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We propose a novel signal-consistency test applicable to a broad search for gravitational waves emitted
by generic binary black hole (BBH) systems. The test generalizes the time domain £> signal-consistency
test currently utilized by the GstLAL pipeline, which quantifies the discrepancy between the expected signal-
to-noise ratio time series with the measured one. While the traditional test is restricted to aligned-spin
circular orbits and does not account for higher-order modes (HMs), our test does not make any assumption
on the nature of the signal. After addressing the mathematical details of the new test, we quantify its
advantages in the context of searching for precessing BBHs and/or BBHs with HM content. Our results
reveal that, for precessing signals, the new test is optimal and has the potential to reduce the values of the &
statistics by up to 2 orders of magnitude when compared to the standard test. However, in the case of signals
with HM content, only a modest enhancement is observed. Recognizing the computational burden
associated with the new test, we also derive an approximated signal-consistency test. This approximation
maintains the same computational cost as the standard test and can be easily implemented in any matched-
filtering pipeline with minimal changes, sacrificing only a few percent of accuracy in the low-SNR regime.
However, in the high-SNR regime, the approximated signal-consistency test does not bring any
improvement as compared to the “standard” one. By introducing our new test and its approximation
and understanding their validity and limitation, this work will benefit any matched-filtering pipeline aimed

at searching for BBH signals with strong precession and/or HM content.
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I. INTRODUCTION

Gravitational-wave (GW) searches for binary black holes
(BBHs) have been a cornerstone in the activities of the
LIGO-Virgo-KAGRA (LVK) Collaboration [1-3] and have
made possible the discovery of nearly 100 GW events
during the first three observing runs [4-7].

BBH searches can be performed in either a model-
dependent way through the technique of matched filtering
[8—12] or a model-independent way through excess-power
methods [13-15]. The matched-filter method computes
the correlation between GW detector data and a set of
templates of modeled BBH waveforms. This method
proves more sensitive for lower-mass systems, as the power
in these signals is spread over many time-frequency bins
[16,17]. Beyond the initial matched-filter or excess-power
stage, searches consist of analysis pipelines [18-29] that
employ various statistical tests to improve the separation of
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GW candidates from false alarms caused by the detectors’
nonstationary and non-Gaussian noise [30-34].

A class of these statistical tests, known as signal-
consistency tests [22,25,35-43], have been designed to
further distinguish between false alarms and real GW
signals by computing the agreement between the data
and the signal model assumed by the search. Signal-
consistency tests have been implemented by all LVK
matched-filtering pipelines and have played an integral
role in enabling many high-significance GW detections.

Expanding our searches to include signals from precess-
ing binaries [44—49] and/or binaries with higher-order
modes (HMs) [50-54] necessitates the generalization of
signal-consistency tests to a more versatile framework.
Neglecting to update these tests can result in decreased
search sensitivity, potentially offsetting the benefits of
using a more diverse set of templates.

While the y? time-frequency signal-consistency test [35]
and its variant, the sine-Gaussian y? discriminator [38],
have been successfully applied in searches including
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higher-order modes [51,52] and precessing signals [49],
little attention has been given to generalizing other types of
signal-consistency tests or even to the development of
new ones.

In particular, in this work, we focus on the autocorrelation-
based least-squares test, denoted &2, which is currently
utilized by the GstLAL search pipeline [22,24,29,55]. The test
relies on the assumption that the signal to detect is a circular
aligned-spin binary system where no HMs are considered.
In this scenario, the system is symmetric for rotation around
the orbital rotation axis, and this symmetry translates into a
simple relation between the two polarizations of the GW
emitted, which allows one to obtain a convenient and
computationally efficient expression for the test.

In this work, we drop the “aligned-spin and no HM”
assumption, and we introduce a new signal-consistency test
that does not make any assumption about the nature of
the signal to detect. Thus, while the test was primarily
motivated to search for precessing and/or HM signals, it
can be applied to a matched-filtering search for any type
of gravitational-wave signal. In Sec. II, we provide some
general background on matched filtering and on the state-
of-the-art signal-consistency test, while in Sec. III we
introduce our new generalized signal-consistency test éjgym
and provide a computationally convenient approximate
expression £2. for it. In Sec. IV, we discuss the perfor-
mance of the newly introduced test and its approximated
version. Section V gathers some final remarks.

II. BACKGROUND

According to the theory of general relativity [56],
a gravitational wave carries only two physical degrees of
freedom £ and h,, also called polarizations. For a generic
GW emitted by a compact binary, the polarizations depend
on the intrinsic properties of the binary such as the two
compact objects’ masses m; and m, and spins s; and s,.
The signal observed at the source also depends on the
so-called extrinsic properties including position, usually
parametrized in spherical coordinates by a distance D from
the origin, a polar angle called inclination angle 1, and an
azimuthal angle ¢.

For the purpose of modeling, it is customary to expand the
gravitational waveform’s dependence on the extrinsic param-
eters in terms spin-2 spherical harmonics Y, (1, ¢) [56]:

SIS Yae

f 0 m=—

+ +ihy lm(/)hfm(t)7 (1)

where the modes hy,,, are complex functions of the intrinsic
parameters m;, m,, S, and s,. Each mode can be decom-
posed into a time-dependent amplitude A,, and a time-
dependent phase ¢,,, such that

hfm = Azf’meiwm‘ (2)

As a consequence, the imaginary part h. = of each mode is
equivalent to the real part A%, shifted by a constant phase of
7/2. In the frequency domain, this takes the simple form of

}:l?m = il’:llfm’ (3)

where ~ indicates the Fourier transform.

If the two spins are aligned with L, the orbital plane
will point toward a fixed direction, establishing an axis
of symmetry for the nonprecessing binary system.
Mathematically, this symmetry translates into a symmetry
between the modes:

hem = (=1) hy_,,. (4)

where * denotes complex conjugation. On the contrary, if
the two spins s; and s, are misaligned with the binary
orbital angular momentum L, the binary plane experiences
precessional motion, where the orbital angular momentum
rotates around a (roughly) constant direction [57-61] and
the symmetry Eq. (4) is no longer valid.

In most aligned-spin systems, it turns out that only
the # = |m| =2 modes give a significant contribution
to the polarizations, and, thus, all the other HMs are
neglected [50,56,62,63]. Thus, the waveform from a non-
precessing binary without imprints from HMs has a
strikingly simple expression:

11+ cos’t A
hy = BTRe{hzzelw}, (5)
1 .
hy = €08 iIm{hye?}. (6)

Note that, as a consequence of Eq. (3), the two polarizations
in Fourier space are related by the simple relation

h, o« ihy, (7)

and, for 1 = 0, we have trivially h L= iﬁx.

In the remainder of this section, we describe how the
simplicity of Eqgs. (5) and (6) enters the expression for
the currently used &> signal-consistency test [22], and we
describe how to move away from the assumption of
aligned-spin systems without HMs, tackling the most
general case.

A. Overview

The core of matched filter relies on computing the cross-
correlation between two time series a(¢) and b(t), weighted
by the power spectral density (PSD) of the noise S,(f).
Mathematically, we can compute this cross-correlation by
defining a time-dependent complex scalar product:

(b)) =4 ["ar =L
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It is convenient to separate the real (|-) and imaginary [-|]
parts of the scalar product as

(alb) (1) = (a[b)(2) + ilalb](1). ©)

Given a time series a(t), we can use the above scalar
product to computed the normalized time series a(z):

a(t)

= =0y

(10)

Following the notation of [22], the output of the
matched-filtering procedure is a complex time series z(7):

2(1) = (d|hg)(1) + i(d|hy)(2), (11)

where hp and h; are two normalized real templates.
We may also define the signal-to-noise ratio (SNR) time
series p(f) as

plt) = 20 = \/(dlhp)2(1) + ()20, (12)

The real filters hyp and h; are chosen to maximize p at the
time where a GW signal is present in the data, and their
expression depends on the assumptions about the nature
of the GW signal to search. For instance, if a template is
spin aligned and HM are not considered, it is sufficient
to filter the data with the two polarizations /. and h,
evaluated at zero inclination 1 = 0. As will be shown
below, a more complicated expression will be needed for
a more general case.

Given a trigger at time r =0, the & test relies on
predicting the SNR time series z() obtained by filtering
a signal 4 with a matching templates. The predicted time
series R(z) is then compared to the measured time series
z(1) to compute the squared residual time series:

£(1) =z(t) = R(1)]*. (13)

We can integrate the residual time series to obtain the &
statistics:

% dtlz(t) = R()P
% drE@)

where the integral extends on a short time window [—6t, 5]
around the trigger time. To obtain the £ statistics integral
of the residual time series is normalized by integral of
the expected value (£%(¢)) over different Gaussian noise
realizations of the residual time series without a signal
buried in the noise. Clearly, its value depends on the
templates employed. It is convenient to express of in
terms of the so-called autocorrelation length (ACL) [22],

&=

(14)

defined as the number of samples in the time window
[=6t,6t] at a given sample rate fompling. SO that
ot = (ACL - 1)/2fsampling-

The & defined above can be used by the GW search
pipelines to veto some loud triggers. If a trigger is caused
by a noise fluctuation or non-Gaussian noise transient
bursts [30], the discrepancy between the expected and
measured SNR time series will be large, leading to a large
value of £2. This can be used to down-rank certain triggers,
with large improvement in sensitivity.

As it is custom, to predict the SNR time series, we model
the data d as a superposition of Gaussian noise n and a GW
signal h: d = n + h. For current ground-based interferom-
eters, the GW signal is

h=F,h, +F.h,, (15)

where F, and F, are the antenna pattern functions [64,65],
which define the detector’s response to a signal coming
from a given direction in the sky. For our purpose, it is
convenient to express the signal model in terms of the
normalized polarizations:

h=F. h,+Fh,, (16)

where we absorbed into F, and F, an overall scaling
factor (which depends on the source distance and on the sky
location). Of course, 7, and F, are not known at the
moment of the search but must be inferred from the value of
the SNR time series z(0) at the time of a trigger.

B. The original & test

To obtain an expression for the filters sy and /; to use
in the case of a spin-aligned system where HM are not
considered, we must first write the signal model Eq. (16) in
a convenient way [10,48]:

h = ARe{hye'tc} = A(h5, cos pe — hyy singe),  (17)

where A is an amplitude factor and ¢ is a constant phase
shift, both depending on F, F,, 1, and ¢, and we used
Egs. (5) and (6) for the polarizations. Using Eq. (3),
the frequency domain signal model takes a remarkably
simple form of

i = Aeitehs,. (18)

In practice, this means that all the variability of the
observed signals is encoded in the real function A% ()
and that all the possible effects due to inclination, reference
phase, and sky localization affect only an overall amplitude
and phase.
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With Eq. (18) at hand, it is a simple exercise to show that
the SNR time series is maximized by the following filters:

hR - il];Zv
hy = (19)

and, thus, that the search statistics p () does not depend on
and ¢. We call “standard” the SNR time series obtained
using such templates:

paalt) = \/ (W) + (b2, (20)

Note that, in this simple case, the two templates in
frequency domain exhibit a remarkable symmetry, inher-
ited from Eq. (3):

While the standard signal-consistency test relies on this
important symmetry, in general, Eq. (21) is not true for a
precessing and/or HM signal: This is the main motivation for
the novel signal-consistency test introduced in this work.

Thanks to this remarkable property of the signal, the
predicted SNR time series Ryq(#) around a trigger at r = 0
is given by

Raa(t) = (h|155) (1) + i(hl i) (1)
= 2(0){ (A5 |155) (1) + i(R5 o) ()} (22)

where, to simplify the expression above, we used the
fact that h = Ae'?ch% and that z(0) = Ae~*%c, since
(W |A%) (1 = 0) is equal to zero. By comparing the
measured time series z(7) and the expected time series
Ryq(7) with Eq. (14), one can compute &2, for a non-
precessing search. It is a simple exercise to compute the
expected value of the residual time series over different
noise realizations (see Appendix A in [22]):

(Ea(0) = 2= 2| (A5 |15) (1) + i(A%|hb) (1) (23)

The integral of this expression can be used as a normali-
zation for the & statistics.

By using again Eq. (21) and the identity [a|ib] = (a|b),
the standard SNR Eq. (20) can also be expressed in terms
of fz?z only:

pual) = /(RS + (ARE. (24)
Of course, the same is readily done for the Ryyq(?):

Rya(t) = 2(O){ (RS, [R5) (1) + i[5, 5] (1)}
= 2(0) (5, |1%) (1). (25)

The quantity (A%|A%)(z) is sometimes called template
autocorrelation. For standard signals, Eqs. (22) and (25)
are equivalent. However, for precessing and/or HM, they
may give very different results, due to the breaking of the
symmetry Eq. (21).

We close by noting that the predicted time series is given
by a product of a trigger-dependent scalar and a complex
template-dependent time series:

R(t) = trigger x complex time series.

This arises directly from the fact that the signal model
Eq. (18) presents the same convenient factorization. Such
factorization makes the £> evaluation particularly computa-
tionally convenient and, hence, the £ test computationally
attractive. As we will see, the use of precessing and/or
HM templates breaks this factorization, as Eq. (18) is no
longer valid.

III. A NEW GENERALIZED &
SIGNAL-CONSISTENCY TEST

The simplicity of the standard case arises directly from
the symmetry between the two polarizations Eq. (7), which
allows us to conveniently factorize the signal model and the
predicted SNR time series. However, in general, this is not
possible, and a different expression for the filters and the
expected SNR time series needs to be computed. With
the only assumptions that the observed signal is a linear
combination of the two polarizations, the appropriate filters
for the interferometric data are given by [51,66,67]

hg = h,
h=h, = (ho—h, ), (26)
V1=
where
I = (hylh) (e = 0). (27)

The real quantity &, is a crucial measure of the precession
and/or HM content of a template. The nonprecessing non-
HM limit can be recovered by fz+x = 0. We call symphony
SNR' the time series Eq. (12) produced with the templates
above:

paymlt) = \/ (IR + (Al (28)

Note that, if 4, and h, are normalized, the template h 1 s
normalized by definition: (k, |k, ) = 1. Moreover, i and

'"The term “symphony” comes from the title of a paper
describing the statistics [51].
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h, are orthogonal vectors, ie., (i, |h,)=0. Indeed,
the vectors for fz+ and h, follow the Gram-Schmidt
“orthogonalization™ prescription to create a set of ortho-
normal basis from the set of basis vectors {/, /h,}.
Obviously, the fact that the two filters are orthogonal does
not mean that, in general, /1, and /| are related by a simple
expression such as Eq. (21).

To compute the predicted time series Ry, (f), it is
convenient to rewrite the signal model Eq. (16) in terms
of h, and h,:

h=A h, +Ah,, (29)

where A, =F, —|—fz+x.7-"x and A, =F /1 - IAﬁX.
With this definition, the predicted SNR time series is
given by

Roym(1) = (hlh ) (1) + i(h|hy) (1)
= Ahy (1) + ALhy (1)
+iAh () + AR (1), (30)

where to shorten the notation we defined

By (1) = (hJh)(r) with  ex =+, x, L, (31)
and we identify A, with the real and imaginary part,
respectively, of the trigger z(0) = A, + iA,. This directly
arises from the setting Ry, (0) = z(0) and recognizing that
b, (0) =k, (0) by definition.

The expression for Ry, (¢) Eq. (30) is a linear combi-
nation of four basis real time series, which, in general, are
independent from each other. Note that this is not the case
for the standard test Eq. (22), where only two independent
time series are needed to describe the SNR time series.
This is the direct consequence of the fact that in the
standard case the signal model depends on only a single
time series 75, while in the general case, the two time
series h, and h, are needed to specify the signal model.
We can gain more insight by redefining a different set of
basis for Ryym(1):

B0 =300 +ha).  (2)
o) =, () =), (33)
L0 =500 -k ) 69
M) =5 (o) +hus(). (39)

and the predicted SNR time series takes a strikingly
simple expression:

Rogm(t) = 2(0) (5., (1) + 5 1 (1))
F 2O () + i (). (36)

We can write Eq. (36) more compactly by introducing the
two complex time series

RS (e = B (o) + iR (1) (37)
so that
Ryym(t) = 2(0)R5(¢) + 27 (0) A (1). (38)

The expected SNR time series Ry, (¢) can be compared to
complex symphony SNR time series to yield a novel
generally applicable signal-consistency test ffym. We can
compute the normalization of the & statistics with
a simple computation of the expected value of the
residual time series |2(r) — Ry, (1) over different noise
realizations:

(Em0) =2=2R P + 2K )P (39)

The expression generalizes Eq. (23) to the symphony
search statistics. The details of the computation are
reported in the Appendix.

The first term in Eq. (36) has the same structure of the
standard test Eq. (22). However, an additional term propor-
tional to z*(0) enters the expression, thus breaking the
convenient factorization between a complex trigger and a
complex template-dependent time series. Of course, the
expression agrees with the standard test for aligned-spin

limit where L= ifzx. In that case, it is easy to show that
lAzJ_ =hy, = fzéz and that

(hylhy)(1) = (b b o). (40)

S ~

(R (1) = (Rl ) (2). (41)

For this reason, both i, () and A% () are identically
vanishing time series, and Eq. (36) reduces to the stan-
dard case.

A. Approximating the new £ test

Although the time series Ry () offers the best pre-
diction for the symphony SNR, it cannot be expressed as a
product of the trigger z(0) and a template-dependent
complex time series. As discussed earlier, such a conven-
ient factorization is crucial for reducing the computational
cost of the consistency test and for deploying the test with
minimal changes to existing infrastructures. Therefore, we

023042-5



STEFANO SCHMIDT and SARAH CAUDILL

PHYS. REV. D 110, 023042 (2024)

seek an expression R (¢) for the predicted symphony
SNR time series that retains this convenient factorization
while providing satisfactory accuracy. While this expres-
sion is only an approximation to Ry, (), it may prove
adequate in certain cases.

In particular, in the case of a precessing and HM binary
system, the symmetries in Egs. (40) and (41) are violated by
only a “small amount.” More formally, we observe that the
magnitude of i, () and 2 | () is small in most of the
practical cases, and it makes sense to discard from Eq. (36)
the term « z*(0). This leads to an approximation R () of
the predicted symphony time series:

Ruix (1) = 2(0) (h 4 (1) + ik 1 (1)) (42)

Therefore, we can introduce the additional “mixed” signal-
consistency test éfnix, which is obtained by comparing R,
with the symphony SNR Eq. (28). The normalization factor
(€% (1)) can be straightforwardly computed by setting
h*(t) = 0 in Eq. (39):

(Em(0) =2 =21R° (1) . (43)

The test is equivalent to the standard &> Eq. (25) with the
minimal replacement (A% |h%) (1) — h5(¢).

To obtain this expression, we discarded from the
predicted time series the complex quantity z*(0)i*(r).
For this reason, the order of magnitude of h™(r) is
intimately connected with the error introduced by the
mixed predicted time series and, hence, with the perfor-
mance of éfnix. In what follows, we will use the magnitude
of the peak p* of the h*(r) as a primary indicator of the
goodness of the mixed consistency test:

pr = mtax|lA1A(t)|. (44)

As already noted, 7% (7) is identically zero for standard
systems; hence, p* can be also used as a metric to quantify
the amount of precession and/or HM of a template. Note
that by definition max, |25(r)] = 1; hence, the quantity
above automatically measures the ratio between i and h°.

The choice of discarding the term z*(0)A%() is very
natural but somehow arbitrary. Other choices for the
residuals are possible, thus leading to a different expression
for the predicted time series and, hence, different values
of £2. A convenient alternative choice for an approximate
signal-consistency test consists in neglecting from R, (7)
all the terms O(h_.,):

Ruis(1) 2 2(0) 5 (s 1) o (1)

~

Figlh)—he@)]. @)

The expression has the merit of being more physically
interpretable than Eq. (42), as it depends only on the
physical polarizations, and it defines an additional test,
labeled éfmx_bis. As we will see in the next section, the
values of £ obtained with the latter expression do not
significantly differ from the values of &2, ~obtained with
Eq. (42); hence, an experimenter interested in interpret-
ability could freely use £2. . instead of &2 .

We close by noting that, by assuming the approximate
symmetries Eqs. (40) and (41), Ry,ix_pis(?) has the simple
expression

S

Runiscpis (1) 2 2(0) (i (1) + iy (1)), (46)

where we can straightforwardly recognize the standard test
with the natural replacement 7%, — _ and hb, — h.. This
is the expression that one could have naively guessed
without thorough computations.

In Fig. 1, we present an example demonstrating how
accurately the predicted SNR time series aligns with the
actual one, comparing the standard, mixed, and symphony
cases. We compute the SNR time series obtained for
precessing BBH signal with zero noise and filter the data
with the same signal; we plot the measured SNR time series
Psa(t) and pgn(7) and the expected absolute values of
the time series Ryq(?), Ruix(1), and Ry (7). We note that
Rgq(1) and pgqy(t) show poor agreement with each other,
while Ry, (¢) perfectly models the complicated features of
Psym(t). Moreover, Ry () provides a satisfactory approxi-
mation to pgyp, (1), accurate to a few percent.

IV. VALIDITY AND LIMITATIONS OF
DIFFERENT SIGNAL-CONSISTENCY TESTS

In this section, we study in depth the validity and the
range of applicability of the various signal-consistency tests
discussed above, namely, the new &%, the standard &2,
and the approximated test &2 and its alternative expression

2 i After presenting a study of the capabilities of the
different tests, we study the performance of the standard
and mixed tests as a function of the region of the parameter
space. We also study the differences between the two
alternative approximations of the symphony test (frznix and

2 s and how the test depend on the choice of the
integration window ACL. Finally, we compare the results
obtained by performing the test in Gaussian noise with
those obtained with real interferometer data: This study is
crucial to test the robustness of the test in a “real life”
scenario.

To carry out our analysis, we compute &2, £2. , E2. .,
and ggym for 15000 randomly sampled BBH signals, injected
into Gaussian noise at different values of SNR. We uni-
formly sample the total mass M € [10, 50]M , and mass ratio
q = m;/m, €1, 15], while reference phase and inclination,

023042-6
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FIG. 1. Predicted and measured absolute value of the SNR time series, |R| and p, respectively, for a precessing signal in zero noise and
with unit magnitude, filtered with a perfectly matching template. We measure the SNR using both the standard SNR and the symphony
SNR. The predicted SNR is computed with three different prescriptions, Ryq Eq. (25) suitable for the standard SNR and R, Eq. (36)
and R;, Eq. (42), both suitable for the symphony SNR. We also report in the bottom panel the difference between the expected and
measured SNR time series. In the bottom panel, we report the difference between both |Ryy,| or Ry | and the symphony SNR. It is
manifest that [Ryy,, | and pgy,,, show perfect agreement between each other while [Ryq4| and Ry | do not accurately predict the relevant
SNR time series. Also note that the peak of standard search statistics is lower than unity, meaning that performing matched filtering with
templates Eq. (19) is not able to fully recover the SNR of a precessing signal. The signal is injected into Gaussian noise, sampled from
the PSD LIGO Livingston PSD [68] with a rate of 4096 Hz. The waveform is characterized by masses m, m, = 28My,3M  and spins
s; = (—0.8,0.02, —-0.5) and s, = 0, observed with an inclination z = 2.66. It was generated starting from a frequency of 12 Hz with the

approximant IMRPhenomXP [69].

as well as the sky location, are drawn from a uniform
distribution on the sphere. We also sample the starting
frequency f ., in the range [5, 20] Hz. Conveniently, we can
introduce the spin tilt angle 6, defined as

S<
0; = arccos —=,
Si

(47)

where s; is the magnitude of the ith spin. The tilt angle
measures the misalignment of the each spin with the orbital
momentum, and, thus, it is crucial to control the amount of
precession in a system, with a maximally precessing system
having 6 ~ /2.

In our study, we explore two scenarios. In one case,
we focus on precessing systems with both spins sampled
isotropically inside the unit sphere. In the other case, we
consider aligned-spin systems but include HMs in the
waveform. For the latter experiment, we sample both z
components of the spins uniformly between [—0.99,0.99],
and we consider the HM with (Z,|m|) =(2,2),(2,1),(3,3),
(3,2),(4,4). We utilize the frequency domain approximants
IMRPhenomXP [69] and IMRPhenomXHM [70] for the
two scenarios, respectively. We employ the PSD computed
over the first three months of the third observing run at the
LIGO Livingston detector [68] and sample 100 s of
Gaussian noise at a sample rate of 4096 Hz for each signal
under study. To study the performance in real noise, we
repeat the experiment by using segments of real publicly
available real data [71], as we discussed with more
details below.

A. How do the different tests compare to each other?

We compare here the performance of the different tests
for different SNR summarizing the main results of the
analysis described above. In Fig. 2, we present results
pertaining precessing systems, while results in Fig. 3 refer
to aligned-spin system with HM. In both figures for
varying SNR, we plot the & values as a function of the
peak p* of i (1), which as discussed above is an excellent
measure of the content of precession and/or HM content
in a template. Note that the £ values do not depend
exclusively on p# but also on the details of the residuals
hA(1). Nevertheless, p* still remains a useful scalar
quantity to quantify the lack of orthogonality of the
two templates. In the “zero noise” case, the injected
signals are normalized to one: This arbitrary choice affects
only the value of & with an overall scaling, but it does not
alter the distribution of values. We compute the £ using a
window (ACL) of 701 points centered around the injec-
tion time.

As long as zero noise is considered, we note that £, and
& . are both nonzero. This means that Ry4(#) and Ry, (7)
are not able is not able to predict exactly the behavior of the
SNR time series. This is expected, since in the precessing
and HM regime, they are both approximations to the true
SNR. On the other hand, ffym is always zero (up to
numerical noise), showing that the newly introduced

gym is the optimal test to search for generic BBH signals:
This is also manifest in Fig. 1.
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FIG. 2. Values of &2 [Eq. (14)] as a function of the absolute value of (iAz+ |il><), which quantifies the precession and/or HM content of a
signal. Each value is computed on random precessing BBHs, injected into Gaussian noise at a constant SNR. The left and center panels
show SNRs of 20 and 100, respectively, while the right panel tackles the case of zero noise with injected signal normalized to 1. £ is
computed using three different prescriptions. &2, is obtained from Ry4(7) and zq(f) (label standard). &2, is computed using Ry, () and
Zsym(f) (label symphony), while &2 uses Ry (f) and zyy (7). For this study, we set ACL = 701.
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FIG. 3. Values of & [Eq. (14)] as a function of the absolute value of (lAz+ |ilx), which quantifies the precession and/or HM content of a
signal. Each value is computed on random aligned-spin BBHs with HM content, injected into Gaussian noise at a constant SNR. The left
and center panels show SNRs of 20 and 100, respectively, while the right panel tackles the case of zero noise with injected signal
normalized to 1. & is computed using three different prescriptions. §§td is obtained from Ryq4(#) and zyq(7) (label standard). §3ym is

computed using Ry, () and zy,(7) (label symphony), while &2, uses Ry (1) and zg,, (7). For this study, we set ACL = 701.

1. Precessing templates considered, we observe that £2.  and égym show similar

mix

By looking at the injected precessing signals in Fig. 2 in
the presence of noise, we see that fgym is always superior to
the standard test, with an improvement as large as 2 orders
of magnitude in the SNR = 100 case. As long as &, is

dispersions in the low-SNR case. Therefore, in the presence
of a substantial amount of noise, the accuracy improvement
provided by ﬁym is negligible over the approximation given

by &2 . The discrepancy between the two £ tests increases

023042-8



NOVEL SIGNAL-CONSISTENCY TEST ...

PHYS. REV. D 110, 023042 (2024)

0.75 0.75
& 0.50 & 0.50
0.25 0.25
) 10
q L

FIG. 4. Performance of the standard test as a function of the parameter space. We color each bin according to the median value of &
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and we consider the mass ratio ¢ and the polar spin components s; and 8, and of the inclination angle  of the 15000 test BBHs described

in the text.

for SNR = 100; in that case, the noise level is lower, and it
must be of the same order of magnitude of the terms
neglected to obtain &2, . We also note that the values &2
are very well correlated with p#, thus confirming the
usefulness of the latter to predict the failure of the mixed
signal-consistency test.

The fact that & degrades its performance at high SNR
should not be of concern, as the signal-consistency test is
less crucial for the high-SNR region. Indeed, due to the
rarity of very loud signals, it is feasible to perform targeted
follow up and ad hoc studies, hence assessing the signifi-
cance of a trigger with other strategies. For this reason, we
conclude that &2 is likely to perform close to optimality
for the vast majority of the practical applications, and we
recommend its implementation in any pipeline aiming to
search for precessing signals.

In closing, we note that, in the égtd computation, we
could have used Eq. (20) instead of Eq. (24) to filter the
data and, similarly, Eq. (22) rather than Eq. (25) to compute
the autocorrelation. Even though in the standard case the
two expressions agree, they do not agree when precessing
and/or HM template are considered. In that case,
a straightforward generalization to precession fzsz — flJr

and illzz — h,, would lead fftd to also take into account both
polarization, with potential improvements on the efficacy
of the test. However, as the GstLAL pipeline implements the
test using Eq. (25), we made the choice to describe the
current situation.

2. HM templates

The picture outline above changes when aligned-spin

HM templates are considered in Fig. 3. In this case, the

performance of &2, &2 . and &, are very comparable in

the low-SNR case. In the high-SNR case, fgym retains a
slightly better performance but the use of &2, does not

mix
bring any additional improvement over the standard test

gtd. Therefore, if only HMs are considered, our results

indicate that &2 already delivers close to optimal results,

suggesting that no updates of the standard signal-
consistency test are required to tackle only the aligned-
spin HM case.

B. When does the standard test fail?

To study the limitation of the standard £, in Fig. 4, we
report the values of &2, as a function of the template
parameters. We focus on only the precessing case, as for the
HM case &, Fig. 3 shows a good performance across
the whole parameter space. Our results suggest that the
performance of the test decreases for large values of the
mass ratio, large values of spin, and large spin misalign-
ment. Moreover, precession is more visible for systems
observed with a close to edge-on inclination, i.e., 1 ~ 7/2.
These findings align with the literature on the detectability
of precession in BBH [49,72-74], which demonstrates that
precession is more detectable for asymmetric, heavily
spinning edge-on systems. The GW signals emitted by
such heavy precessing acquire a more complicated struc-
ture, which translates into the lack of symmetry between
the two polarizations, which fail to satisfy Eq. (7). As the
standard test relies on such symmetry and uses only the
plus polarization to predict the SNR time series, a large
violation of Eq. (7) also leads straightforwardly to large
values of &2 ,.

C. How does the mixed test perform?

As we turn our attention to the performance of the
approximate mixed signal-consistency test, we are inter-
ested in (i) identifying the regions of the parameter space
where this test provides an advantage over the standard
test and (ii) evaluating the extent of performance loss
compared to the optimal symphony test. We limit our study
to precessing signals, since for aligned-spin HM systems
the three tests show very similar performance.

To answer the first question, we report in Fig. 5 the
ratio &2, /&2, between the mixed and the standard tests,

evaluated at SNR = 100 as a function of the template

023042-9



STEFANO SCHMIDT and SARAH CAUDILL

PHYS. REV. D 110, 023042 (2024)

0.75 0.75
& 0.50 & 0.50
0.25 0.25
5 10
q L

FIG. 5.

bin according to the median value of &2, /&2

parameters. Unsurprisingly the mixed test outperforms the
standard test for systems that show a strong amount of
precession: In these regions of the parameter space, the
standard test shows poor performance, while the mixed test
is able to better predict the behavior of the SNR time series.
To understand the performance loss of the mixed test as
compared to the optimal symphony test, we turn our
attention to Fig. 6, where we report the ratio &2, /&5 ..
also evaluated at SNR = 100, as a function of the template
parameters. By comparing the performance of the £2. with
fym, it is striking to note that the mixed test has poor
performance for systems with 1~7. This is somehow
expected, as it is well known that the inclination increases
the precession-induced amplitude and phase modulation on
the waveform. However, it is surprising that the worst
performance occurs mostly for systems with low precession
content, i.e., with s; < 0.25 and for #; < 1. This is puz-
zling, because the precession content of such systems is
expected to be small, due to low spins and mild misalign-
ment. We make the hypothesis that the effect can be
explained by studying the details of the spin twist procedure
[75-77] employed to model the precessing effects in the
approximant in use. According to this procedure, the

0.75
&' 0.50
0.25

5 10
q L

3 1.25
9 1.00 .~
< .
0.75 o
1 @
0.50 =

L

Comparison between the mixed and the standard signal-consistency tests as a function of the parameter space. We color each
<> and we consider the mass ratio g and the polar spin components s; and ¢, and of the
inclination angle 1 of the 15000 test BBHs described in the text.

waveform is generated with a time-dependent rotation of
the waveform emitted by a corresponding aligned-spin
system. The spin twist might introduce some numerical
noise in the polarizations, even in the aligned-spin limit.
For 1 far from 7, the numerical noise is expected to be much
smaller than the waveform itself; however, as h, — 0
for 1 — 7 the noise might become dominant and affect

the computation of 75(r). A numerical study reported in
Fig. 8 shows that even in the aligned-spin case the
precessing approximant IMRPhenomXP returns a nonzero
value for pA, while the aligned-spin approximant
IMRPhenomXAS [78] returns the zero value consistent
with the theory. For this reason, as IMRPhenomXP is built
upon IMRPhenomXP, we may conclude that the spin twist
procedure introduces spurious noise into the polarizations.
The numerical noise becomes visible in the time series
7 (t) only when the cross polarization tends to zero, which
happens for close to aligned-spin systems but not for
heavily precessing systems: That explains why the issue
is seen only for small values of s,. Further investigations
should corroborate this hypothesis.

These limitations for 1~7, most likely due to the
approximant employed, should not be of concern. First

3
4.0 o™
0.75 0 5
5 0.50 3 329
[Va) . >
1 24 Z%
0.25
1.6 =
1 2 3 1 2 3

L

FIG. 6. Comparison between the mixed and the standard signal-consistency tests as a function of the parameter space. We color each

bin according to the median value of &2

inclination angle 1 of the 15000 test BBHs described in the text.

/ §§ym, and we consider the mass ratio ¢ and the polar spin components s; and #; and of the
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FIG. 7. Values of p* as a function of the parameter space. We color each bin according to the median value of p#, and we consider the
mass ratio ¢ and the polar spin components s, and #; and of the inclination angle z of the 15000 test BBHs described in the text. p is

intended as a measure of the goodness of the mixed signal-consistency test, and, as such, it correlates very well with the values of &

(see also Fig. 6).

of all, they affect a region of the parameter space well
covered by current searches and for which the standard test
is mostly suitable. Second, future precessing approximants
might solve the pathological behavior observed in Fig. 8,
thus potentially improving the performance of the mixed
test. Finally, we note that &2 _differs from &2, by at most a
factor of ~2. It is left to the developer of a search to
quantify the consequent loss in sensitivity and to consider
whether this is an acceptable loss. Here, we limit ourself to
stress that &2, is more suitable to deal with the heavily
precessing regime and provides a substantial improvement
over the standard test. Moreover, we stress again that the
results discussed refers to signals with a high SNR of 100,
for which a ad hoc followup strategy can be implemented,
thus making the signal-consistency test less decisive.
For signals observed with a more realistic lower SNR,

the impact on the &2, values is much smaller, as shown

in Fig. 2.
1073 /A\
< 107° ~ // —{ m XAS
1077~
ol l/ mm XP
1077 4
T T T T
0 1 2 3
L
FIG. 8. Numerical stability of the approximant IMRPhenomXP

in the aligned-spin limit as a function of the inclination angle 1.
We compute the values of p# and for a BBH with total mass
M = 10M 4 and mass ratio ¢ = 8 and with spins s,,, s,, = —0.4,
0.6, seen at different inclination angles 1. We repeat the experi-
ment with both the precessing approximant IMRPhenomXP and
the aligned-spin approximant IMRPhenomXAS. While for the
aligned-spin approximant p* are both zero up to numerical
precision, for the precessing approximant the two quantities
become nonzero as the inclination gets close to 1 ~ z/2. In this
case, since h, — 0, the numerical noise introduced by the spin

twist procedure affects the normalized cross polarization h.,.

2

mix

In Fig. 7, we report the peak value p* of the residual time
series sz(t) as a function of the template parameters. We
observe that the values of p# are very well correlated with
the values of &2, reported in Fig. 6. This confirms the

utility of p* as a measure of the performance of the &2 .

D. Which mixed test should we use?

As a final analysis, we compare the performance of the
two approximate tests introduced in Sec. III A, & . and
2 bis- While & . has a more straightforward definition,
& . has a simpler expression, and it is written in terms
of only the two polarizations. Depending on the pipeline
details, a user may decide to implement either versions.
For this reason, it is important to check that they give
consistent results. This is done in Fig. 9, where we report a
histogram with the relative error of &2, . with respect to
2. From the histogram, we learn that in 90% of the cases
& i has a discrepancy of less than 6% from &2 . Our
results show that the two expressions for the predicted
SNR time series, Egs. (42) and (45), are mostly equivalent

and they can both successfully employed in a full search,

101 .

Th
10-! - - _.ﬁﬁ,.,.-ﬂ/\\_
| o™ | S a

T
—0.4 —0.2 0.0 0.2 0.4

(grznix-bis - 5IZnix> / gfnix

FIG. 9. Discrepancies between the mixed signal-consistency

test ffnix Eq. (42) and a possible alternative definition Eq. (45)
ﬁlix_bis. For the 15000 BBH signals introduced in the text, we

2 _£2
report a histogram with the fractional difference M
between the two consistency tests. The discrepancies between
the two versions are negligible, showing that Eqgs. (42) and (45)

are mostly equivalent.
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FIG. 10. Values of £ for different window lengths (ACL) used
for the integral in Eq. (14). For each ACL, we report the values of

24 (blue), &2, (orange), and &2, (green), following the color
code introduced in Figs. 2 and 3. The data refer to 15000

precessing signals injected at SNR = 100.

with the caveats about the validity of the approximation
discussed above.

E. How to choose the autocorrelation length for the test?

In Fig. 10, we study how the three & tests considered
depend on the choice of the integration window ACL.
For brevity, we consider only the & values for precessing
injections with SNR = 100, and we choose three different
values of ACL = 351, 701, 1401. Our results show that the
& values are slightly improved for a longer integration
window, i.e., for a larger ACL. However, the smallness
of the differences suggests that the choice of ACL is not
crucial and that overall the test is robust against different
ACL values. We then recommend to choose ACL = 701,
which seems a satisfying trade-off between test perfor-
mance and computational cost.

F. How does real noise affect the test performance?

We conclude our analysis by studying the performance
of the various signal-consistency tests in real detector’s
noise. This study allows us to study a realistic scenario,
where non-Gaussian artifacts may negatively impact our
ability to predict the SNR time series. To do so, we use the
publicly available data [71] taken during the third observ-
ing run (O3) by the LIGO-Hanford observatory between
GPS times 1245708288 s and 1246756864 s. We use the
data to produce whitened segments of 100 s, where we
inject the test signals introduced above. We then compute
the SNR time series, for both the standard and the
symphony case, and we compute the £ for each injection.
We present our results in Fig. 11, where for each type of
signal-consistency test we report the distribution of &

Standard Mixed Symphony
0
<T3| 10" 4
—1 ]
% 10
wn 1072 3
1072 -
3 3 Real
g 100 .é .é - I(l}c?iase
— E E i
T 10— ] o Gauesion
in = 3 3
R
1073 AL B LLLLL B e
10° 10! 100 10! 10° 10!
&2 £ &2
FIG. 11. Performance in real detector’s noise of the three

signal-consistency tests discussed in the paper. We randomly
select a number of precessing templates as in Fig. 2, and we inject
a corresponding signal into both Gaussian noise and the real
detector’s noise. The detector’s noise was recorded by the LIGO-
Hanford observatory between GPS times 1245708288 s and
1246756864 s. In each histogram, we report the values for the
Gaussian noise (orange) and real noise (blue) case. Each panel
refers to a different type of signal-consistency test and to different
values of the injected SNR.

values computed in both the real and Gaussian noise cases.
As above, we repeat the experiment for signals injected at
an SNR of 10 and 100.

From our results, it is manifest that the bulk of the &
distributions computed for both real and Gaussian noise are
consistent with each other: This confirms the robustness of
the test even in the real noise scenario. Moreover, we note
that our novel symphony produces systematically lower
values of &2 as compared to both the mixed and standard
tests, further confirming its optimal performance in the
high-SNR case.

On some occasions, the real noise produces triggers with
large values of & when compared with the Gaussian noise
case: In these situations, the non-Gaussianities of the
detector’s output introduce artifacts in the SNR time series,
which are not taken into account by our prediction. This
produces the large values of & observed in Fig. 11. This
behavior is not only expected, but also desired: Indeed,
the £ test is specifically designed to discriminate between
astrophysical triggers and triggers from noise artifacts.
Consequently, large £> values in the presence of noise
artifacts indicate that the test is correctly performing its
intended function.

For triggers at SNR = 100, the standard and mixed
signal-consistency tests agree when computed for Gaussian
and real noise: In this case, the test in Gaussian noise
already produces triggers with large & values, which are
indistinguishable from the effect of non-Gaussian artifacts.
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V. FINAL REMARKS

We introduce a novel &> signal-consistency test tailored
for the matched-filtering searches of gravitational waves
emitted by precessing and/or higher-mode binary systems.
The test measures the discrepancy between the predicted
and measured SNR time series, as output by any matched-
filtering pipeline which filters the data with a large set
of templates. While the traditional test &2, is valid only
for the case of aligned-spin binaries where HM are not
considered, our new fgym is built upon the symphony search
statistics [51], and it does not make any assumption about
the nature of the signal to detect. Our new fsym relies on the
expression Eq. (36) for the predicted matched-filtering
output, which is derived here for the first time.

Thanks to the symmetry of the aligned-spin systems
without HMs, the standard consistency test is conven-
iently factorized as the multiplication between a complex
trigger and a complex template-dependent time series. As
our newly introduced test breaks such simple factoriza-
tion, it requires twice the computational cost to be
performed. To alleviate such cost, we also proposed an
approximation £2. to our new fgym, which, by respecting
the simple factorization for the predicted time series,
requires minimal changes to existing code platforms and
is obtained without extra computation with respect to the
standard test.

We investigated the validity of the two newly introduced
tests Sym and & , by performing an extensive study on
signals injected in both Gaussian noise, reaching four main
conclusions.

(i) The newly introduced test §Sym has optimal perfor-
mance for precessing and/or HM systems, being able
to optimally predict the SNR time series in the zero
noise case.

(i) The traditional test &2 shows poor performance for
heavily asymmetric systems with misaligned spins.

(iii) The approximate test £2. is very suitable for low-
SNR signals, while it displays some loss of perfor-
mance for systems with high SNR.

(iv) The traditional test £ is very suitable for aligned-
spin systems where HM are considered, showing
similar performances to the optimal ffym.

These same conclusions are obtained by studying the test
performance on real detector’s noise, although with some
outliers with high & values in correspondence of loud non-
Gaussian transient burst of noise.

The newly introduced test 5§ym can be implemented in
any matched-filtering pipeline, enhancing the search for
both precessing and aligned-spin signals with HM content.
Additionally, the validation studies presented here will help
the community better understand the limitations of the
traditional &2 test, benefiting any matched-filtering pipe-
line aimed at detecting binary black hole signals with
strong precession and/or higher-mode content.
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APPENDIX: EXPECTED VALUE OF THE
SYMPHONY SIGNAL-CONSISTENCY TEST
IN GAUSSIAN NOISE

To compute the expected value of the symphony signal-
consistency test in Gaussian noise, we closely follow
the computation presented in Appendix A in Ref. [22].

We begin by noting that, since the two templates fz+ and h|
and the data are real time series, the matched-filtering
output (d|h,,,)(t) is also a real time series:
(d|hy,)(t) = (d|hy;,)(t). Thus, the complex SNR time

series Zym () = (d|h,)(t) + i(d|h,)(f) can be rewritten as

zym(t) = (dlhy + ik ) (7). (A1)

We can now compute the expected value of the residual

time series (&3,,(7)) by taking the ensemble average of

12(1) = Rygm (1)
(1) = (12(1) = 2(0)F (1) = 2* ()
— “2Re{ (2 (1)2(0))A* (1))
— 2Re{(z(1)2(0)) i (1))
+ 2Re{{(0)z(0)) i (1A (1)}
+ (ZO)PIR ()P + ()P (1)
+ (2()P).

To move forward, we need to consider some properties of
Gaussian noise in the frequency domain:

A0P)

(A2)

(@ (fR(f) =58 (f)o(f = 1), (A3)
(@(f)a(f)) = 0. (A4)
Using these two properties, it is easy to show that
(lz(OF) = (|z(0)*) =2, (A5)
(2(0)2(0)) = (z(1)2(0)) = 0 (A6)
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by computing the relevant integrals. Moreover, we can
easily compute (z*(0)z(7)) using the definition of scalar
product Eq. (8):

(= (0):(
S (fa(f)
_ dfd
/ / T4 S 8.(7)
x (b = i) (hy + ik )e27/1
_ h*/’l +thL+l(h hi ilj_il+) —i2nft
‘2/_00”” 5.0F) o

=2h5().

Putting everything together, we obtain a simple expres-
sion for (£2,,(1)):

(Em(0) =2=20° (1) + 21" (1), (A8)

which can be used to normalize the symphony & test.
Note that, in the standard limit, we have 2”*(f) — 0 and
hS(1) — (B%|h%)(1); hence, the two expected values

(2(1) agree.
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