
Updated observational constraints on spatially flat and nonflat ΛCDM
and XCDM cosmological models

Javier de Cruz Pérez †
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We study the performance of six Λ cold dark matter (ΛCDM) models, with four of them allowing for
nonflat spatial hypersurfaces (nonzero current value of the spatial curvature density parameter Ωk) and
three of them allowing for a nonunity value of the lensing consistency parameter AL. We also study a set of
six XCDM models where the nonevolving cosmological constant Λ dark energy density is replaced by a
dynamical dark energy density X-fluid parametrized by a nonevolving equation of state parameter w. For
the nonflat models we consider two different primordial power spectra, Planck PðqÞ, used by the Planck
collaboration, and new PðqÞ, resulting from quantum fluctuations in a not-necessarily-very-slow-roll
nonflat inflation model. These models are constrained by and tested against: Planck 2018 CMB
temperature and polarization power spectra data (P18); Planck 2018 CMB lensing potential power
spectrum data (lensing); and, an updated compilation of baryon acoustic oscillation, type Ia supernova,
Hubble parameter [HðzÞ], and growth factor [fσ8] data points [collectively denoted by non-CMB (new)
data], individually and jointly. P18 data favor Ωk < 0 (closed spatial geometry) for the ΛCDM and XCDM
models and w < −1 (phantomlike dynamical dark energy) for the XCDM models while non-CMB (new)
data favor Ωk > 0 (open geometry) in the case of the ΛCDM models and Ωk < 0 (closed geometry) and
w > −1 (quintessencelike dynamical dark energy) for the XCDM models. When P18 and non-CMB (new)
data are jointly analyzed there is weak evidence in favor of open spatial geometry and moderate evidence in
favor of quintessencelike dynamical dark energy. On the other hand, regardless of data considered, AL > 1

is always favored, with different degrees of evidence, even for P18þ lensingþ non-CMB (new) data.
According to Akaike and deviance information criterion results, AL-varying models are positively favored
over the flat ΛCDM model for P18þ lensingþ non-CMB (new) data. The XCDM model cosmological
parameter constraints obtained from P18 or P18þ lensing data and from non-CMB (new) data are
incompatible at > 3σ, ruling out the three AL ¼ 1 XCDM models at > 3σ. In the nine models not ruled out
by > 3σ incompatibilities between parameter values determined from different datasets, for the
P18þ lensingþ non-CMB (new) dataset we find little deviation from flat geometry and moderate
deviation from a cosmological constant. In all six nonflat models that are not ruled out at > 3σ, open
geometry is mildly favored (by at most 0.8σ), and in all three XCDMþ AL models (that are not ruled out at
> 3σ) quintessencelike dynamical dark energy is moderately favored (by at most 1.6σ). In the AL ¼ 1

nonflat ΛCDM cases, we find for P18þ lensingþ non-CMB (new) data Ωk ¼ 0.0009� 0.0017
[0.0008� 0.0017] for the Planck [new] PðqÞ model, favoring open geometry at 0.53σ [0.47σ]. Given
these results, the flat ΛCDM model remains the simplest (largely) observationally-consistent cosmological
model. Our cosmological parameter constraints obtained for the flat ΛCDM model (and other models),
when P18þ lensingþ non-CMB (new) data are considered, are the most restrictive results to date.

DOI: 10.1103/PhysRevD.110.023506

I. INTRODUCTION

The six-parameter spatially flat ΛCDM model, [1], built
within the framework of general relativity, is the simplest
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observationally consistent cosmological model, and is now
commonly recognized as the standard model of cosmology.
As dominant low-redshift stress-energy building blocks,
the model uses a nonevolving cosmological constant Λ
dark energy density and a pressureless cold dark matter
(CDM) component and assumes flat spatial hypersurfaces.
From the perspective of general relativity, the observed
currently accelerated cosmological expansion of the
Universe is caused by gravity sourced by the currently
dominant cosmological constant.
The flat ΛCDM model is largely observationally con-

sistent, however some recent data hint at potential dis-
crepancies, such as differences in the values of the Hubble
constant, H0, and the amplitude of matter fluctuations, σ8,
measured using different techniques [2–7], or some anoma-
lies that appear when we compare theoretical predictions of
the model, based on best-fit cosmological model parameter
values, with actual observations. These potential discrep-
ancies motivate studying extensions of the flat ΛCDM
model.
Cosmic microwave background (CMB) radiation

anisotropy measurements have so far generally provided
the most restrictive constraints on cosmological parameters
and these data have been used to test extensions of the
ΛCDM model with the aim of studying the issues men-
tioned above. In particular, the Planck 2018 TT;TE;EEþ
lowE (hereafter denoted by P18) dataset [8] has been used
to test three single parameter extensions of the standard
model: what we call the ΛCDM Planck PðqÞ model which
makes use of a particular expression for PðqÞ, the primor-
dial power spectrum of matter inhomogeneities in nonflat
models that allow for a nonzeroΩk spatial curvature density
parameter (see Sec. III below for details); the flat XCDM
parametrization which assumes a time-evolving dark
energy density ρDE ∼ a−3ð1þwÞ with a being the scale factor
and w the constant equation of state parameter of the
dynamical dark energy fluid; and, the flat ΛCDMþ AL
model where the amplitude of the gravitational potential
power spectrum is rescaled by the phenomenological
lensing consistency parameter AL, [9], in such a way that
AL ¼ 1 corresponds to recovering the theoretically pre-
dicted (using the best-fit cosmological parameter values)
amount of weak lensing of the CMB anisotropy. When
analyzing P18 data, the results for the new nonstandard
parameter in these three extensions of the flat ΛCDM
model are Ωk ¼ −0.044þ0.018

−0.015 which represents 2.44σ
evidence in favor of nonflat (closed) spatial hypersurfaces;
w ¼ −1.58þ0.16

−0.35 indicating a 3.63σ preference for phantom-
like behavior of the dynamical dark energy component;
and, AL ¼ 1.180� 0.065 which says AL > 1 is preferred
over AL ¼ 1 at 2.77σ. Below, using statistical criteria, we
will compare the performance of the standard flat ΛCDM
model to these three extensions when it comes to fitting P18
data. It turns out that, to varying degrees of significance, all
three extensions are favored over the standard model.

We showed in [10], that for P18 data the Ωk-varying and
AL-varying one-parameter ΛCDM extension models can
handle the so-called lensing anomaly, which is related to
the amount of weak gravitational lensing in the CMB
power spectra. The trajectory of the CMB photons on their
way to us are bent due to the gravitational effects produced
by the inhomogeneous mass distribution. This effect is
commonly referred to as weak gravitational lensing. When
we compute the CMB temperature and polarization spectra
we must account for this weak lensing effect, getting as
a result the lensed CMB spectra. In order to provide a
theoretical prediction for the amount of lensing, given a
cosmological model, one must assume values for the
cosmological parameters, [11]. Constraining the flat
ΛCDM model by using P18 CMB data and then using
the obtained cosmological parameter values to predict the
amount of weak lensing expected in the CMB spectra, one
finds a mismatch with the observed CMB power spectra
over a small range of multipoles, [8,9]. Due to the tight
constraints provided by Planck CMB data, there seems to
be no room in the flat ΛCDM model to alleviate this
anomaly, and consequently alternate models that introduce
one or more additional parameters are considered.
We note that a recent analysis of the updated PR4 Planck

dataset, [12], results in updated values, Ωk ¼ −0.012�
0.010, 1.2σ in favor of closed geometry, and AL ¼
1.039� 0.052, 0.75σ in favor of AL > 1. These new
measurements are more consistent with the flat ΛCDM
model values and show less evidence in favor of nonflat
spatial hypersurfaces and AL > 1 than do the P18 dataset
results, partly because of updated PR4Planck data and partly
because of the different likelihoods used in the new analysis.
In this work, in addition to considering Ωk and AL as

additional fitting parameters (see Ref. [10] for a detailed
study, some results of which we update in the present paper
where we use updated data), we also study the possibility of
having a time-evolving dark energy density where the
equation of state parameter w is constant but allowed to
vary from the cosmological constant value of w ¼ −1. Here
w is the ratio of the pressure to the energy density of the
dynamical dark energy X-fluid and we refer to this as the
XCDM parametrization or model. Generally, the dark
energy fluid can be characterized by the equation of state
parameter w and the square of the sound speed c2s ≡ δp=δρ,
which is defined in terms of the density and pressure
perturbations of the dark energy fluid and is gauge
dependent. With c2s representing the square of the sound
speed in the fluid’s rest frame, in the scalar field based dark
energy models with a standard kinetic term and no potential
energy density term, c2s ¼ 1. Although c2s can generally
have a wide range of values, it is usually bounded within
the range 0 ≤ c2s ≤ 1. The reason for this limitation is that
values below 0 result in exponentially growing dark energy
fluctuations and values above 1 lead to superluminal
motion while values in this range lead to oscillatory
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perturbations (see Refs. [13–16] and references therein for
more discussions of the sound speed). We emphasize that
the speed of sound squared is arbitrarily set to c2s ¼ 1 in the
XCDM parametrization, which is the simplest way to
remove the c2s < 0 instability. The XCDM parametrization
is not a physical model but it has been widely used to
analyze data and this is why we study it in detail in this
paper. For recent discussions of observational constraints
on the XCDM model see Refs. [17–29] and references
therein. In this paper we present results from the most
complete analysis of the XCDM models to date.
In physical dynamical dark energy models the dark

energy component can be modeled as a dynamical scalar
field ϕ with its associated potential energy density VðϕÞ,
[30,31]. For an appropriate VðϕÞ the scalar field energy
density ρϕ evolves slowly over time until it overcomes
other contributions to the cosmological energy budget and
becomes the dominant component giving rise to the
observed currently accelerated cosmological expansion
of the Universe.
In this paper we study twelve cosmological models (six

of them are ΛCDMmodels, which we previously studied in
[10] and present updated results for here, and the other six
are XCDM models), namely: the flat ΛCDM (þAL), the
nonflat ΛCDM Planck PðqÞ (þAL), the nonflat ΛCDM
new PðqÞ (þAL), the flat XCDM (þAL), the nonflat
XCDM Planck PðqÞ (þAL), and the nonflat XCDM new
PðqÞ (þAL) model. For the nonflat models we consider two
different primordial power spectra, Planck PðqÞ and new
PðqÞ, the details of which are given in Sec. III. For recent
discussions of observational constraints on spatial curva-
ture see Refs. [32–60] and references therein, and see
Refs. [61–63] for recent, more general discussion of nonflat
cosmological models. In this paper we present the most
restrictive constraints on spatial curvature (in ΛCDM and
XCDM models) to date. We also use the updated data
compilation here to constrain the spatially flat w0waCDM
parametrization in [64].
We use combinations of data to place constraints on the

cosmological parameters of each model and in particular
we want to measure the values of Ωk, w, and AL. We also
want to constrain the other six primary parameters that all
these models share (the conventional six parameters of the
flat ΛCDM model) as well as constrain the derived
parameters H0, Ωm (the current value of the nonrelativistic
matter density parameter), and σ8. We are also interested in
determining which parameters are measured in a cosmo-
logical model independent manner from these data, among
the twelve models we study.
The different datasets we use in this work are P18 data,

Planck 2018 CMB weak lensing data, and non-CMB data,
consisting of baryon acoustic oscillation (BAO) measure-
ments, type Ia supernova (SNIa) data, Hubble parameter
[HðzÞ] data points, and a collection of fσ8 growth factor
measurements. We consider two different non-CMB data

compilations, the non-CMB (old) dataset we used in [10],
and an updated non-CMB (new) dataset, updated with
respect to the non-CMB (old) dataset. See Sec. II for
details. Adding P18 lensing data, and especially adding
non-CMB data to the mix, alter the conclusions mentioned
above that are based on just P18 data.
In the following we briefly summarize the main results

obtained in this work. Assuming that the datasets we use
are correct and that there are no unaccounted systematics,
the three XCDM models with AL ¼ 1 are ruled out at >3σ
due to incompatibilities between P18 data and non-CMB
(new) data cosmological parameter constraints. Extending
these three models by adding a varying lensing consistency
parameter, AL, reduces the incompatibilities between P18
data and non-CMB (new) data constraints, thus allowing
for joint analyses of P18 and non-CMB (new) data in the
context of these models. In these models P18 data favor
Ωk < 0 (closed geometry), w < −1 (phantomlike dynami-
cal dark energy), and AL > 1, whereas when Planck CMB
lensing data are added to the mix the evidence in favor of
Ωk < 0 and AL > 1 decreases but that in favor of w < −1 is
barely affected. When non-CMB (new) data are included in
the analysis the conclusions obtained with P18 and P18þ
lensing data change and the evidence previously favoring
Ωk < 0 and w < −1 subsides, giving rise to a preference
for Ωk > 0 (open geometry) and w > −1 (quintessencelike
dynamical dark energy).
Considering only the nine models not ruled out by > 3σ

incompatibilities between parameter values determined
from different datasets, for the P18þ lensingþ non-
CMB (new) dataset we find little deviation from a flat
geometry and moderate deviation from a cosmological
constant, with the biggest deviations being Ωk ¼ 0.0015�
0.0019 in the XCDM Planck and new PðqÞ þ AL models,
which favor open geometry and are 0.79σ from flat
geometry, and w ¼ −0.958� 0.026 in the XCDM
Planck PðqÞ þ AL model, which favors quintessencelike
dark energy and is 1.62σ from a cosmological constant. In
all six nonflat models that are not ruled out at >3σ, open
geometry is mildly favored, and in all three XCDMþ AL
models (that are not ruled out at >3σ), quintessencelike
dark energy is moderately favored. In the AL ¼ 1 nonflat
ΛCDM cases, we find for P18þ lensingþ non-CMB
(new) data Ωk ¼ 0.0009� 0.0017 [0.0008� 0.0017] for
the Planck [new] PðqÞ model, favoring open geometry at
0.53σ [0.47σ]. Given these results, the flat ΛCDM model
remains the simplest (largely) observationally consistent
cosmological model.
Our cosmological parameter constraints, when

P18þ lensingþ non-CMB (new) data are considered,
are the most restrictive results to date. In particular, for
the six primary parameters in the flat ΛCDM model we get
for the current value of the physical baryonic matter density
parameter Ωbh2 ¼ 0.02249� 0.00013, for the current
value of the physical cold dark matter density parameter
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Ωch2 ¼ 0.11849� 0.00084, for the angular size of the
sound horizon at recombination 100θMC ¼ 1.04109�
0.00028, for the reionization optical depth τ ¼ 0.0569�
0.0071, for the primordial scalar-type perturbation power
spectral index ns ¼ 0.9685� 0.0036, and for the power
spectrum amplitude lnð1010AsÞ ¼ 3.046� 0.014, where h
is the Hubble constant in units of 100 km s−1Mpc−1.
Additionally, for the derived parameters, we find H0 ¼
68.05� 0.38 km s−1Mpc−1, Ωm ¼ 0.3059� 0.0050, and
σ8 ¼ 0.8077� 0.0057. Among models with AL ¼ 1, these
values show almost model-independent consistency, with
differences always below 1σ. However, when we compare
these cosmological parameter values with those obtained
for the AL-varying models, we observe larger differences.
In particular, for the six varying AL models relative to the
flat ΛCDMmodel we find the maximum differences for σ8,
1.08σ for models with w ¼ −1 and 1.80σ when comparing
to varying-w models, with all other parameters agreeing to
better than 1σ. As in our previous work [10] we once again
find that the AL-varying models are the most favored by the
most complete dataset considered in this work, namely the
P18þ lensingþ non-CMB (new) dataset.
The outline of our paper is as follows. In Sec. II we

provide details of observational data we use to constrain
cosmological parameters in, and to test the performance of,
the cosmological models we study. In Sec. III we briefly
describe the main features of the models studied, as well as
the methods employed for the analyses. Section IV, which
represents the main part of the article, is dedicated to
presenting and commenting in detail on all the results
obtained in our analyses. In particular, we discuss the
cosmological parameter constraints obtained, compare the
performance of the different models under study, and
analyze whether there are tensions among the cosmological
parameter constraints derived from different data. In Sec. V
we summarize the most significant results obtained in the
previous section, and, finally, in Sec. VI we present our
conclusions.

II. DATA

The data we use in this work are the Planck cosmic
microwave background radiation temperature and polari-
zation anisotropy power spectra and the lensing potential
power spectrum, the Pantheonþ type Ia supernovae com-
pilation, and baryon acoustic oscillation, Hubble parameter,
and growth rate measurements.

A. Planck 2018 CMB data

We use the Planck 2018 TT;TE;EEþ lowE (P18) CMB
temperature and polarization power spectra as well as the
Planck lensing potential power spectrum [8]. Here TT,
TE, and EE denote the temperature-only power spectra
at low multipole number l (2 ≤ l ≤ 29) and high l
(30 ≤ l ≤ 2508), TE cross-power spectrum, and E-mode

polarization power spectrum at high l (30 ≤ l ≤ 1996),
respectively, while lowE denotes the E-mode polarization
power spectrum at low l (2 ≤ l ≤ 29). For high-l P18 data
we use the Planck 2018 baseline Plik likelihood (see
Sec. 2.2.1 of [8]). We can more restrictively constrain
cosmological parameters by adding the power spectrum of
the lensing potential measured by Planck [65] to the P18
data. In the following we refer to the P18 plus lensing data
combination as P18þ lensing data.

B. Non-CMB data

In addition to CMB data, we collect and use a number of
non-CMB datasets to constrain model parameters. We
denote the non-CMB data compilation used in our previous
work [10] as non-CMB (old), and the new non-CMB data
compilation assembled and used here, with updates
described below, as non-CMB (new).
Compared to our earlier work [10], we replace the 1048

Pantheon SNIa [66] and the binned DES 3 yr SNIa data
points [67] with a subset (as discussed below) of the new
1701 Pantheonþ compilation data points [68] that also
include DES SNIa measurements. We replace the BAO data
point DAðz ¼ 0.81Þ=rd ¼ 10.75� 0.43 from [69] with
DMðz ¼ 0.835Þ=rd ¼ 18.92� 0.51 from [70]; the distan-
ces DA and DM are defined below. In the growth rate data
we now add the data point fσ8ðz ¼ 0.013Þ ¼ 0.46� 0.06
from [71]. In the Hubble parameter data we now include the
data point Hðz ¼ 0.75Þ ¼ 98.8� 33.6 km s−1Mpc−1 from
[72] and for some of the HðzÞ data points we now account
for a nondiagonal covariance matrix as explained below.

1. BAO data

We use a collection of the latest BAO data points
measured at various redshifts. Table I lists the datasets,
effective redshifts, observables, and measurement values
for the 16 BAO data points we use. All BAO data we use
account for all known systematic errors. The six BOSS
Galaxy, three eBOSS LRG, three eBOSS Quasar, and two
Lyα-forest BAO measurements are correlated and their
covariance matrices are given below. We do not use the
ELGs data from [73,74] because the corresponding pos-
terior distribution is highly non-Gaussian and the full
likelihood (not a summary data point) must be used in
this case.
The BAO quantities listed in Table I correspond to

several distances (DV , DM, and DH) and to the growth
rate fσ8. The angle-averaged distance is DVðzÞ ¼
½czD2

MðzÞ=HðzÞ�1=3, where HðzÞ is the Hubble parameter
at redshift z andDMðzÞ is the transverse comoving distance.
Using the proper angular diameter distance

DAðzÞ ¼
c
H0

fk½H0

ffiffiffiffiffiffiffiffiffijΩkj
p R

z
0

dz0
Hðz0Þ�

ð1þ zÞ ffiffiffiffiffiffiffiffiffijΩkj
p ; ð1Þ
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where fk½x� ¼ sin x, x, and sinh x for closed (k ¼ 1;
Ωk < 0), flat (k ¼ 0; Ωk ¼ 0), and open (k ¼ −1,
Ωk > 0) Universes, respectively, DMðzÞ is expressed as
DMðzÞ ¼ ð1þ zÞDAðzÞ. DHðzÞ ¼ c=HðzÞ is the Hubble
distance at redshift z. In Table I BAO distances are divided
by the radius of sound horizon rd at the drag epoch zd,

rd ¼
Z

∞

zd

csðzÞ
HðzÞ dz; ð2Þ

where csðzÞ is the sound speed of the photon-baryon fluid.
The covariance matrix between measurement errors for

BOSS Galaxy data is

CBOSS-Galaxy ¼

0
BBBBBBBBB@

0.022897 −0.02007 0.0026481 0.013487 −0.0081402 0.0010292

−0.02007 0.33849 −0.0085213 −0.016024 0.13652 −0.0038002
0.0026481 −0.0085213 0.0020319 0.001325 −0.0023012 0.000814158

0.013487 −0.016024 0.001325 0.032158 −0.020091 0.0026409

−0.0081402 0.13652 −0.0023012 −0.020091 0.23192 −0.0055377
0.0010292 −0.0038002 0.000814158 0.0026409 −0.0055377 0.0014322

1
CCCCCCCCCA
: ð3Þ

The covariance matrix for eBOSS LRG data is

CeBOSS-LRG¼

0
B@

0.09114 −0.033789 0.0024686

−0.033789 0.22009 −0.0036088
0.0024686 −0.0036088 0.0019616

1
CA:

ð4Þ

The covariance matrix for eBOSS Quasar data is

CeBOSS-Quasar ¼

0
B@

0.6227 0.01424 0.02257

0.01424 0.2195 −0.007315
0.02257 −0.007315 0.002020

1
CA:

ð5Þ

The covariance matrix for Ly-α forest data is

CLyα ¼
�

1.3225 −0.1009
−0.1009 0.0380

�
: ð6Þ

TABLE I. BAO measurements.

Data Set zeff Observable Measurement Reference

6dFGSþ SDSS MGS 0.122 DVðrd;fid=rdÞ ½Mpc� 539� 17 ½Mpc� [75]

BOSS Galaxy 0.38 DM=rd 10.274� 0.151 [76]
0.38 DH=rd 24.888� 0.582 [76]
0.38 fσ8 0.49729� 0.04508 [76]
0.51 DM=rd 13.381� 0.179 [76]
0.51 DH=rd 22.429� 0.482 [76]
0.51 fσ8 0.45902� 0.03784 [76]

eBOSS LRG 0.698 DM=rd 17.646� 0.302 [76,77]
0.698 DH=rd 19.770� 0.469 [76,77]
0.698 fσ8 0.47300� 0.04429 [76,77]

DES Y3 0.835 DM=rd 18.92� 0.51 [70]

eBOSS Quasar 1.48 DM=rd 30.21� 0.79 [78,79]
1.48 DH=rd 13.23� 0.47 [78,79]
1.48 fσ8 0.462� 0.045 [78,79]

Lyα-forest 2.334 DM=rd 37.5þ1.2
−1.1 [80]

2.334 DH=rd 8.99þ0.20
−0.19 [80]

Note: The sound horizon size of the fiducial model is rd;fid ¼ 147.5 Mpc in [75].
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2. SNIa data

For SNIa data, we use a subset of the new 1701 data
point Pantheonþ compilation [68], which is determined by
removing all SNIa with z < 0.01 since these data points are
model dependent due to the peculiar velocities that have to
be considered. This cut leaves us with 1590 data points,
spanning the redshift range 0.01016 ≤ z ≤ 2.26137. The
covariance matrix includes not only the statistical errors but
also the systematic ones. The dataset, likelihoods, and all
necessary information can be found at https://github.com/
PantheonPlusSH0ES. In this work we use the χ2 of the
SNIa dataset where the absolute magnitude of the SN is
marginalized over, which differs from the χ2 value obtained
from the analysis where the SN absolute magnitude is not
marginalized over.

3. HðzÞ data
We use the 32 Hubble parameter measurements provided

in Table 1 of [81], and listed in Table II here, that cover the
redshift range 0.070 ≤ z ≤ 1.965. This new compilation

includes an additional data point, Hðz ¼ 0.75Þ ¼ 98.8�
33.6 km s−1Mpc−1, compared to the dataset used in our
previous paper. We now also account for the correlation
between the 15 measurements provided in [82–84]. The
corresponding covariance matrix must be computed follow-
ing the steps in the code at https://gitlab.com/mmoresco/
CCcovariance.

4. fσ8 data

In addition to the growth rate data included in the BAO
data compilation of Table I, we use other growth rate
measurements. These fσ8 measures are obtained from
peculiar velocity analysis [90–92] or redshift-space distor-
tion analysis [93–97], and are listed in Table III, and include
an additional data point, fσ8ðz ¼ 0.013Þ ¼ 0.46� 0.06,
compared to the dataset used in our previous paper.

III. METHODS

We use the Markov chain Monte Carlo (MCMC) method
to determine the range of ΛCDM and XCDM model
parameters that are favored by the measurements we
consider. More precisely, we use the CAMB/COSMOMC

program (October 2018 version) [98–100] for this purpose.
CAMB computes the evolution of spatially inhomogeneous
perturbations of radiation and matter densities and predicts
the power spectra of matter and CMB anisotropy pertur-
bations as functions of cosmological parameter values,
while COSMOMC compares the Planck CMB likelihood data
and the non-CMB datasets with these model predictions to
find the likelihood distribution of cosmological model
parameters.
When P18 data are used, the cosmological parameters

that are measured, that are common across all cosmological
models we study, are the current baryon density (Ωbh2), the
current cold dark matter density (Ωch2), the angular size of
the sound horizon at recombination defined in CAMB/

COSMOMC (θMC), the reionization optical depth (τ), and
the amplitude (As) and the spectral index (ns) of the
primordial scalar-type perturbation spectrum, with the
addition of the current curvature density parameter (Ωk)
for nonflat cosmological models and the dark energy

TABLE II. HðzÞ measurements.

z HðzÞ (km s−1 Mpc−1) Reference

0.07 69.0� 19.6 [85]
0.09 69.0� 12.0 [86]
0.12 68.6� 26.2 [85]
0.17 83.0� 8.0 [86]
0.2 72.9� 29.6 [85]
0.27 77.0� 14.0 [86]
0.28 88.8� 36.6 [85]
0.4 95.0� 17.0 [86]
0.47 89.0� 50.0 [87]
0.48 97.0� 62.0 [88]
0.75 98.8� 33.6 [72]
0.88 90.0� 40.0 [88]
0.9 117.0� 23.0 [86]
1.3 168.0� 17.0 [86]
1.43 177.0� 18.0 [86]
1.53 140.0� 14.0 [86]
1.75 202.0� 40.0 [86]
0.1791 74.91 [89]
0.1993 74.96 [89]
0.3519 82.78 [89]
0.3802 83.0 [89]
0.4004 76.97 [89]
0.4247 87.08 [89]
0.4497 92.78 [89]
0.4783 80.91 [89]
0.5929 103.8 [89]
0.6797 91.6 [89]
0.7812 104.5 [89]
0.8754 125.1 [89]
1.037 153.7 [89]
1.363 160.0 [89]
1.965 186.5 [89]

TABLE III. fσ8 measurements.

Survey z Measurement Reference

ALFALFA 0.013 0.46� 0.06 [71]
IRAS 0.02 0.398� 0.065 [90,91]
6dFGSþ SDSS 0.035 0.338� 0.027 [92]
SDSS DR7 0.1 0.376� 0.038 [93]
eBOSS LRG 0.18 0.29� 0.10 [94,95]
eBOSS LRG 0.38 0.44� 0.06 [94,95]
VIPERS 0.6 0.49� 0.12 [96]
VIPERS 0.86 0.46� 0.09 [96]
FastSound 1.36 0.482� 0.116 [97]
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equation of state parameter w for XCDM models. Here Ωb
and Ωc are the current values of the baryon and cold dark
matter density parameters, respectively, and h is the Hubble
constant in units of 100 km s−1Mpc−1. The gravitational
lensing consistency parameter AL is set to unity in some
cases, but in some cases AL is a free parameter to be
determined from data. For a detailed definition of the
parameters of cosmological models, see the Planck team’s
paper on cosmological parameter estimation [8]. In our
paperwe consider only the primaryparameters that define the
cosmological model, and use the Planck team’s settings for
COSMOMC’s internal calibration or nuisance parameters (e.g.,
calPlanck). For example, in the flat ΛCDM model, the
primary cosmological parameters are ðΩbh2,Ωch2, 100θMC,
τ, lnð1010AsÞ, ns). In this paper, when we use P18 data to
measure cosmological parameters we assume flat priors for
these parameters, nonzero over: 0.005 ≤ Ωbh2 ≤ 0.1,
0.001≤Ωch2 ≤ 0.99, 0.5 ≤ 100θMC ≤ 10, 0.01 ≤ τ ≤ 0.8,
0.8 ≤ ns ≤ 1.2 (for the Planck PðqÞ, see below), and
1.61 ≤ lnð1010AsÞ ≤ 3.91. We also adopt flat priors nonzero
over −0.5 ≤ Ωk ≤ 0.5 for nonflat models, −3.0 ≤ w ≤ 0.2
for XCDM models, 0.8 ≤ ns < 1 for models with the new
PðqÞ (see below), and 0 ≤ AL ≤ 10 for AL-varying models,
except in the case of the P18 data constraints for the nonflat
XCDMþ AL models where 0.8 < AL ≤ 10. When estimat-
ing parameters from non-CMB data we fix the values of the
optical depth τ and the spectral index ns to those obtained
from P18 data (since non-CMB data are unable to constrain
these parameters) and determine the remaining cosmological
parameters. When showing the results of the parameter
constraints, we also list the three derived parameters H0,
Ωm, and σ8, which are obtained from the primary parameters
of the cosmological model.
The MCMC chains are considered to have converged

when the Gelman and Rubin R statistic, provided by
COSMOMC, satisfies the condition R − 1 < 0.01. For each
model and dataset, we use the converged MCMC chains to
compute the average values, confidence intervals, and like-
lihood distributions of model parameters. We utilize the
GETDIST code [101] for this purpose. As for the confidence
intervals, we typically use the standard deviation estimated
from the MCMC chains. However, for parameters of special
interest to us (H0, Ωk, w, and AL) with highly asymmetric
likelihood distributions orwith bounds,we also compute and
record (in parentheses in the tables) a second set of limits (see
§2.4 of [102]). In the case of two tail limits we compute the
second 68% confidence interval as the one between the two
points with equal marginalized probability density such that
68% of the samples lie within the two points with 16% of the
sample in each tail. The second one tail limit we compute and
record is a 95% confidence limit with 5% of the samples in
the tail. We use these second limits in our discussions of
parameters with highly asymmetric likelihood distributions
or with bounds. When comparing the sizes of error bars of
cosmological parameter values in differentmodels or derived

using different data, we always compare the standard
deviation error bars. When we compute the increase or
decrease in the size of the error bars between two different
estimates of a cosmological parameter, we use the expression
½�% ¼ 100ð1 − σX=σYÞ where σX (σY) is the error bar of the
result obtained with either the smallest (largest) amount of
data or with the smallest (largest) number of free parameters.
In our study, we use ΛCDM and XCDM cosmological

models with different initial spectrum of scalar-type per-
turbations. For the flat tilted ΛCDM and XCDM models,
the primordial scalar-type energy density perturbation
power spectrum is given by

PδðkÞ ¼ As

�
k
k0

�
ns
; ð7Þ

where k is the wave number and ns and As are the spectral
index and the amplitude of the spectrum at pivot scale
k0 ¼ 0.05 Mpc−1. This power spectrum arises from quan-
tum fluctuations during an early epochof power-law inflation
with a scalar-field potential energy density of exponential
form in a spatially flat cosmological model [103–105].
For the tilted nonflat models, we use a primordial power

spectrum of the form

PδðqÞ ∝
ðq2 − 4KÞ2
qðq2 − KÞ

�
k
k0

�
ns−1

; ð8Þ

where q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ K

p
is the wave number in a model with

spatial curvature K ¼ −ðH2
0=c

2ÞΩk. This spectrum is a
phenomenological version that combines the untilted spec-
trum of primordial perturbations derived from very-slow-roll
inflation in nonflat Universes [106,107] and a power-law
spectrum to account for tilt. Recently a numerical study of
quantum fluctuations in closed inflation models finds that it
is possible to get a primordial power spectrum very close to
this one in closed models for some initial conditions, [108].
We will denote this spectrum as Planck PðqÞ as it has been
widely used in most studies of nonflat cosmological models,
including by the Planck team.
Finally we consider a third power spectrum from a not-

necessarily very-slow-roll nonflat inflation model

PδðqÞ ∝ ðq2 − 4KÞ2jPRðAÞj; ð9Þ

where PRðAÞ is given in Eqs. (14) and (17) of [10],
depending on whether the curvature of the Universe is
positive or negative, respectively, [109].
Equations (7), (8), and (9) correspond to the initial density

power spectra Pδ’s that can be derived from the Poisson
equation (see Eq. 3.43 of Ref. [110]) but as the CAMB input
for the primordial power spectrumwe need different forms of
power spectra. The function ScalarPower(k,ix) of
CAMB power_tilt.f90 computes the input primordial
power spectrum (Eq. 3.26 of [110]),PRðkÞ ¼ Asðk=k0Þns−1,
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which is the appropriate form of the CAMB input primordial
power spectrum for the tilted flat and the tilted nonflat model
with the Planck PðqÞ. However, for the tilted nonflat model
with the newPðqÞ, the primordial power spectrum should be
replaced with the one derived from the tilted nonspatially flat
inflation model of [109]. There are slight differences in the
notationbetween [109] and [110]. First, the primordial power
spectrum in q-space P̃RðqÞ, is related toPRðkÞ by P̃RðqÞ ¼
PRðkÞq2=ðq2 − KÞ (see Eq. 3.29 of [110]), which is equiv-
alent to PRðAÞ of [109]. Besides, PRðAÞ ¼ ðAþ
1Þ3PRðAÞ=ð2π2Þ for the closed model and PRðAÞ ¼
A3PRðAÞ=ð2π2Þ for the open model (see Eqs. (B10) and
(B14) of [109]), where ν ¼ q=

ffiffiffiffiffiffiffijKjp ¼ Aþ 1 and ν ¼ A for
the closed and openmodels, respectively, andPRðAÞ is given
in Eqs. (57) and (59) of [109] for closed and open models,
respectively. For example, for the closed model, the input
primordial spectrum for CAMB becomes PRðkÞ¼ ðq2−KÞ=
q2 · ðAþ1Þ3=ð2π2ÞPRðAÞ. When applying the new primor-
dial spectrum, the amplitude must be normalized so that the
amplitude at the pivot scale k0 is As. For the open model, we
can also obtain a similar relation considering the negative
sign of curvature K and ν ¼ A.
We constrain the various dark energy models described

above by using various combinations of observational data.
We focus on how five combinations of data constrain each
model: P18 data, P18þ lensing data, non-CMB data,
P18þ non-CMB data, and P18þ lensingþ non-CMB
data. We also investigated differences in cosmological
constraints resulting from old and new versions of non-
CMB data. We compare the performance of the models by
examining how well each model fits different combinations
of observations using the AIC and DIC information criteria.
The Akaike information criterion (AIC) is defined as

AIC ¼ χ2min þ 2n; ð10Þ

where χ2min is the minimum value of χ2 for the best-fit
cosmological parameters and n is the number of indepen-
dent cosmological parameters. The term 2n corresponds to
a penalty to the goodness-of-fit for increasing the number
of model parameters. The definition of AIC above is valid
only for datasets with a large number of data points. All the
data combinations we use here have a sufficiently large
number of data points to justify using this AIC definition.
To quantify how much a dataset favors the model, we

also use the deviance information criterion (DIC) defined as

DIC ¼ χ2ðθ̂Þ þ 2pD; ð11Þ

where pD ¼ χ2 − χ2ðθ̂Þ and the term 2pD penalizes the
goodness-of-fit for increasing the number of model param-

eters. Here χ2 denotes the average of χ2 ’s estimated from
the MCMC chains and χ2ðθ̂Þ is the value of χ2 at the best-fit
cosmological parameters θ̂.

We use the differences in the AIC and DIC values of the
model under study, computed relative to the tilted flat
ΛCDMmodel constrained using the same dataset. (We also
list similarly defined χ2min difference values in the Tables.)
According to the usual scale, when −2 ≤ ΔAIC;ΔDIC < 0
there is said to be weak evidence in favor of the model
under study, while when −6 ≤ ΔAIC;ΔDIC < −2 there is
said to be positive evidence, when −10 ≤ ΔAIC;ΔDIC <
−6 there is strong evidence, and whenΔAIC;ΔDIC < −10
there is very strong evidence in favor of the model under
study relative to the tilted flat ΛCDM model. This scale
also applies ifΔAIC andΔDIC are positive, but then favors
the tilted flat ΛCDM model over the model under study.
We want to quantitatively compare how consistent the

datasets used to constrain cosmological parameters in a
cosmological model are with each other, and how the level
of consistency varies across models. We used two different
statistical estimators to check for consistency between
datasets used in a given model.
The first estimator we used to check for consistency is

based on the DIC values of the individual datasets, [111],
and is defined as

IðD1; D2Þ ¼ exp

�
−
GðD1; D2Þ

2

�
; ð12Þ

where GðD1; D2Þ ¼ DICðD12Þ − DICðD1Þ − DICðD2Þ and
D1 and D2 are the two datasets being compared. Here
DICðD1Þ and DICðD2Þ are the DIC values estimated from
the MCMC chains whenD1 andD2 are used independently
to constrain the cosmological parameters of a given model,
and DICðD12Þ is the DIC value that results whenD1 andD2

are used together to constrain cosmological parameters of
the model. This statistical estimator indicates log10 I > 0
when the two datasets used in the cosmological model are
consistent with each other. Conversely, log10 I < 0 indi-
cates that the two datasets are inconsistent. Applying
Jeffreys’ scale, we judge the degree of consistency or
inconsistency between two datasets as substantial if
j log10 I j > 0.5, strong if j log10 I j > 1, and decisive if
j log10 I j > 2, [111].
The second statistical estimator for determining the

consistency between two datasets is the tension probability.
The details of this estimator are given in [112–114] and in
our previous work [10], and we briefly describe it here. The
tension probability is related to the suspiciousness SD ¼
RD=ID that is defined in terms of the Bayes ratio RD and the
information ratio ID. The Bayes ratio RD ¼ Z12=ðZ1Z2Þ
where Z1, Z2, and Z12 are the Bayesian evidences
estimated from D1, D2, and D12, respectively. The
Bayesian evidence is defined as

ZD ¼
Z

LDðθÞπðθÞdθ; ð13Þ
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where LDðθÞ is the likelihood of a model θ given the data
and πðθÞ is the prior of the model. We compute the
Bayesian evidence by using the method of [115]. The
information ratio ID is defined through lnðIDÞ ¼ D1þ
D2 −D12. Here DD is the Kullback-Leibler divergence
for data D, which is the average over the posterior of the
Shannon information

IS;DðθÞ ¼ ln
PDðθÞ
πðθÞ ; ð14Þ

where PDðθÞ is the posterior distribution [116]. Finally, the
tension probability, [112–114],

p ¼
Z

∞

d−2 lnðSDÞ

xd=2−1e−x=2

2d=2Γðd=2Þ dx; ð15Þ

where d is the Bayesian model dimensionality d ¼
d̃1 þ d̃2 − d̃12, where d̃=2 ¼ hI2

S;DiPD
− hIS;Di2PD

and
ΓðzÞ is a Gamma function. If p≲ 0.05 the datasets are
in moderate tension whereas if p≲ 0.003 they are in strong
tension. Based on the Gaussian formula, we can convert p
into a “sigma value,”

σ ¼
ffiffiffi
2

p
Erfc−1ð1 − pÞ; ð16Þ

where Erfc−1 is the inverse complementary error function.
The value p ¼ 0.05 (p ¼ 0.003) corresponds to a 2σ (3σ)
Gaussian standard deviation.

IV. RESULTS

A. ΛCDM models

In this subsection we study how the inclusion of non-
CMB (new) data, an updated version of the non-CMB (old)
data used in [10], in different dataset combinations we use
here, affect the cosmological parameter constraints in the
ΛCDM models and goodness-of-fit results and consisten-
cies between different data subsets. In the last part of this
subsection we summarize the updated data constraints on
cosmological parameters in the ΛCDM models.

1. Non-CMB (old) vs. non-CMB (new) cosmological
parameter constraints

Cosmological parameter constraints for the four-param-
eter flat ΛCDMmodel from non-CMB (old) and non-CMB
(new) data are in the lower half of Table IV and Fig. 1. We
observe some differences in the mean parameter values
favored by the two datasets, but all are below the 1σ level.
The differences between the results provided by the two
datasets for Ωch2, 100θMC, and lnð1010AsÞ are −0.77σ,
−0.80σ, and þ0.64σ, respectively. Similar levels of
differences are observed for the derived parameters, with
Ωm showing the largest at −0.64σ. On the other hand, a
significant change is observed in the size of the error bars.

Compared to the results from the non-CMB (old) data, the
results from the non-CMB (new) data increase the error
bars of Ωbh2, Ωch2, and H0 by 24%, 23%, and 26%,
respectively. One major reason for this is the larger error
bars associated with updated HðzÞ data (those for which
there is now a nondiagonal covariance matrix).
Non-CMB (old) and non-CMB (new) data results

obtained for the five-parameter nonflat ΛCDM Planck
PðqÞ cosmological model are in the lower half of
Table V and in Fig. 2. As in the flat ΛCDM model, the
differences in the mean values of the primary parameters
remain below 1σ, with 100θMC (+0.57σ) being the largest.
The value of the primary spatial curvature parameter is
Ωk ¼ −0.032þ0.056

−0.046 for non-CMB (old) data which is 0.57σ
away from flat geometry and −0.66σ from the non-CMB
(new) value Ωk ¼ 0.010þ0.046

−0.030 which in turn is 0.33σ in
favor of an open Universe. For mean derived parameters the
largest difference is −0.39σ for σ8. In contrast to the flat
ΛCDM model, where the error bars of all cosmological
parameters obtained from non-CMB (old) data are smaller
than those obtained using non-CMB (new) data, we
observe a different pattern in the nonflat ΛCDM Planck
PðqÞ model. This may be due to the degeneracy between
parameters and differences in the ability of the two datasets
to constrain cosmological parameters. While for Ωbh2

(þ18%) and H0 (þ32%) there are increases in the error
bars when we move from non-CMB (old) to non-CMB
(new) data, for the rest of the parameters it is the other way
around, with the largest decreases affecting 100θMC

(−51%), Ωk (−34%), and lnð1010AsÞ (−26%).
When we compare the results obtained with non-CMB

(old) and non-CMB (new) data, displayed in Table VI and
in Fig. 3, for the five-parameter nonflat ΛCDM new PðqÞ
model, we see very similar results to the case of the nonflat
ΛCDM Planck PðqÞ model. We observe mild differences
between the mean values of the primary parameters, with
the largest being +0.57σ for 100θMC. As for Ωk, the non-
CMB (old) result Ωk ¼ −0.036þ0.056

−0.047 favors nonflat hyper-
surfaces at 0.64σ and differs by −0.66σ with the non-CMB
(new) value Ωk ¼ 0.006þ0.051

−0.030 , which is 0.20σ away from
flat. In regard to changes in the size of the error bars, we
observe an increase for Ωbh2 (þ15%) and for H0 (þ28%),
while reductions affect 100θMC (−39%), Ωk (−27%), and
lnð1010AsÞ (−17%).
The non-CMB (old) data and non-CMB (new) data

ΔDIC and ΔAIC values, between the flat ΛCDM model
and the two nonflat ΛCDM models, in Tables Vand VI, do
not show significant differences.

2. P18+non-CMB (old) vs. P18+non-CMB (new)
cosmological parameter constraints

The aim of this subsubsection is to determine what
happens to the changes highlighted in the previous sub-
subsection when P18 data are added to the mix.
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P18þ non-CMB (old) and P18þ non-CMB (new) cos-
mological parameter constraints for the six-parameter flat
ΛCDM model are in the lower half of Table IV and in
Fig. 4. Moving from P18þ non-CMB (old) data to P18þ
non-CMB (new) data results in smaller changes in the mean
parameter values than found in the non-CMB data alone
case of the previous subsubsection. For the primary
parameters, the most affected mean values are Ωbh2 and
Ωch2, whose values differ by +0.11σ and −0.11σ when
compared with the P18þ non-CMB (old) data results.
Similar conclusions hold for derived parameter means,
with the differences in H0 and Ωm being +0.13σ and
−0.12σ, respectively. No significant changes are observed
in the size of the error bars, when we move from
P18þ non-CMB (old) data to P18þ non-CMB (new) data.
The largest changes are increases of 7.7% for Ωbh2 and
6.3% for lnð1010AsÞ.
In the nonflat geometry cases there are slightly larger

differences between the mean values obtained with
P18þ non-CMB (old) and P18þ non-CMB (new) data.

Table V [Table VI] and Fig. 5 [Fig. 6] show results for the
seven-parameter nonflat ΛCDM Planck [new] PðqÞ cosmo-
logical model, obtained from P18þ non-CMB (old) and
P18þ non-CMB (new) data. The mean values of Ωbh2,
Ωch2, and ns differ by +0.19σ [þ0.14σ], −0.22σ [−0.22σ],
and +0.16σ [þ0.15σ] respectively. For Ωk, when P18þ
non-CMB (old) data are analyzed we find Ωk ¼ 0.0004�
0.0017 [Ωk ¼ 0.0003� 0.0017], a 0.24σ [0.18σ] favoring
of open geometry, and differing from the P18þ non-CMB
(new) value Ωk ¼ 0.0009� 0.0017 [Ωk ¼ 0.0008�
0.0017] by −0.21σ [−0.21σ]. We do not find significant
changes in the error bars, the largest changes being those for
ns with an increase of 2.3% [2.4%], and for Ωm with a
decrease of −1.9% [−1.9%].
The lensing parameter AL does not play a significant role

at low redshift [10], but there are small differences in the
results obtained with P18þ non-CMB (old) and P18þ
non-CMB (new) data when AL is allowed to vary. For the
flat ΛCDMþ AL model, comparing results from P18þ
non-CMB (old) data and from P18þ non-CMB (new) data

TABLE IV. Mean and 68% confidence limits of flat ΛCDM model parameters constrained by TT;TE;EEþ lowE (P18) and
P18þ lensing, and non-CMB datasets. The Hubble constant H0 has units of km s−1 Mpc−1.

Flat ΛCDM models

Parameter P18 P18þ lensing P18þ lensingþ non-CMB (old) P18þ lensingþ non-CMB (new)

Ωbh2 0.02236� 0.00015 0.02237� 0.00014 0.02250� 0.00013 0.02249� 0.00013
Ωch2 0.1202� 0.0014 0.1200� 0.0012 0.11838� 0.00083 0.11849� 0.00084
100θMC 1.04090� 0.00031 1.04091� 0.00031 1.04110� 0.00029 1.04109� 0.00028
τ 0.0542� 0.0079 0.0543� 0.0073 0.0569� 0.0071 0.0569� 0.0071
ns 0.9649� 0.0043 0.9649� 0.0041 0.9688� 0.0036 0.9685� 0.0036
lnð1010AsÞ 3.044� 0.016 3.044� 0.014 3.046� 0.014 3.046� 0.014

H0 67.28� 0.61 67.34� 0.55 68.09� 0.38 68.05� 0.38
Ωm 0.3165� 0.0084 0.3155� 0.0075 0.3053� 0.0050 0.3059� 0.0050
σ8 0.8118� 0.0074 0.8112� 0.0059 0.8072� 0.0058 0.8077� 0.0057

χ2min 2765.80 2774.71 3888.41 4249.26
DIC 2817.93 2826.45 3940.70 4301.20
AIC 2819.80 2828.71 3942.41 4303.26

Flat ΛCDM models

Parameter Non-CMB (old) Non-CMB (new) P18þ non-CMB (old) P18þ non-CMB (new)

Ωbh2 0.0256� 0.0025 0.0256� 0.0033 0.02250� 0.00012 0.02248� 0.00013
Ωch2 0.1129� 0.0062 0.1207� 0.0080 0.11825� 0.00087 0.11839� 0.00087
100θMC 1.0323� 0.0082 1.0421� 0.0091 1.04112� 0.00029 1.04110� 0.00029
τ 0.0542 0.0542 0.0548� 0.0076 0.0546� 0.0077
ns 0.9649 0.9649 0.9692� 0.0036 0.9689� 0.0036
lnð1010AsÞ 3.10� 0.11 3.00� 0.11 3.041� 0.015 3.041� 0.016

H0 69.8� 1.7 (69.8þ1.8
−1.5 ) 70.5� 2.3 68.15� 0.39 68.08� 0.39

Ωm 0.286� 0.011 0.296� 0.011 0.3045� 0.0051 0.3054� 0.0051
σ8 0.787� 0.027 0.784� 0.026 0.8048� 0.0068 0.8052� 0.0067

χ2min 1106.54 1469.93 3879.35 4240.24
DIC 1114.45 1478.11 3931.02 4292.33
AIC 1114.54 1477.93 3933.35 4294.24
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(see Table VII and Fig. 7) we do not find significant
changes in primary parameter values (those of Ωch2 differ
at −0.12σ) or in derived parameter values (with changes in
H0 and Ωm being þ0.12σ and −0.12σ respectively). In
addition, the error bars are practically unchanged. The
value of the lensing parameter obtained from P18þ
non-CMB (old) data is AL ¼ 1.201� 0.061, differing only
+0.04σ from AL ¼ 1.198� 0.060 obtained from P18-non-
CMB (new) data.
When the curvature parameter is allowed to vary, the

results also do not change much when the non-CMB
dataset is updated. For the nonflat ΛCDMþ AL Planck

[new] PðqÞ model (see Table VIII [Table IX] and Fig. 8
[Fig. 9]), for the primary parameters obtained from P18þ
non-CMB (old) and P18þ non-CMB (new) data we find
differences in Ωch2 and ns at −0.20σ [−0.26σ] and +0.18σ
[+0.11σ] with almost no changes in the size of the error
bars. For Ωk and AL the differences are at −0.21σ [−0.21σ]
and þ0.080σ [þ0.12σ] respectively.
In summary, the combination of P18 CMB data with

either non-CMB (old) or non-CMB (new) data give almost
identical cosmological parameter results. While it is
reassuring that updated non-CMB data do not significantly
affect the P18þ non-CMB data constraints, this almost

FIG. 1. Likelihood distributions of flat ΛCDMmodel parameters favored by non-CMB data. Non-CMB (old) denotes the compilation
of non-CMB data sets used in [10] while non-CMB (new) denotes the new compilation of non-CMB datasets of Sec. II B.
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certainly is because P18 data have much more weight than
current non-CMB data.
The consistency [see Eqs. (12) and (16)] between the

results obtained using P18 data and using either non-CMB
(old) data or non-CMB (new) data are quite similar, as can
be seen in Table X, with a slight exception in the nonflat
Planck PðqÞ model where the discordance between P18
and non-CMB data decreases from σ ¼ 3.005 for non-
CMB data (old) to σ ¼ 2.704 for non-CMB (new) data and
so there now is a lower level of tension than was found
using older data, [117].

No significant differences are observed between the
P18þ non-CMB (old) and P18þ non-CMB (new) data
values of ΔAIC and ΔDIC obtained when flat ΛCDM is
compared with the nonflat models (see Tables V and VI)
and the AL-varying models (Tables VII, VIII and IX).

3. P18+ lensing+non-CMB (old) vs.
P18+ lensing+non-CMB (new) cosmological

parameter constraints

In this subsubsection we check the impact on the
cosmological parameter constraints when we move from

TABLE V. Mean and 68% confidence limits of nonflat ΛCDM model [Planck PðqÞ] parameters constrained by TT;TE;EEþ lowE
(P18) and P18þ lensing, and non-CMB datasets. The Hubble constant H0 has units of km s−1 Mpc−1.

Nonflat ΛCDM models [Planck PðqÞ]
Parameter P18 P18þ lensing P18þ lensingþ non-CMB (old) P18þ lensingþ non-CMB (new)

Ωbh2 0.02260� 0.00017 0.02249� 0.00016 0.02249� 0.00015 0.02245� 0.00015
Ωch2 0.1181� 0.0015 0.1186� 0.0015 0.1187� 0.0013 0.1190� 0.0013
100θMC 1.04116� 0.00032 1.04107� 0.00032 1.04106� 0.00031 1.04101� 0.00031
τ 0.0483� 0.0083 0.0495� 0.0082 0.0563� 0.0073 0.0559� 0.0071
Ωk −0.043� 0.017 −0.0103� 0.0066 0.0004� 0.0017 0.0009� 0.0017

(−0.043þ0.018
−0.015 ) (−0.0103þ0.0071

−0.0060 )
ns 0.9706� 0.0047 0.9687� 0.0046 0.9681� 0.0044 0.9672� 0.0043
lnð1010AsÞ 3.027� 0.017 3.030� 0.017 3.046� 0.014 3.046� 0.014

H0 54.5� 3.6 (54.5þ3.1
−3.9 ) 63.7� 2.3 68.17� 0.55 68.24� 0.54

Ωm 0.481� 0.062 0.351� 0.024 0.3051� 0.0053 0.3053� 0.0051
σ8 0.775� 0.015 0.796� 0.011 0.8080� 0.0066 0.8094� 0.0066

χ2min 2754.73 2771.53 3887.99 4248.74

Δχ2min −11.07 −3.18 −0.42 −0.52
DIC 2810.59 2826.17 3942.07 4302.41
ΔDIC −7.34 −0.28 þ1.37 þ1.21
AIC 2810.73 2827.53 3943.99 4304.74
ΔAIC −9.07 −1.18 þ1.58 þ1.48

Nonflat ΛCDM models [Planck PðqÞ]
Parameter Non-CMB (old) Non-CMB (new) P18þ non-CMB (old) P18þ non-CMB (new)

Ωbh2 0.0242� 0.0033 0.0262� 0.0040 0.02248� 0.00015 0.02244� 0.00015
Ωch2 0.120� 0.012 0.118� 0.011 0.1185� 0.0013 0.1189� 0.0013
100θMC 1.10� 0.11 1.025� 0.073 1.04107� 0.00031 1.04102� 0.00031
τ 0.0483 0.0483 0.0543� 0.0077 0.0539� 0.0078
Ωk −0.032� 0.051 0.010� 0.038 0.0004� 0.0017 0.0009� 0.0017

(−0.032þ0.056
−0.046 ) (0.010þ0.046

−0.030 )
ns 0.9706 0.9706 0.9687� 0.0043 0.9677� 0.0044
lnð1010AsÞ 2.90� 0.34 3.07� 0.27 3.040� 0.016 3.040� 0.016

H0 70.1� 1.7 70.5� 2.5 68.25� 0.56 68.31� 0.56
Ωm 0.294� 0.018 0.292� 0.015 0.3040� 0.0055 0.3043� 0.0054
σ8 0.771� 0.035 0.790� 0.033 0.8055� 0.0076 0.8070� 0.0077

χ2min 1106.53 1468.22 3878.77 4239.58

Δχ2min −0.01 −1.71 −0.58 −0.66
DIC 1116.92 1479.52 3933.33 4293.78
ΔDIC þ2.47 þ1.41 þ2.31 þ1.45
AIC 1116.53 1478.22 3934.77 4295.58
ΔAIC þ1.99 þ0.29 þ1.42 þ1.34
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P18þ lensingþ non-CMB (old) data to P18þ lensingþ
non-CMB (new) data. As we shall see, and as expected, the
differences presented in this subsubsection are even smaller
than the ones presented in the previous one for P18þ
non-CMB data.
P18þ lensingþ non-CMB (old) and P18þ lensingþ

non-CMB (new) cosmological parameter constraints for the
six-parameter flat ΛCDM model are in the upper half of
Table IV and Fig. 10. For primary parameters the largest
differences are for Ωch2 and ns, at −0.093σ and +0.059σ

respectively. Derived parameters H0, Ωm, and σ8 differ at
þ0.074σ, −0.085σ, and −0.061σ. The error bars obtained
with P18þ lensingþ non-CMB (old) data and P18þ
lensingþ non-CMB (new) data are very similar, the largest
differences affect primary parameter 100θMC (−3.57%) and
derived parameter σ8 (−1.75%).
As for the nonflat spatial geometry models, the results

obtained with P18þ lensingþ non-CMB (old) and P18þ
lensingþ non-CMB (new) data, for the seven-parameter
ΛCDM Planck [new] PðqÞ model are in the upper half of

FIG. 2. Likelihood distributions of nonflat ΛCDM model [Planck PðqÞ] parameters favored by non-CMB data. Non-CMB (old)
denotes the compilation of non-CMB data sets used in [10] while non-CMB (new) denotes the new compilation of non-CMB datasets of
Sec. II B.
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Table V [Table VI] and Fig. 11 [Fig. 12]. The primary
parameters Ωbh2, Ωch2, and ns, differ at þ0.19σ
[þ0.094σ], −0.16σ [−0.22σ], and +0.15σ [þ0.14σ] respec-
tively. For Ωk, when P18þ lensingþ non-CMB (old) data
are analyzed we find Ωk ¼ 0.0004� 0.0017 [0.0003�
0.0017], which is þ0.24σ [þ0.18σ] away from zero and
differing by −0.21σ [−0.21σ] with the P18þ lensingþ
non-CMB (new) value, Ωk ¼ 0.0009� 0.0017 [0.0008�
0.0017] which is onlyþ0.53σ [þ0.47σ] in favor of an open
Universe. The error bars do not change much. For the
primary parameters τ and ns we get a reduction of −2.82%

[−2.78%] and −2.33% [−2.43%] whereas for the derived
parametersH0 and σ8 the error bars are reduced by −1.85%
[0.00%] and 0.00% [−3.08%], respectively.
Results obtained with P18þ lensingþ non-CMB (old)

and P18þ lensingþ non-CMB (new) data, provided in
Table VII and Fig. 13, for the seven-parameter flatΛCDMþ
AL model, are very similar. The primary parameters Ωbh2

and Ωch2 differ at +0.05σ and −0.09σ respectively whereas
the derived parameter H0 differs at +0.12σ. When P18þ
lensingþ non-CMB (old) data are analyzed we obtainAL ¼
1.089� 0.035 which shows a small difference of þ0.04σ

TABLE VI. Mean and 68% confidence limits of nonflat ΛCDM model [new PðqÞ] parameters constrained by TT;TE;EEþ lowE
(P18) and P18þ lensing, and non-CMB datasets. The Hubble constant H0 has units of km s−1 Mpc−1.

Nonflat ΛCDM models [new PðqÞ]
Parameter P18 P18þ lensing P18þ lensingþ non-CMB (old) P18þ lensingþ non-CMB (new)

Ωbh2 0.02255� 0.00017 0.02248� 0.00016 0.02248� 0.00015 0.02246� 0.00015
Ωch2 0.1188� 0.0015 0.1188� 0.0014 0.1186� 0.0013 0.1190� 0.0013
100θMC 1.04109� 0.00032 1.04104� 0.00032 1.04106� 0.00031 1.04103� 0.00031
τ 0.0525� 0.0083 0.0515� 0.0081 0.0566� 0.0074 0.0562� 0.0072
Ωk −0.033� 0.014 −0.0086� 0.0057 0.0003� 0.0017 0.0008� 0.0017

(−0.033þ0.017
−0.011 ) (−0.0086þ0.0063

−0.0050 )
ns 0.9654� 0.0045 0.9661� 0.0043 0.9679� 0.0042 0.9671� 0.0041
lnð1010AsÞ 3.039� 0.017 3.035� 0.016 3.046� 0.014 3.046� 0.014

H0 56.9� 3.6 64.2� 2.0 68.13� 0.54 68.21� 0.54
Ωm 0.444� 0.055 0.345� 0.021 0.3054� 0.0051 0.3054� 0.0051
σ8 0.786� 0.014 0.799� 0.010 0.8079� 0.0067 0.8094� 0.0065

χ2min 2757.38 2771.75 3887.55 4248.50
Δχ2min −8.42 −2.96 −0.86 −0.76
DIC 2811.54 2825.74 3942.22 4302.33
ΔDIC −6.39 −0.71 þ1.52 þ1.13
AIC 2813.38 2827.75 3943.55 4304.50
ΔAIC −6.42 −0.96 þ1.14 þ1.24

Nonflat ΛCDM models [new PðqÞ]
Parameter Non-CMB (old) Non-CMB (new) P18þ non-CMB (old) P18þ non-CMB (new)

Ωbh2 0.0241� 0.0033 0.0260� 0.0039 0.02249� 0.00015 0.02246� 0.00015
Ωch2 0.120� 0.013 0.119� 0.012 0.1184� 0.0013 0.1188� 0.0013
100θMC 1.11� 0.11 1.033� 0.079 1.04108� 0.00031 1.04104� 0.00031
τ 0.0525 0.0525 0.0549� 0.0077 0.0542� 0.0076
Ωk −0.036� 0.051 0.006� 0.041 0.0003� 0.0017 0.0008� 0.0017

(−0.036þ0.056
−0.047 ) (0.006þ0.051

−0.030 )
ns 0.9654 0.9654 0.9684� 0.0041 0.9675� 0.0042
lnð1010AsÞ 2.88� 0.34 3.05� 0.29 3.042� 0.016 3.041� 0.015

H0 70.1� 1.8 70.4� 2.5 68.21� 0.55 68.29� 0.55
Ωm 0.295� 0.018 0.293� 0.016 0.3043� 0.0054 0.3045� 0.0053
σ8 0.770� 0.035 0.787� 0.033 0.8057� 0.0074 0.8071� 0.0075

χ2min 1106.49 1468.21 3878.76 4239.45
Δχ2min −0.05 −1.72 −0.59 −0.79
DIC 1117.31 1480.16 3932.56 4293.50
ΔDIC þ2.86 þ2.05 þ1.54 þ1.17
AIC 1116.49 1478.21 3934.76 4295.45
ΔAIC þ1.95 þ0.28 þ1.41 þ1.21
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with the value AL ¼ 1.087�0.035 obtained after analyzing
P18þ lensingþ non-CMB (new) data.
Cosmological parameter constraints for the eight-param-

eter nonflat ΛCDM Planck [new] PðqÞ model from P18þ
lensingþ non-CMB (old) and P18þ lensingþ non-CMB
(new) data are in Table VIII [Table IX] and in Fig. 14
[Fig. 15]. Although the differences are greater than in the
case of the flat ΛCDMþ AL model, they are still small.
Primary parameters Ωch2, ns, and Ωbh2 differ at −0.26σ
[−0.21σ], þ0.21σ [þ0.10σ], and +0.18σ [þ0.18σ],

respectively, while derived parameter σ8 differs at
−0.19σ [−0.15σ]. For Ωk and AL the differences are
−0.25σ [−0.25σ] and +0.12σ [þ0.082σ].
In summary, the combination of P18þ lensing data with

either non-CMB (old) or non-CMB (new) data gives almost
identical cosmological parameter results, similar to the P18
case of the previous subsubsection, but with even smaller
differences.
Again, similar to the previous subsubsection for P18þ

non-CMB data, there are no significant differences between

FIG. 3. Likelihood distributions of nonflat ΛCDM model [new PðqÞ] parameters favored by non-CMB data. Non-CMB (old) denotes
the compilation of non-CMB data sets used in [10] while non-CMB (new) denotes the new compilation of non-CMB datasets
of Sec. II B.
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the P18þ lensingþ non-CMB (old) and P18þ lensingþ
non-CMB (new) data values of ΔAIC and ΔDIC obtained
when flat ΛCDM is compared with the nonflat models (see
Tables V and VI) and the AL-varying models (Tables VII,
VIII and IX).
Contrary to the previous subsubsection for P18 data and

non-CMB data, we do not observe a qualitative change
between the results obtained using P18þ lensing data and
using either non-CMB (old) data or non-CMB (new) data

regarding the concordance/discordance (see Table X) pro-
vided by the two statistical estimators in Eqs. (12) and (16).

4. Summary of updated constraints in ΛCDM models

Here we summarize updated results for the ΛCDM
models constraints that follow from the updated non-
CMB (new) data we use. The results of cosmological
parameter constraints from P18 data and P18þ lensing

FIG. 4. Likelihood distributions of flat ΛCDM model parameters favored by P18 and non-CMB data. Non-CMB (old) denotes the
compilation of non-CMB data sets used in [10] while non-CMB (new) denotes the new compilation of non-CMB datasets of Sec. II B.
Likelihood results for P18 data are shown for comparison.
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data in the flat and nonflat ΛCDM (þAL) models are
described in detail in Sec. IVA 1 and 2 of our previous
paper [10].
For numerical values of cosmological parameters and to

see how the consideration of different datasets affect the
two-dimensional contour plots, see Tables IV–IX and
Figs. 1–15.
Within the context of a given cosmological model, it is

possible to assess whether the constraints obtained from
two different datasets are in tension or not at some level of

significance, and when they are in tension they cannot be
jointly used to constrain that cosmological model, which is
ruled out at that level of significance, if we assume the two
datasets are correct. In [10] we utilized the same statistical
estimators employed in this work, namely Eqs. (12) and
(16). One of the most important results found there was that
for the nonflat ΛCDM Planck PðqÞ model P18 data and
non-CMB (old) data could not be jointly analyzed since the
level of discordance between the two datasets was
σ ¼ 3.005, larger than 3σ, meaning that the nonflat

FIG. 5. Likelihood distributions of non-flat ΛCDM model [Planck PðqÞ] parameters favored by P18 and non-CMB data. Non-CMB
(old) denotes the compilation of non-CMB data sets used in [10] while non-CMB (new) denotes the new compilation of non-CMB
datasets of Sec. II B. Likelihood results for P18 data are shown for comparison.
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ΛCDM Planck PðqÞ model was ruled out at more than 3σ.
On the other hand, the P18 dataset and the non-CMB (new)
dataset have a reduced discordance level of σ ¼ 2.704,
indicating that although there is still a significant level of
tension, it is less than 3σ and so both datasets can now be
jointly analyzed. As can be seen from Table X, the
discordance between the P18 and P18þ lensing datasets
and the non-CMB (new) dataset is less than that between
the two CMB datasets and the non-CMB (old) dataset. A
major reason for this is the larger error bars associated with

updated HðzÞ data (those for which there is now a non-
diagonal covariance matrix). We return to these points in
Sec. IV D.
Two other significant results obtained in [10] remain

unchanged for the updated non-CMB (new) data. The first
is the compatibility of the measured values of the curvature
parameter Ωk, in the nonflat models, with spatially flat
hypersurfaces, when P18 or P18þ lensing data are jointly
analyzed with non-CMB (new) data. The second is the
evidence that the lensing parameter AL deviates from 1.

FIG. 6. Likelihood distributions of nonflat ΛCDMmodel [new PðqÞ] parameters favored by P18 and non-CMB data. Non-CMB (old)
denotes the compilation of non-CMB data sets used in [10] while non-CMB (new) denotes the new compilation of non-CMB datasets of
Sec. II B. Likelihood results for P18 data are shown for comparison.
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When P18þ lensingþ non-CMB (new) data are utilized
with the ΛCDM Planck [new] PðqÞ model we measure
Ωk ¼ 0.0009� 0.0017 [0.0008� 0.0017], whereas for the
ΛCDM Planck [new] PðqÞ þ AL model we find Ωk ¼
0.0004� 0.0017 [0.0004� 0.0017], therefore an open
Universe is very mildly favored in all the cases. In regard
to the second result, for P18þ lensingþ non-CMB (new)
data, we still detect ∼2σ evidence in favor of AL > 1 for all
models in which this phenomenological parameter is
allowed to vary and so can be measured. In particular, in

the flatΛCDMþ AL model we find AL ¼ 1.087� 0.035, a
deviation of 2.49σ from the expected value AL ¼ 1. For the
nonflat models, theΛCDMPlanck PðqÞ þ AL model yields
AL ¼ 1.084� 0.035, while the ΛCDM new PðqÞ þ AL
model yields AL ¼ 1.084� 0.034. Both results are approx-
imately 2.4σ away from 1. When P18þ non-CMB (new)
data are used with the ΛCDM Planck [new] PðqÞ model,
the resulting value for Ωk is 0.0009� 0.0017
[0.0008� 0.0017]. For the ΛCDM Planck [new] PðqÞ þ
AL model, Ωk ¼ −0.0001� 0.0017 [−0.0001� 0.0017].

FIG. 7. Likelihood distributions of flat ΛCDMþ AL model parameters favored by P18 and non-CMB data. Non-CMB (old) denotes
the compilation of non-CMB data sets used in [10] while non-CMB (new) denotes the new compilation of non-CMB datasets of Sec. II
B. Likelihood results for P18 data are shown for comparison.
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For P18þ non-CMB (new) data we find ∼3σ evidence in
favor ofAL > 1 for all themodels. Specifically, in the case of
the flat ΛCDMþ AL model, AL ¼ 1.198� 0.060, indicat-
ing a deviation of 3.30σ from the theoretically expected value
of AL ¼ 1. For the nonflat models, the ΛCDM Planck
PðqÞ þ AL model gives AL ¼ 1.196� 0.062, while the
ΛCDM new PðqÞ þ AL model yields AL ¼ 1.194� 0.061
with both values deviating from 1 by 3.2σ.
The six-parameter tilted flat ΛCDM model, with Ωk ¼ 0

and AL ¼ 1, once again seems to pass all the consistency

tests that we have considered. The P18þ lensingþ
non-CMB (new) dataset is the largest one that we have
analyzed in this work. The primary cosmological parameter
constraints obtained from it for this standard model are
Ωbh2 ¼ 0.02249� 0.00013, Ωch2 ¼ 0.11849� 0.00084,
100θMC ¼ 1.04109�0.00028, τ¼ 0.0569�0.00071, ns ¼
0.9685� 0.0036, and lnð1010AsÞ¼ 3.046�0.014. Among
the different primary parameters the least well determined
is the reionization optical depth at 8.0σ and the spectral
index ns deviates from the scale invariant value ns ¼ 1 by

FIG. 8. Likelihood distributions of nonflat ΛCDMþ AL model [Planck PðqÞ] parameters favored by P18 and non-CMB data. Non-
CMB (old) denotes the compilation of non-CMB data sets used in [10] while non-CMB (new) denotes the new compilation of non-CMB
datasets of Sec. II B. Likelihood results for P18 data are shown for comparison.
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8.75σ. As we noted in [10] these values are very similar to
the corresponding ones in the other models under study,
therefore, they are almost model-independent results. As
for the derived parameters, for the Hubble constant we get
H0 ¼ 68.05� 0.38 km s−1Mpc−1, which is in agreement
with not only the result obtained from a median statistics
analysis H0 ¼ 68� 2.8 kmkm s−1Mpc−1 [118–120], but
also with some other local measurements like for instance
the flat ΛCDM model value provided in [81] H0 ¼ 69.5�
2.4 km s−1Mpc−1 from a joint analysis of HðzÞ, BAO,

Pantheonþ SNIa, quasar angular size, reverberation-
measured Mg II and C IV quasar, and 118 Amati correla-
tion gamma-ray burst data, or the local H0 ¼ 69.8�
1.7 km s−1Mpc−1 from TRGB and SNIa data [121]. On
the other hand our measuredH0 value is still in tension with
the local H0 ¼ 73.04� 1.04 km s−1Mpc−1 from Cepheids
and SNIa data [122], also see Ref. [123]. As for the other
two derived parameters, we get Ωm ¼ 0.3059� 0.0050
and σ8 ¼ 0.8077� 0.0057, the first of which is in good
agreement with the flat ΛCDM model value of

FIG. 9. Likelihood distributions of nonflat ΛCDMþ AL model [new PðqÞ] parameters favored by P18 and non-CMB data. Non-CMB
(old) denotes the compilation of non-CMB data sets used in [10] while non-CMB (new) denotes the new compilation of non-CMB
datasets of Sec. II B. Likelihood results for P18 data are shown for comparison.
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Ωm ¼ 0.313� 0.012 of [81] (for the same data used to
measureH0 listed above). These results have been obtained
using the P18þ lensingþ non-CMB (new) dataset, which
is possibly the currently largest combination of mutually
consistent datasets, and so these results are likely the
currently most restrictive constraints on flat ΛCDM model
parameters.

B. XCDM models

In this subsection we study the XCDM models cosmo-
logical parameters constraints, goodness of fit results, and

the consistencies between different dataset combinations
we use.
Before discussing these we compare our XCDM model

results to prior results in the literature for a few cases
(where the same dataset has previously been used). The
Planck team [124] measure, for the flat XCDM model and
P18 data, the dark energy equation of state parameter to be
w ¼ −1.58þ0.16

−0.35 (see §17.5 of [124]), and for P18þ lensing
data they get w ¼ −1.57þ0.16

−0.33 (see Sec. 17.6 of [124]), both
of which are in good agreement with our results shown in
Table XI.

TABLE X. Consistency check parameter log10 I and tension parameters σ and p for P18 vs. non-CMB datasets and P18þ lensing vs.
non-CMB datasets in the ΛCDM models.

Flat ΛCDM model

Data P18 vs non-CMB (old) P18 vs non-CMB (new) P18þ lensing vs non-CMB (old) P18þ lensing vs non-CMB (new)

log10 I 0.296 0.805 0.029 0.730
σ 1.749 1.152 1.747 1.209
p (%) 8.03 24.9 8.06 22.7

Flat ΛCDMþ AL model

Data P18 vs non-CMB (old) P18 vs non-CMB (new) P18þ lensing vs non-CMB (old) P18þ lensing vs non-CMB (new)

log10 I 1.033 1.446 1.033 1.400
σ 0.835 0.164 0.774 0.0872
p (%) 40.4 87.0 43.9 93.1

Nonflat ΛCDM model [Planck PðqÞ]
Data P18 vs non-CMB (old) P18 vs non-CMB (new) P18þ lensing vs non-CMB (old) P18þ lensing vs non-CMB (new)

log10 I −1.263 −0.796 0.297 0.711
σ 3.005 2.704 1.837 1.555
p (%) 0.265 0.687 6.62 12.0

Nonflat ΛCDM þ AL model [Planck PðqÞ]
Data P18 vs non-CMB (old) P18 vs non-CMB (new) P18þ lensing vs non-CMB (old) P18þ lensing vs non-CMB (new)

log10 I 0.972 1.210 1.641 1.719
σ 0.793 0.595 0.516 0.241
p (%) 42.8 55.2 60.6 80.9

Nonflat ΛCDM model [new PðqÞ]
Data P18 vs non-CMB (old) P18 vs non-CMB (new) P18þ lensing vs non-CMB (old) P18þ lensing vs non-CMB (new)

log10 I −0.806 −0.391 0.143 0.775
σ 2.577 2.308 1.886 1.544
p (%) 0.996 2.10 5.93 12.3

Nonflat ΛCDMþ AL model [new PðqÞ]
Data P18 vs non-CMB (old) P18 vs non-CMB (new) P18þ lensing vs non-CMB (old) P18þ lensing vs non-CMB (new)

log10 I 1.798 2.107 1.500 1.887
σ 0.402 0.289 0.573 0.312
p (%) 68.7 77.2 56.7 75.5
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Interestingly, while Planck CMB data favor a large
phantomlike region with w < −1, non-CMB data favor a
quintessencelike region with w > −1, see Figs. 16–27. This
fact, as we shall see, goes hand in hand with the incon-
sistencies between results, discussed below, obtained from
Planck data and from non-CMB (new) data in the XCDM
models. When Planck jointly analyze such data (see §17.21
of [124] for P18þ BAOþ SNIa), they measure w ¼
−1.028� 0.033 favoring phantomlike dynamical dark
energy at 0.85σ, while using our larger non-CMB (new)

data compilation we find w ¼ −0.986� 0.024 for P18þ
non-CMB (new) data, disfavoring phantomlike dynamical
dark energy at 0.58σ in the flat XCDM model.
Another important point is that in all the XCDM cases,

non-CMB data better determine w than do P18 or P18þ
lensing data. From Figs. 16–27 we see that P18 or P18þ
lensing data alone are not sensitive to the dark energy
equation of state parameter w because in these cases w is
strongly degenerate with all other cosmological parameters.
From these figures we can also see that this is not the case

FIG. 10. Likelihood distributions of flat ΛCDM model parameters favored by P18þ lensing and non-CMB data. Non-CMB (old)
denotes the compilation of non-CMB data sets used in [10] while non-CMB (new) denotes the new compilation of non-CMB datasets of
Sec. II B. Likelihood results for P18þ lensing data are shown for comparison.
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for non-CMB (new) data. This is because SNIa as well as
HðzÞ þ BAO data, both included in the non-CMB data
compilation we use, have the ability to reasonably restric-
tively constrain w, and the SNIaþHðzÞ þ BAO combi-
nation constrains w very tightly. For example, the flat
XCDM model result from SNIa Pantheonþ data is
w ¼ −0.90þ0.17

−0.12 , Table V of [81], w ¼ −0.90� 0.14 from
Pantheonþ SH0ES SNIa data [68], w ¼ −0.963� 0.070
is obtained from analyzing SNþ BAO data [125], and the

HðzÞ þ BAOþ SNPþ data compilation result is
w ¼ −0.886� 0.053, Table V of [81], the last of which
is very consistent with our flat XCDM non-CMB (new)
data result of w ¼ −0.853� 0.039.
Additionally, possibly as a consequence of the fact that

non-CMB (new) data more restrictively constrain w than do
P18 or P18þ lensing data, non-CMB (new) data also more
restrictively constrain the derived parameters, H0, Ωm, and
σ8, than do P18 or P18þ lensing data, see Tables XI–XIII.

FIG. 11. Likelihood distributions of nonflat ΛCDM model [Planck PðqÞ] parameters favored by P18þ lensing and non-CMB data.
Non-CMB (old) denotes the compilation of non-CMB data sets used in [10] while non-CMB (new) denotes the new compilation of non-
CMB datasets of Sec. II B. Likelihood results for P18þ lensing data are shown for comparison.
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1. Non-CMB (new) cosmological constraints

Here we summarize the XCDM models cosmological
parameter constraints from the non-CMB (new) dataset. The
non-CMB(new)data constraints on theXCDMþ ALmodels
are identical to those on the XCDM models so we do not
distinguish between these models in this subsubsection.
The results for the five-parameter flat XCDM model

obtained with non-CMB (new) data are in Table XI and
Figs. 16 and 17. For the equation of state parameter we
obtain w ¼ −0.853þ0.043

−0.033 which is 4.45σ away from the

cosmological constant w ¼ −1 value and favors quintes-
sencelike evolution. For earlier indications that non-CMB
data favor quintessencelike, w > −1, evolution in flat and
nonflat XCDM models, see Refs. [29,81,125–128].
Regarding the derived parameters, we obtain H0 ¼ 69.8�
2.5 km s−1Mpc−1 and Ωm ¼ 0.270� 0.012, in good
agreement with the flat XCDM model values of H0 ¼
69.05� 2.4 km s−1Mpc−1 and Ωm ¼ 0.292� 0.016 from
a joint analysis of HðzÞ, BAO, Pantheonþ SNIa, quasar
angular size, reverberation-measured Mg II and C IV quasar,

FIG. 12. Likelihood distributions of nonflatΛCDMmodel [new PðqÞ] parameters favored by P18þ lensing and non-CMB data. Non-
CMB (old) denotes the compilation of non-CMB data sets used in [10] while non-CMB (new) denotes the new compilation of non-CMB
datasets of Sec. II B. Likelihood results for P18þ lensing data are shown for comparison.
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and 118 Amati correlation gamma-ray burst data, [81]
Table VII.
Table XII [XIII] and Figs. 18 and 19 [Figs. 20 and 21]

show results for the six-parameter nonflat XCDM Planck
[new] PðqÞ cosmological model from non-CMB (new)
data. We obtainΩk ¼ −0.177þ0.064

−0.072 [−0.186
þ0.083
−0.067 ] and w ¼

−0.786þ0.044
−0.037 [−0.785þ0.045

−0.038 ]. The first result indicates that
closed nonflat hypersurfaces are favored by 2.77σ [2.24σ]

and the second one favors quintessencelike evolution over a
cosmological constant by 5.78σ [5.66σ]. As for the derived
parameters, as in the flat XCDM model, we find agreement
with the H0 ¼ 69.26� 2.45 km s−1Mpc−1 and Ωm ¼
0.296� 0.020 values of [81] from a joint analysis of the
datasets listed at the end of the previous paragraph.We obtain
H0¼ 70.6�2.4 kms−1Mpc−1 [70.6� 2.5 km s−1Mpc−1]
and Ωm ¼ 0.294� 0.018 [0.296� 0.018].

FIG. 13. Likelihood distributions of flat ΛCDMþ AL model parameters favored by P18þ lensing and non-CMB data. Non-CMB
(old) denotes the compilation of non-CMB data sets used in [10] while non-CMB (new) denotes the new compilation of non-CMB
datasets of Sec. II B. Likelihood results for P18þ lensing data are shown for comparison.
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2. P18 data cosmological constraints

In the case of the flat XCDM cosmological model with
seven primary parameters (see Table XI and Fig. 16), from
P18 data alone we obtain Ωm ¼ 0.197� 0.046, which
differs by −1.94σ from the flat XCDM model value Ωm ¼
0.292� 0.016 from a joint analysis of HðzÞ, BAO,
Pantheonþ SNIa, quasar angular size, reverberation-mea-
sured Mg II and C IV quasar, and 118 Amati correlation
gamma-ray burst data, [81] Table VII. The error bars
associated to the H0 parameter cannot be determined and

the best estimation possible is H0 > 70.2 km s−1Mpc−1

(95% confidence limit).
The improvement in the fit with respect to the flat

ΛCDM cosmological model with w ¼ −1 is positive
according to the DIC and AIC statistical criteria, see
Table XI. This is reflected in the P18 data value for the
X-fluid equation of state parameter w ¼ −1.59þ0.15

−0.34 , a
3.93σ deviation from w ¼ −1. This difference in the
equation of state parameter is not accompanied by equally
significant changes in the other primary parameters when

FIG. 14. Likelihood distributions of nonflat ΛCDMþ AL model [Planck PðqÞ] parameters favored by P18þ lensing and non-CMB
data. Non-CMB (old) denotes the compilation of non-CMB data sets used in [10] while non-CMB (new) denotes the new compilation of
non-CMB datasets of Sec. II B. Likelihood results for P18þ lensing data are shown for comparison.
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compared to the values obtained in the flat ΛCDM model,
with the largest being −0.19σ for Ωbh2. On the other hand,
there are significant differences in derived parameters when
compared to the flat ΛCDM values. In particular, for Ωm,
and σ8 we find differences of 2.56σ and −2.27σ, respec-
tively. As for the error bars, those associated with the
primary parameters barely change (the largest change is an
increase of 3.1% for 100θMC). However, the error bars of
the derived parameters are significantly affected, with
increases of 82% and 90% for Ωm and σ8, respectively.

Using Table XI we can compare P18 data results for the
seven-parameter flat XCDM model (upper half) and for the
eight-parameter flat XCDMþ AL model (lower half and
Fig. 17). There are changes in the values of the primary
parameters but none above 1σ. In particular, the values of
Ωbh2, Ωch2, and ns differ by −0.79σ, þ0.93σ, and −0.79σ,
respectively. For the equation of state parameter in the flat
XCDMmodel, we find w ¼ −1.59þ0.15

−0.34 (deviating by 3.93σ
from w ¼ −1). However, in the flat XCDMþ AL model we
find w ¼ −1.23þ0.31

−0.59 (0.74σ away from w ¼ −1), resulting

FIG. 15. Likelihood distributions of nonflatΛCDMþ AL model [new PðqÞ] parameters favored by P18þ lensing and non-CMB data.
Non-CMB (old) denotes the compilation of non-CMB data sets used in [10] while non-CMB (new) denotes the new compilation of non-
CMB datasets of Sec. II B. Likelihood results for P18þ lensing data are shown for comparison.
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TABLE XI. Mean and 68% (or 95%) confidence limits of flat XCDM (þAL) model parameters from non-CMB (new), P18,
P18þ lensing, P18þ non-CMB (new), and P18þ lensingþ non-CMB (new) data. H0 has units of km s−1 Mpc−1.

Flat XCDM models

Parameter Non-CMB (new) P18 P18þ lensing
P18þ non-CMB

(new)
P18þ lensingþ non-CMB

(new)

Ωbh2 0.0316� 0.0043 0.02240� 0.00015 0.02243� 0.00015 0.02251� 0.00014 0.02250� 0.00014

Ωch2 0.0994� 0.0087 0.1200� 0.0014 0.1193� 0.0012 0.1181� 0.0010 0.11830� 0.00095
100θMC 1.020� 0.010 1.04094� 0.00032 1.04100� 0.00031 1.04114� 0.00030 1.04112� 0.00029
τ 0.0537 0.0537� 0.0078 0.0524� 0.0074 0.0558� 0.0078 0.0577� 0.0075
ns 0.9654 0.9654� 0.0044 0.9667� 0.0041 0.9696� 0.0039 0.9690� 0.0038

lnð1010AsÞ 3.57� 0.20 3.043� 0.016 3.038� 0.015 3.043� 0.016 3.048� 0.015
w −0.853� 0.039 −1.59� 0.26 −1.55� 0.26 −0.986� 0.024 −0.990� 0.023

(−0.853þ0.043
−0.033 ) (−1.59þ0.15

−0.34 ) (−1.55þ0.16
−0.35 )

H0 69.8� 2.5 86.8� 8.9 (> 70.2) 86.0� 9.2 (> 69.6) 67.78� 0.63 67.81� 0.63
Ωm 0.270� 0.012 0.197� 0.046 0.200� 0.048 0.3075� 0.0063 0.3077� 0.0062
σ8 0.824� 0.027 0.974� 0.071 0.960� 0.071 0.801� 0.010 0.8047� 0.0089

χ2min 1459.18 2761.40 2770.58 4239.85 4249.05

Δχ2min −10.75 −4.40 −4.13 −0.39 −0.21
DIC 1468.74 2815.67 2824.21 4294.20 4303.30
ΔDIC −9.37 −2.26 −2.24 þ1.87 þ2.10
AIC 1469.18 2817.40 2826.58 4295.85 4305.05
ΔAIC −8.75 −2.40 −2.13 þ1.61 þ1.79

Flat XCDMþ AL models

Parameter P18 P18þ lensing P18þ non-CMB (new) P18þ lensingþ non-CMB (new)

Ωbh2 0.02258� 0.00017 0.02250� 0.00017 0.02272� 0.00015 0.02263� 0.00014

Ωch2 0.1181� 0.0015 0.1184� 0.0015 0.1166� 0.0011 0.1168� 0.0011
100θMC 1.04114� 0.00033 1.04109� 0.00032 1.04130� 0.00030 1.04126� 0.00030
τ 0.0493� 0.0085 0.04908� 0.0084 0.0500� 0.0085 0.0496� 0.0083
ns 0.9706� 0.0049 0.9691� 0.0049 0.9746� 0.0041 0.9733� 0.0040

lnð1010AsÞ 3.029� 0.018 3.029� 0.018 3.027� 0.017 3.026� 0.017
w −1.23� 0.42 −1.34� 0.37 −0.964� 0.024 −0.968� 0.024

(−1.23þ0.31
−0.59 ) (−1.34þ0.26

−0.51 )
AL 1.180� 0.097 1.054� 0.055 1.222� 0.063 1.101� 0.037

(1.180þ0.062
−0.10 ) (1.054þ0.039

−0.059 )

H0 77� 14 (77þ20
−10 ) 80� 12 (> 58.6) 67.83� 0.63 67.79� 0.63

Ωm 0.27� 0.11 0.242� 0.083 0.3043� 0.0062 0.3050� 0.0062
σ8 0.86� 0.12 0.89� 0.11 0.784� 0.011 0.785� 0.011

χ2min 2755.89 2770.43 4224.98 4240.92

Δχ2min −9.91 −4.28 −15.26 −8.34
DIC 2813.08 2825.81 4283.50 4296.89
ΔDIC −4.85 −0.64 −8.83 −4.31
AIC 2813.89 2828.43 4282.98 4298.92
ΔAIC −5.91 −0.28 −11.26 −4.34
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TABLE XII. Mean and 68% (or 95%) confidence limits of nonflat XCDM (þAL) model [Planck PðqÞ] parameters from non-CMB
(new), P18, P18þ lensing, P18þ non-CMB (new), and P18þ lensingþ non-CMB (new) data. H0 has units of km s−1 Mpc−1.

Nonflat XCDM models [Planck PðqÞ]
Parameter Non-CMB (new) P18 P18þ lensing P18þ non-CMB (new) P18þ lensingþ non-CMB (new)

Ωbh2 0.0285� 0.0043 0.02260� 0.00017 0.02249� 0.00016 0.02245� 0.00015 0.02246� 0.00015

Ωch2 0.118� 0.014 0.1181� 0.0015 0.1186� 0.0015 0.1188� 0.0013 0.1190� 0.0012
100θMC 1.44� 0.19 1.04117� 0.00032 1.04107� 0.00032 1.04105� 0.00032 1.04102� 0.00031
τ 0.0480 0.0480� 0.0083 0.0495� 0.0082 0.0548� 0.0076 0.0573� 0.0074
Ωk −0.177� 0.067 −0.048� 0.035 −0.011� 0.017 0.0017� 0.0019 0.0016� 0.0019

(−0.177þ0.064
−0.072 ) (−0.048þ0.041

−0.012 ) (−0.0111þ0.013
−0.00070)

ns 0.9706 0.9706� 0.0047 0.9687� 0.0046 0.9678� 0.0044 0.9674� 0.0042

lnð1010AsÞ 2.89� 0.36 3.027� 0.017 3.030� 0.017 3.042� 0.015 3.048� 0.015
w −0.786� 0.041 −1.27� 0.71 −1.28� 0.45 −0.975� 0.026 −0.980� 0.026

(−0.786þ0.044
−0.037 ) (−1.27þ0.97

−0.45 ) (−1.28þ0.41
−0.54 )

H0 70.6� 2.4 60� 16 (60þ9
−20) 73� 15 (73þ20

−10 ) 67.95� 0.67 67.95� 0.66
Ωm 0.294� 0.018 0.47� 0.23 0.30� 0.15 0.3074� 0.0062 0.3078� 0.0062
σ8 0.774� 0.037 0.83� 0.15 0.87� 0.12 0.801� 0.010 0.8049� 0.0088

χ2min 1460.80 2754.91 2770.40 4238.67 4248.26
Δχmin −13.29 −10.89 −4.31 −1.57 −1.00
DIC 1468.14 2810.86 2827.00 4294.75 4303.54
ΔDIC −9.97 −7.07 þ0.55 þ2.42 þ2.34
AIC 1468.64 2812.91 2828.40 4296.67 4306.26
ΔAIC −9.29 −6.89 −0.31 þ2.43 þ3.00

Nonflat XCDMþ AL models [Planck PðqÞ]
Parameter P18 (AL > 0.8) P18þ lensing P18þ non-CMB (new) P18þ lensingþ non-CMB (new)

Ωbh2 0.02260� 0.00017 0.02250� 0.00017 0.02268� 0.00016 0.02259� 0.00016

Ωch2 0.1182� 0.0015 0.1184� 0.0015 0.1171� 0.0014 0.1175� 0.0014
100θMC 1.04117� 0.00032 1.04107� 0.00032 1.04124� 0.00032 1.04118� 0.00032
τ 0.0479� 0.0081 0.0484� 0.0085 0.0499� 0.0084 0.04923� 0.0082
Ωk −0.073� 0.051 −0.012� 0.027 0.0011� 0.0019 0.0015� 0.0019

(−0.073þ0.065
−0.029 ) (−0.012þ0.027

−0.011 )
ns 0.9706� 0.0048 0.9689� 0.0049 0.9734� 0.0047 0.9717� 0.0046

lnð1010AsÞ 3.027� 0.017 3.027� 0.018 3.028� 0.017 3.027� 0.017
w −1.36� 0.77 −1.32� 0.58 −0.958� 0.027 −0.958� 0.026

(−1.36þ1.1
−0.53) (−1.32þ0.71

−0.38 )
AL 0.95� 0.12 (< 1.20) 1.02� 0.16 1.217� 0.064 1.102� 0.037

H0 54� 14 (54.3þ5.9
−17 ) 72� 15 67.92� 0.67 67.94� 0.68

Ωm 0.57� 0.24 0.31� 0.15 0.3045� 0.0062 0.3049� 0.0063
σ8 0.80� 0.13 0.86� 0.13 0.784� 0.011 0.785� 0.011

χ2min 2754.46 2770.28 4224.83 4239.70

Δχ2min −11.34 −4.43 −15.41 −9.56
DIC 2811.61 2829.13 4285.15 4298.54
ΔDIC −6.32 þ2.68 −7.18 −2.66
AIC 2814.46 2830.28 4284.83 4299.70
ΔAIC −5.34 þ1.57 −9.41 −3.56
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TABLE XIII. Mean and 68% (or 95%) confidence limits of nonflat XCDM (þAL) model [new PðqÞ] parameters from non-CMB
(new), P18, P18þ lensing, P18þ non-CMB (new), and P18þ lensingþ non-CMB (new) data. H0 has units of km s−1 Mpc−1.

Nonflat XCDM models [new PðqÞ]
Parameter Non-CMB (new) P18 P18þ lensing P18þ non-CMB (new) P18þ lensingþ non-CMB (new)

Ωbh2 0.0282� 0.0044 0.02256� 0.00017 0.02248� 0.00016 0.02246� 0.00015 0.02246� 0.00015

Ωch2 0.119� 0.015 0.1188� 0.0015 0.1188� 0.0014 0.1188� 0.0013 0.1190� 0.0013
100θMC 1.47� 0.24 1.04109� 0.00033 1.04104� 0.00032 1.04104� 0.00031 1.04102� 0.00032
τ 0.0524 0.0524� 0.0082 0.0511� 0.0081 0.0552� 0.0079 0.0576� 0.0076
Ωk −0.186� 0.076 −0.034� 0.025 −0.008� 0.010 0.0016� 0.0020 0.0014� 0.0020

(−0.186þ0.083
−0.067 ) (−0.0338þ0.029

−0.0086) (−0.0080þ0.0098
−0.0023 )

ns 0.9653 0.9653� 0.0044 0.9663� 0.0044 0.9677� 0.0043 0.9673� 0.0042

lnð1010AsÞ 2.85� 0.38 3.038� 0.017 3.034� 0.016 3.043� 0.016 3.049� 0.015
w −0.785� 0.042 −1.27� 0.61 −1.27� 0.41 −0.976� 0.026 −0.982� 0.026

(−0.785þ0.045
−0.038 ) (−1.27þ0.79

−0.44 ) (−1.27þ0.40
−0.49 )

H0 70.6� 2.5 63� 15 (63þ10
−20 ) 74� 14 67.94� 0.66 67.96� 0.66

Ωm 0.296� 0.018 0.41� 0.19 0.29� 0.12 0.3074� 0.0062 0.3077� 0.0061
σ8 0.771� 0.036 0.85� 0.13 0.87� 0.11 0.801� 0.010 0.8056� 0.0089

χ2min 1459.51 2757.86 2770.57 4238.57 4247.96

Δχ2min −13.27 −7.94 −4.14 −1.67 −1.30
DIC 1468.73 2811.78 2826.60 4294.90 4304.26
ΔDIC −9.38 −6.15 þ0.15 þ2.57 þ3.06
AIC 1468.66 2815.86 2828.57 4296.57 4305.96
ΔAIC −9.27 −3.94 −0.14 þ2.33 þ2.70

Nonflat XCDMþ AL models [new PðqÞ]
Parameter P18 (AL > 0.8) P18þ lensing P18þ non-CMB (new) P18þ lensingþ non-CMB (new)

Ωbh2 0.02260� 0.00017 0.02250� 0.00017 0.02268� 0.00017 0.02258� 0.00016

Ωch2 0.1182� 0.0015 0.1185� 0.0016 0.1171� 0.0014 0.1175� 0.0014
100θMC 1.04116� 0.00033 1.04106� 0.00032 1.04124� 0.00032 1.04117� 0.00032
τ 0.0478� 0.0083 0.0503� 0.0086 0.0500� 0.0084 0.04936� 0.0082
Ωk −0.072� 0.051 −0.003� 0.018 0.0011� 0.0019 0.0015� 0.0019

(−0.072þ0.065
−0.030 ) (−0.003þ0.018

−0.011 )
ns 0.9706� 0.0048 0.9676� 0.0055 0.9731� 0.0046 0.9717� 0.0046

lnð1010AsÞ 3.027� 0.018 3.032� 0.018 3.028� 0.017 3.027� 0.017
w −1.39� 0.77 −1.18� 0.48 −0.959� 0.026 −0.959� 0.027

(−1.39þ1.1
−0.54) (−1.18þ0.54

−0.37 )
AL 0.95� 0.13 1.07� 0.14 1.213� 0.064 1.101� 0.038

(< 1.19) (1.07þ0.12
−0.16 )

H0 55� 14 (54.5þ5.7
−17 ) 74� 15 67.92� 0.65 67.95� 0.66

Ωm 0.56� 0.24 0.30� 0.13 0.3046� 0.0061 0.3047� 0.0062
σ8 0.80� 0.12 0.84� 0.12 0.785� 0.011 0.786� 0.011

χ2min 2754.40 2770.27 4224.52 4239.76

Δχ2min −11.40 −4.44 −15.72 −9.50
DIC 2811.71 2828.10 4284.84 4298.27
ΔDIC −6.22 þ1.65 −7.49 −2.93
AIC 2814.40 2830.27 4284.52 4299.76
ΔAIC −5.40 þ1.56 −9.72 −3.50
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in a difference of −0.59σ between the flat XCDM and flat
XCDMþ AL values from P18 data. In both cases there is a
preference for phantomlike behavior. In the flat XCDMþ
AL model, we find AL ¼ 1.180þ0.062

−0.10 which is 1.8σ away
from AL ¼ 1. As for the derived parameters, the matter
density parametersΩm differ by−0.61σ, while the values of
σ8 differ by 0.82σ. When comparing the flat XCDM and
flat XCDMþ AL results, we observe an increase of 38% in
the size of the error bars of the dark energy equation of state
parameters. For the rest of the primary parameters the
largest increase is 12% for Ωbh2. As for the derived

parameters H0, Ωm, and σ8, the corresponding increases
are 36%, 58%, and 41% respectively.
As expected, the simultaneous consideration of both w

andΩk (see Tables XII and XIII and Figs. 18 and 20) makes
the already existing degeneracies even bigger. In particular,
in the nonflat XCDM cases the values of w andΩm increase
and the value of H0 decreases with respect to the flat
XCDM model values. Therefore, from the results obtained,
it is clear that P18 data alone cannot break the degeneracies
betweenH0, Ωm, Ωk, and w. For the nonflat XCDM Planck
PðqÞ and the nonflat XCDM new PðqÞ models, we find

FIG. 16. Likelihood distributions of flat XCDM model parameters favored by non-CMB (new) data. Results for P18 and P18þ
non-CMB (new) data are shown for comparison.
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H0¼ 60þ9
−20 kms−1Mpc−1 and 63þ10

−20 kms−1Mpc−1, respec-
tively, whereas for the matter parameter we get Ωm ¼
0.47� 0.23 and 0.41� 0.19, respectively, which are in
agreement within 1σ with the values obtained in [81],H0 ¼
69.26� 2.45 km s−1Mpc−1 and Ωm ¼ 0.296� 0.020.
Comparing the results of the seven-parameter nonflat

ΛCDM Planck PðqÞmodel (see Table V) and the results for
the eight-parameter nonflat XCDM Planck PðqÞmodel (see
Table XII) we observe that there is almost no difference in
the values of the six primary cosmological parameters in

common with the flat ΛCDM model, with the largest
difference being þ0.026σ for τ. Regarding the curvature
parameter, for the ΛCDM Planck PðqÞ model we obtain
Ωk ¼ −0.043þ0.018

−0.015 while for the XCDM Planck PðqÞ case
the corresponding value is Ωk ¼ −0.048þ0.041

−0.012 , indicating a
difference of þ0.11σ. Both models show a clear preference
for closed geometry, deviating from flat by 2.39σ and
1.17σ, respectively. The Ωk error bars are 51% larger in the
XCDM Planck PðqÞmodel compared to the ΛCDM Planck
PðqÞmodel value. For the equation of state parameter in the

FIG. 17. Likelihood distributions of flat XCDMþ AL model parameters favored by non-CMB (new) data. Results for P18 and
P18þ non-CMB (new) data are shown for comparison.
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XCDM Planck PðqÞ case we obtain w ¼ −1.27þ0.97
−0.45 which

indicates a preference for phantomlike behavior at 0.28σ.
As for the derived parameters H0, Ωm, and σ8, the values
obtained for both models differ at −0.27σ, 0.05σ, and
−0.36σ and they have error bars þ75.9%, þ73.0%, and
þ90.0% larger in the XCDM Planck PðqÞ case compared
to the ΛCDM Planck PðqÞ model.
If we look at Tables VI and XIII we can compare the

results obtained with P18 data for the seven-parameter
nonflat ΛCDM new PðqÞ model and the eight-parameter
nonflat XCDM new PðqÞmodel. As we noted in the Planck

PðqÞ case, there are also no significant differences in the
values of the primary cosmological parameters in common
with the flat ΛCDMmodel in the new PðqÞ case, the largest
being −0.05σ for Ωbh2. As for the curvature parameter,
the ΛCDM new PðqÞ model yields Ωk ¼ −0.033þ0.017

−0.011
(1.94σ), while the XCDM new PðqÞ model gives Ωk ¼
−0.0338þ0.029

−0.0086 (1.17σ). Again, the results indicate a pref-
erence for closed geometry. The equation of state parameter
value in the XCDM new PðqÞ model obtained from an
analysis of P18 data is w ¼ −1.27þ0.79

−0.44 which differs from
the cosmological constant by 0.34σ. Regarding the derived

FIG. 18. Likelihood distributions of nonflat XCDMmodel [Planck PðqÞ] parameters favored by non-CMB (new) data. Results for P18
and P18þ non-CMB (new) data are shown for comparison.
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parameters, the differences in H0, Ωm, and σ8 are −0.30σ,
+0.17σ, and−0.49σ, and the error bars for thew ≠ −1model
are larger by 76.0%, 71.1%, and 89.2%, respectively.
Comparing P18 data results for the eight-parameter non-

flatXCDMPlanck [new]PðqÞmodel and the nine-parameter
nonflat XCDM Planck (new) PðqÞ þ AL model (see
Tables XII and XIII and Figs. 18–21), we find similar values
of the primary parameters in common with the flat ΛCDM
standardmodel, with the largest difference affectingΩch2 [τ]
by −0.047σ [0.39σ]. While for the nonflat XCDM
Planck [new] PðqÞ model we get Ωk ¼ −0.048þ0.041

−0.012

[−0.0338þ0.029
−0.0086], which is 1.17σ [1.17σ] away from flat

hypersurfaces, for the nonflat XCDM Planck [new] PðqÞ þ
AL model we obtain Ωk ¼ −0.073þ0.065

−0.029 [−0.072þ0.065
−0.030 ],

favoring a closed geometry at a significance level of
1.12σ [1.11σ]. The difference between thePðqÞ and PðqÞ þ
AL model values is 0.38σ [0.58σ]. For the dark energy
equation of state parameter, in the nonflat XCDM Planck
[new] PðqÞ model we find w ¼ −1.27þ0.97

−0.45 [−1.27þ0.79
−0.44 ]

deviating from w ¼ −1 by 0.28σ [0.34σ] while for the
nonflat XCDM Planck [new] PðqÞ þ AL model we get w ¼
−1.36þ1.1

−0.53 (0.33σ) [−1.39þ1.1
−0.54 (0.35σ)] with PðqÞ and

FIG. 19. Likelihood distributions of nonflat XCDMþ AL model [Planck PðqÞ] parameters favored by non-CMB (new) data. Results
for P18 and P18þ non-CMB (new) data are shown for comparison.
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PðqÞ þ ALmodel values differing by 0.076σ [0.10σ]. For the
nonflat XCDMPlanck [new]PðqÞ þ AL model, P18 data are
only able to provide a 95% upper bound of< 1.20 [< 1.19]
on the lensing consistency parameter AL. The differences
observed in the values of the derived parameters are also not
significant, in particular for H0, Ωm, and σ8 we find 0.27σ
[0.38σ], −0.30σ [−0.49σ], and 0.15σ [0.28σ]. Due to
degeneracies, in some cases we find smaller error bars when
AL is allowed to vary (compared to theAL ¼ 1 case). ForΩk
and w, they increase by þ31.37% [þ50.98%] and þ7.79%
[20.78%], respectively, while for the derived parameters,

H0, Ωm, and σ8, the corresponding error bar changes are
−14.29% [−7.14%], þ4.17% [þ20.83%] and −15.38%
[−8.33%].

3. P18+ lensing cosmological constraints

Comparing the seven-parameter flat XCDM model pri-
mary cosmological parameter constraints for P18 and P18þ
lensing data, shown in Table XI and in Figs. 16 and 22, we
observe only minor differences, with the largest occurring in
Ωch2 (+0.38σ) and ns (−0.22σ). When P18þ lensing data

FIG. 20. Likelihood distributions of nonflat XCDM model [new PðqÞ] parameters favored by non-CMB data (new). Results for P18
and P18þ non-CMB (new) data are shown for comparison.
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are analyzed, the resulting cosmological parameter error bars
are similar to those for P18 data but slightly smaller, with the
largest decrease being −16% for Ωch2. For the equation of
state parameter, we obtain w ¼ −1.55þ0.16

−0.35 using P18þ
lensing data,which is3.44σ in favor of phantomlike behavior
and differs by only 0.11σ from the P18 data value
(w ¼ −1.59þ0.15

−0.34 ), which is 3.93σ away from w ¼ −1 of
the cosmological constant. For the derived parameters, H0

cannot be properly constrained and the 95% limit is
H0 > 69.6 km s−1Mpc−1, whereas for the other two we
have Ωm ¼ 0.200� 0.048 and σ8 ¼ 0.960� 0.071, which

differ by −0.045σ and 0.14σ from the corresponding values
obtained with P18 data. Interestingly, forΩm we find that the
error bars obtained using P18 data are smaller than those
obtained using P18þ lensing data, by 4.17%. This could
mean that adding lensing data to P18 data still does not break
the large degeneracies between cosmological parameters.
The results in Table XI (and Figs. 17 and 23) allow us to

compare P18 and P18þ lensing data constraints on the
eight-parameter flat XCDMþ AL model. No significant
differences in the values of the primary parameters are seen
when lensing data are added to the mix, with the largest

FIG. 21. Likelihood distributions of nonflat XCDMþ AL model [new PðqÞ] parameters favored by non-CMB (new) data. Results for
P18 and P18þ non-CMB (new) data are shown for comparison.
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changes appearing in theΩbh2 (0.33σ) and ns (0.22σ) mean
values. When P18 data are considered we obtain w ¼
−1.23þ0.31

−0.59 whereas when we use P18þ lensing data we get
w ¼ −1.34þ0.26

−0.51 , both values favoring phantomlike behav-
ior at 0.74σ and 1.31σ. The difference between the two
result is 0.17σ, and the size of the w error bars decreases by
−13.51% when moving from P18 data to P18þ lensing
data. For the lensing consistency parameter AL, from P18
data we obtain AL ¼ 1.180þ0.062

−0.10 which deviates from the
expected value AL ¼ 1 by 1.80σ, while from P18þ lensing
data we obtain AL ¼ 1.054þ0.039

−0.059 which prefers AL > 1 at

0.92σ. We observe a shrinkage in the AL error bars of
−76.36%when lensing data are included, and the two mean
AL values differ at 1.17σ. In regard to the derived
parameters, Ωm and σ8, the mean value results differ by
0.20σ and −0.18σ and the error bars decrease by −32.53%
and −9.09% when lensing data are also included.
From the results shown in Table XI we can compare

P18þ lensing data constraints on the seven-parameter flat
XCDM (upper half of the table and Fig. 22) and the eight-
parameter flat XCDMþ AL (lower half of the table and
Fig. 23) cosmological models. For the primary parameters

FIG. 22. Likelihood distributions of flat XCDM model parameters favored by non-CMB (new) data. Results for P18þ lensing and
P18þ lensingþ non-CMB (new) data are shown for comparison.
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the differences between the two sets of results are less than
1σ. The larger changes affect Ωch2 and ns which differ at
0.47σ and −0.57σ respectively, whereas for the dark energy
equation of state parameter w the difference between the
two results is −0.39σ. As expected, in the case of the flat
XCDMþ AL model we find larger error bars for the
primary parameters, than those found in the flat XCDM
model, with the largest increases of 20%, 17%, and 30%
corresponding to the error bars of Ωch2, lnð1010AsÞ, and w.
For the derived parameters, the Ωm and σ8 values differ by
−0.44σ and 0.53σ with increases in the size of the error bars

of 42% and 35% when moving from the flat XCDM model
to the flat XCDMþ AL model.
Tables XII and XIII and Figs. 24 and 26 list and show

results for the nonflat XCDM Planck PðqÞ and the nonflat
XCDM new PðqÞ models when P18 and P18þ lensing
data are used in the analyses. Regarding the primary
parameters in common with the flat ΛCDM model, we
do not find significant changes (the differences are less than
1σ) when we move from P18 data to P18þ lensing data,
with the largest difference for the XCDM Planck [new]
PðqÞ case being 0.47σ [0.34σ] for Ωbh2. As for the error

FIG. 23. Likelihood distributions of flat XCDMþ AL model parameters favored by non-CMB (new) data. Results for P18þ lensing
and P18þ lensingþ non-CMB (new) data are shown for comparison.
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bars, we find a general reduction in size when lensing data
are added to the mix. In the XCDM Planck PðqÞ case we
find a change of −6.25% in the Ωbh2 error bar value, while
in the XCDM new PðqÞ model we obtain changes of
−6.25% for both Ωbh2 and lnð1010AsÞ. On the other hand,
there are non-negligible changes in Ωk and w when lensing
data are included in the analysis. For the XCDM Planck
[new] PðqÞ model the value Ωk ¼ −0.0111þ0.013

−0.00070
[−0.0080þ0.0098

−0.0023 ] indicates a 0.85σ [0.82σ] preference for
a closed Universe and a mild difference with the P18 data

value, Ωk ¼ −0.048þ0.041
−0.012 [−0.0338þ0.029

−0.0086], of −0.90σ
[−0.89σ]. The Ωk error bars obtained with P18 data are
approximately a factor of 2.1 (2.5) larger than those
obtained with P18þ lensing data. Interestingly, for both
of the nonflat XCDM models, the central value of w is
barely affected by the addition of lensing data, however
there is a reduction in the size of the w error bars (of 50%
for the XCDM Planck PðqÞ and 38% for the XCDM new
PðqÞ cases) which increases the evidence favoring phantom
behavior. In particular, for the XCDM Planck [new] PðqÞ

FIG. 24. Likelihood distributions of nonflat XCDM model [Planck PðqÞ] parameters favored by non-CMB (new) data. Results for
P18þ lensing and P18þ lensingþ non-CMB (new) data are shown for comparison.
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case, from P18þ lensing data, we get w ¼ −1.28þ0.41
−0.54

[−1.27þ0.40
−0.49 ] which deviates from w ¼ −1 by 0.68σ

[0.68σ]. As for the derived parameters, in the case of the
XCDM Planck (new) PðqÞ model, the differences between
the P18þ lensing data and P18 data values, for H0, Ωm,
and σ8 are −0.97σ [−0.64σ], +0.62σ [0.53σ], and −0.21σ
[−0.12σ], respectively. The largest reduction in the error
bars affects Ωm, with a decrease of 53% [58%].
Results in the lower half of Table XII [Table XIII] (also

see Figs. 19 and 25 [Figs. 21 and 27]) allows us to compare

P18 data and P18þ lensing data constraints on the nine-
parameter nonflat XCDM Planck [new] PðqÞ þ AL model.
The differences in the mean values of the primary param-
eters are less than 1σ, with the largest differences occurring
in Ωbh2 (0.42σ [0.42σ]), 100θMC (0.22σ [0.22σ]), and ns
(0.22σ [0.41σ]). The primary parameter error bars also
do not significantly differ, with the largest differences
being þ4.71% [−6.25%] for lnð1010AsÞ [Ωch2]. For
P18 data we obtain Ωk ¼ −0.073þ0.065

−0.029 [−0.072þ0.065
−0.030 ]

(favoring closed spatial hypersurfaces by 1.12σ [1.11σ]).

FIG. 25. Likelihood distributions of nonflat XCDMþ AL model [Planck PðqÞ] parameters favored by non-CMB (new) data. Results
for P18þ lensing and P18þ lensingþ non-CMB (new) data are shown for comparison.

PÉREZ, PARK, and RATRA PHYS. REV. D 110, 023506 (2024)

023506-44



When P18þ lensing data are used we find Ωk ¼
−0.012þ0.027

−0.011 [−0.003þ0.018
−0.011 ] (in favor of closed geometry

by 0.44σ [0.17σ]), with the P18 and P18þ lensing values
differing by −0.93σ [−1.05σ]. The Ωk error bars obtained
with P18 data are about 1.9 [2.8] times larger than those
obtained with P18þ lensing data. In regard to the dark
energy equation of state parameter, from P18 data we find
w ¼ −1.36þ1.1

−0.53 [−1.39
þ1.1
−0.54], whereas when P18þ lensing

data are used we get w ¼ −1.32þ0.71
−0.38 [−1.18þ0.54

−0.37 ], with the
two results differing by −0.034σ [−0.17σ]. Both values

favor phantomlike behavior at 0.33σ [0.35σ] and 0.45σ
[0.42σ], respectively, with a shrinkage in the error bars of
−32.76% [−60.42%]. P18 data cannot properly constrain
the lensing consistency parameter AL and only provide a
95% upper bound of AL < 1.20 [< 1.19]. On the other
hand, when P18þ lensing data are used we obtain AL ¼
1.02� 0.16 [1.07þ0.12

−0.16 ], which favors AL > 1 values by
only 0.13σ [0.44σ]. When we look at the values of the
derived parameters H0, Ωm, and σ8, we observe differences
at −1.10σ [−1.29σ], 0.92σ [0.95σ], and −0.33σ [0.24σ],

FIG. 26. Likelihood distributions of nonflat XCDM model [new PðqÞ] parameters favored by non-CMB (new) data. Results for
P18þ lensing and P18þ lensingþ non-CMB (new) data are shown for comparison.
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respectively. The most significant reduction in the size of
the error bars is for Ωm with a decrease of −60% [−85%].
Comparing the P18þ lensing data results for the eight-

parameter nonflat XCDM Planck PðqÞmodel and the nine-
parameter nonflat XCDM Planck PðqÞ þ AL model, see
Table XII and Figs. 24 and 25, we see that there are no
significant differences in the mean values of the primary
cosmological parameters. For Ωch2 and lnð1010AsÞ we find
values differing at 0.094σ and 0.12σ, the dark energy
equation of state parameter w values differ by 0.054σ, and
for the curvature parameter Ωk the difference is 0.031σ.

In regard to the increase in the size of the error bars of the
primary parameters for the nonflat XCDM Planck PðqÞ þ
AL model, the largest is 37% for Ωk, followed by the error
bars ofw (22%) and ns (6.5%). As for the derived parameters
H0,Ωm, and σ8, we observe minimal differences in themean
values, 0.047σ, −0.047σ, and 0.057σ, respectively, with an
increase in error bar size only for σ8 (8.3%).
When we compare P18þ lensing data results for the

eight-parameter nonflat XCDM new PðqÞ (upper half of
Table XIII and Fig. 26) and the nine-parameter nonflat
XCDM new PðqÞ þ AL (lower half of Table XIII and

FIG. 27. Likelihood distributions of nonflat XCDMþ AL model [new PðqÞ] parameters favored by non-CMB (new) data. Results for
P18þ lensing and P18þ lensingþ non-CMB (new) data are shown for comparison.
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Fig. 27) cosmological models we are lead to very similar
conclusions to the ones obtained from the comparison of
P18þ lensing data results for the nonflat XCDM Planck
PðqÞ and XCDM Planck PðqÞ þ AL models. For the
primary parameters in common with the flat ΛCDMmodel,
the largest mean values differences are −0.086σ, 0.14σ, and
−0.18σ for Ωbh2, Ωch2, and ns, respectively. For the
curvature parameter Ωk the values differ at −0.34σ and
for the equation of state parameter of dark energy they
differ at −0.17σ. As expected, some increases in the size of
the error bars are observed when the AL parameter is

allowed to vary, in particular for ns, lnð1010AsÞ, and w the
enlargement of the error bars is 20%, 11%, and 15%,
respectively. As for the derived parameters Ωm and σ8, we
find differences of −0.057σ and 0.18σ and the error bars
increase by 8.3% and 9.1%.

4. P18+ lensing+non-CMB
(new) cosmological constraints

Seven-parameter flat XCDMmodel cosmological param-
eter constraints obtained from analyses of P18þ lensing and

FIG. 28. Likelihood distributions of flat XCDM model parameters favored by P18, P18þ lensing, and P18þ lensingþ non-CMB
(new) datasets.
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P18þ lensingþ non-CMB (new) data are listed in Table XI
and shown in Figs. 22 and 28. Both sets of primary parameter
values are similar, with largest differences for Ωch2

(þ0.65σ), τ (−0.50σ), and lnð1010AsÞ (−0.47σ). The error
bars decrease when non-CMB (new) data are added to the
mix, with the−26% decrease forΩch2 being the largest. The
equation of state parameter value from P18þ lensing data,
w ¼ −1.55� 0.26, is −2.15σ away from the P18þ
lensingþnon-CMB (new) data value, w¼−0.990�0.023,

with the error bars of the P18þ lensingþ non-CMB (new)
data value being 11 times smaller than the P18þ lensing
data value. The P18þ lensing data value favors phantomlike
behavior at 2.12σ significance while the P18þ lensingþ
non-CMB (new) data value signifies 0.43σ support for
quintessencelike dynamical dark energy. As for the derived
parameters H0, Ωm, and σ8, we find some non-negligible
differences at 1.97σ, −2.23σ, and 2.17σ respectively. Major
reductions in the size of the error bars are observed for these

FIG. 29. Likelihood distributions of flat XCDMþ AL model parameters favored by P18, P18þ lensing, and P18þ lensingþ
non-CMB (new) datasets.
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parameterswhenwemove fromP18þ lensing data toP18þ
lensingþ non-CMB (new) data, in particular the error bars
are 14.6, 7.7, and 8.0 times smaller, respectively.
If we examine the lower half of Table XI and Figs. 23

and 29 we can compare the results obtained for the eight-
parameter flat XCDMþ AL cosmological model when
analyzing P18þ lensing and P18þ lensingþ non-CMB
(new) data. Again, both sets of primary parameter values
are similar. In particular, the Ωbh2, Ωch2, 100θMC, and ns
values differ by −0.59σ, þ0.86σ, −0.39σ, and −0.66σ,
respectively. The size of the error bars is also affected and,

as expected, including the non-CMB (new) data results in
smaller error bars, particularly for the parameters Ωbh2

(−21.43%), Ωch2 (−36.36%), and ns (−22.50%). When
P18þ lensing data are used we obtain w ¼ −1.34þ0.26

−0.51 ,
which is 1.31σ away from w ¼ −1, while from P18þ
lensingþ non-CMB (new) data we obtain w ¼ −0.968�
0.024 which deviates from w ¼ −1 by 1.33σ. The two
datasets favor different behaviors of the dark energy
equation of state parameter (phantomlike vs. quintessence-
like) and the two values differ at −1.42σ with the w error
bars becoming 15 times smaller when moving from

FIG. 30. Likelihood distributions of nonflat XCDM model [Planck PðqÞ] parameters favored by P18, P18þ lensing, and P18þ
lensingþ non-CMB (new) datasets.
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P18þ lensing to P18þ lensingþ non-CMB (new) data.
Regarding the lensing consistency parameter AL, with
P18þ lensing data we find AL ¼ 1.054þ0.039

−0.059 (0.92σ away
from AL ¼ 1), whereas with P18þ lensingþ non-CMB
(new) data we get AL ¼ 1.101� 0.037 (2.73σ in favor of
AL > 1), where the two values differ by −0.87σ. In this
case, the reduction in the size of the error bars is −48.65%.
The values of the derived parameters Ωm and σ8 differ by
−0.76σ and 0.95σ, respectively, with the error bars
obtained with P18þ lensingþ non-CMB (new) data being

13 and 10 times smaller than the ones obtained with P18þ
lensing data.
Looking at Table XI we can compare the results obtained

from P18þ lensingþ non-CMB (new) data for the seven-
parameter flat XCDM model (upper half of the table and
Figs. 22 and 28) and the eight-parameter flat XCDMþ AL
model (lower half of the table and Figs. 23 and 29). We
observe some differences in the values of the primary
parameter, in particular for Ωch2, τ, ns, and lnð1010AsÞ the
differences are at 1.03σ, 0.72σ, −0.78σ, and −0.97σ,

FIG. 31. Likelihood distributions of nonflat XCDMþ AL [Planck PðqÞ] model parameters favored by P18, P18þ lensing, and
P18þ lensingþ non-CMB (new) datasets. Note that in the model for the P18 dataset, a prior of AL > 0.8 is applied.
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respectively. As for the equation of state parameter of dark
energy the difference between the two values is −0.66σ.
There are no significant increases in the error bars when
moving from the flat XCDMmodel to the flat XCDMþ AL

model, the largest being those of τ (10%) and lnð1010AsÞ
(12%), whereas for w the error bars increase is 4.2%. In
regard to the derived parameters H0, Ωm, and σ8 the mean
values differ at 0.022σ, 0.31σ, and 1.39σ, while only the
error bars of σ8 increase (by 19%).
Comparing the eight-parameter nonflat XCDM Planck

[new] PðqÞ primary cosmological parameter constraints for

P18þ lensing data and for P18þ lensingþ non-CMB
(new) data, listed in Table XII [TableXIII] and shown in
Figs. 24 and 30 [Figs. 26 and 32], we observe small
differences, all less than 1σ, with those for τ and
lnð1010AsÞ being the largest at −0.71σ [−0.59σ] and
−0.79σ [−0.68σ] respectively. The curvature parameter
value obtained using P18þ lensing data is Ωk ¼ −0.011�
0.017 [−0.008� 0.010] a 0.65σ [0.80σ] evidence in favor of
closed geometry, whereas for P18þ lensingþ non-CMB
(new) data we get Ωk ¼ 0.0016� 0.0019 [0.0014�
0.0020] a 0.84σ [0.70σ] preference for open geometry.

FIG. 32. Likelihood distributions of nonflat XCDM model [new PðqÞ] parameters favored by P18, P18þ lensing, and P18þ
lensingþ non-CMB (new) datasets.
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The P18þ lensing data and the P18þ lensingþ non-
CMB (new) data Ωk values differ by −0.74σ [−0.92σ]. It
is interesting thatwhen non-CMB(new) data are added to the
mix, the preference changes from a closed Universe to an
open one; we follow up on this point in the next paragraph.
Regarding the dark energy equation of state parameter value,
from P18þ lensing data we get w ¼ −1.28� 0.45
[−1.27� 0.41] which differs by −0.66σ [−0.70σ] from
the result obtained with P18þ lensingþ non-CMB (new)
data, w ¼ −0.980� 0.026 [−0.982� 0.026]. While the
P18þ lensing data result is 0.62σ [0.66σ] in favor of

phantomlike behavior, the P18þ lensingþ non-CMB
(new) data result prefers quintessencelike behavior at
0.73σ [0.69σ]. The P18þ lensing and P18þ lensingþ
non-CMB (new) data values of the derived parameters
H0, Ωm, and σ8 differ at 0.34σ [0.43σ], −0.052σ
[−0.15σ], and 0.54σ [0.58σ], respectively, with error bars
23 [21], 25 [20], and 14 [12] times smaller when P18þ
lensingþ non-CMB (new) data are employed.
From Table XII [Table XIII], we see that for the nonflat

XCDM Planck [new] PðqÞ model non-CMB (new) data
favor closed geometry at 2.77σ [2.24σ], P18 data favor

FIG. 33. Likelihood distributions of nonflat XCDMþ AL [new PðqÞ] model parameters favored by P18, P18þ lensing, and P18þ
lensingþ non-CMB (new) datasets. Note that in the model for the P18 dataset, a prior of AL > 0.8 is applied.
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closed geometry at 1.17σ [1.17σ], P18þ lensing data favor
closed geometry at 0.85σ [0.82σ], while joint P18þ
non-CMB (new) data favor open geometry at 0.89σ
[0.80σ], and joint P18þ lensingþ non-CMB (new) data
favor open geometry at 0.84σ [0.70σ]. As in the nonflat
ΛCDM models, [10], this is likely due to the Ωm −Ωk −
H0 degeneracy and the fact that P18 data favor a smallerH0

and a larger Ωm than do non-CMB (new) data, see
Table XII [Table XIII]. This point is also relevant for the
nonflat XCDMþ AL models discussed below.
We can compare the cosmological constraints obtained

for the nine-parameter nonflat XCDM Planck [new]
PðqÞ þ AL model from P18þ lensing data and P18þ
lensingþ non-CMB (new) data by looking at the lower
half of Table XII [Table XIII] and Figs. 25 and 31 [Figs. 27
and 33]. We do not observe significant differences in the
values of the primary parameters, with Ωbh2, Ωch2, and ns
showing the largest differences at −0.39σ [−0.34σ], 0.44σ
[0.47σ], and −0.42σ [−0.57σ], respectively. As for the error
bars, the most affected parameters are again Ωbh2, Ωch2,
and ns with decreases of −6.25% [−6.25%], −7.14%
[−14.29%], and −6.52% [−19.57%]. For the curvature
parameter when P18þ lensing data are utilized we obtain
Ωk ¼ −0.012þ0.027

−0.011 [−0.003þ0.018
−0.011 ] whereas when P18þ

lensingþ non-CMB (new) data are considered we get
Ωk ¼ 0.0015� 0.0019 [0.0015� 0.0019] with the two
values differing at −0.50σ [−0.25σ]. While the first result
shows a 0.44σ [0.17σ] preference for a closed Universe, the
second one is 0.79σ [0.79σ] in favor of an open Universe.
Furthermore, the error bars from P18þ lensingþ
non-CMB (new) data are 14 [9] times smaller than
the ones obtained with P18þ lensing data. In regard to
the dark energy equation of state parameter, we get w ¼
−1.32þ0.71

−0.38 (a 0.45σ phantomlike deviation from w ¼ −1)
[w ¼ −1.18þ0.54

−0.37 ð0.33σÞ] for P18þ lensing data, and w ¼
−0.958� 0.026 (a 1.62σ quintessencelike deviation from
w ¼ −1) [w ¼ −0.959� 0.027 ð1.52σÞ] for P18þ
lensingþ non-CMB (new) data, with P18þ lensingþ
non-CMB (new) data error bars 22 [18] times smaller than
the P18þ lensing error bars. The two values differ at
−0.51σ [−0.43σ]. For the third nonstandard-model param-
eter, AL, with P18þ lensing data we get AL ¼ 1.02� 0.16
[1.07þ0.12

−0.16 ] and when we analyze P18þ lensingþ non-
CMB (new) data we find AL ¼ 1.102� 0.037 [1.101�
0.038]. The differences between the two values is −0.50σ
[−0.25σ]. Both results show a preference for AL > 1 with a
significance of 0.13σ [0.44σ] and 2.76σ [2.66σ], respec-
tively, with error bars 4 [4] times smaller in the second case.
The differences in the values of the derived parameters are
not significant, where for H0, Ωm, and σ8 we obtain 0.27σ
[0.43σ], 0.034σ [−0.036σ], and 0.57σ [0.45σ], respectively,
with error bars obtained from P18þ lensingþ non-CMB
(new) being 22 [21], 24 [21], and 12 [11] times smaller,
respectively.

Results obtained from P18þ lensingþ non-CMB (new)
data for the eight-parameter nonflat XCDM Planck PðqÞ
model and the nine-parameter nonflat XCDM Planck
PðqÞ þ AL model are listed in Table XII and shown in
Figs. 24, 30, 25, and 31. Comparing the results, we find
that the values of primary parameters Ωch2, τ, ns, and
lnð1010AsÞ differ at 0.81σ, 0.73σ, −0.69σ, and 0.93σ,
respectively. Looking at the values of the curvature param-
eter Ωk we observe a difference of 0.037σ whereas if we
compare the two values of the dark energy equation of state
parameter w the difference is −0.60σ. No significant
increase in the size of the error bars for the primary
parameters is observed, with the largest error bars increases
being associated withΩch2 (14%), τ (10%), and lnð1010AsÞ
(12%). For the derived parameters H0, Ωm, and σ8, the
differences between the mean values are at 0.011σ, 0.33σ,
and 1.41σ and the increase in the size of the error bars of σ8
is 20%.
Comparing the P18þ lensingþ non-CMB (new) data

constraints obtained for the eight-parameter nonflat
XCDM new PðqÞ (upper half of Table XIII and Figs. 26
and 32) and the nine-parameter nonflat new PðqÞ þ AL
model (lower half of Table XIII and Figs. 27 and 33), we find
very similar results to the ones obtained for the nonflat
XCDM Planck PðqÞ (þAL) models from these data. The
values of the primary parametersΩch2, τ, ns, and lnð1010AsÞ
differ by 0.79σ, 0.74σ, −0.71σ, and 0.97σ, respectively. For
the curvature parameterΩk, there is a difference of −0.036σ
between the two values, and for the equation of state
parameter of dark energy w the results differ at −0.61σ.
We do not observe significant changes in the size of the error
bars of the primary parameters. In particular, for ns and
lnð1010AsÞ, the error bars increase by 8.7% and 12%,
respectively, while that for the curvature parameter Ωk
decrease by −5.3%. For the derived parameters H0, Ωm,
and σ8, the differences between the two values are 0.011σ,
0.34σ, and 1.39σ, respectively. The corresponding increases
in the size of the error bars are 0.0%, 1.61%, and 19%.

5. Comparing P18, P18+ lensing, and
P18+ lensing+non-CMB (new)
data cosmological constraints

Cosmological parameter contour plots are very useful for
understanding the level of correlation between the different
variables considered in the analysis and for detecting
inconsistencies between cosmological parameter con-
straints obtained either for different cosmological models
or for the same model but from different datasets. In this
subsubsection we discuss the changes observed in the
contour plots as we include more data in the analysis,
namely when we compare P18, P18þ lensing, and P18þ
lensingþ non-CMB (new) data contours. We first discuss
the AL ¼ 1 models and then comment on the AL-varying
cases.
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For the seven-parameter flat XCDM AL ¼ 1 cosmologi-
cal model, as seen in Fig. 28, there are significant overlaps
of contours. When we compare P18 (gray) and P18þ
lensing (red) data contours we see significant overlaps of
the 1σ contours for all parameters. On the other hand, when
we compare gray P18 or red P18þ lensing data with blue
P18þ lensingþ non-CMB (new) data contours, we
observe a number of panels in which the two sets of 1σ
contours do not overlap: these are panels labeled with either
one or both of the primary parameter w and the derived
parameters H0, Ωm, and σ8. This is consistent with com-
ments in Sec. IV B 4 that noted that non-CMB (new) data
favored quintessencelike dark energy evolution while P18
data favored phantomlike dark energy evolution.
For the eight-parameter nonflat XCDM Planck PðqÞ and

new PðqÞAL ¼ 1 cosmological models (see Figs. 30
and 32), we find nonoverlapping 1σ regions, where two
separate 1σ regions either do not overlap or the overlap is
infinitesimally small, even when we compare gray P18 and
red P18þ lensing contours. For the Planck PðqÞ model in
Fig. 30 these are in the w −Ωk, σ8 −Ωk, H0 − w, Ωm − w,
σ8 −H0, and σ8 − Ωm panels, while in the new PðqÞmodel
in Fig. 32 these are in the Ωk −H0, Ωm − w, σ8 −H0, and
σ8 −Ωm panels. When we compare the gray P18 and the
blue P18þ lensingþ non-CMB (new) data contours in the
nonflat XCDM models we find less overlap, now with
some cases where even the 2σ contours do not overlap. For
the Planck and the new PðqÞ models in Figs. 30 and 32
these are in the w −Ωk, H0 −Ωk, Ωm −Ωk, σ8 −Ωk,
H0 − w, Ωm − w, σ8 −H0, and σ8 − Ωm panels. These
differences are likely caused by non-CMB (new) data
favoring slower quintessencelike dark energy evolution

while P18 and P18þ lensing data favor more rapid
phantomlike evolution.
WhenAL is allowed tovary and no longer fixed to unitywe

see, from Figs. 29, 31, and 33 for the flat and nonflat XCDM
models, the differences between the gray P18 data contours
and the blue P18þ lensingþ non-CMB (new) data contours
subside, with no cases with nonoverlapping 2σ contours, but
with some nonoverlapping 1σ contours, for the nonflat
XCDM models, including some new ones in AL panels.
For the XCDM Planck and new PðqÞ þ AL models these
nonoverlapping contours are in all panels that containΩk and
in the AL − σ8, AL −H0, and AL − w panels. If we now
compare gray P18 and red P18þ lensing contour plots for
the three flat and nonflat XCDMþ AL models there are no
panels where the contour plots do not overlap at 1σ.
The results commented on in this subsubsection, as we

shall see, largely agree with those we discuss in Secs. IV C
and IV D. Namely, P18 and P18þ lensing data results
seem to be in tension with non-CMB (new) data results in
the context of the XCDM model with AL ¼ 1. As stated
previously when AL is allowed to vary we no longer see
significantly nonoverlapping contours and this translates
into a better performance when it comes to fitting those
datasets that include non-CMB (new) data (see results in
Table XV for the ΛCDM models and Table XVI for the
XCDM models and discussion in Sec. IV D below) and
also into reduced tension between pairs of datasets (see
Table X for ΛCDM models and Table XIV for XCDM
models and discussion in Sec. IV D below). This may be
indicating that in order to jointly analyze CMB and non-
CMB data, in the context of the XCDMmodels, the lensing
parameter AL should be considered as a free parameter.

TABLE XIV. Consistency check parameter log10 I and tension parameters σ and p for P18 vs. non-CMB (new)
datasets and P18þ lensing vs. non-CMB (new) datasets in the XCDM (þAL) models.

Flat XCDM model Flat XCDMþ AL model

Data P18 vs non-CMB P18þ lensing vs non-CMB P18 vs non-CMB P18þ lensing vs non-CMB

log10 I −2.125 −2.247 −0.364 −0.506
σ 3.448 3.555 2.095 2.378
p (%) 0.056 0.039 3.619 1.742

Nonflat XCDM model [Planck PðqÞ] Nonflat XCDMþ AL model [Planck PðqÞ]
Data P18 vs non-CMB P18þ lensing vs non-CMB P18 vs non-CMB P18þ lensing vs non-CMB

log10 I −3.421 −1.824 −1.173 −0.275
σ 4.294 3.396 2.611 2.167
p (%) 0.003 0.069 0.902 3.026

Nonflat XCDM model [new PðqÞ] Nonflat XCDMþ AL model [new PðqÞ]
Data P18 vs non-CMB P18þ lensing vs non-CMB P18 vs non-CMB P18þ lensing vs non-CMB

log10 I −3.125 −1.942 −0.957 −0.312
σ 3.960 3.164 2.662 2.256
p (%) 0.007 0.155 0.778 2.409
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6. Comparing P18 data and non-CMB (new)
data cosmological constraints

In this subsubsection we study the mutual consistency
of cosmological parameter constraints derived from P18
and non-CMB (new) data in XCDM models. If these
constraints are mutually consistent in an XCDM model
then P18 and non-CMB (new) data can be jointly used to

constrain cosmological parameters in that XCDM model.
If they are not mutually consistent in an XCDMmodel this
implies the model is inconsistent with at least one of these
datasets and so can be rejected at some level of confidence
(if one assumes that both sets of data are correct). The
results presented here are complemented by those pro-
vided in Sec. IV D where we use the two statistical
estimators to assess the level of tension between P18

TABLE XV. Individual and total χ2 values for the best-fit flat and nonflat ΛCDM inflation models. Deviance information criterion
(DIC) and Akaike information criterion (AIC) are also listed.

Data sets χ2plik χ2lowl χ2simall χ2lensing χ2prior χ2SN χ2BAO χ2HðzÞ χ2fσ8 χ2total Δχ2 DIC ΔDIC ΔAIC

Flat ΛCDM model
Non-CMB (new) 1416.49 26.43 14.57 12.44 1469.93 1478.11
P18 2344.71 23.39 396.05 1.66 2765.80 2817.93
P18þ lensing 2344.66 23.39 396.06 8.79 1.82 2774.71 2826.45
P18þ non-CMB (new) 2347.28 22.53 396.08 1.83 1414.42 25.11 14.97 18.03 4240.24 4292.33
P18þ lensing
þnon-CMB (new)

2346.87 22.63 396.33 8.89 1.65 1414.32 25.03 14.96 18.57 4249.26 4301.20

Flat ΛCDMþ AL model
P18 2337.23 21.92 395.66 1.31 2756.12 −9.68 2812.41 −5.52 −7.68
P18þ lensing 2341.62 22.29 395.68 9.94 1.71 2771.24 −3.47 2825.53 −0.92 −1.47
P18þ non-CMB (new) 2337.37 21.80 395.70 1.36 1415.51 25.39 14.90 15.23 4227.27 −12.97 4283.86 −8.47 −10.97
P18þ lensing
þnon-CMB (new)

2342.15 22.01 395.69 9.80 1.84 1415.26 25.47 14.93 15.46 4242.61 −6.65 4297.19 −4.01 −4.65

Nonflat ΛCDM model [Planck PðqÞ]
Non-CMB (new) 1414.52 26.98 14.57 12.15 1468.22 −1.71 1479.52 þ1.41 þ0.29
P18 2336.45 21.29 395.60 1.38 2754.73 −11.07 2810.59 −7.34 −9.07
P18þ lensing 2342.29 21.86 395.66 10.09 1.63 2771.53 −3.18 2826.17 −0.28 −1.18
P18þ non-CMB (new) 2345.93 23.07 396.21 1.89 1414.50 24.80 14.84 18.32 4239.58 −0.66 4293.78 þ1.45 þ1.34
P18þ lensing
þnon-CMB (new)

2345.79 23.29 395.95 8.99 1.97 1414.27 24.90 14.84 18.75 4248.74 −0.52 4302.41 þ1.21 þ1.48

Nonflat ΛCDMþ AL model [Planck PðqÞ]
P18 2336.57 21.51 395.61 1.29 2754.99 −10.81 2811.63 −6.30 −6.81
P18þ lensing 2341.32 22.55 395.71 9.44 2.12 2771.14 −3.57 2827.14 þ0.69 þ0.43
P18þ non-CMB (new) 2337.36 21.67 395.77 1.34 1415.46 25.50 14.95 15.02 4227.07 −13.17 4285.58 −6.75 −9.17
P18þ lensing
þnon-CMB (new)

2341.49 22.19 395.70 9.78 1.82 1415.38 25.47 14.88 15.51 4242.22 −7.04 4298.73 −2.47 −3.04

Nonflat ΛCDM model [new PðqÞ]
Non-CMB (new) 1414.72 26.79 14.55 12.15 1468.21 −1.72 1480.16 þ2.05 þ0.28
P18 2338.26 21.42 396.28 1.42 2757.38 −8.42 2811.54 −6.39 −6.42
P18þ lensing 2342.99 21.18 395.90 9.92 1.76 2771.75 −2.96 2825.74 −0.71 −0.96
P18þ non-CMB (new) 2346.77 22.78 395.77 1.81 1414.47 25.00 14.85 17.98 4239.45 −0.79 4293.50 þ1.17 þ1.21
P18þ lensing
þnon-CMB (new)

2345.86 22.98 396.27 8.94 1.73 1414.35 24.79 14.86 18.73 4248.50 −0.76 4302.33 þ1.13 þ1.24

Nonflat ΛCDMþ AL model [new PðqÞ]
P18 2337.56 21.31 395.93 1.52 2756.33 −9.47 2814.83 −3.10 −5.47
P18þ lensing 2341.21 22.62 395.75 9.49 1.37 2770.45 −4.26 2827.29 þ0.84 −0.26
P18þ non-CMB (new) 2336.94 21.93 395.70 1.43 1415.23 25.42 14.93 15.54 4227.11 −13.13 4285.29 −7.04 −9.13
P18þ lensing
þnon-CMB (new)

2342.43 21.94 395.77 9.12 1.71 1415.41 25.52 14.93 15.17 4242.01 −7.25 4298.75 −2.45 −3.25

Note: Δχ2, ΔDIC, and ΔAIC indicate the values relative to those of the tilted flat ΛCDM model for the same combination of datasets.
For the tilted flat ΛCDM model AIC ¼ 2819.80 (P18), 2828.71 (P18þ lensing), and 4303.26 [P18þ lensingþ non-CMB (new)]. All
χ2 values are computed at the corresponding model best-fit cosmological parameter values. See section IV B of [10] for detailed
descriptions of individual CMB χ2’s.
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and non-CMB (new) data in the context of a given
XCDM model.
Since non-CMB (new) data are unable to constrain τ and

ns, in the non-CMB (new) data analyses we set their values
to those obtained in the corresponding P18 data analysis.
Also, non-CMB (new) data are practically insensitive to
variations in the lensing consistency parameter AL, there-
fore when we compare P18 and non-CMB (new)

cosmological constraints for the XCDMþ AL models,
the constraints from non-CMB (new) data are those for
the corresponding models with AL ¼ 1.
P18 and non-CMB (new) data results obtained for the

seven-parameter and the five-parameter flat XCDM cos-
mological models are listed in Table XI and shown in
Fig. 16. We observe significant differences between the two
sets of cosmological parameter constraints not only in the

TABLE XVI. Individual and total χ2 values for the best-fit flat and nonflat XCDM inflation models. Deviance information criterion
(DIC) and Akaike information criterion (AIC) are also listed.

Data sets χ2plik χ2lowl χ2simall χ2lensing χ2prior χ2SN χ2BAO χ2HðzÞ χ2fσ8 χ2total Δχ2 DIC ΔDIC ΔAIC

Flat XCDM model
Non-CMB (new) 1411.93 21.66 14.84 10.75 1459.18 −10.75 1468.74 −9.37 −8.75
P18 2341.65 22.46 395.79 1.51 2761.40 −4.40 2815.67 −2.26 −2.40
P18þ lensing 2342.37 22.14 395.65 8.61 1.81 2770.58 −4.13 2824.21 −2.24 −2.13
P18þ non-CMB (new) 2348.35 22.33 396.21 1.77 1413.17 25.60 14.97 17.44 4239.85 −0.39 4294.20 þ1.87 þ1.61
P18þ lensing
þnon-CMB (new)

2347.50 22.54 396.48 9.01 1.57 1413.38 25.41 14.98 18.19 4249.05 −0.21 4303.30 þ2.10 þ1.79

Flat XCDMþ AL model
P18 2337.36 21.64 395.60 1.29 2755.89 −9.91 2813.08 −4.85 −5.91
P18þ lensing 2341.84 21.98 395.62 9.04 1.94 2770.43 −4.28 2825.81 −0.64 −0.28
P18þ non-CMB (new) 2338.34 21.56 395.67 1.29 1412.51 26.83 14.90 13.88 4224.98 −15.26 4283.50 −8.83 −11.26
P18þ lensing
þnon-CMB (new)

2343.23 21.75 395.69 9.77 2.03 1412.70 26.87 14.93 13.95 4240.92 −8.34 4296.89 −4.31 −4.34

Nonflat XCDM model [Planck PðqÞ]
Non-CMB (new) 1412.51 22.67 14.77 10.85 1460.80 −13.29 1468.14 −9.97 −9.29
P18 2336.63 21.31 395.63 1.34 2754.91 −10.89 2810.86 −7.07 −6.89
P18þ lensing 2341.99 21.93 395.68 9.29 1.51 2770.40 −4.31 2827.00 þ0.55 −0.31
P18þ non-CMB (new) 2346.82 22.99 396.59 1.81 1412.60 25.56 14.79 17.50 4238.67 −1.57 4294.75 þ2.42 þ2.43
P18þ lensing
þnon-CMB (new)

2346.33 23.13 396.00 9.28 2.09 1412.98 25.43 14.85 18.18 4248.26 −1.00 4303.54 þ2.34 þ3.00

Nonflat XCDMþ AL model [Planck PðqÞ]
P18 (AL > 0.8) 2336.44 21.20 395.52 1.30 2754.46 −11.34 2811.61 −6.32 −5.34
P18þ lensing 2341.46 22.28 395.66 9.04 1.83 2770.28 −4.43 2829.13 þ2.68 þ1.57
P18þ non-CMB (new) 2337.83 21.81 395.74 1.37 1412.23 27.55 14.81 13.50 4224.83 −15.41 4285.15 −7.18 −9.41
P18þ lensing
þnon-CMB (new)

2341.91 21.97 395.81 10.06 1.55 1412.20 27.24 14.79 14.17 4239.70 −9.56 4298.54 −2.66 −3.56

Nonflat XCDM model [new PðqÞ]
Non-CMB (new) 1411.93 21.98 14.88 10.71 1459.51 −13.27 1468.73 −9.38 −9.27
P18 2338.49 21.43 396.14 1.81 2757.86 −7.94 2811.78 −6.15 −3.94
P18þ lensing 2341.99 21.73 395.82 8.96 2.07 2770.57 −4.14 2826.60 þ0.15 −0.14
P18þ non-CMB (new) 2347.31 22.91 396.21 1.83 1412.59 25.67 14.81 17.24 4238.57 −1.67 4294.90 þ2.57 þ2.33
P18þ lensing
þnon-CMB (new)

2345.80 23.23 396.59 9.00 1.82 1412.99 25.12 14.81 18.60 4247.96 −1.30 4304.26 þ3.06 þ2.70

Nonflat XCDMþ AL model [new PðqÞ]
P18 (AL > 0.8) 2336.38 21.16 395.52 1.34 2754.40 −11.40 2811.71 −6.22 −5.40
P18þ lensing 2341.66 21.74 395.68 9.20 1.98 2770.27 −4.44 2828.10 þ1.65 þ1.56
P18þ non-CMB (new) 2337.48 21.79 395.75 1.35 1412.30 27.39 14.80 13.66 4224.52 −15.72 4284.84 −7.49 −9.72
P18þ lensingþ
non-CMB (new)

2341.80 22.10 395.78 9.71 1.85 1412.28 27.47 14.79 13.97 4239.76 −9.50 4298.27 −2.93 −3.50

Note: Δχ2, ΔDIC, and ΔAIC indicate the values relative to those of the tilted flat ΛCDM model for the same combination of datasets.
For the tilted flat ΛCDM model AIC ¼ 2819.80 (P18), 2828.71 (P18þ lensing), and 4303.26 [P18þ lensingþ non-CMB (new)]. All
χ2 values are computed at the corresponding model best-fit cosmological parameter values. See Sec. IV B of [10] for detailed
descriptions of individual CMB χ2’s.
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primary parameters but also in the derived parameters. In
regard to the primary parameters we find that the two values
for Ωbh2, Ωch2, 100θMC, and lnð1010AsÞ disagree by
−2.14σ, 2.34σ, 2.09σ, and −2.63σ, respectively. With
non-CMB (new) data we obtain w ¼ −0.853þ0.043

−0.033 , which
indicates a 4.45σ preference for quintessencelike behavior
whereas with P18 data we get w ¼ −1.59þ0.15

−0.34 which
indicates preference for phantom behavior 3.93σ away
from the cosmological constant. The values of w estimated
from P18 and non-CMB (new) data differ by −4.80σ. In the
flat XCDM model P18 data and non-CMB (new) data
values of all five primary parameters are mutually incon-
sistent at greater than 2σ confidence. As for the derived
parameters, we find for Ωm and σ8 differences of −1.54σ
and 1.97σ, respectively, between the P18 data and non-
CMB (new) data values. These results might mean that in
the context of the flat XCDM model P18 data and non-
CMB (new) data should not be analyzed together, and that
the flat XCDM model might be inconsistent with at least
one of the two datasets (under the assumption that both
datasets are correct). We will return to this issue in
Sec. IV D.
We can compare the results obtained for the eight-

parameter flat XCDMþ AL model and the five-parameter
flat XCDMmodel, when P18 and non-CMB (new) data are
employed, respectively, if we look at Table XI and Fig. 17.
We find significant differences in the values of the primary
parameters, which exceed 2σ confidence for four of the five
primary parameters. In particular, for Ωbh2, Ωch2, 100θMC,
and lnð1010AsÞ we observe differences of −2.10σ, 2.12σ,
2.11σ, and −2.69σ, respectively. As for the equation of state
parameter of dark energy, for the flat XCDMþ AL model
constrained with P18 data we obtain w ¼ −1.23þ0.31

−0.59 , indi-
cating preference for phantomlike behavior at 0.74σ.
Compared to the w value for non-CMB (new) data in the
flat XCDM model, the two values differ at −1.21σ con-
fidence, significantly smaller than the corresponding−4.80σ
in the flat XCDMmodel whereAL is not allowed to vary and
is set to unity. When we compare the values of the derived
parameters we find less severe discrepancies than in the flat
XCDM case, with none of them even reaching the 1σ level.
The two values of H0 and σ8 disagree by 0.70σ and 0.29σ,
respectively. To determinewhether P18 and non-CMB (new)
data can be jointly analyzed, and whether the flat XCDMþ
AL model is inconsistent with at least one of these datasets,
we will make use of the statistical estimators in Sec. IVD.
The primary cosmological parameters values of the

eight-parameter and six-parameter nonflat XCDM Planck
[new] PðqÞ models from P18 data and from non-CMB
(new) data are listed in Table XII [Table XIII] and shown in
Fig. 18 [Fig. 20]. Here we observe smaller differences than
those in the flat XCDM model, with two [none] of the six
primary parameters disagreeing at 2σ confidence. The
largest differences are for Ωbh2 and 100θMC with disagree-
ments at −1.37σ [−1.28σ] and −2.10σ [−1.79σ],

respectively, as well as for Ωk as discussed next. When
analyzing P18 data we obtain Ωk ¼ −0.048þ0.041

−0.012
[−0.0338þ0.029

−0.0086] for the curvature parameter, indicating a
1.17σ [1.17σ] preference for closed geometry and a 1.98σ
[1.82σ] disagreement with the value obtained from non-
CMB (new) data Ωk ¼ −0.177þ0.064

−0.072 [−0.186þ0.083
−0.067 ], which

in turn is 2.77σ [2.24σ] in favor of closed hypersurfaces. As
for the equation of state parameter, using P18 data we
obtain w ¼ −1.27þ0.97

−0.45 [−1.27
þ0.79
−0.44 ], while using non-CMB

(new) data we get w ¼ −0.786þ0.044
−0.037 [−0.785þ0.045

−0.038 ]. The
P18 value indicates a 0.28σ [0.34σ] preference for phan-
tomlike behavior while the non-CMB (new) value repre-
sents a 5.78σ [5.66σ] preference for quintessencelike
behavior, and the P18 and non-CMB (new) values differ
at −0.50σ [−0.61σ]. Regarding the derived parameters, for
H0, Ωm, and σ8 we observe differences of −1.14σ
[−0.74σ], 0.76σ [0.60σ], and 0.36σ [0.59σ], almost all
below 1σ.
P18 and non-CMB (new) data results obtained for the

nine-parameter nonflat XCDM Planck [new] PðqÞ þ AL
model and the six-parameter nonflat XCDM Planck [new]
PðqÞmodel can be found in Table XII [Table XIII] and seen
in Fig. 19 [Fig. 21]. Non-negligible differences are
observed when we look at the values of some primary
parameters with one [none] of the six primary parameters
disagreeing at 2σ significance. For Ωbh2, 100θMC, and
lnð1010AsÞ, we see differences at −1.37σ [−1.27σ], −2.10σ
[−1.79σ], and 0.38σ [0.47σ], respectively. For the nonflat
XCDM Planck [new] PðqÞ þ AL model, when P18 data is
considered, we obtain Ωk ¼ −0.073þ0.065

−0.029 [−0.072þ0.065
−0.030 ],

which is 1.12σ [1.11σ] away from flat. For the nonflat
XCDM Planck [new] PðqÞ model, using non-CMB (new)
data, we findΩk ¼ −0.177þ0.064

−0.072 [−0.186
þ0.083
−0.067 ], indicating a

preference for a closed Universe at 2.77σ [2.24σ]. The two
values disagree at 1.48σ [1.29σ]. In regard to the equation of
state parameter of dark energy for the XCDM Planck [new]
PðqÞ þ AL model w ¼ −1.36þ1.1

−0.53 [−1.39þ1.1
−0.54] from P18

data, with this value favoring phantomlike behavior at 0.33σ
[0.35σ], whereas from non-CMB data in the XCDM
Planck [new] PðqÞ model we obtain w ¼ −0.786þ0.044

−0.037
[−0.785þ0.045

−0.038 ], indicating a preference for quintessence at
5.78σ [5.66σ], with a discrepancy of −0.52σ [−0.55σ]
between the two values. As for the derived parameters
H0, Ωm, and σ8, we find that the two values disagree at
−2.56σ [−2.55σ], 1.15σ [1.10σ], and 0.19σ [0.23σ],
respectively.

7. Comparing P18+ lensing data and non-CMB (new)
data cosmological constraints

In the previous subsubsection we showed that in the
XCDM models the differences between P18 data and non-
CMB (new) data cosmological parameter constraints are
not negligible. We now determine whether the same is true
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when we compare P18þ lensing data and non-CMB (new)
data XCDM models cosmological constraints.
Cosmological parameter constraints for the seven-

parameter and the five-parameter flat XCDM model
obtained from P18þ lensing data and non-CMB (new)
data are listed in Table XI and shown in Fig. 22. As in the
previous subsubsection for the P18 and non-CMB (new)
data primary parameter values, there are significant
differences between the two sets of cosmological con-
straints here, with all five primary parameter values differ-
ing at more than 2σ significance. In particular, Ωbh2, Ωch2,
100θMC, and lnð1010AsÞ values differ at −2.13σ, 2.27σ,
2.10σ, and −2.65σ. From P18þ lensing data, for the dark
energy equation of state parameter we get w ¼ −1.55þ0.16

−0.35
showing a 3.44σ preference for phantomlike behavior and a
difference of −4.27σ with the non-CMB (new) data result
w ¼ −0.853þ0.043

−0.033 which favors quintessencelike behavior
at 4.45σ. Differences in the derived parameters are not as
severe as those found for the primary cosmological
parameter values but they are non-negligible. For Ωm
and σ8 we obtain differences of −1.41σ and 1.79σ.
These results probably mean that P18þ lensing and
non-CMB (new) data should not be jointly analyzed in
the context of the flat XCDM model, and that the flat
XCDM model probably is inconsistent with at least one of
the two datasets (under the assumption that both datasets
are correct), but this needs to be confirmed with the help of
the statistical estimators.
The primary and derived parameter values of the eight-

parameter flat XCDMþ AL model and the five-parameter
flat XCDM model obtained with P18þ lensing and non-
CMB (new) data, respectively, are listed in Table XI and
shown in Fig. 23. When we look at the values of the
primary parameters, we observe significant differences,
with four of the five primary parameter values differing at
more than 2σ. For Ωbh2, Ωch2, 100θMC, and lnð1010AsÞ the
differences between the two values are −2.11σ, 2.15σ,
2.11σ, and −2.69σ, respectively. When the non-CMB
(new) data are analyzed in the flat XCDM model we
obtain w ¼ −0.853þ0.043

−0.033 which indicates a 4.45σ prefer-
ence for quintessencelike behavior. In contrast, when we
consider P18þ lensing data in the context of the flat
XCDMþ AL model we get w ¼ −1.34þ0.26

−0.51 which indi-
cates a 1.31σ deviation from w ¼ −1. The two values differ
by −1.86σ, significantly smaller than the corresponding
−4.27σ value in the flat XCDM model discussed in the
previous paragraph. As in the previous case less significant
differences are found when we look at the values of the
derived parameters. In particular for Ωm and σ8 the two
results disagree at −0.33σ and 0.58σ. As in the previous
case with AL ¼ 1 these results may indicate that P18þ
lensing and non-CMB (new) data should not be jointly
analyzed in the flat XCDMþ AL model but further tests are
needed before we definitively conclude this.

The results presented in Table XII [Table XIII] and
shown in Fig. 24 [Fig. 26] allow us to compare the eight-
parameter and the six-parameter nonflat XCDM Planck
[new] PðqÞ models primary cosmological parameter con-
straints obtained from P18þ lensing data and non-CMB
(new) data. In this case two [one] of the six primary
parameters differ at more than 2σ significance. For Ωbh2

and 100θMC the differences are at −1.40σ [−1.30σ] and
−2.10σ [−1.79σ], respectively, which are very similar to
the results found for the case of P18 and non-CMB (new)
data. Using P18þ lensing data we obtain for the curvature
parameter Ωk ¼ −0.0111þ0.013

−0.00070 [−0.0080
þ0.0098
−0.0023 ] which is

0.85σ [0.82σ] away from flat and differs at 2.59σ [2.14σ]
with the non-CMB (new) data value Ωk ¼ −0.177þ0.064

−0.072
[−0.186þ0.083

−0.067 ] that also favors closed geometry but now at
2.77σ [2.24σ]. For the dark energy equation of state
parameter, P18þ lensing data give w ¼ −1.28þ0.41

−0.54
[−1.27þ0.40

−0.49 ] representing a phantomlike deviation of
0.68σ [0.68σ] from the cosmological constant value of w ¼
−1 and differing at −1.20σ [−1.21σ] from the non-CMB
(new) data value w ¼ −0.786þ0.044

−0.037 [−0.785þ0.045
−0.038 ] that

favors quintessencelike behavior at 5.78σ [5.66σ]. As for
the derived parameters we find mild differences, in par-
ticular for H0, Ωm, and σ8 these are 0.23σ [0.24σ], 0.040σ
[−0.049σ], and 0.76σ [0.86σ].
P18þ lensing and non-CMB (new) data results for the

nine-parameter nonflat XCDM Planck [new] PðqÞ þ AL
and the six-parameter nonflat XCDM Planck [new] PðqÞ
model can be seen in Table XII [Table XIII] and in Fig. 25
[Fig. 27]. We observe some non-negligible differences
between the values of the primary parameters, with two
[one] of the six differing at more than 2σ significance. For
those parameters common to the flat ΛCDM model the
ones that show larger differences are Ωbh2 and 100θMC
with disagreements at −1.39σ [−1.29σ] and −2.10σ
[−1.79σ] respectively. With non-CMB (new) data and
the nonflat XCDM Planck [new] PðqÞ model, we find
Ωk ¼ −0.177þ0.064

−0.072 [−0.186þ0.083
−0.067 ] which favors closed

spatial hypersurfaces at 2.77σ [2.24σ] whereas when we
analyze P18þ lensing data within the context of the nonflat
XCDM Planck [new] PðqÞ þ AL model we get Ωk ¼
−0.012þ0.027

−0.011 [−0.003þ0.018
−0.011 ] which shows a preference

for a closed Universe at 0.44σ [0.17σ]. The two values
differ at 2.54σ [2.19σ] significance. In regard to the
equation of state parameter of dark energy, when non-
CMB (new) data are utilized we find w ¼ −0.786þ0.044

−0.037
[−0.785þ0.045

−0.038 ] and when P18þ lensing data are considered
we find w ¼ −1.32þ0.71

−0.38 [−1.18þ0.54
−0.37 ], with the differences

between the two values being −0.75σ [−0.73σ]. In the first
case we observe evidence of 5.78σ [5.66σ] in favor of
quintessencelike behavior while in the second case the
result shows a preference for phantomlike behavior at
0.45σ [0.33σ] significance. As for the derived parameters
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we find less significant differences than for the primary
parameters, in particular for H0, Ωm, and σ8 the values
disagree at 0.092σ [0.24σ�, 0.11σ [0.03σ], and 0.64σ
[0.55σ�, respectively.

C. Model selection

In this subsection we discuss how (relatively) well each
dataset is fit by each of the twelve models we study. In
particular we consider the following combinations of data:
non-CMB (new), P18, P18þ lensing, P18þ non-CMB
(new), and P18þ lensingþ non-CMB (new). We also
consider three pairs of ΛCDM models and three pairs of
XCDM models, with one of each pair having AL ¼ 1 and
the other with varying AL, with one of the three being
spatially flat and the other two allowing for nonzero spatial
curvature. As we have mentioned previously, the lensing
consistency parameter AL does not impact the non-CMB
data analysis and so when we comment on the results
obtained with non-CMB (new) data we do not mention the
AL-varying models. We focus on the results obtained for
the DIC, Eq. (11), since it is considered to be more reliable
than the AIC, Eq. (10). The different levels of significance
for the ΔDIC values are defined below Eq. (11) in Sec. III.
Non-CMB (new). When the equation of state parameter

of dark energy is fixed to w ¼ −1, the flat ΛCDM model is
weakly [positively] favored over the nonflat Planck [new]
PðqÞ model. On the other hand, when w is allowed to vary
we find that the flat XCDM model is strongly favored over
the flat ΛCDM model. Simultaneous variations of w and
the curvature parameter Ωk are favored by non-CMB (new)
data since both the nonflat XCDM Planck PðqÞ and new
PðqÞ models are strongly favored compared to the flat
ΛCDM model, with the XCDM Planck PðqÞ case very
weakly favored over the XCDM new PðqÞ case, while both
nonflat XCDM models are very weakly favored over the
flat XCDM model. Finally, the ΛCDM Planck [new] PðqÞ
model is very strongly [very strongly] disfavored when
compared to the XCDM Planck [new] PðqÞ model. These
results indicate that allowing w to be a freely varying
parameter is significantly more important than allowing Ωk
to be a freely varying parameter in improving the fit to non-
CMB (new) data relative to the performance of the flat
ΛCDM model.
P18. For AL ¼ 1 and w ¼ −1, the nonflatΛCDM Planck

PðqÞ and new PðqÞ models are strongly favored over the
flat ΛCDM model, with the Planck PðqÞ model weakly
favored over the new PðqÞ one. However, when AL ¼ 1
and w is allowed to vary, the nonflat XCDM Planck PðqÞ
and new PðqÞ models are positively favored over the flat
XCDMmodel, with the Planck PðqÞmodel weakly favored
over the new PðqÞ one. When the lensing consistency
parameter AL is allowed to vary, while keeping w ¼ −1, the
flat ΛCDMþ AL model is positively favored over the flat
ΛCDM model while the ΛCDM Planck [new] PðqÞ þ AL
model is weakly [positively] disfavored compared to the

ΛCDM Planck [new] PðqÞ model. When w is allowed to
vary while keeping AL ¼ 1, the flat XCDM model is
positively favored over the flat ΛCDM model whereas
the nonflat XCDM Planck [new] PðqÞ model is weakly
[weakly] disfavored compared to the ΛCDM Planck [new]
PðqÞ model. We now consider the results obtained when
both w and AL are allowed to vary. Compared to the flat
ΛCDM model, we find that the flat XCDMþ AL model is
positively favored, while the nonflat XCDM Planck and
new PðqÞ þ AL models are strongly favored. The flat
XCDMþ AL model is positively favored over the flat
XCDM model. The nonflat XCDM Planck [new] PðqÞ þ
AL model is weakly disfavored [weakly favored] compared
to the nonflat XCDM Planck [new] PðqÞ model and very
weakly [positively] favored compared to theΛCDM Planck
[new] PðqÞ þ AL model. Additionally, the nonflat ΛCDM
Planck [new] PðqÞ þ AL model is weakly favored [pos-
itively disfavored] over the flat ΛCDMþ AL model and the
nonflat XCDM Planck and new PðqÞ þ AL models are
weakly favored over the flat XCDMþ AL model. As we
found previously in the ΛCDM case, [10], we find for
XCDM here that allowing AL to vary weakens the support
for the nonflat models over the corresponding varying-AL
flat model, with the additional caveat that unlike in the
AL ¼ 1 ΛCDM case where both nonflat models are
strongly favored over the flat model, in the XCDM case
the nonflat models are only positively favored over the
flat model.
P18þ lensing. When we analyze the results obtained

from P18þ lensing data we do not find the level of
evidence found when lensing data is not included in the
mix. If we set w ¼ −1 and AL ¼ 1 we see that the nonflat
ΛCDM Planck PðqÞ and new PðqÞ models are weakly
favored relative to the flat ΛCDM model. For w ¼ −1 and
varying AL, the flat ΛCDMþ AL model is weakly favored
over the flat ΛCDM model, and the nonflat ΛCDM Planck
[new] PðqÞ þ AL model is weakly [weakly] disfavored
when compared with the ΛCDM Planck [new] PðqÞmodel.
When w is allowed to vary but AL ¼ 1, the flat XCDM
model is positively favored over the flat ΛCDM model.
However, on the other hand, the nonflat XCDM Planck
PðqÞ and new PðqÞ models are both weakly disfavored
when compared to the nonflatΛCDMPlanck PðqÞ and new
PðqÞ models, respectively. When allowing simultaneous
variation of w and AL we find that the flat XCDMþ AL
model is weakly favored over the flat ΛCDM model, while
the XCDM Planck [new] PðqÞ þ AL model is positively
[weakly] disfavored compared to the standard model.
Finally, the XCDM Planck [new] PðqÞ þ AL model is
positively [positively] disfavored when compared with the
ΛCDM Planck [new] PðqÞmodel and is positively [weakly]
disfavored over the XCDM Planck [new] PðqÞ model.
P18þ non-CMB (new). We now consider how the P18

data analysis results change when we include non-CMB
(new) data in the analysis. For w ¼ −1 and AL ¼ 1 we find
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that the nonflat ΛCDM Planck and new PðqÞ models are
weakly disfavored when compared to the flatΛCDMmodel.
Varying AL while holding w ¼ −1, we observe that the flat
ΛCDMþ AL model is strongly favored over the flatΛCDM
model, and both the nonflat ΛCDM Planck and new PðqÞ þ
AL models are strongly favored over the ΛCDM Planck and
new PðqÞ models, respectively. Considering the comple-
mentary case, when w varies and AL ¼ 1 we see that the flat
XCDM model is weakly disfavored when compared to the
flat ΛCDM model, whereas the ΛCDM Planck [new] PðqÞ
model is weakly [weakly] favored over the XCDM Planck
[new] PðqÞ model. When w and AL are both varied, we
observe that the three XCDMþ AL models, namely the flat
XCDMþ AL one and the nonflat XCDM Planck and new
PðqÞ þ AL ones, are strongly favored over the corresponding
threeΛCDMmodels, the flat one and the nonflat Planck and
new PðqÞ ones, respectively. On the other hand the flat
ΛCDMþ AL model is very strongly favored over the flat
XCDMmodel, and the two nonflatΛCDMþ AL models are
strongly favored over the corresponding nonflat XCDM
models. The flat XCDMþ AL model is very strongly
favored over the flat XCDM model, the XCDM Planck
PðqÞ þ AL model is on the verge of being very strongly
preferred over the XCDM Planck PðqÞ model, and the
XCDM new PðqÞ þ AL model is very strongly favored over
the XCDM new PðqÞ model. Finally we observe that the
XCDM Planck and new PðqÞ þ AL models are weakly
preferred over the ΛCDM Planck and new PðqÞ þ AL
models, respectively. When AL is allowed to vary, P18þ
non-CMB (new) data typically strongly favor AL > 1.
P18þ lensingþ non-CMB (new). Finally, we now ana-

lyze the results obtained for the most complete dataset
employed in this work. We note again that when lensing
data are included in the analysis such data compilations
tend to more poorly distinguish between the models. The
flat ΛCDM model is weakly favored over the ΛCDM
Planck and new PðqÞ models. When considering the case
where w ¼ −1 but AL is freely varied in the analysis, we
find that the flat ΛCDMþ AL model is positively favored
over the flat ΛCDM model. A similar level of support is
found for the ΛCDM Planck and new PðqÞ þ AL models
compared to the ΛCDM Planck and new PðqÞ models,
respectively. For AL ¼ 1 but varying w, we observe that the
flat XCDMmodel is positively disfavored in comparison to
the flat ΛCDM model. Additionally, the XCDM Planck
[new] PðqÞmodel is weakly [weakly] disfavored compared
to the ΛCDM Planck [new] PðqÞ model. When both w and
AL are free parameters, we find that the flat XCDMþ AL
model is positively preferred over the flat ΛCDM model
and strongly favored over the flat XCDM model, while the
XCDM Planck [new] PðqÞ þ AL model is positively
[positively and almost strongly] favored over the XCDM
Planck [new] PðqÞ model. We also note that when we
compare the XCDM Planck [new] PðqÞ þ AL model with
the ΛCDM Planck [new] PðqÞ þ AL model, the former is

only weakly [weakly] preferred over the latter. Compared
to our previous analysis with the non-CMB (old) data, [10],
with the non-CMB (new) data here, in the flat and two
nonflat ΛCDM models the varying AL option is no longer
as positively favored over the AL ¼ 1 option, however it is
positively or strongly favored over the AL ¼ 1 option in the
flat and two nonflat XCDM models.

D. Dataset tensions

After analyzing in detail the cosmological parameter
constraints for each of the twelve models under study,
obtained for the different datasets considered in this work,
and after comparing how (relatively) well each dataset is fit
by each model, in this subsection we test whether, in the
context of a given cosmological model, there is concord-
ance (discordance) between the results obtained for pairs of
some of the datasets and also whether this dataset con-
sistency (inconsistency) is model independent. To accom-
plish this we use the two statistical estimators, presented in
Sec. III, whose expressions are provided in Eqs. (12), (15),
and (16) respectively. See there for discussions of the
different levels of significance of the estimator values. The
values for the two statistical estimators, log10 I and pðσÞ,
are provided in Table X for the ΛCDM models and in
Table XIV for the XCDM models, for the P18 and non-
CMB and for the P18þ lensing and non-CMB datasets
comparisons. For the ΛCDMmodels in Table X we provide
both non-CMB(old) and non-CMB(new)data results, and as
mentioned earlier non-CMB (new) data are more consistent
with P18 and P18þ lensing data than non-CMB (old) data
are. For the XCDM models in Table XIV we provide only
non-CMB (new) data results. In the following discussion we
focus only on the results obtained with the non-CMB (new)
dataset.
P18 vs. non-CMB (new). In the flat ΛCDM model P18

data and non-CMB (new) data are not inconsistent. For the
first statistical estimator we get log10 I ¼ 0.805 which
indicates substantial consistency whereas for the second
one we find p ¼ 24.9% (σ ¼ 1.152) which indicates neither
significant concordance nor significant discordance. For the
flat ΛCDMþ AL model we obtain similar results with both
estimators, log10 I ¼ 1.446 and p ¼ 87% (σ ¼ 0.164),
pointing to a strong consistency between the results obtained
with the P18 and non-CMB (new) datasets.
When we consider varying Ωk but keep AL ¼ 1 and w ¼

−1 we observe non-negligible tensions between the two
sets of cosmological parameter constraints. For the nonflat
ΛCDM Planck PðqÞ model we get log10 I ¼ −0.796 and
p ¼ 0.687% (σ ¼ 2.704) indicating a substantial incon-
sistency between P18 data and non-CMB (new) data
results, but less than 3σ and also less than the σ ¼ 3.005
found when comparing the P18 and non-CMB (old) data
results, [10]. On the other hand, for the nonflat ΛCDM new
PðqÞ model we have log10 I ¼ −0.391 and p ¼ 2.10%
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(σ ¼ 2.308), with the first estimator indicating neither
consistency nor inconsistency while the second estimator
points to a moderate inconsistency, which means that the
tension between the two datasets is reduced in the new PðqÞ
case relative to the Planck PðqÞ case. In view of these
results the degree of discordance is not significant enough
to prevent P18 data and non-CMB (new) data being used
together in the ΛCDM Planck and new PðqÞ models.
When w ¼ −1 butΩk and AL are allowed to vary, there is

agreement between the results obtained with P18 and non-
CMB (new) data. While for the ΛCDM Planck PðqÞ þ AL
modelwe find log10 I ¼ 1.210 andp ¼ 55.2% (σ ¼ 0.595),
for the ΛCDM new PðqÞ þ AL model we get log10 I ¼
2.107 and p ¼ 77.2% (σ ¼ 0.289). In the first case the
estimators indicate substantial consistency between the pair
of datasets whereas in the second case the level of concord-
ance is closer to being decisive.
When AL ¼ 1 but the dark energy equation of state

parameter w varies we find some very significant tensions
between P18 and non-CMB (new) data in the context of the
XCDMmodels. For the flat XCDMmodel we get log10 I ¼
−2.125 and p ¼ 0.056% (σ ¼ 3.448), indicating a decisive
degree of discordance for this model. The simultaneous
variation ofΩk andw increases the disagreement between the
two datasets. For the XCDM Planck PðqÞ model we obtain
log10 I ¼ −3.421 and p ¼ 0.003% (σ ¼ 4.294) and sim-
ilarly for the XCDM new PðqÞ model we get log10 I ¼
−3.125 and p ¼ 0.007% (σ ¼ 3.960). In both cases the two
statistical estimators point to a decisive degree of incon-
sistency, which makes the joint consideration of P18 and
non-CMB (new) data inadvisable in the context of the nonflat
XCDMmodels withAL ¼ 1.WhenAL ¼ 1 all threeXCDM
models, flat and nonflat, are inconsistent at> 3σ with either
P18 data or non-CMB data or both (if these datasets are
correct).
Allowing for a variation in the lensing consistency

parameter AL results in more mutually consistent P18
and non-CMB (new) data results in the context of the
XCDM models. In the flat XCDMþ AL model we obtain
log10 I ¼ −0.364 and p ¼ 3.619% (σ ¼ 2.095) which
indicates that the degree of discordance is at most mod-
erate. For the XCDM Planck PðqÞ þ AL model we find
log10 I ¼ −1.173 and p ¼ 0.902% (σ ¼ 2.611) whereas
for the XCDM new PðqÞ þ AL model we obtain log10 I ¼
−0.957 and p ¼ 0.778% (σ ¼ 2.662). Both statistical
estimators still show an almost strong discordance between
P18 and non-CMB (new) data results, but the degree of
inconsistency is probably not high enough to prevent us
from considering these two datasets jointly in our analysis
in the context of the nonflat XCDMþ AL models.
In summary, P18 and non-CMB (new) data are largely

consistent in the six flat and nonflat ΛCDMðþAL) models
and in the three flat and nonflat XCDMþ AL models, but
are inconsistent at> 3σ in the three flat and nonflat XCDM
AL ¼ 1 models, thus ruling out these three models at > 3σ,

if the two datasets are correct. We see next that very similar
results hold in the P18þ lensing and non-CMB (new)
datasets comparison.
P18þ lensing vs. non-CMB (new). When looking at the

results obtained for the flat ΛCDM model, including
lensing data with P18 data in the analysis results in
conclusions similar to the case when just P18 data results
are compared to the non-CMB (new) data results. From the
P18þ lensing and non-CMB (new) data comparison, for
the first statistical estimator we find log10 I ¼ 0.730 and
for the second one we obtain p ¼ 22.7% (σ ¼ 1.209). In
the first case we find a substantial degree of concordance
between the P18þ lensing and non-CMB (new) data
results whereas in the second case neither significant
consistency nor significant inconsistency can be claimed.
Compared to the previous case, where we compare P18

and non-CMB (new) data results, for AL ¼ 1 and w ¼ −1
but the curvature parameter Ωk is allowed to vary, we find
less significant disagreement between the P18þ lensing
and non-CMB (new) data results. For the nonflat ΛCDM
Planck PðqÞ model we get log10 I ¼ 0.711 in addition to
p ¼ 12% (σ ¼ 1.555) and very similarly for the nonflat
ΛCDM new PðqÞ model we get log10 I ¼ 0.755 for the
first estimator and p ¼ 12.3% (σ ¼ 1.544) for the second
one. So, the first statistical estimator, in both cases, points
to substantial consistency between the results obtained with
P18þ lensing and non-CMB (new) data while the second
one indicates neither significant consistency nor significant
inconsistency between the two datasets. This means that
P18þ lensing and non-CMB (new) data can be jointly
analyzed in the context of the nonflat ΛCDM models.
As expected, in light of the results obtained in the

previous P18 vs. non-CMB (new) data case, the simulta-
neous variation of Ωk and AL in the analysis enhances the
consistency between results obtained from P18þ lensing
data and from non-CMB (new) data. In the case of the
nonflat ΛCDM Planck PðqÞ þ AL model we get log10 I ¼
1.719 and for the second estimator p ¼ 80.9% (σ ¼ 0.241)
while for the nonflat ΛCDM new PðqÞ þ AL model we
have log10 I ¼ 1.887 as well as p ¼ 75.7% (σ ¼ 0.312),
so again we find very similar results for the two cosmo-
logical models. In the context of the nonflat ΛCDMþ AL
models the degree of concordance between P18þ lensing
and non-CMB (new) data results is strong.
Like in the P18 vs. non-CMB (new) data comparison

analysis, whenwe look at the cases that allow the equation of
state parameter of dark energy w to vary, we find some non-
negligible disagreements between results obtained with
P18þ lensing and non-CMB (new) data. For the flat
XCDM model we obtain for the two statistical estimators
log10 I ¼ −2.247 and p ¼ 0.039% (σ ¼ 3.555) respec-
tively. These results indicate a decisive degree of discordance
between the P18þ lensing and non-CMB (new) datasets in
the context of the flat XCDM model and rule out the flat
XCDM model at > 3σ, if both datasets are correct.
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As for the cases where w and Ωk are allowed to
simultaneously vary, we observe a slight reduction in the
disagreement between P18þ lensing and non-CMB (new)
data results, compared to the Ωk ¼ 0 case, although they
are probably still too large to allow a joint analysis of the
two datasets in the context of the nonflat XCDM models.
For the nonflat XCDM Planck PðqÞ model the first and
second statistical estimators give log10 I ¼ −1.824 and
p ¼ 0.069% (σ ¼ 3.396) whereas for the nonflat XCDM
new PðqÞmodel we get log10 I ¼ −1.942 and p ¼ 0.155%
(σ ¼ 3.164). Therefore, for both models there is still an
almost decisive degree of inconsistency between the results
obtained with P18þ lensing data and with non-CMB (new)
data, with both nonflat XCDM models ruled out at > 3σ.
As expected, when we also allow AL to vary the

disagreements between the results obtained with the two
datasets subside. For the flat XCDMþ AL model we find
log10 I ¼ −0.506 which indicates a substantial degree of
inconsistency and for the second estimator we have p ¼
1.742% (σ ¼ 2.378) which goes a step further and seems to
point to a strong inconsistency, but < 3σ, between the
P18þ lensing and non-CMB (new) data results. In the
context of the flat XCDMþ AL model it is probably safe to
jointly analyze P18þ lensing and non-CMB (new) data.
In the case of the nonflat XCDM Planck PðqÞ þ AL

model for the two statistical estimators we have log10 I ¼
−0.275 and p ¼ 3.026% (σ ¼ 2.167) whereas for the
nonflat XCDM new PðqÞ þ AL model we obtain log10 I ¼
−0.312 and p ¼ 2.409% (σ ¼ 2.256). While the first
estimator for both models do not indicate a significant
degree of discordance, the second one points to a strong
disagreement between the two sets of results. However, the
level of disagreement does not seem to be enough to
disallow the joint consideration of P18þ lensing and non-
CMB (new) data within the context of the nonflat
XCDMþ AL cosmological models.
In our previous work [10], we statistically confirmed that

in the tilted nonflat ΛCDM models with AL ¼ 1 there is a
tension between P18 data and non-CMB data results that
rules out the nonflat models at more than 2.5σ significance
(just over 3.0σ for the Planck PðqÞ model and just under
2.6σ for the new PðqÞ model). Here, from the results of the
nonflat models with AL ¼ 1 or varying AL (in Tables X and
XIV), except for the nonflatΛCDMþ AL new PðqÞmodel,
we find larger values of log10 I and p for the P18þ lensing
vs. non-CMB (new) data comparison than for the P18 vs.
non-CMB (new) data comparison, which suggests that the
addition of lensing data to P18þ non-CMB (new) data
reduces the tension between P18 and non-CMB (new) data.
However, this seems to contradict our finding that adding
lensing data to P18þ non-CMB (new) data does not
improve the model fit. For example, in the nonflat
ΛCDM models with AL ¼ 1, adding lensing data to the
P18þ non-CMB (new) data only slightly decreases the
DIC values. Furthermore, all AL-varying ΛCDM models

constrained with P18þ lensingþ non-CMB (new) data are
positively disfavored compared to the corresponding mod-
els constrained with P18þ non-CMB (new) data, and
similar behavior is seen for all XCDM models except
the nonflat XCDM Planck PðqÞmodel with AL ¼ 1. This is
likely due to the fact that lensing data slightly shifts the
values of the cosmological parameters toward the region of
parameter space that is preferred by non-CMB (new) data,
and thus appears to be more consistent with non-CMB
(new) data. Consequently, when we compare P18þ
lensing with non-CMB (new) data we observe less dis-
agreement between the two results than when we compare
P18 data and non-CMB (new) data results.
In summary, P18þ lensing and non-CMB (new) data are

largely consistent in the six flat and nonflat ΛCDMðþAL)
models and in the three flat and nonflat XCDMþ AL
models, but are inconsistent at > 3σ in the three flat and
nonflat XCDM AL ¼ 1 models, thus ruling out these three
models at> 3σ, if the two datasets are correct. FromFigs. 16,
18, and 20, we can compare P18 and non-CMB (new) data
contours for the XCDMmodels with AL ¼ 1. We see that in
some panels the 3σ contours are the first to overlap, in
agreement with our discussion in this subsection about
inconsistencies between these twodatasetswithin the context
of these models. The effect of considering a varying AL
parameter can be seen in Figs. 17, 19, and 21. The inclusion
of the lensing consistency parameter brings the contours
closer together thus reducing the tension between P18 and
non-CMB(new) cosmological parameter constraints and this
agrees with the information in Table XIV where this tension
reduction can be appreciated in a more quantitative way. In
Sec. IV B 5 we compare P18, P18þ lensing, and P18þ
lensingþ non-CMB (new) contours obtained for theXCDM
models for fixed and varying AL. We have some at most 2σ
nonoverlapping regions (for the nonflat XCDMmodels with
AL ¼ 1) and this was not unexpected since when we jointly
analyze either P18 or P18þ lensing data with non-CMB
(new) data we are forcing the cosmological parameters to
have values between P18 (or P18þ lensing) data values and
non-CMB (new) data values. In Sec. IV C we compare the
performance of the different models tested against the
different combinations of datasets. The results provided in
Tables XVand XVI clearly show that when non-CMB (new)
data are included in the analysis it is possible to improve the
performance of the flat ΛCDM and flat XCDM models by
allowing AL to vary and this goes hand-in-hand with the fact
that the inclusion of a varying lensing consistency parameter
in the analysis can increase the consistency between P18 and
non-CMB (new) datasets in the context of the XCDM
models. This again highlights the importance of considering
varyingAL in the analysis since in theΛCDMand theXCDM
models it helps to reduce the tension between CMB and non-
CMB data results. These results are very similar to those
found above for the P18 dataset and the non-CMB (new)
datasets comparison.
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V. DISCUSSION

In this work we have employed P18 data, (P18) CMB
lensing data, and non-CMB data to place constraints on the
cosmological parameters of twelve cosmological models:
flat ΛCDM (þAL), nonflat ΛCDM Planck PðqÞ (þAL),
nonflat ΛCDM new PðqÞ (þAL), flat XCDM (þAL),
nonflat XCDM Planck PðqÞ (þAL), and nonflat XCDM
new PðqÞ (þAL). In order to compare how well each of
these models fit observational data, we use two statistical
criteria: the AIC [Eq. (10)] and the DIC [Eq. (11)].
Furthermore, with the help of two estimators [Eqs. (12)
and (15)], we determine the mutual (in)consistency
between results obtained from two different datasets when
analyzed in a given model.
According to the statistical tools utilized, three of the

twelve cosmological models studied are rejected at 3σ
significance due to incompatibilities between results
obtained from different datasets, provided that these data
are correct and free from unaccounted systematic errors.
From the P18 vs. non-CMB (new) and P18þ lensing vs.
non-CMB (new) data comparisons, the three cosmological
models ruled out at confidence levels exceeding 3σ are the
flat XCDM, the nonflat XCDM Planck PðqÞ, and the
nonflat XCDM new PðqÞ models. Interestingly, when non-
CMB (old) data is replaced by non-CMB (new) data, the
nonflat ΛCDM Planck PðqÞ model is no longer rejected at
more than 3σ, which is what we found in [10] where we
used non-CMB (old) data.
When we compare the cosmological parameter con-

straints obtained with P18 data and non-CMB (new) data in
the flat XCDM model, we observe that the values of all
primary parameters disagree at more than 2σ. In particular,
Ωbh2, Ωch2, 100θMC, and lnð1010AsÞ differ at −2.14σ,
2.34σ, 2.09σ, and −2.63σ respectively, with the difference
in the values of the dark energy equation of state parameter
w (−4.80σ) being the largest one. Including the lensing data
in the analysis and considering the P18þ lensing data vs.
non-CMB (new) data comparison barely changes the level
of disagreement. In this case, the difference between the
two sets of cosmological parameter values for Ωbh2, Ωch2,
100θMC, and lnð1010AsÞ are −2.13σ, 2.27σ, 2.10σ, and
−2.65σ, respectively, while the w difference is −4.27σ. We
also use two statistical estimators to measure the degree of
concordance/discordance between the results obtained with
two datasets in a given model. When comparing the P18
and non-CMB (new) results, we have log10 I ¼ −2.125
and p ¼ 0.056% (σ ¼ 3.448) with both statistical estima-
tors indicating a decisive degree of disagreement. As for the
results obtained when we study the case of P18þ lensing
data vs. non-CMB data we obtain log10 I ¼ −2.247
and p ¼ 0.039% (σ ¼ 3.555), which is also decisive.
Therefore, in light of these results we conclude that the
flat XCDMmodel is ruled out at more than 3σ significance.
The other two cosmological models rejected by these

data at 3σ significance are the nonflat XCDM Planck PðqÞ

and the nonflat XCDM new PðqÞmodels. For both models,
when we compare the results obtained with P18 and non-
CMB (new) data we find smaller differences compared to
those for the flat XCDM model. In the Planck PðqÞ model,
for the primary parameters common to the flat ΛCDM
model the largest difference is found for 100θMC (−2.10σ)
whereas for the curvature parameterΩk and the dark energy
equation of state parameter w we find differences between
the two values at 1.98σ and −0.50σ, respectively. In regard
to the incompatibilities found between P18 data and non-
CMB (new) data results we obtain log10 I ¼ −3.421 and
p ¼ 0.003% (σ ¼ 4.294) which means that the level of
discordance exceeds 3σ and thus argues against the joint
analysis of these two datasets in the context of the nonflat
XCDM Planck PðqÞ model. When the lensing data are
included in the mix the level of disagreement between the
results from the two datasets is reduced, but is still high
enough to reject this model at more than 3σ. The primary
parameters 100θMC, Ωk, and w values disagree at −2.10σ,
2.59σ, and −1.20σ respectively whereas for the tension
estimators we obtain log10 I ¼ −1.824 for the first one and
p ¼ 0.069% (σ ¼ 3.396) for the second one. Similar
results are obtained for the nonflat XCDM new PðqÞ
model but at a less severe level of disagreement. When
we compare P18 and non-CMB (new) data results, the
largest differences between the two sets of results are for
100θMC, Ωk, and w, which differ by −1.79σ, 1.82σ, and
−0.61σ respectively. As expected, the statistical estimators
reconfirm the tension observed in the differences in
parameter values, with the first one being log10 I ¼
−3.125 while for the second one we have p ¼ 0.007%
(σ ¼ 3.960), with both indicating a decisive level of
discordance between the results. No significant changes
are observed when the P18þ lensing data vs. non-CMB
(new) data case is studied. The primary parameter 100θMC,
Ωk, and w values differ at −1.79σ, 2.14σ, and −1.21σ and
for the statistical estimators of the level of tension we find
log10 I ¼ −1.942 and p ¼ 0.155% (σ ¼ 3.164). Given
these results, both nonflat XCDM models with AL ¼ 1
are ruled out at 3σ confidence level.
Allowing the lensing consistency parameter AL to vary

makes P18 data and P18þ lensing data results compatible
with non-CMB (new) data results in the XCDM models. In
the flat XCDM model when P18 data are considered we
find AL ¼ 1.180þ0.062

−0.10 which favors AL > 1 over AL ¼ 1 by
1.80σ, and w ¼ −1.23þ0.31

−0.59 indicating a preference for
phantom-behavior at 0.74σ significance, while for P18þ
non-CMB (new) data we get AL ¼ 1.222� 0.063 (3.52σ)
and w ¼ −0.964� 0.024 (1.50σ preference for quintes-
sencelike behavior), and finally when P18þ lensingþ
non-CMB (new) data are analyzed we obtain AL ¼
1.101� 0.037 (2.73σ) and w ¼ −0.968� 0.024 (1.33σ
preference for quintessencelike behavior). When AL is
allowed to vary, the tensions between cosmological param-
eter constraints obtained from the two different datasets are
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alleviated with respect to the case when AL ¼ 1. When we
look at the P18 vs. non-CMB (new) data case we find
log10 I ¼ −0.364 and p ¼ 3.619% (σ ¼ 2.095) whereas
for the P18þ lensing vs. non-CMB (new) data case we get
log10 I ¼ −0.506 and p ¼ 1.742% (σ ¼ 2.378), therefore,
according to the statistical estimators the flat XCDMþ AL
model is not ruled out at 3σ significance by these data.
Regarding the performance of the flat XCDMþ AL model
with respect to the flat ΛCDM model, when the P18þ
lensingþ non-CMB (new) dataset is considered we obtain
ΔDIC ¼ −4.31 which means that the first model is
positively favored over the flat ΛCDM model.
Very similar results are found for the nonflat XCDM

Planck PðqÞ þ AL and the nonflat XCDM new PðqÞ þ AL
cosmological models. In particular, when P18 data are
analyzed we get for the XCDM Planck [new] PðqÞ þ AL

model Ωk ¼ −0.073þ0.065
−0.029 [−0.072þ0.065

−0.030 ], w ¼ −1.36þ1.1
−0.53

[−1.39þ1.1
−0.54], and AL < 1.20 [< 1.19] which indicates a

preference for a closed Universe of 1.12σ [1.11σ] and a
preference of 0.33σ [0.35σ] in favor of phantomlike
behavior. Jointly analyzing P18 and non-CMB (new) data,
we obtain Ωk ¼ 0.0011� 0.0019 [0.0011� 0.0019] for
the curvature parameter, favoring an open Universe by
0.58σ [0.58σ], while for the dark energy equation of state
parameter we get w ¼ −0.958� 0.027 [−0.959� 0.026]
indicating a preference for the quintessencelike behavior by
1.56σ [1.58σ]. As for the lensing parameter, we find AL ¼
1.217� 0.064 [1.213� 0.064] showing a preference for
AL > 1 at 3.39σ [3.33σ]. Finally when we analyze the
largest dataset considered in this work, namely P18þ
lensingþ non-CMB (new), we find for the three nonstand-
ard parameters Ωk ¼ 0.0015� 0.0019 [0.0015� 0.0019],
w ¼ −0.958� 0.026 [−0.959� 0.027], and AL ¼
1.102� 0.037 [1.101� 0.038]. According to these results
there is a 0.79σ [0.79σ] preference for an open Universe, a
preference for quintessencelike behavior of 1.62σ [1.52σ],
and the option AL > 1 is preferred at 2.76σ [2.66σ]. It is
important to note that while P18 data show a preference for
a closed Universe (Ωk < 0) and phantomlike behavior
(w < −1), when non-CMB (new) data are included in
the mix either in the P18þ non-CMB (new) case or in the
P18þ lensingþ non-CMB (new) case, the opposite is true:
an open Universe (Ωk > 0) and quintessencelike behavior
(w > −1) are favored. In regard to the statistical estimators,
for the nonflat XCDM Planck [new] PðqÞ þ AL model, in
the case of P18 vs. non-CMB (new) data we get log10 I ¼
−1.173 [−0.957] and p ¼ 0.902% [0.778%] (σ ¼ 2.611
[2.662]) and for P18þ lensing vs. non-CMB (new) data we
have log10 I ¼ −0.275 [−0.312] and p ¼ 3.026%
[2.409%] (σ ¼ 2.167 [2.256]). As noted previously, it is
the inclusion of a varying AL parameter that brings
concordance to the cosmological parameter constraints
obtained from the two different datasets. As for the
performance of the nonflat XCDMþ AL models we obtain
ΔDIC ¼ −2.66½−2.93� pointing to a positive preference for

the nonflat models, with a varying equation of state
parameter and lensing parameter, over the flat ΛCDM
model with AL ¼ 1.
It is interesting and important to note that for the largest

dataset we study, the P18þ lensingþ non-CMB (new)
one, all models with a varying AL parameter are positively
favored over the flat ΛCDM one. This seems to indicate
that consideration of this phenomenological parameter
might be necessary to get a better fit to these cosmological
data. On the other hand, we should take into account that
the flat ΛCDM model is the simplest observationally
consistent cosmological model among all the models
studied in this paper. It passes all consistency tests we
have subjected it to and it does so with a constant Λ (not an
evolving dark energy component) and with flat hyper-
surfaces (Ωk ¼ 0) and with the lensing consistency param-
eter set to unity (AL ¼ 1). It is also interesting and
important to note that analyses of updated PR4 Planck
data in theΛCDMþ AL model [12,129] find AL values less
inconsistent with AL ¼ 1, and that this change is partly due
to the dataset update and partly due to the different
likelihoods used.
There appears to be a mismatch between the observed

smoothing of some parts of the P18 CMB power spectra
and the predicted smoothing due to weak gravitational
lensing in the six-parameter flat ΛCDMmodel that best fits
these data. One possible alternative that could resolve this
issue is considering negative values of the curvature
parameter Ωk < 0 (closed geometry), which in turn allows
for a larger nonrelativistic matter density parameter Ωm
values if ΩΛ is held constant, compared to the case with
Ωk ¼ 0, thus incrementing the amount of lensing. Another
alternative, which is phenomenological rather than physi-
cal, is to rescale the gravitational potential power spectrum
with the phenomenological lensing consistency parameter
AL, which automatically increases the amount of lensing
for AL > 1. The second option allows Ωm to remain in the
low-value region (compared to the case either with Ωk ¼ 0
or with Ωk < 0), so that the amount of structure formation
is reduced, affecting the value of σ8, which is lower for all
AL-varying models than for models with AL ¼ 1.
Consequently, the better performance of AL-varying mod-
els highlighted above may be related to the simultaneous
alleviation of the lensing anomaly and the σ8 tension, when
CMB and non-CMB (new) data are jointly analyzed, that
affect the flat ΛCDM model.
Consistent with what we found earlier for the ΛCDM

models [10], when only the CMB data (either P18 or P18þ
lensing data) are used it is not possible to obtain nearly
model-independent cosmological parameter constraints. To
obtain model-independent constraints it is necessary to
include non-CMB data in the mix. Actually, even consid-
ering P18þ lensingþ non-CMB (new) data, which is the
most restrictive dataset we use, it is only possible to get
almost model-independent constraints when comparing the
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models with AL ¼ 1 or when comparing the models that
allow for the variation of AL. Among models with AL ¼ 1
the differences between the primary and derived cosmo-
logical parameter values always remain below 1σ. No
particular parameter has more model-dependent values
uniformly across models; parameter value differences vary,
depending on the two models that are under comparison.
Therefore, it is not unreasonable to claim that P18þ
lensingþ non-CMB (new) data are able to set nearly
model-independent cosmological parameter constraints
among the models with AL ¼ 1. On the other hand, when
comparing the constraints obtained for the models with
AL ¼ 1 and those obtained for the AL-varying models we
observe differences of close to 2σ for σ8 and close to 1σ for
the second most affected parameter, lnð1010AsÞ.

VI. CONCLUSIONS

Under the condition that the datasets we have employed
in this work are correct and free from unaccounted
systematics, the statistical estimators we have used show
that three of the twelve cosmological models we have
studied are rejected at 3σ or more because they cannot
simultaneously accommodate either P18 and non-CMB
(new) data or P18þ lensing and non-CMB (new) data.
These models are the flat XCDM model and the nonflat
XCDM Planck and new PðqÞ models.
As we showed in [10], in the ΛCDMmodels neither P18

nor P18þ lensing data are able to completely break the
geometrical degeneracy between the Ωm −H0 −Ωk − AL
parameters and, as expected, this remains true here when
we additionally consider a varying dark energy equation of
state parameter w. According to the results obtained in this
work, there are three options for the flat ΛCDM model to
deal with the lensing anomaly, if we consider only one
additional parameter at a time: Ωk < 0, w > −1, or AL > 1.
In the case of the nonflat ΛCDM models with AL ¼ 1, P18
data favor a more negative value of the curvature parameter,
which is compensated by a larger value of the matter
density parameter Ωm and a lower value of the Hubble
constant H0. On the other hand, the results obtained for the
flat XCDM model show that a more negative dark energy
equation of state parameter w value is favored, compen-
sated by a smaller value of Ωm and a higher value of H0,
contrary to the case of the nonflat models. Finally in the
case of the flat ΛCDMþ AL model, due to the weak
correlations of the AL parameter with the other free param-
eters, we do not observe significant changes in the values of
Ωm andH0 with respect to the flatΛCDMmodel. According
to the DIC values, among these three options the most
favored one when it comes to fitting P18 data turns out to be
Ωk < 0: for the two nonflat ΛCDMmodels we get ΔDIC ¼
−7.34 [Planck PðqÞ] and ΔDIC ¼ −6.39 [new PðqÞ],
respectively, which indicates that both models are strongly
favoredover the flatΛCDMmodel.On theother hand, for the
flatΛCDMþ AL model we getΔDIC ¼ −5.52whereas for

the flat XCDMmodelΔDIC ¼ −2.26, meaning that both the
ΛCDMþ ALmodel and the flatXCDMmodel are positively
favored over the standard flat ΛCDM model, with the flat
ΛCDMþ AL model favored over the flat XCDM model.
Although CMB lensing data are not as restrictive as P18

data, in some cases we find non-negligible changes in the
cosmological parameter constraints when P18þ lensing
data are used instead of P18 data alone. For the nonflat
ΛCDM models, we find that Ωk is still negative but its
absolute value decreases, moving closer to flat spatial
geometry. In addition, Ωm decreases whereas H0 increases
with respect to the values from the P18 data analysis. When
we move from P18 data to P18þ lensing data, the evidence
in favor of AL > 1 decreases for the flat ΛCDMþ AL
model, but the results are barely changed for the flat
XCDM model, indicating that the XCDM model is not
very sensitive to CMB lensing data.
Non-CMB (new) data by themselves do not support the

results that we have just summarized. For the nonflatΛCDM
models, with non-CMB (new) data the evidence in favor of
Ωk < 0 (closed geometry) subsides and instead positive
values of the curvature parameter (Ωk > 0, open geometry)
are found, contrary to what happens when analyzing non-
CMB (old) data, [10]. Also, with non-CMB (new) data
smaller values ofΩm and higher values ofH0 are found with
respect to the results obtained with P18 data. As for the flat
XCDM model, non-CMB (new) data favor larger values of
Ωm and lower values ofH0 compared to those fromP18 data.
From the DIC values, we see that with non-CMB (new) data
the nonflat ΛCDM Planck PðqÞ and ΛCDM new PðqÞ
models have ΔDIC ¼ þ1.41 and ΔDIC ¼ þ2.05, respec-
tively. These positive values indicate that the two models are
not favored over the flat ΛCDM model. However, the flat
XCDM model, which has ΔDIC ¼ −9.37 for non-CMB
(new) data, is strongly preferred when compared to the
standard flat ΛCDM model.
The significant discrepancies found between the results

obtained with P18=P18þ lensing data and non-CMB
(new) data led us to make use of statistical estimators to
more properly quantify the tensions. As reported above,
these tests reveal that the three XCDMmodels with AL ¼ 1
are ruled out at 3σ or more. For the nonflat ΛCDMmodels,
we observe that the level of tension in the cases of P18 vs.
non-CMB (new) data and P18þ lensing vs. non-CMB
(new) data are reduced compared to the cases where non-
CMB (old) data were used instead of non-CMB (new) data,
with the main consequence being that here these models are
not ruled out at the 3σ threshold. Regarding the XCDM
models with a varying AL parameter we note that while the
levels of tension are still high, they are less than 3σ and not
enough to disallow the joint analysis of P18, lensing, and
non-CMB (new) data.
Overall, considering only the ninemodels not ruled out by

discordances between parameter values determined from
different datasets, for the P18þ lensingþ non-CMB (new)
dataset, we find little deviation from a flat geometry and
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moderate deviation from a cosmological constant, with the
biggest deviations being Ωk ¼ 0.0015� 0.0019 in the
XCDM Planck PðqÞ þ AL and XCDM new PðqÞ þ AL
models, which favor open geometry and are 0.79σ from flat
geometry, and w ¼ −0.958� 0.026 in the XCDM Planck
PðqÞ þ AL model, which favors quintessencelike dynamical
dark energy and is 1.62σ from a cosmological constant.
Interestingly, in all six nonflat models that are not ruled out at
3σ or more, open geometry is mildly favored, and in all three
XCDMþ AL models (that are not ruled out at 3σ or more),
quintessencelike dynamical dark energy is moderately
favored. In the AL ¼ 1 nonflat ΛCDM cases, we find for
the P18þ lensingþ non-CMB (new) dataset Ωk ¼
0.0009� 0.0017 [0.0008� 0.0017] for the Planck [new]
PðqÞ model, favoring open geometry at 0.53σ [0.47σ].
Our cosmological parameter constraints obtained for the

flat ΛCDMmodel, when P18þ lensingþ non-CMB (new)
data are considered, are the most restrictive results to date.
In particular, for the six primary parameters we get
Ωbh2 ¼ 0.02249� 0.00013, Ωch2 ¼ 0.11849� 0.00084,
100θMC ¼ 1.04109� 0.00028, τ ¼ 0.0569� 0.0071, ns ¼
0.9685� 0.0036, and lnð1010AsÞ ¼ 3.046� 0.014. Addi-
tionally, for the derived parameters, we find H0 ¼
68.05� 0.38 km s−1 Mpc−1, Ωm ¼ 0.3059� 0.0050, and
σ8 ¼ 0.8077� 0.0057. Among models with AL ¼ 1, these
values show almost model-independent consistency, with
differences always below 1σ. However, when we compare
these cosmological parameter values with those obtained for
the AL-varying models, we observe larger differences. In
particular, for the six varying AL models relative to the flat
ΛCDM model we find the following maximum differences
for eachparameter. Formodelswithw ¼ −1,we find−0.35σ
for Ωbh2, 0.53σ for Ωch2, −0.12σ for 100θMC, 0.81σ for τ,
−0.41σ for ns, 0.95σ for lnð1010AsÞ, 0.71σ forH0, 0.75σ for
Ωm, and 1.08σ for σ8, whereas comparing w-varying model
results we get −0.55σ for Ωbh2, 0.81σ forΩch2, −0.27σ for
100θMC, 0.69σ for τ, −0.66σ for ns, 0.88σ for lnð1010AsÞ,
0.21σ for H0, 0.13σ for Ωm, and 1.80σ for σ8.
When P18þ lensingþ non-CMB (new) data are ana-

lyzed, interesting trends related to the lensing consistency
parameter AL are observed. For models with fixed AL ¼ 1,

we have on average evidence for open spatial geometry
with positive curvature parameter Ωk > 0 (0.63σ) and a
quintessencelike dark energy equation of state parameter
w > −1 (0.63σ). For models with varying AL parameter, we
get Ωk > 0 (0.52σ), w > −1 (1.49σ), and AL > 1 (2.59σ).
Therefore, among the various nonstandard parameters
explored in this work, the lensing consistency parameter
is the one that most deviates from the standard flat ΛCDM
model AL ¼ 1 value. This conclusion is supported by the
findings from the DIC values which indicate that, when
P18þ lensingþ non-CMB (new) data are used, all AL-
varying models are positively favored over the flat ΛCDM
model.
The conclusions we have drawn in this work depend on

the datasets we have employed. The recent analysis of the
updated PR4 Planck dataset [12] results in updated values
for the curvature parameter (Ωk ¼ −0.012� 0.010) and the
lensing consistency parameter (AL ¼ 1.039� 0.052).
These new measurements show less evidence in favor of
nonflat hypersurfaces and AL > 1 compared to the results
obtained from P18 data, partly as a consequence of the
updated PR4 Planck dataset and partly as a consequence of
the different likelihoods used in the analyses. (One might
view the second source of difference as a systematic and it
might then be appropriate to account for it as an additional
systematic error on cosmological parameter values.)
More and better cosmological data are required in order

to clarify whether the tensions highlighted in our work,
affecting the standard flat ΛCDMmodel of cosmology, can
really be interpreted as hints of new physics or if they arise
from some unaccounted systematics in the cosmological
data we have used. Given the circumstances, the flat
ΛCDM model remains the simplest (largely) observatio-
nally consistent cosmological model.
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[10] J. de Cruz Pérez, C.-G. Park, and B. Ratra, Current data are
consistent with flat spatial hypersurfaces in the ΛCDM
cosmological model but favor more lensing than the model
predicts, Phys. Rev. D 107, 063522 (2023).

[11] A. Lewis and A. Challinor, Weak gravitational lensing of
the CMB, Phys. Rep. 429, 1 (2006). astro-ph/0601594.

[12] M. Tristram et al., Cosmological parameters derived from
the final Planck data release (PR4), Astron. Astrophys.
682, A37 (2024).

[13] S. Hannestad, Constraints on the sound speed of dark
energy, Phys. Rev. D 71, 103519 (2005).

[14] W. Fang, W. Hu, and A. Lewis, Crossing the phantom
divide with parametrized post-Friedmann dark energy,
Phys. Rev. D 78, 087303 (2008).

[15] J. Weller and A. M. Lewis, Large scale cosmic microwave
background anisotropies and dark energy, Mon. Not. R.
Astron. Soc. 346, 987 (2003).

[16] G. Ballesteros and J. Lesgourgues, Dark energy with non-
adiabatic sound speed: Initial conditions and detectability,
J. Cosmol. Astropart. Phys. 10 (2010) 014.

[17] J. Ooba, B. Ratra, and N. Sugiyama, Planck 2015 con-
straints on the non-flat XCDM inflation model, Astrophys.
J. 869, 34 (2018).

[18] J. Ooba, B. Ratra, and N. Sugiyama, Planck 2015 con-
straints on spatially flat dynamical dark energy models,
Astrophys. Space Sci. 364, 176 (2019).

[19] C.-G. Park and B. Ratra, Observational constraints on the
tilted flat-XCDM and the untilted nonflat XCDM dynami-
cal dark energy inflation parameterizations, Astrophys.
Space Sci. 364, 82 (2019).
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