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We continue our studies of the evolution and cosmological consequences of current-carrying cosmic
string networks, described by a charge-velocity-dependent one scale (CVOS) model. We present a detailed
calculation of the effects of these networks on the cosmic microwave background (CMB), in the context of
this model, and specifically discuss how such current-carrying strings may be distinguished from their
uncharged (Nambu-Goto) counterparts by current or forthcoming CMB data. We find that, under the CVOS
hypothesis, the constraints on current-carrying strings should not differ much from those of their
structureless counterparts in that the impact on the CMB can at most be reduced by a factor of ∼25%.
Nevertheless, the presence of a current and charge affects the distribution of power among scalar, vector
and tensor modes, and also its distribution between small and large scales. It should therefore be possible
for future high-sensitivity CMB temperature and polarization experiments to distinguish between the two
types of strings.
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I. INTRODUCTION

Cosmic strings provide a valuable probe for investigating
possible high-energy scenarios in the early Universe [1–4].
To accurately constrain high-energy physics using cosmic
strings, it is crucial to understand the evolution of their
networks in quantitative detail. In particular, this requires a
comprehensive understanding of all possible additional
degrees of freedom and structures, such as long-lasting
currents [5–10], often dubbed superconducting—a nomen-
clature we prefer not to use here as it often refers to long-
range electromagnetic effects—and Y-junctions [11,12],
each of which can introduce deviations from the con-
ventional cosmic string evolution paradigm [13–17].
Naturally, any such deviations can also impact their
observational predictions and the constraints obtained
based on them [18–23].
To gain insights into the evolution of these one-

dimensional topological defects, it is more common to
appeal to field theory simulations [24–26]. Another

approach involves simulating cosmic strings as infinitely
thin entities governed by the Nambu-Goto action [27–29].
However, these approaches have, so far, not successfully
achieved full-scale simulations of current-carrying string
networks, although efforts toward this goal are presently
ongoing. Thus, to address the evolution of a network of such
strings, we make use of the thermodynamical approach
known as the charge-velocity-dependent one-scale (CVOS)
model [30–32], which extends the original VOS model
developed for ordinary cosmic strings in Refs. [33,34].
A particularly sensitive and well-established probe to

assess the presence of cosmic strings is the study of cosmic
microwave background (CMB) anisotropies [35–37],
which rely on linear physics, to which one may also add
spectral distortions [38–40] and lensing [41–43]. In par-
ticular, anisotropies generated by ordinary cosmic strings,
whether they are estimated from field theory, Nambu-Goto
simulations or analytical approaches, yield similar predic-
tions [44,45]; see however Ref. [46] for detailed compari-
son and possible discrepancies between different methods.
In the absence of simulations depicting the evolution of

current-carrying string networks, albeit recent advancements
in simulating individual superconducting strings [47–50], we
proceed to expand upon the CMBACT code [51]. We employ
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the CVOSmodel to compute the CMB anisotropies resulting
from these networks, while considering various assump-
tions regarding the model’s phenomenological parameters.
Previous work [32] has shown that, depending on these
model parameters and also the cosmological epoch, these
networks may find themselves in frozen regimes (where the
charge and current dominate) or in standard scaling solutions
(with the charge and current disappearing). Other things
being equal, the former scenario may have some likelihood
of happening in the radiation era, while the latter is strongly
indicated in the matter era. Once accurate simulations of
these networks become available one may expect to measure
these parameters directly from simulations, thereby deter-
mining which specific scenarios are realized in practice, but
for the moment we scan the parameter space, and illustrate
the results by considering representative examples of the
various possible scenarios and exploring the consequences
of each of them. Our results reveal distinctive CMB features
associated with the presence of charges and currents, which
have the potential to differentiate between general current-
carrying and ordinary string networks.
Throughout this work we use the following cosmological

(Planck best fit) parameters [52]: Ωb0h2 ¼ 0.0224,
Ωm0h2 ¼ 0.1424, H0 ¼ 100h km · s−1 · Mpc−1, where
h ¼ 0.674. For definiteness, and in agreement with the
currently accepted constraints, when a fiducial value of the
string tension is necessary for a quantitative calculation, we
set it to the value Gμ0 ¼ 10−7 [53].

II. CVOS FORMALISM AND LINEAR MODEL

Current-carrying string networks can be described by the
CVOS model originally developed in Ref. [30]. We briefly
review its salient features in this section, referring the
reader to the original work for additional technicalities and
discussion.
This model contains four key macroscopic parameters,

which are
(i) the root-mean-square (RMS) velocity v of the string

network, that is the average magnitude of string
velocities using a convenient statistical measure,

(ii) the characteristic length ξC of the network, which
represents the averaged distance between cosmic
strings and can be related to the energy density of
strings, excluding charge and current, as

ρ0 ¼
μ0
ξ2C

;

where the constant μ0 is the tension or mass per unit
length of bare strings,

(iii) the charge amplitude

Y ¼ 1

2
ðQ2 þ J2Þ;

with Q and J respectively the timelike and spacelike
components of the averaged four-current, and

(iv) The chirality

K ¼ Q2 − J2;

which determines whether the average string net-
work possesses a globally timelike K > 0, spacelike
K < 0 or lightlike K ¼ 0 (chiral) current. It can be
expressed as an averaged Lorentz-invariant two-
current amplitude.

Another important ingredient that is required in the CVOS
model for a current-carrying cosmic string network is an
equation of state. The Witten model, considered at first in
Ref. [5], is characterized by the following averaged
equation of state [54]

(
FmagðKÞ ¼ 1 − 1

2
K

1−αK for K ≤ 0;

FelecðKÞ ¼ 1þ lnð1−αKÞ
2α for K ≥ 0;

ð1Þ

where the dimensionless parameter

α ¼
�
mH

mσ

�
2

is the square ratio of the mass of the string-forming Higgs
field mH with the vacuum mass of the current-generating
condensate mσ; this depends on the particular character-
istics of the symmetry breaking process which resulted in
the formation of current-carrying cosmic strings. In all of
these scenarios, we have 1 < α < ∞ and, while many cases
of particle physics relevance have α ≫ 1 holds, the
strongest backreaction occurs with α ≈Oð1Þ.
We are interested in cosmic string networks evolving in

an expanding universe background defined by the homo-
geneous and isotropic Friedman-Lemaître-Robertson-
Walker (FLRW) metric

ds2 ¼ aðτÞ2ðdτ2 − dx2Þ; ð2Þ

where aðτÞ is the scale factor, τ is conformal time and x
represents spatial components. The study of the CVOS
model with the equation of state (1) on a FLRW back-
ground was carried out in Ref. [32], The results therein
suggest that for most physically justified scenarios, in
particular when Kð0Þ ≈ 0, and if one is interested in a
macroscopic description, the Witten model is identical or
dynamically driven to the linear model studied in Ref. [31].
Thus, in what follows we focus our attention on the
linear version of the CVOS model whose equations of
motion read
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8>>>><
>>>>:

dξC
dτ ¼ ξCv2

1þY
ȧ
a þ cv

2
þ Y

1þY vkðvÞ;
dv
dτ ¼ ð1−v2Þ

1þY

h
kðvÞð1−YÞ

ξC
− 2v ȧ

a

i
;

dY
dτ ¼ 2Y

h
vkðvÞ
ξC

− ȧ
a

i
− Y

ξC
AðYÞ;

ð3Þ

with the salient point that the chirality evolution equation

dK
dτ

¼ 2K

�
vkðvÞ
ξC

−
ȧ
a

�
−
K
ξC

AðYÞ; ð4Þ

decouples from that of the other thermodynamical variables
where we employed the comoving characteristic length
ξ ¼ ξCa for convenience. When numerically solving
Eqs. (3), we set the chopping efficiency to its Nambu-
Goto (NG) value, i.e., c → cNG ≃ 0.23 [except for our
so-called Model “(a)”, to be defined in what follows, which
has c → 0.5], and the momentum parameter kðvÞ is
assumed to be, following [34]

kðvÞ → kNGðvÞ ¼
2

ffiffiffi
2

p

π

1 − 8v6

1þ 8v6
ð1 − v2Þð1þ 2

ffiffiffi
2

p
v3Þ: ð5Þ

Note that here we are making the assumption that the fact
that kðvÞ only depends explicitly on velocity, which is valid
in the structureless case, still applies on the presence of
charge and current (or some combination thereof, such as
chirality). In other words, the assumption is that there is no
explicit dependence of these additional degrees of freedom.
There is clearly an indirect dependence, since the presence
of charge or current will affect the velocity. Testing this
assumption will require numerical simulations, and is
therefore left for future work.
Although this reproduces the features measured in the

string network simulations, it is often sufficient, in order to
describe the scaling solution, to give kðvÞ a constant value,
i.e. kðvÞ → ksc ¼ kðvSCÞ since in particular the function (5)
presents a plateau in the relevant regime in which the
solutions are obtained. This is the choice we made in
particular for our special cases, denoted (a), (b), (c) and
(d) below, in agreement with Ref. [31]. It should be noted at
this point that the so-called chiral limit K → 0, correspond-
ing to the case for which the charge and the current are
equal, is an attractor for this system. As a result, we shall
restrict attention to this case only, and replace the full
system by a single parameter YSC in the forthcoming CMB
analysis.
The charge leakage efficiency A is another phenomeno-

logical parameter, not derivable from the microscopic
equations of motion. It is introduced in order to take into
account all the microscopic effects, such as large local
curvatures, through which the charge and current initially
flowing along the strings may escape the long string
network [55]. Moreover, both timelike and spacelike

currents are seen to saturate somewhat for critical values,
so the leakage A is expected to diverge when Y reaches a
critical value, denoted Ycr [56]. Various functional forms
for AðYÞ can be used, as was suggested in Ref. [32]; in what
follows, we will assume

AðYÞ ¼ Ac

1 − e−ðY−YcrÞ2 ; ð6Þ

where Ac and

Ycr ¼
2

3α
¼ 2m2

σ

3m2
H

ð7Þ

are constant parameters which depend on the properties of
the original field theory model. We can note at this stage
that with α ≫ 1, the critical current is expected to be rather
small in physically relevant cosmologies, thereby once
again justifying the use of the linear model. The system (3)
can be solved numerically using the leakage function (6),
resulting examples begin shown in Fig. 1, superimposed
with the analytic one-parameter expansion to which we
now turn.

III. ONE-PARAMETER APPROXIMATION FOR
CHARGE AND CURRENT EVOLUTION

The evolution of the model described by Eqs. (3) has
been studied in detail in Refs. [31,32]. There it was shown
that, for aðτÞ ∝ τn, a nonvanishing charge leakage leads to a
scaling behavior, i.e.,

LC ¼ ζSCτ; ξC ¼ ϵSCτ; v ¼ vSC; Y ¼ YSC;

ð8Þ

where the “sc” subscripts refer to the scaling values, which
are constants. The energy density of the string network is
given by

ρ ¼ μ0
a2L2

C

; with ξ2C ¼ ð1þ YÞL2
C ð9Þ

(see Ref. [30] for details).
Throughout the radiation dominated epoch, depending

on initial conditions, the CVOS model predicts two
possible evolution regimes, namely the standard Nambu-
Goto evolution with trivial (vanishing) charge YSC ¼ 0,
and a current-carrying (or charged) regime with YSC ≠ 0.
This is to be contrasted with the matter dominated epoch
(and any faster expansion rates), which has only one
possible regime, which is a standard Nambu-Goto evolu-
tion with YSC ¼ 0. Thus, the evolution of the system (3) in
an expanding universe is determined only by a charge
amplitude YSC in the radiation epoch.
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The actual value of YSC depends on the type of cosmic
string under consideration (in particular, it should be a
function of the parameter α) and the available physical
mechanisms for the current leakage. It follows that we can
simplify the system (3) by assuming that the charge Y
evolves phenomenologically as

Yf ¼ YSC

�
2 −

ȧ
a
τ

�
¼ 2YSCτeq

τ þ 2τeq
; ð10Þ

where the exact solution [57]

aðτÞ ¼ aeq

�
2

�
τ

τeq

�
þ
�

τ

τeq

�
2
�
; ð11Þ

connecting the radiation and matter dominated eras,
was used.
By changing YSC, we obtain generic predictions that

allow us to distinguish current-carrying from ordinary
cosmic strings. Thus, in what follows we treat YSC as a
free parameter that spans all possible scenarios of CMB
anisotropies generated by a chiral current-carrying cosmic
string network. In that case the CVOS together with (10)
can be written as

8<
:

dξC
dτ ¼ ξCv2

1þYf

ȧ
a þ cv

2
þ Yf

1þYf
vkðvÞ;

dv
dτ ¼ ð1−v2Þ

1þYf

h
kðvÞð1−YfÞ

ξC
− 2v ȧ

a

i
:

ð12Þ

Solving the above system using the value of YSC provided
by the solution of the full system (3) allows us to assess the
validity of the approximation. Such a comparison is shown
as an illustration in Fig. 1.

To compare the one-parameter model with the complete
evolution depicted in Fig. 1, we can use Eq. (10). However,
when dealing with CMBACT, it becomes necessary to
incorporate a Heaviside function, denoted as Θð…Þ, to
prevent the charge value from reaching negative values:

Yf ¼ YSC

�
2 −

ȧ
a
τ

�
Θ
�
2 −

ȧ
a
τ

�
: ð13Þ

Despite the small deviation of the Y function close to
the radiation-matter transition period, the simple model
described by Eqs. (12) reproduces the CVOS time develop-
ment quite well throughout most of the evolution of the
universe. Using this simplified model, we are able to scan
the relevant parameter space by varying the value of a
single parameter, YSC (cf. Sec. III A below). Using a
modified version of CMBACT [51] applied to the CVOS
model, as briefly described in Appendix, we can obtain
the cosmological consequences expected from a current-
carrying cosmic string network in the CMB.

A. The single-parameter model

As previously explained, we focus our analysis on the
model with a single parameter YSC described by the
simplified system (12) with (13). It is then sufficient to
vary the parameter YSC and calculate how it impacts the
CMB anisotropy predictions. Substituting the dynamics of
the system under consideration described by Eqs. (12) as
functions of the redshift rather than time, shown in Fig. 2,
the stress-energy tensor components required for the
CMBACT code [51] are found from the expressions (A6)
for the different values of YSC. The scalar-vector-tensor
decomposition contributions from the string network are

FIG. 1. Evolution of the CVOS variables using the full system (3) (thick solid transparent lines) and the one-parameter approximation
(12) (dashed lines). The exact case is solved using the α–dependent leakage function AðYÞ given by (6), which allows the value for YSC
to be set in (10) as required for solving (12). Two different time evolutions are shown with different mass ratio parameters, namely α ¼ 1
(left panel) and α ¼ 3 (right panel). Note that in both cases, differences are only visible around the radiation-matter transition, whose
influence in the cosmological consequences is negligible, thereby justifying the one-parameter approximation.
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shown in Fig. 14 in Appendix, while the resulting late-
time matter power spectrum PðkÞ is shown in Fig. 3. The
angular power spectrum of CMB anisotropies are shown
in Fig. 4, which depicts the temperature (T) and E– and
B–polarization correlations CTT , CTE, CEE and CBB.
The CMB and dark matter perturbation spectra result

from the interplay of scalar, vector and tensor contributions
from strings moving at relativistic velocities, which are
more complex than inflationary fluctuations dominated by
adiabatic scalar modes. The subtle effect of altering the
magnitude of string currents is illustrated in the matter
power spectrum PðkÞ shown in Fig. 3. A small scaling
charge makes hardly any difference compared with the NG
case, as expected, but when the charge increases and there
is significant reduction in the string velocity, then there is
less power on all scales, although predominantly at small
ones. At this point, the primary perturbative effect of strings

remains through their motion, creating “wakes” in the
dark matter distribution or discontinuities in the CMB
temperature [58,59].
Increasing the scaling charge to YSC ¼ 0.99 causes the

velocity to drop even further with the network density
rising higher due to the smaller spacing between cosmic
strings at these larger charges. In this case, the charged
string power spectrum in Fig. 3 begins to exceed the NG
prediction on small scales. This effect is also reinforced
by the reduced string velocity because there is a cross-
over between the gravitational effects of the string
motion and the scalar Newtonian potential generated
by the charge along the string (absent for a straight NG
string). In general, the maximal amplitude of the power
spectrum decreases for current-carrying cosmic strings
and moves toward smaller length scales. This phenome-
non could conceivably hold intriguing implications for
early structure formation, as proposed in Ref. [60],
establishing some of the necessary conditions for the
formation of massive black holes at high redshifts
originating from current-carrying strings, as discussed
in Ref. [61].
The various CMB correlation functions are shown in

Fig. 4, and they demonstrate a similar nontrivial effect with
the increase of the scaling charge YSC. The temperature
autocorrelation starts decreasing with the charge, with an
overall amplitude drop a factor which we found to be at
most of the order 25%; this could presumably lead to a
slight easing of the cosmic strings constraint from current
CMB observations. On the other hand, for larger charges
there is a cross-over which leads to larger temperature
anisotropies on smaller scales, as noted already for the
matter power spectrum. The relative contributions of the
scalar, vector, and tensor modes to the temperature auto-
correlations are shown in Fig. 5.
The TE cross correlation is hardly affected at all by the

presence of a current flowing along the long strings,
expect for very high charges. The same conclusion holds
for the EE polarization, though an enhancement of

FIG. 2. Evolution of current-carrying cosmic strings thermodynamical quantities vðzÞ (left panel), ϵðzÞ (middle) and YðzÞ (right)
as functions of the redshift z for three different values of the scaling radiation charge, namely Ysc ¼ 0.99 (green dashed), Ysc ¼ 0.68
(red dot-dashed) and Ysc ¼ 0.3 (yellow solid). These are compared with the uncharged Nambu-Goto evolution (blue dotted). Note that
contrary to Fig. 1 which was calculated using the radiation and matter solution (11), this figure, as the CMBACT calculations below, is
drawn using the full solution including the present cosmological constant dominated era. This explains in particular the sudden drop in
the total charge for redshifts of a few.

FIG. 3. Power spectra predicted for current-carrying cosmic
strings with the same values and conventions as in Fig. 2. The
predicted power spectrum is not a simple function of the scaling
radiation charge YSC, the intermediate value Ysc ¼ 0.68 (red dot-
dashed line) leading to less power than the lowest one Ysc ¼ 0.3
(yellow solid). On small scales, the power is significantly larger
for the highest value Ysc ¼ 0.99 (green dashed line).
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roughly a factor of two can be observed at high charge.
Finally, the distinctive string network BB correlation
appears to be a roughly monotonically decreasing func-
tion of the scaling charge, halting at a plateau above
which its maximum amplitude is half of the NG pre-
diction. The BB contribution from vector and tensor
modes is due to the string velocity which is suppressed by
the presence of large charges.

B. Other relevant scenarios

On top of the above models, described mainly by a single
parameter, Ref. [31] (and Fig. 1 therein) identified 4
particular models, unimaginatively called (a), (b), (c) and
(d), whose redshift evolution is displayed in Figs. 6 and 7.
These models represent different scenarios of current-
carrying string network evolution, and the aforementioned
work discusses how they span the possible range of
physically realistic evolution scenarios. Let us now give
a brief description for each case.
The models described above assume no bias in the loop

chopping efficiency, with respect to charge and current, but

FIG. 4. CMB anisotropies predicted for a current-carrying cosmic string network in the different observable modes, namely
CTT (upper left panel), CTE (upper right), CEE (lower left) and CBB (lower right), up to the normalization factors lðlþ 1Þ, as
functions of the multipole l. These curves are shown for the same values and conventions as those in Fig. 2 and represent
the sum over all the contributions (scalar, vector and tensor)—details are presented in Appendix. Although the largest
effect comes from the largest scaling charge for the TT, TE and EE modes, the BB mode contribution is larger for the Nambu-
Goto case.

FIG. 5. The ratios rI ¼ max ½CI
TTðYSCÞ=CTTð0Þ�, with I ¼ S

(scalar contribution), I ¼ V (vectors), and I ¼ T (tensors) between
the maxima of the relevant modes for the current-carrying case and
the corresponding values for a Nambu-Goto network. The sum over
all modes is shown as I ¼ Σ. At most, one finds that the total
amplitude can be reduced by a factor of around 25% so that
inclusion of current-carrying capabilities in a cosmic string network
cannot substantially modify the existing constraints on the string
energy scale.
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this can also be included. Specifically, when a NG long
string network loses energy through loop formation, the
chopping efficiency c is defined by [33]

dENG

dτ

����
loops

¼ −cv
ENG

ξC
; ð14Þ

while for a current-carrying network, this relation
becomes [31]

dE
dτ

����
loops

¼ −gðY;KÞcv E
ξC

; ð15Þ

thereby introducing the bias function g which a priori
depends on both the charge Y and the chirality K. The
single-parameter model of the previous section shares with
the NG scenario the unbiased property, in that it assumes
g ¼ 1, contrary to the particular cases which we now
discuss.

More details about these four models can be found in
Ref. [31]. The redshift developments of the frozen category
of models (a) and (c), with behavior (16), are shown in
Fig. 6, while the more regular (b) and (d) scenarios with
linear scaling behavior (8) are shown in Fig. 7. For
convenience, we show the evolution of the rms velocity
v, charge amplitude Y and conformal characteristic length
ξ2C ¼ μ0ð1þ YÞ=ðρa2Þ (with ρ the string network density)
for frozen networks in Fig. 6. In particular, we see that
during the radiation period there is a power law decay of v
and ξC=τ according to Eq. (16), while the charge amplitude
Y tends to its saturated value Ysat ¼ 1 as a power law
as well. One can see that the choice of parameters in the
model “(c)” leads to much smaller values of ξC=τ in
comparison with the model “(a)”.

1. Model (a): Frozen chiral

The first particular case of interest we studied in
Ref. [31] corresponds to what we called a frozen string

FIG. 6. Evolution of the thermodynamical quantities vðzÞ, ϵðzÞ and YðzÞ as function of the redshift z for the models denoted
(a) (dot-dashed red line) and (c) (dashed green) in Ref. [31] as well as the standard Nambu-Goto evolution (dotted blue) for comparison.
Both models have vanishing leakage Ac ¼ 0, constant momentum parameter kðaÞ ¼ 0.6 and kðcÞ ¼ 0.4, and bias gðaÞ ¼ 0.9 and gðcÞ ¼ 1,
model (a) having a slightly higher than Nambu-Goto chopping efficiency cðaÞ ¼ 0.5. The absence of leakage lead to so-called frozen
configurations in which the RMS velocity v and correlation length decrease in the radiation era. In both cases, the charge Y saturates
during the radiation era. The chirality takes a nonvanishing scaling value in the radiation era for model (c) but it falls monotonically for
model (a). Both models also have a nonvanishing charge throughout the matter era, albeit decreasing.
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network. Assuming no (or negligible) losses, i.e. setting
Ac ¼ 0 in Eq. (6), the charge tends to saturate to the
constant value YSC → 1 while the velocity decreases to
vanishingly small values, hence the “frozen” network
qualification. In this model, the momentum parameter is
given a constant value, in practice we chose kðvÞ ¼
kðaÞ ¼ 0.6, which is compatible with the fact that as the
velocity decreases, kðvÞ varies very little and eventually
reaches a plateau for v ≪ 1. We also set the chopping
efficiency c to the value cðaÞ ¼ 0.5 > cNG, slightly larger
than the value obtained in NG simulations, and assumed a
constant bias gðY;KÞ ¼ gðaÞ ¼ 0.9: the value of the bias
parameter g controls whether loops typically lose above
(g > 1) or below (g < 1) the average current and charge
from the network.
These assumptions lead to nontrivial current during the

whole string network evolution, and indeed, we find that
even during the matter dominated era, the charge gets a
nonvanishing value. In the absence of any relevant charge
leakage mechanism in this scenario, the string network is
frozen during the radiation period, and we found that the
thermodynamical quantities evolve according to [31]

v ∝
ξC
τ
∝

ffiffiffiffiffiffiffiffiffiffiffi
1 − Y

p
∝ τ−s; ð16Þ

where s is a positive constant: during the radiation-
dominated era, the long string network stops moving and
it becomes denser, with the correlation length decreasing.
The matter dominated epoch is characterized by the
approach to scaling of the network, as defined in Eq. (8),
including a nontrivial charge Y ≠ 0 value.
This scenario is also denoted “chiral” because although

the charge Y saturates to unity, this number being a
consequence of our choice of the linear equation of state
(it can be above or below in the nonlinear regime [32]),
the chirality K rapidly decreases even if given an initial
nonvanishing value.

2. Model (b): Linear scaling

This type of model shows a nontrivial scaling charge
Y ≠ 0 in the radiation epoch, i.e. the full scaling behavior of
Eq. (8), followed by an ordinary Nambu-Goto string
network with vanishing charge Y ¼ 0 in the matter domi-
nated epoch. In this case, looking rather similar to the

FIG. 7. Evolution of the thermodynamical quantities vðzÞ, ϵðzÞ and YðzÞ as functions of the redshift z for the models denoted
(b) (dot-dashed red line) and (d) (dashed green) in Ref. [31] as well as the standard Nambu-Goto evolution (dotted blue) for
comparison. Model (b) has no leakage (Ac ¼ 0) and a bias function (see text) g ¼ 1þ 1.2Y, while model (d) has no bias and a large
constant leakage AðYÞ ¼ 0.6. Both models assume a constant momentum parameter k ¼ 0.7 and can be seen to belong to the
radiation scaling cases.
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one-parameter model of Sec. III A, the bias parameter g of
Eq. (15) is made into a function of the charge (we restrict
attention to a linear behavior as a first guess), namely

g ¼ 1þ bY; ð17Þ

and we set a positive value for the constant b. As in the
previous case, we consider a negligible leakage Ac ¼ 0 but
a larger momentum parameter kðbÞ ¼ 0.7.

3. Model (c): Frozen nonchiral

Changing only slightly the parameters of model
(a) yields a different situation in which although the
charge saturates to Y → 1 in the radiation dominated era,
there is a nonvanishing chirality (positive in this case).
Here, the chopping efficiency is set to its NG value
cNG ¼ 0.23, while the momentum parameter is still
assumed constant, but smaller, namely kðcÞ ¼ 0.4, and
there is no bias, i.e. gðcÞ ¼ 1. In this case, the nonchiral
and charged radiation dominated era is followed by the
approach to matter-dominated scaling in which both the
charge and the chirality decay to negligible values (i.e.
asymptotically the NG network scaling solution without
charge or current).

4. Model (d): Linear scaling with leakage

The final special case is also rather close to the previous
single-parameter case, also exhibiting the standard scaling
behavior of Eq. (8) with nontrivial charge Y ≠ 0 during
the radiation dominated epoch which vanishes after the
radiation to matter domination transition. The para-
meters are chosen such that the momentum parameter is
set kðdÞ ¼ 0.7 [larger than in (a) and (c)], the chopping
efficiency as for the NG case, and with no bias, but the key
difference is that we assume a constant leakage func-
tion AðYÞ ¼ AðdÞ ¼ 0.6.

IV. CMB PREDICTIONS

By using the Eqs. (A6) in the Appendix together with
the evolution of CVOS models which for the four CVOS
model examples of Ref. [31] in the CMBACT code, we can
now obtain the corresponding CMB anisotropy predic-
tions. The first conclusions that can be drawn concern
the matter power spectrum shown in Fig. 8 for the cases
(a) and (c) and in Fig. 9 for (b) and (d). Not unexpectedly,
the power spectrum from the models (b) and (d), whose
behavior is quite similar to that of the single-parameter
approximation, also predicts relatively small deviations
from the NG spectrum, with potentially less power on
large scales and more on small scales, as shown in Fig. 9.
The frozen cases (a) and (c), on the other hand, show
much more noticeable deviations from the standard
behavior, with an amplified spectrum across all scales,
though most notably at small length scales, where the

discrepancy can reach the level of one or two orders of
magnitude. If such models are physically realistic, then
very stringent constraints on the underlying parameters
will ensue.
The resulting CMB anistropies for models (a) and (c) are

illustrated in Fig. 10. The larger scalar modes from model
(c) yield larger TT and EE auto-correlations. The minimum
velocities for (a) and (c) examples are close to each other, as
are the 1 − Y values which results in a similar magnitude
for the vector and tensor modes, which are significantly
reduced compared to the Nambu-Goto case, as seen in the
Appendix Fig. 15. On the other hand, the more dense model
(c) leads to a larger vector mode contribution than the
model (a). Still, both contributions, from the (a) and
(c) models, reduce vector modes significantly in compari-
son to the standard Nambu-Goto cosmic strings. The
increase of the contribution of current-carrying cosmic
strings can be observed only for high multipole moments
l > 103 of the vector modes.

FIG. 8. Power spectra for current-carrying cosmic strings
described by the so-called frozen models (a) and (c). The para-
meter choices and color conventions follow the same notation
as in Fig. 6.

FIG. 9. Power spectra for current-carrying cosmic strings
described by (b) and (d) models. The parameter choices and
color conventions follow the same notation as in Fig. 7.
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The particular increase of vector modes for high multi-
pole moments l occurs only for string networks that go
through a frozen type of evolution. The frozen network
clearly changes the relation lð1þ lÞCTT ∝ l−1.5 [62,63]
for long strings. Carrying out the fit for l > 2500, as
illustrated in Fig. 11, we obtain that the models (a) and
(c) behave as

lð1þ lÞCðaÞ
TT ∝ l−0.67; lð1þ lÞCðcÞ

TT ∝ l−0.50; ð18Þ

providing a potential signal for small-scale anisotropy
[63]. However, one should keep in mind, that the
presence of loops will eventually dominate for l≳ 2000,
assuming the relation lð1þ lÞCloops

TT ∝ const: obtained
in Ref. [37].
The CMB anisotropies for models exhibiting linear

scaling regimes (b) and (d) are depicted in Fig. 12. As
anticipated, these models demonstrate behavior akin to the
single-parameter approximation. This similarity is visually

FIG. 10. CMB anisotropies predicted for a from current-carrying cosmic string network in the different observable modes, namely CTT

(upper left panel), CTE (upper right), CEE (lower left) and CBB (lower right), up to the normalization factors lðlþ 1Þ=ð2πÞ, as functions
of the multipole l. These curves are shown for the same value and color convention as those in Fig. 6 and represent the sum over all the
contributions (scalar, vector and tensor). Further details are presented in Appendix. Dot-dashed red lines represent model (a), dashed
green lines—model (c) as defined in Ref. [31] and dotted blue lines—Nambu-Goto.

FIG. 11. Fit of vector modes (represented by straight lines) as
the dominant l > 800 component for CMB anisotropies CV

TTðlÞ
(represented by dots) produced by current-carrying cosmic string
networks described by models (a) to (d) models, as well as the
Nambu-Goto case (NG). The best-fit exponents (18) for
models (a) to (d) are as follows: −0.67, −1.1, −0.5, and −1,
with −1.5 for NG.
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evident when comparing Fig. 4 with Fig. 12, indicating that
the single-parameter approximation effectively captures
the main features of the (b) and (d) models. This is also
evidenced by direct comparisons between the CMB anisot-
ropies obtained from this simplification and those from
the full parameter model, as shown in Fig. 13. The small
differences observed, which do not exceed 15% even for
large current values Y ∼ 0.9, suggest that the single-
parameter approximation offers useful insights for the
CMB anisotropies generated by current-carrying cosmic
string networks, at least for those models exhibiting a linear
scaling regime of evolution.

V. CONCLUSIONS

We have provided a first study of the CMB anisotropy
for current-carrying strings, relying on our previously
developed CVOS model. We have shown that as the charge
is increased, there is a minimum contribution to the TT
correlation. In particular, one can see the sum of TT
components in Fig. 4. The dashed line in this plot, with

FIG. 12. CMB anisotropies predicted for a from current-carrying cosmic string network in the different observable modes, namely CTT

(upper left panel), CTE (upper right), CEE (lower left) and CBB (lower right), up to the normalization factors lðlþ 1Þ, as functions of the
multipole l. These curves are shown for the same value and convention as those in Fig. 7 and represent the sum over all the contributions
(scalar, vector and tensor)—details are presented in Appendix. Dot-dashed red lines represent model (b), dashed green lines—model
(d) as defined in Ref. [31] and dotted blue lines—Nambu-Goto.

FIG. 13. Comparison between the CTT modes of the full model
(solid blue line), described by Eqs. (3), and the single-parameter
approximation (dashed red line), given by Eqs. (13) and (12). In
the single-parameter model, we set Ysc ¼ 0.9, whereas in the full
model, we adjusted parameters to ensure that during the radiation
period, the scaling value of the charge amplitude Yrd ¼ 0.9.
Additionally, for comparison purposes, we present the standard
Nambu-Goto result with a black dotted line.
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YSC ¼ 0.68, is approximately the smallest contribution that
can be obtained for the TT correlation due to the presence
of the current, according to the CVOS model with equation
of state (1). This minimal value can be also seen in Fig. 5,
where rΣ ¼ max ½CTTðYSCÞ=CTTð0Þ� has a minimum at
YSC ≈ 0.68 with an amplitude reduction of around 25%.
In Fig. 5 we also see that the maxima for the

vectors rV ¼ max ½CV
TTðYSCÞ=CTTð0Þ� and tensors rT ¼

max ½CT
TTðYSCÞ=CTTð0Þ� decreases monotonically as the

current contribution increases. Hence, the increase of the
ratio of scalar to vector/tensor modes plays a characteristic
role in the CMB anisotropy signal that can distinguish
standard Nambu-Goto strings from cosmic strings with
nontrivial internal structure.
As a final caveat, we note that our results are based on

two levels of approximation. The first stems from the
simplifying assumptions of piecewise source terms in the
CMBACT Einstein-Boltzmann code. The second pertains to
the CVOS network evolution model itself. Although this
builds upon the standard VOS model, which has been the
subject of extensive testing and calibration (including both
field theory and Nambu-Goto simulations), the analogous
process of calibration has not yet been achieved for the
CVOS extension per se. The reason for this is simply the
absence of reliable simulations of the evolution of string
networks with charges and currents. It is our understanding
that such simulations are now becoming available, so a
more detailed and robust study of the cosmological
consequences of these networks will become possible in
the near future.
It is essential to note that our analysis does not include

certain potentially intriguing phenomena that could have
an influence on the evolution of a current-carrying string
network. Specifically, we have not incorporated the effect
of primordial magnetic fields that may arise from an
early universe phase transition as, for example, discussed
in Ref. [64]. In principle, such a magnetic field could
generate currents along the strings, nontrivially modifying
the evolution of cosmic string networks (see, e.g.,
Ref. [65]). This fascinating avenue remains open for further
exploration.
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APPENDIX: CMBACT FOR CVOS

We use a modified version of the publicly available
CMBACT code [51] to describe the CMB anisotropies
generated by current-carrying cosmic strings, in compari-
son with standard NG scenario. Our primary goal is to
identify differences that may lead to future discriminating
tests between the two types of strings.
Here we provide a concise description of the method-

ology employed in the CMBACT code [51,66] for calculating
anisotropies generated by cosmic strings, including the
extension for current-carrying strings. The CMBACT code is
built upon the CMBFAST linear Einstein-Boltzmann equa-
tions solver, which requires the stress-energy tensor of the
active source as an input. Consequently, it is essential to
obtain a Fourier-transformed stress-energy tensor that
accurately represents the string network.
The CMBACT code utilizes randomly oriented straight

segments to approximate a realistic string network. These
straight segments have a length ξ and move in random
directions with a velocity v, gradually decaying while
ensuring that their total energy corresponds to that of the
VOS (or CVOS) model. Therefore, we can represent the
collection of straight segments as follows [51]:

Xμ ¼ xμ0 þ σX̂μ
1 þ τX̂μ

2; ðA1Þ

where

X̂μ
1 ¼

0
BBB@

0

sin θ cosϕ

sin θ sinϕ

cos θ

1
CCCA ðA2Þ

and

X̂μ
2 ¼

2
6664

1

υðcos θ cosϕ cosψ − sinϕ sinψÞ
υðcos θ sinϕ cosψ þ cosϕ sinψÞ

−υ sin θ cosψ

3
7775; ðA3Þ

and v is the rms velocity. Three angles, θ, ϕ and ψ corres-
pond to the random selection of the string’s orientation,
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whereas σ and τ parameterise the string world sheet of
straight segments.
We employ the macroscopic variables from the CVOS

model, rather than the VOS model, to describe straight
string segments in Eq. (A1). As a result, the stress-energy
tensor for the current-carrying string network can be
expressed as the sum of the stress-energy tensors of all
individual straight segments. The stress-energy tensor for
each straight segment of a current-carrying string can be
written using the macroscopic CVOS variables in the
following way [67]

Tμν ¼ μ0ffiffiffiffiffiffi−gp
Z

d2σ
ffiffiffiffiffiffi
−γ

p
δð4Þðxλ − XλÞ

×
�
Ũũμũν − T̃ṽμṽν −Φðũμṽν þ ṽμũνÞ	; ðA4Þ

where we have defined Ũ≡ 1þ Y, T̃ ≡ 1 − Y,

Φ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2 − 1

4
K2

q
, ũμ ≡ Ẋμ=

ffiffiffiffiffiffi
Ẋ2

p
, and ṽμ ≡ X0μ=

ffiffiffiffiffiffiffiffiffiffi
−X02p

.

The Fourier-transformed stress-energy tensor is given by

Θμν ¼ μ0

Z
ξC=2

−ξC=2

�
Ũ

ẊμẊνffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p − T̃
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
X0μX0ν

−ΦðẊμX0ν þ X0μẊνÞ
�
eik·Xdσ; ðA5Þ

where, without loss of generality, we use the wave vector
oriented along the third component: k ¼ ke3. Carrying out
the integration in Eq. (A5) one can obtain expressions for
the scalarΘS ≡ 1

2
ð2Θ33 − Θ11 − Θ22Þ, vectorΘV ≡ Θ13 and

tensor ΘT ≡ Θ12 parts (see Sec. II.C in Ref. [66] for details)
in the following form [67]

ΘS

Θ00

¼ 1

2

�
v2ð3Ẋ3Ẋ3 − 1Þ − 6v

Φ
Ũ
X0
3Ẋ3 − ð1 − v2Þ T̃

Ũ
ð3X0

3X
0
3 − 1Þ

�
; ðA6aÞ

ΘV

Θ00

¼ v2Ẋ1Ẋ3 −
T̃

Ũ
ð1 − v2ÞX0

1X
0
3 − v

Φ
Ũ
ðX0

1Ẋ3 þ Ẋ1X0
3Þ; ðA6bÞ

ΘT

Θ00

¼ v2Ẋ1Ẋ2 −
T̃

Ũ
ð1 − v2ÞX0

1X
0
2 − v

Φ
Ũ
ðX0

1Ẋ2 þ Ẋ1X0
2Þ; ðA6cÞ

where

Θ00 ¼
μ0Ũffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p sinð1
2
kX0

3ξCÞ
1
2
kX0

3

cosðk · x0 þ kẊ3vτÞ: ðA7Þ

By expressing the contributions of individual string
segments in terms of currents (A6), one can perform
summations across all segments to derive the complete
stress-energy tensor for the cosmic string network under
consideration. The string segments undergoing decay
simultaneously are combined into what is referred to as
“consolidated string segments” [51], as outlined in detail in
Sec. III.A. of Ref. [66].
Incorporating all the modifications into the CMBACT

code, we can now make predictions for the CMB anisot-
ropies arising from current-carrying cosmic strings. One
should notice that there is no assumption about scaling
behavior of the network. Therefore, we can apply this
algorithm to a “frozen” network that might occur as a
solution v ∝ ξC

τ ∝
ffiffiffiffiffiffiffiffiffiffiffi
1 − Y

p
∝ τ−s as well as to the single-

parameter scaling model to which we now turn.
References [31,32] discuss these solutions in detail.
For a detailed comparison of the CMB anisotropies

originating from NG and current-carrying cosmic strings,
we present figures that depict the separations for scalar,

vector, and tensor modes for BB, TT, EE, and TE
components. Specifically, our analyses includes various
values of Ysc, a parameter governing the charge value
during the radiation-dominated period, as detailed in
Sec. III and illustrated in Fig. 14.
Additionally, we extend our calculations to explore

alternative scenarios. In Fig. 16, we show the results of
CMB anisotropies generated by cosmic string networks
with currents, exhibiting linear scaling regimes denoted as
(b) and (d) models, as described in Sec. III B. Furthermore,
Fig. 15 presents the CMB anisotropies stemming from
cosmic string networks undergoing the “frozen” regime
during the radiation-dominated epoch, characterized as (a)
and (c) models, and described in Sec. III B.
Analysing Fig. 14 one sees that, starting from the NG

limit (YSC ¼ 0) scalar modes have a slight increase until
YSC ≈ 0.3, then decrease until YSC ≈ 0.7 and finally dras-
tically increase for YSC > 0.7. The vector and tensor modes
in general have monotonic decreases with increasing values
of YSC. For large multipole moments (small angular scales)
l≳ 200 for vector modes we also see that after some
threshold, the relevant contribution increases.
This enhancement of scalar modes and decrease of

vector and tensor modes can be explained from the point
of view of the string network evolution. Specifically, the
reason stems from the fact that with an increase of the
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charge on cosmic strings, the rms velocity decreases. This
decrease of the velocity leads to the decrease of the vector
and tensor modes. At the same time, with smaller velocity
the string network loses comparatively less energy and
therefore becomes more dense, and a denser string network
results in enhanced scalar modes, which we also see for the
(b) and (d) models in Fig. 16.
The peak enhancement of scalar modes for current-

carrying strings occurs when the network is in a frozen state
(YSC ¼ 1). In both the (a) and (c) cases, the contribution

from scalar modes significantly surpasses that of standard
NG strings, as illustrated in the left column of Fig. 15.
Simultaneously, the vector and tensor modes experience
substantial suppression, as evident in the second and third
columns of panels in Fig. 15. Notably, for small angular
scales (l > 1000), the vector modes of a frozen network
dominate over the NG case. These distinctive features
have the potential to serve as discriminators between
ordinary cosmic strings and those involving current-
carrying strings.

FIG. 14. The BB, TT, EE, and TE components of the CMB anisotropies induced by current-carrying cosmic strings evolving
according to Eqs. (12) are examined with varying values of YSC.
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FIG. 15. CMB anisotropies arising from standard (NG) and current-carrying “frozen” cosmic string networks are investigated. The
parameters align with the models (a) and (c) outlined in Sec. III B and Ref. [31].
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