. acknowledges support from
NASA Grant No. 21-ATP21-0145. F. McC. acknowledges

support from the European Research Council (ERC)
under the European Union’s Horizon 2020 research and
innovation program (Grant Agreement No. 851274). M.M.
acknowledges support from NSF Grants No. AST-2307727
and No. AST-2153201 and NASA Grant No. 21-ATP21-
0145. J. C. H. acknowledges support from NSF Grant
No. AST-2108536, NASA Grants No. 21-ATP21-0129
and No. 22-ADAP22-0145, the Sloan Foundation, and
the Simons Foundation. Computations were performed on
the Niagara supercomputer at the SciNet HPC Consortium.
SciNet is funded by Innovation, Science and Economic
Development Canada; the Digital Research Alliance of
Canada; the Ontario Research Fund: Research Excellence;
and the University of Toronto [53,54]. The Flatiron
Institute is supported by the Simons Foundation.

APPENDIX A: FITTING FUNCTIONS
FOR δc AND Δv

We construct fitting functions for the critical and virial
overdensities as a function of Ωm, w, and ΓDMDE. When
compared to the numerical solution found by integrating
Eq. (11) these give estimates to better than 2% and 9%
accuracy for δc, Δv and read

δc ¼
1

Xc

"
1.686þ

X3
k¼1

am;kð1 − ΩmðzÞÞk

þ
X3
n¼1

aΓ;n

�
ΓDMDE

H0ρc

�
n
#
; ðA1Þ

Xc ≡ p0

�
ΓDMDE

H0ρc

�
p1

�
1þ p2

�
log10

�
ΓDMDE

H0ρcΩmðzÞ
��

2

þ p3log10

�
ΓDMDE

H0ρcΩmðzÞ
��

ΩmðzÞp4

�
1þ 1

ð1þ zÞ4
�
;

ðA2Þ

Δv ¼
1

Xv

�
178ΩmðzÞav þ bv

�
ΓDMDE

H0ρc

�
cv
�
; ðA3Þ

Xv ≡ 1þ q0

�
ΓDMDE

H0ρc

�
q1
�
1þ q2

�
log10

�
ΩmðzÞ
0.3

��
2

þ q3log10

�
ΩmðzÞ
0.3

���
ΩmðzÞ
0.3

�
q4
����log10 ΓDMDE

H0ρc

����q5
× e−5ð1þzÞ; ðA4Þ

where the parameters for δc and Δv are listed in Tables III
and IV, respectively.
Our implementation of the nonlinear model uses the

physical definition of the spherical overdensity, but does
not include modeling of baryonic feedback and other small
scale corrections present in HMcode 2020. For this reason,
our adapted halo model falls in between HMcode 2020 and
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its predecessor HMcode 2016. Thus, in the ΛCDM case, we
expect to reproduce the results of HMcode 2020 very well
on large scales and to percent-level accuracy for inter-
mediate scales k≲ 0.3 h=Mpc. We display the relative
difference between our implementation and the one present
in the Boltzmann code CAMB in Fig. 7. In Fig. 7 we also
compare other halo models within CAMB between each
other to verify that the differences induced by our custom

model to the reference HMcode are comparable to a simple
change in nonlinear models. We also integrate the power
spectrum using the same Limber approximation and
compare the lensing convergence spectra to assess the
impact of the above-mentioned variation on our observable.
The result is shown in Fig. 8. We can see that our approach
matches the output of HMcode 2020 to better than one part
in a thousand for most L with a slight increase in deviation
for the largest L considered. This change in the lensing
spectrum does not affect our results qualitatively.

APPENDIX B: CMB LIKELIHOODS
AND S8 PRIOR

In our main analysis we used the HiLLiPoP implemen-
tation of the CMB two-point analysis. We also run our
analysis using lensing data from ACT DR6 (extended) and
Planck PR4 with BAO information from SDSS and 6dFGS
while changing the primary CMB likelihood. When switch-
ing to the CamSpec likelihood, we find comparable results
with constraints on ΓDMDE=ðH0ρcÞ improved by about
20% at the 95% confidence level. We opt to present the
more conservative estimates for the constraints as our main
results. The posterior distributions for ΓDMDE and S8
derived using either likelihoods are shown in Fig. 9.
Finally, we consider the implications of adding a prior on

S8 following the results of the DES Y3 constraints from the
3x2pt analysis (S8 ¼ 0.776� 0.017) [4]. After imposing
this prior along with the full dataset of Planck+BAO+ACT
DR6, we find a preference for nonzero ΓDMDE at the ∼2σ
level with ΓDMDE=ðH0ρcÞ ¼ 0.91þ0.31

−0.44 . When using this
prior with Planck and BAO alone, we find only a preference
at the order of ∼1σ with ΓDMDE=ðH0ρcÞ ¼ 0.943þ0.065

−0.90 .
Such a preference was also observed in Ref. [12], albeit
at the ∼3σ level. We believe this discrepancy is due to the
absence of fσ8 measurements in our analysis as these data
show a preference for slowed growth of structure at low
redshift [55] and thus favor ΓDMDE > 0. As stated in Sec. V,

TABLE IV. Fitting function parameters for Δv.

Fitted parameter Numerical value

av −0.352
log10 bv 1.85ð1þ zÞ−2.15
cv 0.96
q0 0.0159
q1 0.574
q2 −18.8
q3 42.9
q4 0.548
q5 0.196

TABLE III. Fitting function parameters for δc.

Fitted parameter Numerical value

am;1 −0.046
am;2 0.034
am;3 −0.018
log10 aΓ;1 −4.26ð1þ zÞ0.461
log10 aΓ;2 −2.51ð1þ zÞ0.683
log10 aΓ;3 −1.08ð1þ zÞ0.915
p0 0.0284
p1 1.50
p2 0.456
p3 −0.921
p4 0.638

FIG. 7. Relative difference in the matter power spectrum
(at redshift z ¼ 0) from different implementations of the non-
linear model.

FIG. 8. Relative difference in the lensing convergence power
spectrum from different implementations of the HMcode 2020
prescription.
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we do not make use of a prior on S8 from galaxy weak
lensing in our main results. Nevertheless, for completeness,
we display the posterior distribution of ΓDMDE with the full
dataset along with S8 prior in Fig. 10.

APPENDIX C: DERIVATION
OF THE DIFFERENTIAL RADIUS

EQUATION OF MOTION

We present a more detailed derivation of Eq. (11). We
begin with the fluid equations for DM perturbations.
Following the prescription of Ref. [17], we include the
contribution of the DMDE momentum exchange term in
the equation for the velocity component giving

δ̇DM þ 1

a
∇ · ð1þ δDMÞv ¼ 0; ðC1Þ

v̇ þ 1

a
ðv · ∇Þv þ

�
H þ ΓDMDE

ρ̄DM

�
v ¼ −

1

a
∇ϕ; ðC2Þ

where v is the DM fluid velocity. Following the approach
of Ref. [23], we take the time derivative of Eq. (C1) and
combine it with Eq. (C2) which yields

δ̈DM þ 2Hδ̇DM þΓDMDE

ρ̄DM
δ̇DM

−
1

a2
X
i;j

∂
2ð1þ δDMÞvivj

∂xi∂xj
¼ 1

a2
∇ · ð1þ δDMÞ∇ϕ: ðC3Þ

Under the spherical collapse approximation, the fluid
velocity obeys v ¼ Rx for some time-dependent function
R ¼ RðtÞ and the density inside the spherical region is
taken to be uniform. Then Eq. (C1) becomes

δ̇DM þ 3

a
ð1þ δDMÞR ¼ 0: ðC4Þ

Using the following relation [23],

X
i;j

∂
2vivj
∂xi∂xj

¼ 4

3
a2

δ̇2DM
ð1þ δDMÞ2

; ðC5Þ

and Poisson’s equation,

∇2ϕ ¼ 16πG
3

a2ð1þ δDMÞρ̄DM; ðC6Þ

in Eq. (C3) we arrive at Eq. (8). Following Ref. [24], we
then make the change of variables y≡ ln a yielding

H2δ00DM þ 	
2H̃2 þ H̃H̃0
δ0DM −

4

3

H2

1þ δDM
ðδ0DMÞ2

¼ 3

2
ð1þ δDMÞH2ΩmðyÞδDM; ðC7Þ

where we used 0 to denote differentiation with respect to y
and H̃ ≡H þ ΓDMDE=2ρ̄DM for compactness. Finally, the
above equation can be rewritten in terms of the differential
radius defined in Eq. (9) by using conservation of mass
[Eq. (10)] and the Hubble factor expression

H2

H2
0

¼ Ωma−3 þ ΩΛa−3ð1þwÞ: ðC8Þ

This leads to Eq. (11).

FIG. 10. Impact of adding a Gaussian prior on S8 from DES-Y3
for our full dataset Planckþ BAOþ ACT DR6 extended.

FIG. 9. Comparison of the marginalized posterior distributions
for ΓDMDE and S8 for different choices of the high-l primary
CMB likelihood.
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