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Couplings of torsional and shear oscillations in a neutron star crust
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Mature neutron stars are thought to be sufficiently cold that nuclei in the outer layers freeze, solidifying a
crust. Crustal elasticity allows the star to support a set of seismic modes, such as torsional oscillations.
These axial-parity modes can couple to the polar sector in a number of ways, for example via rotation or a
magnetic field. Even in a static, spherically symmetric star, however, these modes can couple at nonlinear
order. In this study, such couplings in the crust are examined for the first time: we derive the axisymmetric
perturbation equations for second-order axial eigenfunctions, which are sourced by axial-polar couplings at
first order, and solve the resulting equations in the time domain. Through our studies, we find that the
second-order spectrum contains additional oscillation modes, not predicted by the linear analysis with
either axial or polar perturbations, which can be excited to relatively large amplitudes.
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I. INTRODUCTION

Neutron stars, produced in supernova explosions ending
the lives of massive stars, are some of the most suitable
objects to probe physics at extreme scales. Their cores
readily reach densities exceeding that of nuclear saturation
while maintaining baryonic degrees of freedom at low
temperatures, placing them in a parameter space inacces-
sible to terrestrial laboratories [1]. The elastic, solid crust of
a neutron star is also thought to host various exotic states of
matter, such as hadron-quark mixed “pasta” phases [2,3]
and ion lattices soaked in superfluid neutrons [4,5]. With
the exception of gravitational waves, the crust effectively
mediates all of the persistent and transient activity from
these stars, and thus detailed modeling of both dynamical
processes and the crust itself is necessary to fully utilize
existing and upcoming instruments.

The crust can sustain a variety of seismic oscillation
modes [6-9]. Overstraining events, particularly in the
magnetar class of objects where an ultrastrong field is
capable of exerting great stress [10—12], might excite crust-
localized [13,14] and global magnetoelastic [15,16] modes.
This theoretical prediction is supported by observations of
quasiperiodic oscillations (QPOs) with frequencies on the
order of tens of Hz and up in the x-ray tails of magnetar
flares, as in the 1979 event in SGR 0526-66 [17], the 1998
event in SGR 1900 + 14 [18], and the 2004 event in SGR
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1806-20 [19,20]. The latter demonstrated an especially
rich spectrum; studies coming out over a decade later are
still finding new Fourier peaks [21-23]. In principle, the
inverse problem of deducing the stellar properties—
magnetic geometry, equation of state (EOS), crustal shear
modulus, ...—can be tackled by matching the observed
spectra to detailed models. Such an approach has been
carried out by various authors [24-30], who matched the
forest of low- and high-frequency QPOs from various flares
to the modes of a general-relativistic star, with a realistic
EOS and topologically mixed, globally threading magnetic
field, exhibiting coupled axial and polar perturbations.'
Despite these successes, there remains a number of
theoretical challenges of varying severity. Arguably the
most serious of these relates to how the failure mechanism
actually operates in the crust. The seed for the main event is
the evolution of the magnetic field, which builds up
mechanical stresses that culminate in a failure event and
the release of magnetoelastic energy [31,32]. This localized
relaxation generates horizontal currents that may go on to
launch chains of Hall and/or thermoplastic waves that
instigate further failures of various amplitude away from
the initial site, twisting the external field and priming it for
explosive reconnection [33-36]. Alternatively, the rapid

'We note that the axial and polar perturbations are classified by
their parity. That is, considering a coordinate transform of polar
angles @ —» 7 — 6 and ¢ = 7 + ¢, an axial quantity of angular

order # transforms as (—1)¢*+! while polar ones change as (—1).
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release of poloidal energy that fuels the flare could trigger
instability and magnetic reconfiguration [12], exerting
Maxwell stress over short timescales. This may help to
explain why the dynamic spectra of flare QPOs are so
complicated: different regions of the crust fail at different
times, leading to the rising and falling of various mode
families over the course of hundreds of seconds. This
means that a fully fledged attempt at a solution of the
aforementioned inverse problem requires not only the
specification of initial data at ignition, but also injections
of energy at later times, the particulars of which require
detailed, microphysical calculations of failure propagation
that are presently out of reach.

A second, related problem is that most studies of
magnetar oscillations work within the linear regime
(though see [37—42] for some exceptions). That is, one
solves for a small perturbation over a fixed (or dynamical)
background in either the time or frequency domain. While
this provides a reasonable, leading picture for the spectrum
of possible excitations, it does not allow one to study the
physics related to saturation via parametric and other
instabilities, which are important since the observed
QPOs have significances that vary by orders of
magnitude [20,21,23]; the respective Bayes factors are
presumably tied to the amplitude that individual modes
achieve. Aside from predicting saturation amplitudes, non-
linear models are needed to deduce which daughter modes
can be excited from some initial combination of parents. An
example of this is the so-called p-g instability, where
nonresonant couplings between these polar modes could
instigate orbital energy losses in a binary inspiral, possibly
leading to significant dephasing in a gravitational
waveform [43]. In the case of QPOs in flare tails, there
could be instances of frequency drifting also. For the SGR
1806-20 giant flare, Miller et al. [23] further report a
~28.1 Hz oscillation starting at ~193 s post flare and
subsequently disappearing, with a new peak at ~27.9 Hz
emerging some =220 s later. Field evolution via Hall
avalanches or backreaction from excited modes [44], non-
linear effects both, could theoretically cause such a drift
(see also Ref. [16]).

In this paper, which we intend to be the first in a series,
we make some additional steps toward the nonlinear
modeling of crustal oscillations in a neutron star. We derive
equations at (Eulerian) second order for axial perturbations
in general relativity with the Cowling approximation,
including new expressions for the shear and strain tensors,
building on the linear formalism of Schumaker and
Thorne [6]. The second-order perturbations are sourced
by first-order, coupled polar-axial perturbations, and the
equations are solved for a realistic EOS in the time domain.
Although nonlinear torsional oscillations have been studied
previously (notably in Ref. [41]), sourcing by axial-polar
primaries has not. Our scheme is further capable of
handling seed injections at later times, to simulate delayed

and nonlocal failings within the crust, and is stable over
long (many seconds) timescales. While we take a step back
from the realistic picture by not considering crust-core
couplings or magnetic fields, assuming that the stellar
magnetic field is not so strong that one can neglect such
couplings, i.e., the field strength is <10 G [45,46],
certain key effects, which are supported by analytic
estimates, are observed in the simulations. For instance,
we predict the existence of new pairs of daughter modes
that arise from axial-polar couplings at linear order, the
amplitude of which is set by that of the parents. Higher
quantum-number modes and overtones from the linear
spectrum are also excited with a complicated pattern.
The main goal here is to derive the relevant equations
and solve them in a simplified setting to pave the way for
more realistic investigations in forthcoming work.

This paper is organized as follows. In Sec. II, we briefly
introduce the (tabular EOS) equilibrium neutron star model
adopted in this study and the shear modulus characterizing
the crust elasticity. In Sec. III, we derive the two-dimen-
sional perturbation equations for second-order axial oscil-
lations through an order-matching procedure, where the
second-order perturbation equation has a source term
composed of the product of linear axial and polar pertur-
bations. The boundary conditions imposed at both edges of
the (elastic) crust region together with the initial conditions
are also described. Then, we show several examples of
mode excitation by solving, in the time domain, the derived
equation in Sec. IV. Finally, in Sec. V we offer some
conclusions. In this study, we adopt geometric units with
¢ = G =1 for the speed of light, ¢, and the gravitational
constant, G. The metric signature is (—, +, +, +).

I1. EQUILIBRIUM MODELS

Since we are ultimately interested in developing a
scheme that applies to Galactic magnetars, which spin
very slowly, the metric and fluid variables can be taken as
static to a good approximation. The background neutron
star model is further taken to be spherically symmetric and
strain free, whose line element is given in Schwarzschild-
like coordinates {t,r,6, ¢} through

ds? = —e*®dt* + e*Mdr? + r*(d6? + sin?0d¢?). (1)

With this expression, the only nonzero component of the
four-velocity is in the ¢ direction, and is given by

u' = e ®, (2)

The metric variables ® and A appearing in Eq. (1) together
with the fluid variables, p (pressure) and ¢ (energy density),
are constructed by integrating the Tolman-Oppenheimer-
Volkoff equations, assuming an approximate but appro-
priate EOS for neutron star matter, i.e., zero-temperature
matter in beta equilibrium. In this study, we specifically
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adopt the SLy4, which is a Skyrme-type EOS with a self-
consistent crustal region [47], and focus on stars with mass
M = 1.41M4 and radius R = 11.68 km.

Since torsional and shear oscillations can be excited only
inside regions with elasticity, their frequencies depend on
the density at the boundaries. The outer boundary, which is
the interface between the crust and the envelope (or
“ocean”), depends strongly on the physical temperature,
meaning a zero-temperature EOS cannot apply [48]. In this
study, we simply assume that the transition (baryon)
density at this interface is 10'° g/cm?® and the density
matching to the stellar atmosphere is 10% g/cm?’.
Meanwhile, the inner crust-core boundary is also compli-
cated. In a realistic neutron star, it is thought that the crust
region is composed not only of phases of the more-familiar
spherical nuclei but also of nonspherical nuclei—the so-
called pasta phases. Nevertheless, the thickness of the pasta
phase is rather narrow, compared to that of spherical nuclei,
e.g., [49]. So, in this study, we only consider the phase of
spherical nuclei, by assuming that the transition (baryon)
density between the crust and core is 1.045 x 10'* g/cm?.
With these transition densities, the radii of the core and the
annulus separating the crust, R., and the envelope, R,,
become R, = 10.85 and R, = 11.57 km, respectively.

The shear modulus, p, is another important quantity
associated with elastically supported oscillations. Even
though there really are multiple shear moduli which depend
on the shape of nuclei [50], in this study we neglect the
presence of pasta and assume a single contributor. For this
spherical-nuclei shear modulus, we simply adopt the stan-
dard, low-temperature expression proposed in Ref. [51], i.e.,

(Ze)?
p :0'1194M, (3)
a

where e, n;, Z, and a, respectively, denote the elementary
charge, ion number density, charge number, and Wigner-
Seitz cell radius (i.e., 47a’/3 = 1/n;).

A. Remarks on nonlinear elasticity

The elastic solid that is the neutron star crust is in reality a
complicated, chemically and magnetically stratified medium
with nontrivial composition and temperature gradients [7].
At linear order though, the crust (or any other solid)
necessarily abides by a Hookean relationship; that is, the
material is such that strain is linearly proportional to stress.
The elastic stress tensor is itself proportional to the
Lagrangian displacements at linear order in a linear mode
problem. At nonlinear order, however, the Hookean approxi-
mation becomes an additional assumption of the model—
some kind of “elastic EOS” is needed to close the system.

As described in Sec. 12 of Ref. [52] (see also [53]), more
general elasticity relationships can be explored. A set of
tensors can be introduced on the (Lagrangian) matter space,
from which a set of scalar invariants can be constructed

which represent a type of basis of possible relationships
between the shear and strain tensors. These individual
terms are weighted by general-relativistic generalizations of
the Lamé coefficients. Although an amount of literature is
devoted to the study of the shear and bulk moduli, higher-
order coefficients have not been examined in a neutron star
crust. By including these additional terms though, a more
general stress tensor could be built [Eq. (12.19) in
Ref. [52]], which will adjust the spectrum.

To make contact with linear studies, however, we adopt a
Hookean approximation throughout. Exploration of the
nonlinear spectra for different stress-strain relationships
will be considered elsewhere.

III. PERTURBATION EQUATIONS

In this study, we adopt the Cowling approximation, i.e.,
the metric perturbations are neglected so that the matter
fields oscillate on a fixed spacetime. This is a reasonable
approximation since even the most energetic of polar-parity
modes excited in a magnetar flare are unlikely to produce
strong gravitational-wave signals [37,39,40]. The torsional
oscillations, which are classified as axial perturbations and
form our primary interest, are less energetic by orders of
magnitude.

We further restrict ourselves to axisymmetric perturba-
tions. This approximation is less physically justifiable,
especially since axisymmetric states seem to be an evolu-
tionarily unlikely outcome in magnetars [54,55], but it is
sufficient to demonstrate the main effects of polar-axial
coupling at nonlinear order. In general, the spatial compo-
nents® of the Lagrangian displacement vector can thus be
given by

&= (rW(t, r,0),V(t,r,0), W) , (4)

sin @

where W and V are of polar parity and )’ encompasses axial
perturbations. In what follows, perturbed variables associated
with such a Lagrangian displacement are written with a
prepended 6, which in general encompasses a hierarchy of
terms. For example, the perturbed velocity can be expanded as

Su, = duy + su + - (%)

where the superscript, (i), denotes the ith order perturba-
tions of each quantity.’

2Throughout this work, purely spatial components are written
with Latin scripts (i, j,k,...), while spacetime indices are
denoted by members of the Greek alphabet (a,f,7, ...).

We remark that at this point the scheme differs from several
previous studies looking at saturation amplitudes [56-58], not
only because of the relativistic framework but because we
explicitly include a second-order velocity perturbation, which
is often set to zero.
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Using the displacement given by Eq. (4), the spatial parts
of the perturbed four-velocity can be written as

) 0
Sul = <re_q)0tW, e_q)a,V, e~® t—y) ) (6)
sin @

ou; = (Fe—d>+2AalW’ rze_cba,V, rZe—fba,y sin 9), (7)

from which one can show that

3
out, = re=®0,,W + re=® <A’, + ;) oW + e %9,V

e ®9,V. (8)

We note that éu”, is composed of only polar perturbations
and ou“, = 0 even for nonaxisymmetric axial perturbations.
Because of the spherically symmetric background, linear
perturbations with axial parity (torsional ¢ oscillations) are
completely decoupled from those with polar parity (inter-
face i-, shear s-, fundamental f-, and pressure p-modes).
|

However, if one considers higher-order perturbations, the
axial and polar sectors inevitably couple via nonlinear
effects. In this study, as a first step, we examine the simplest
case with nonlinear effects, i.e., second-order perturbations
for the torsional oscillations induced by the coupling
between the linear perturbations of both axial and polar
parity. We note that one can similarly consider the second-
order polar perturbations, which are also induced by linear
polar and axial perturbations. But, in this study, we try to
understand the magnetar QPOs via crustal oscillations (or
at least subspectra due to such components), where most
effort has gone into axial modes (again cf. crust-core
couplings and global modes [15]). Meanwhile, the problem
is a bit more involved for polar modes, so we leave it for
future work (along with magnetic fields etc.), and we focus
on second-order axial perturbations in this study.

The total energy-momentum tensor, T,, is composed of
(S)

two parts: a fluid part, T,(,?, and a shear part, T,f, . One can
derive the fluid part for the ¢» component of the perturbed
energy-momentum conservation law, which contributes to
the torsional oscillations, as

’ e e+ 6
ortp = X DD { [1 T } 0uY + (O W)(0,Y) + (0V)(@0Y) + (10, W +90V)(0,Y)
0,(6e + 6p) g+ p 5 2cos 0
L 0,y + [ i O, +A,+ ;] r@OW)(0Y) +—— (a,v)(a,y)}, 9)

where we omit third- and higher-order terms, such as
5e(0,W)(0,Y) ~ O(&).

Regarding the contribution from the shear stress, we
simply follow the Schumaker-Thorne formalism [6],
which employs the Hookean approximation so that the
shear contribution to the stress-energy tensor from
the shear tensor, §,,, is proportional only to the shear
modulus, i.e.,

S

TS = —2uS,,. (10)
The shear tensor is related to the “rate of shear” tensor, 6,
[591,
2 a
EuS/,w = gsﬂyvau + Oy (1 1)

where £, denotes the Lie derivative along the direction of
four-velocity, u*, and one has
LS, = uV,S,, + S, Vu*+8,,V,u*, (12)

1
(P¢Vau, + PiV,u,) — gPﬂ,,Vau“. (13)

N =

Ou =

I
Here, P, is the projection tensor given by

P = gu + u,u,. (14)

From Eq. (11), one can get
2 a
8(L,S,,) = b0, + géSm,éu s (15)

because u“%, =0 and S,, = 0 for the (background) equi-
librium model. Running through the components (u,v) =
(u, ) in Eq. (15), it is possible to find

2
001 + 3 0S1yOu' = €008 g, + OU'8S,.r + OU’8S1pg
+ 8S,40u", + 8Sgyou’,

2

o
0r¢+3

5S,40u% = €2(8S,4, — ©,58,4) + Su5S,,
+ 51"96Sr¢.9 + 5Sr¢5ur., + 559(/)(3149’,

+ 88 g’ (17)
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2
(569(/, + §5S94,5M(€a = 6_4’6594,,, + 5“’5559(/,’, + 5”9559[/,_9
+ 5S,¢5u’.9 + 5594,5”?9

+ 88 g’ (18)

2
50'¢¢ + 5554)45614;0; = €_®5S¢¢.t + (Sllr5S¢¢7r

+ 511658(/,(/,’9, (19)

where 66,4, and 6u”, up to second order in perturbations are
given from the definitions as

(o}

60,y = % [~® ,6u’Suy — Su"Suy , — Su’Suy o)

1
+3 e®Suy6u’,, (20)

1 2
56,4 = 3 {q)yréu[ﬁ - ;5u¢ + Suy,, + e~ ®Suydu,,

+ €_¢5Mr5u(/,7,:| : (21)

1 cosf
509:/; = B {5’4(/;,6 - 27Sin9 514,/, + e‘®5u¢5ua’, + e_d)éugéud)’, ,

(22)

. . 1, .
86,44 = re”*sin*05u, + sin @ cos O5uy — 3 r’sin’05u’,

+ e~ ®Suybuy,, (23)

3
ou’, = re~®0,,W + re=® <A,, + —) oW+ e %0,V
r

e®0,V. (24)

A. Order matching

At this stage, it is instructive to expand the relevant
quantities up to successive orders. We recall that we consider
only axial perturbations up to second order, with the polar
parity ones truncated at linear order. That is, W(?) = V() =
0 but Y@ # 0. Some algebra now reveals that

3ol =0, (25)

2
iy =St oo

2
sotl) = %e‘q’ [sin0(0,Y V) — cos O3, Y1), (27)

2
50'1(15]42 - _%e_(bsinzg {ratrw(l) + rA.ratW(l) + 0,V

2cosf
~2o? a,vﬂ, 28)

« 3
Su ;511) =re %9, W) 4 re=® <A,, + —) o,wm
r

0
4 e 9,V 4 S8 pmg (1), (29)
in 6
while
562 = 8)(P, A) (30)
tp 0 ) )

2
r .
55&? -3 e ®sin0(d,Y?) + 8,(P, A), (31

2
507) = %ﬁb [sin 0(9,4Y?)) — cos 0(0,Y?)]
+ 8,(P, A), (32)

1 a
80,y = re~2sin%08uy”) +sin0 cos 06uy” = rsin05u'y,”
+ e“béu;ﬁl)éuw, (33)

where 8,(P,A), 8,(P, A), and 8,(P, A) are the terms
composed of the combination of the linear polar
(P = v, W) and linear axial perturbations (A = YD),
whose forms are concretely given in Appendix A.

At linear order, Egs. (16)—(19) become

38l =0, (34)
2
5stl) = %sin 0(9,51), (35)
m_r
80y =5 [sin 8(9,)V) — cos 6], (36)

2
384 = _%Sin29 [rarw(l> + 1A, W 9V

_ZCOSHV(U} (37)

sin @

We assume that 6S ,(,1,) = 0atr = 0, i.e., stress builds up from

zero from a relaxed background state. We note that 65 (r(lﬁ) and

oS é;) are only composed of linear axial perturbations, while

555;(; is only composed of linear polar perturbations. Further

note that the other components 585}) are nonzero, but do not

contribute to the torsional-mode dynamics in a static,
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unmagnetized star; they can be found elsewhere in the
literature (e.g., [26]).
Moving on to second order, Egs. (16)—(18) become

58\ = e®[50')

= evlooy = syt — sy oot

(38)

2 2 2) 2 (e all
555, = @650 + ¢ [50542 + géSgdféu ) — surssty)

1 1 r(1 1 (1
— 5u M58ty , — 38\ st — 655 su’!
- 555,,43514"?5”} : (39)
@ _ @) 2 so() o all) (1)
8Spp, = €* {5% + 388001 — su'l >5sa¢ .
— 5u’5Sy) , — 68\)6u’) — 555 6u”y)
- 6Sf;(;5u(/fél)} . (40)

We note that the second-order perturbation, 6Sf;¢2, does not

contribute to the second-order equations for torsional
oscillations. From Eqs. (38)—(40), one can derive

t(/)t @O(P A) (41)
@ _r o @
88,p: = — sin 0(0,Y7) + &, (P, A) + ®,55,,, (42)
2
5Sg/,)’, = % [sin 8(9,p)?)) — cos 0(9,1?)]

+ &, (P, A), (43)

where again the Gothic symbols &y(P, A), &,(P, A), and
&,(P,.A) represent terms composed of combinations of
the linear polar and linear axial perturbations; they are
shown explicitly in Appendix A. These equations can be
immediately integrated, again imposing the initial condi-
tion that we start with an unstressed state at all orders. By
defining S;(P, A) fori =0, 1, 2 as

S.(P, A) = / "©.(P, A, (44)
0
one can get

38 = Sy(P. A), (45)

2
2 re . t 2
a5 =00, +8,(P. A+, '3, (46)

[\S)

555 =~

=7 [sin@(0p V) — cos OYI] + S, (P, A).  (47)

Now, simply4 considering 5T,(j) ==2uéS,, from Eq. (10),
i.e., assuming that oy = 0, we find its linear components,

st — 0, (48)

i

57‘5[/))( ) _ = —ur?sin (0, Y1), (49)
57,85)(1) = —ur*[sinB(0, ")) — cos Y], (50)

as well as its second-order components,

5T52>(2) = —ur*sin0(9,Y?) — 2uS, (P, A)
gre)
- 2/,5(13‘,/ 5St¢ dt, (52)
0

5T = —ur[sin6(0,Y%)) — cos 6]
—2uS,(P., A). (53)

The divergence of 8T8 is given as

—-2A
6T<S)(f,2¢” _ [ﬂsjng (ary(l)):| )
ZLC;S‘ZZ - 511116( %Y )]ﬂ
(o o
%[ -] o

As is well known, the relevant equations of motion are
separable at first order. Abusing notation slightly and

decomposing YV (¢,7,0) =3, y)(/,l)(t, r)0gPs(cos 6) for
Legendre polynomials P,(cos€), one can express the

()( )v

divergence 6T , for each 7, as

5T<S;2/(1)(/)D:_ﬂe_2/\ [arry;l) < +‘D A + )(a yf )

_% 2Ayf :| - eaﬂpfv (55)

“In considering second-order perturbations of the shear portion
of the energy-momentum tensor we could, in principle, have
terms that are proportional to éu. Such terms could be self-
consistently associated with the density perturbation, de, implic-
itly through Eq. (3). This is not trivial, however, since the shear
modulus depends only on the ion density, rather than the overall
density, de. In practice, if one considers a contribution from Jy,

one has to add the terms 6/4“)55'5;) to Eq. (52) and 6/4(1)5522 to
Eq. (53). These additional terms change the source term

Ss(P, A) in Eq. (58) a little, but as mentioned below, the main
results shown in this study are unchanged.
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where we have used the well-known relation
[03 4 (cos 0/ sin@)dy + £(£ + 1)]P, = 0. Thus, the pertur-
bation equation at linear level reduces to

1

= (8+p)e_2¢( ttyf ) sind 0pP,

. 4
— e {aﬂy;‘) + (7 T, - A, + ;) 0.5;")

_% 2Ayf} < 0Py, (56)
and, hence,
0= _H‘Tpe—zq)u/\(any;l)) + arry,(fl)
+<” +O,-A,+ )(6)){)
3 (¢ + 232(f -1) e2Ay§)), (57)

as in Ref. [6].
On the other hand, the divergence of 678 at second
order reads

)2 _ M 2 ,-2A (2)
s — 9,
’ r*sin 6 { re 9, V)

4
—re2A (ﬂr +@,-A,+ > (0,92))
U r

— 0o = cot 09V + (cot?d — 1)y<2)}
+ Ss(P. A), (58)

where Sg(P,.A) is a coupling term composed of combi-
nations of linear polar and axial perturbations, whose form
is explicitly shown in Appendix A. Thus, the second-order
perturbation equation for axial-parity oscillations can be
derived from

2)

(ST( (3T< )2 )‘/’” + 5T(S)(2);DU — 0’ (59)

which leads to

—(e+p)e —2¢D+2A(a”y(2)) + ﬂ(arry(z))
{ ) H( A, +‘_r‘>} (0,Y?)
ﬁz AMageY® + cot 09y Y + (1 — cot?0) Y]

Asin6[Sp(P, A) + Ss(P, A)]. (60)

_|_

where Sp(P,.A) is another part of the total coupling
term composed of combinations of linear polar and
axial perturbations, whose form is explicitly shown in
Appendix A. Now, we introduce a new variable, 52( t,r,0)=
V(1. r,0)/sin@, which leads to Y® = Y@ /sin@. Then,
Eq. (60) becomes

~ (e + )20, 9%)) + u(9, Y1)

n
[ (ob,r A, + m (0,9%)
i

[(aggy ) + 3895)(2) cot 9]
ASk(P.A) + Ss(P.A)]. (61)

+

>\

We note that the operator defining Eq. (61) (i.e., the
homogenous equation neglecting source terms) is identical
to the linear equation for torsional oscillations. Once one
selects specific linear oscillation modes for the axial and
polar parity to be excited, one can examine the second-
order spectrum. Furthermore, due to the coupling terms,
Eq. (61) is generally not separable.

We close this section by stating that, in what remains of
this paper, we numerically evolve Eq. (60) in isolation. That
is, we do not solve a closed system where mode amplitudes
adjustiteratively as seed energy is sapped from the first-order
spectrum to grow modes at second order as has been done, for
example, in the f [56,57] and r mode [60,61] literatures. In
reality, Eq. (57) must be solved simultaneously to study the
energy-transfer problem and onset of resonant or nonreso-
nant parametric instabilities (i.e., parent-daughter-daughter
couplings in addition to the direct parent-parent-daughter
couplings). However, such complexity lies beyond the scope
of this work, which is mostly concerned with deriving the
relevant equations and illustrating how axial-polar couplings
at first order can enrich the nonlinear spectrum.

B. Boundary and initial conditions

The linear perturbation equation for torsional oscilla-
tions, Eq. (57), can be solved as an eigenvalue problem by
taking a harmonic time dependence e for angular
frequency w = 2zf. We impose a zero traction condition
at the base of the crust and the zero-torque condition at the
interface between the crust and envelope (see, e.g.,
Refs. [6,24] for details). On the other hand, the equations
and boundary conditions for linear polar-parity oscillations
are explicitly shown in Refs. [62,63]. With crustal elastic-
ity, the interface (i;) and shear (s;) modes can be excited in
addition to the usual acoustic oscillations, i.e., the funda-
mental (f) and pressure (p;) modes. Since the number of
excitable i modes is generally the same as the number of
interfaces, where the nonzero shear modulus discontinu-
ously drops to zero, we can expect that two i modes exist in
our case. In addition, since we simply consider linear polar
perturbations without stratification for zero-temperature
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nuclear matter in this study, we cannot discuss couplings
induced by the gravity (g) modes. However, high overtones
of g modes are of low frequency, which may play an
important role in explaining the observed QPOs in mag-
netar flares. Their inclusion is relatively straightforward,
and will be investigated elsewhere.

Since it is not a priori clear which multipoles £ will be
excited by nonlinear effects for some given initial data, we
examine oscillations inside the crustal region over the
whole angular domain 0 < @ < 7 in this study. To evolve
Eq. (61) in two-dimensional space (r, 0), one has to impose
some boundary conditions. Here, as in the case of the linear
perturbations with axial parity, we impose a zero traction
condition at the base of the crust (r = R,.) and at the
interface between the crust and envelope (r =R,). In
symbols, we enforce

arjj(z) |r=RC~Rg = O’ (62)

because of Eq. (52). On the other hand, since we simply
consider axisymmetric perturbations, the boundary con-
ditions imposed at @ = 0 and z should be 9, lo—0.x = O.
The time evolution is calculated with the iterated Crank-
Nicholson method [64]. Hereafter, N, and N, denote the
grid number in the radial and € direction, respectively.
In addition, we simply assume that J*) = O at7 = 0 asan
initial condition. That is, each y<2> solution shown below is
completely induced by the source terms composed of the
product of the linear axial and polar perturbations, with the
coupling timescale being essentially instantaneous.

IV. RESULTS: NONLINEAR COUPLING

The numerical results strongly depend on the spatial
resolution. Numerical convergence tests, carried out by
evolving Eq. (61) assuming that Sp(P, A) = Sg(P, A) =
0 (i.e., the linear problem), are presented in Appendix B.
These demonstrate how the results vary with radial, N,., and
angular, Ny, resolutions. Based on that analysis, we find
that one adequately resolves the modes up to the first
overtones with angular quantum numbers reaching £ ~ 10
for N, ~ 500 and Ny ~ 100. So, hereafter we adopt N, =
500 and N, = 120 for evolutions with nonlinear coupling.
We note that higher-order (n > 1) overtones may not be
resolved with our resolution even if they are excited, but
these lie at far-too-high frequencies to be observable. If
considering problems with energy transfer, these could still
be relevant, however (as for, e.g., p-g couplings [43]).

We now turn to the main results of this work and
examine the torsional oscillations induced by nonlinear
couplings between linear perturbations of both axial
and polar parity by evolving Eq. (61) with the source
terms, Sp(P,.A) and Sg(P,.A). As mentioned above,
order-# linear perturbations are independent of all other
order-Z’ # £ linear perturbations. The polar perturbations
are also independent of the axial ones. So, one can examine

the pattern of mode excitation induced by the linear
coupling via Eq. (61) by selecting a specific combination
of axial and polar oscillation modes, e.g., ¢, (the £ =2
fundamental torsional mode) and ,s; (the £ = 2 first shear
mode). In this study, as a first step, we consider the
coupling between the torsional oscillations, ,f, (or ,f,)
and the Z = 2 polar oscillations (though we could consider
modes of multipolarity even higher than 7 =11 for
Ny = 120, as detailed in Appendix B). A study involving
other couplings may be shown elsewhere.

Several eigenfrequencies determined via the eigenvalue
problem with a linear perturbation analysis, using the neutron
star model constructed in Sec. 11, are listed in Table I. We note
that in this study we identify the #; and i, modes in such a way
that the i, mode is the mode excited at the crust-envelope
interface, while the i; mode (tangential) eigenfunction has
jumps at both the crust-core and crust-envelope interfaces.
With the source terms, Sz(P, .A) and Sg(P, A), determined
explicitly using the quoted eigenfrequencies and associated
eigenfunctions, we evolve Eq. (61) for 10 seconds. For this,
we expect a bandwidth of ~0.1 Hz. Even if we select a
specific combination of linear axial and polar oscillation
modes, there is still freedom in setting their amplitudes. In this
study, we simply set the maximum amplitude of the selected
linear axial (J(')) and polar perturbations (either W(!) or V(1))
in the elastic region to be unity. On the other hand, since the
source terms, Sp(P, A) and Sg(P, A), are always composed
of the product of the amplitudes of linear axial and polar
perturbations, it is not the individual amplitudes that are

TABLE 1. Eigenfrequencies determined via the (first-order)
eigenvalue problem for the neutron star model considered in this
study, i.e., M = 1.41M and R = 11.68 km constructed with the
SLy4 EOS. The labeling of these modes is defined in Sec. III.

Mode Frequency (Hz)
L1 23.9
st 37.8
4o 50.7
sty 63.2
6lo 75.6
o1 898.5
3t 899.0
4l 899.7
st 900.6
6t 901.7
N2 40.9
511 45.2
28] 895.1
252 1463.8
283 1806.5
254 2276.9
585 2829.0
of 2407.1
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important but rather their product in the evolution of Y?.
One can expect the results shown in this study would be
qualitatively unchanged, even if one changes such a product
into some value less than 1.

A. Seeding via coupled lowest-n modes

First, we show the results with coupling between ,#, and
,81. The fast Fourier transform (FFT) computed via the
resulting waveform for J® is shown in Fig. 1. We find
several modes are excited, which we identify as 51y, 4%, 511,
and ,¢,. In addition to these frequencies, which appear in
the linear perturbation analysis, we also find additional
modes, whose frequencies correspond to the sum of that
associated with ,#, and ,s;. We note that the oscillations
with 51, 411, and , 7y + ,51(= 919.0 Hz) seem to be excited
more strongly than those with ,#, and ,#, at the second-
order perturbation level, even though we consider the ,f,
mode to build the source terms. Note we are showing only
the second-order spectrum, not FFTs of the total eigen-
function ). More precisely, although we sometimes find

ygﬁlp,daughter and ygiflp.pmms denote the amplitude of the ith
order perturbations for the daughter and parent modes,
respectively.

The reason why ;7 is not excited can be understood by
carefully examining the perturbation equations (61). In
general, the odd- and even-order Legendre polynomials for

Z > 2 can be written as

Py, = Z a;cos*0, (63)
j=0

Pysi =Y bjcos¥ 10, (64)
j=0

where a; and b; are appropriate constants. Meanwhile, the
angular profiles of polar and axial perturbations are
essentially expressed as Py, and 0yP, / sin 0, respectively,
where the indices £ for the polar and axial perturbations are
explicitly shown as #,, and Z,,. So, the coupling between the

(2) 2) . (1)
Y a;np,daughter > ;mp,parems’ wel still havez Vampdavgher ™ Jinear polar and linear axial perturbations in the source
ygrrzp,daughter:yy(nn)p,daughter<<y£mzp,parents+yz(1rr2p,parents’ where terms, Si:F,S’ in Eq. (61) for a single mode behave like
J
doPr
Si(P,A) ~ — 65
4 ) “» sin@ (65)
my+mg P
~ Z a; (—? 2") for (£,.2,) = (2m,,2m,), (66)
= sin@
m,,era 0 P
o1 2j+1
= j<—sin19 > for (£,.2,) = (2m,,2m, + 1), (67)
j=0
my+m, P
0L2j+1
= Z a]( SinJH > fOr (fp’ fa) = (Zmp + 15 2ma>9 (68)
j=0
my+mg+1 9, P
o2
= Z aj(sinej> for (fp’fa) = (zmp+ 1’2ma+ 1), (69)
=0
1079 ' T T T 10,7r T
10-10f 20 1 108
101§ 1 10%
10712 4 ] 10-10E
=~ 13 10711 L
1
E 0714 ] | 10-12f
1071%E 1 0
—15 3
e/ HIRURLI T
10716? ;2,0 E 10715r Ezsl ]
10717 e : s 10-16 i . A
50 100 150 200 880 900 920 940 960
S (Hz) f(Hz)

FIG. 1. The FFT of J® evolved for 10 seconds. Here we imposed a coupling (i.., initial data) between ,#, (23.9 Hz) and ,s,
(895.1 Hz). For reference, the , 7, and ,s, frequencies are shown with dotted lines and we have focused on the regions 0 < f < 200 and
880 < f <960 Hz as no modes are excited in the interval 200 < f < 880 Hz.
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where a; is again some constant which is a combination of
a; and b;. That is, the source terms should induce axial-
type oscillations up to order 7, + ¢,. Moreover, from the
above expression, we find that torsional oscillations with
only even (odd) values of ¢ are selectively excited when
one considers polar and axial couplings such that £, and 7,
are both even or both odd numbers (even and odd numbers
or odd and even numbers). For example, only the £ = 2, 4,
and 6 torsional oscillations can be excited at second order
by the coupling between £, = 2 and ¢, = 4 at first order;
similarly, only the # =3 and 5 second-order torsional
oscillations can be excited by the coupling between 7, = 2
and 7, = 3.

In addition to these mode excitations, since the source
term in Eq. (61) is composed of a combination of linear
polar and linear axial perturbations, which respectively
depend on time as exp(iw,t) and exp(iw,t) with eigen-
frequencies w,, and w, of the considered linear perturba-
tions, one can expect an additional mode with frequency
o = w, + w, will be excited. This is simply a property of
inhomogeneous wave equations with harmonic source
terms. Note that, in a full treatment of the nonlinear
problem, one may expect the negative branch,
o = |w, —w,|, to be excited also. This is because the
eigenvalue equations depend on ®?, and hence both
positive and negative roots are valid solutions. If we were
to include source terms for total modes including con-
jugates, we would excite all branches (o = |0, + @,]|),
though we set the amplitudes of the conjugates to zero for
simplicity.

In a similar way, in Fig. 2, we show the FFT obtained for
an evolution triggered by the coupling between , 7, and ,i
oscillations (top panel), and between the ,f, and ,i,
oscillations (bottom panel). As expected, we observe the
additional mode excitation with a frequency of ,#, + ,i;
(~69.0 Hz) for the coupling between , £, and ,i;, and with a
frequency of ,fy + ,i, (*64.8 Hz) for the coupling between
»to and ,ip, highlighted by arrows in the right panels.
However, in this case for the coupling with i-mode
oscillations, we observe not only the £ =2 and £ =4
modes but also many other, even order (in £) modes are
significantly excited. This result cannot be immediately
understood from the analytic arguments surrounding
Eq. (66). The richness of the excited spectrum may come
from the fact that the frequency of the additionally “super-
posed” excitation mode, ,fy + ,i; Or ,fy + ,ip, is higher
than ,#,, and consequently the ,f, modes for £ > 6 are also
excited. In practice, in the coupling of the ,#, with the ,i
modes, the ,#; and ¢, modes, which are the two sides of the
frequencies of ,#, + ,i; or ,ty + ,i5, are strongly excited,
compared to the other modes.

We also note that excitations at higher frequencies
(overtones) have more power in the FFT for cases coupled
to s modes, while excitations with lower frequencies
(fundamental oscillations) become stronger in cases with
a coupling to an i mode. Because of this feature, as shown
in Fig. 3, waveforms in cases with a linear coupling to an i
mode (left panels) are of lower amplitude (note the scaling
on the axes) from that for the coupling with s mode (right
panel). We remind the reader that we have set the (initial)

o BE(l
10715_

10—17 L

FFT

10-19¢

T L S R L 1) .

]0713 L

FFT

10715 V

10—17_

10716

2loi Dl 210 & 5i)

10719 L L L 1
0 200 400 600 800 1000

J(Hz)

—18 : Hin .
10 0 50 100 150 200

J(Hz)

FIG. 2. FFT from the waveform obtained with the coupling between , 7, (23.9 Hz) and ,i, (40.9 Hz) in the top panel, and between , 1,
and ,i; (45.2 Hz) in the bottom panel. The right panels are just enlarged views of the left panels. For reference, in the right panel, we

show the 1y, ,i,, and ,i; frequencies with the dotted lines.
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FIG. 3. Waveforms of Y, excited due to the coupling of »to with , i, (top left), ,i; (bottom left), ,s, (top right), or ,s, (bottom right).
We note that the duration shown here for the coupling with i modes (0.5 sec) is different from that with s modes (0.1 sec).

amplitudes as equal for the seeding modes, and these have
magnitude 1.

B. Seeding via coupled overtones

Next, in Fig. 4, we show which modes are excited
through the coupling of , ¢, (first overtone of the torsional
oscillations, rather than the fundamental mode) with an i
mode [,1, (black) or ,i; (red)] in the top panel and with an s
mode [,s; (black) or ,s, (red)] in the bottom panel,
focusing on the frequency range lower than 1 kHz.

Focusing first on the upper panel, we see that there are
two close-by peaks at ~900 Hz. One of these corresponds
to the ,#; and ,#; oscillations (%900 Hz), while the addi-
tional frequency denoted with an arrow (950 Hz), which
does not appear in the linear analysis, corresponds to ,#; +
»1p (1) + ,iy) for the coupling between ,#, and ,i, (,#; and
»i1). The former of these persists in the case with a shear
mode coupling, while the latter does not. We find that,
unlike the case of the coupling of the fundamental torsional
oscillations (Fig. 2) with the i modes, the torsional-mode
overtones actually become stronger than the fundamental
torsional modes, assuming that the amplitudes of the linear
axial and polar perturbations in the source terms are equal
to one. This is interesting astrophysically as it suggests that
higher-frequency modes might get excited to larger ampli-
tudes when considering higher-frequency seeds. In addi-
tion, since the frequency of the additional excitation
(31 + i Or ,t; 4+ ,i;) becomes much higher than those
of the fundamental torsional oscillations, the strongest
signals in the FFT among the fundamental modes are
associated with ,y and ,#,. The feature in the coupling of

10710 ; :
10—12
10714
— 10-16
1018
1020
10722
10724
1013
10°15H
10—17 L
AR
B 10-
10721 v
10723+
10725

215 411

2t1 & oiy

211 & 252

400 600 800

J(Hz)

0 200 1000

FIG.4. FFTs of @ obtained when considering the coupling of
,11 (898.5 Hz) with ,i, (40.9 Hz; black) or ,i; (45.2 Hz; red) in
the top panel, or with ,s, (895.1 Hz; black) or ,s, (1463.8 Hz;
red) in the bottom panel. In the top panel, the frequency denoted
by an arrow corresponds to the frequency induced by the
couplings, which do not appear in the linear analysis.

,t; with the s modes is almost the same as in the case of the
coupling of , 7y, even though the frequency of the additional
excitation lies outside of the frequency range considered in
the figure.
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To consider such phenomena more generally, we showin ~ well as the additional mode described earlier (with a
Fig. 5 the FFTs computed from the waveforms of )2 frequency of ,z, + ,i; for i = 1, 2 in the case of a coupling
when considering seedings from the coupling of ,7, for  between ,f, and ,i-modes—couplings with the shear
¢ = 3-6 with the , i, (top panel), ,i, (middle panel), and ,s;  modes are higher frequency). The strongest peaks corre-
modes for i =1, 2 (bottom panel), focusing on the  spond to this additional mode and those nearest neighbors
frequency range lower than 200 Hz to best illustrate the  in terms of frequency. In particular, the ,#, mode is not
spectral structure. One observes a lot of mode excitations as  excited for the case of the coupling between 7, and ,i
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FIG. 5. FFT from the waveform obtained with the coupling of ,z, for # = 3, 4, 5, 6 with , i, in the top panel, with ,i, in the middle
panel, and with ,s; for i = 1, 2 in the bottom panel.
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FIG. 6. Same as Fig. 5, but showing FFTs for cases sourced by couplings with ,¢, instead of ,,.
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modes, since the ,f,-mode frequency is located too far from
the additional mode with the frequency of 7y + ,i; for
i =1, 2. On the other hand, for the case of the coupling
between the ,f, and ,s modes, one can observe the
excitations of the ,#, modes with up to ¢’ =7 +2, as
discuss with Eq. (65). Even so, we find that three 7, modes
with £/ =¢ -2, ¢, and £+ 2 become much stronger
signals for £ > 4.

On the other hand, Fig. 6 is the same as Fig. 5, but with the
coupling of ,¢, instead of ,f, for # = 3,4, 5 and 6. In this
figure, we focus only on the frequency range lower than
200 Hz, but we find that the overtones (and the additional
excitation, which becomes in the frequency range of over-
tone now) are stronger than the fundamental oscillations, as
shown in Fig. 4. In the coupling of ,#; with the ,i modes, we
find that the modes of ;#, and 7, are strongly excited as
expected with Eq. (65), unlike the case for the coupling with
the fundamental torsional oscillations. In addition, for Z > 4
we find that the modes of 7, with £/ = ¢ £ 2 become
strong signals, while the mode with ,7, becomes weak.
Meanwhile, in the coupling of ,¢; with the ,s5 modes, the
feature is more or less similar to the case for the coupling of
¢ty as shown in the bottom panel of Fig. 5. We note that the
frequency of ,¢, weakly depends on the value of #, but which
modes are excited due to the mode coupling discussed in this
study strongly depends on the value of 7.

V. CONCLUSIONS

In this paper, we have derived equations describing the
evolution of second-order, axisymmetric torsional oscilla-
tions inside the elastic crust of a neutron star in general
relativity. The relevant master equation, Eq. (60), was
solved in the time domain to determine the second-order
displacement, ), for a variety of astrophysically
motivated initial conditions. Though we only evolve the
second-order functions in the axial sector (i.e., we set
V@ = w® =0), we self-consistently allow Y? to be
sourced by coupled axial-polar oscillations at first order.
This represents a useful step forward towards the difficult
inverse problem of determining neutron star properties
from oscillations observed in the tails of giant flares or
other transients. Indeed, most previous studies have
focused on the linear problem, while those that have been
carried out at a nonlinear level have not included seeding by
coupled axial-polar parents. Though we have not consid-
ered magnetic fields or crust-core coupling in this paper,
already the nonlinear analysis in our relatively simple case
reveals some interesting features that are likely to apply to a
real, astrophysical star.

One of these features concerns the nature of excited
daughters from a given pair of parents. In agreement with
the analytic predictions based on Legendre orthogonality
[see Egs. (65)—(69)], a variety of modes can be excited from
mixed couplings. Figures 5 and 6 demonstrate a rich

spectrum from just two seed modes of different multi-
polarity or tonality (torsional plus either interface or shear
modes), the amplitudes of which vary by several orders of
magnitude and do not necessarily decrease with increasing
¢ or n as one might naively expect. This implies that, in a
real neutron star system where an elastic overstraining
occurs, it is critical to account for nonlinear dynamics.

There are several directions that would be worth pursu-
ing in order to improve on this work. One of these concerns
is feedback in the coupling. In this study we have
determined the linear oscillation spectrum via the eigen-
value problem, the solutions of which then act as fixed
(though still time-dependent) source terms in the second-
order equation. However, a more realistic approach would
be to loop these into each other to study energy transfer, as
in the Newtonian scheme devised by Dziembowski [58]
and others (e.g., [56,57]). By including the energy transfer
dynamics, one can investigate the saturation amplitude of
various excited modes (see also Ref. [65]). These ampli-
tudes can then be compared to the Bayes factors in various
statistical analyses for the dynamic spectra in various giant
flare tails (e.g., [23]) to approach the inverse problem.
Other obvious directions are to include higher-order polar
couplings, magnetic fields, and the core. Such studies will
be carried out elsewhere.
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APPENDIX A: COUPLING TERMS APPEARING
IN THE MAIN TEXT

In this appendix, we collectively show the coupling
terms appearing in the main text. In the order in which they
appear, these read
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where we note that u’(") and 6u?"), which correspond to

W) and V), are of polar parity, while 614{(/)1), which

corresponds to YV, is axial.

APPENDIX B: NUMERICAL
CONVERGENCE TESTS

In this appendix, we examine the dependence of numeri-
cal results on the employed resolution. For this purpose, we
study the time evolution of Eq. (61), assuming that
Sr(P, A) = Ss(P, A) =0, which is equivalent to the
linear perturbation analysis for the torsional oscillations.
So, we should confirm that the specific oscillation frequen-
cies obtained from fast Fourier transform (FFT) of the time-
dependent simulation data are close to the frequencies
determined via the eigenvalue problem in the no-coupling
limit. First, we consider a simulation with initial data given

by (say)

C)(r,0) = % (Ri)z [1 - (RL> - <RL>2] cosf. (BI)

which corresponds to an £ = 2-like profile, because Y in
the linear analysis is expressed as Y ~0,P;/sin® and
0gP,—, = 3sinfcosf, even though the radial profile is
arbitrary with the radius of the interface between the crust
and envelope, R,.

Using the initial condition given by Eq. (B1), one can
expect that only £ =2 torsional oscillations would be
excited because the linear perturbations are not coupled
with each other (recalling we have set the sources to zero).
In Fig. 7, we show the FFT, using the simulation data
following evolution for 1 second, by adjusting the radial

— &Sypeu”) — 584 su’l),

—oursst) —sutss') — 58 s

(0, 9M) + (o,

5
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p
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o — 58} ou’!

1 ¢(1
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0

cos€

82(77 A)] (A8)

grid number N, while keeping the angular one fixed
(Ng = 60). In the same figure, we also plot, for reference,
the fundamental and first-overtone frequencies determined
via the eigenvalue problem, computed as 23.9 and
898.5 Hz, respectively, with dotted vertical lines. We see
that the frequency of the first overtone determined with the
simulation is severely impacted by a lower radial resolution
until N, =z 500. To more closely compare the accuracy of
the frequencies obtained from the simulation lasting one
second, fgep (symbols), with the eigenvalues, feigen
(dashed lines), the two values are shown as a function
of N, in Fig. 8; the top and middle panels, respectively,
correspond to the frequencies of the fundamental and first-
overtone torsional oscillations. Since the simulation spans
1 second, our ability to resolve individual frequencies is

102 ' sxco | 8985Hz 3
103 184 x 60 1
104  -——-- 322X 60 4
1050 460 x 60 E ]
i — — — 500x 60 !
A E
i

0 200 400 600 800 1000
f(Hz)

FIG. 7. The FFT obtained from simulations with various
resolutions in the radial direction, but fixed angular resolution
Ny = 60. The legend values indicate N, x Ny. For reference, the
vertical dotted lines denote the £ = 2 frequencies of the funda-
mental (23.9 Hz) and first-overtone (898.5 Hz) torsional oscil-
lations determined via the eigenvalue problem.
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FIG. 8. Dependence of the frequency of fundamental (top
panel) and first-overtone torsional oscillations (middle panel)
obtained from the time evolution on the grid number N, in the
radial direction, where the grid number in the € direction is fixed
to Ny = 60. The horizontal dashed lines denote the frequencies
determined via the eigenvalue problem. In the bottom panel, the
relative deviation from the frequencies determined via the
eigenvalue problem is shown.

limited to a band of width ~1 Hz—for our purposes, such a
Nyquist frequency is already sufficiently small, though we
increase the run duration to 10 seconds in the next section.
Nevertheless, one observes accuracy improvements with
N, until N, ~500. To clarify this point, we also check
the relative deviation, A, of fgep from feen, calculated
through

— |fFFT - feigen|

f eigen

A (B2)

The results are shown in the bottom panel of Fig. 8. In light
of this test, we hereafter adopt N, = 500 in this study.
In a similar way, if one selects an £ = 3 modelike initial
condition, i.e., 5)<2) ~5cos?0 — 1, and checks the FFT
using the simulation data, one can see that only 47y is
excited among the fundamental oscillations, while ,; is not
excited. If one selects the sum of £/ =2 and £ =3

13 T T T
——— 500x 30
-=-- 500x 60
-u---- SOOXIZO
E 10!011?0
= i
10_9I' H H H H H
10-10 2l 3l 4l sl 6o 7l0 slo o0 1|
50 100 150
f(Hz)

FIG. 9. Similar to Fig. 7, but showing FFTs for simulations
with different angular resolution but fixed N, = 500. The legends
denote N, x N,. The vertical dotted lines denote the frequencies
of fundamental torsional oscillations determined via the eigen-
value problem. Here and elsewhere, ,f, denotes the frequency of
the ¢th torsional oscillation having n radial nodes in the
eigenfunction.

modelike profiles as an initial condition, one can see that
»to and 5ty are simultaneously excited among the funda-
mental oscillations.

Next, we investigate the dependence on Ngy. The oscil-
lations with larger # have more nodes in the angular
direction. So, to see the dependence on Ny, it is necessary
to study oscillations with large #. For this purpose, we
adopt the initial condition given by

e () -5 (2 oo

(B3)

which, importantly, does not correspond to the angular
profile of any specific mode. Even so, since cos’@ and
cos!? 0 resemble that of # = 10 and 11 modes, we can
expect excitations of modes corresponding to ¢ < 11.
Using the initial condition given by Eq. (B3) and evolving
for 1 second, we compute the FFT shown in Fig. 9 for

100 120

FIG. 10. Similar to Fig. 8 but showing convergence behavior, as
a function of Ny, of the fundamental torsional oscillation frequen-
cies for 6 < 7 < 10, with fixed N, = 500. The relative deviation,
A, of the frequencies obtained by FFT from those determined via
the eigenvalue problem is estimated with Eq. (B2).
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various angular resolutions: Ny = 30 (solid), 60 (dashed),
and 120 (dotted). One can observe that the deviation
from the eigenvalue-determined frequencies grows with
¢ and is also larger for lower resolution. In Fig. 10, the

relative deviation calculated with Eq. (B2) is shown as a
function of Ny for £ = 6-10. In any case, we find that one
reasonably resolves modes reaching £ ~ 10 with Ny = 90
or 120.

[1] N.-U. F. Bastian, D. Blaschke, T. Fischer, and G. Ropke,
Universe 4, 67 (2018).

[2] D. G. Ravenhall, C. J. Pethick, and J. R. Wilson, Phys. Rev.
Lett. 50, 2066 (1983).

[3] M. Hashimoto, H. Seki, and M. Yamada, Prog. Theor. Phys.
71, 320 (1984).

[4] N. Chamel, Nucl. Phys. A773, 263 (2006).

[5] N. Andersson, Universe 7, 17 (2021).

[6] B.L. Schumaker and K. S. Thorne, Mon. Not. R. Astron.
Soc. 203, 457 (1983).

[7]1 N. Chamel and P. Haensel, Living Rev. Relativity 11, 10
(2008).

[8] P.N. McDermott, H.M. van Horn, and C.J. Hansen,
Astrophys. J. 325, 725 (1988).

[9] M. Vavoulidis, K. D. Kokkotas, and A. Stavridis, Mon. Not.
R. Astron. Soc. 384, 1711 (2008).

[10] M. Ruderman, Astrophys. J. 382, 587 (1991).

[11] S.K. Lander, N. Andersson, D. Antonopoulou, and A.L.
Watts, Mon. Not. R. Astron. Soc. 449, 2047 (2015).

[12] A. G. Suvorov, Mon. Not. R. Astron. Soc. 523, 4089 (2023).

[13] R. C. Duncan, Astrophys. J. Lett. 498, L45 (1998).

[14] A.L. Piro, Astrophys. J. Lett. 634, L153 (2005).

[15] Y. Levin, Mon. Not. R. Astron. Soc. 368, L35 (2006).

[16] Y. Levin, Mon. Not. R. Astron. Soc. 377, 159 (2007).

[17] C. Barat, R.1. Hayles, K. Hurley, M. Niel et al., Astron.
Astrophys. 126, 400 (1983).

[18] T.E. Strohmayer and A.L. Watts, Astrophys. J. Lett. 632,
L111 (2005).

[19] G.L. Israel, T. Belloni, L. Stella, Y. Rephaeli, D. E. Gruber,
P. Casella, S. Dall'Osso, N. Rea, M. Persic, and R.E.
Rothschild, Astrophys. J. Lett. 628, L53 (2005).

[20] T.E. Strohmayer and A.L. Watts, Astrophys. J. 653, 593
(2006).

[21] V. Hambaryan, R. Neuhéuser, and K. D. Kokkotas, Astron.
Astrophys. 528, A45 (2011).

[22] D. Huppenkothen, A. L. Watts, and Y. Levin, Astrophys. J.
793, 129 (2014).

[23] M. C. Miller, C. Chirenti, and T. E. Strohmayer, Astrophys.
J. 871, 95 (2019).

[24] H. Sotani, K. D. Kokkotas, and N. Stergioulas, Mon. Not. R.
Astron. Soc. 375, 261 (2007).

[25] A. Colaiuda and K. D. Kokkotas, Mon. Not. R. Astron. Soc.
414, 3014 (2011).

[26] A. Colaiuda and K. D. Kokkotas, Mon. Not. R. Astron. Soc.
423, 811 (2012).

[27] H. Sotani, K. Nakazato, K. lida, and K. Oyamatsu, Phys.
Rev. Lett. 108, 201101 (2012).

[28] M. Gabler, Pablo Cerda-Duran, N. Stergioulas, J. A. Font,
and E. Miiller, Mon. Not. R. Astron. Soc. 460, 4242 (2016).

[29] H. Sotani, K. lida, and K. Oyamatsu, Mon. Not. R. Astron.
Soc. 489, 3022 (2019).

[30] H. Sotani, Universe 10, 231 (2024).

[31] R. C. Duncan and C. Thompson, Astrophys. J. Lett. 392, L.9
(1992).

[32] C. Thompson and R. C. Duncan, Mon. Not. R. Astron. Soc.
275, 255 (1995).

[33] M. Lyutikov, Mon. Not. R. Astron. Soc. 346, 540
(2003).

[34] A.M. Beloborodov and Y. Levin, Astrophys. J. Lett. 794,
L24 (2014).

[35] X. Li, Y. Levin, and A. M. Beloborodov, Astrophys. J. 833,
189 (2016).

[36] S.K. Lander, Astrophys. J. Lett. 947, .16 (2023).

[37] P.D. Lasky, B. Zink, K. D. Kokkotas, and K. Glampedakis,
Astrophys. J. Lett. 735, L20 (2011).

[38] B. Zink, P. D. Lasky, and K. D. Kokkotas, Phys. Rev. D 85,
024030 (2012).

[39] R. Ciolfi, S.K. Lander, G. M. Manca, and L. Rezzolla,
Astrophys. J. Lett. 736, L6 (2011).

[40] R. Ciolfi and L. Rezzolla, Astrophys. J. 760, 1 (2012).

[41] M. Gabler, P. Cerda-Duran, J. A. Font, E. Miiller, and N.
Stergioulas, Mon. Not. R. Astron. Soc. 430, 1811 (2013).

[42] M. Y. Leung, A. K. L. Yip, P. C.-K. Cheong, and T. G. F. Li,
Commun. Phys. 5, 334 (2022).

[43] R. Essick, S. Vitale, and N. N. Weinberg, Phys. Rev. D 94,
103012 (2016).

[44] M. Gabler, P. Cerda-Durdn, N. Stergioulas, J. A. Font, and
E. Miiller, Mon. Not. R. Astron. Soc. 443, 1416 (2014).

[45] M. Gabler, P. Cerda-Duréan, N. Stergioulas, J. A. Font, and
E. Miiller, Mon. Not. R. Astron. Soc. 476, 4199 (2018).

[46] H. Sotani, K.D. Kokkotas, and N. Stergioulas, Astron.
Astrophys. 676, A65 (2023).

[47] E. Chabanat, P. Bonche, P. Haensel, J. Meyer, and R.
Schaeffer, Nucl. Phys. A635, 231 (1998).

[48] E.H. Gudmundsson, C.J. Pethick, and R.I. Epstein,
Astrophys. J. 272, 286 (1983).

[49] H. Sotani, K. lida, and K. Oyamatsu, Mon. Not. R. Astron.
Soc. 470, 4397 (2017).

[50] C.J. Pethick and A.Y. Potekhin, Phys. Lett. B 427, 7
(1998).

[51] T. Strohmayer, H. M. van Horn, S. Ogata, H. Iyetomi, and S.
Ichimaru, Astrophys. J. 375, 679 (1991).

[52] N. Andersson and G. L. Comer, Living Rev. Relativity 24, 3
(2021).

[53] C. Truesdell and W. Noll, The Non-Linear Field Theories of
Mechanics (Springer, Berlin, 2004).

[54] L. Becerra, A. Reisenegger, J. A. Valdivia, and M.E.
Gusakov, Mon. Not. R. Astron. Soc. 511, 732 (2022).

023035-16


https://doi.org/10.3390/universe4060067
https://doi.org/10.1103/PhysRevLett.50.2066
https://doi.org/10.1103/PhysRevLett.50.2066
https://doi.org/10.1143/PTP.71.320
https://doi.org/10.1143/PTP.71.320
https://doi.org/10.1016/j.nuclphysa.2006.04.010
https://doi.org/10.3390/universe7010017
https://doi.org/10.1093/mnras/203.2.457
https://doi.org/10.1093/mnras/203.2.457
https://doi.org/10.12942/lrr-2008-10
https://doi.org/10.12942/lrr-2008-10
https://doi.org/10.1086/166044
https://doi.org/10.1111/j.1365-2966.2007.12835.x
https://doi.org/10.1111/j.1365-2966.2007.12835.x
https://doi.org/10.1086/170745
https://doi.org/10.1093/mnras/stv432
https://doi.org/10.1093/mnras/stad1672
https://doi.org/10.1086/311303
https://doi.org/10.1086/499049
https://doi.org/10.1111/j.1745-3933.2006.00155.x
https://doi.org/10.1111/j.1365-2966.2007.11582.x
https://doi.org/10.1086/497911
https://doi.org/10.1086/497911
https://doi.org/10.1086/432615
https://doi.org/10.1086/508703
https://doi.org/10.1086/508703
https://doi.org/10.1051/0004-6361/201015273
https://doi.org/10.1051/0004-6361/201015273
https://doi.org/10.1088/0004-637X/793/2/129
https://doi.org/10.1088/0004-637X/793/2/129
https://doi.org/10.3847/1538-4357/aaf5ce
https://doi.org/10.3847/1538-4357/aaf5ce
https://doi.org/10.1111/j.1365-2966.2006.11304.x
https://doi.org/10.1111/j.1365-2966.2006.11304.x
https://doi.org/10.1111/j.1365-2966.2011.18602.x
https://doi.org/10.1111/j.1365-2966.2011.18602.x
https://doi.org/10.1111/j.1365-2966.2012.20919.x
https://doi.org/10.1111/j.1365-2966.2012.20919.x
https://doi.org/10.1103/PhysRevLett.108.201101
https://doi.org/10.1103/PhysRevLett.108.201101
https://doi.org/10.1093/mnras/stw1272
https://doi.org/10.1093/mnras/stz2385
https://doi.org/10.1093/mnras/stz2385
https://doi.org/10.3390/universe10060231
https://doi.org/10.1086/186413
https://doi.org/10.1086/186413
https://doi.org/10.1093/mnras/275.2.255
https://doi.org/10.1093/mnras/275.2.255
https://doi.org/10.1046/j.1365-2966.2003.07110.x
https://doi.org/10.1046/j.1365-2966.2003.07110.x
https://doi.org/10.1088/2041-8205/794/2/L24
https://doi.org/10.1088/2041-8205/794/2/L24
https://doi.org/10.3847/1538-4357/833/2/189
https://doi.org/10.3847/1538-4357/833/2/189
https://doi.org/10.3847/2041-8213/acca1f
https://doi.org/10.1088/2041-8205/735/1/L20
https://doi.org/10.1103/PhysRevD.85.024030
https://doi.org/10.1103/PhysRevD.85.024030
https://doi.org/10.1088/2041-8205/736/1/L6
https://doi.org/10.1088/0004-637X/760/1/1
https://doi.org/10.1093/mnras/sts721
https://doi.org/10.1038/s42005-022-01112-w
https://doi.org/10.1103/PhysRevD.94.103012
https://doi.org/10.1103/PhysRevD.94.103012
https://doi.org/10.1093/mnras/stu1263
https://doi.org/10.1093/mnras/sty445
https://doi.org/10.1051/0004-6361/202346360
https://doi.org/10.1051/0004-6361/202346360
https://doi.org/10.1016/S0375-9474(98)00180-8
https://doi.org/10.1086/161292
https://doi.org/10.1093/mnras/stx1510
https://doi.org/10.1093/mnras/stx1510
https://doi.org/10.1016/S0370-2693(98)00341-4
https://doi.org/10.1016/S0370-2693(98)00341-4
https://doi.org/10.1086/170231
https://doi.org/10.1007/s41114-021-00031-6
https://doi.org/10.1007/s41114-021-00031-6
https://doi.org/10.1093/mnras/stac102

COUPLINGS OF TORSIONAL AND SHEAR OSCILLATIONS IN ...

PHYS. REV. D 110, 023035 (2024)

[55] A.G. Suvorov and K. Glampedakis, Phys. Rev. D 108,
084006 (2023).

[56] P. Pnigouras and K. D. Kokkotas, Phys. Rev. D 92, 084018
(2015).

[57] P. Pnigouras and K. D. Kokkotas, Phys. Rev. D 94, 024053
(2016).

[58] W. Dziembowski, Acta Astron. 32, 147 (1982).

[59] B. Carter and H. Quintana, Proc. R. Soc. A 331, 57 (1972).

[60] P. Arras, E. E. Flanagan, S. M. Morsink, A. K. Schenk, S. A.
Teukolsky, and I. Wasserman, Astrophys. J. 591, 1129 (2003).

[61] J. Brink, S. A. Teukolsky, and I. Wasserman, Phys. Rev. D
70, 121501(R) (2004).

[62] S. Yoshida and U. Lee, Astron. Astrophys. 395, 201
(2002).

[63] H. Sotani, Phys. Rev. D 107, 123025 (2023); 109, 023030
(2024).

[64] S. A. Teukolsky, Phys. Rev. D 61, 087501 (2000).

[65] M. Gabler, U. Sperhake, and N. Andersson, Phys. Rev. D
80, 064012 (2009).

023035-17


https://doi.org/10.1103/PhysRevD.108.084006
https://doi.org/10.1103/PhysRevD.108.084006
https://doi.org/10.1103/PhysRevD.92.084018
https://doi.org/10.1103/PhysRevD.92.084018
https://doi.org/10.1103/PhysRevD.94.024053
https://doi.org/10.1103/PhysRevD.94.024053
https://doi.org/10.1098/rspa.1972.0164
https://doi.org/10.1086/374657
https://doi.org/10.1103/PhysRevD.70.121501
https://doi.org/10.1103/PhysRevD.70.121501
https://doi.org/10.1051/0004-6361:20021270
https://doi.org/10.1051/0004-6361:20021270
https://doi.org/10.1103/PhysRevD.107.123025
https://doi.org/10.1103/PhysRevD.109.023030
https://doi.org/10.1103/PhysRevD.109.023030
https://doi.org/10.1103/PhysRevD.61.087501
https://doi.org/10.1103/PhysRevD.80.064012
https://doi.org/10.1103/PhysRevD.80.064012

