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Large scale structures provide valuable information of the primordial perturbations that encode the
secrets of the origin of the Universe. It is an essential step to map between observables and their initial
coordinates, called Lagrangian space, from which primordial perturbations transfer their information to
structures via linear theory. By using numerical simulations and state-of-the-art reconstruction techniques,
we report the accuracy of estimating the Lagrangian coordinates of galaxies and galaxy clusters,
represented by dark matter halos in various ranges of mass, and study the accuracy of this remapping
on the angular momentum (spin) reconstruction. Our work shows that galaxy groups and clusters,
represented by halos with mass ≳1013M⊙, can be accurately remapped to Lagrangian space, and their
spin reconstruction errors are dominated by the reconstructed initial gravitational potential. For all mass
ranges, the errors of Lagrangian remapping, as well as redshift space distortions, play subdominant roles in
estimating their angular momenta. This study explains the low correlation level between observed galaxy
spins and reconstructed cosmic initial conditions and illustrates the potential of using angular momenta of
cosmic structures to improve the reconstruction of primordial perturbations.
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I. INTRODUCTION

The observed cosmic structures originate from the
primordial perturbations. The statistical properties of these
perturbations enable us to examine cosmological models,
such as inflation, and constrain cosmological parameters
therein. The gravitational instability and structure forma-
tion link the primordial perturbations and low-redshift
observables together [1–3]. In the early, linear period of
structure formation, the matter overdensity δðxÞ in real
space and δðkÞ in Fourier space grow proportional to the
linear growth factorDþðaÞ, where a is the scale factor. This
ceases to be true when nonlinear structure formation takes
place. On one hand, the transportation of matter changes
the comoving coordinates of perturbations, namely, from
Lagrangian space1 to Eulerian space, with a displacement
field link between two spaces. On the other hand, the
overdensity no longer grows as DþðaÞ. Because of these
two facts, the nice linear correlation fails on scales starting
from k ≃ 0.1h Mpc−1. Even by modern techniques [5,6],
the reconstructed linear density fields can only correlate
with the true initial perturbations on scales k≲ 1h Mpc−1.

This is because we can only estimate the displacement field
of the structure formation and undo this transportation
effect on large scales. The features of initial density
perturbations are significantly lost upon shell crossing
and the virialization of dark matter halos and galaxies.
Meanwhile, the asymmetry of the Lagrangian clustering

generates angular momenta, and this vector mode [7]
eventually encodes in the rotation of galaxies on scales
of only tens of kiloparsec, possibly the smallest scale
observable features that can correlate with the cosmic
primordial perturbations. This profound link comes from
the tidal torque theory [8,9] description of the origin of the
protohalo angular momenta, linear and nonlinear structure
formation, and the relations between dark matter and
baryons. Since the initial tidal environment of the proto-
halos determines their initial angular momenta and is
finally correlated with the observed galaxy angular
momenta (hereafter, we shorten the “angular momentum
vectors” to spins) [10], these observables can also be used
to reconstruct the distributions of the initial gravitational
potential field [11,12]. Two essential steps are required to
bridge the spin observable with the primordial perturba-
tions: First, how initial conditions around the protohalo
evolve to the spin observable. This is initially described by
the tidal torque theory, the spin reconstruction method [13],
and confirmed in cosmological simulations [14,15], which
will be briefly reviewed in Sec. II. Second, the trans-
portation effects must be undone. The galaxies and their
spins are observed in real or redshift space, whereas their

*Contact author: haoran@xmu.edu.cn
1The Lagrangian space is defined as the “initial, comoving”

coordinates of mass elements in the picture of structure for-
mation. InN-body simulations,N-body particles represent phase-
space “sheets” ([4], Chap. 12), and when the initial conditions of
the simulation are set at sufficiently high redshift, their comoving
coordinates represent Lagrangian space.
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protohalos are located in Lagrangian space, which is not
observable. Remapping spin observables to Lagrangian
coordinates is crucial for spin correlations and re-
constructions.
In this work, we use modern reconstruction techniques

to study the accuracy of the Lagrangian space remapping
and estimate their effects on Eulerian-Lagrangian spin
correlation. We also extend the Lagrangian space spin
reconstruction methods to Eulerian space and compare
the halo spins with large scale structures. These enable
us to have discussions regarding the understanding of spin
correlations, initial condition reconstruction methods, and
intrinsic alignments. The rest of the paper is organized as
follows. In Sec. II, we review the analytical methods and
describe the reconstructed simulations. In Sec. III, we show
the Lagrangian space remapping results and the analysis of
spin correlation. In Sec. IV, we present our conclusion and
discussions.

II. METHODS

A. Spin evolution and reconstruction

The production of halo spin is well described by the tidal
torque theory. For each dark matter halo, its protohalo
occupies a certain region in Lagrangian space, where each
mass element of the protohalo exerts an initial acceleration
and velocity parallel to the gradient of the primordial
gravitational potential −∇ϕ. Calculating the spin of the
protohalo with respect to its c.m. by expanding the velocity
vector up to the first order leads to the tidal torque

expression jðTÞi ∝ ϵijkIjlTlk. Here we have used the element
expression of the tensor equation; ji is the ith element of
the spin vector j, Ijl is the moment of inertia tensor of the
protohalo, Tlk ≡ ∂l∂kϕ is the tidal tensor, and ϵijk is the
Levi-Civita symbol.
Numerical simulations show that (i) the true initial spins

jðqÞi of protohalos [where the superscript (q) denotes that
the spin is in Lagrangian space q] are accurately approxi-

mated by jðTÞi , and (ii) in Eulerian space, i.e., at low
redshifts, the final halo spins ji are still highly correlated

to the initial directions jðqÞi and jðTÞi [13,14]. The qualitative
explanation of the fact that nonlinear structure formation
does not destroy the spin conservation that (i) during linear
epochs, the gravitational potential nearly remains constant,
so the tidal torque direction conserves; (ii) in nonlinear
epochs, the tidal torque decays due to the expansion of
the Universe and the fact that halos shrink and become
more round.
Hydrodynamic simulations further show that the bar-

yonic matter in the halos closely traces the dark matter in
Lagrangian space in terms of locations, sizes, and shapes,
resulting in high spin correlations in both Lagrangian and
Eulerian spaces between dark matter, gas, and stellar
components [15–17]. Thus, the observable galaxy spins

are able to trace the properties of initial perturbations in the
protohalo/protogalaxy regions. Because of the absence of
shape (moment of inertia) information of protohalos and
protogalaxies, our previous works [10,18] presented the
method of reconstructing spin fields by the interaction
between tidal fields on different scales, written as

LRec
i ∝ ϵijkTjlðq; rqÞTlkðq; rq;þÞ; ð1Þ

where Tijðq; rqÞ denotes the tidal tensor field at q,
smoothed on scale rq, and rq;þ denotes a scale slightly
larger than rq. The spin correlation and reconstruction are
not affected by the assembly history of halos, as long as the
Lagrangian region of the total halo is considered. In another
word, the coordinates q correspond to the c.m. of all
protosubhalos in the spin observable, and the Lagrangian
radius [Eq. (12.64) of Ref. [4] will also be introduced
later] corresponds to the total halo mass. As a result, the
orbital angular momentum of a merging system will also
be considered in the tidal torque theory and the spin
reconstruction.

B. Density reconstruction

In order to extract information of the primordial pertur-
bations from spin observables, we first need to maximize
the correlation between spin reconstruction and observed
galaxy spins. Without using the spin information, a number
of algorithms are developed to restore the primordial
cosmic information from the low-redshift large scale struc-
tures, including the direct Gaussianization transforms [19],
wavelet filters [20], and running reverse N-body simula-
tions [21]. Remarkably, with the development of modern
computing power, approximate primordial perturbations
can be directly obtained after hundreds to thousands of
iterations; examples include isobaric reconstruction [22],
solving Monge-Ampère equations [23], and Hamiltonian
Markov-chain methods [11,24]. These methods are
referred to as “density reconstruction,” where, compared
to the density fields at low redshifts, the reconstructed
initial density field is much better correlated to the true
initial density field. They significantly recover the Fisher
information contained in the matter power spectrum [6] and
improve the cosmological constraints, such as the baryonic
acoustic oscillations [22]. These reconstruction methods
undo the large scale displacement of matter, such that on
medium quasinonlinear scales, the Fourier modes contain
information about the primordial perturbations.

C. Reconstructed simulations

We first run an “original” simulation, corresponding to
the true cosmic initial conditions, the underlying structure
formation, and the true properties of dark matter halos. A flat
ΛCDM cosmology is assumed, with cosmological para-
meters Ωm ¼ 0.258, ΩΛ ¼ 0.742, σ8 ¼ 0.807, h ¼ 0.72,
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and ns ¼ 1.0 [25]. By using the cosmological N-body
simulation code CUBE [26], Np ¼ 4003 particles are initial-
ized at redshift zinit ¼ 100 using the Zel’dovich approxima-
tion [27], in a cubic box L ¼ 100 Mpc=h per side with
periodic boundary conditions. Then, the system is evolved
to redshift z ¼ 0 with the particle-particle particle-mesh
force calculation [28]. At z ¼ 0, dark matter halos are
identified using the friends-of-friends (FoF) method [29].
The particle mass of the N-body particles is approximately
1.12 × 109M⊙=h, and we consider dark matter halos
with at least 100 particles or, equivalently, halo mass
≳1.12 × 1011M⊙=h. The “grid initial condition” is used
where Lagrangian positions of particles are placed at each
center of the cell, in a Ng ¼ 4003 mesh, so it is straightfor-
ward to acquire their Lagrangian properties.
For this original simulation, based on its density fluc-

tuations at redshift z ¼ 0, we reconstruct an estimated
initial condition, denoted as the “reconstructed” initial
density fluctuations, by the Hamiltonian Markov chain
Monte Carlo algorithm, with particle-mesh based forward
simulation (the “HMCþ PM” method) [11], with resolu-
tion of 200 grids per dimension. There are a number of
other reconstruction methods [30–34] that are also able to
obtain estimated initial conditions or displacement fields.
Specifically, the HMCþ PM method was applied to the
Sloan Digital Sky Survey galaxy surveys, and an estimation
of the initial condition of a portion of the real Universe is
obtained, named ELUCID [12]. By running cosmological
simulations using the ELUCID initial conditions, the
simulated universe restores the observed one on large
scales. However, on small scales, most of the individual
halos and galaxies in ELUCID cannot match the galaxies in
the observed universe. As a result, we cannot directly
compare the halo/galaxy properties, such as the angular
momentum, object by object, between the simulation
and observations. By using the spin reconstruction
method [10,18], we estimated the galaxy angular momenta
directly from the initial condition field of ELUCID and
compared them with observations, obtaining a weak but
significant correlation.
With the reconstructed initial condition, we run a

reconstructed simulation with 2003 particles in order to
recover the Lagrangian properties of halos in the original
simulation. We label the estimated properties or the
values in the reconstructed simulation with a “ ˆ ” hat.
The trajectories of the N-body particles in the reconstructed
simulation provide a displacement field Ψ̂ðq̂Þ≡ x̂ − q̂,
uniformly sampled at the Lagrangian positions q̂ of those
particles, pointing to their final (Eulerian) positions x̂ at
redshift z ¼ 0. Now we construct an inverse displacement
field Φ̂ðx̂Þ≡ q̂ − x̂ on a 2003 grid in order to remap halos
back to their Lagrangian positions. However, the inverse
displacement field is not uniformly sampled by N-body
particles in Eulerian space; in the cosmic voids, there are
many empty grids, and in the overdense regions, there are

multiple particles falling in. To avoid having this vector
field multivalued on a certain grid, we calculate the inverse
displacement vector by averaging over all particles that are
eventually located in the grid. For empty grids, their values
are undefined or assigned with zero vectors or, alterna-
tively, assigned with the inverse displacement vector of the
last leaving particle, scaled by the linear growth factor up
to redshift z ¼ 0. In practice, we find that how to deal with
the empty grids does not affect the calculation of halo
Lagrangian positions because all the halo positions in the
original simulation x also correspond to positive over-
densities in the reconstructed simulation. The inverse
displacement field is then filtered by a Gaussian window
function of scale ∼1.5 Mpc=h, which we find optimally
reconstructs the Lagrangian properties in later sections.
For a given halo in Eulerian space x, we interpolate its
inverse displacement vector Φ̂ðxÞ by the triangular shaped
cloud method [28] on the grid and find the estimated
Lagrangian position q̂ðxÞ ¼ xþ Φ̂ðxÞ, with redshift space
distortions (RSDs).
More realistically, halos and galaxies are initially

observed in redshift space. We also calculate the redshift
space coordinates of halos s ¼ xþ uk=aH according to
their c.m. peculiar velocities u, where uk is the line of sight
(LOS) component of u, chosen here to be the second (y)
axis of the simulation. Although methods like ELUCID can
identify galaxy groups and correct the RSDs (both the
Kaiser [35] and finger of God effects [36,37]), such that
the halo positions are identified in real (Eulerian) space,
here we also try to reconstruct the Lagrangian properties
from the raw redshift space to study how RSD affects
the spin reconstruction. In this case, the inverse displace-
ment field is constructed on redshift space s, i.e.,
Φ̂sðŝÞ≡ q̂ − ŝ, and the Lagrangian position is recon-
structed by q̂ðsÞ ¼ sþ Φ̂sðsÞ.

III. RESULTS

Here we quantify the results from the reconstructed
simulation. First, we compare the remapped Lagrangian
positions q̂ðxÞ and q̂ðsÞ with the true Lagrangian origins q.
Here we select halos with mass greater than 1012M⊙=h. In
the left column of Fig. 1, the contours show the errors
parallel (k, vertical axis) and perpendicular (⊥, horizontal)
to LOS, without the remapping process. The errors essen-
tially come from the displacement of matter in the structure
formation, and RSD brings additional errors in the LOS
direction. By using the reconstructed simulation, the halo
positions are remapped back to Lagrangian coordinates
with much better accuracy. The errors (Δq ¼ q̂ − q) are
shown in the right column of Fig. 1. The 1σ errors of
the Lagrangian space remapping are confirmed to be
1.5 Mpc=h in the perpendicular direction to line of sight
and 2.5 Mpc=h in line of sight, which is much lower
compared to errors without Lagrangian remapping, where
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the errors are 3.2 Mpc=h and 4.8 Mpc=h. When the
Lagrangian positions are remapped directly from the red-
shift space, the errors in the LOS direction are slightly
larger. The errors after remapping are mainly caused by the
loss of small scale information in reconstructing the initial
conditions.
The low-redshift halos and galaxies can reflect the

properties of their Lagrangian regions, which occupy a
certain comoving volume. The errors of halo Lagrangian
positions should be compared with the scale of those
Lagrangian regions. Dark matter halos are the largest
virialized objects in the Universe, and their Lagrangian
counterparts, the protohalos in Lagrangian space, are
typically compact and simply connected. This is confirmed
by our previous work [15]. It is natural to use the
Lagrangian equivalent radius rq ≡ ð2MG=ΩmH2

0Þ−1=3 to
characterize this scale, where M, G, Ωm, and H0 are the
halo mass, Newton’s constant, current matter density para-
meter, and the Hubble constant, respectively. Figure 2
shows the errors of Lagrangian remapping relative to each
halo’s equivalent Lagrangian radius rq. For the RSD
contaminated case, these relative error vectors are plotted
by LOS and transverse (perpendicular to LOS) compo-
nents, and we divide all halos into six mass bins to show the
mass dependence of the relative error. The centers of the
error bars show the median of the distribution in each mass

bin, while the left/lower and right/upper error bar bounda-
ries show the 25 and 75 percentiles of the distribution. The
general trend is that the relative remapping error Δq=rq is
decreasing with the increase of halo mass. In particular,
for halo masses greater than 1013M⊙=h, the remapped
Lagrangian positions are close to true values, with errors
much smaller than the halo Lagrangian radii rq. When
the halo masses approach 1012M⊙=h or smaller, the errors
are comparable to rq. For the RSD contaminated case,
we also plot the LOS and transverse error components
separately. Note that, if the error is isotropic, statistically
Δqk ¼ Δq⊥=

ffiffiffi

2
p

. The results show that halos with mass
≳1013M⊙=h are uncontaminated by RSD, but for less
massive halos, RSD brings additional uncertainties on qk
by about a factor of 2.
Next, we use the remapped Lagrangian positions and

reconstructed primordial fluctuations to estimate the halo
spin directions. First, in the top left panel of Fig. 3, we
directly use Eq. (1), with the true Lagrangian positions and
true tidal fields Tij ≡ ∂i∂jϕ derived from the original initial
potential field ϕ. The cross-correlations μðj0;Lq

ϕÞ are
quantified by the cosine of the angle between the two
angular momentum vectors. The gray scale plot illustrates μ
as a function of the smoothing scale r and the halo massM.
The red dashed curve shows the optimal smoothing scales
ropt which maximize μ in the given halo mass bins, while in
this panel ropt is compared with the Lagrangian equivalent

FIG. 1. Lagrangian remapping accuracy of dark matter halos by
the reconstructed simulation. The horizontal and vertical axes
represent the errors of the perpendicular and parallel components
of the line of sight. The left/right columns are the errors before/
after the reconstructed remapping, and the upper/lower rows are
with/without redshift space distortions. The inner and outer
contours contain 68% and 95% of the halo population with mass
≥1012M⊙=h, respectively.

FIG. 2. Relative remapping errors Δq=rq as a function of halo
mass, with and without RSD effect. When RSD is included, the
error components are plotted parallel and perpendicular to LOS,
respectively. The purple dotted curve shows 1=

ffiffiffi

3
p

times of
relative errors Δq=rq, when remapped directly from real space
(without RSD). The yellow and cyan dashed curves show parallel
components (Δqk=rq) and 1=

ffiffiffi

2
p

times the perpendicular com-
ponents (Δq⊥=rq) of relative errors Δq=rq, with RSD. All the
points at the intersections show medians of data in each mass bin,
and error bars are taken as 25% and 75% of the distribution.
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radii rq (yellow dashed curve) and approximate halo scales
200−1=3rq, which is the radius of a sphere whose mean
density is 200 times the critical density of the Universe
(cyan dashed curve). It is clear and expected that these two
scales are similar for all halo mass bins.2 The correlation μ
is high for all halo masses, while showing the slightly
increasing function of M.
Next, we study the spin correlation using the recon-

structed initial conditions (reconstructed potential ϕ̂) and
the remapped Lagrangian coordinates. On the superscript,
we use the symbol “qjx” to denote that the Lagrangian
coordinate is estimated given the halo position x, i.e., q̂ðxÞ.
Similarly, the superscript “qjs” stands for the estimated
Lagrangian coordinate q̂ðsÞ given redshift position s. On
the subscript, we denote which potential field (ϕ, ϕ̂, or ϕ0)

is used for the spin reconstruction. For example, Lqjx
ϕ̂

is the

spin field reconstructed by ϕ̂ and q̂ðxÞ, Lq
ϕ means that the

spin field is reconstructed by the real initial condition,
and the halo spin is correlated with its real Lagrangian
position in the field. LEul is the spin reconstructed by ϕ0

and x, i.e., Lx
ϕ0
.

Using remapped Lagrangian positions [q̂ðxÞ or q̂ðsÞ] and
the reconstructed initial conditions (ϕ̂), the spin field is
correlated with the low-redshift halo spin vectors, yielding

the mean cross-correlation μðj0;Lqjx
ϕ̂
Þ and μðj0;Lqjs

ϕ̂
Þ in each

halo mass bin. They are plotted in the right two panels of
Fig. 3. Compared to the idealized linear spin reconstruction
Lq
ϕ (top left panel of Fig. 3, where real ϕ as well as real

q is used), the correlations decrease significantly across
all mass ranges, by 30%–40%. For halos with mass
≳1013M⊙=h, corresponding to galaxy clusters, the corre-
lation is still greater than 20%, while for less massive halos
(about 1012M⊙=h), the correlation drops to about 5%.
Another feature is that the optimal smoothing scale ropt is
shifted to larger scales. This result directly explains the low

FIG. 3. Optimal smoothing scale for spin reconstruction as a function of halo mass. The four panels show the cases of cross-correlating

function μðj0;Lq
ϕÞ (top left), μðj0;LEulÞ (bottom left), μðj0;Lqjx

ϕ̂
Þ (top right), and μðj0;Lqjs

ϕ̂
Þ (bottom right). The darker color of pixels

means higher correlation and better reconstruction. The red and yellow curves are optimal smoothing scale ropt and Lagrangian radius
rq. The cyan curve is 200−1=3 times the Lagrangian radius.

2The trace difference in contrast to [18] is due to our usage of
FoF halos instead of spherical overdensity halos.
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correlation between observed galaxy spins and recon-
structed cosmic initial conditions (ELUCID) in [10] and
the relatively large smoothing scale used there. Physically,
the reconstructed initial condition loses correlation with the
true initial condition on small scales, and thus the cosmic
information is lost in this regime. In addition, the uncer-
tainties on q also favor a larger ropt, such that the larger
scale still-correlated tidal interactions can be included in the
spin estimation. Comparing the two right panels of Fig. 3,
we find that RSD has an insignificant influence on the spin
estimation.
It is instructive to investigate whether the tidal-torque-

based spin estimator also works in Eulerian space. Replacing
the primordial tidal tensors TijðqÞ with Eulerian values
TEul
ij ðxÞ≡ ∂i∂jϕ0, where ϕ0 is the Eulerian gravitational

potential at z ¼ 0, and using the Eulerian positions x, the
Eulerian-space-based spin estimator is written as

LEul
i ∝ ϵijkTEul

jl ðx; rÞTEul
lk ðx; r;þÞ; ð2Þ

where r is again the arbitrary smoothing scale. The result in
the bottom left panel of Fig. 3 shows that there are also
correlation signals from the Eulerian-space-based spin esti-
mator. The correlations are found in all mass ranges but are
significantly lower than in the Lagrangian space (top left
panel). The other feature is that the optimal smoothing scale
ropt is somewhat located between rq and 200−1=3rq. This
may lead to the fact that the low-redshift cosmic structures,
especially on scales slightly larger than the halo scale, do
have an influence on the halo angular momentum distribu-
tion and galaxy intrinsic alignments.
Finally, we summarize the maximally achievable spin

correlation μmax as a function of halo massM. We calculate
the cross-correlations between the j0 and the L recon-
structed with several pairs of initial conditions and coor-
dinates; we refer the reader to the Appendix for specific
definitions. In Fig. 4, the top curve is obtained by the true
initial condition ϕ and the true Lagrangian position q,
which is the idealized scenario given our spin recon-
struction method. Its deviation from perfect correlation
(μ ¼ 1) comes from the approximations used in the tidal
torque theory, spin reconstruction, and the nonlinear
evolution. In practice, what we can use in the real space
is the estimated ϕ̂ and remapped q̂ðsÞ. Even q̂ðxÞ can only
be derived with the permission of redshift distortion

correction from s. Comparing the two curves μðj0;Lqjx
ϕ̂
Þ

and μðj0;Lqjs
ϕ̂
Þ, we find that whether Lagrangian positions

are remapped from real or redshift space has little effect on
the upper limit of the cross-correlation—the RSD effect is
well corrected in the remapping process.
The decreasing of the cross-correlation comes from the

combination of two effects—the error of remapping and the

error of initial gravitational potential. In order to see which
one is the dominant effect on the decorrelation, we plot the

two curves μðj0;Lqjx
ϕ Þ and μðj0;Lq

ϕ̂
Þ, i.e., using the true ϕ

but estimated q and the true q but estimated ϕ. It appears
that the error on the initial potential ϕ has more severe
effects on spin reconstruction—the accuracy of the initial
condition is more important than the accuracy of the
remapping process in spin reconstruction. This shows
the potential of better reconstruction of ϕ̂, given fixed
q̂ðxÞ, if additional spin information of galaxies/halos
are used.
An additional curve μðj0;LEulÞ is also plotted in Fig. 4

to show the maximally achievable correlation between
low-redshift halo spins and low-redshift large scale struc-
tures. Although the Eulerian spin reconstruction is com-
parable to Lagrangian ones (with estimated quantities), it
cannot be straightforwardly used to reconstruct the initial
perturbations. Nevertheless, it is closely related to galaxy/
halo intrinsic alignments and is additionally parity odd.
We leave this connection and physical explanation to
future works.

FIG. 4. Maximally achievable cross-correlation of spin recon-
struction of halos in different mass ranges. The spin reconstructed
from q space (Lq

ϕ) and x space (LEul) in the original simulation is
cross-correlated with j0, and the results are shown by the purple
and red solid curves, respectively. The cross-correlations
between the spin reconstructed from remapped coordinates

Lqjx
ϕ̂

and Lqjs
ϕ̂

in the reconstructed simulation and j0 are illustrated

by the yellow and dark cyan dashed curves. With or without the
remapping process or the reconstructed initial condition are also
plotted for comparison by cyan and green curves. Circles at the
curves mean the maximum reachable cross-correlation at each
halo bin.
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IV. CONCLUSION AND DISCUSSIONS

In this paper, by using the reconstructed simulations, we
study the accuracy of Lagrangian space remapping—the
initial comoving coordinates of virialized halo-galaxy
systems are obtained. Inspired by the tidal torque theory,
the halo angular momentum vector (spin) is reconstructed
in Lagrangian space (spin reconstruction) and is used to
assess the remapping quality. The main results are sum-
marized as follows.

(i) The remapping process can remarkably reduce the
errors induced by the displacement of matter in the
structure formation, which is a crucial step in spin
reconstruction. Statistically, the remapping errors are
small compared to the Lagrangian radii of the
protohalos, especially for massive ones.

(ii) The correlation between halo spin and the recon-
structed spin obtained from remapped coordinates
and reconstructed initial gravitational potential
drops compared to the idealized situation. The latter
uses the true Lagrangian coordinates. The deviation
significantly increases in low mass ranges, which
explains the low correlation between observed
galaxy spins and the spin reconstruction (and the
optimal smoothing scale) in the real Universe. RSD
effect increases the remapping error parallel to the
line of sight, but induces minor effects in the final
spin reconstruction.

(iii) The accuracy of the reconstructed initial gravita-
tional potential is the main factor affecting the
performance of the spin reconstruction, especially
on small scales, while the remapping is relatively
accurate.

(iv) Our results indicate that more massive halos exhibit
better remapping precision and stronger spin corre-
lations. This is because larger mass ranges corre-
spond to larger, more linear scales in Lagrangian
space and the linear behavior of the cosmic dis-
placement field. Compared to the work [10] using
spiral galaxies tracing less massive halos, more
massive galaxy groups/clusters, and even filaments
[38] show the potential in improving the mean spin
correlation per object and explore the clustering on
linear scales. Although limited by the abundance of
these more massive objects, any cosmological con-
straints should, in principle, be optimized by utiliz-
ing all available cosmological information.

Remapping the low-redshift observed objects back to
Lagrangian space has profound importance in cosmology.
Using the spin evolution of halo-galaxy systems as an
example, the low-redshift spin vectors are reliable tracers of
tidal environment of the protohalos. Observing the former
infers the latter and can further help with obtaining the
cosmic initial conditions. The displacement field relates
these quantities at different coordinates—Eulerian (real or
redshift space) and Lagrangian, and in this work we have

shown that Eulerian space can be reliably remapped to
Lagrangian space, can whose errors do not erase the spin
correlation. The lowering of spin correlation is mainly due
to the poor reconstruction of initial gravitational potential
on small scales. Nevertheless, the initial gravitational
potential is obtained by density reconstruction, which used
only galaxy positions. By additionally using galaxy spins
(especially the directions), the initial gravitational potential
can be better constrained, and along with it, the displace-
ment field, and equivalently the Lagrangian remapping can
be further improved. Iterating these steps can help obtain a
more accurate initial state of our Universe, and we leave it
for our subsequent works.
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APPENDIX: VARIABLE DESCRIPTION

We present descriptions of the physical variables used in
this paper in Table I.

TABLE I. Variables used in this paper.

Variables Description

q True Lagrangian space coordinates
x Eulerian space coordinates
s Redshift space coordinates
q̂ q in reconstructed simulations
Ψ̂ðqÞ Displacement field

Φ̂ðxÞ, Φ̂ðsÞ Inverse displacement field
j0 Eulerian spin vector
Δq q − q̂
rq Lagrangian radius
ropt Optimal smoothing scale
ϕ Gravitation field in Lagrangian space
ϕ0 Gravitation field in Eulerian space
ϕ̂ Reconstructed initial gravitation field
ϵijk Levi-Civita symbol
Iij Momentum of inertia tensor of the protohalo
Tij Tidal tensor field
LEul Spin reconstructed by ϕ0 and x
Lq
ϕ Spin reconstructed by the ϕ and q

Lq
ϕ̂

Spin reconstructed by the ϕ̂ and q

Lqjx
ϕ̂

Spin reconstructed by the ϕ̂ and q̂ðxÞ
Lqjs
ϕ̂

Spin reconstructed by the ϕ̂ and q̂ðsÞ
Lqjx
ϕ

Spin reconstructed by the ϕ and q̂ðxÞ
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