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Velocity decorrelation functions of high-energy cosmic rays propagating in magnetic fields
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Diffusion tensor coefficients play a central role in describing cosmic-ray transport in various
astrophysical environments permeated with magnetic fields, which are usually modeled as a fluctuating
field on top of a mean field. In this article, a formal derivation of these coefficients is presented by means of
the calculation of velocity decorrelation functions of particles. It relies mainly on expanding the two-point
correlation function of the (fluctuating) magnetic field experienced by the particles between two successive
times in the form of an infinite Dyson series and retaining a class of terms that converge to a physical
solution. Subsequently, the velocity decorrelation functions, themselves expressed as Dyson series, are
deduced from an iteration procedure that improves on the partial summation scheme. The results are shown
to provide approximate solutions compared to those obtained by Monte Carlo simulations as long as the
Larmor radius of the particles is larger than at least one tenth of the largest scale of the turbulence.
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I. INTRODUCTION

Cosmic rays compose less than one particle out of ten
million in the interstellar gas. Still, their average energy
density is similar to that of the gas. A small proportion of
particles has therefore appropriated a substantial part of the
available energy. The population of GeV cosmic rays is the
most numerous and has important influence on the gas
dynamics, heating, and cooling the interstellar medium,
launching large-scale outflows and modifying the phase
structure of the background gas [1-4]. Highly nonlinear
processes govern their transport, as magnetic structures are
excited by those cosmic rays. When their streaming through
the background plasma is faster than the Alfvén speed,
cosmic rays transfer part of their energy and momentum to
the gas by exciting instabilities [5—8]. The streaming is
possibly enhanced by the reduction of the Alfvén waves
damped by interstellar dust grains [9,10] or by magneto-
hydrodynamic turbulence cascade [11]. Recent studies have
probed the key role of those cosmic rays on driving strong
galactic winds or on matching the observed ionization
structure of the circum-galactic medium (the diffuse gas
made of the majority of galactic baryons outside of the
galactic disk) [2,3,12], or on star and galaxy formation [4].

The energy density of trans-GeV cosmic rays does not
dominate any longer that of the gas. Alfvén waves are then
considered as an “extrinsic turbulence” excited by turbulent
motions in the thermal gas [13,14]. The study presented in
this article focuses on the transport of cosmic rays in this
type of extrinsic turbulence. These environments constitute
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collisionless turbulent plasmas in which particles propagate
or are accelerated. The confinement and transport of high-
energy cosmic rays are governed by their scattering off the
fluctuating magnetic fields, which act as an effective source
of collisions [15]. Considering these collisions as a relax-
ation process, they tend to bring the average velocity
distribution of the particles to its isotropic mean [16].
Under these conditions, the flux of particles can be related
to their gradient of density by means of a diffusion tensor
D;;, which can be expressed in terms of the magnetic field
unit vector b, the diffusion coefficients parallel and
perpendicular to the mean field D and D,, and the
antisymmetric diffusion coefficient D, describing the par-
ticle drifts as [17]

Dt/:DJ_élj—i_(DH _Dl)blbj+DA€t/kbk (1)

The determination of the coefficients proves to be a difficult
task, as it requires dealing with a highly nonlinear problem
in several respects. Robust estimates rely therefore on
numerical simulations exploring wide ranges of particle
rigidities and turbulence levels [18-35]. They show that the
various approximations proposed in the literature fail to
reproduce quantitatively and qualitatively the numerical
results in various ranges of turbulence levels [19,36].
Estimations based on the classical scattering theory [37],
on the quasilinear theory [38,39], or on the intuitive ansatz
using exponential decreases in the velocity decorrelation
functions proposed in [40] do not capture the memory
effects uncovered in simulations and yield to diffusion
coefficients largely underestimated or overestimated. In this
paper, a formal derivation based on first principles is
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explored. The range of application pertains to particles with
a Larmor radius larger than at least one tenth of the largest
scale of the turbulence. Consequently, the solution can be
considered as an approximate one to describe the transport
of cosmic rays in the high-rigidity regime (quasiballistic
propagation) and in the rigidity range marking the transition
between gyroresonant scattering (i.e., Larmor radius of
particles entering in resonance with wavelengths of the
turbulence) and quasiballistic propagation.

The derivation builds on the theoretical one presented
in [25]. In that work, an estimation of the average velocity
of the particles propagating in the turbulence as a function
of time, expressed as a Dyson series, is achieved by using a
white-noise model for the two-point function of the
magnetic field experienced between two successive times.
Such a modeling proves to be accurate in the high rigidity
regime, in which the values of the magnetic field experi-
enced by the particles decorrelate on timescales much
smaller than that of the scattering. Under these conditions,
the summation of the Dyson series gives rise to an
exponential decay of the average velocity characteristic
of a Markovian process. The diffusion coefficients are then
inferred from velocity correlation function, (vgv;(1)),
through a time integration [41],

Dy (1) = / "4t (vor0,()). @)

in the limit that  — co. Here, vp; = v;(t = 0) and (-) stands
for the average quantities, taken over several space and time
correlation scales of the turbulent field. Since cosmic rays
are high-energy relativistic particles, the norm of the
velocity is identified to ¢ for convenience.

These results were extended to a range of rigidities
gyroresonant with the power spectrum of turbulence by
allowing a short-time memory for the time evolution of the
particle velocities through a red-noise approximation for the
two-point function of the magnetic field experienced
between two successive times [42]. The extension was
limited, however, to the case of pure turbulence. In this
paper, the same kind of formalism is applied to any
turbulence level. In Sec. II, the relevant Dyson series and
diagrammatic representations are introduced to infer the
time evolution of the particle velocities. The modeling,
beyond white- or red-noise approximations, of the two-point
function of the magnetic field experienced between two
successive times is addressed in Sec. IIl. The general
diagrammatic technique to carry out the partial summation
of the Dyson series for the velocity decorrelation functions is
presented in Sec. IV. The formalism is then applied to the
case of parallel diffusion coefficient in Sec. V, perpendicular
diffusion coefficient in Sec. VI, and antisymmetric diffusion
coefficient in Sec. VII. Based on Monte Carlo results (see
Appendix A for details about the Monte Carlo generator),
the limitations of the results obtained are underlined.
General conclusions are drawn in Sec. VIII. In addition,

analytical approximations obtained in the red-noise approxi-
mation for the two-point function of the magnetic field
experienced between two successive times are given in
Appendix C.

II. TRANSPORT OF COSMIC RAYS
IN MAGNETIC FIELDS

We are interested in determining the moments of v;(¢) to
derive a workable expression for Eq. (2). Adopting the
convention of implicit summation on repeated indices
throughout the paper, the velocity of each test particle is
governed by the Lorentz-Newton equation of motion,

b;(t) = 6Qe;v;(1)0by (1) + Qo v; (1) bor (). (3)

Here, 6Q = ¢?Z|e|6B/E is the gyrofrequency related to the
turbulence with root mean square 6B for each component,
Qq is the one related to the mean field oriented, to fix the
ideas, such that By = Byu_, Z|e| and E is the electric
charge and the energy of the particle respectively, and
8by (1) = 8b;(x(1)) is the kth component of the turbulence
(expressed in units of 5B) at the spatial coordinate x(7),
which corresponds to the position of the test-particle at time
t. A formal solution for (v;(¢)) can be obtained by
expressing the solution of Eq. (3) as an infinite number
of Dyson series, each combining terms in powers of 6b
coupled to terms in powers of B. Dealing with such an
infinite number of Dyson series is however hardly manage-
able. To circumvent this difficulty, we use the auxiliary
variable introduced in [25], w;(f) = R;;(Qot)v;(¢), with
R(Qo?) the rotation matrix of angle Qy¢ around u.. The
equation of motion for w is then

R (Qo0)w;(1) + R (Qor)w;(1)
= 5Qe; R} (Qut)w, ()b (1) + Qoeiu R} (Qot)we (1) bor
(4)

which, taking advantage of by, = &, throughout the paper,
reads as
Wl'(t) = 5QRU(Qot)ejkfR,:,}l(Qot)wm(t)ébf(t)
— Rij(Qot) R, (Qot)w,, (1)
+ QR (Qo1) i iy, (Qot) W, (1) (5)
Noting that R (Qof) = Qe R;} (Q1), the two terms of
the second line of Eq. (5) cancel so that
Ww;i(1) = 8QR;;(Qot)e jir Ry (1) W (1)5b(1).  (6)

Hence, the equation of motion for w is similar to that of v in
a pure turbulence except for the action of the rotation
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matrices: for each infinitesimal time step, w is rotated by —€,¢ around u, prior to undergoing the impact of ob, and is

rotated by +Q¢ afterwards.
The formal solution for the average (w

<W,0(l‘)> Woi, + Z(SQ Ekimyny Ekymayny

kmn

X Ry, (Qofl) ik, (Rot2) -

using the shortcut notation wy;, = w; (t = 0). In the right-
hand side of this expression, the expectation value
(6by,(11) -+ 6b, (t,)) can be related, in the Gaussian

regime, to all permutations of products of contraction of
pairs by using the Wick theorem,

ZH&[;

pairings j<Z

(b, (11) - - 1)8b,,(17)), (8)

where the notation ) _.iin0s [ [, stands for the (2n, — 1)!!
possible permutations of pairs with 7; < z,. Without loss of
generality, we consider in this study the case of a 3D

i, (1)) can be expressed as a single Dyson series:

t t fhoi
»1p Oil, dtl dtz R dtp
0 0 0

Rk, (Qoty)Ry (Qot)R,, (Qot) -+ Ry

i, (1p)(8by, (1) -+ 8by, (1)), (7)

function is then dependent on the time difference only,

p(t;—ty)

(3b, (130, (1)) = L 25, )

with ¢(7) a function that describes the correlation of the
turbulence experienced by a test particle along its path at
two different times. An expression for ¢(t), inferred from a
formal derivation going beyond the white-noise approxi-
mation or the red-noise one (see Appendix C), will be
presented in Sec. III.

On inserting Egs. (8) and (9) into Eq. (7), the Dyson

isotropic turbulence without helicity. The two—point series reads as

502
<W,0 W010+Z( ) WOz,p/ dtl/ dt2 /

X (Rij_,kj(Qofj) irok; (Qot/)R;,

dtr, > [elti—10)

pairings j<¢

i (Qot)) Ry (Qotr) = i,-_|k,-(QOtj)Rif_lkf(QOIK)RI:;ij(QOIj)RI;]if(Qotf))7 (10)

which is the relevant equation to determine the time evolution of the auxiliary variable w(#) and subsequently of the
particle velocity v(f) = R™'(Qyt)w(z). The various terms of the expansion can be conveniently represented using
diagrammatic rules [13,43,44]. In the following, we denote the “mass propagator” function w(t), defined such that
w;(t) = w(r)ii;, by a double line, while a single line stands for the corresponding “free propagator” corresponding to
W(O)(t) = 1. On the other hand, considering a contraction of a pair as an “interaction” in which a free propagator is
inserted, (8b; (1;,)0b;,(1;,)) = (6b; (t; )u'®(1)6b;,(1,,)), a curved dotted line connecting two “vertices” then stands for a
time-ordered integration over an average product of two stochastic fields. In this manner, the first term of the summation
(p = 1) is generically represented as

SN _ o
_ / dll/ dtz( ioki (QotD)Ri i, (Qot2) Ry, (Qot))R,! . (Qot2)
0,i 12 I Lig (11)
Riyk, (Qoll)Rl.kz(Qolz)szll (Qoll)Rkllz(Qotz) e(t1—1),
which, using the expression of the rotation matrices, reads explicitly as
L e [ an / diy cos (11~ 1) (11 ~ 1), (12)
0,z 1,z 3

in the case iy = i, = z. For iy, = i, = x, on the other hand, the contraction of the rotation matrices leads to
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4
: Y 602
e —

0,x o t,x - 3

/tdtlftl dt, (1+COSQ.0([1—tz))go(tl—lz). (13)
0 0

It will prove useful to express diagrams in the Laplace reciprocal space. In that case, indices referring to initial and final
times O and 7 are removed. The generic change of variables 7 = x +x; + -+ +x,, f; =x; + -+ X, [h =X, + -+ x),
..., t, = x,, allows for sending all integration boundaries between 0 and +oco for the x; variables. In this manner, the

diagram of Eq. (12), for instance, becomes

AR 502
e =
Z %) 131 Z
602
=2

3

—2—/ dxe_”/ dxy e_“x2‘/ dx; e cos Qo (x1)p(x1)
3 Jo 0 0

1] (5).Z]p(x) cosQox] (s),

with Z[f(x)](s) the Laplace transform of f(x) expressed as a function of the variable s. For p = 2, in addition to the
unconnected two-loop contribution, there are nested and crossed diagrams. In the case iy = i, = z, for instance, the

contribution of the nested diagram is

0,z t4 13 B2

while that of the crossed diagram is

e~ —~
. /\\ \\
17 7
1 1

0,z t4 t3 1 11 1,2

\ 692 2 t 131 2 I3 ot P
= 4(—) / dt1/ dt2/ dt3/ dry COSQo( 2 3)COSQO (ll——z > —l4)g0(l1—t4)90(t2_f3),
1tz 3 0 0 0 0 2 )

(15)

502 2 Ly f t 1
L = 2(7) / dt1/ dtz/ dt3/ diy cosQo (11 12— 13 +12)¢(11 —13)p(t2 — 1), (16)
0 0 0 0

and so on and so forth for higher values of p and other values of i, and i, (see Appendix B for p = 2 contributions with
other configurations of iy and i,,). In these conditions, the mass propagator results from the infinite summation,

-~ -~ -~

’ A ’ S ’

T Ll v g, (17)

.= .+ ! : '+
0,i tj 0, tj 0, t,j 0,

which can be symbolically summarized by introducing a
blob that stands for the sum over all the possible connected
diagrams as

— - —+ —\— 9
0,i t,j 0,i t,j 0,i t,]

I1I. PARTIAL-SUMMATION APPROXIMATION
OF THE TWO-POINT FUNCTION (6b,, ()b, (t;))

One key ingredient in the calculation of Eq. (18) is the
two-point function of the fluctuating magnetic field
(8b,,(t;)ob,,(t,)) experienced by a test particle. Based
on Eq. (9), we focus in this section on deriving an
expression for the function ¢(1).

+
t,j 0,
|

t,j 0,i t,J

The fluctuating magnetic field, considered as a Gaussian
random field with zero mean and (6B;(x)0B7(x')) =
8B25,;, is denoted as 5B (k) in the reciprocal Fourier space.
For a homogeneous turbulence, the two-point correlation
function between two components of §B(x) is invariant
under spatial translations. This implies that two Fourier
components of the field are uncorrelated at different wave
number vectors:

(6B;(k)oB7 (k') = P;;(k)d(k — k'), (19)
where P;; is the spectral tensor defined as the Fourier
transform of the two-point correlation function. Combining
the solenoidal nature of the field, its isotropy and its absence
of helicity, P;; takes the form [45]
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Pii(k) = % (5ij - k]ilzc]), (20)

with &(k) the kinetic energy spectrum of the turbulence,
which, for a Kolmogorov turbulence, is defined between
kin and k., as

(27)*/35B?
3(Lika = Ly

min

&(k) = k=513, (21)

The minimum wave number vector Kk, ;, is related to the
distance L, over which the correlation function is nonzero
(size of the largest “eddies”), while the maximum one, K,
is related to the scale L ,;, at which the dissipation rate of the
turbulence overcomes the energy cascade rate.

With these ingredients, the two-point function of the
fluctuating magnetic field (5b, (t;)0b,,(t,)) experienced
by a test particle can be expressed as

0o, 0) = [ a1 (5,- 57 ) (@) @2

where the Corrsin approximation has been used [46].
Different approximations have been proposed to estimate
the factor (e**()) [19,38,39]. In this study, to evaluate it,
we start from the formal expansion,

. " [t
feexy = 0 /O dr, -

where the substitution x(7) = [!di v(¢') has been used.
Next, the n-point correlatlon function entermg into the
integrand expression can be substituted for the sum of all
possible contraction of pairs (Wick theorem). Because the
process that draws at random the wave number vectors of
the turbulence is independent from that governing the
velocity decorrelation of the test particles, each pair can
be approximated as

(k- v(1))(k - ¥(12))) = (ke)*(cos k - ¥(11) cos k - ¥(12)).

(24)

The arguments of the cosines are the pitch angles between
the particle velocities and the wave number vectors of the
turbulence. The decorrelation of the pitch angle is then
assumed to decay exponentially,

((k-v(1)) (k- v(1))) =

an expression that requires the introduction of a correlation
timescale £. Guided by Monte Carlo simulations that show
a longer falloff timescale for the two-point function of the

(ke)2e~(n=n)/EW) - (25)

fluctuating magnetic field for large k compared to small k, a
dependency in (kc)~! turns out to reproduce the main
features of ¢(¢) for a reduced rigidity (Larmor radius
conventionally related to the turbulence only and expressed
in units of the largest eddy scale L,,,,) p = 1. An additional
dependency in p is introduced through &(k, p) = Ap®/(kc);
A ~ 1 and B ~ 0.5 are found to provide a good compromise
to cover the gyroresonant and high-rigidity regimes. Some
algebra then leads to

) t 1 fp-1
(X) =y (= (kc)?)P / dt, / de - - / drz
>0 0 0 0

Z H e (ti—t))/&(k) (26)

pairings pairs i <j

To evaluate the right-hand side, only pairs with j =i+ 1
are retained. Under this approximation, which corresponds
to summing unconnected diagrams [43], our estimate of
(e**() " denoted with a subscript 0, can be written in a
compact nonlinear manner:

< ik-x(r ~1 - (kC / dtl/ dtze ['2(_’;) elkx = tl>>0
(27)

In the Laplace reciprocal space, the equation is then linear
in Z[(e**(")](s), which reads as

1 + s&(k)
(1 + s&(k))s + (ke)*&(k)”

so that (e®*()) can be inferred from a numerical inverse
Laplace transformation. Subsequently, we infer the partial-
summation approximation for the two-point function of the
fluctuating magnetic field experienced by a test particle as

3 3(Lifa — L7 i,

min

L[ XD)o)(s) =

(28)

(6b(1)5b;(0)) ~

1 1+s§( )
o [(1 TSER)s - <kc>25<k>] ).

(29)

an expression from which the function ¢(z) is deduced by
identification with Eq. (9).

As benchmark values typical of those relevant for the
propagation of high-energy cosmic rays in the Galaxy, we
use hereafter 6B = 1 PG, L./Lmin = 100, and L, =
100 pc. Examples of () obtained from Eq. (29) are shown
as a function of the gyroperiod scale 5Q2¢ as continuous lines
in Fig. 1 for different reduced rigidities, while the corre-
sponding results from Monte Carlo simulations, taken
from [47], are displayed as the dotted lines. Results are
displayed on a logarithmic scale for 6Q ¢ to appreciate fine
similarities and differences between the model and the
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10° 102 107! 1 10 10?
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FIG. 1. Two-point correlation function of the magnetic field
experienced by a test particle as a function of the gyroperiod
timescale 6€Q¢ for five different rigidities. The dotted lines are
from Monte Carlo simulations.

Monte Carlo solution. As the rigidity increases, the time-
scale of correlation is observed to decrease significantly in
terms of 0Q¢. Overall, the main features uncovered by the
Monte Carlo calculation are qualitatively well reproduced
by the model, especially at high rigidities (in particular, the
oscillations around O that are absent in the quasilinear theory
or the red-noise approximation). However, some differences
are observed quantitatively. The descent of the modeled
(1) with 8Qr is delayed for 0.1 <p <1 while, more
importantly, it becomes too fast for p < 0.1 and unable
to capture the slow decrease at large 6Q2¢. Consequently, the
use of the modeled ¢(7) function is limited to the rigidity
range such that p 2 0.1.

'/ \\ 692
— 1 MWW = —
0,j t ot 3

IV. SUMMATION SCHEME

To carry out a summation of the Dyson series [Egs. (10)
and (18)], we resort to a two-step iteration procedure. In the
first iteration, we calculate the propagator that would be
accurate in the case of a two-point function ¢(#) approxi-
mated by a Dirac function. As mentioned in the
Introduction, this approximation proves to be accurate in
the high-rigidity regime in pure turbulence. It corresponds
to the summation of the class of unconnected diagrams and
represents the simplest partial summation scheme of the
Dyson series [43]. However, this scheme leads to a
nonphysical solution in the case of a nonzero mean field
and in the gyroresonant regime. A more physical solution is
then obtained by including classes of nested and crossed
diagrams in the partial summation of the Dyson series, in
which the first iteration of the propagator is inserted into
each ordered time. We now detail this scheme below.

The propagator obtained by retaining only unconnected
diagrams is denoted as (w;(t)),. For the sake of clarity, we
distinguish its symbol from that of the final propagator by
marking it with zigzags rather than a double line. This
propagator is the solution to the equation

+ ! : . (30)
t,i 0,j B o t,i

MWW =
0,7 ti 0,j

In view of the rules detailed in Sec. II governing the
calculation of diagrams, the second term of the equation
reads as

/0 d, A any (R} (290(1— 1))~ (1+2c0s Q00 ~ ) R;} (@l = 1)) (1 —12) 1 =11,

(31)

which gives rise to a linear term for £[(w;(x)),](s) in the Laplace reciprocal space:

! \ 592

= ——Zwi(0))o] ()L ()L

J 5] i

[(Rlij‘ (2Qpx) — (1+2cos Qox)R,Tjl (QOX)) QO(X)] (s). (32)

The propagator (w; (7)), is therefore obtained through a numerical inverse of Laplace transform. Throughout this study, the
Stehfest algorithm is used, with Stehfest number N = 20 [48].
The second summation scheme accounts, in addition to unconnected diagrams, for contributions from nested and crossed

diagrams:

(33)

= +
0,7 t,i 0,7 t,i 0,j 1

+
tn ti 0,j t4 t3 tr t1 i

which can be approximated by substituting internal double lines for zigzags:
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[y

IMAMWAWMIMANN— - (34)

= +
0,7 t,i 0,7 t,i 0,j B

+
tn ti 0, t4 t3 th t;

In this manner, both the nested and crossed contributions give rise to linear terms in .Z’[(w;(x))](s):

I, \\ 2
]'—Wﬁ:' = % g[<wi(x)>](s)z[l](s)g[[R;jl(zgox)—(1+2cosﬂox)R{,1(Qox)]so(x)(wi(x»o] (5), (3
l
) » = (Lm)zg[(w-(x))](s)j[1](s)$ [1+R:! (Qo(x1 +2x2+x3)) (1 +2cos Qo (x1 —x3))
P Al ; ij (320(x] 2+X3 0{X1 —X3 (36)

—RM(Q0(2x1 +2x2)) = R (Q0(2x2 +2x3)) | @ (x1 +32) @ (2 +x3) (wi (x1) Yo (i (x2) Yo {wi (x3))o | ().

Note that the solution obtained for (w;(z)) can be used as a starting solution for iterating further based on Eq. (34).

V. PARALLEL DIFFUSION

The velocity decorrelation function relevant for the
parallel diffusion corresponds to i = j = z in equations
of Sec. IV. Denoting for convenience as W;(s) the Laplace
transform function .Z[(w;(¢))](s), the first iterated propa-
gator is inferred from Eq. (30) in the Laplace space that
reads as

. 1 28Q>W,.(s
Wo.(s) = —— 200 Woe(s)

s 3 P ZLp(x) cos Qx](s),  (37)

while the iterated propagator is inferred from Eq. (34) as

2N N
W (5) = £ = 22D 140 o 193 cos 0] 1)
+2 <5ng2> ’ WZT(S).X {(p(xl + x2)p(x7 + x3)

(W (x1))o w2 (22))o (W (x3)) cOs Qo () — x3) | ().
(38)

The resulting velocity decorrelation  functions
(vov) (2)) = (wo,w,(1)) are shown in Fig. 2 for p = 0.1
and different values of B, (and 6B = 1 pG). For reference,
results from Monte Carlo experiments are shown as the
dashed lines. Overall, the main features of the functions
inferred from the simulations, namely the modulations on
top of an approximately exponential envelope that is
decreasing slower with time for increasing B, values, are
captured by the calculation. In this rigidity regime, the
resonance between the Larmor radius of the particles with
wavelengths of the turbulence is the source of the

modulations related to the total angular frequency
0Q + Q. They reflect memory effects originating from
large-scale wave number field lines around which particles
spiral while undergoing the imprint of a random walk
caused by smaller wave number vectors. As the intensity By,
increases, the particles tend to remain bound to the lines of
the mean field for longer, and the decay takes longer.
Beyond similarities between the simulation and calculation
results, however, quantitative differences are observed in
Fig. 2. The most notable one concerns the global rate of
falloff of the decorrelation functions that is predicted to be
too rapid for By <5 pG by the calculation compared to the
Monte Carlo simulations. The increase of the “decay time”
describing the approximately exponential envelope is
indeed too slow for small values of B, as clearly observed

<Vo|| v, ® Ye?

FIG. 2. Parallel velocity decorrelation function of particles with
reduced rigidity p = 0.1 for different values of By (6B = 1 pG),
as a function of the gyroperiod timescale 6Q¢. Dashed lines are
from Monte Carlo simulations.
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FIG. 3. Same as Fig. 2 for p = 1.

for By = 1 pG, to cross the right range and to get too fast for
By = 5 pG. In other words, the dependence of the decorre-
lation functions in By is nonlinearly under(over)estimated
for By < (2)5 pG. The underestimation for small B,
already visible for By = 0, is attributed at this stage on
the one hand to the overestimation of ¢(¢) observed in Fig. 1
for p = 0.1, and on the other hand to an artifact due to the
partial summation of the Dyson series.

At higher rigidity (p = 1), the Larmor radius of the
particles is always larger than the eddy sizes and scatterings
can be considered independent one from another. The
process is Markovian and the decorrelation gets exponential
in the pure turbulence case, as demonstrated in [25] based on
a white-noise approximation to describe the two-point
correlation function ¢(¢). By increasing By, the decay of
the decorrelations gets slower. Similarly to the case p = 0.1,
the calculation is observed to underestimate the “decay time”
(see Fig. 3); yet the values of B, leading to the under-
estimation span a much wider range. Because the overesti-
mation of ¢(t) observed in Fig. 1 for p = 1 is rather small,
the velocity decorrelation function coincides quite well with
the Monte Carlo one for By =0. Consequently, the
differences for By > 0 stem predominantly from some
incompleteness in the partial summation of the Dyson series.

The dependence in rigidity of the parallel diffusion
coefficient D) as obtained from Eq. (1) is shown in
Fig. 4 for different values of B, expressed in units of
cL .- The dashed line displays, for reference, the results
obtained from Monte Carlo simulations in the case of pure
turbulence. Despite the aforementioned differences
between the simulations and the calculation, D, is observed
to be reproduced within a factor 2. In particular, the
calculation slightly deviates from the expected scalings
in p'/3 in the gyroresonant regime in p? in the quasiballistic
regime [49-51]. As By is increasing, from the analysis of
the decorrelation functions presented above, D is expected

to be more and more underestimated; yet the calculation
presented here provides genuine qualitative scalings that
are also reliable quantitatively around p = 0.1.

107 F

107! 1 10

FIG. 4. Parallel diffusion coefficient as a function of the
reduced rigidity for different values of By (6B =1 pG). The
dashed line is from Monte Carlo simulations in the pure turbulent
case (By = 0).

VI. PERPENDICULAR DIFFUSION

The velocity decorrelation function relevant for the
perpendicular diffusion corresponds to i = j =x or i =
Jj =y in equations of Sec. IV. The calculation proceeds the
same way as for the parallel diffusion:

() = 1= 2200 140)1 4 coson(o). - (39
and

- 1 5Q2W
yo ! BER) ,

Wils) === Lop(x) (we(x))o(1 + cos Qox)] (s)
+2<‘5§22>2W { (x1 + x2)9(xs + x3)
(Wi (x1))o (W (x2))o (W (x3))0
x o520 <% tx %)} (5). (40)

The relevant decorrelation function is (vg, v, (1)) =
(Worwy (1)) cos Qot = (wo,wy (1)) cos Qot.

A first illustration of the calculation is given in Fig. 5,
where the perpendicular decorrelation function is shown
for p=0.1 and By =1 puG. The dashed line is from
Monte Carlo simulations. As in the case of parallel
diffusion in Sec. V, the envelope of the decay is slightly
underestimated by the calculation. However, the modula-
tion features, which have been shown from various
simulations to be responsible for the perpendicular sub-
diffusive regime at early times, are well reproduced. It is to
be noted that none of the approximations proposed in the
literature could predict both the fast decaying envelope and
the positions of minimum and second maximum inherited
from the modulations on top of the decay.
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¢t
FIG. 5. Perpendicular velocity decorrelation function of par-

ticles with reduced rigidity p=0.1 for 6B=1pG and
By =1 pG, as a function of the gyroperiod timescale 5Qt.
The dashed line is from Monte Carlo simulations.

A second illustration is given in Fig. 6, for p = 0.1 and
By = 1 pG. At such a high rigidity, the decay timescale is
longer than the gyroperiod timescale ¢, hence the
numerous oscillations. The results from the calculation
or from the simulations are almost indistinguishable.

From these two illustrations, we observe that the
successes based on Eq. (40) follow those presented in
Sec. V in the case of parallel diffusion: the calculation is
able to reproduce the main features uncovered by numerical
simulations. However, the same limitations apply to the
scaling of the results with By, as a function of p.

In the same manner as in the parallel transport, the
dependence in rigidity of the perpendicular diffusion
coefficient D | is shown in Fig. 7 for different values of
By, expressed in units of cL,,,. Because of the oscillatory
behavior of the velocity decorrelation functions, the addi-
tional time integration should smooth out differences
between the simulations and the calculations. As By is
increasing, D, is decreasing, as expected (for By — o0, a
particle would be spiraling around B, at a fixed radius).
More revealing is the rigidity dependence of D |, observed

( vo_l.v_l_(t) >/ c
o
(=] [V}

|
&
W

_1 i 1 1 1 1 1 1 I L 1 ]
0 10 20 30 40 50 60 70 80 90 100
xQt

FIG. 6. Same as Fig. 5 for p =1 and By = 3 pG.

FIG. 8.
coefficient as a function of the reduced rigidity for different
values of By (6B =1 pG).

10*

10?

D, /(cL,.,)

1072

104F

FIG. 7. Perpendicular diffusion coefficient as a function of the
reduced rigidity for different values of By (6B =1 uG). The
dashed line is from Monte Carlo simulations in the pure turbulent
case (B, = 0).

to rise more slowly than that of D in the gyroresonant
regime and, unlike D, to decrease in the high-rigidity
regime. These dependencies are more clearly highlighted in
Fig. 8, where the ratio D, /D) is displayed. The rise at low
rigidities is in agreement with that revealed in Monte Carlo
studies in which the turbulence dynamical range well
covers the rigidities of interest [33]. Furthermore, the
decrease at high rigidities is also in agreement with these
simulations, as is the shift of the transition region towards
higher rigidities as B, is increasing.

VII. ANTISYMMETRIC DIFFUSION

Finally, we provide the velocity decorrelation function
relevant for the antisymmetric diffusion by illustrating the
case j =y, i = x:

1 _ EWOX(S)

WOX(S):; 3 B ZLp(x)sin Qx|(s),  (41)

I
—O\ W

SEEE
=
QOQO

S

—_
Sk
Ju—
—_
(=}

Ratio between perpendicular and parallel diffusion
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and
2 i s 2\ 2 W} s
W) =3 = 55 1o o sin@n(s) + 255 ) L -+ 52 +33) )
oo o1 =sin(x, + 26 + ) 5 2)

The relevant decorrelation function is (vo1 v ())anisym =
(Worwy (1)) sin Qot = —(wg,w, (1)) sin Qyz. Similarly with
the perpendicular velocity decorrelation case of Sec. VI,
the envelope of the decay is slightly underestimated by the
calculation compared to the Monte Carlo results in the case
p=0.1and By =1 pG.

Finally, the dependence in rigidity of the antisymmetric
diffusion coefficient D, _. is observed to be linear, while
that in By, is observed to be inversely proportional. Overall,
the shorthand expression,

D,_, OB
CLmaxp Bl BO ’

(43)

is enough to capture the dependencies in the range of B,
studied, 0.1 < 6B/By < 1.

VIII. CONCLUSION

Velocity decorrelation functions of high-energy cosmic
rays propagating in magnetic fields have been obtained
from the Dyson series governing the motion of the
particles. The absence of small parameter of expansion
forbids any perturbation theory to hold, and hence any
truncation of the Dyson series [52]. The partial-summation
scheme developed in this study is shown to provide an
approximate solution that captures the main features
uncovered by numerical simulations in a range of rigidities

( VO v L(t) >amisym/ c?

1 I

2 4 6 8 10 12

1 I

14 16 18 20

Kt
FIG. 9. Antisymmetric velocity decorrelation function of par-
ticles with reduced rigidity p=0.1 for 6B =1 pG and

By =1 pG, as a function of the gyroperiod timescale 5.
The dashed line is from Monte Carlo simulations.

covering the transition between the gyroresonant and the
quasiballistic regimes on the one hand, and the quasibal-
listic regime itself on the other hand. Keeping in mind the
limitations underlined in terms of underestimation of the
diffusion coefficients, the calculation based on Eq. (10)
approximated by Eq. (34) provides a rapid tool for deriving
approximate solutions without having to resort to heavy
numerical simulation campaigns.

The calculation was illustrated in the case of 3D isotropic
turbulence following a Kolmogorov power spectrum. This
turbulence model is particularly useful as a reference, as it
has been widely used in the literature as a case study for
Monte Carlo simulations of test particles. However, the
computational techniques presented in this article are not
limited to this particular turbulence. Several astrophysical
contexts require a 1D “slab” turbulence model, a 2D
isotropic one, and 3D anisotropic ones with or without
helicity [53-55]. All these turbulence are described by
different spectral tensors P;; compared to the one used in
Eq. (20) that would give specific expressions for the two-
point function of the magnetic field compared to Eq. (9). A
comprehensive study of these turbulence models is planned
in a future study.

A key ingredient of the approximate solution relies on
the modeling of the two-point correlation function of the
turbulence experienced by the particles between two
successive times. The approximation proposed in this study
is found to reproduce the main features uncovered, here
again, by numerical simulations as long as the reduced
rigidity is larger than about one tenth of the largest scale of
the turbulence. Progress in the modeling of this two-point
function is needed to extend to lower rigidity the range of
validity of the type of calculation presented in this study.
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APPENDIX A: MONTE CARLO GENERATOR

To serve as a reference for testing the model, a
Monte Carlo estimation of the velocity correlation function
is used. Following a scheme similar to that widely used in
the literature, a large number of particle trajectories in given
magnetic field configurations is simulated by solving
numerically Eq. (3). The numerical integration is per-
formed using the standard Runge-Kutta integrator.

The regular field is oriented along the z axis, By = Byu,,
with B constant in a given configuration. On top of this
constant field, a turbulence 6B is added. To simulate
numerically an isotropic and spatially homogeneous

turbulent field, an algorithm similar to that in [18,45] is
used. The recipe consists in summing a large number N, of
plane waves (N, = 250 in this study) with corresponding
wave vector K, the direction, phase ¢,,, and polarization of
which are chosen randomly:

Nm

2
Zé”n )& cos (k,, - X + ¢%).

n=1 a=1

=2 (A1)

To ensure the condition V- 6B =0, the two orthogonal
polarization vectors %‘,’f are oriented in the plane
perpendicular to the directions of the wave vectors. The
wave number distribution is built from a constant loga-
rithmic spacing between k;, and k... The wave ampli-
tudes satisfy &2(k,) = &o6B%ky>"> (k, — k,_), where &,
is a normalization factor such that Y, &2(k,) = 6B%. In
this manner, the turbulence satisfies (6B(x)) =0 and
(6B;(x)8B;(x')) = 6B*5;;. The dynamic range of the
turbulence explored here is L,/ Lyin = 100.

APPENDIX B: PERPENDICULAR AND ANTISYMMETRIC CONTRIBUTIONS FOR p =2

For completeness and clarity about the calculation rules of the diagrams, explicit expressions of the perpendicular, and
antisymmetric contributions are provided in this appendix in the case p = 2.
Starting from the general expression of the crossed diagrams,

P N
\ \
1 1

. ’
1 ’
1 1

0,ig 14 13 B2

1 t,iy

502 2 f t 1
= (T) / dll/ dtz/ dta/ dtg o(t1 —13)p(ta —1a)
0 0 0 0

( ioky (Q011) Riy, (Q13) R, (Qot1) Ry i, (Q013) = Rigk, (Q011) Riyks (Q13) Ry (Qot) Ry (Qot3))

(B1)

><( llkz(Qoll)RBkz(QotS)me(Qotl)Rm2,4(Qot3) Rllkz(Qoll)le(QOZS)Rk4lz(Qotl)ka(QoQ))

and using rotation-matrix properties such as Rij(xl)R]Tk‘ (x2)

= Ry(x; = x2), Rjj(x) = Rj(=x) = R;'(=x), and

R;i(x) = R;'(x) = 1 + 2 cos Qyx, we obtain the expressions of the perpendicular and antisymmetric diagrams:

11

PG
. N

’ 4
1 1

O,x 14 13 I

PR NG

\ \\ ‘ ,\\ \\
7 ’

1 A 1 1

1 1
1 t,x Oy 14 13 5]

oty

5Q2
( )/dt1/ dlz/ dlz/ dty @(t1 —13) (12— 13)
0 0 0 0

(B2)

l—COSZQo(ll —t3) —COSZQ()(IQ —t4)+COSQo(I1 +1— (t3 +l‘4))[l+ZCOSQQ([2+t3 — (l‘l +t4))] ,
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0,x t4 13 1 t1ly Oyt4 13 A
(B3)

(‘592) / dt1/ dtz/ dt3/ drg @(11 =13)p(12 = 14)

X ( —sin2Qo (11 —13) —sin2Q(tr —t4) +sinQo (11 +12 — (t3+14)) [1 +2c0s Qo (12 +13 — (11 +14))]

In the Laplace reciprocal space, these diagrams read in terms of 3D numerical integrations as

- - -
- ~Q N

/’_ /»\_ S . .
’ ’ \ \ ’ ‘ \ \
\ \ _ | | \ \

X Iy 13 th t x Yy 4 13 nhh t1 )y
692\’ , (B4)
(—3 ) £2[1](s) ﬂ dx;dxodxs e_é(xl+x2+x3)<p(xl +x2)@(x2+x3)

—)C3) +ZCOSQQX3)COSQO(X1 +2xo +)C3)] .

X [1+(1=2cosQ(x;

5Q2\*
= (T) Lz[l](s)// dxydxadiy e IR o (x4 x) 0 (x0 +x3)

X [(1=2cosQp(x] —x3)+2c0sQpx3) sin Qo (x] +2x2 +x3)] .

The calculation of the nested diagrams proceeds in the same manner. The general expression reads as

,/ PAgaiN \\ 692 2 t 1 123 13
L = (T) / dtl/ dtz/ dts/ drg o(t1 —t4) (12— 13)
0 0 0 0
(B6)

0,z 14 t3 1 1t 1,2
X( ioki (Qotl)stkl(Qom)Rmm(Qofl)lel4(Qot4) Rigk, (Qotl)Rzgk4(90t4)Rk4”(Qotl)ka(QOM))

X( l]kz(Qotz)Rlzkz(Q0t3)Rm212(QOt2)Rm2H(Qot’ﬁ) Rl]kz(Qotz)Rlzlq(Qot3)Rkuz(QOIZ)Ran(QOtfi))

which leads to

0,x 14 13 1 0 t,x Oyt4 3 B

3]
592
dtl dtz dts dt4 oty —t4)p(t2 —13)

(COSZQQ([] +13—(1r+14)) —COSQo(Z(Il —14)+13 —lz)[1+2COSQQ(l2—I3)]

—cos Qo (11 —t4)[1+2c0sQy(2(t3 —12) +11 —14)] +cosQo(t1 —t4)[1 +2cosQo(t] +13— (t2+14)) ] [1 +2cos Qo (22 — 13)]
(B7)

and to
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0,x 14 13 b t1ly Oyt4 13

151
(592) / dt1/ dtz/ dt3/ drg (11 —14) (12 = 13) (BS)

X (sin2£20(t1 +13—(ty+14)) —sinQo(2(t1 —t4) +13 —12) [1 +2c0s Qo (1, — 13)]

—sinQq (1) —14)[1 +2c0sQ0(2(t3 —13) + 11 —14)] +sinQq (1] —t4) [1 +2cos Qo (11 +13 — (1 +14))] [1 +2c0s Qo (12 — 13)] |.

In the Laplace space, the diagrams read as

xt4t3t2t1x_yt4t3t2t1y
5Q2 2 (B9)
- (5] 016 [[] andnan e oo e
X (1 +cosQpxp +cosQq(x] +x3) +cosQy(x] +2x3+x3)),
A A
s (B10)
( ) ~52[1](5“)// dxydiydis e o (xy x5 +x3) 0 (x2)
X (sinQoxz +2cos Qpxy sinQo(xl +X2 +X3)) .
APPENDIX C: RED-NOISE APPROXIMATION
We present in this appendix results in the context of modeling ¢(¢) as a red-noise process with parameter z,
(1) = exp (=1/7). (C1)

Thanks to the property of the exponential function ¢(#; + t,) = @(t,)¢(t,), analytical results (in the Laplace reciprocal
space) can be obtained for W, (s). We restrict the range of application of the results presented in this appendix to the
quasiballistic regime (that is, p > 0.5) for which a heuristic expression for 7 is

Lmax
16pc’

(p) = (C2)

Treating the case of the parallel diffusion, the contribution of the unconnected diagrams to the zigzag propagator reads as

N _ _25_92 Wo(s) 7(1+57) . (C3)
z 1 ooz 3 s (1+57)2+(Qo7)?2
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To explore the impact that an improved zigzag propagator might have, we also consider additional classes of diagrams to
approximate the mass propagator that would be obtained by substituting the thin line between ¢, and ¢, for a zigzag
(summation of all nested diagrams). To do so, we add to Eq. (30) the following contributions:

.', ST \‘u 53 Q% W, (s) 8+ 12(s7)3 +2(s7)* = 11(Q07)%2 = (Qo7)* = 1257 (=24 (Q7)?) + 52 (2672 — 39(2)1'4)
= 277 —— ’
7 14 I3 L 1 Z 3 s 2+s)((1+57)2+ (207)2)2((2+57)2+(207)2)
(C4)
' ',’ ',’~‘ \\‘ \k _ 2T56_§22WOZ(S) 1
7 te Is 1y 13 I 1| 2 3 s BHst)((1+57)2+(Qo71)H)2((2+57)2+ (207)2)2((3+57)2+ (Q07)3)
X[2(1+57)2(2+57)2(3+57)2 + (Qo7) > (70+ 17857 + 139(s57)>
+44(s7)° +5(s7)* +27(Q07)? +2057° Q) + 45> T4 Q% + (Qo7) ) |
(C5)
The expressions for the iterated propagator require only 1D integrations:
SO 5Q2 W
e = 88 W) pemsir (1)) cos 0] (5, (Co)
Z 1] 151 Z 3 s
AT 592 \* W (s) 2x/
—'\/\/\/\/\N\'\/\N\N\/\}\N\/\N\/\:= =2 — - e X/T w X K
S ( - ) S £ (woz (1)o] ) )
X (L2177 (w0 ()0 cos Qo] (5) + L2[e ™/ (woz (x))o 5in Qo] () )
|
1 e e
0.8 F\\. |
D i - — =0 1
/\f: 06; —— B,=10 uG ] 1 T T T T T T
= [ ~ , i
504 R - 0.8
~ : - é i
02+ - s 061 ]
S =
0 L I 1 1 1 = \_ ----------- — ;5__ 04 j —
0 10 20 30 40 50 60 70 80 90 100 e I
Qt 0.2+ 5
[ —B,=0 |
FIG. 10. Parallel velocity decorrelation function of particles 0 R R e
with reduced rigidity p = 1 for 6B = 1 pG and different values of 0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
B as a function of the gyroperiod timescale 6Q¢, as obtained Ot
from the red-noise approximation. Dashed lines are from
Monte Carlo simulations. FIG. 11. Same as Fig. 10 for p = 10, 6B = 1 pG, and B, = 0.
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Results are displayed in Fig. 10 for p = 1 and different
values of B [the case By = 100 pG is not shown as the
calculation yields to nonphysical results with regions such
that (vo v (1))/c* > 1]. Also shown in Fig. 11 is the
decorrelation function obtained for p = 10: the (exponen-
tial) decay is observed to be ~100 times that obtained for
p = 1, yielding a diffusion coefficient scaling effectively as
p?, as expected. We note that including or not the classes of

diagrams depicted in Egs. (C4) and (C5) changes the results
very little; this reinforces the soundness of Eq. (30)
to approximate the mass propagator during the zeroth
iteration. Overall, the red-noise approximation for the
two-point function of the turbulence experienced by par-
ticles between two successive times is therefore competi-
tive in the high-rigidity regime; yet the range applicability
for B, is reduced.
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