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We analyze perturbations of self-interacting, scalar field dark matter that contains modes in both a
coherent condensate state and an incoherent particlelike state. Starting from the coupled equations for the
condensate, the particles’ phase-space distribution, and their mutual gravitational potential, first derived
from first principles in earlier work by the authors, we derive a hydrodynamic limit of two coupled fluids
and study their linearized density perturbations in an expanding universe, also including particle pressure
under an assumption for an equation of state consistent with the dynamical equations. We find that away
from the condensate-only or particle-only limits, and for certain ranges of the parameters, such self-
interacting mixtures can significantly enhance the density power spectrum above the standard linear
ΛCDM value at localized wave numbers, even pushing structure formation into the nonlinear regime earlier
than expected in ΛCDM for these scales. We also note that such mixtures can lead to degeneracies between
models with different boson masses and self-coupling strengths, in particular, between self-coupled models
and noncoupled fuzzy dark matter made up of heavier bosons. These findings open up the possibility of a
richer phenomenology in scalar field dark matter models and could further inform efforts to place
observational limits on their parameters.
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I. INTRODUCTION

For many decades now, cold dark matter (CDM) has been
the prevailing paradigm for explaining structure formation
in the Universe. Indeed, the assumption that the matter
budget of the Universe is dominated by a nonrelativistic
particle with small velocity dispersion (i.e., “cold”) and
negligible coupling to itself and the particles of the standard
model has been able to explain a vast swathe of observations,
spanning the whole history of the observable Universe [1].
Despite these successes, however, more detailed investiga-
tions of the small-scale structures predicted by numerical
simulations of CDM have led to a surge in the scrutiny of an
alternative dark matter model called fuzzy dark matter
(FDM) [2–14]—see Refs. [15–17] for detailed reviews
and a comprehensive bibliography—which promises to
solve CDM’s small-scale problems such as the cusp-core
problem [18], the too-big-to-fail problem [19,20], or the

missing satellites problem [21]. Although the extent to
which these problems pose fundamental challenges to
CDM is still unclear, their investigation, coupled with a
lack of any compelling particle candidate for dark matter,
has made FDM and its generalizations an attractive subject
of study.
Unlike the corpuscular nature of CDM, with N-body

simulations probing its phase-space distribution, FDM is
modeled as a continuous field exhibiting wave interference
effects. Although the resulting large-scale structure is very
similar to CDM, there are differences on smaller scales:
Halos now exhibit a “granular” appearance, and FDM
predicts the formation of compact objects from the balance
of gravity and the “quantum pressure” arising from that
wavy dynamics. Such objects are the ground states of FDM
and in a cosmological context reside in the centers of more
extended halos. These features present a natural cutoff in
the overdensity power spectrum of FDM precisely because
the quantum pressure acts to prevent short-scale over-
densities from forming.
Although sometimes associated to, or motivated by,

speculative axionlike particles, FDM is in its basis a dark
matter model composed of bosons, in contrast to CDM,
which is presumably composed of some unknown type of
fermion. Bosons can exist in both condensed and non-
condensed states, and FDM is usually associated with the
former state—see, however, Ref. [22] for a quantitative
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assessment of the level of coherence, a related concept, and a
qualifier of condensation, inside an FDM halo and Ref. [23]
on how coherence of condensates of low-mass particles
formed in the early Universe is prone to decay. Depending
on how the dark matter bosonic field came into existence in
the earlyUniverse, itmay be that a particle description is also
appropriate or at least offers a sufficiently accurate dynami-
cal picture for some of the field’s modes associated with
higher velocities. In this work, we utilize a formalism
developed by us in [24] to describe hybrid states, where
the bosonic field can have both condensed and noncon-
densed components, and study linearized perturbations of
such a model.1 We work in the nonrelativistic limit using a
hydrodynamical truncation of the Boltzmann equation
describing the noncondensed “particles” to leading order
in the self-coupling, ignoring collisional terms.
The outline of the paper is as follows: In the next section,

we describe our basic equations and detail our assumptions
and approximations, leading to a hydrodynamical, two-fluid
description. The underlying physical picture is of the
coexistence of two components, one involving states of
relatively low velocities and being described by a
classical scalar field Φ0ðt; rÞ and one with higher-velocity
states described by a phase-space distribution fðt; r;pÞ.
Linearized density perturbation equations for the two result-
ing fluids are then given in Sec. III, and their solutions for the
linear density power spectra are shown in Sec. IV. The
perturbation dynamics of the two components are essentially
differentiated by the existence or not of a quantum pressure
term ∝ k4. We observe that such coupled mixtures of
condensed and noncondensed fluids exhibit oscillatory
features beyond the scale where FDM models present a
quantum-pressure-induced cutoff and can exhibit an increase
of power at certain localizedwave numbers, possibly pushing
such scales into the nonlinear regime at higher redshift
compared to CDM. Of course, this invalidates perturbation
theory and calls for fully nonlinear simulations before any
safe conclusions can be drawn on the effects of such models
on structure formation. We also suggest that such mixtures
may showdegeneracies betweenmodelswith different boson
masses and self-coupling strengths, in particular, between
self-coupled models and non-self-interacting FDM (g ¼ 0)
made up of heavier bosons. Such degeneracies should be
kept in mind when placing observational limits on models
whose only parameter is the boson mass.

II. HYBRID MODEL AND HYDRODYNAMIC
EQUATIONS

First, we discuss our hybrid condensate-particle model
and derive the corresponding hydrodynamic equations.

A. Hybrid condensate-particle model

A generalized model encompassing both CDM and
FDM as limiting cases was previously derived by us in
[24], based on the coexistence of two components for a
single species of bosonic particle of massm under the effect
of gravity. These two components are characterized by
states of lower and higher typical velocities, respectively. In
flat spacetime, the equations describing this system are

iℏ
∂Φ0

∂t
¼
�
−
ℏ2

2m
∇2þðmVþgðncþ2ñÞÞ− iℏR

�
Φ0; ð1Þ

∂f
∂t

þ p
m
·∇f−∇ðmVþ2gðncþ ñÞÞ∇pf¼

1

2
ðIaþ IbÞ; ð2Þ

∇2V ¼ 4πGmðnc þ ñÞ; ð3Þ

where Eq. (1) describes the part of the bosons that are in a
condensate state (lower velocity modes), Eq. (2) is a colli-
sional Boltzmann equation describing the incoherent par-
ticles, i.e., the noncondensed part (higher-velocity modes),
and Eq. (3) determines the gravitational potential generated
by both of these components, whose number densities are
defined as nc ¼ jΦ0j2 for the condensate and ñ for the
incoherent particles; the latter’s particle density is related
with the distribution function f which appears in (2) via

ñ ¼
Z

d3p
ð2πℏÞ3 f: ð4Þ

The bosons are further allowed to self-interact via a self-
interaction coupling g. The right-hand side (rhs) of the
Boltzmann equation involves the collision integrals

Ia ¼ 4g2nc

Z
d3p1d3p2d3p3

ð2πÞ2ℏ4

× δðεc þ εp1
− εp2

− εp3
Þδðp2 − p1 − qþ p3Þ

× ðδðp1 − pÞ − δðp2 − pÞ − δðp3 − pÞÞ
× ðð1þ f1Þf2f3 − f1ð1þ f2Þð1þ f3ÞÞ; ð5Þ

Ib ¼ 4g2
Z

d3p2d3p3d3p4

ð2πÞ5ℏ7

× δðεp3
þ εp4

− εp2
− εpÞδðpþp2 − p3 − p4Þ

× ½f3f4ðfþ 1Þðf2 þ 1Þ− ff2ðf3 þ 1Þðf4 þ 1Þ�; ð6Þ

where the subscripts in the distribution function are a
shorthand fi ¼ fðr;pi; tÞ; here, εc corresponds to the
energy of a condensate element with momentum q, and
the energies of the noncondensed particles, εp, are, respec-
tively, defined by

εc ¼
q2

2m
þmV þ gðnc þ 2ñÞ; ð7Þ

1A similar dual particle-condensate description for homo-
geneous states in the early Universe was recently put forward
in [25] using the 2PI formalism. It would be interesting to see
how that approach relates to the one adopted in [24].
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εp ¼ p2

2m
þmV þ 2gðnc þ ñÞ: ð8Þ

Meanwhile, the condensate equation involves a damping
term expressed in terms of

R ¼ 1

4nc

Z
d3p

ð2πℏÞ3 Ia: ð9Þ

Note that the effect of self-interaction is slightly different
for the two components: There is a difference between the
factors of 2 in those terms on the rhs of (28) and (30) which
are proportional to g. This originates in the different mean-
field interaction potentials exhibited by condensed and
noncondensed particles and is well known in condensed
matter systems [26,27]. Notice further that, in the limit
g → 0 and considering only the condensed component with
f ¼ 0, we recover the limit of FDM, while if Φ0 ¼ 0 and
we have only noncondensed particles, we recover the limit
of the equations that are typically used for CDM. In this
hybrid model, we can see that at the order of g2 it is possible
to have interchange of particles and condensate reflected in
the existence of −iℏR in (1) and Ia in (2). In this way, the
self-interaction is a significant part of the phenomenology
of the model. Even if we ignore these particle interchanges
and consider only phenomena up to OðgÞ, the coupling
between condensed and noncondensed components is still
nontrivial.
We next map our Eqs. (1)–(3) into a system of hydro-

dynamic equations.

B. Hydrodynamic equations

The hydrodynamic equations for the condensate are
routinely obtained via the Madelung transformation Φ0 ¼ffiffiffiffiffi
nc

p
eiθ [28,29]: Splitting the resulting equation in real and

imaginary parts and defining the condensate velocity
vc ¼ ℏ∇θ

m , and with ρc ¼ mnc and ρ̃ ¼ mñ being the mass
densities for the condensate and particles, respectively, we
get for the condensate

∂ρc
∂t

þ∇ · ðρcvcÞ ¼ −2ρcR; ð10Þ

�
∂

∂t
þvc ·∇

�
vc¼−∇

�
−

ℏ2

2m2

∇2 ffiffiffiffiffi
ρc

p
ffiffiffiffiffi
ρc

p þVþ g
m2

ðρcþ2ρ̃Þ
�
:

ð11Þ

For the particles, on the other hand, we can compute from
Eq. (2) the first three moments, multiplying it by 1,
ðp −mvcÞ and ðp −mvcÞ2, respectively, and integrating
with respect to p. It can be verified that

Z
d3p

ð2πℏÞ3 Ib ¼ 0;
Z

d3p
ð2πℏÞ3 ðp −mvcÞIa ¼ 0;

Z
d3p

ð2πℏÞ3 ðp −mvcÞIb ¼ 0; ð12Þ

Z
d3p

ð2πℏÞ3 ðεp − εcÞIa ¼ 0;
Z

d3p
ð2πℏÞ3 εpIb ¼ 0; ð13Þ

and, with these identities and Eq. (9), we obtain

∂ρ̃

∂t
þ∇ · ðρ̃ ṽÞ ¼ 2ρcR; ð14Þ

�
∂

∂t
þ ṽ · ∇

�
ṽ ¼ −∇

�
V þ 2g

m2
ðρc þ ρ̃Þ

�

−
1

ρ̃
∇iPij − 2

ρc
ρ̃
Rðṽ − vcÞ; ð15Þ

∂E
∂t

þ∇ · ðEṽÞ ¼ −∇ ·Q−DijPij

þ 2ρcR

�
1

2
ðṽ− vcÞ2 −

ℏ2∇2 ffiffiffiffiffi
ρc

p
2m2 ffiffiffiffiffi

ρc
p −

g
m2

ρc

�

ð16Þ

with Dij ¼ 1
2
ð∇iṽj þ∇jṽiÞ and where we have defined as

ṽ the bulk velocity of the particles as

ṽ ¼
Z

d3p
ð2πℏÞ3

p
m
f
ñ

ð17Þ

and

Pij ¼ m
Z

d3p
ð2πℏÞ3

�
pi

m
− ṽi

��
pj

m
− ṽj

�
f; ð18Þ

E ¼ 1

2m

Z
d3p

ð2πℏÞ3 ðp −mṽÞ2f; ð19Þ

Q ¼ 1

2m

Z
d3p

ð2πℏÞ3 ðp −mṽÞ2
�
p
m
− ṽ

�
f: ð20Þ

It is important to remark that, as is usually the case, the
Boltzmann equation leads to an infinite hierarchy of
moment equations, and here we have displayed only
equations for the first two moments. Accordingly, the
existence of terms such as Q and E shows that the above
equations are not closed, requiring the equations for the
next, cubic moments. Those, in turn, would involve quartic
moments, etc., in a never-ending hierarchy of equations. To
truncate it, further assumptions are required.
A common assumption is that of local thermal equilib-

rium where f assumes the form of the Maxwell-Boltzmann
distribution with a locally varying temperature. Here, we
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will not assume thermal equilibrium, in particular, but will
assume that f is an even function of p −mṽ≡mu:

f ¼ fðmuÞ ¼ fð−muÞ; ð21Þ

meaning that particle velocities are distributed symmetri-
cally in frames comoving with the local average bulk
velocity. With this symmetry assumption, Q ¼ 0, and for
Pij the only nonzero entries are the diagonal ones:

Pii ¼ m
Z

d3p
ð2πℏÞ3

�
pi

m
− ṽi

�
2

f: ð22Þ

Also, we will assume that the three diagonal entries are
equal: P11 ¼ P22 ¼ P33 ≡ P, i.e., isotropy in the Pij term.
With that, adding the three components

3P ¼ ρ̃hu2i ¼ ρ̃u2
⋆; ð23Þ

where

hu2i≡
R d3p

ð2πℏÞ3 ðpm − ṽÞ2fR d3p
ð2πℏÞ3 f

: ð24Þ

Here, u2
⋆ is a measure of the characteristic velocity squared,

as determined by the distribution function f, measured in a
local frame comoving with a fluid element. At the same
time, with the isotropy assumption, we have

P ¼ 2

3
E; ð25Þ

a common relation for the kinetically induced pressure of a
gas. Hence, Eq. (16) becomes

∂P
∂t

þ∇ · ðPṽÞ

¼ −
2

3
P∇ · ṽþ 4

3
ρcR

�
1

2
ðṽ− vcÞ2 −

ℏ2∇2 ffiffiffiffiffi
ρc

p
2m2 ffiffiffiffiffi

ρc
p −

g
m2

ρc

�
:

ð26Þ

We observe that these assumptions close the system of
hydrodynamic equations.
We highlight here that in order to construct the quantum

pressure term − ℏ2

2m2

∇2 ffiffiffiffi
ρc

pffiffiffiffi
ρc

p in (11) we needed to divide byffiffiffiffiffi
ρc

p
in some point, meaning that we can never take ρc as

zero. Also, to arrange Eq. (15) in a similar form to (11), we
divided by ρ̃. In this way, we can never take ρ̃ as zero either
in the above coupled system of equations for the two
components. If we want to consider the hydrodynamical
equations for only condensate or only particles, we should
start from Eqs. (1)–(3), setting to zero the absent

component there, and then repeat the steps for the remain-
ing component.
Next, we formulate the above equations in the setting of

an expanding universe.

C. Formulation in an expanding universe

At this point, in the interest of simplicity, we will keep
the next computations atOðgÞ, meaning that henceforth we
set R ¼ 0 and, correspondingly, Ia ¼ Ib ¼ 0. Including
cosmic expansion, we have that r ¼ ax, where r is the
physical coordinate, x the comoving coordinate, and aðtÞ
the scale factor. Also, we have that the velocity is described
by u ¼ Hrþ v, where u is the physical velocity, v the
peculiar velocity, and H ¼ ȧ=a. Considering the expan-
sion, the time derivatives for a function can be written as
∂

∂t jr ¼ ∂

∂t jx −Hx ·∇, where the nabla symbol stands for
derivatives on the comoving coordinate x. With this, the
hydrodynamical equations in an expanding universe up to
OðgÞ are

∂ρc
∂t

þ 3Hρc þ
1

a
∇ · ðρcvÞ ¼ 0; ð27Þ

∂u
∂t

þ 1

a
v ·∇u

¼−∇
�
−

ℏ2

2m2a3
∇2 ffiffiffiffiffi

ρc
p
ffiffiffiffiffi
ρc

p þ 1

a
Vþ g

m2a
ðρcþ2ρ̃Þ

�
; ð28Þ

∂ρ̃

∂t
þ 3Hρ̃þ 1

a
∇ · ðρ̃ ṽÞ ¼ 0; ð29Þ

∂ũ
∂t

þ 1

a
ṽ ·∇ũ¼−∇

�
1

a
Vþ 2g

m2a
ðρcþ ρ̃Þ

�
−

1

aρ̃
∇P; ð30Þ

∂P
∂t

þ 5HPþ 1

a
∇ · ðṽPÞ ¼ −

2

3a
P∇ · ṽ; ð31Þ

∇2V ¼ 4πGa2ðρc þ ρ̃Þ: ð32Þ

The above closed set of equations corresponds to a possible
starting point for, e.g., a perturbative analysis.
Another simplification is possible if we further assume

that the pressure of particles can be effectively described by
an equation of state of the general form

P ¼ κρ̃n ð33Þ

for some value of n. We take κ to be a constant, implicitly
assuming that the underlying phase-space distribution f is
quasistatic, at least on the timescales of interest; note that,
as thermodynamic equilibrium is not established, f need
not be a thermal distribution. Equation (31) then gives

κρ̃n−1
�
n
∂ρ̃

∂t
þ 5Hρ̃þ 5

3

1

a
ρ̃∇ · ṽ þ 1

a
nṽ · ∇ρ̃

�
¼ 0; ð34Þ
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which, after the use of (29), leads to

κρ̃n
�
5

3
− n

��
3H þ 1

a
∇ · ṽ

�
¼ 0: ð35Þ

Hence, the general assumption (33) leaves us with four
possibilities.
(1) κ ¼ 0, which implies that the velocity dispersion

pressure of the particle component is zero.
(2) ρ̃ ¼ 0 if n > 0, in which case there is no particle

component.
(3) n ¼ 5

3
. This value is consistentwith the dimension ofP

andn.We assume that there is an effective κwhich can
be approximated as a constant in position and time for
the scales relevant to our computations which, in
principle, can be constrained by observation.

(4) 3H þ 1
a∇ · ṽ ¼ 0. Since ṽ is a perturbation, this

relation is impossible to satisfy in an expanding
universe, as it requires 3H ¼ 0 and implies no
velocity perturbations.

Discarding possibility 4, we will explore all other cases.
Note that the n ¼ 5=3 exponent is commonly discussed in
the context of standard equilibrium statistical mechanics for
noninteracting, monatomic gases where the coefficient κ is
also computed as a function of the temperature and the
chemical potential, i.e., the parameters that enter the
thermal equilibrium form of the distribution f. It is
interesting to note that the exponent 5=3 is also implied
on dimensional grounds from the powers of momentum
appearing in the defining integrals (4) and (23), beyond
thermal equilibrium assumptions. We stress again that we
do not assume thermal equilibrium and the occupation of
different modes need not be, and, in fact, is not, given by
the equilibrium Bose-Einstein distribution. We will, there-
fore, treat κ as a free parameter in the ensuing analysis,
chosen such that it is compatible with the observed power
spectrum.2 The general relation (23) along with (33) gives

u⋆ ¼
ffiffiffiffiffi
3κ

p
ρ̃1=3 ð36Þ

for the characteristic random velocity of particles in the
noncondensed component.
We observe that, according to our equations, the main

distinction between the condensate and the particles lies in
that the condensate possesses a quantum pressure term
[first term on the rhs in (28)] while the particles exhibit a
different pressure, given here by (33) and appearing on the
rhs in (30), stemming from phase-space velocity dispersion.
These two terms scale differently with wave number k, the

first being proportional to k4 while the second to k2; see
below (49) and (50). We do not further speculate on the
origins of these two different components but comment on
the self-consistency of such a separation of phases below.
Note that, in assessing the relative abundance of the
coherent and incoherent states, generic measures of field
coherence, such as those used in [22], should be employed.

III. LINEAR REGIME EQUATIONS

We will now study the perturbations around background
values for Eqs. (27)–(30) and (32) along with (33). Thus,
considering the perturbations at first order

ρc ¼ ρ̄cð1þ δcÞ; ρ̃ ¼ ρ̄ncð1þ δncÞ;
V ¼ V0 þ δV; P ¼ P0 þ δP;

and the peculiar velocities around zero, assuming the
background follows the standard cosmological expansion
of CDM, using the order zero equations in the first-order
ones, and rearranging them, we have that the equations for
the condensate and particles density contrasts are

δ̈c þ 2Hδ̇c þ
�

ℏ2k4

4m2a4
− 4πGρ̄f þ gρ̄fk2

m2a2

�
δc

− ð1 − fÞ
�
4πGρ̄ −

2gρ̄k2

m2a2

�
δnc ¼ 0; ð37Þ

δ̈nc þ 2Hδ̇nc −
�
4πGρ̄ð1 − fÞ

−
�
2gρ̄ð1 − fÞ

m2
þ 5κρ̄2=3ð1 − fÞ2=3

3

�
k2

a2

�
δnc

− f

�
4πGρ̄ −

2gρ̄k2

m2a2

�
δc ¼ 0; ð38Þ

where we defined the effective condensate fraction f as3

f ¼ ρ̄c
ρ̄

ð39Þ

and

ρ̄ ¼ ρ̄c þ ρ̄nc: ð40Þ

We stress here that, since we are not assuming any sort of
thermal equilibrium, we consider the condensate fraction
(39) as a free parameter, a priori unrelated to some fixed
value of the particle phase-space density and/or determined
by a critical temperature. Instead, we consider two pop-
ulations of the bosons with different velocity distributions,

2It is worth noting that the equation of state (33) has been
considered in [30], also assuming the same symmetries in f and
Pij. For an interesting argument that a noninteracting, bosonic
gas in local thermal equilibrium can provide viable halo models,
see Ref. [31].

3Not to be confused with the phase-space density of the
noncondensed component used in Sec. II.
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one of which is cold enough (i.e., with low typical
velocities) for wave phenomena to be evident and the
other comprising of faster-moving particles. We provide
some estimates of these typical velocities for the parameters
we consider below.
Note that taking the limit g → 0 and κ → 0 we obtain the

following reduced equations:

δ̈c þ 2Hδ̇c þ
�

ℏ2k4

4m2a4
− 4πGρ̄f

�
δc − 4πGρ̄ð1− fÞδnc ¼ 0;

ð41Þ

δ̈nc þ 2Hδ̇nc − ρ̄ð1 − fÞ4πGδnc − 4πGρ̄fδc ¼ 0: ð42Þ

These equations are formally identical to the equations used
in [32], which, however, considered a different physical
scenario of two different particle species making up the
dark matter, one of which is light enough to exhibit
wavelike properties on the relevant scales and the other
being sufficiently massive such that it can be described by
N-body simulations. This is physically distinct to our
setting where both coherent and incoherent particles stem
from an internal partition of the same field on the basis of
phase-space density, as previously discussed in [22,24]. In
our general equations, setting κ → 0 means that we are
considering the noncondensate overdensity as a CDM-like
pressureless fluid. Thus, a hybrid model with κ ¼ 0
describes the coexistence of a condensate with a bath of
CDM-like particles. A nonzero κ value generalizes this
situation, modeling the pressure arising from the velocity
dispersion of the self-interacting particles and allowing new
possible effects in the noncondensate sector.
The equations can be manipulated a little bit further by

making use of the Friedmann equation

H2 ¼ 8πG
3

ðρ̄þ ργÞ þ
Λ
3

ð43Þ

in the form

1 ¼ Ω̄þΩγ þΩΛ; ð44Þ

where Ω̄ ¼ 8πGðρ̄cþρ̄ncÞ
3H2 is the total matter density parameter,

composed by the mixture of the condensed and the non-

condensed particles defined by our equations,Ωγ ¼ 8πGρ̄γ
3H2 is

the radiation density parameter, and ΩΛ ¼ Λ
3H2 is the

cosmological constant density parameter. We have assumed
the baryonic matter to be negligible compared with dark
matter. With these definitions we replace the density ρ̄ ¼
3H2Ω̄
8πG in (37) and (38) and change the time variable to be the
scale factor, obtaining

d2δc
da2

þ
�
3

a
þ d lnH

da

�
dδc
da

−
3Ω̄
2a2

�
f −

ℏ2k4

6H2Ω̄m2a4
−

gfk2

4πGm2a2

�
δc

−
3Ω̄
2a2

ð1 − fÞ
�
1 −

gk2

2πGm2a2

�
δnc ¼ 0; ð45Þ

d2δnc
da2

þ
�
3

a
þ d lnH

da

�
dδnc
da

−
1

a2

�
3Ω̄
2

ð1 − fÞ − 1

8πGa2

�
6Ω̄gð1 − fÞ

m2

þ 5κð1 − fÞ2=3Ω̄2=3ð8πGÞ1=3
ð3H2Þ1=3

�
k2
�
δnc

−
3Ω̄
2a2

f

�
1 −

gk2

2πGm2a2

�
δc ¼ 0: ð46Þ

Note that the wave number enters (46) as k2 only, i.e., like a
typical pressure term, while (45) contains the k4 term
characteristic of the quantum pressure felt by the con-
densate but not by the incoherent particles. The two density
contrasts δc and δnc are coupled via terms proportional to
the condensate fraction f and (1 − f). Equations (45) and
(46) will form the basis of the analysis that follows.

IV. SOLUTION OF THE DENSITY CONTRASTS
IN A MATTER-DOMINATED UNIVERSE

Consider first the case of a radiation-dominated universe
with a cosmological constant, where Ω̄ ≈ 0. Our Eqs. (45)
and (46) read

d2δc
da2

þ
�
3

a
þ d lnH

da

�
dδc
da

þ ℏ2k4

4H2m2a6
δc ¼ 0; ð47Þ

d2δnc
da2

þ
�
3

a
þ d lnH

da

�
dδnc
da

¼ 0: ð48Þ

We observe that δc and δnc are decoupled and the self-
interaction and particle pressure do not play any role. The
fact that both components are decoupled and both solutions
in this stage are known will be important below when we
consider the transfer functions used in the literature for both
components.
Now, we move to the matter-dominated case, where both

components are coupled and the behavior is more involved.
Here, Ω̄ ≈ 1 and our Eqs. (45) and (46) read

d2δc
da2

þ 3

2a
dδc
da

−
3

2a2

�
f −

ℏ2k4

6H2
0Ω̄0m2a

−
g
m2

fk2

4πGa2

�
δc

−
3

2a2
ð1 − fÞ

�
1 −

g
m2

k2

2πGa2

�
δnc ¼ 0; ð49Þ
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d2δnc
da2

þ 3

2a
dδnc
da

−
3

2a2

�
ð1−fÞ−

�
g
m2

ð1−fÞ
2πGa2

þ5κ

6a

� ð1−fÞ2
3π2G2H2

0Ω̄0

�1
3

�
k2
�
δnc

−
3

2a2
f

�
1−

g
m2

k2

2πGa2

�
δc¼0; ð50Þ

where we have used that in this case

H2 ¼ H2
0Ω̄0

a3
ð51Þ

and the values H0 and Ω̄0 are the values measured today.
We will solve these equations numerically. To set the

initial conditions we can use that since condensate and
particles are decoupled before the time of radiation-matter
equality, and they each obey known equations individually,
we can use the same transfer functions for δc and δnc as
have been used to study them separately in the literature.
Thus, for the noncondensed part δnc we use the typical
power spectrum for ΛCDM:

PðkÞ ¼ ðTðkÞÞ2Askns ; ð52Þ

where Askns is the primordial power spectrum with the
values for As and ns obtained from the Planck data [33],
and we will use the following fitted transfer function TðkÞ
[34] defined by

TðkÞ ¼
lnð1þ 2.34 k

keq
Þ

2.34 k
keq

�
1þ 3.89

k
keq

þ
�
16.1

k
keq

�
2

þ
�
5.46

k
keq

�
3

þ
�
6.71

k
keq

�
4
�

−1
4

; ð53Þ

where keq is the wave number associated to the mode
crossing the horizon in the radiation-matter equality. The
values for the Hubble parameter and matter density
parameter will be those obtained by Planck [33].
For the condensate δc we will use

PFDMðkÞ ¼ ðTFDMÞ2PðkÞ ¼ T2
FDMðTðkÞÞ2Askns ; ð54Þ

where the transfer function TFDM is defined as

TFDM ¼ cosðx3Þ
1þ x8

ð55Þ

with x ¼ 1.61ð m
10−22 eVÞ1=18 k

kJ�
and kJ� ¼ 9

ffiffiffiffiffiffiffiffiffiffiffiffiffim
10−22 eV

p
1=Mpc,

according to [2], and used in [35,36].
To extract the behavior of our hybrid model, we numeri-

cally solve Eqs. (49) and (50) and construct the total
overdensity

δ ¼ ρ̄cδc þ ρ̄ncδnc
ρ̄c þ ρ̄nc

¼ fδc þ ð1 − fÞδnc; ð56Þ

for which we compute the power spectrum PðkÞ and
dimensionless power spectrum Δ2ðkÞ, defined as

PðkÞ ¼ jδðkÞj2; Δ2ðkÞ ¼ k3

2π2
PðkÞ: ð57Þ

Based on these, we examine the effect of a variable
condensate fraction f, the role of interactions through
appropriate choices of g values, and how such findings
change when we additionally consider the pressure term,
parametrized by κ in Eq. (33) with n ¼ 5=3.

A. Role of condensate fraction in simplest
noninteracting (g= 0), pressureless

particle (κ= 0) limit

First, we analyze the case of g ¼ 0 and κ ¼ 0. Linearized
density perturbations in this context are well known for the
cases of CDM, for which the condensate fraction f ¼ 0 by
construction, and have also been explored in FDM (e.g.,
[2,3,7], which refer to the g ¼ 0 case), for which f ¼ 1:
These arise naturally as limiting cases of our generalized
hybrid equations and are included here as a means of
tabulating our model and for comparison. Indeed, as shown
in Fig. 1, the hybrid linearized model including both such
types of particles through a value of f ≠ f0; 1g does indeed
smoothly interpolate—as expected—between CDM (solid
black line) and FDM (dot-dashed black line) values with

FIG. 1. Power spectrum in our hybrid condensate-particle dark
matter model for different condensate fractions, plotted as a
function of k in logarithmic scale for a redshift z ¼ 3 and a
reference bosonmassm ¼ 2 × 10−22 eV=c2 in the absence of self-
interactions (g ¼ 0) and pressure (κ ¼ 0). The established limiting
cases of CDM (solid black line, top) and FDM (dot-dashed black
line, bottom) are shown for comparison. It is clear that increasing
the condensate fraction gradually shifts the spectrum downward, as
explicitly shown for the hybrid cases f ¼ 0.2 (blue line), f ¼ 0.5
(orange line), and f ¼ 0.9 (green line).
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increasing condensate fraction. This demonstrates the
power of our hybrid approach in probing the parameter
space between these two established models in the liter-
ature. In this figure, we have used a specific reference value
of m ¼ 2 × 10−22 eV=c2 for the boson mass, but the
conclusions are valid for any boson mass with higher
(lower) masses moving the FDM side of the envelope to the
right (left). For the aforementioned mass value in the f → 1
limit, there is a sharp reduction of power at about
10h Mpc−1, indicating a characteristic wavelength of about
λ ¼ 2π=k ≃Oð1Þ Mpc (for a reduced Hubble parameter
h ¼ 0.68) over which quantum pressure is effective in
suppressing density fluctuations. This scale reflects a
characteristic de Broglie wavelength of the condensed
bosons which corresponds to a typical velocity of about
20 ms−1. This value will be useful below in estimating the
consistency of the f < 1 cases.

B. Combined effect of repulsive interactions (g > 0)
and variable condensate fraction f for pressureless

particle fluid (κ = 0)

As a natural next step, we consider the effect of self-
interactions in our system, an established generalization of
pure FDM [29,37–41]. We focus here on the case of
repulsive self-interactions (g > 0), and, to better under-
stand these, we limit the discussion in this section
to κ ¼ 0.

1. Study of limiting cases: f → 0 (all particles)
and f → 1 (all condensate)

We first consider the limit f → 0, which is the situation
where all the system is noncondensed and, for reference,
we use the same mass m ¼ 2 × 10−22 eV=c2. As we
increase the interaction strength g to positive values, we
find that the power spectrum starts deviating and dropping
below (i.e., bounded upwards by) the CDM one (solid
black line) at large k values, while also exhibiting oscil-
lations: Such behavior is shown for various interaction
strengths g in the left plot in Fig. 2. The deviation point
from the CDM curve moves to lower k and the spectrum
exhibits more frequent oscillations with increasing g, as
expected from a perusal of Eq. (50) in this limit. An
oscillatory decaying behavior of the power spectrum, but
with a much sharper cutoff due to the quantum pressure
contribution, has been previously noted in the case of
(noninteracting) FDM [7,15] (which would amount here to
the f → 1 limit): This is shown here for comparison by the
dot-dashed line. Interestingly, although for small g > 0
values the power spectrum lies above that of the FDM (for
which g ¼ 0), further increasing the repulsive interaction
strength can lead to the deviation from CDM occurring at
wave numbers even smaller than those set by the FDM’s
(g ¼ 0) quantum pressure—an example of this for a value
of g ¼ 3 × 10−87 Jm3 is shown by the orange curve in the
left plot in Fig. 2.

FIG. 2. Role of interaction strength g on the power spectrum plotted as a function of k in logarithmic scale for a redshift z ¼ 3 and a
reference boson mass m ¼ 2 × 10−22 eV=c2 in the absence of pressure (κ ¼ 0) for the cases of purely particle (f → 0, left plot) and
purely condensate (f → 1, right plot). The established limiting cases of CDM (solid black line, top)—relevant in the f → 0 case—and
FDM (dot-dashed black line, bottom)—correspondingly relevant in the f → 1 limit—are shown for comparison in both plots. In each
case, we see a shift of the power spectrum to lower values of k without any identified lower bounds and the emergence of an oscillatory
behavior, with the spectrum bounded from above by the CDM (f → 0 case) and FDM (f → 1 case), respectively. Left: for f → 0,
the power spectrum of the interacting case is oscillatory at large k with a relatively slow decrease in amplitude. Right: for f → 1, the
limiting behavior at the interacting model at high wave numbers is that of FDM with a relatively sharp cutoff and no short-scale
oscillations.
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Moving now to the opposite, f → 1 limit, which
corresponds to having all bosons in the condensate, we
see that it is now the FDM case that provides an upper
bound for the power spectrum of the interacting system. In
other words, in both limiting cases considered in the
appropriate limits (f → 0, left image vs f → 1, right
image), it is actually the relevant model (CDM or FDM)
which sets an upper bound to the power spectrum, with no
lower bound provided. For example, also in the f → 1 case
we see that, for values of g > 3 × 10−89 Jm3, the power
spectrum again deviates from the CDM line at a wave
number to the left of the FDM scale (orange curve in the
right plot in Fig. 2).
In summary, these findings imply that (at least in the

κ ¼ 0 limit) the power spectrum predictions in either CDM
or FDM provide an upper bound to the g ≠ 0 power
spectrum, with increasing self-interaction driving the power
below the CDM or FDM power, adding further oscillations
with increasing k and moving the point of deviation from
the CDM or FDM spectra to lower values of k.

2. Case 0 < f < 1

We now turn our attention to condensate fractions
between the two extreme cases. First, we note that the
shift of the deviation of the power spectrum from the CDM
one to smaller k values with increasing g, and its oscillatory
features, continue in this regime, again being unbounded
from below even in the presence of coupling between the
two components (condensate and particles). Our findings

indicate that, for a given g (and m), the value of k at which
the spectrum starts bending away from the corresponding
CDM one is not significantly modified by a variation in the
condensate fraction f. Instead, the main effect of f is to
modify the initial inclination of the curve after it deviates
from the CDM one, pushing it toward the CDM case for
f → 0 or toward the FDM curve for f → 1. More interest-
ing, however, is the observation that, for a fixed mass and
for big enough values of g, a condensate fraction between 0
and 1 leads to an enhancement in the power spectrum for a
range of small scales such that it grows beyond the CDM
case, entering quickly into the nonlinear regime. To see this
effect, we refer the reader to the orange curve in Fig. 3,
where the curves correspond to a redshift z ¼ 3. For
illustration, we demonstrate the case f ¼ 0.6, which we
also found to be the approximate value which makes the
effect maximal (see subsequent Fig. 4). Within this linear-
ized model, there is an enhancement of power which
exceeds the CDM result in a band of wave numbers within
the oscillatory regime. To highlight this more clearly, in the
right plot in Fig. 3, we show the dimensionless power
spectrumΔ2ðkÞwhere the green line defines the limit of the
linear regime: For linear perturbation theory to be trust-
worthy, the power spectrum must lie below the green line
for which Δ2 ¼ 1. Clearly, perturbation theory cannot be
valid here and a fully nonlinear treatment is required.
However, the fact that the power spectrum is enhanced into
the nonlinear regime for situations where standard CDM is
not would imply that nonlinear structures could be formed
early in the Universe at such scales for such hybrid models.

FIG. 3. Left: typical power spectrum example, similar to Fig. 2, but now in the simultaneous presence of both condensed and
noncondensed components, shown here for the specific case of f ¼ 0.6 (and, still, κ ¼ 0), m ¼ 2 × 10−22 eV=c2, and z ¼ 3. While the
generic features discussed previously at smaller k still persist, we see here that, for sufficiently high g (orange curve), the hybrid power
spectrum can even exceed, at high k, the CDM spectrum. Right: corresponding dimensionless power spectrum as a function of k in
logarithmic scale. The green line defines the limit between the linear and nonlinear regimes. Interestingly, for sufficiently high g (orange
curve), the spectrum even enters into the nonlinear regime where the presented perturbation theory breaks down, indicating that the
coexistence of condensed and noncondensed particles could potentially enhance smaller-scale structure (although our present analysis
cannot describe such regime which would require fully nonlinear numerical approaches).
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This enhancement is negligible if the condensate frac-
tions are closer to almost all condensate or all particles,
showing that it is generated by the dynamical interplay of
the two coupled components. The shaded area in the left
plot in Fig. 4 designates the region of values for gwhere the
hybrid curve is always bounded by the CDM curve for a
range of boson masses between 10−22 and 10−21 eV=c2,
considering f ¼ 0.6, close to which we have found the
enhancement to be strongest. For comparison, the purple
and gray dashed lines indicate where the limit of such a
region would be for f ¼ 0.3 and f ¼ 0.8, respectively,
showing that any possible bounds on g are always above the
ones found for f ¼ 0.6, as we point out in the right plot
in Fig. 4.

C. Role of particle-component pressure (κ ≠ 0)
with and without self-interactions

The particle component will be comprised of particles
with higher velocities than the condensed component,
which would be expected to have a nonzero kinetic
pressure, stemming from velocity dispersion. We have
modeled this pressure here with the equation of state
(33) and now turn to the effects of such a nonzero pressure,
discussing it in the noninteracting limit and for both
repulsive and attractive self-interactions.

1. Noninteracting limit (g = 0) with κ ≠ 0

To isolate the effect of the particle pressure, we first
discuss the power spectra arising in the noninteracting limit

(g ¼ 0). We first highlight the limiting cases f → 0 and
f → 1, which are shown in Fig. 5 for a mass of
m ¼ 2 × 10−22 eV=c2. The left plot shows that increasing
particle pressure in the f → 0 limit has a qualitatively
similar effect as was previously found (Fig. 2) for increas-
ing interaction, i.e., a decrease of the power spectrum
compared to the CDM limit (solid black line) at high k and
an oscillatory behavior, with higher κ amplifying the effect
and enhancing the presence of oscillations. The similarity
between the effects of varying g and varying κ in the f → 0
limit is expected from a perusal of Eq. (50).4 In particular,
for larger values of κ, the spectrum deviates from the
corresponding CDM one at a lower k value than the
corresponding FDM (g ¼ 0, κ ¼ 0, dot-dashed line) pre-
diction—this can be seen by the green curve in Fig. 5 for a
value of κ ¼ 3 × 1021 m4 s−2 kg−2=3. Since the κ terms
become more dominant at later times, they will eventually
lead to a steeper decay of the oscillations at a high k,
something we do observe for our probed values.
The inclusion of κ has been on phenomenological

grounds (see Sec. II C for the relevant discussion), and
we do not have an a priori value for this parameter without
further knowledge of the underlying phase-space distribu-
tion. In order to estimate the order of magnitude of κ for

FIG. 4. Left: characterization of the parameter range in g −m space for which the power spectra of hybrid models lie, for a given
condensate fraction f, consistently below the CDM curve for all (probed) k values: The blue shaded region identifies such regime of
CDM-bounded spectra for the f ¼ 0.6 case in Fig. 3, with the solid blue line showcasing the locus of all those ðm; gÞ values for which
the power spectrum touches the CDM curve for at least one value of k (at z ¼ 3). The ðm; gÞ values corresponding to the red and orange
curves shown in Fig. 3 are indicated by the like-colored stars in this plot, which are, respectively, located below and above the blue line.
The value of f ¼ 0.6 has been chosen as a conservative estimate, with higher and lower condensate fractions leading to an even broader
parameter range, identified as the regions below the corresponding lines indicated by f ¼ 0.8 (gray dashed) and f ¼ 0.3 (purple dot-
dashed). Right: corresponding g − f parameter region for which the hybrid model power spectrum always lies below the CDM one,
shown here by the cyan-shaded region for a fixed mass m ¼ 2 × 10−22 eV=c2; the existence of a local minimum around a condensate
fraction of f ≃ 0.6 explains such a choice of f on the left (and other related) plots, as for such values the enhancement in power occurs
for the smallest values of g. In particular, we note that the curve increases monotonically in the limits f → 0 and f → 1, indicating that
all power spectra lie below the CDM ones in such limits, as expected. The blue dots indicate the values of f that we have examined, and
the blue line separating the two regions of the parameter space is constructed via interpolation.

4The terms proportional to these two parameters are not
identical, however: Since they carry different factors of a, the
g term is more dominant than the κ term at earlier times. We leave
a more detailed study of the redshift dependence of perturbations
in our model for future work.
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which the relevant terms can have an effect at the redshifts
we consider here, we can directly compare with the values
of g used through the text from Eq. (30). Imposing that
the particle-component pressure is comparable with that
coming from the self-interaction around z ¼ 0, we must
have that

g
m2

ρ̃ ∼ κρ̃2=3: ð58Þ

Considering our reference values ofm ¼ 2 × 10−22 eV=c2,
g of the order of 10−87 Jm3, and as reference density the
local dark matter density 0.0122M⊙=pc3 [42], the order of
magnitude of κ is around 1021 m4 s−2 kg−2=3. Using (36),
this corresponds to a typical velocity of about 5000 ms−1.
The typical de Broglie wavelength of such a population of
particles is more than 2 orders of magnitude shorter than
that of the component described by Φ0 (k ≃ 10h Mpc−1;
see Sec. IVA), hence validating the use of a phase-space
distribution at the length scales we are analyzing
(k < 102h Mpc−1).
For the case f → 1 (all condensate and absence of

particles), a nonzero κ plays no role, since the particle
pressure is not present in the condensate equation. This is
shown in the right plot in Fig. 5, giving the same FDM
curve for any choice of κ, as expected.

2. Repulsive interactions (g > 0) with κ ≠ 0

Given the qualitative similarity of an increasing g > 0
(with κ ¼ 0) (Fig. 3) and increasing κ > 0 (with g ¼ 0)
(Fig. 5) in the f → 0 limit, it is natural to see how the
two compare and—more importantly—to examine what
would be the combined effect of g > 0 and κ > 0 for a

general intermediate 0 < f < 1 value. We discuss this in
the context of our previously considered f ¼ 0.6 repre-
sentative case.
Interestingly, the previously discussed enhancement of

the power spectrum at large k for large g > 0 and f ¼ 0.6
(Fig. 3, orange curve) seems to be largely alleviated by the
addition of the particle pressure (κ ≠ 0): This is evident in
Fig. 6, comparing the hybrid power spectra for f ¼ 0.6
with g ¼ 0, κ ≠ 0 (green line), g ≠ 0, κ ¼ 0 (orange line),
and g ≠ 0, κ ≠ 0 (blue line). We observe that the existence
of pressure in the particle component [at least modeled as in
Eq. (33)] reduces the previous excess and the spectrum is

FIG. 5. Role of particle pressure κ on the power spectrum plotted for three different values of κ (see figure key) as a function of k in
logarithmic scale for a redshift z ¼ 3 and a reference boson massm ¼ 2 × 10−22 eV=c2 for a noninteracting system (g ¼ 0) for the cases
of purely particle (f → 0, left plot) and purely condensate (f → 1, right plot). Left: in the f → 0 limit, there is a shift of the power
spectrum to lower values of k without any identified lower bounds and the emergence of an oscillatory behavior, with the spectrum
bounded from above by the CDM case. Right: in the f → 1 limit, all κ ≠ 0 spectra overlap exactly with the FDM prediction.

FIG. 6. Interplay of repulsive interactions (g > 0) and particle
pressure κ > 0 on the power spectrum for f ¼ 0.6 for a redshift
z ¼ 3 and a reference boson mass m ¼ 2 × 10−22 eV=c2. The
addition of a nonzero κ term can alleviate the large k interaction-
induced increase of the hybrid power spectrum beyond the
corresponding CDM one (orange plot), as evident from the blue
curve.
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now again bounded by the CDM curve. Comparing the
blue curve to the green curve, representing a case with
pressure but no self-coupling for the particles, we see that
the introduction of a nonzero g > 0 is to enhance the
perturbations on small scales, somewhat countering the
effects of the particle pressure.

3. Attractive interactions (g < 0) with κ ≠ 0

So far, we have considered a positive value of g.
However, an attractive self-interaction (g < 0) can appear
in axion contexts and already studied, for example, in
[29,37,43–45]. In particular, it was shown in [44] that even
a tiny attractive self-interaction could be important in the
stability of structures, and numerical studies have been
carried out recently [45].
As an example, we consider a value of g ¼ −1.57×

10−87 Jm3, corresponding to one of the values for the
scattering length used in [45] and a mass of m ¼
5 × 10−22 eV=c2, along with a condensate fraction of
f ¼ 0.2. As pointed out in [44], negative values of g for a
pure condensate case (f ¼ 1) can lead to instabilities, andwe
observe this in our analysis even in the hybrid case: See the
rapid growth of power at small scales in Fig. 7 (gray line)
which implies a quick transition to the nonlinear regime at
high k. This would, of course, call for a full nonlinear
treatment before any valid conclusions could be reached, as

the presented linearized analysis is obviously no longer valid.
With the addition of the particle pressure, however, values of
κ can be chosen so that the destabilizing effect of a negative g
can be counteracted, keeping the spectrum in the linear
regime, as indicated by the orange curve in Fig. 7.
Interestingly, adjusting the particle pressure can result in

a curve that is very close to a typical FDM curve but for a
heavier mass of m ¼ 5 × 10−21 eV=c2. With this in mind,
the existence of these two competing effects can lead to a
parameter degeneracy that could bypass mass constraints
as those presented in [46], where the boson mass is
estimated as m > 10−21 eV=c2 with Ly-α forest data, but
without the consideration of self-interactions and the
existence of a particle component or the higher bounds
using Ly-α obtained in [47], where m > 2 × 10−20 eV=c2.
In any case, our analysis here shows that the particle
pressure would allow one to have bosonic masses below
such bounds but with similar behavior to FDM models of
higher masses. Finally, it is interesting to note that the
balance between a negative self-coupling and the pressure
in the particle sector can also lead to localized increases of
power that could push some scales into the nonlinear
regime earlier—see the blue line in Fig. 7.

V. CONCLUSIONS

In this work, we have examined the behavior of linear
density perturbations in a model of dark matter that consists
of both an effectively condensed, coherent part, composed
of low-velocity modes and governed by the Gross-
Pitaevskii equation, as well as a noncondensed, incoherent
part, composed of faster-moving particles and described by
a Boltzmann equation. The system is self-gravitating in an
expanding universe with Hubble and density parameters set
at the Planck satellite values and is also self-interacting
with a quartic interaction with a self-coupling constant g.
The full equations for such a hybrid model were derived
from first principles from the nonrelativistic, bosonic action
in [24], and our present work analyzed the hydrodynamical
limit, including mean-field effects in a self-consistent
manner to OðgÞ, while ignoring collision terms of
Oðg2Þ. Moreover, in order to close the Boltzmann moment
equations, we made some simplifying assumptions. We
further assumed that the pressure due to velocity dispersion
in the particle component can be modeled via (33), which
allowed us to further drop one of the resulting hydrody-
namical equations.
This hybrid model reproduces CDM and fuzzy dark

matter (with g¼0) in the respective limits f → 0 and f → 1
of the condensate fraction f. Inclusion of a repulsive self-
interaction (g > 0) introduces damped oscillations on small
scales in the particle-only limit. Similar oscillations exist
for f → 1 for sufficiently large g, but the behavior tends to
that of FDM, with a sharp cutoff for small g. An interesting
behavior arises for mixtures where both components are
present and comparable: A repulsive self-coupling can

FIG. 7. Interplay of particle mass, attractive interactions
(g < 0), and particle pressure κ > 0 on the power spectrum for
a small condensate fraction of f ¼ 0.2 at a redshift z ¼ 3. The
presence of attractive interactions without particle pressure (gray
line) sends the system into the nonlinear regime for sufficiently
large jgj, significantly exceeding the CDM line (black). The
addition of increasing values of particle pressure κ counter-
balances this effect (blue and orange lines with increasing jgj and
κ ≠ 0). Remarkably, the combined effect of modest attractive
interaction (g ¼ −1.57 × 10−87 Jm3) and particle pressure
(κ ¼ 8.6 · 1021 m4 s−2 kg−2=3) for a particle of mass m ¼ 5 ×
10−22 eV=c2 (orange curve) leads to effectively the same power
spectrum as that of FDM (for which g ¼ κ ¼ 0) but for a particle
mass one order of magnitude higher (m ¼ 5 × 10−21 eV=c2,
purple dashed line).
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couple the perturbations in the two components leading to
localized enhancement in the power spectrum that can even
push perturbations into the nonlinear regime at times earlier
than those expected from ΛCDM. However, such enhance-
ments can be moderated by the inclusion of pressure in the
noncondensed, particle component, at least if this pressure
is modeled by (33). The strength of such effects naturally
depends on the choice of model parameters, and a better
understanding of any such closure conditions for the
Boltzmann hierarchy is required before any definite con-
clusion can be drawn on the existence, importance, and
impact of κ ≠ 0 terms.
We also considered an attractive self-coupling (g < 0) and

observed that it induces instability andperturbation growth at
small scales. Such instabilities for pure condensate states
were already pointed out in [44], and we observe similar
behavior even at a relatively low condensate fraction of
f ¼ 0.2. The addition of pressure on the incoherent particles,
modeled here by κ ≠ 0, can counteract such instability. An
interesting consequence is that the combined effect of the
self-interaction and the pressure can result in a spectrum that
resembles that of pure FDM (f ¼ 1, g ¼ 0, κ ¼ 0) but of a
higher boson mass which, for the values of interaction and
pressure presumed here, could amount to an increase of
approximately one order of magnitude. Hence, mixtures of
condensed and particle components, like the ones described
here, introduce degeneracies that should be kept in mind
when placing observational limits on the boson mass.
Furthermore, particle pressure can result in localized features
of enhanced power at specific wave numbers, depending on
the choice of parameters. The result of such enhancements
can be assessed only via fully nonlinear hybrid simulations
based on our full model of Eqs. (1)–(3).
We note here that the extent of hybridization between

purely incoherent particles and purely coherent waves was
parametrized by an effective (constant) condensate fraction
parameter. In a homogeneous system in thermodynamic
equilibrium, such a quantity is directly constrained by
thermodynamic considerations dictating the particle distri-
bution function and precise knowledge of relevant param-
eters (e.g., interaction strength and total density). However,
the form of such a distribution in our quasistatic gravitating
scenario is not a priori known, and the local condensate
fraction is also expected to vary both spatially and tempo-
rally: Such factors make it difficult to constrain the mean
value of the condensate fraction in our system, and this is the

reason why this work characterized the system properties
treating the effective condensate fraction as an unconstrained
variable. These are nonetheless important questions which
need to be addressed by direct numerical simulations of
Eqs. (1)–(3), which is left to future work.
Bosons can behave both as incoherent collections of

particles and also as coherent waves. This work examined
hybrid states where both behaviors can coexist and showed
that bosonic dark matter could have a rather rich phenom-
enology in terms of the matter power spectrum, not neces-
sarily limited to thewavy effects ofwhat is usually referred to
as fuzzy dark matter. This phenomenology depends, in turn,
on whether such states can be realized in the Universe and,
ultimately, the dark matter production mechanism for which
wecan only be agnostic at themoment. It isworth noting here
that our model bears some similarities to models of mixed
dark matter that have started being investigated in the
literature [32,48] but with the important difference that these
works consider different particle species, with correspond-
ingly different masses. In our case, self-interactions play an
important role, and they are naturally inherited by both
components which are now coupled directly, beyond the
mere effect of gravity. It is such coupling that gives rise to
the phenomenology we discuss here. Formally, however, the
equations are very similar, and one might further envisage
couplings even between different species. Such models
would have comparable phenomenology, depending on
the form and values of these couplings, and, hence, the
analysis and conclusions of this workmight be useful even in
the context of more general, mixed dark matter models with
couplings between the different species. Examples might
involve species with different masses, one of which is
described by a wavy condensate and another by a phase-
space distribution of particles. Finally, when the phenom-
enology we examined here is taken into account, it would
affect any parameter estimation from observations, not least
due to the existence of degeneracies as we have alluded to
above. Further investigation is, therefore, required, espe-
cially in understanding the corpuscular, collisional compo-
nent, before observations can safely place limits on generic
models of bosonic dark matter.
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