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Thermal noise in the mirror coatings limits the accuracy of today’s most optical precision measurement
experiments. Unlike the more commonly discussed thermal phase noise, the crystalline coating can
generate thermal birefringent noise due to its anisotropic nature. In this study, we propose that the
nondiagonal anisotropic photoelastic effect induced by the Brownian motion of mirror coating layers may
contribute to this noise. Employing a standard model for the coating surface, we calculate the spectrum of
the nondiagonal anisotropic Brownian photoelastic noise to be 1.2 x 10~"! p¢;yf~'/2/Hz!'/2. Further
experiments are warranted to validate the influence of this effect and reduce its uncertainty. Our findings
highlight that for high-precision experiments involving optical resonant cavities targeting signals imprinted

in optical polarizations, this noise could emerge as a limiting factor for experimental sensitivity.
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I. INTRODUCTION

The investigation of thermal noise in multilayer-coated
mirrors is crucial for understanding its impact on the
sensitivity of high-precision measurement experiments
conducted within optical resonant cavities. Prominent
examples include laser interferometer gravitational-wave
detectors [1-5] and optical clocks [6—-11]. While the
thermal noises in these experiments have traditionally
centered on the optical phase effect, extensively explored
in prior studies [7,12—14], we direct attention to experi-
ments involving signals imprinted on the polarization of
light, such as the measurement of vacuum magnetic
birefringence (VMB) [15-19], or the search for axionlike
particles [20-22], where thermal birefringent noise
emerges as a key factor.

Low-loss mirrors are constructed by sequentially depos-
iting two different materials onto the substrate, resulting in
thermal noise contributed by the coating, the substrate, and
by their interface. Here the coating is the main contributor
because that optical field is circulated within the cavity by
reflecting from the coating layers. Coating thermal noise has
two potential sources: (1) temperature variations due to
thermal dissipation and (2) Brownian motion due to
mechanical dissipation. Because of their low mechanical
losses, crystalline coatings have lower Brownian noise than
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amorphous coatings [23,24]. However, due to the aniso-
tropic nature of the crystalline coating, its optical properties
may exhibit an anisotropy which is different from that of the
amorphous coatings.

Recent investigations into polarization fluctuations result-
ing from temperature fluctuations and the anisotropic
thermal properties of crystalline coating materials, so-called
thermorefringent noise, have been reported [25]. Previous
studies [26,27] have considered the photoelastic effect due
to Brownian motion in the coating layers, but included only
the isotropic part which is the block diagonal terms in the
photoelastic coefficients matrix. The optical anisotropy
produced by the photoelastic effect can be divided into
two types. The first one is due to the unequal diagonal
elements which produce the birefringence, and this effect
has been studied [16] previously. The other one is due to the
nondiagonal elements, which leads to the variation in the
angle of birefringence (see Sec. II A), which remains
unexplored. In this work, we will explore the possible
Brownian noise contributed by the nonzero off-diagonal
photoelastic coefficients, which could result from the strains
induced during the manufacturing process.

Brownian motion of the coating layer, through the
nondiagonal anisotropic photoelastic effect, can lead to
fluctuations in the polarization state. This noise will appear
in the polarization mode that is perpendicular to the incident
polarization, termed in this paper as nondiagonal anisotropic
Brownian photoelastic (NABP) noise. This noise has the
potential to limit the performance of VMB experiments and
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FIG. 1. Structure of multilayer coated mirror. The light colored

part represents the coating layer; the dark colored part represents
the substrate. The subscript 1 represents GaAs layers and 2
represents AlGaAs layers in our experiments. The thickness of all
coating layers is /4 except the first one, which is 1/2.

other precision optical polarization measurement experi-
ments. Therefore, experimental characterization of the off-
diagonal photoelastic coefficient of the coating materials is
necessary for an accurate assessment of the NABP noise.

This paper is structured as follows: In Sec. II, we begin
by introducing the theoretical model of the photoelastic
effect and its impact when light traverses an anisotropic
photoelastic medium. Subsequently, we give the expression
for the polarization fluctuations of the reflected light
employing the standard structure of mirror coating. In
Sec. III, the noise level of the thermal birefringent noise
contributed by the nondiagonal anisotropic photoelastic
effect is calculated and compared with other noise. Finally,
Sec. IV summarizes our principal findings and engages in
future avenues of research.

II. THEORETICAL MODEL
A. Photoelastic effect

The photoelastic effect, denoting the change in refractive
index induced by mechanical strain, is characterized by
symmetric tensors representing the strain (u;;) and the
change in the optical indicatrix (AB;;). Utilizing contracted
indices (i, j € xx, yy, 7z, yz, zX, xy rather than x, y, z) for
these tensors, the photoelastic effect can be expressed in a
vectorial form:

AB; = Pijuj, (1)

where AB; is the change of the optical indicatrix, p;; is
photoelastic tensor, and u; is strain components (we follow
the conventions used in [28] where the six independent
matrix elements of ;; are summarized as one vector u;, the
same for the relationship between the AB;; and the AB;).

Since fluctuations caused by photoelastic effect in the
transverse direction are much smaller than in the longi-
tudinal direction [14], we only consider the variation of the
refractive index caused by the change of coating thickness,

AB; = p;éd/d, (2)

where 6d/d denotes the change in coating thickness. Since
light propagates along the z axis (see Fig. 1), and the optical
field is confined to the x-y plane, the optical indicatrix B is
given by

_ |:Bxx 0 ] n [PB Peﬂ od

— (3)
0 By, Pes Pl d
while the dielectric tensor € is inverse of B. To the first

order of &d/d, the dielectric tensor reads

e=B"!
P13<”§>

-[% <:§>]‘[p63<nz><n§> pﬁ(nm@]é_d W

P23 <”§> d’

where (n,), (n,) is refractive index in the x, y direction,
(n,) = Bw/?, (ny) — B}/ The strain variation 5d/d
changes the principle directions of the dielectric tensor,
where the refractive index and the new principle directions
are given by the diagonalization of &:

3
p13{ny) éd
o (ny) - e B
px(n3) éd
n, = (ny,) — > k R (6)

with corresponding eigenvectors

T

Vo~ {0} +M5_d[l]

1] (nd)—(nd) d |0]

(8)

This fluctuation in eigenvectors is equivalent to intrinsic
birefringence of coating rotated by a small angle,

e = T

Notably, while the influence of p;; and p,; on fluctuations
in n, and n, has been previously studied [26], the impact of
the pgs3 term, leading to fluctuations in the angle of intrinsic
birefringence, remains unexplored.
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Typical optical materials used in the crystalline coating
are GaAs/AlGaAs. Theoretically both materials are iso-
tropic and therefore do not have nondiagonal photoelastic
coefficients pg;. Here we propose two possible physical
scenarios for producing a nonzero pg;. Since the thermal
expansion coefficients of the coating o and the substrate
a are different, the thermal elasticity will induce a strain in
the coating layers when the temperature drops from the
manufacturing temperature to the room temperature [29]:

ol
7= (e —ag) AT =2 x 1073, (10)

Theoretically, the coating film is stressed uniformly, which
means that the lattices on the coating surface are all
exposed to the same stresses, and the direction of the
stress is along their location to the center of the mirror. For
most of the lattices on the coating surface, the direction of
the crystal axis and the stress are different. This lowers the
symmetry of the crystal system from cubic to monoclinic or
triclinic [30], thus producing a nonzero pg;.

Another possible mechanism is that the deformation of
the top layer is less than that of the layer closest to the
substrate, creating a shear strain at the area where the light
spot stays:

5lt — (Sls Wo

S = ,
[ d

(11)

where wy is the beam radius, d is the thickness of the full
coating layer, and 6/,/1, 6/l are the strains in the top and
substrate layers, respectively. This shear strain could
lower the symmetry of the crystal system from cubic to
triclinic [30], thus producing a nonzero pg3. The value of
Pe3 Needs to be measured by further experiments, and in
this paper we temporarily use 1% of the photoelastic
coefficient p; to demonstrate the influence of this effect.

B. Light penetration in mutilayer coating

The conventional structure of a low-loss mirror coating,
depicted in Fig. 1, consists of N pairs of layers with high
and low refractive index. The thickness of most coating
layers is A/4, except for the top layer which has a thickness
of /2. To compute the light field reflected from the mirror
coating, we adopt a method similar to that employed
by LIGO in calculating thermorefringent noise [25].
Commencing with transfer matrices for a unit cell, we
deduce the matrix representing the fluctuations in the
optical field reflected from the mirror coating.

1. Transfer matrix of a unit cell

As mentioned above, mirror coating consists of repeating
pairs of high and low refractive coating index layers, we
denote the propagation matrix of the ith layer pair as a unit
cell propagation matrix ®;. A unit cell is composed of two

layers and two interfaces between them. A four-dimen-
sional vector is used to represent the light propagating
through the coating:

Ex+
E,_

E,

: (12)

where x, y is the direction of polarization, and + represent
the (right/left) direction of light propagation.
The propagation matrix in the bulk medium is

(1)
T — lT’C 0

, (13)
o T

where superscript I denoted the material (I = 1/2 repre-
sents the GaAs and AlGaAs). T)(CI) and Ty) are the
propagating matrix of the electric field E,,, with the
coordinate system using basis vector vy, v, (in [25], these
two vectors are defined as “coordinate vectors”), which is

the same in Egs. (7) and (8), TE,I) is

—inkal"
o _ le o m(f))kdm]’ (14)
e'Ma kd;

where ngl) is the refractive index in the material / along the

a direction, k is the wave vector of the incident light, and
dl(-l) is the thickness of the material / in ith layer. Since the

coordinate vectors of a layer fluctuate by an angle 66,
which is obtained by Eq. (9),

Wpt sqlh I 1
_"?—(’;lﬁ{ﬂnl)z PO 5d5 )= 5dl(' )
50 = . 5(12)[ 1 . (15)
_ Pt odi 5dz(' ) _ 5dl(' )

=l rAm) g7

where the 5d§1> represent the deformation of the material /
layer in the ith unit cell. Here we denote the optical
anisoptropy using the difference of refractive index along
x/y directions n!, = n} + An; and we have An;/n} < 1.
The RU) is the transfer matrix of the interface between
material / and J, which is combined by a rotation matrix
and the transfer matrix:

r(12) (12) . 1
Iy cos(60) —ryy sin(60

ROD = | (86) o @)1, (16)
_r&x ) sin(560) rﬁy)cos(ée) ]
ro21) @1) . 1
Iy, cos(68 Iy, sin(66

RCD = | (%6) o @0) 1 (17)
i —rg,x ) sin(50) rfw ) cos(60) |
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FIG. 2. Definition of the unit cell, the incident cell, and the
substrate cell when calculating a different material coating layer.
The unit cell is marked with shadows and solid lines.

) . . . . .
where rgbj ) is transfer matrix of interface without consid-

ering the polarization (both sides in the same polarization
direction):

n}]]) ”57!)
1 I+ 11—
r(I]) _ = ng na (18)
ab "9 mY NUN N
b b
- By I+ By

which is described by the boundary conditions derived
from Maxwell’s equation [25].

As we shall see in the next section [Eqgs. (21) and (22)],
to the first order of the strain deformation, the contributions
of different layers to the propagation matrix are indepen-
dent of each other, and the strain modification of the full
propagation matrix can be obtained by adding the con-
tributions of all layers. Therefore, the key component of our
calculation is the strain modification of a single layer. In the
upper panel of the schematic diagram of the coating cell
(Fig. 2), the strain deformation dd; of the layer dgl) can
influence the interfaces with two neighboring layers
marked as a solid line, and they are both included in the

unit cell @;. However, for the layer dl(-z), only one interface is
included in the unit cell which means that another definition

is needed to calculate the influence of 5d§2). Therefore, it is

convenient to use two different definitions for calculating
5d\" and 5d™:

when 54\ = 54"

when 6d\") = 54"

L

REHTORIDTA)
®; — (19)

RU2TQRECHT)

The choice of the definition of ®; depends on the material /
of the layer being calculated, which is presented in detail in
the next section (Sec. IIB 2).

2. Transfer matrix of full coating layers

The matrix of the full coating layers can be written as the
product of unit cell matrices:

N
M = ®(in) (H <1>i> D), (20)
i=2

where ®; represent the matrix of the ith unit cell, @) is
the propagation matrix of the incident cell and the last
coating cell near the substrate, and N represents the number
of unit cells in the coating. Separating a unit cell matrix into
the steady part and the fluctuating part,

D, = ) + D'5d" (1)

Since 5d§1) of different layers are independent of each
other [14], their influence on M can be calculated sepa-
rately (except for the first and last layer):

M(5d") = @ @f ! (@ + @'sd ) @f @), (22)

where
(23)

The definition choice of @), @), and ®; depends on the
material of the fluctuating layer 5dl(»1) that needs to be
calculated. For the fluctuation of the top layer 5d51) and the
layer next to the substrate (Sd[(\fll, the M is

M(sd) = (@§" + &/ imsd oDy, (24)

1 in - K s 1
M(5dy) ) = @) (@ + & CIsdy) ). (25)
Using the definition in Egs. (13)—(19), it turns out that d, is

block diagonal and @' is off diagonal (to the first order of
)
od; ).

@, 0 0 @,
q)i == + 5dl 5 (26)
0 @,

where @, and @, is
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The definition of the incident cell @) and the substrate in which
cell ®) are also different when calculating different

material layers: (I>)(f;') _ q,%@
o)1 (12)T(2) () _ < (1) n?+n: n-n?
i — RPYTWRYYTY, 64, od, (29) _2171[ 12 ; j 12] 5dz<'l) :5dll)
R(OI)T(I), 5d51) _ 5d§2), ~ ny—ny ny+n; (33)
i —1—”1 l—l’ll 5d(1):6d(2)
Y {R<21>T<1>R<1s>, sd = sd\y), Pl-l+n 14n ) ’ b
DY) = ' (30)
R0, sd" = sd).,.
i N+1 and

Assuming that incident light comes from the vacuum where
ng = 1, the matrix of the incident cell and the substrate (I))(C‘Q :(I);‘;)

cell is
. [—ni—nong —ni+non, " 0
(in) (in) o (1) 2nin, 2 2 » 0d; =ddy
) D, @,y 6d; - L ny—nyng  ny+nong
) = (in) o /(D) | (31) - l+n,/n, 1—ny/n, ’
oVsd") @ %[ s ‘ ] 5d = a2,
l_ns/nl 1_'_ns/nl
(s) 1(s) ¢ 4(I)
D) — D Dy 5dN+l ’ (32) (34)
s 1 s
o)sd), o)
|
s | ME=ma =G+ 1) —ni—ny—Fn(ny—1) sd? — 54V
o) =@ x| ntmm+Emn=1) m-m+Emm+1) [T 35
Xy xR I ny —ny +35n(n; ny —ny +5ny(ny ( )
i 2
0, s5d" = 5d?,
pUn, | =2i(nf = nmong) —ny(ny +ng)m =2i(ng + nyny) + ny(ng —ny)m 5d? — 54
o) = <I)§,fc) ~  8dvam | 2i(n? + nany) 4 ny(ng —mo)r 2i(n? = nany) — ny(ny 4+ )z | ' N (36)
0, sd" = 5dy)
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where the n; is the refractive index of substrate (usually
made by Si0,). Note that An; and An, in Egs. (27)—(36) is
neglected since An;/nl < 1.

3. The reflected light from the coating layers

The entire coating layers can be described as a 4 x 4
matrix M, connecting the optical field on the right of the
coating to those on the left:

E;, My My My My || E,
E,, _ | Ma Mxn My My 37
0 M3y Mz Mz My | | Ey
E,, My My My My || O

where E;, is incident light polarized along the x axis,
E,., E,, is the light field reflected by the coating layers, and
E,, E,y is the transmitted light. Since we are interested in
the variation of the polarization state, the only term that

needs to be calculated is E,,:

o By MyMs; - MM,
Y OE,  MyMs - MMy,

(38)

which is obtained by solving Eq. (37). The real part of r,
represents the change in polarization angle, and the
imaginary part represents the change in ellipticity (i.e.,
birefringence). It turns out that most of the r, is the
imaginary part (see Sec. III) so that the real part can be
neglected. The transfer matrix M describes the response of
the light field with respect to the coating surface, therefore
M depends on the rotation angle of the optical axis 66.
Furthermore, the 66 is related to 6d by Eq. (9), which leads
to a relationship between the ellipticity fluctuations spec-
trum S, and the deformation spectrum of a single coating

layer S o

ZZ: ZN: (ary> 2Sdg,). (39)

The fluctuation of the coating layer thickness 5d,(-1) is

typically a Brownian type thereby showing a Brownian
spectrum of §,. Note that the summation is over the
influence of different layers. We do not have the cross term

like S 4040 is because the deformations caused by Brownian
[

motion in the different layers are independent of each
other [14].

III. CALCULATED NOISE LEVEL

In this section we present the noise level of the non-
diagonal anisotropic Brownian photoelastic (NABP) effect
using the parameters listed in Table I, based on the theory

TABLE I. Typical parameters used in this paper.

Parameters Symbol GaAs AlGaAs
Refractive index n 3.37 [33] 2.90 [34]
Poisson’s ratio o 0.32 [33]
Young’s modulus (GPa) Y 100 [23]

Loss angle ¢ 2.41 x 1073 [35]
Temperature (K) T 293

Beam radius (pm) o 1500
Photoelastic coefficient P13 —0.14 [36]
Photoelastic coefficient P63 —0.0014

established in Sec. II. As mentioned in Sec. I A, the pg3 in
the crystalline coating materials may arise from strain
induced during the deposition process, and there is cur-
rently no experimental measurement of pg; in the coating
material. On the other hand, the theoretical quantitative
estimation of pg; requires a first-principle density-func-
tional calculation [31,32]. In this paper, we focus on
demonstrating the influence of the nondiagonal anisotropic
Brownian photoelastic effect, and the value of pg =
—0.0014 is assumed to be one percent of p;; and the
values of pg3 in both coating materials are assumed to be
the same. The real value of pg; could be smaller than this
assumption, which needs to be determined by further
experimental test or more detailed density-functional cal-
culation by the material science theorists.

One can derive a complete expression for the M matrix
by substituting Eqgs. (21)—(36) into Eq. (20). The contri-
bution of the different layers to the ellipticity (dr,/dd;) is
then obtained by Eq. (38), as shown in Fig. 3. We can see

*x10"ps3
. ! ? ! -4 AlGaAs(Im)
6- 77777777777 R o GaAs(Im)
b —A— AlGaAs(Re)
v i i —o— GaAs(Re)
§ 4 ";..:”'.' ”””””””””””””””””””””””””””””””” I
g
S A o

FIG. 3. Influence of different layer thicknesses on the ellipticity
for a 19-pair GaAs/AlGaAs coated mirror. As previously men-
tioned, the imaginary part of dr,/dd; represents the change in
ellipticity of the light reflected from the mirror and the real part
represents the change in polarization angle. The real part of
dry/ad; is 4 orders of magnitude smaller than the imaginary part
thereby can be ignored.
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FIG. 4. Nondiagonal anisotropic Brownian photoelastic noise
(NABP) calculated for a 25-pair GaAs/AlGaAs coated mirror.
The comparison with the Brownian noise and thermorefringent
noise is also shown.

that the effect of the layer on the ellipticity decreases as the
number of layers increases, so that only the first few layers
contribute most to the variation of the ellipticity.

For a single coating layer, the thickness fluctuation
due to the Brownian motion is obtained using Levin’s
approach [12,14]:

SkBle¢l(1 —0; — 202)
S = L,
alf) 322 fYi(1 —0;)°r}

(40)

where kj is the Boltzmann constant, d; is the thickness of
this layer, ¢; is the loss angle, o; is Poisson’s ratio, Y; is
Young’s modulus, and r is the radius of the laser beam.

The noise level of the NABP effect is obtained by
substituting Eq. (40) into Eq. (39), as shown in Fig. 4. This
result demonstrates that, using the sampled parameters for
the pg; in Table I, the NABP noise is

S;//(?\IABP) =12 x 107" pg3 f~1/2/v/Hz, (41)

which is shown in Fig. 4, and the Brownian noise and the
thermorefringent noise are also shown for comparison.
Here the thermorefringent noise is [25]

. (;) +nle’g) g
72 nlnz(n%—n%)

e

Su(f): (42)

Sy(rF) =

where &}, = 10 ppm/K is the thermorefractive coefficient,
ry is the reflection amplitude for y polarization, and S,,,, is
the power spectral density of temperature averaged over the
beam spot:

2w | T /2
Sulf) =B Red [au—28 % (43)
7Tr0CVD o \/uz—l.}’%f/D

where ¢y = 1.6 x 10% J(mK)~! is heat capacity per unit
volume, k = 1.38 W(mk)™! is the thermal conductivity,
and D = k/cy is thermal diffusivity.

IV. CONCLUSIONS

For experiments such as the measurement of vacuum
magnetic birefringence, the measurement principle is to
amplify the signal through a resonant cavity, which is then
detected by a polarimetry. This polarimetry detects the
phase difference between the two polarization directions, so
that the phase noise is canceled out. Thus, the sensitivity of
these experiments is not limited by the commonly dis-
cussed thermal phase noise (Brownian, thermo-optic noise)
but by the thermal birefringent noise. Experimental mea-
surements and theoretical investigations of the anisotropy
of these coating materials are important.

In this work, we present a comprehensive analysis of a
novel kind of birefringent noise induced by the Brownian
motion of the mirror coating. In particular, we discussed the
possible influence of a novel noise source originating from
the nondiagonal anisotropic photoelastic effect, which may
have limited the sensitivity of precision polarimetry experi-
ments. The strain deformation caused by Brownian motion
in a single coating layer induces a rotation of the intrinsic
birefringence due to the nondiagonal anisotropic photoelas-
tic effect. By extending these findings to multilayer surfaces
using the matrix method, we elucidate the corresponding
fluctuations in the light reflected from the mirror.

For the GaAs/AlGaAs coating, the noise level caused
by the nondiagonal anisotropic Brownian photoelastic
(NABP) effect is calculated to be 1.2 x 107! p3 f~1/2/
Hz!/? using the sampled parameters in Table I. The
nondiagonal anisotropic Brownian photoelastic noise
level is decisively dependent on the value of pgs.
Assuming that pg3 is one percent of the p;;, the NABP
noise level is of the same order of magnitude as the
thermorefringent noise. In addition, the anisotropy in the
different parts of the coating can introduce loss in
reflectivity [29], which also generates noise according
to the fluctuation-dissipation theorem, and this noise
could be a stronger effect than the NABP noise effect.
This anisotropy can be evaluated through measuring the
intrinsic birefringence of different parts of the coating
surface, hence further compensated probably.

The source of the pg3; and other anisotropies of the
coating materials could be the strain induced during
the manufacturing process; the specific mechanisms and
the evaluation of pg; for the coating material require
further experimental and theoretical investigation.
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