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In the presence of anisotropic neutrino and antineutrino fluxes, the quantum kinetic equations drive
coherent oscillations in neutrino helicity, frequently referred to as spin oscillations. These oscillations
depend directly on the absolute mass scale and Majorana phase, but are usually too transient to produce
important effects. In this paper we present a full momentum-space analysis of Majorana neutrino spin
oscillations in a snapshot of a three-dimensional neutron star merger simulation. We find an interesting
angular dependence that allows for that resonant and adiabatic oscillations to occur along specific
directions in a large volume of the merger remnant. The solid angle spanned by these directions is
extremely narrow in general. We then analyze spin transformation in the presence of flavor transformation
by characterizing how the effect’s resonance and timescale change during a fast-flavor instability. For this
analysis, we derive a generalized resonance condition that poses a restrictive requirement for resonance to
exist in any flavor channel. We determine that spin oscillations at all locations in the merger snapshot have a
length scale that is too large for significant oscillations to be expected even where there exist resonant and

adiabatic directions.
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I. INTRODUCTION

Neutrino transport plays a crucial role in the dynamical
evolution of neutron star mergers (NSMs) and core collapse
supernovae (CCSNe). In neutron star mergers, abundant
weak nuclear interactions give rise to a massive outward
neutrino flux that crucially influences the mass outflow and
nucleosynthesis evolution of the event [1-6]. Importantly,
the relative strengths of the electron neutrino and anti-
neutrino absorption and emission rates determine the
equilibrium ratio of protons to neutrons and the consequent
fate of nucleosynthesis, thereby governing the proportions
of elements that are formed in the ejecta (e.g., [7]).
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Neutrinos are similarly important in canonical CCSNe,
and in addition are the factor that fundamentally drives the
explosion itself (e.g., [8,9]).

As a consequence, our understanding of NSMs and
CCSNe is only as good as our comprehension of the
complex neutrino processes that transpire in these events. A
large body of research has focused on neutrino transport
effects (e.g., [10,11]), as well as exploring methods for
modeling flavor transformation and probing sensitivity to
neutrino flavor transformation effects (e.g., [12-16] and
references therein).

In addition to neutrino transport and flavor transforma-
tions, another phenomenon within the neutrino sector that
could emerge in NSMs and CCSNe involves neutrinos
potentially undergoing helicity or spin transformation,
which would drive active-to-sterile conversions for
Dirac neutrinos and neutrino-antineutrino conversion for
Majorana neutrinos (see e.g., [17-19] and references
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therein). Although such conversions have yet to be dem-
onstrated experimentally, a significant amount of helicity
transformation would change the rate of energy transport
and the path of nucleosynthesis in NSMs and CCSNe. If
such an astrophysical site exists, inputs from probes of the
fundamental Dirac or Majorana nature of the neutrino [20],
the existence of sterile neutrinos [21], and the neutrino
masses [22] will be crucial to developing detailed models.

Helicity oscillations (also referred to in various contexts
as spin or spin-flavor oscillations) of Dirac as well as
Majorana-type neutrinos were first proposed as an explan-
ation to the solar neutrino deficit [23-29], before the
Mikheyev-Smirnov-Wolfenstein (MSW) resonance even-
tually gained acceptance as the favored solution to this
problem. At the same time, it was recognized that these
effects could also be present in supernovae and neutron star
environments [29-31], and the prospect of resonantly
enhanced helicity oscillations was also identified [28,29].

Neutrino spin oscillations can be driven in several ways.
These early works considered the scenario where external
magnetic fields can couple to a nonzero Dirac or Majorana
neutrino magnetic dipole moment to induce spin preces-
sion, an effect that has since been further explored in more
detail [32-49]. This can also serve to probe the Dirac/
Majorana nature of the neutrino [50]. In the standard
model, a small magnetic moment is tied to the neutrino
mass, but in beyond-standard-model physics there can be
additional contributions to the neutrino magnetic moment
that are unrelated to the mass (e.g., [23,32]). Previous
research has shown that this effect is only significant in the
presence of extremely large magnetic fields, large neutrino
moments (typically larger than the standard model value
based on limits on neutrino masses), or both, although
resonances can arise that enhance helicity transformation
probabilities  (e.g., [28,29,35,41,48]). Alternatively,
spin-flip effects can be driven by strong gravitational fields
or alternate theories of gravity [51-59], which more
generally can drive helicity conversions for any spinning
particle.

Finally, spin oscillations can be driven by an anisotropic
background due to an axial-vector potential generated by
neutrino forward scattering on polarized or asymmetric
matter or neutrino currents [60—-64]. These anisotropy-
induced spin oscillations, which are the focus of this paper,
occur independently of an intrinsic magnetic dipole
moment and can also affect both Dirac and Majorana
neutrinos. This form of helicity oscillation imposes a
dependence of the quantum kinetic equations (QKEs) on
the neutrino absolute mass scale and Majorana phases,
potentially leading to observable manifestations of these
parameters.

Recent studies developed the formalism for extending
the neutrino evolution equations to include helicity coher-
ence induced by anisotropic matter/neutrino backgrounds
[18,60,61,63-66], as well as neutrino-antineutrino pair

correlations [63—66]. The magnitude of this helicity-
changing Hamiltonian is proportional to the neutrino mass
and inversely proportional to the neutrino momentum,
leading to helicity oscillations with negligible amplitudes
in most circumstances. It was recognized, however, that
helicity transformations through this channel could also be
resonantly enhanced [61,66]. Significant helicity trans-
formations require not only the presence of a resonance,
but the resonance must also be adiabatic so that the
oscillations occur on a sufficiently short timescale com-
pared to the evolution of the background (i.e., before the
resonance is lost). It was demonstrated subsequently that
a potential nonlinear amplification mechanism could
enhance the prospects of resonant helicity transformation
for Majorana neutrinos [62], using a simple parametric
form for the neutrino forward-scattering potential from
ordinary matter.

Later, Refs. [67,68] performed numerical investigations
of this effect in CCSN/NSM settings. Reference [67]
investigated spin-coherence prospects for Majorana neu-
trinos during the deleptonization burst phase of a CCSN
using both 2-flavor and 3-flavor treatments. It was found
that the nonlinear amplification mechanism from [62] is not
able to operate effectively unless experimentally forbidden
values of neutrino mass (~10 eV) were used. Nevertheless,
it was noted that, if spin transformations were to take hold
during this phase of the explosion, it would have substantial
implications for the ensuing flavor evolution and the
expected neutrino signal at detectors. Reference [68] like-
wise explored this phenomenon in an NSM environment
for both Dirac and Majorana neutrinos, using a 2-flavor
calculation, and found no significant spin transformations,
even when the neutrino mass was artificially increased
to 100 eV.

In both works, spin oscillations were found to be too
transient to produce significant transformations. However,
these models contained many simplifications. For example,
both studies invoked the single-angle approximation (albeit
in different geometries) wherein background neutrinos
traveling along different trajectories are all assumed to
follow a flavor (and helicity) evolution history identical to
the test neutrino. Reference [67] assumed a spherically
symmetric neutrino “bulb” source to model neutrino
emission from a CCSN, whereas Ref. [68] modeled the
neutrino source as a disk, to represent the central object
formed in the immediate aftermath of an NSM. The impo-
sition of the single-angle approximation explicitly forbids
the fast-flavor instability [14,15]. In [67], this permitted a
physical separation of the respective regimes where helicity
and flavor conversion occur. In particular, the helicity
resonance was found to precede flavor conversion, and
hence only one spin resonance (the v,-v, channel) needed
to be considered. Reference [68] examined the interplay
between the spin resonance and flavor evolution induced by
a Matter-Neutrino Resonance [69-78], but no significant
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spin transformations were observed, even when resonances
in multiple channels (e.g., v,-U,, U,-U,, etc.) were
considered.

To add to this complexity, if realized in NSMs, the fast-
flavor instability (FFI) has the potential to significantly
transform neutrino distributions due to coherent neutrino-
neutrino interactions. It has been shown that so-called
crossings in the angular neutrino distribution yield insta-
bility [79,80], and that the FFI is largely ubiquitous in
neutron star mergers [81-83]. The interplay between flavor
transformation and collisions (e.g., [84-86]) and the net
effect of flavor transformation on global scales (e.g., [87])
are very active areas of research, but the FFI itself appears
to be a dominant and lasting effect that significantly
changes neutrino flavor distributions. Because of the large
and ubiquitous impact of fast-flavor transformation, we
take a first stab at estimating the impact this instability
could have on helicity transformation.

In this paper, we generalize previous analyses of
anisotropy-induced spin oscillations by studying the effect
in the 3-flavor regime and by considering its full three-
dimensional structure in an anisotropic background and in
the context of fast-flavor instability in a neutron star merger
remnant. In Sec. II we review the theory behind neutrino
flavor and helicity coherence. In Sec. III we describe our
approach to probing for resonance and adiabaticity of
helicity transformations in multidimensional, 3-flavor
dynamical simulations of neutron star mergers, including
our approach to testing the potential impact of flavor
instabilities. We present the results of our calculations in
Sec. IV and provide concluding remarks in Sec. V.

II. BACKGROUND

In this section we outline the theory behind neutrino spin
transformation. In Sec. II A we describe the neutrino
distribution function and neutrino flux density. In
Sec. II B we describe a generalized, spin-dependent form
of the QKESs for a neutrino ensemble, derived in [60,88],
which contain a term capable of generating coherent
helicity transformation in anisotropic media. We analyti-
cally express the time-evolution operator from the QKEs in
terms of a chiral 4-potential £* that depends on the neutrino
flux density and background matter distribution.

Throughout this paper we will use natural units
h =c =1. We will employ the convention that a tensor
T presenting a spacetime index «; flavor indices a, b; and
helicity indices /, i’ will be denoted as [T7,]%”, unless
flavor or helicity indices are left implicit. A spacetime
index will always be written explicitly. A tensor with no

. . . . b
spacetime index will simply be denoted T3).

A. The neutrino distribution function

A weakly interacting neutrino ensemble can be fully
described by its set of two-point Green’s functions,

encoding single-particle propagation amplitudes. Although
multiparticle correlations may have important conse-
quences (e.g., Refs. [89-91]), we follow [60,88] and
neglect that possibility in this work. Given annihilation
operators a; 5, (b; ;) for (anti)neutrinos of mass state i,
three-momentum p, and helicity &, we can express these
two-point functions as

(aipnal ) = nP2my(5)6® (p— p)fi,(B). (1)

(bipn bl 50 = 2x)2n(B)3) (p = P\ (P).  (2)

Here the () brackets denote the quantum mechanical and
statistical ensemble average, and n;; = 20,0/ (w; + a).,-) is
the normalization factor, where w;(p) = \/p*> + m?. Note
that the correlations (a’, b") and (a, b) pairing neutrinos
and antineutrinos should in general also be considered [64].
However these correlations generate transformation only
for very low-energy neutrinos, with DeBroglie wavelength
comparable to the length scale of the surrounding astro-
physical environment [61,64,92].

The numbers f;f;l,( P, x) and ]_‘;jh, (P, x) (which in general
are position dependent) encode the full information of the
neutrino ensemble, and can be assembled into distribution
functions

F(p.x) = <fLL fue)

fre Srr
. fro J_CLR>
F(p,x) =" _ . 3
(.) (fRL SRR e

Here flavor indices are suppressed, so each f,, is a square
ny X ny matrix, where n is the number of neutrino flavors.
Diagonal elements f%, represent occupation numbers for
states of helicity & and mass state i, and off diagonal
components give the quantum coherence of states with
different mass and/or helicity. For Majorana neutrinos, the
distribution function is entirely described by F and is
related to F by fu; = fI,,, where the transpose acts on
flavor indices.

Building distribution functions from two-point correla-
tions in this manner can only be done in the mass eigenstate
basis; to switch to the flavor basis we make use of the
Pontecorvo-Maki—Nakagawa—Sakata matrix U and convert
the distribution functions via f(fiavor) = Uf (mass) U'. All
quantities in this paper will be expressed in the flavor basis,
and explicit flavor indices will be indicated by a, b in a
superscript.

It will be convenient to define a position-dependent net
neutrino flux density J* given by
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3
Jo(x) = / (‘2’7’;3:«”@)@(13,@ ~Fee(Bon). (@)

where JO gives the neutrino number density, and the spatial
components J' encode the number flux density. n* = (1, p)
is the neutrino propagation direction. The full net neutrino
current density over all flavors is then TrpJ%, where Try
indicates a trace over flavor indices.

B. Neutrino spin oscillations in the QKEs

The neutrino QKEs characterize the evolution of the
distribution functions F and F. Here we outline the QKEs
for a Majorana neutrino ensemble, including the important
generalizations pioneered in [60-65] that lead to terms
which generate coherent helicity oscillations. Specifically,
we use QKEs that are derived including spin degrees of
freedom and second-order contributions in a power count-
ing scheme defined by ratios of relevant quantities (neu-
trino masses, mass splitting, forward scattering-induced
matter potentials, and external gradients) to the character-
istic neutrino energy in the ensemble.

The QKEs are

p.x)] +C(p, x),
p.x)] +C(p.x) (5)

;1
~—
::l
—

where Dj; , is a differential operator generalizing the Vlasov
term of transport equations, H(p, x) is a Hamiltonian-like
coherent evolution operator, and C(p,x) is an inelastic
collision term encoding direction-changing interactions.
We neglect the collision term in this paper, as the length
scale of inelastic interactions is far larger than that of the
fast-flavor instability (e.g., [84,93]). However, we will
show that the characteristic helicity transformation length
scale is large compared to the collisional length scale, so if
helicity transformations are present, the collisional term
would be needed for realistic evolution. H(p,x) and
C(p, x) are antineutrino analogs of these operators.
Before continuing, we must define a spacetime coor-
dinate basis formed by two lightlike 4-vectors n%(p) =
(1,p), n*(p) =(1,—p) and two transverse 4-vectors
x‘fz = (0,%,,). These satisfy n-x; =7-x; =0, x;-x; =
0;j, and we demand that p,x;, and x, form a right-handed
triad. The choice of x; and x, is then arbitrary up to a
rotation around 7, but the algebra turns out to be simplest
with the “standard gauge” defined by taking x; to have the
same azimuthal angle as n* [60,61]. With these conditions,
the basis is fully defined by the direction of p, and can be
written in spherical coordinates as

n* = (1, cos(¢) sin(0), sin(¢) sin(8), cos(0))
x{ = (0, cos(¢) cos(6), sin(¢) cos(), —sin(H)),
x§ = (0, —sin(¢), cos(¢),0). (6)

where 0, ¢ are the polar and azimuthal angles of p (the
60 = 0 and ¢ = 0 directions are in reference to an arbitrary
choice of orthonormal coordinates).

The coherent evolution operator H(p, x) can be broken
up into chiral components as

> HL HLR
= ().
HLR HR
= > I:IL HLR
H(p,x):( + _ ) (7)
HLR HR

where each element on the rhs of Eq. (7) is a 3 x 3 matrix
(flavor indices are omitted). The off diagonal block H
drives coherent oscillations between left- and right-handed
neutrinos, while the diagonal blocks H; and Hp drive
neutrino flavor change. We can express these as [60,61]

Hp =35 +-—— T (mm — €19'S) + 42E2y)
1 T
=3+ 7 (mm® — €l0's] +437%])
Hig = |ﬁ| (Zfm" —m'=]). (8)

The =5 . and m"m/2|p| terms in the diagonal components
of H;(p,x) and Hg(p, x) are present in standard analyses
of neutrino oscillations. The first encodes forward scatter-
ing on background matter and other neutrinos, and the
second controls vacuum oscillations. All other terms,
including the off diagonal spin-flip component Hp, arise
only in the presence of helicity coherence [60,61,88]. Here
m 1s the neutrino mass matrix, for which we describe our
particular assumptions in Sec. III. Since in this paper we
ignore inelastic collision terms and focus on state dynamics
for a given p and x, we refer to H(p,x) simply as the
Hamiltonian of the system.

X (ZX), b (Zh), and TF (2F) are projections onto the
prev10usly mentloned ba51s of a chiral 4-potential X*
generated by forward scattering on background matter
and neutrinos:

Specifically, 2§ o = n,(p)Zf x and X} p = x;- Zf .
and I7 5 = (1/2)e® (x) £ ix,),Zf 1

X% is generated by forward scattering on electrons,
nucleons, and background neutrinos, specifically receiving
contributions from the one-loop self-energy Feynman
diagrams in Fig. 1. The total potential factoring into
Eq. (8) is the sum of the matter and neutrino contributions:

Ik = ZRly + Zklmac (10)

023003-4



THREE-FLAVOR, FULL MOMENTUM SPACE NEUTRINO SPIN ...

PHYS. REV. D 110, 023003 (2024)

Vx w - e7 1'1, pa vy € Ve
Z w
vx 1% €
w = e? n7 p7 VY €
FIG. 1. Tree-level Feynman diagrams encoding forward scat-

tering contributions to X* [60].

The potential contributed by background neutrinos is
given by

[Z5), = V2GR (U] + 6 TrelJ*).  (11)

where the indices a and b indicate flavor and [J?]*’ is the
neutrino flux density. The expression for the matter con-
tribution is similar, but can be simplified by assuming an
unpolarized, charge-neutral matter background with equal
amounts of left- and right-handed electrons and nucleons.
This is a good approximation in the absence of strong
magnetic fields. Additionally, we transform all quantities to
a comoving reference frame such that the local velocity of
matter (i.e., everything but neutrinos) is zero and assume
that there is not sufficient energy to produce significant
numbers of y and 7 leptons [1]. These assumptions lead to a
matter contribution given by

= V2Gpnp | Y, 55 +

1-Y
yalab ¢
g .

5w, (12)

mat

where Y, is the local electron fraction, np is the baryon
number density, and u® = {1,0,0,0} is the fluid four-
velocity.

The expressions for the antineutrino evolution operator
H are identical to those in Eq. (8), except that the sign of the
terms multiplied by ﬁ in Hi and H; are flipped. For

Majorana neutrinos, Xp = —ZZ, whereas for Dirac neutri-
nos Xf ~0 [61], though we limit the present work to
Majorana neutrinos for simplicity.

III. METHODS

This section details the theoretical and computational
techniques employed in our three-dimensional analysis of
spin oscillations and the fast-flavor instability. Section IIT A
outlines the equations we use to identify resonant and
adiabatic helicity oscillations. Section III B describes the
neutron star merger simulation [3] we used for our analysis,

and explains how we reconstructed the time evolution
operator (8) and relevant spin oscillation parameters from
the data of the merger. Section III C describes our particle-
in-cell simulation of the QKEs with which we locally
simulate the fast-flavor instability in the neutron star
merger.

Throughout this paper we will use a Normal Hierarchy
neutrino mass matrix constructed from the best-fit mass-
squared differences and mixing angles given in [94];
specifically we take Am3, =7.42x 107> eV2, Am3, =
2,514 x 1073 eV2, 0, = 33.44°, 0,5 = 8.57°, 0,3 = 49.0°,
and 6c-p = 195°. Following [95] we take £m, = 0.26 eV, a
high upper bound to give the best possible chance to spin
flip effects which grow linearly with the neutrino mass.
These values lead to masses m; = 0.08227 eV, m, =
0.08268 eV, and m; = 0.09505 eV. We take the magni-
tude of the neutrino momentum to be |p| = 10 MeV, a
representative value for NSM neutrinos [10]. Note that this
does not match the location- and species-dependent average
neutrino energy, but is sufficient for determining the
importance of the helicity-transforming parts of the
Hamiltonian and allows for easy rescaling under different
assumptions of mass or energy.

A. Conditions for significant helicity oscillations

Similar to the MSW mechanism [96,97], a neutrino can
experience significant helicity transformation when it
passes through a resonance adiabatically. Reference [67]
quantifies this under the assumption that there are equal
fluxes of all heavy lepton neutrino flavors, but in the
presence of the FFI this is not necessarily guaranteed. In
this section we generalize the criteria for significant helicity
transformation so it can be applied in realistic neutron star
merger scenarios in the presence of dynamical flavor
transformation.

1. Resonance

For significant transformation, the Hamiltonian must be
misaligned from the particle’s quantum state in a way that
sources helicity coherence. We can determine this by
looking at the Hamiltonian’s eigenvectors. Specifically,
assuming a constant Hamiltonian H, an initial six-
dimensional (3-flavor, 2-spin) neutrino state vector
|v(0)) evolves as

(1) =D axlde)e B, (13)
k

where k indexes energy eigenstates and eigenvalues |4;)
and E;, and a; are the components of |¢(0)) in the energy
basis. Note that resonance in helicity oscillations cannot
occur if the eigenvectors |1;) are all either purely left-
handed or purely right-handed; there have to be some
eigenvectors that are mixed in helicity with a large
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component in both the left- and right-handed subspaces.
This is because resonance requires that the changing phases
e 'Ei causes all the left-handed parts of the eigenvectors to
cancel out at some point in time in Eq. (13), and all the
right-handed parts to cancel out at a later point in time, so
that we get an initially right-handed neutrino transitioning
to a left-handed neutrino. But eigenvectors are orthogonal,
and therefore there is no superposition of purely left-
handed (or right-handed) eigenvectors that cancels to O.
We therefore have that a necessary condition for resonance
is that at least one eigenvector of the Hamiltonian has
“sufficiently large” left- and right-handed parts.

Quantitatively, for neutrinos with Ny flavor states, we
show in the Appendix that a necessary condition for
helicity resonance is

Q>1. (14)

where

Q= 2N2Fm]aX(1 = [&ilAr = LAl4)L),  (15)

|A;) is the jth eigenvector, and |4;); p is the same
eigenvector with all right- and left-handed components
respectively set to zero. See the Appendix for a derivation
of Eq. (14).

This generalized resonance condition allows for a
treatment of helicity oscillations applicable to a general
mixture of an arbitrary number of neutrino flavors, which
was not possible with previous approaches. If a neutrino
distribution shows minimal flavor coherence such that the
Hamiltonian is approximately flavor diagonal, we can use
arguments analogous to MSW resonance to derive that
resonant helicity oscillations are guaranteed between fla-
vor-helicity states |aL) and |bR) if and only if

|y — HYP| < |HE). (16)
Hence we have a necessary and sufficient condition for
helicity resonance between each pair of flavors a and b,
assuming negligible flavor mixing. In the ¢; = e channel,
this gives us the condition |H{¢ — H§| = 0 used in [67],
which can be simplified by inserting the expressions for the
Hamiltonian components [Egs. (8) and (12)] to obtain

anb(BYe - 1)
V2

anecessary and sufficient condition for helicity resonance in
electron neutrinos in the flavor-diagonal case.

However, in the context of leptonic interactions, weak
magnetism effects, and the multitude of flavor transforma-
tion phenomena present in neutron star mergers, flavor
mixing will occur, and the applicability of Eq. (17) will
break down. The generalized resonance condition [Eq. (14)]

+[Hi], =0,

v =

(17)

is more robust in that it applies even in the context of
substantial flavor mixing, and encompasses resonance
between all possible flavor states in a single equation.
This comes at the cost of being a necessary but not
sufficient condition, but as we will see in our results it is
an extremely strong constraint.

2. Adiabaticity

Resonance on its own does not guarantee that significant
neutrino spin oscillations will occur. If the neutrino
Hamiltonian evolves too nonadiabatically, then the reso-
nance condition may be satisfied so briefly that the resultant
spin oscillations are negligible.

If a neutrino is oscillating between a pure left-handed
state |v;) and a pure right-handed state |vg), then the
angular velocity of helicity transformations is

(18)

to first-order by the Schrodinger equation. Similar to the
case of MSW resonance [96], the angular velocity of the
angle between the Hamiltonian and the initial state, which
determines how long the state remains in resonance, is

Wose = |<VL|H|VR>|

D — vﬁ|<VR|H|VR> — (UL |H|v)|
2|(vL|Hvg)| ’

(19)

where Vj; denotes a derivative along the neutrino world
line. We can therefore define the adiabatic index y by

7wosc - 2|<1/L|IJ|1/R>|2
Ores  |(Vr|VpHvg) = (vL|VHvL)|
and adiabatic oscillations can be expected when
y>1, (21)

in which case the timescale of the oscillations is short
compared to the period over which the resonance condition
is satisfied.

For spin oscillations between left- and right-handed
electron neutrinos, this reduces to the expression given
in [67], namely

L b’
Tee =t (22)
We arrive at this equation by simplifying Eq. (8), setting the
extremely small latter terms —e/0'S5,4X4%: ~0 and
using the fact that X = —[Zf ] for Majorana neutrinos.

Note that Eq. (19) is a first-order approximation of
the timescales over which resonance is preserved. If the
Hamiltonian has a very small time derivative along the neu-
trino trajectory then Eq. (19) suggests resonance will be
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maintained for a long period, but a large second derivative
could still mean it will be lost quickly. We discuss this
further in our results.

In order to evaluate adiabaticity, we need derivatives of
the potential ¥ defined in a local orthonormal tetrad.
Transforming the potential four-vector and the derivative
into the coordinate frame yields

Vo2 =ef, egj)va (6‘?5)25), (23)
where indices with a tilde indicate coordinate frame
quantities, bare indices indicate tetrad frame quantities,
and e are the tetrad basis vectors. We evaluate the partial
derivatives within the covariant derivative using centered
finite differencing. This is important to account for poten-
tial rotations of the tetrad from one location to the next.
Note that when we evaluate derivatives on the snapshot, we
treat partial time derivatives as zero. This is certainly an
approximation, but we choose to do this in lieu of full
dynamical quantum kinetic simulations.

Due to the smallness of the m'/|p| factor in Eq. (8), H, ¢
(and therefore the energy gap at resonance and y) tends to
be very small for supernova or merger neutrinos with
characteristic momentum |p| = 10 MeV. Indeed, [67] has
shown that only the lowest energy neutrinos satisfy y > 1,
limiting the feasibility of significant spin oscillations
occurring in neutron star mergers.

One objective of this paper, then, is to determine whether
the shifts in neutrino flux caused by the fast-flavor
instability can increase the magnitude of H;r enough to
make helicity oscillations important.

B. Neutron star merger background

The background matter, neutrino, and spacetime back-
ground are taken from a simulation snapshot 5 ms after
the merger of two 1.2M neutron stars [3]. The merger
simulation is performed with the SpEC code, which
evolves Einstein’s equations of general relativity, the
relativistic fluid dynamics equations. Neutrinos are evolved
using a two-moment transport scheme evolving the energy
integrated neutrino energy density, momentum flux density,
and number density for each species of neutrinos and
antineutrinos (with muon and tau neutrinos and antineu-
trinos assumed to all have the same distribution function).
From these quantities, we can also directly calculate for
each species the average energy of the neutrinos, which we
use to construct the number four-flux vectors. The dense
matter is described by the L.S220 equation of state [98].
We use data only from a single refinement level with grid
spacing of 0.68 km that covers a domain of size
136 x 136 x 68 km.

The two-flavor neutron star merger simulation developed
in [3] carries a three-dimensional grid of data for the
(anti)neutrino number density n,, (71,,) and spatial number

flux F, (x) (F,,(x)), where the subscript i = e, x denotes
either the electron or heavy-lepton flavor. The neutrino
lepton current J*(x) of Eq. (4) can be expressed in terms of
these as

e (x) = (n,, = 7, Fy, (x) = F, (x), (24)

and all other flavor components are zero. We transform the
currents into an orthonormal tetrad comoving with the
background fluid. We set the tetrad’s Z axis to point along
net lepton number flux (}°,[/']%“) to make the distributions
amenable to 1D simulation.

Using J%, the electron fraction Y,, and the baryon
number density n;,, we can compute the neutrino and back-
ground matter contributions to X* [Egs. (11) and (12)],
which in turn let us calculate components of the coherent
evolution operator H(x) [Eq. (8)] and the resonance
condition [Eq. (14)].

C. Simulating the fast-flavor instability

In addition to testing for the presence of the FFI, we also
directly simulate the evolution and saturation of the FFI at
select locations using the particle-in-cell code Emu in one
spatial dimension and two momentum direction dimen-
sions (i.e., energy-integrated, [99]), assuming all neutrinos
to be at the same arbitrary energy. Emu splits the neutrino
distribution into many computational particles, each of
which represents a number of physical neutrinos and anti-
neutrinos and that encodes their flavor-space density
matrices, four-position, and four-momentum. These com-
putational particles move at the speed of light in the
direction specified by their momentum, and their densities
evolve according to a Hamiltonian constructed from the
distribution moments accumulated onto a background grid.
We resolve the instability with 512 grid cells, 1506 particles
per grid cell, and periodic boundary conditions. Each cell is
initialized with a collection of computational particles with
uniformly distributed directions of motion, so the cells
and particles evenly partition the phase-space of the
ensemble, but the number of physical neutrinos each
particle represents is varied to create an anisotropic dis-
tribution corresponding to a specified number and flux
densities according to the maximum entropy closure [100].
Note that the maximum entropy angular distribution is
consistent with the assumption underlying the moment
closure employed in the radiation transport in the original
neutron star merger simulation. Since the system is rotated
such that the electron lepton number (ELN) is along the
dimension with spatial extent, the dominant unstable modes
are able to grow, allowing these 1D simulations to
accurately represent the full 3D dynamics [99,101].

It should be noted that this approach is approximate in a
few ways. First, the Hamiltonian used for the time-
evolution of the simulation is different from that of
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Eq. (8), since Emu excludes collision and spin-coherent
terms. The purpose of this approach is to probe whether
there is potential interplay between the FFI and helicity
coherence without directly simulating these additional
terms. Second, although the FFI can induce significant
flavor transformation, the ubiquity of the FFI (which tends
to erase crossings) would likely transform neutrino flavor
in a way that prevents crossings from being present in the
first place. By analyzing local simulations of the FFI we
probe the potential magnitude of the interplay between
flavor transformation and helicity transformation, but self-
consistent calculations are of course needed for a more
robust answer.

We also note that we can also use the maximum entropy
crossing condition of [102,103] to determine which regions
exhibit a crossing in the electron lepton number distribution
and therefore are unstable to the FFI. Specifically, the
maximum entropy condition for the FFI (considering only
electron neutrinos and antineutrinos) is

e

1<,
a+yr T

(25)

where 7 =In(nZsinhZ/i Zsinh Z), y = Zcos Oy — Z cos O,
a = Zsinfp — Zsin0, and Oy — O is the angle between
the directions of the antineutrino (barred) and neutrino
(unbarred) flux directions. Z and Z are the parameters that
describe the anisotropy of each distribution according to the
maximum entropy distribution

f(Q) ~ eZcos(H)’ (26)
where cosd = Q - F is the angle between the propagation

direction Q and the flux direction F. Specifically, Z is
related to the flux and density moments as

|| 1

= = coth(Z) - = . 27
= coth(Z) ~ (27)
IV. RESULTS

In Sec. IVA, we detail a full momentum-space analysis of
spin-flip resonance and adiabaticity for a specific example
point of the neutron star merger simulation of [3]. In
Sec. IV B, we use the data of this point as an initial condition
for the fast-flavor instability simulation described in
Sec. IIIC, and see how the resultant flavor mixing affects
the resonance and adiabaticity of spin oscillations. Lastly, in
Sec. IV C we generalize our discussion to the rest of the
merger snapshot. We find the regions in which resonant
helicity oscillations can be expected in some direction, and
determine that these regions are usually unstable to a fast-
flavor instability. Finally, we describe the extent to which our
analysis of resonance and adiabaticity in Secs. IVA and [V B
generalizes to other locations.

A. 3-dimensional treatment of spin oscillations

In this subsection we examine the resonance and
adiabaticity of spin oscillations for neutrinos at a single
example cell in the neutron star merger simulation of [3],
located at (17.7,—21.1,—23.8) km. At this point the neu-
trino number densities are (1.35,1.98,0.45) x 10** cm™3
for electron neutrinos, electon antineutrinos, and each
flavor of heavy lepton neutrino, respectively. The distri-
butions of the three neutrino flavors have flux factors of
(0.26,0.51,0.62), and the flux directions yield conditions
that exhibit both helicity resonance and fast-flavor
instability.

1. Resonance

We begin with an analysis of the directional dependence
of resonance at the chosen cell. Recall that a necessary
condition for resonance is that Q > 1, where Q is the
resonance parameter defined in Eq. (15). Q depends only
on the structure of the Hamiltonian [Eq. (8)], and specifi-
cally on the difference in magnitude of the left- and right-
handed parts of the Hamiltonian’s eigenvectors. Since in an
anisotropic background the Hamiltonian is dependent on
the direction of the neutrino momentum, the generalized
resonance condition is also a function of direction.

Figure 2 shows a directional logarithmic heatmap of the
resonance parameter Q for the neutrino distribution at our
example point. The polar axis is parallel to the electron
lepton number current [J%]¢¢. This plot presents a number
of remarkable features. Firstly, we see that the resonance
parameter is largely dependent only on the polar angle—
that is, on the angle between the neutrino momentum

0

™
I ]
140 —135 —13.0 —125 —120 —115 —11.0
log(€2)

FIG. 2. A Mollweide directional plot of the resonance param-
eter Q [Eq. (15)] at the example location marked with a green X in
Fig. 11. We see three bands where oscillations are resonant, each
between a particular pair of flavors as labeled in the image (with x
representing a general heavy lepton flavor). Note the e; = xp is
much fainter than the other two. As explained in the text, these
three bands subdivide into a total of nine, grouped so closely that
they are not distinguishable. The polar axis is aligned with the
spatial part of the left-handed electron neutrino ELN flux
vector ([JE]¢.).
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p and Trg(J?). This is because the directional dependence
of the Hamiltonian is dominated by the Xj , terms in
Eq. (8), which is itself linear in the dot product between J¢
and the neutrino momentum direction [see Eq. (11)].
Initially the only non-negligible flavor component of J*
is the ee part; hence [J/]°¢ defines the directional depend-
ence of H.

Far less intuitive features of Fig. 2 are the azimuthally
symmetric “bands” where € becomes large. We can
identify three of these resonance bands in the plots, the
central one far narrower than the other two. These are the
only regions for which Q> 1, so they represent all
directions exhibiting spin-flip resonance. Recall that
Eq. (14) is a necessary condition, so that not all points
within the bands are guaranteed to be resonant; however, a
direct inspection of directions within these bands shows
that in general they all present large-amplitude, if not full
amplitude oscillations.

Interestingly, each of the bands exhibits resonant spin
oscillations between a particular left-handed flavor super-
position and a particular right-handed flavor superposition.
For example, in Fig. 2 the bottom band labeled e¢; = ep
contains all directions exhibiting resonant spin oscillations
between electron neutrinos, and exclusively exhibits reso-
nance in this channel. Each of the other bands similarly
shows resonance between a unique pair of flavors, labeled
in Fig. 2. Note that since the fluxes of left- and right-handed
heavy lepton neutrinos are equal, the u and 7 flavors are
effectively degenerate, and we can focus on a two-flavor
(e, x) subspace. In Sec. IV B we will see the flavor-mixed
case where this simplification cannot be made.

Figure 3 shows Q plotted against the polar angle € at
¢ = =, essentially displaying a vertical cross section of

20 T r T r o1

1.5F ETL%TR ieL%eR_'
L i i

\‘;‘_(/ 1.0F i i T
05F | | ]

i l: ') L .il L
0.5 1.0 1.5 2.0 2.5 3.0

0 (rad)
FIG. 3. The resonance parameter Q plotted against the polar

angle 0 at ¢p = = for the same point as in Fig. 2. Directions
satisfying the simplified resonance condition in the e; = e
(cyan) and 7; = 7z (green) channels are indicated, and as
expected they are contained in the resonance bands where
Q > 1. The narrow central band is unique, as explained in the text.

Fig. 2 so that the bands can be seen more clearly. Here we
have plotted vertical dashed lines corresponding to loca-
tions satisfying the simplified resonance condition
[Eq. (16)] in the e¢; = e and 7; = 7y channels. Recall
this means these are the only locations for which resonant
oscillations can occur between these flavors. These lines
overlap perfectly with locations where Q > 1, exemplify-
ing that each resonance band corresponds to spin transi-
tions between particular flavors.

The central x = e band is unique: enlarging it reveals
this band actually resolves into four “subbands,” separated
by less than 107> radians. These are resonant in the
e; = X| g, €L = Xpp, X1, = €g,and x,; = eg channels
respectively, where x; and x, are specific superpositions of
the heavy-lepton flavors that diagonalize the H; and Hp
blocks. These are the only channels that are resonant on
these bands.

The minuscule but nonzero separation of these e = x
“subbands” is caused by a breakdown in our two-flavor
assumption: small differences in the heavy-lepton neutrino
masses lead to fine splitting in the energies of the ¢; =
x1 g and e; = x, p conversion channels, for example, so
that these are no longer entirely degenerate.

One might expect a similar splitting to occur for the
X; = xp resonance band, which should separate into four
bands corresponding to Xx;; = Xig,
Xy = X1p, and x; = X, z. However, in this case the
width of each of these bands is greater than their separation,
so that they overlap entirely and combine into a single band
encompassing helicity transitions between all heavy-lepton
flavor superpositions, including 7 = 7 and y = u.

We can use the magnitude of the flavor-diagonal
components of the Hamiltonian to intuitively understand
why resonance occurs at specific directions in this band
structure. As suggested by the resonance condition in
Eq. (16), the resonant bands appear at angles where the
X} g terms in H; and Hy [Eq. (8)] cancel out vacuum and
matter contributions in such a way that H;  becomes the
dominant part of the Hamiltonian. If the spatial ELN
current J' is sufficiently large, then for directions near
the poles in Fig. 2, X} and X}, will be the most important
terms in Eq. (8) since these terms are linearin p - J'. (Recall
the polar direction in Fig. 2 is defined to be [Ji]¢, the
maximal flavor component of J*, so that | - J| is maximal
for @ ~ 0 or z.) Hence for directions near the poles we can
approximate H; ~Xf and Hi=ZX§. Also, since

5 = =357 we have that H; and Hy will in general have
opposite signs in these directions.

From here we see that the resonance bands must arise
due to the intermediate value theorem: as we move from
one pole to the other, X} and X will switch their signs due
to the p - J' dependence, so the same will happen to every
component of H; and Hg. Since H; ~ —Hp near the two
poles, at some angle the components of the two matrices
will cross each other and be equal. If H; and Hyp are

X1, = Xo.R
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FIG. 4. Plot of the diagonal components of the Hamiltonian
against the polar angle 6 at azimuthal angle ¢ = =, in the 2-flavor
approximation. Due to the angular dependence of Xj and Xf,
components of H; and Hy have a cosinelike variation with € and
tend to switch their signs as 6 increases from 0 to 7. Consequently
the diagonals of H; and Hy become equal at four locations,
corresponding to the four pairs of opposite-helicity diagonals.
These crossings line up perfectly with the resonance bands we see
in Figs. 2 and 3. Note the middle two crossings between H' 2‘/ r and
H;x/ . overlap almost exactly, so they appear as the single faint

band in Figs. 2 and 3.

approximately diagonal (as they are when flavor mixing
is minimal), then resonance bands appear at every loca-
tion where a diagonal component of H; becomes equal
to one of Hp, as in the simplified resonance condition
in Eq. (16).

Figure 4 illustrates this angular dependence of H; and
Hp, showing how the bands arise at points where the
components of these matrices cross each other. All ele-
ments follow a cosinelike dependence and switch signs
as @ varies from 0 to z. Comparing to Fig. 3, it is clear
that resonance bands appear where the diagonals of H
cross those of Hpy. For example, there is an angle where
H{¢ = Hf, which as we know implies that helicity
oscillations will be resonant in the e¢; = ep channel.
The angle at which this happens is exactly the position
of the e¢; = ep resonance band, and similarly the other
bands correspond to crossings between the other pair’s
opposite-helicity diagonal elements. Note again that we
have two distinct crossings H{¢ = Hy' and H}* = H§ that
are separated by less than 1073 radians, so these appear as a
single band.

There is a constant offset to the cosinelike variation of
the diagonals, which moves the resonance band crossings
away from the equator. This comes from the J contribution
to Xj p, which adds a direction-independent shift to the
potential. For the example point analyzed in this section, J
is large enough relative to J° that the diagonals of H have
opposite signs at the poles, so that resonance bands appear
by the intermediate value theorem, but if the shift from JO

were larger than the cosinelike variation from J' there
would be no crossing and hence no resonance bands. This
is the situation for many points in the merger which do not
exhibit resonance in any direction (see Sec. IV C).

Although resonance is present in our example cell, its
significance is extremely limited by the narrowness of the
bands. The directions for which Q > 1 collectively span a
solid angle of 6.2 x 1077 sr. Interestingly, the width of the
bands is determined purely by the factor of m'/|p| in
Eq. (8), and is the same for all points in the merger (for
neutrinos of a given energy). To see why, note that the
width of the bands for the transition a; = by is dependent
effectively on two parameters. On one hand, if the
simplified resonance condition applies, we can expect
resonance when |Hé%| > |H* — H%| so that the larger
|H$%| for some pair of flavor states the broader the
resonance band. On the other hand the width of a resonance
band is inversely proportional to the rate of change with 6
of the difference in diagonal components H¢* — H%” at the
crossing where the band appears. If the derivative of this
difference has a small magnitude at the direction where
the components become equal, then there will be a greater
angular width over which the difference is close to 0. The
width of the bands can thus be approximated as

i
o (e = )

Aeresonant ~

(28)

However, the factors of =y in |H¢% | cancel with the factors
of d(Z¥)/d6 in d|H¢* — H%|/d6, so that regardless of the
specific distribution of the neutrino flux at each point the
width of the band corresponding to any given flavor con-
version channel is the same, and is of order [m']*/|p|.
Unfortunately, this means we cannot expect the resonant
angle to get much broader in virtually any context (for
neutrinos of a given energy and mass).

Incidentally this is why the central ¢ = x bands are
extremely narrow compared to the e = ¢ and x = x
bands: |H$%| is far smaller than |H{%| and |Hy%| thanks
to the linear mass dependence of H .

2. Adiabaticity

As emphasized in previous work, for neutrino spin
oscillations to be important they must be not only be
resonant but also adiabatic in the sense that the oscillations
must evolve on a timescale that is shorter than the timescale
over which the Hamiltonian changes. Otherwise, reso-
nance can be lost before enough time has elapsed for
any helicity conversion to occur. This subsection is devoted
to a study of the adiabaticity of helicity oscillations at our
example cell.

Given that the Hamiltonian changes dynamically with
the neutrino distribution, a full nonlinear simulation of
flavor and helicity transformation is complicated and
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beyond the scope of this work. However, we can get a
handle on the adiabaticity of oscillations via the procedures
outlined in Sec. III A2; namely we can compute the
approximate timescale over which resonance will be
preserved by taking gradients of the merger snapshot data,
and we can compute a timescale for spin oscillations via the
corresponding off diagonal component of the Hamiltonian.
We can then determine the adiabaticity of oscillations by
comparing these timescales [Eq. (21)].

The timescale for an oscillation varies widely across
different resonance bands. The e¢; = ex and x; = xp
bands exhibit oscillations with periods of 1.4 ms and
0.7 ms, respectively, whereas the four narrow e; = xp
bands all have oscillation periods of over 31 ms. These
timescales are dependent on the size of the off diagonal
component |(v;|H|vg)| correspondent to each pair of
opposite-helicity states. Indeed it is no coincidence that
the resonance bands with the least energetic oscillations are
also the narrowest; both of these are damped by a small off
diagonal component.

This is the main bottleneck in the significance of spin-
flip effects in mergers and supernovae. The off diagonal
block H,  is inversely proportional to the magnitude of the
neutrino momentum, and it is linear in the mass matrix
[Eq. (8)], so that it is generally extremely small. Oscillation
timescales are therefore usually far too long to produce
substantial helicity conversions. Several studies have
searched for conditions under which electron neutrino
spin oscillations are sufficiently adiabatic with y,, > 1
[Eq. (22)], to no avail [67,68].

However, we have found that incorporating the direc-
tional dependence of y,, actually gives rise to directions
that satisfy both the resonance and adiabaticity conditions,
largely due to the inverse dependence on the gradient
V, H¢¢. If this gradient takes different signs at two opposite
directions, there will be a crossing for which it becomes
arbitrarily close to 0, so that y,, > 1.

Figure 5 shows how |V, H¢¢| and y,, vary along the
e; = ep resonance band highlighted in Fig. 2, with the
position on the band parametrized by the azimuthal angle
¢. We see that there are two points where V,H¢ crosses 0
(kinks in the top panel), allowing the adiabaticity condition
to be satisfied (peaks in the bottom panel). In these
directions, significant helicity transformation is in theory
possible.

The width of these crossings, however, is extremely
narrow. In Fig. 5, the total azimuthal angle for which
y > 1is 1.0 x 10~ rad, corresponding to a solid angle of
1.0 x 107'® sr that is both resonant and adiabatic. Such a
small angle is unlikely to contribute significantly to helicity
conversion in the evolution of the merger. Nonetheless,
broader adiabatic regions could appear if the overall
gradient of H{¢ at this point had a smaller magnitude.
This would make the directional derivative V,H$¢ cross 0
more gradually (top panel of Fig. 5), leading to a broader
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FIG.5. Gradient of the left-handed electron diagonal element of

the Hamiltonian (top) and the adiabaticity y as defined in (22)
(bottom) for directions on the e = e resonance band shown in
Figs. 2 and 3, parametrized by the azimuthal angle ¢. We see that
the gradient crosses 0 at two points, where y consequently grows
to infinity. However, the width of directions for which y > 1 is
very small.

adiabatic region where V, H¢¢ is sufficiently close to 0.
Increasing H{¢, would also increase the size of the adiabatic
region.

Crucially, we are limited to computing derivatives using
finite-width grid cell data, so this analysis assumes gra-
dients in the background vary slowly on scales smaller than
the grid cell size. By the same token, for this analysis to be
valid we must demand that the timescale for a spin
oscillation in some resonant direction be comparable to
or smaller than the time it takes a neutrino to cross a grid
cell, since our first-order gradient analysis does not give us
information about changes in the background on scales
much longer than that.

Unfortunately, there are no cells in the merger that can
come close to satisfying this restriction. The point shown
here has an oscillation length scale about 600 times longer
than the grid cell size for resonant e; = ey conversions, so
that even along the particular direction where the adiaba-
ticity condition is satisfied (Fig. 5), significant helicity
transformation is still extremely unlikely to occur. Other
locations in the merger tend to have similar or even longer
oscillation length scales; see Sec. IV C for further details.

These results suggest that significant spin oscillations are
extremely unlikely at this example point, in line with
previous results. A full-momentum-space analysis of spin
oscillations shows that an extremely small range of
directions at any point can actually be resonant, spanning
a maximum of about 4.7 x 10~7 sr for our choices of
neutrino mass and energy. Our direction-dependent
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analysis does produce specific directions for which oscil-
lations satisfy the adiabaticity condition [Eq. (21)], but
these range about 107'¢ sr, and neutrinos traveling along
these directions are still unlikely to experience significant
helicity transition due to the extremely long length scales
associated with this effect.

B. Effect of the fast flavor instability

In regions unstable to the FFI, the neutrino distributions
quickly evolve to erase any existing ELN crossings. The net
result on the total number of each flavor at our test point is
displayed in Fig. 6. After the FFI saturates, the total
numbers of electron neutrinos and antineutrinos decrease
while the number of heavy lepton neutrinos increases.
These transformations proceed in a way that preserves
n, — ny, for each neutrino flavor a, since we only consider
the neutrino self-interaction Hamiltonian here. Even though
the net lepton number is conserved for each flavor, the net
flux is not, and the magnitude and direction of the flux
vectors change significantly.

The helicity—off diagonal components of the Hamiltonian
in Eq. (8) are sensitive to these changes. In Fig. 7, we
demonstrate the time evolution of all components of H; g
along a direction parallel to and a direction perpendicular to
the initial net neutrino current Tr¢[J]. We see that the
instability leads to substantial and direction dependent
changes in the magnitude of different H;p components.
These changes are most pronounced for directions nearly
parallel or antiparallel to Tr;[J']. In any case these trans-
formations are crucial to the significance of spin oscillations
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FIG. 6. Evolution of the number density of each neutrino flavor
due to the fast-flavor instability. There are initially more electron
neutrinos (solid blue) than electron antineutrinos (dashed blue)
and heavy lepton neutrinos (green and red). In this case, by the
end of the simulation there are similar numbers of all neutrino
types, although this is not always true. Not shown are the changes
in the magnitudes and directions of the flux of each neutrino
flavor.
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FIG. 7. Change in |H¢| during the FFI at our sample point,
along a direction initially parallel (top) and perpendicular
(bottom) to |Ji| (polar direction in Fig. 2). The change in the
helicity-flip Hamiltonian depends on the component and the
neutrino direction. The legend labels components of Hjp
according to the flavor channel they correspond to.

at a point since, as discussed in the previous section, the
magnitudes of the elements H¢% are factors in the angular
width of the directions that exhibit spin resonance.

The directions and conversion channels for which spin
oscillations are resonant are also affected by flavor mixing
in the FFI. The postinstability resonant directions for our
example point are shown in Fig. 8, at a timestep of 0.43 ns.
As in Fig. 2, resonance is indicated by a large value of Q
[Eq. (14)]. We still have a band structure, but due to the
change in magnitude and direction of the net flux, the bands
have rotated and moved in such a way that they are no
longer symmetric around the polar axis.

Some of the bands have also separated from each other.
Recall that in general we should have nine resonance bands
spanning nine possible orthogonal flavor conversion chan-
nels, which in Fig. 2 were clumped together into three
closely spaced or overlapping groups of bands due to
degeneracy in the heavy-lepton flavors. This degeneracy is
slightly broken as a result of different heavy lepton flavors
evolving independently in the simulations of the FFI,
separating out different flavor conversion channels.

For example, in the preinstability case the heavy lepton
X; = xp band in Fig. 2 corresponded to four resonance
bands that overlapped entirely, so that any helicity con-
version between heavy lepton states was resonant there.
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FIG. 8. The same directional plot of the resonance parameter €2

[Eqg. (15)] as in Fig. 2, and at the same location in the merger, but
after the fast-flavor instability has transpired. The polar direction
has not changed—it is the preinstability direction of Tr;[J]. The
resonance bands seen initially in Fig. 2 have separated into
several more visible bands, and these no longer lie symmetrically
around the polar direction.

After the instability, this band has split into four distinct
subbands as shown in Fig. 9. (note two of the subbands are
so close together they look like a single band in Fig. 9;
however they do not overlap completely.) Each of these is
resonant between two heavy-lepton flavor superpositions.
Hence, while prior to the instability resonant oscillations

were possible between any pair of heavy lepton states, after
the instability these are only possible in four distinct
channels at each of the four separated bands.

Flavor mixing also causes a breakdown in the simplified
resonance condition. To illustrate this, in Fig. 9 we plot the
locations satisfying the simplified resonance condition in
the 7;, = 7z and y; = pi channels. Before the instability,
these lie inside the resonance band with Q > 1; after the
instability these locations lie between the split subbands;
hence resonant 7; = 7y and y; = pg conversions become
impossible. This demonstrates the relative advantage of
the generalized condition Q > 1, which applies even in the
flavor-mixed case and encompasses all flavor conversion
channels simultaneously.

The width of the resonance bands changes due to the
FFI, but marginally. Postinstability the resonant solid angle
decreases to 4.7 x 1077 steradians. This change is caused
by the splitting in the heavy-lepton conversion band, which
was broadened in the preinstability case because of the
overlapping in the constituent subbands. In general, reso-
nance bands have a fixed width dependent purely on
[m?]*/|p| [Eq. (28)].

Just as before the instability, there are crossings in the
gradient that cause certain directions to become adiabatic.
The variation of the adiabatic index with the azimuthal
angle across the e; = ex resonance band is shown in
Fig. 10 (compare to Fig. 5). We see that the sinusoid
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FIG. 9.

An enlarged version of Fig. 3, showing the heavy lepton x; = xj resonance band before (left) and after (right) the fast-flavor

instability. We plot 6 against the resonance parameter Q at azimuthal angle ¢ = #, as in Fig. 3. After the instability the heavy-lepton
bands, which were previously overlapping, separate into four subbands (the middle two are so close together that they look like one band
in the right panel, but they are in fact separate.) Directions satisfying the simplified resonance condition in the 7 = 7 and y = pu
channels are indicated. Preinstability, both these directions line up perfectly with the overlapping bands so that oscillations are resonant
in these channels. However, flavor mixing causes the degeneracy in heavy lepton flavors to break down so that these directions no longer
match up with a resonant region as seen in the right panel; after the instability there is no resonance in the 7 = 7 and g = u channels,
and the simplified condition breaks down. The generalized conditions still finds the resonant directions.
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FIG. 10. Gradient of H{° (top) and the adiabaticity y as
(bottom) along the e = e resonance band after a fast-flavor
instability. Comparing with the preinstability case, Fig. 5, we see
that the entire distribution of H{¢ values has shifted upward so
that the crossings are closer together and wider as they occur at a
flatter part of the sinusoid.

dependence of the gradient V,H{¢ has shifted upward, so
that the angles where it crosses 0 are closer together.

The total adiabatic and resonant solid angle is still about
107" sr, but this upward shift of the gradient suggests a
possible way of getting a broader angle: if the shift were
larger, so that the tip of the sinusoid just barely touched 0,
the crossing would be much broader as it would occur at a
shallower slope. Of course, if the shift were larger still,
there would be no crossing at all and therefore no adiabatic
direction. We will see in Sec. IV C that this happens at
several locations.

All in all, flavor transformation effects do not seem to
significantly change the total solid angle spanned by
directions that are resonant and adiabatic, although the
exact distribution of these directions—and the flavor
channels in which resonant oscillations occur—is changed.
This adds another barrier to helicity oscillations, since
neutrinos traveling along resonant directions will stop
being resonant if a fast-flavor instability shifts the reso-
nance bands, which can happen—as it did for this cell—in
less than half a nanosecond.

C. Spin oscillations throughout the neutron star merger

In this subsection we generalize the analysis of the single
point described in the previous subsections to the data
of the entire merger snapshot. First, we detail where the
conditions for resonant spin oscillations and for a fast-
flavor instability are satisfied. Then we generalize the
“resonant band” analysis from previous subsections,

showing how the shape and position of these bands vary
at different locations. Next we show the magnitude of the
resonant and adiabatic solid angle for a subsection of the
merger and show how this is affected by the fast-flavor
instability. Finally we demonstrate that there is only a
limited region where spin oscillation length scales are short
enough that the adiabaticity condition of Eq. (21) can be
faithfully employed.

1. Conditions for flavor instability
and helicity resonance

In Fig. 11 we highlight regions that have at least one
direction satisfying the simplified resonance condition in
the e; = er channel [Eq. (17)], as well as regions
satisfying the ELN crossing condition for a fast-flavor
instability, for three cross sections of the neutron star
merger simulation. The left cross section is taken near
the center of the merger (which is at z = 0); the center and
right cross sections are taken near the poles. Note we can
use the simplified resonance condition since the preinst-
ability Hamiltonian at all locations in the merger is
approximately flavor diagonal (up to mixing in the heavy
lepton flavors).

As reported in [104], the fast-flavor instability is
extremely pervasive (blue and red) especially near the
poles where it is expected to occur almost everywhere. The
prevalence of flavor instabilities exemplifies the importance
of considering spin oscillations in the mixed-flavor case.

Additionally, we see broad regions for which e; = e
spin oscillations are resonant in some direction (orange and
red), and these resonant regions almost universally also
satisfy the condition for a fast-flavor instability (red) with
only a small region in the right panel satisfying helicity
resonance exclusively. Any location in these regions
presents an e¢; = ep resonance band similar to that of
Fig. 2. We see that resonant spin oscillations are common at
the poles but are rarely present closer to the center of the
merger. Note that points not in the red or orange regions
could still present resonance in other flavor channels.

2. Resonance bands

Figure 12 shows the preinstability and postinstability
resonant bands at three other locations in the merger for
comparison with the example point of Secs. [IVA and IV B.
The locations of these three points, as well as the location of
our original example cell, are marked with green letters
in Fig. 11.

Figure 12 shows that the specific angular position of the
resonance bands is highly location dependent, as is the
effect of the fast-flavor instability. Points can have reso-
nance bands at any polar angle, and their separation can be
as small as 0.15 radians (point C) or they can span the entire
range of polar angles (point B). Close to the boundaries of
the red resonant areas seen in Fig. 11, the ¢; = ey band
tends to get closer to the poles, and ultimately vanishes for
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FIG. 11. Regions where the ¢; = ey spin-flip resonance condition [Eq. (17)] and the maximum entropy angular ELN condition for a
fast-flavor instability [103] are satisfied, shown for three cross sections of the neutron star merger simulation at different values of the z
coordinate. Blue points satisfy only the fast-flavor instability condition, orange points satisfy only the spin-flip resonance condition, and
red points satisfy both simultaneously, indicating the possibility for interactions between the two effects. We see most points that are
resonant satisfy the fast-flavor instability condition, so that orange points are relatively scarce: it is rare that spin oscillations can be
analyzed in the absence of flavor mixing. Green letters represent the points for which we show resonance bands in Fig. 12; the x marker

represents the example point we discussed in Secs. IVA and IV B. The yellow square indicates the area where we will run our

adiabaticity analysis later in this section.
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FIG. 12. Resonance bands before the fast-flavor instability
(left) and after (right) for three other points in the merger at
locations marked by letters in Fig. 11. We see that the initial polar
angle at which the bands are located varies for different locations,
and the exact splitting and rotation of the bands due to the
instability varies as well. In general, points that have resonant
directions always have those directions distributed in this
azimuthally symmetric structure, with a maximum of nine
(possibly overlapping) bands.

nonresonant (blue/white) locations. Other resonance bands
are almost never present far away from the red regions with
e; = ep resonance.

Interestingly, the fast-flavor instability can cause reso-
nance bands to get pushed off the spectrum entirely, as in
point B where resonance in the ¢; = ey channel is lost.
We expect the FFI could also cause resonance to appear at a
point where it was absent, though we could not find any
points that exemplified this.

Note the width of these resonance bands is almost the same
for each plot and only changes due to either one of the bands
being absent or overlapping bands separating out due to the
FFI as in Fig. 9. A band encompassing resonance between
flavors a and b has a width around [m']* /| p| regardless of
the background matter and neutrino distribution. In any case,
we never see a total resonant angle greater than 107 sr for
neutrinos of our selected mass and momentum.

3. Resonant and adiabatic directions

We saw in Sec. IV A that for our example point there were
specific directions that were resonant and also satisfied the
adiabaticity condition of Eq. (21). We now determine if other
points in the merger present such directions and what range
of resonant and adiabatic solid angles we can expect, before
and after a fast-flavor instability.

Due to the computational intensity of finding the span of
these resonant and adiabatic directions we limit our
analysis to the cross sectional region highlighted in a
yellow dashed rectangle in Fig. 11. Figure 13 shows the
total resonant and adiabatic solid angle for cells within this
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FIG. 13.

Total resonant and adiabatic solid angle for the section of the merger highlighted in a dashed yellow square in Fig. 11, before

and after the fast-flavor instability. The example point of Secs. IVA and IV B is marked with a black x. We see that the fast-flavor
instability causes a decrease in the size of the resonant and adiabatic angle for most points in this region, and often makes this angle

disappear entirely.

region, before and after a fast-flavor instability. We see that
almost all cells present solid angles between 10~'3 and
10717 sr, and that the values tend to decrease after the FFI.

Note that many points lose their resonant and adiabatic
directions entirely after the instability. This can either be
due to the resonant bands shifting past the poles or, more
usually, due to the V, H¢¢ distribution shifting so far up that
it no longer crosses 0 at any point (compare Figs. 5 and 10).
It is not clear if the tendency for the solid angle to decrease
or disappear is unique to this small region or if it is a
general quality of the FFI. Note there are points that
increase their solid angle substantially.

Regardless, as we determine in the next subsection, this
analysis is overturned by the fact that the timescale for an
oscillation is so large that even directions satisfying the
adiabaticity condition are unlikely to present significant
oscillations.

4. Spin-oscillation length scale

The off diagonal components of the Hamiltonian H;
determine the wavelength on which neutrinos change
helicity, and if these wavelengths are small compared to
the length scales over which the background changes then
the neutrinos can be expected to traverse the resonance
adiabatically, so that a large amount of helicity trans-
formation can be expected.

In Fig. 14 we show a logarithmic histogram of the
magnitude of H{% for points in the merger presenting

10%F

102 3

Cell Count

10'F

0
0.0 05 10 15 20 25

|HSS| (eV x10712)

FIG. 14.  Alogarithmic histogram plot of the magnitude of H{%,
the helicity—off diagonal component channeling electron neutrino
spin oscillations, for the data of all cells in the merger presenting a
resonance band. The green band contains the cell we chose as our
example point in Secs. IVA and IV B. A wavelength twice the
size of a grid cell corresponds to an energy of 4.6 x 10710 eV;
cells presenting energies much lower than that cannot be used in
our adiabaticity analysis.

resonance in the ¢; = ey channel (red and orange areas in
Fig. 11). The bin highlighted in green contains the example
point of Secs. IVA and IV B, which we picked to have a
particularly large H{%. However, even this point has an
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oscillation length scale of 415 km in the e¢; = ek channel,
an order of magnitude longer than the radius of the entire
merger, and almost all other locations will have even longer
scales.

The upshot is that even for directions satisfying both the
resonant and adiabatic conditions, significant oscillations
are virtually impossible as the oscillations will transpire on
far too long a distance. The standard adiabaticity condition
of (22) is not an accurate signaler of significant oscillations
in this case because it only accesses local, first-order
changes in the background.

V. CONCLUSIONS

We search for conditions conducive to Majorana neu-
trino helicity oscillations in a three-dimensional general-
relativistic snapshot of a neutron star merger that occur
purely due to anisotropy and inhomogeneity of the matter
and neutrino distributions. Assuming neutrino masses
within experimental bounds, we corroborate previous
studies based on simpler models by demonstrating that
very little helicity transformation is likely to take place. We
find spin oscillation length scales to be on the order of
several hundred kilometers, longer than the diameter of the
entire merger, even following the effects of the neutrino
fast-flavor instability.

We construct a metric for helicity transformation reso-
nance [Eq. (14)] that is applicable for a general mixture of
neutrino and antineutrino distributions of all three flavors,
and demonstrate that it simplifies to a previously proposed
resonance metric when heavy lepton neutrinos and anti-
neutrinos have identical distributions. We also estimate the
adiabaticity of neutrinos passing through such a resonance
for an arbitrary combination of left- and right-handed
states [Eq. (21)]. This treatment allows us to estimate
the prevalence of helicity transformation after the fast-
flavor instability mixes the neutrino distributions.

At each location in the merger we identify the neutrino
propagation directions along which neutrinos experience
helicity transformation resonance (e.g., Fig. 2) and identify
a series of directional bands that each correspond to a
particular helicity transformation mode. Although a sig-
nificant fraction of the volume in the polar regions of the
merger contains some direction along which there is
resonance (Fig. 11), the angular width of the resonant
regions, and therefore the amount of neutrinos capable of
experiencing resonance, is extremely slim at around
5 x 1077 sr. This angular width is the same everywhere
in the merger, since it is only a function of the m/|p| ratio.
This adds yet another barrier to the feasibility of significant
helicity oscillations in mergers without additional contri-
butions from other effects like extreme magnetic fields.

Previous work has demonstrated that even if neutrinos
experience resonance, they do so nonadiabatically such that
no significant helicity transformation occurs. We demon-
strate that along the resonant direction bands (e.g. in Fig. 2)

there is often some direction along which the adiabaticity
condition, Eq. (21), is satisfied (Fig. 5). However, the solid
angle of directions that are simultaneously adiabatic and
resonant is only on the order of 107!3 steradians. In
addition, even those directions that satisfy Eq. (21) have
oscillation length scales larger than relevant dynamical
scales in the neutron star merger (Fig. 14), indicating that
local adiabaticity would likely be destroyed by larger-scale
fluid motions before significant helicity conversions have
time to transpire.

While we only sample discrete locations within the
merger, what is a narrow pencil in resonant/adiabatic
directions for a specific location will sweep out arcs when
moving to nearby conditions. This could make it much
more likely that a given neutrino will pass through an
adiabatic helicity resonance somewhere, but the magnitude
of this effect is difficult to quantify, and we consider it
unlikely to make a significant number of neutrinos undergo
helicity transformation.

In agreement with previous studies, we show that a large
fraction of the volume is unstable to the neutrino fast-flavor
instability, and most of the locations exhibiting helicity
resonance are unstable (Fig. 11). We perform simulations
of the fast-flavor instability in a subset of the domain, and
demonstrate that the instability modifies the strength and
directional structure of the helicity-changing Hamiltonian
(e.g., Fig. 7). This results in a shift in the structure of the
directional resonance bands (Fig. 8), and breaks degener-
acies between helicity transformation modes (Fig. 9).
Although the fast-flavor instability erases helicity reso-
nance in some locations and creates resonance in others, the
magnitude of the effect is not large enough to significantly
increase the overall expected number of neutrinos that
change their helicity state.

Although this study corroborates the claim that no
significant helicity conversion occurs, we do not consider
effects from magnetic fields on the neutrino magnetic
moment, and do not consider implications for Dirac
neutrinos. Our analysis is limited to a single snapshot of
a single neutron star merger simulation, and different stages
of the merger could lead to different regions experiencing
helicity resonance (although the suppression from the
neutrino mass would make a departure from these con-
clusions unlikely). Finally, the actual amount of helicity
transformation for a given neutrino should ideally be
computed with calculations similar to those carried out
for simplified models (e.g., [67]), but this will be left to
future work.
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APPENDIX: PROOF OF GENERALIZED
RESONANCE CONDITION

Here we derive Eq. (14), a necessary condition for
resonant helicity oscillations that can be applied in the
multiflavor case.

First some notational definitions: given a state vector |v)
we define the subscript notation |v),, |v) to represent the
vector’s unnormalized projections onto the left- and right-
handed subspaces, respectively, with duals given by ; (v],
z{(v|. For example, a 2-spin state vector |v) = \/LE (11y + |r))
would have |v), :%U) (setting the right-handed part
to 0). With this notation in mind we can begin the proof.

Consider a spin-1/2 neutrino state vector |v(t)) of Ny
neutrino flavors that evolves under a Hamiltonian H with
eigenvectors |1;) and eigenvalues E; the time evolution of
the state is then given by

2Ny

) = azemEr|Ay) (A1)
=1

for some coefficients a; = (4;|v).

Assume that at ¢t = 0 the state is purely left-handed, and
that the state exhibits resonant helicity oscillations so that at
a later time ¢ the state is purely right-handed. Using our
projection notation we can write

Ny

Z a;ld;)r
=1

=0,

|L(0))kl = (A2)

ONp

1)) el = | D aje™™" |/1,~>R‘ =1 (A3
=1

Without loss of generality, assume |a;]|[4;)]| > |a;|]|4;)]
for all j.
Taking the inner product with |4,), in Eq. (A2), we get

Ny
Z ajp(4jlAr)g =0 (A4)
=1

2Ny
= —aig(hli)g = ZajR</1j|/11>R (AS)
=2
2Ny
. (A6)

= laglllan)e? < lajllzdl40)r
=2

where we have applied the triangle inequality in the last
line. We will now manipulate Eq. (A6) to arrive at an
inequality involving only |, (4;|4;)g|, which will give us a
restrictive condition on resonance.

We first use the Cauchy-Schwartz inequality on the rhs
of Eq. (A6), treating the |a;| and |, (4;|4;) | as components
of 2n — 1 dimensional vectors:

2N 2N 2N

> laillelila)el < | D lail?y| D le(ilangl. (A7)
J=2 J=2 J=2

The first root on the ths of Eq. (A7) can be simplified via
the normalization condition of the initial state:

ONp

Z |aj|2 =1-—|ay.
j=2

To simplify the other root, first note that (1;[4;) =
r{Ajl4)k + (4141 g = g{4;l41) . and hence that

(A8)

2N 2Np
Z R 1A0RI = Z (41200 &[> (A9)
2Ny
= D_II)P = [ulagl? - (A10)
= [[A1)rl? = 1141)gl*. (A11)

Substituting Eqs. (A8) and (All) into the rhs of
Eq. (A7), combining with Eq. (A6), and rearranging, we get

|a, | < 1_||/11>R|2

Vi=laiF ™ Akl

We now seek to eliminate |a; | from the above inequality to
get an expression involving only ||4;)g]-
Recalling Eq. (A3), we have that

(A12)

2Ny

L= ae " |2;), (A13)
j=1

ONg 2N

<D laem el =D lajlllagl - (A14)
j=1 j=1

2Ny

SZ|“1||M]>R| = 2Nplay[||A1)l, (A15)
=1

using the triangle inequality and the fact that |a,||[4,)| >
|la;|[|4;)| for all j. It follows that
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1 1
a| > > Al6
2z (o) 09
since ||4;)g| <1, and thus
1
o b (A17)

VI=laP ™ 1= G

since this is an increasing function on 0 <|a;| < 1.
Inserting into Eq. (A12), we have

1
_1 1— 2
(ZNF)I - < ||l ||>/11|>R <A18)
1= (53,) 1/R
Solving for ||4)g]| gives
2 L)?
<l—-|= Al
af <1= (55 (A19)

and since |[4;)g]> +|]41). > = 1 (as this is an orthogonal
decomposition of a unit vector) we can also infer that

il (53-) (A20)

Since our argument applies equivalently if we invert the L
and R subspaces, we can equivalently infer that resonance

requires
1 2
el (=),
er > (53

P <t— (1Y
VLl = ONg)

Combining these inequalities, we have that a necessary
condition for there to exist some state presenting resonance
is that at least one eigenvector ||4;)| of the Hamiltonian
satisfies

(A21)

(A22)

1 2
llaa? = el <1-2(5-) (a2

or as expressed in this paper, the generalized resonance
condition is expressed in Eq. (14).
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