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In this paper, we present the cosmological perturbation formalism for theories within the framework of
affine gravity. These theories are distinguished by their connection, devoid of any metric. Our approach
involves segregating perturbations into symmetric and antisymmetric components (related to torsion),
each further decomposed into irreducible elements, namely scalars, pseudoscalars, vectors, pseudo-
vectors, 2-tensors, and 3-tensors. Finally, we have fully addressed the gauge freedom in this context.
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I. INTRODUCTION

The cosmological model of the Universe is built up
under the precept of isotropy and homogeneity, and
assumes that the theory that explains the gravitational
interactions is General Relativity. Such premise is often
called the cosmological principle, and it is understood as
valid in terms of averages over large portions of the space.
It was soon understood that keeping these condition would
not explain the structure formation on the observable
Universe.

The structure formation then requires departure from
the cosmological principle. Given the complexity of the
Einstein equations, even in the simpler scenarios, the
strategy is to consider perturbations around an isotropic
and homogeneous background, and find the conditions
imposed by the field equations on the perturbations (up to a
certain order). In General Relativity the metric is the field
responsible for mediating the gravitational interaction,
hence one considers that the physical metric, g,,, is a
sum of an isotropic and homogeneous background metric
Ju Plus a (small) symmetric tensor field £,,,

G = gﬂl/ + Eh/wv (1)

where € is an expansion parameter that allows to control
the order of the perturbation.

Moreover, within the framework of the ACDM model
(A cold dark matter, where the A stands for the existence
of a cosmological constant) the observed Universe is
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composed mainly of dark energy (69%) and dark matter
(26%) [1], which together constitute the so-called dark
sector of the Universe, two forms of matter whose origin
and nature is still not well understood, nor have been
observed directly. Indeed, we have been able to observe the
effects produced by their possible existence, but without
encountering a direct detection such as in a particle
accelerator.

The necessity of a huge dark sector to comprehend the
Universe within the foundations of the ACDM model has
posed the question of whether our theories of gravity and
particles are fundamental or just effective manifestations of
yet-to-be-discovered fundamental ones. This has driven the
formulation of uncountable generalizations of our standard
models, with the addition of exotic types of matter and
interactions from the particle physics point of view, and the
extension of the gravitational sector from the gravitational
counterpart.

Focusing on the branch of extensions of the gravitational
sector, one encounters for example metric models of gravity
which consider higher order in curvature (e.g. Lanczos—
Lovelock gravities [2-5]), but there are also metric-affine
models of gravity (see Refs. [6-8] for detailed reviews), in
which the metric and the affine connection are considered as
independent fields. A modern review of many generalized
gravitational sectors can be found in [9] (see also [10] for a
student friendly introduction). In addition, there exist purely
affine models of gravity [11-24], in which the mediator of
the gravitational interaction comes from the affine con-
nection, and the metric tensor field is not required to build
up the action functional of the model.

In this later construction of gravity, cosmological
solutions have been studied in [25-31]. Nonetheless,
the analysis of perturbations around an exact solution
requires considering perturbations of the affine connection.

© 2024 American Physical Society
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However, to the extent of our knowledge the perturbative
analysis of an affine connection has not been reported
in the literature.

The aim of this paper is to study1 the cosmological
perturbations for the affine connection, which might serve
as a tool to study the inhomogeneities of the Universe in
affine and metric-affine models of gravity.

In the first part of this paper, we summarize some notions
of differential geometry focusing on the objects that we will
use in this paper. In the second part, we will give the
different components of the connection compatible with the
cosmological principle followed by the complete study of
perturbations. Finally, we will address the problem of gauge
freedom and construct gauge invariant quantities as well as
list the different possible gauges. Finally, in the last section
we conclude the paper and state some possible future
directions of this work.

II. BRIEF REVIEW OF DIFFERENTIAL
GEOMETRY

The content of this section is based on Refs. [33-39].

An m-dimensional differential manifold, M, is a topo-
logical space which is locally homeomorphic to R” with a
differential structure defined by the transition functions.’

The differential structure allows to define a vector
tangent space at each point of the manifold (m e M),
T, M. Using the tensor product one defines the tensor
space ®” T,,M over the point m, where the p-times
contravariant tensors live. The set of linear maps from
T,,M to the algebraic field R form a vector space dubbed
vector cotangent space, T, M, and the tensor product @4
T, M defines the space where the g-times covariant tensors
live. Clearly, it is possible to define the space ®” T,,M 1
T;,M where the (p, g)-tensors live.

The disjoint union of the vector tangent spaces over M
defines the tangent bundle 7M, which is a 2m-dimensional
differential manifold, whose sections are the vector fields
on M. A similar construction can be made with the
cotangent spaces yielding the cotangent bundle, 7*M,
whose sections are the covector (one-form) fields on M.
The (p, g)-tensor fields are sections on the bundle ®”
TM ®1 T*M over M. A sub-bundle AYT*M c®7 T*M
over M is the bundle whose sections are g-forms, i.e.
completely skew-symmetric (0, g)-tensor fields on m?

'While completing this work, a paper on a similar topic but
with a different approach has been published [32].

*For every open ball U,eM there exists a continuous
map ¢; with continuous inverse ¢;! such that on the overlap
of two open balls, U; N U; # @, the transition functions y;; =
¢ :R™ > R™ are C¥(R™). Customarily, if the order of
differentiability (k) is not specified, it is assumed that the
transition functions are C®(R™).

The bundle AYT*M can be understood as the g™ exterior
power of the cotangent bundle.

A volume form, w, is a nowhere vanishing section of
the bundle A™T*M, and this is the structure that allows us
to define the integration on the manifold M.

In order to define derivatives of the geometrical objects
on M, e.g. tensor fields, it is required a structure that allows
to compare the objects at different points of M is required.
Such a structure is called a linear connection (in this article
we make no distinction between linear and affine con-
nections, so hereon we shall refer indistinctly to it as the
affine connection), V, and it is determined by its compo-
nents, Fﬂ’lp. The connection contains the information of

how the vector basis changes as one moves on the manifold
M, e.g. if we consider a vector basis {€,} the components
of the connection are defined as

aﬂE/, - F//LPEA. (2)

The definition from Eq. (2) induces an action of the
connection over the tensor bundles of any type, and hence
the sections whose action of the affine connection is well
defined (at least over a region) are said to be differential
sections. In particular, infinitely differentiable sections are
called smooth sections, and the set of smooth sections is
denoted by C®(®” TM ®4 T*M).

The affine connection serves to define the notion of
parallelism, and as a tool it might be interpreted as the
analogous to the ruler in classical geometry. In addition, the
notion of curvature tensor stands solely on the existence of
this structure. Hence, the notion of curvature,

R(X, Y)Z — VXVYZ - VYVXZ - V[X.Y]Z’ (3)

with X, Y,Z € C®(TM), which can be written in compo-
nents as
/A A A A o A o

Ry, =9.X,/, -0, +T,° 1.7, -7, (4)
makes sense in affinely connected manifolds, which are
manifolds endowed with an affine structure, (M, V). These
affinely connected manifolds are the arena where purely
affine gravitational model are built up.

With a generic affine connection one could define
another tensor quantity called the torsion,

T(X,Y)=VyY -VyX—-[X Y], (5)
for X, Y € C*(TM), which in components is expressed like
Tﬂly = Fﬂiu - Fl/ﬁﬂ‘ (6)

A metric tensor field is a differentiable section
of the symmetric sub-bundle S*(7*M) C®> T*M, g€
C>®(8%(T*M)), which is nondegenerated at each point
PEM, ie. at any p if g,(X,Y) =0 for every YE€T,M
then necessarily X = 0. Every metric tensor field has a
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property called signature, which corresponds to the sign
of its eigenvalues, that has to be consistent all over the
manifold. The metric tensor is the tool that defines
(generalized) distances, and hence an analogous to the
compass in classical geometry.

The metric provides a map from C*(TM) to C*(T*M),
and its inverse (also called dual) is a map in the opposite
direction. These two objects define the musical maps,
which are said to lower and raise the indices.

A metric-affine manifold is a differentiable manifold
equipped with an affine connection and a metric, (M, V, g).
Note that in general there is no relation between the affine
and metric structures. However, once the two structures
are given, the affine connection can be decomposed into
irreducible parts compatible with the metric field as
follows: (i) calculate the covariant derivative of the metric
to define the nonmetricity tensor field Q,,;, = V,g,;;
(i1) use the metric to lower the index of the torsion, and
obtain the triple covariant torsion 7, = g,,7,%,; and
(iii) define the operation

Viwsy = Vwr — Vi + Youw- (7)

Then, connection can be written as

1
L, =597009aps + T fuopy + Qhpony)s (8)

where the first term on the right-hand side corresponds to
the Levi-Civita connection (which is defined solely by the
metric tensor field, and is the connection that appears in
metric models of gravity like General Relativity), the
second term is known as the contorsion (contains the
information about the torsion), and the third one is called
disformation (encodes the information of the nonmetricity).
The joint contribution of the contorsion and disformation is
often referred to as the distorsion.

According with the decomposition of the affine con-
nection, the affinely connected manifolds can be classified
into classes as depicted in the following commutative
diagram,

(M,T)

1o

(R) (Flat)

Therefore, from the commutative diagram in Eq. (9) one
reads that affinely connected manifolds (M,I"), when

endowed with a metric are characterized by three quantities:
the curvature (R), the torsion (7°), and the nonmetricity (Q).
Particular cases are those in which some of these quantities
vanish, for example manifolds that possesses solely curva-
ture are said to be Riemannian, others characterized by their
torsion are called Weitzenbock, those that posses curvature
and torsion are known as Riemann—Cartan, etc [6,40].

Before ending this section it is worth highlighting that
the logical order of structures in differential geometry is not
the one presented in most textbooks of General Relativity."
Therefore, the most fundamental structure is the exterior
algebra (induced by the tensor bundle), which introduces
the concept of volume, and the latter allows to define the
integration operation on the manifold. A second (addi-
tional) structure, which allows the comparison of geomet-
rical objects based at different points of the manifold, is the
affine structure induced by the connection. Finally, a third
(independent) structure that introduces a consistent way to
measure over the manifold is the metric structure induced
by a metric tensor field.>

III. COSMOLOGICAL PRINCIPLE
AND GEOMETRICAL OBJECTS

In this section we restrict ourselves to four-dimensional
manifolds, and we assume that the coordinate system is
spherical with coordinates x* = (t,r,0, ).

The cosmological principle requires isotropy and homo-
geneity along a three-dimensional submanifold, which
in our case would be parametrized by the coordinates
x'=(r,0,¢).

Isotropy ensures that our three-dimensional submani-
fold is indistinguishable under rotations, while homo-
geneity ensures that under translation of the origin of
coordinates the submanifold is also indistinguishable.
Clearly, the cosmological principle associates a six-
dimensional (continuous) symmetry group with the
three-dimensional submanifold. There are three possible
choice of the symmetry group: (i) the Euclidean group Ej5;
(ii) the orthogonal group SO(4); or (iii) the orthogonal
group SO(3, 1).° The Killing vectors associated with these
groups can be written explicitly as follows,

Ji=(0 0 —cos@ cotfsing), (10)

J=(0 0 sinf cotfsing), (11)

4Schrédiger presents it in the right order in his book [14].

Tt is possible to give a notion of distance along a given
autoparallel curve using the affine structure. However, that notion
cannot be extended consistently to other autoparallel curves.

%The group S 0(2,2) has been left out the list because it would

change the signature when acting in the three-dimensional
submanifold.

023522-3



OSCAR CASTILLO-FELISOLA et al.

PHYS. REV. D 110, 023522 (2024)

J3=(0 0 0 1), (12)
Py =V1-xr’(0 sinfcosqp 0w ey (13)

Py=+V1-xr?(0 sinfsing

‘9“ Q
mome -5g) (14)

Py=V1-«kr?(0 cos® —s2¢ 0), (15)

where the parameter « is given by

1 SO®)
k=40 Ej . (16)
-1 S0(3.1)

It is well known that an n-dimensional maximally
symmetric space possesses n(n+ 1)/2 Killing vectors
[41]. Therefore, the isotropic and homogeneous three-
dimensional submanifold described above is maximally
symmetric. Using the Lie derivative it is straightforward to
show that on the maximally symmetric submanifold the
symmetries determine a metric s;; and a connection Yik
(for a description of the method, see Ref. [42]). The
induced metric is given by

I—er 0 0
Sij = 0 r? 0 ) (17)
0 0 r%sin%0

the symmetric part of the connection by

Yrrrzﬁv Yoo =K1’ —r,
Yo', = (xr3 — r)sin®0, 7/(,96) = %,
y(pgw = —cos#siné, 16’y = %,
-

and the additional torsional terms are (up to a multipli-
cative factor)

V[ijk] = Si/; = Vss/ey. (19)

The ansitze of the four-dimensional connection is
written in terms of the three-dimensional geometrical
objects as follows [28,42,43],

r/,=f, F(itj) = 95ij>
L'y =hd) Ty =1y,
F[zij] = pStij F[ijk] =4S/
= -pd, (20)

where f, g, h, p, and ¢ are functions of time, which are
determined when one requires the field equations to be
satisfied (and hence their values are model dependent).

Similarly, it is possible to determine the form of the most
general four-dimensional metric compatible with the cos-
mological principle,

Gu = N(1)28,8, + a(1)?s;;8,5). (21)
It is worth highlighting a couple of points here: (i) The
metric in Eq. (21) will not be used in the analysis presented
in the following section; and (ii) the signature of the metric
might be encoded in the function N. Interestingly, even if
some affine models, like the polynomial affine model of
gravity, do not require a pre-existing fundamental metric
field for its formulations, it is possible to find connection
descendent metrics in the space of solutions.

IV. ANALYSIS OF PERTURBATIONS

In standard cosmology, which is based on General
Relativity (a metric model of gravity), one starts consid-
ering an isotropic and homogeneous background, and the
departure from the cosmological principle is treated via
perturbation theory (see for example Refs. [44—47]).

Mathematically, one proposes that the expansion of the
metric as in Eq. (1) is enlarged with a similar expansion for
the energy-momentum tensor, from which we obtain the
linearized field equations [48],

2 Gulleco = = (Tl PNl (22)

Secondly, using the natural splitting between the time and
spatial coordinates, the metric perturbation is separated in a
(3 + 1)-decomposition as,’

h/u/ - {htt’ hti’ hij}‘

Moreover, each of these parts can decompose further
into longitudinal and transverse components, according
to the Helmholtz decomposition, which is written as
follows [49,50]":

"Remember that since the general metric g has to be sym-
metric, the tensor field 4 is symmetric too. Hence, h,; = h;,.

8Beware of the difference between the covariant derivative, D,
and the tensor component of the decomposition, D; e
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h, =E,
hi = D;F + G,

where D; denotes the three-dimensional Riemannian
covariant derivative (i.e. the derivative compatible with
the three-dimensional metric field s;;), the functions A, B,
C‘i, E F, Gi, and H ij depend on the whole set of coor-

dinates x* = (#,X), and also I:I,-j = I:Ij,-, H, = D,-I:Iij =
D,C' = D;G' = 0. In Eq. (23) the covariant derivative is
defined with the symmetric connection y whose compo-
nents were defined in Eq. (18). It is worth highlighting that
for a torsion-free connection, the double covariant deriva-
tive of a scalar is symmetric, i.e. D,D]B = Dle-B.

From Eq. (23), one reads that the perturbation of the
metric tensor possesses four scalar components, two trans-
verse three-dimensional (co)vectors, and a symmetric,
traceless three-dimensional (9)-tensor.

A similar treatment can be achieved with the perturbation
of the affine connection. First, we propose that the generic
connection is given by the sum of an isotropic and
homogeneous background connection (I',*)) plus a small
perturbation (C,*)), i.e.

r/ =r/ +e/,. (24)
Since the perturbation C is the difference between two
connections, then it is a tensor field, C,*, € C*(TM ®*
T"M).

The scalar-vector-tensor decomposition of the C field is
given by the components, C//,, C//,, C/',, C/';, C/';, C/'},
C_,-i ,» and C;/;, originating a scalar component, three vector
fields, three 2-tensor fields and one 3-tensor field. The
number of contributions to the components of the sym-
metric part of the affine connection or to the torsion (skew-
symmetric part) is shown in Tab. L

In order to simplify the typesetting along the article, we
shall introduce the following notation:

TABLE I. Number of contributions of each term in the scalar-
vector-tensor decomposition, to the symmetric and skew-
symmetric components of the affine perturbation.

Terms Symmetric (%) Skew-symmetric (A)
Cttt 1 0
Ciir 3 0
Cith Ctti 3 3
Cij 6 3
Ciji. Ciji 9 9
Cijk 18 9
Total components: 40 24

z

uvh —

(Cﬂznl + C/lvu)v

A/w/l =

N = ] =

(C/w/l - C/lbﬂ)' (25)

However, we have to remark that without loss of generality
we might relate the original terms of the perturbation with
those with lower indices as follows,

Cinw=C/

H v

C/lil/ = sijC1;4],,7 (26)
given that the irreducible components shall be parametrized
by unrelated terms in the former case, while they would be
related by the three-dimensional spatial metric in the latter
(as shown in Sec. IV B).

A detailed analysis of the decomposition of third-order
tensors is presented in Refs. [51,52]. However, we shall
briefly discuss some of the results before proceeding to the
Helmholtz decomposition. We remind the reader that in the
following the discussion focus on the three-dimensional
submanifold. Firstly, it should be highlighted that from the
scalar-vector-tensor decomposition above, the sole novel
term (not in the standard metric perturbation theory)
corresponds to the rank 3-tensor, so we shall mainly focus
in this term. Additionally, since these geometrical objects
lie on the three-dimensional submanifold, one can use the s
metric to lower the contravariant (three-dimensional) index,
reducing the problem to analyzing the decomposition of
completely covariant tensor field on the submanifold.

A. SO(3,R) decomposition of the perturbation

1. SO(3,R) decomposition of C

A general covariant 3-tensor of GL(3,R) might be
expressed as a sum of the Young irreducible components,
~[T oo

De0s0- ([DeH) <0
u _l@@ (27)
—

18 S——

symmetric

9
skew—symmetric

= 10gL, ® 8¢, ®8ar, ® laL,-

Note that if one restricts oneself to perturbations of the
connection that preserves the torsion-free condition of the
connection, only the first two Young diagrams are allowed,
and the number of perturbative degrees of freedom is
reduced to eighteen.

The cosmological principle induces the existence of the
metric s;; in the three-dimensional submanifold, endowing
it with an SO(3, R) structure. Therefore, the components in
Eq. (27) decompose further

023522-5
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1061, = 750, ® 350,
861, = S50, ® 350,
1GL3 - 13037 (28)

yielding the expected content: a spin 3 field, two spin 2
fields, three spin 1 fields, and a scalar field. The above can
be verified using the strategy explained in Appendix A.

2. SO(3,R) decomposition of the other components

The components of the perturbation tensor C in the
first three rows of Table I have a trivial SO(3,R)
decomposition,

1 = 16, = lso,. (29)
3> 3GL3 - 35035 (30)
3> 3GL3 g 3503. (31)

The nontrivial ones are
6 — 661, = 550, ® 1s0,, (32)

9 = 661, ® 361, = S50, ® lso, ® 350, (33)

3. Summary: SO(3,R) decomposition

The results from the last sections are summarized in
Table II.

B. Helmholtz decomposition of the perturbation

The final piece in the standard cosmological perturbation
theory is the Helmholtz decomposition of the perturbative
components from which originates the results in Eq. (23).
In this section, we develop the Helmholtz decomposition
for the perturbation tensor C.

TABLE 1II. Summary of irreducible representations of
SO(3,R) obtained from the irreducible components of the affine
perturbation tensor C, in terms of its symmetric (X) and skew-
symmetric (A) parts.

Term Components GL(3,R) SO(3,R)

DI I gL, Lso,

it 3 361, 350,

z"m‘ 3s 3GL; 3SO;

Am‘ 3a 3GL3 3SO3

it 6 661, Ss0, ® lso,
Aiij 34 6L, 350,

DIy 9 661, ® 361, 550, @ lso, ® 350,
Ay 9 661, ® 361, S50, ® 150, @ 3s0,
Zijk 18, 1062, @ 861, 750, ® 350, ® 550, @ 350,
Ajji 9 661, ® 361, S50, ® 150, ® 3s0,

Before presenting explicit formulas for the Helmholtz
decomposition of the field C, we would argue that the
Helmholtz decomposition is equivalent to the decomposi-
tion of representations of SO(3,R) into irreducible repre-
sentations of SO(2, R) (some details of this decomposition
are presented in Appendix B).

Consider the components of the metric perturbation, 4,,,
and their Helmholtz decomposition as shown in Eq. (23).

The component £, is a scalar of SO(3, R), i.e. b, = 150,,
but the trivial representation of SO(3,R) yields the trivial
representation of SO(2, R),

hy = 1503 - 1S02 =E. (34)

Similarly, the component 4,; is a vector of SO(3,R), i.e.
h,; = 350,. However, the representation 35, decomposes
nontrivially into irreducible representations of SO(2,R)
according to Eq. (B4), yielding

I’l”- = 3303 g 1S02 @ 2S02 = DIF + Gi' (35)

Finally, the component h;; is a symmetric 2-tensor of
SO(3,R), i.e. h;; = 550, + l50,. Then, its decomposition
into irreducible representations of SO(2,R) yields

hi; = 5s0, + Lso,
= lso, ® 250, ® 250, @ lso0,

_ S\ g b b S

In the last line of Eq. (36), D? should be understood
as sD;D;.

From the information in Table II and Appendix B, one
can read the number of fields in the Helmholtz decom-
position of the affine connection, which are summarized in
Table III.

Therefore, we can now write the Helmholtz decompo-
sition of the tensor C, following the spirit of Egs. (34)—(36).

The component X, is an SO(3, R) scalar, and therefore
cannot be decomposed further. Hence,

TABLE II. Number of scalars (7)), vectors (7), 2-tensors
(T,), and 3-tensors (T3), obtained from the Helmholtz decom-
position of the irreducible components of the affine connection.

Component Ty T, T, T,

s

Q

'H\DMC‘\L)J'UJ)—
AW ===

0

By

BN ===
—_
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Ty = lso3 - 1302 =A. (37)
The components X, Z,;, Ay, and Ay; are SO(3,R)

vectors, and each of them decomposes into a scalar
(longitudinal) component and a transverse vector,

350, = 250, ® lso, (38)

written explicitly as,

% = D;B+C;, (39)
Y, =D,D+E;, (40)
Ay = DB+ C;, (41)

Aiyj = Vseus? (DD + E), (42)

where X', defined as X' = s X, for X; € {C,, E;, C;. E;},
satisfies D; X’ = 0. Hereon, whenever it is said that a tensor
is transverse it should be understood as the later relation. In
order to simplify notations, perturbations originating from
the antisymmetric component of the connection (A, ;) will
be denoted with a tilde, whereas perturbations derived from
the symmetric component of the connection (Z; ;) will be
expressed without a tilde.

The component %;,; decomposes just like the perturba-
tion h;; of the metric tensor, because it contains both the
|

| W

ik =

1
D Sk) 5 S( 5

| —
A

and

l]k \/_gl]kA_l_ \/—S ( lkP5 +£l]176

< (D2,

30

) V + 2D( Wr) + er + \/E‘Sqrmsmn(DnY + Zn):| ’

1 - - - ..
s D2> V42D W, + X, + Vsegms™ (D, Y + Z,,)] ,

symmetric and traceless rank 2-tensor (550,) and its trace
(1s0,)- The explicit Helmholtz decomposition is given by

SH
= Uy <Dl-Dj - §D2) G +2DH; + I;;, (43)

itj — 3
where [;; is symmetric and traceless, and both H; and I;;
are transverse.

The components X,;; and A;, which correspond to
the 9, and 9, representations of GL(3,R) respectively,
are obtained as the sum of a 5g¢,, 350,, and 1gp,, whose
Helmholtz decomposition is given explicitly by

Sii
tl/ \/_etjks (DJ+KZ) +?JL
Sij 2
and
Sii ~
Ayj = V/se;jsk (DJ—l—Kl)—I—?]L
sij 5 ~ ~ ~
+ (D,-Dj -2p >M+2D(,~Nj) + 0, (45)

where all the tensor quantities are symmetric, traceless,
and transverse.

The components %, and A;j, corresponding to the 18,
and 9, representations of GL(3, R) decompose as follows:

2 1
(S(,-jDk)P + S(,'ij)) + <D(leDk) —gDZS([jDk> - gs(ijDk)D2>R

1 1
ijSk) - _S(iijDk)Sm + D(iTjk) + Uijk + E\/Equ(gijpﬁl}; + ekjpéf)

(46)

gkjp(szr)

(47)

where all the tensor quantities, as in the previous cases, are symmetric, traceless, and transverse.

In summary, the perturbations have been decomposed
into fourteen scalars, six pseudoscalars, ten transverse
vectors, five transverse pseudovectors, four transverse
and traceless 2-tensors, two transverse and traceless pseudo
2-tensors, and finally one transverse and traceless 3-tensor.
This decomposition becomes crucial when examining the

dynamics of a parity-preserving theory. For instance, when
expanding the action to the second order of perturbations,
the absence of terms like AJ is certain because it would
violate parity, ensuring that scalars and pseudoscalars do not
mix. Conversely, terms like €;;(0,C;)K; can appear and
therefore leading to the mixing of vector and pseudovector
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perturbations, highlighting the potential for interaction in
this context.

Scalars A,B.D,F,G,L,M,P,R,Y,B,L,M,Y
Pseudoscalars J.V,A,D,J,V

Vectors C,-,E,-,H,-,N,-,Q,-,S,-,Z,-,C',-,]Vi,z,-
Pseudovectors K, W, E,K;,W,

2-tensor 1;;, 0;;, T}j, Oi]-

Pseudo 2-tensor X, X

3-tensor Uik

V. GAUGE INVARIANCE

The next step in the analysis is to find the set of adequate
variables to describe the perturbations, i.e. combinations of
the perturbations that are invariant under general coordinate
transformations [45-47].

Following a similar procedure for the metric perturba-
tions, it is straightforward to show that the gauge trans-
formation of the affine perturbations is given by

5Cﬂlu = £frﬂly
= &R, VNV, E =V (T, (48)

OH v
After a simple but rather lengthy calculation, one
obtains the transformation rules for the components of
the perturbation,

5C!, =&, (49)
5C1, =& +2hé, (50)
8C/'; =D& + Qsijé:fj — (h=p)D;&, (51)
8C;', = D& — (h+ p)Di&' + gsijé.:jv (52)

8Ci'j = DiD;&" + 2gs; ;D"
— 9q (25,8 + sS ¥+ suS* ;) E

+ 5:;(9&" - g&") - qS;* D&, (53)
8C; = D& +8/0,((h— p)&) — ¢S/ &, (54)
8C/, = D& + 6{6,((h + p)E) + g8/ &, (55)

8Ct; = DiDE* + k(8fsi; — 6fsy;)& — gsiié
+¢S* ;' 4+ (h+ p)8tD;E + (h - P)éf'Dift
- q(S;D;EF + 251k[iDj]§l)- (56)
In order to read the transformation rules of the compo-
nents of the perturbations under coordinate transformations,

we have to decompose the spatial generator of the trans-
formation into its longitudinal and transverse components,

& — Diy + ¢ where D, =0, (57)

and when possible to separate the symmetric and skew-
symmetric part of the transformations, to identify the
variation of the irreducible components of X’s and A’s.
From Egs. (37) and (49) one obtains directly that
SA =&, (58)

since 0C,,; = OA.
Similarly, Egs. (39) and (50) yield the variations,

OB =y + 2hy, (59)
6CH =T+ 2ni. (60)
Next, one has to combine the transformations in

Egs. (51) and (52) to get the transformations of X,’; and
A,';. From these combinations one reads the variations

3D = &' — he' + gy, (61)
OE; = gs;;{’ (62)
5B = pé', (63)
5C = 0. (64)

The transformation in Eq. (53) has to be separated into
symmetric and skew-symmetric parts. The skew-symmetric
part yields directly the variations associated with the
irreducible components of A;;, as follows:

8D = &', (65)
SE; = 0. (66)

However, the symmetric part has to be decomposed further
to take out its trace. Hence, one gets the variations

S6F = 39&" —3g&' + D*(&' + 2gy), (67)
6G = &' + 2y, (68)
SH; = ¢¢;, (69)
8I;; = 0. (70)

From Eqgs. (54) and (55) one would get the variation of
the irreducible components of %,;; and A,j;, after consid-
ering their symmetrization and the skew symmetrization.
The variations obtained from X,;; are

1 .
8(DJ +K;) = —ﬁsnﬂk”Dié’j, (71)
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8L = 3(h&' + hé') + DAy, (72)
SM =y, (73)
ON; = %éi, (74)
50;; =0, (75)

while the ones obtained from the skew symmetric are

8] = qyr. (76)
5K, = gs;,8/, (77)
8L = =3(p&' + pé&"), (78)
oM =0, (79)
SN; =0, (80)
50;; = 0. (81)

Finally, from Eq. (56) one obtains the variations for the
irreducible components of X;; and Aj;. Following a
procedure similar to the previous one, one obtains that
the variations of the components of X;;; are

4 10 5
6P = Dy + s Kky + — hé' =~ gis, (82)
3 3 3
2 1 5 .
P . —_— 2  —— .
60; = 3xC; +3 D = 3 gk (83)
SR =y, (84)
5Si = éliv (85)
oV =0, (88)
1 .
oW, = g\/Eeijijz.:k’ (89)
4 2 2
= =2 nEt % o
OY = 3Ky = She' =2 gir, (91)
2 1 2 .
7. = _Kxl +—D%*. —Zqgt.. 2
5 1 3K§l +3 Cl 3gél (9 )

While the components of the Ay ; vary as follows:

~ 1
64 = 4&' +3aD, (93)
_ 4
~ 2
5Wi = gqé’ia (95)
- 2
67 =3 pe, (97)
67, = 0. (98)

In addition to the obvious gauge-invariant tensors of rank
two and three, we observe that the perturbation V for the
symmetric part and the perturbations M, C;, E;, N;, Z; of the
antisymmetric part are also gauge invariant. This observa-
tion implies that 24 components of the perturbations are
gauge invariant, leaving 40 components whose transforma-
tions are detailed in the preceding equations. Specifically,
29 components pertain to the symmetric part of the
perturbation, while 11 components belong to the antisym-
metric part. Of course the gauge freedom can be used to
reduce them to 36 components. In the upcoming discussion,
we will elaborate on different potential gauges by setting
specific variables to zero. In our context, this flexibility will
be exclusively applied to the gravitational sector, as we are
not taking into account matter fields.

We can leverage the freedom associated with the time
coordinate to eliminate one of the seven perturbations
(G,P,Y,A,B,D,Y). Additionally, the transformation in
the space coordinate allows us to choose y strategically,
eliminating one of these five perturbations (F,G,R,A, V).
Finally, the freedom associated with ¢’ enables the removal
of one perturbation from the set (H;, S;, W;, W;, D;J + K;)
giving a total of 165 different gauges.9 We see that one
particularly interesting gauge will be to set J = K; = 0 with
¢ Eq. (71), because J is a pseudoscalar which transforms
via a vector, producing therefore a mixing term.

Finally, let us notice that for a background with zero
torsion, indicating p = g = 0, the following fields remain
invariant (A,B,D,], L,V,Y,K;,W,). This implies the
invariance of the tensor A;j. Such invariance is a conse-
quence of the well-known Stewart—Walker lemma, which

"While we have considered a generic spacetime, it is important
to note that in specific cases, the number of invariant quantities
may vary. For instance, if the solution is torsion free, i.e.
p = g = 0, this condition implies the existence of new invariant
quantities.
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asserts that a tensor is gauge invariant if it vanishes in the
background [53].

VI. DISCUSSION AND CONCLUSIONS

In this paper, we have assumed that the structure of our
spacetime is solely characterized by the connection. Within
this framework, a pivotal undertaking is the development of
a comprehensive cosmological perturbation formalism. By
presuming a background consistent with a homogeneous
and isotropic universe, the perturbations manifest through
the connection. Given the absence of a metric, we contend
with a total of 64 fields associated with the connection.
Despite the nontensorial nature of the connection, the
perturbation itself is a tensor, and we have effectively
decomposed it into two distinct parts: a symmetrical portion
and an antisymmetrical component, corresponding to tor-
sion. This decomposition facilitates the further breakdown
of the perturbation into 40 components for the symmetrical
part and 24 components for the antisymmetric part. It is
noteworthy that, in line with General Relativity, where
torsion is assumed to be zero, we retrieve the standard 40
components.

The various fields associated with the connection
undergo decomposition into irreducible components, akin
to the Helmholtz decomposition in the conventional cos-
mological framework. Furthermore, mirroring the principles
of General Relativity, we use the freedom to perform a
coordinate transformation to simplify our problem. We have
meticulously derived the complete set of transformations,
yielding a total of 165 potential gauges in the general case.
In a subsequent paper, we will delve into specific problems
and explore which gauges prove advantageous for simplify-
ing algebraic calculations.

Finally, we observe that when the antisymmetric part of
the connection is zero in the background, its perturbation
becomes gauge invariant—a manifestation of the Stewart—
Walker lemma.

In a subsequent paper, we will investigate the dynamics
of a specific model within this formalism.
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APPENDIX A: IRREDUCIBLE
REPRESENTATIONS OF SO(3,R) USING
YOUNG TABLEAUX

In theoretical physics the Young tableaux techniques
to calculate the irreducible representations of groups
SU(N, C) are extensively used [54]. However, the compu-
tation of irreducible representations of SO(N,R) does
require additional strategies, due to the possibility of
extracting traces with respect to its invariant symmetric
2-tensor.

For the particular case of the group SO(3, R)—whose
algebra is 80(3) ~ 3u(2)—one can use the local isomor-
phism with its covering group SU(2,C) to find its
irreducible representations through the Young tableaux
technique.

The trick is to build the representations starting from
the products of the three-dimensional representation of
SU(2,C), which is depicted by the tableau [ [ |.

Hence, the tensor product of two fundamental represen-
tations of SO(3,R) is obtained by

.,

—[(TT el Jee (A1)

=536 1,

el [ 1= 1 |e

which correspond to the traceless symmetric, skew-
symmetric, and trace components respectively.

Similarly, a generic rank 3-tensor of SO(3,R) decom-
poses into the following irreducible parts,

(Eme=O) <[]

- (IMees) =13

=L Tdel L [ T]el 1]
ol LT T ]e[[]oe

o[ 1]

=(7Te5e3)ebae3al)d3.

(A2)

APPENDIX B: FROM SO(3,R) TO SO(2,R)

The irreducible representations of SO(3,R) (over real
vector spaces) have dimension (2 + 1) for # €N, and the
(conjugacy) classes of the group are constituted by all
elements that rotate by a certain angle 6. The character of
the (conjugacy) class of elements characterized by the
angle 6 in the irreducible representation labeled by ¢ is
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Z(sfo)3 (0) =1+42(cos(8) +cos(20) + - -- +cos(£6)). (BI)
The all irreducible representations of SO(2, R) (over real
vector spaces) with the exception of the trivial representa-
tion, are two dimensional and labeled by £ € N*. Explicitly,
an element characterized by the parameter € in the
irreducible representation labeled by ¢ has the form

—sin(£6)
cos(Z0) ) ’ (B2)

cos(£0)

D(g(6)) = <sin(f€)

and its character is

¢
)((532 (@) = 2cos(286). (B3)
The embedding of SO(2,R) into SO(3,R) yields
the decomposition of irreducible representations of the
latter in terms of irreducible representations of the former as
follows:

(2 + D)o, = 150, + 250, + -+ 250,, (B4)

¢ times

where there is a representations 2g,, for each value
ell,2,..,7.
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