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We simulate the response of a Storage Ring Gravitational Wave Observatory (SRGO) to astrophysical
millihertz (mHz) gravitational waves (GWs), numerically obtaining its sensitivity curve and optimal
choices for some controllable experiment parameters. We also generate synthetic noisy GW data and use
Markov Chain Monte Carlo methods to perform parameter estimation of the source properties and their
degeneracies. We show that a single SRGO could potentially localize the GW source in the sky using
Earth’s rotation. We also study the source sky localization area, mass, and distance estimation errors as
functions of noise, data sampling rate, and observing time. Finally, we discuss, along with its implications,
the capacity of an SRGO to detect and constrain the parameters of mHz GW events.
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I. INTRODUCTION

Theoretical studies of gravitational waves (GWs) inter-
acting with storage rings (circular particle accelerators
where beams of charged particles circulate without colli-
sions for long periods of time), intending to explore the
possibility of using storage rings as GW detectors, have
been conducted independently by several authors in recent
decades [1–5].
However, these studies considered only the scenario

of GWs propagating perpendicularly to the plane of the
storage ring (i.e., a “face-on” orientation). This orientation
maximizes the GW-induced oscillations of the charged test
mass particles circulating in the ring (which we will refer
to as “ions” henceforth) along the ring’s radial direction.
Thus, one can hope to exploit resonances with the beam’s
betatron oscillations and detect the presence of GWs using
beam position monitors. However, as storage ring betatron
frequencies generally fall in a range where no significant
astrophysical GW sources exist, and since these radial
oscillations are expected to be extremely small, this idea
did not seem very promising.
In our previous paper [6], henceforth referred to as

paper I, we instead discussed the possibility of detecting
GWs by monitoring the circulation time of the ions instead
of their orbit shape. We expect the circulation time of the
ions to be affected by a passing GW not just because of the
above-mentioned orbit shape distortion but also because of
a GW-induced change in the velocity of the ions. While the
former effect is, in general, proportional to h2 (where h is
the dimensionless GW strain; see Appendix A), the key

insight from paper I was that the latter is, in general,
proportional to h. It is only in the special case of a face-on
orientation of the storage ring, where a GW can cause only
a beam shape distortion, that the latter effect vanishes,
leaving only the former, much smaller effect. Since
previous studies had only considered this special case, it
was prematurely concluded that a detection of GWs by
monitoring the circulation time of the ions was unfeasible.
The realization from paper I that the effect of the GW-
induced change in the velocity of the ions on their
circulation time is, in general, proportional to h clearly
changes this assessment.
Moreover, in paper I we also showed that the circulation

time deviation induced by a GW has a periodicity equal to
that of the GW, suggesting that it builds up over time during
the first half of a GW period and then wanes during its
second half. In addition, the peak value of the signal is
proportional to the GW period, thereby making a storage
ring GW detector more sensitive to lower frequency GWs.
Importantly, we showed in paper I that, due to an overlap of
several conditions, a Storage Ring Gravitational Wave
Observatory (SRGO) would be most sensitive to the yet
undetected millihertz (mHz) GWs from astrophysical
sources that are also targeted by future space-based GW
detectors such as the Laser Interferometer Space Antenna
(LISA) [7,8].
The quantity measured by an SRGO would be analogous

to the “timing residuals” measured by pulsar timing arrays,
which are the GW-induced arrival-time deviations of
radio pulses produced by millisecond pulsars from their
expected, highly regular arrival times in the absence of
GWs and noise sources [9]. Moreover, using ions as
moving test masses in an SRGO to detect GWs is similar*Contact author: suvrat.rao@uni-hamburg.de
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to the idea of GW detection by atom interferometry, where
ballistic atoms are used as test masses [10–14].
Recently, Berlin et al. (Sec. 2.6) independently derived

the expected GW-induced circulation time deviation of ions
in an SRGO, which is in agreement with our results from
paper I, under the condition that no radio frequency (rf)
system is present in the storage ring [15]. Therefore, the
general relativistic calculations for an SRGO using two
different approaches [metric formalism in our paper I
and Riemann tensor formalism by Berlin et al. (Sec.
2.6)] give, effectively, the same result.
In paper I, we considered the Large Hadron Collider

(LHC) at CERN as an existing facility that could potentially
be turned into an SRGO. However, the LHC is not the ideal
facility to realize the SRGO detector because the presence of
an rf system in the storage ring would dampen the GW signal
that we hope to detect [15]. Instead, rings capable of storing
coasting (i.e., without interference by an rf system) “crys-
talline ion beams” [16–18] or rings that could potentially
store a single circulating ion [19] may be better laboratories
for detecting GWs. Moreover, there are better options for the
ion time-tagging detector technology than that proposed in
paper I, such as “beam arrival time monitors” [20], which are
electro-optic charge centroid monitors providing femtosec-
ond timing precision. Also, improving the vacuum quality
inside storage rings would enable stable, coasting ion beams
or single ions to be sustained for longer periods, allowing for
longer SRGO observation runs.
In this paper we continue our investigation from paper I,

improving on some previous results and exploring new areas
with an updated theoretical formalism and numerical sim-
ulations. The rest of this paper is organized as follows: In
Sec. II, we provide an updated theoretical framework for an
SRGO. In Sec. III, we provide the mathematical models and
numerical procedures used in this investigation. Section IV
presents the SRGO response function and its variation with
various parameters. In Sec. V, we study the estimation of
GW source parameters with an SRGO using artificial noisy
data. Finally, in Sec. VI, we discuss various aspects of our
study, and we summarize our main results in Sec. VII.

II. REVIEW AND REVISION OF SRGO BASICS

Using the metric formalism of general relativity, in
paper I, we derived the circulation time deviation of test
masses in a storage ring due to GWs relative to the
circulation time in the absence of any GWs. Here, we
revise some of these results and display them in a more
concise form. We recall from Eq. (10) of paper I that the
circulation time deviation (relative to the case of no GWs)
is given by the expression

ΔTGWðTÞ

¼
�
1−

v20
2c2

�Z
t0þT

t0

ðhθϕψðt;αðtÞÞ−hθϕψðt0;α0ÞÞdt; ð1Þ

where v0 is the constant speed of the ions in the absence of
any GWs, c is the speed of light, t0 is the time of the start of
the monitoring campaign, and T is the duration of the
monitoring campaign. hθϕψ is a function of the GW strain
amplitudes, hþ;×ðtÞ, the orientation of the GW with respect
to the ring, parametrized by the three angles θðtÞ, ϕðtÞ, and
ψðtÞ, which vary with time due to Earth’s rotation (see
below), and the angular trajectory of the ions in the
ring, αðtÞ.
As it is not possible to know a priori whether GWs are

present at any given time, v0 in Eq. (1) cannot be measured
in practice. We therefore reformulate Eq. (1) in terms of
vðt0Þ ¼ vi, the instantaneous initial speed of the ions,
which can be measured. Note that vi denotes the instanta-
neous speed of the ions, as opposed to the speed averaged
over one or more revolutions. We start at Eq. (6) of paper I,
and keeping the term vðt0Þ as it is, we follow through
with the remaining derivation as done in paper I to get a
reformulated expression for the circulation time deviation:

ΔTGWðTÞ ¼
Z

t0þT

t0

��
1 −

v2i
2c2

�
hθϕψðt; αðtÞÞ

−
1

2

�
1 −

v2i
c2

�
hθϕψðt0;α0Þ

�
dt: ð2Þ

Thus, ΔTGWðTÞ is now the timing deviation relative to the
expected ion arrival times calculated using vi instead of v0.
The first term in Eq. (2) is an oscillatory function

containing three different frequencies, viz., the GW fre-
quency, Earth’s rotational frequency, and the revolution
frequency of the storage ring ions. The last frequency is
always much greater than the first two in the case of mHz
GWs. This allows us to analytically integrate out the
rapidly oscillating terms corresponding to the ion revolu-
tion frequency. From paper I, we recall that

hθϕψðt; αÞ ¼ hþðtÞðfþs sin2 αþ fþc cos2 αþ fþsc sin 2αÞ
þ h×ðtÞðf×s sin2 αþ f×c cos2 αþ f×sc sin 2αÞ;

ð3Þ

where hþðtÞ and h×ðtÞ are the plus and cross polarization
GW strain components, αðtÞ ¼ α0 þ vi

R ðt − t0Þ, and R is the
radius of the storage ring. The terms sin2 α, cos2 α, and
sin 2α integrate out to yield the constant factors 1

2
, 1
2
, and 0,

respectively. The “f” terms inside the parentheses are
functions of cosines and sines of the angles θ, ϕ, and ψ
(see paper I, Sec. II).
We now make the assumption that vi is large enough that

the second term in Eq. (2), which is linear in T, is negligible
compared to the amplitude of the oscillation of the first
term, even for integration times of T≈ a few days. Although
the best ion energy for a successful GW detection is still
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under discussion, the above is a reasonable assumption
since relativistic ions may indeed be advantageous [21].
Therefore, in the end, we obtain the reformulation

ΔTGWðTÞ¼−
1

2

�
1−

v2i
2c2

�Z
t0þT

t0

ðFþhþþF×h×Þdt; ð4Þ

where Fþ and F× are the plus and cross polarization
antenna pattern functions of an SRGO, with Fþ ¼
sin2 θ cos 2ψ and F× ¼ sin2 θ sin 2ψ .
Note that in our derivation of ΔTGWðTÞ we considered

only terms that are linear in h (see paper I, Sec. II) since all
contributions by higher-order terms are usually negligible.
However, in the specific case of a face-on orientation of the
storage ring relative to the GW source (corresponding to
θ ¼ 0), we see thatΔTGWðTÞ ¼ 0. In this case, the signal is
therefore dominated by higher-order h terms, as discussed
above. We will nevertheless continue to disregard these
terms even in the face-on case, as these much smaller
higher order terms could in any case never be detected by
an SRGO that is just sensitive enough to detect the first-
order h term in other orientations.
Note that the integrand in Eq. (4) now has the same

form as the GW response of the Laser Interferometer
Gravitational-Wave Observatory (LIGO) [22], but the
response signal in our case is a time integral of this
integrand. Also, while the antenna pattern functions of

an SRGO are very different than those of LIGO, inter-
estingly, they happen to be exactly the same as those of a
bar detector [23–26], the longitudinal axis of which is
aligned with the axis of the storage ring (see Sec. 4.2.1
of [27]). Further, the SRGO antenna pattern shown in
Fig. 2 of paper I (averaged over all polarization angles),
which was derived after several approximations were
made, happens to be exactly valid even for the general
case derived here.
For GWs in the mHz regime, the effect of Earth’s

rotation must be taken into account, as it causes the angles
ϕ, θ, and ψ to be periodic functions of time with a period
equal to a sidereal Earth day. We recall from paper I that ϕ,
θ, and ψ are the Euler angles which transform the
observer’s coordinate system with the z axis coinciding
with the storage ring axis and the x axis pointing toward the
timing detector to a coordinate system with the new z axis
coinciding with the GW propagation direction, and the x
and y axes being aligned with the GW polarization axes.
Specifically, ϕ, θ, and ψ are the rotations around the z, y0,
and z00 axes, respectively. Both coordinate systems are
right-handed and, strictly speaking, their origin is at the
center of the storage ring. However, given the large
distances to any GW sources, we may consider the storage
ring to be located at Earth’s center, in which case the ring’s
geographical coordinates only specify the ring’s orientation
in space. ϕ, θ, and ψ are thus given by

0
B@
cosψ −sinψ 0

sinψ cosψ 0

0 0 1

1
CA ·

0
B@

cosθ 0 sinθ

0 1 0

−sinθ 0 cosθ

1
CA ·

0
B@
cosϕ −sinϕ 0

sinϕ cosϕ 0

0 0 1

1
CA

¼

0
B@
cosψ eq −sinψ eq 0

sinψ eq cosψ eq 0

0 0 1

1
CA ·

0
B@

−sinδsrc 0 cosδsrc
0 1 0

−cosδsrc 0 −sinδsrc

1
CA

·

0
B@
−cosω⊕ðαsrc−l0−ðt−t0ÞÞ sinω⊕ðαsrc−l0−ðt−t0ÞÞ 0

−sinω⊕ðαsrc−l0−ðt−t0ÞÞ −cosω⊕ðαsrc−l0−ðt−t0ÞÞ 0

0 0 1

1
CA ·

0
B@

sinθSRGO 0 −cosθSRGO
0 1 0

cosθSRGO 0 sinθSRGO

1
CA ·

0
B@
cosϕ0 −sinϕ0 0

sinϕ0 cosϕ0 0

0 0 1

1
CA:

ð5Þ

ω⊕ is the angular speed of Earth’s rotation. αsrc and δsrc are
the right ascension (in units of time) and declination of the
GW source, and ψ eq is the GW’s polarization angle in
the equatorial coordinate system. ϕ0 is the angle between the
line joining the center of the storage ring to the timing
detector and the meridian passing through the center of the
storage ring, measured using the right-hand curl rule starting
from the detector position. l0 and θSRGO are, respectively, the
local sidereal time at the start of the observations, t0, and the
geographical latitude of the storage ring.

Note that, without loss of generality, we may assume
that the timing detector lies due south [turning the last
factor in Eq. (5) into the identity matrix], such that the
SRGO coordinate system is similar to the horizon celestial
coordinate system, where ϕ ¼ 360° − azimuth and θ ¼
90°þ altitude. The difference is due to the fact that the
handedness of the horizon system is the opposite of the
right-handed convention used above. Also, ϕ and θ are
defined to point along the propagation direction of the GW,
whereas the azimuth and altitude point toward the source.
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Furthermore, the polarization angle in a coordinate
system is defined as the angle between a reference line
made by projecting the z axis onto the GWwave front plane
and a chosen GW polarization axis, following a right-
handed rotation convention. In the equatorial celestial
coordinate system, the z axis points toward the north
celestial pole. In the SRGO coordinate system, the z axis
points perpendicular to the plane of the storage ring.
Therefore, ψ and ψ eq are the same when the SRGO is
located at one of Earth’s poles.
Denoting the result of the matrix product on the right-

hand side of Eq. (5) as R, we find that

ϕðtÞ ¼ arctan
�

R21

−R20

�
;

θðtÞ ¼ arccosðR22Þ;

ψðtÞ ¼ arctan

�
R12

−R02

�
: ð6Þ

Note that in the above relations we must take care to use the
appropriate functions to obtain the angles in their correct
quadrants.
In Fig. 1 we show the time evolution of ϕ, θ, and ψ over

the course of three days. The θ and ψ curves determine the
track of the GW source across the SRGO antenna pattern
due to Earth’s rotation [cf. Eq. (4)].

III. MODELS AND NUMERICAL PROCEDURES

We obtain all the numerical results in this work from a
computer code written in PYTHON and freely available
on GitHub [28]. Below, we detail the mathematical
models and numerical procedures used by the code to
obtain our results.

A. GW source model

We consider the simplest realistic models for mHz
GWs from astrophysical sources, viz., the dominant
harmonic of GWs from the quasicircular inspiral phase
of nonspinning compact object binaries [29], accounting
for the redshift correction to the GW frequency and
chirp mass.
The inspiral phase of a nonspinning binary system can be

modeled using post-Newtonian analysis [30], which pro-
vides relatively simple analytical expressions for the time-
varying GW strain amplitudes corresponding to the plus
and cross polarizations. The simplest of these corresponds
to the following quadrupole formula:

hþ¼ 4

dL

�
GM
c2

�5
3

�
πf
c

�2
3 1þcos2ðiÞ

2
cosð2πftþδ0Þ; ð7Þ

h× ¼ 4

dL

�
GM
c2

�5
3

�
πf
c

�2
3

cosðiÞ sin ð2πftþ δ0Þ: ð8Þ

If m1 and m2 are the masses of the objects in the binary,

then M ¼ ð1þzÞðm1m2Þ
3
5

ðm1þm2Þ
1
5

is the redshift-corrected chirp mass.

dL is the luminosity distance of the GW source and z is its
redshift. For a higher computational speed, we use the
approximate analytical relation between dL and z for
Lambda cold dark matter cosmology from [31]. i is the
inclination angle between the observer’s line of sight to the
GW source and the angular momentum vector of the GW
source. δ0 is the initial phase of the GW at the start of the
observing time, t0. The redshift-corrected, time-varying

GW frequency is f ¼ ð1þ zÞ−1ðf−8
3

0 − 8
3
kðt − t0ÞÞ

−3
8 ¼

ð1þ zÞ−1 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gðm1 þm2Þ

p
=πr

3
2, where r is the separation

between the objects in the binary, f0 is the GW
frequency at t ¼ t0 corresponding to an initial separation
of r ¼ r0, and k ¼ 96

5
π

8
3ðGM=c3Þ53. G is the gravitational

constant.
We use an approximation of the innermost stable circular

orbit, risco ¼ 6Gmaxðm1;m2Þ
c2 , to mark the end of the inspiral

phase. Upon reaching this point, or at the end of our chosen
observation time (whichever comes first), our computations
are halted.
In total, our GW source model thus has nine parameters.

B. Storage ring model

We consider a hypothetical circular storage ring having a
circumference of 100 m and containing a single, rigid
ultrarelativistic particle (not necessarily ionic or subatomic)
that is coasting stably at close to the speed of light [making
the prefactor in Eq. (4) equal to −1=4], with no rf system
and a single timing detector present within the ring. The
timing detector is placed to the south of the storage ring’s

FIG. 1. The time evolution of the Euler angles, ϕ, θ, and ψ for
the case of θSRGO ¼ 51° and all other parameters set to 0
(cf. also Fig. 2).
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center, such that it lies on the meridian of the center of the
storage ring, i.e., ϕ0 ¼ 0°.
We assume that this storage ring has a sufficiently high

vacuum to allow the particle to circulate for the entire
duration of the observation run without any collisions with
air molecules. We also assume that the particle has a
charge-to-mass ratio which minimizes the noise due to
synchrotron radiation, such that it can circulate stably
during the observation run without the rf system.
According to the Nyquist-Shannon sampling theorem,

the minimum sampling (data measurement) rate must be
greater than twice the highest expected GW frequency,
while the maximum possible sampling rate would corre-
spond to the timing detector making one detection per
revolution of the ion, i.e., every time it arrives at the
detector. Given the parameter choices made above, our
SRGO would have a maximum sampling rate of
fsample ¼ 2.998 MHz. While in reality one would prefer
a sampling rate as close as possible to the maximum rate
allowed by the instrument, in our simulations we choose
significantly lower values of the sampling rate for the sake
of computational speed. However, we may always consider
each simulated data point (with a given noise) to represent
an appropriately weighted average of several “real” data
points collected at a higher sampling rate and with higher
noise. In our simulations, we always choose the total
number of data points to be a power of 2, as this allows
for faster computation of the fast Fourier transform (FFT)
done during the Markov chain Monte Carlo (MCMC) GW
parameter estimation.
We assume that deterministic (i.e., systematic) sources of

noise, such as gravity gradient noise and seismic activity,
are either technologically eliminated or accounted for by
appropriately correcting the data, such that only stochastic
(random) noise sources remain in the experiment. This
residual noise is assumed to be Gaussian (an assumption
also made by LIGO [32]), with a standard deviation, σnoise,
between 10 and 0.01 times the peak GW signal. Values
outside of this range of peak signal-to-noise ratio (PSNR)
will give more or less trivial results, particularly when one
estimates the parameters of GW sources, and are hence not
considered. A better noise model for the current study
cannot be assumed until detailed studies of the noise
sources have been carried out [21].

C. Numerical integration procedure

To compute the response of our SRGO (Sec. III B) to a
GW produced by a given source (Sec. III A), we use
Boole’s quadrature rule [33] over a time step corresponding
to our chosen sampling rate to compute its contribution to
the integral of Eq. (4). Starting at the initial value of the
integral (¼ 0), the contribution of each time step is added to
the integral, and its cumulative value is saved after each
time step. Thus, we numerically obtain the SRGO response
signal as a time series.

D. MCMC fitting procedure

Below, we will fit our GW source model (Sec. III A) to a
simulated SRGO response signal degraded by a given
amount of noise in order to derive the relationship between
the measurement noise and the precision with which the
model parameters can be estimated, and to explore any
degeneracies between these parameters. To this end, we
will use an MCMC fitting procedure.
MCMC is a Bayesian inference tool for numerically

obtaining the joint posterior probability distribution of
unknown model parameters by directly drawing samples
from the posterior. MCMC finds and explores the regions in
parameter space that correspond to the maximum like-
lihood of the model being a fit for the given data and a prior
probability distribution of the fitting parameters [34–36].
We prefer MCMC methods over the conventional

matched filtering algorithm [27] for thorough and efficient
GW parameter estimation because our GW model contains
nine free parameters, and making a grid in a parameter
space of such high dimensionality would require an
unfeasibly long computation time. In general, we indeed
fit for all nine model parameters: the GW source massesm1

and m2; the initial separation between the masses, r0; the
GW source inclination angle, i; the GW source redshift, z;
the initial phase of the GW, δ0; the right ascension, αsrc, and
declination, δsrc, of the GW source; and the polarization
angle, ψ eq, of the GW. The MCMC fitting is implemented
using the PyMC3 PYTHON module [37].
We first create synthetic noisy data points by adding

Gaussian noise to the SRGO response computed for a given
set of parameters. The noisy data are then transformed to
Fourier space and passed to the likelihood function.
We use flat priors for the unknown fitting parameters

and a two-dimensional Gaussian noise “Whittle” like-
lihood function, as also done by LIGO for GW parameter
estimation [32]. The priors corresponding to angular
parameters are bounded between −180° and 180°, whereas
priors corresponding to nonangular parameters are bounded
between zero and twice their true parameter values for
computational efficiency.
We employ the differential evolution Markov chain

(DEMC) algorithm [38] for the MCMC chains and run,
per data set, 1000 parallel chains which draw 1250 samples
each. Since we are interested purely in parameter estima-
tion and not in showing the convergence of chains to the
region of maximum likelihood, we do not discard 25% of
the initial traces as the “burn-in” phase. Instead, we allow
the chains to start at the true parameter values and then
explore the likelihood around these locations.
For a given set of parameters, we generate and fit not

just one but ten noisy datasets. We discard those fitting
results where the true parameter values do not lie within the
3σ (99.7%) highest posterior density (HPD) region. The
multiple joint posteriors provide us with the statistical
variation of the joint posterior for each set of parameters.

DETECTION OF …. II. RESPONSE ANALYSIS … PHYS. REV. D 110, 022007 (2024)

022007-5



This is used to produce error bars on the sizes of the joint
posteriors (“errors on the errors”) plotted as a function of
different controllable experiment parameters, as discussed
in Sec. V.

IV. RESULTS: SRGO RESPONSE ANALYSIS

In this section we discuss the general characteristics of
the response signal of an SRGO (Sec. IVA), its sensitivity
curve (Sec. IV B), and the range over which various
astrophysical sources of mHz GWs could potentially be
observed (Sec. IV C).

A. Response signal analysis

In Fig. 2, we show the response of an SRGO to a mHz
GW from a supermassive binary black hole (SMBBH)
inspiral for an arbitrarily chosen set of parameters, as
indicated in the legend.
First, we note that the signal is oscillatory, with a

frequency equal to that of the GW, which increases with
time due to the inspiral of the binary. Second, we find that
the amplitude of the signal decreases with time, which,
as we shall see below, is due to the increasing GW
frequency. Therefore, unlike LIGO, the chirping of the
GW strain amplitude is not reflected in the SRGO’s
response spectrogram, as shown in Fig. 3. Finally, the

overall decrease of the amplitude is modulated by an
envelope which is due to the source’s path across the
SRGO’s antenna pattern [the Fþ and F× terms in Eq. (4)]
as Earth rotates (cf. Fig. 1).
We now turn to a more detailed discussion of the

dependence of the response signal amplitude on the GW
frequency. In Fig. 4 we plot a scaled version of the peak
response signal amplitude obtained within a given obser-
vation time, Tobs, as a function of the initial GW frequency,
f, for different values of Tobs.
We immediately notice that in all cases the curves peak

near fTobs ≈ 1 and decrease toward both higher and smaller

FIG. 2. The blue curve shows the expected response of an SRGO to a mHz GW for the given parameters. The pink dots are a
demonstration of discrete, noisy data points, created by adding artificial Gaussian noise (with a PSNR ¼ 3) to the SRGO response
signal. The orange ring in the inset shows the SRGO position, while the black lines show the GW propagation direction and the þ−
polarization axes. For clarity regarding the camera angle in the inset, note that the black line along the GW propagation direction is
parallel to Earth’s equatorial plane and passes through the center of the storage ring.

FIG. 3. Spectrogram of the SRGO response signal shown in
Fig. 2, i.e., the power spectral density as a function of time (along
the horizontal axis) and frequency (along the vertical axis)
computed over a sliding time window.
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frequencies. We can understand this behavior by analyzing
Eq. (4). For better clarity, let us temporarily ignore the
contribution due to the envelope contained in the antenna
pattern terms Fþ and F× [which corresponds to the
situation in Fig. 4(f), where the observation time is much
smaller than Earth’s rotation period]. The response signal is
basically a time integral of a periodic function that is the
GW strain, and the value of this integral is maximized
when one integrates over some fraction of the GW period
(depending on the initial phase), i.e., in the regime
fTobs ≈ 1. In this regime, if the GW period (or, equiv-
alently, the total observation time) is reduced, and, even if
the amplitude of the GW strain were to increase, the total
area under the strain curve would actually decrease. The
same reason also explains why, in the regime fTobs ≫ 1,
the peak signal decreases with increasing GW frequency.
Note that in this regime the peak signal amplitude would
occur somewhere within the first GW period if the effect of
the envelope is ignored.
The dynamically changing peaks and valleys in the

series of plots can be somewhat elucidated: they are
the result of the interplay between the GW period, the
initial GW phase, the orientation of SRGO relative to the
GW source, Earth’s rotation period, and the observation

period. The orientation of SRGO relative to the GW
source and Earth’s rotation period together determine the
envelope seen in the response signal of Fig. 2. During the
observation time, large peaks in these plots occur when
peaks in the GW strain waveform align with the envelope
peaks, and valleys occur when the GW strain peaks align
with the envelope valleys (or vice versa; whichever
produces a greater response signal). For a given obser-
vation time, as the initial GW frequency is increased, a
number of successive GW strain peaks and valleys occur
during the observation period which may or may not align
with the envelope peaks and valleys. An aligned GW
strain peak (resulting in a local maxima in the plot curves),
upon increasing the initial GW frequency, will become
misaligned, resulting in a drop in the curve until the next
peak starts becoming aligned, causing then a rise in the
curve. This succeeding local maxima may be higher or
lower than its predecessor depending on the location of
the global maxima, which occurs when the initial GW
period is close to the observation time. This explains the
spiky sections of the plot curves, which are prominently
seen in Fig. 4(c) but also present in the other plots.
In Figs. 4(a)–4(c), the noisy regions on the right side tails

of the plots have purely numerical origins, having been

FIG. 4. Scaled values of the peak signal amplitude attained within Tobs as a function of the initial GW frequency (which is set by the
initial separation of the binary) for different values of the observation time, Tobs. All other parameters are equal to those shown in Fig. 2
except for the black hole masses, which have been set to 3M⊙ each so that, even for the highest initial GW frequency, the inspiral phase
does not end before the end total observation time. Note that, due to the scaling, the shapes of the plots are independent of the binary
mass. The scaling is done such that the largest peak among all plots has a value of unity.
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caused by the abrupt halting of the code 1 time step after the
inspiral phase has been crossed. Therefore, they exist only
at the ends of the right side tails (corresponding to high
initial GW frequencies, meaning that the binary compact
objects begin close to the end of their inspiral phases).
As the observation time is reduced, the end of the inspiral
phase would be reached within the observation time at
higher initial frequencies. Therefore, the noisy regions shift
toward higher frequencies and eventually disappear in
Figs. 4(d)–4(f).
In Fig. 5, we plot the PSNR as a function of the source

position in the sky, scaled such that the arbitrary case
corresponding to Fig. 2 has a PSNR of unity. While the
source position has been changed, all other parameters
remain the same as those in Fig. 2, but the initial SMBBH
separation is 1 A.U. (corresponding to an initial GW period
of 3.1 h), and the signal is computed over an observation
time of one day. We repeat this for different latitudes of the
SRGO location on Earth.
We observe that the complex patterns in the plots are a

modified projection of the SRGO antenna pattern on the

sky, as expected from Eq. (4). With the other para-
meters being fixed, for a given SRGO latitude and source
declination, the horizontal variation is determined by the
initial hour angle, the GW frequency, the initial GW phase,
the GW polarization angle, and Earth’s rotation frequency.
Maxima in the horizontal variation occur during the
observation time when peaks in the GW strain waveform
occur exactly at a time when there are peaks in the response
signal envelope. Minima occur when the GW strain peaks
align with the envelope valleys (or vice versa; whichever
produces a greater response signal). We note that the
pattern depends on the initial hour angle, i.e., the right
ascension of the GW source relative to the initial SRGO
local sidereal time (and not on their absolute values).
However, the same is not true between the SRGO latitude
and source declination. That symmetry is broken by Earth’s
spin axis, and therefore the SRGO latitude variation
produces different patterns in the plots. Figure 5(d) corre-
sponds to SRGO being placed at the pole. For this case,
if the GW source is also at one of the poles, then the
orientation always remains face on, and no response signal

(a) (b)

(c) (d)

FIG. 5. Scaled values of the peak signal-to-noise ratio as a function of the GW source’s initial position in the sky relative to SRGO. All
other parameters are equal to those shown in Fig. 2, except the initial separation between the masses, which is 1 A.U. (corresponding to
an initial GW period of 3.1 h), and the observation time which is one day. (a)–(d) correspond to SRGO latitudes of 0°, 30°, 51°, and 90°,
respectively. The scaling is done relative to the case corresponding to the center of (c).
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is produced. For all other cases, a nonzero response signal
is produced over 24 h due to a changing orientation of the
GW source relative to the ring.
Further, we observe that the plots show antipodal

symmetry, since placing the ring and/or the GW source
at antipodal positions and/or having the ions circulating
in the opposite direction would all produce the same
SRGO response. The plots also appear to have a left-right
symmetry, because two GW sources at the same declina-
tion, initially located on either side of the ring and having
the same hour angle magnitude, would produce the same
value of the initial SRGO response. The response signals
over a 24 h period would, however, not be exactly the same,
thus breaking the symmetry. Although both sources would
trace the same path across the antenna pattern, the phase
difference between the GWand the path across the antenna
pattern would be different, so the peak signal would be
attained at different times and at slightly different values. In
addition, the symmetry is further broken by the time
evolution of the GW frequency due to the inspiral, which
in turn changes the amplitude of the response signal, as
discussed above. This effect is particularly relevant when
the rate of change of the GW frequency is large, which is
not the case in the example shown in Fig. 5. Finally, there is
also a latitudinal symmetry, as having SRGO located at
equal and opposite latitudes would simply flip the plots
about the horizontal axis.
The SRGO latitude variation indicates that placing the

ring near the equatorial latitudes on Earth would be more
advantageous than placing the ring near the polar latitudes,
offering an increase of the maximum PSNR of around 3
times, of the average PSNR of around 4 times, and of the
minimum PSNR by a factor of unity from zero between the
polar and equatorial SRGO latitudes.

B. SRGO sensitivity curve

The sensitivity curve of a GW detector may be defined as
the curve in the plane of the strain amplitude spectral
density versus frequency, where the signal-to-noise ratio
is unity.
Conventionally, a GW sensitivity curve plot contains two

elements: First, colored regions are shown corresponding to
various astrophysical GW sources. These regions are
computed solely from GW strain models of the sources,
and their extent is determined by astronomical constraints
applied to the model parameters. Second, a curve is plotted
over these regions and is constructed by modeling the
experimentally measured detector noise data as a strain,
using the response model of the GW detector. Since this
plot is in the frequency space, which is integrated over all
times, the ratio of a point in the colored region to a point on
the curve, at a given frequency, directly gives the integrated
signal-to-noise ratio at that frequency. This allows us to
directly read off the signal-to-noise ratio by eye from such a
plot. However, for computing the sensitivity curve, an

averaging over the antenna pattern of the GW detector is
involved. For LIGO and other high-frequency GW detec-
tors, the averaging of the antenna pattern is time indepen-
dent and trivial because the antenna pattern is practically
stationary over the duration of the GW. For millihertz GWs,
which is our region of interest for an SRGO, the antenna
pattern is not stationary due to Earth’s rotation, making
such an averaging time dependent and difficult.
Therefore, in our study, we plot the sensitivity curve in a

different way. The colored regions in our plot are the same
as in every conventional GW sensitivity plot and are taken
from [39]. But the curve itself is not made by modeling the
experimentally measured (or artificially generated) noise
data as a strain. Instead, we compute the source GW strain
that would be required to make a detection using SRGO for
chosen values of controllable experiment parameters such
as the stochastic noise level, data sampling rate, and total
observation time. Hence, our sensitivity plot compares the
expected GW strain (the colored regions) to the GW strain
required to make a detection (the curve itself) as a function
of the GW frequency. Note that here too, the integrated
signal-to-noise ratio can be read by eye from the plot, based
on the definition of the sensitivity curve mentioned earlier.
In this study, we use our code to numerically compute

the SRGO sensitivity curve. We start by equating the root
mean square value of the response signal (taken over the
total observation period) with the effective noise,

½ΔTGW�rms ¼
σnoiseffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fsampleTobs
p ; ð9Þ

where Tobs is the total observation time and fsample ¼ npv0
2πR is

the data sampling rate, with np being the number of
circulating test masses that are timed, which may be
individual ions or bunches of ions. σnoise can be the standard
deviation of any stochastic noise, even the net stochastic
noise in the system. In our study, we assume that the residual
noise in the system is Gaussian, as mentioned in Sec. III B.
Note that, although the condition (9) appears to be uncon-
ventional, upon transposing

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fsampleTobs

p
over to the left, it

is clear that this is a valid way of imposing the fundamental
criterion for GW signal detectability, where somemeasure of
the integrated signal, such as the root mean square of the
signal multiplied by the square root of the observation time,
should be equal to a measure of the noise level, such as σnoise.
We then expand the left-hand side using Eq. (4), sub-

stituting in hþ and h× from Eqs. (7) and (8), respectively.
Then we set k ¼ 0 in the GW frequency evolution to get
continuous GWs (i.e., GWs with a constant frequency).
Finally, we club together all the common time-independent
terms within the integral and call this quantity h0. Hence,
we have defined

h0 ¼
4

dL

�
GM
c2

�5
3

�
πf
c

�2
3

: ð10Þ
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Rearranging Eq. (9), we thus obtain

h0 ¼
4σnoiseffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fsampleTobs

p ;

×

�Z
t0þT

t0

�
Fþ:

1þ cos2ðiÞ
2

cos ð2πftþ δ0Þ

þ F×: cosðiÞ sin ð2πftþ δ0Þ
�
dt

�
−1

rms
: ð11Þ

Hence, the quantity h0 must satisfy Eq. (11) on the
sensitivity curve. Now, we calculate and express the GW
strain amplitude spectral density (ASD) in terms of h0. It is
defined as

ASD ¼ lim
Tobs→∞

jh̃ðfÞjffiffiffiffiffiffiffiffi
Tobs

p ; ð12Þ

where the Fourier transform of the GW strain, h̃ðfÞ, can be
calculated in terms of h0 over the finite duration Tobs by
first rewriting Eq. (7) as

hþðtÞ ¼ h0
1þ cos2ðiÞ

2
cos ð2πftþ δ0Þ: ð13Þ

Upon performing the calculations, we find that

ASD¼ lim
Tobs→∞

h0
2

1þcos2ðiÞ
2

ffiffiffiffiffiffiffiffi
Tobs

p

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þsinc2ð2πfTobsÞþ2sincð2πfTobsÞ:cosð2δ0Þ

q
:

ð14Þ

Finally, we substitute h0 from Eq. (11) and then apply the
limit in Eq. (14) to get

ASD∞ ¼ 2σnoiseffiffiffiffiffiffiffiffiffiffiffiffiffi
fsample

p 1þ cos2ðiÞ
2

×

�Z
t0þT

t0

�
Fþ:

1þ cos2ðiÞ
2

cos ð2πftþ δ0Þ

þ F×: cosðiÞ sin ð2πftþ δ0Þ
�
dt

�
−1

rms
: ð15Þ

Note that the root mean square in Eq. (15) is over an
infinite duration. But due to the periodicity of the GW
signal, we can compute the root mean square over the
lowest common multiple of the GW period and Earth’s
rotation period. For a finite observation time, we can skip
the limit in Eq. (14) to get

ASD<∞ ¼ 2σnoiseffiffiffiffiffiffiffiffiffiffiffiffiffi
fsample

p 1þ cos2ðiÞ
2

�Z
t0þT

t0

�
Fþ:

1þ cos2ðiÞ
2

cos ð2πftþ δ0Þ þ F×: cosðiÞ sin ð2πftþ δ0Þ
�
dt

�
−1

rms

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sin c2ð2πfTobsÞ þ 2 sin cð2πfTobsÞ: cos ð2δ0Þ

q
: ð16Þ

The GW strain amplitude spectral density is plotted as a
function of the GW frequency, f, and it is numerically
averaged over all the GW source parameters present in
Eq. (16). Note that, we would have obtained similar
analytical results had we used h× instead of hþ in the
above derivation, which would have led to the same
numerical result after the GW source parameters are
averaged over. The result shown in Fig. 6 numerically
confirms that an SRGO would be sensitive to mHz GWs by
design. On the log scale, the SRGO sensitivity curve has a
linear behavior in the mHz frequency regime, as analyti-
cally predicted in paper I [40]. The sensitivity deteriorates
at higher frequencies. This is because, as the GW period
becomes smaller, the SRGO response amplitude also
decreases, since the ions spend lesser time accumulating
a timing deviation during every half cycle of the GW. This
aspect is discussed in the previous section and shown in
Fig. 4. Therefore, a larger strain amplitude would be
required to detect high-frequency GWs. This would greatly
exceed the predicted strain amplitudes from astrophysical

FIG. 6. The numerically computed sensitivity curve of an
SRGO for given parameter values and averaged over all other
parameter values. The red curve corresponds to a finite obser-
vation time of 3 h, while the black curve is the standard amplitude
spectral density corresponding to an infinite observation time.
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sources in the decihertz or kilohertz ranges (i.e., for “LIGO-
like” sources).
At very low frequencies, for a finite observation time (the

red curve in Fig. 6), the sensitivity curve rises. We may
perform a thought experiment to analyze this situation: a
zero-frequency GW would be equivalent to an anisotropic
spacetime having a constant distortion, and not necessarily
a flat spacetime. In such a spacetime, if the instantaneous
initial speed of the circulating test mass is measured and
used to predict the expected future arrival times of the test
mass at the timing detector, then in general the observed
arrival times would deviate from the prediction, as the
test mass traverses an anisotropic spacetime. This is why, if
we input f ¼ 0 in Eq. (4), we still get a finite value of the
response signal. Therefore, unlike laser interferometers and
atom interferometers (which use test masses that can move
only linearly), which require both the temporal and spatial
components of GW spacetime in order to probe it, an
SRGO (which utilizes circulating test masses) would, in
principle, be able to probe purely the spatial anisotropy of
GW spacetime even at very low GW frequencies and finite
observation times. However, for low-frequency GWs, as
the GW period far exceeds the total observation time, Tobs,
the peak response signal value would be comparatively
small, as discussed in the previous section and shown in
Fig. 4. That is why the SRGO sensitivity curve rises again
at low frequencies. Also, for most resolvable astrophysical
GW sources, the strain amplitude at near-zero frequencies
would be near zero. Further, we notice oscillations in the
red curve at low frequencies. These correspond to the term
containing sinc functions in Eq. (16), which appears as a
result of Fourier transforming the GW strain over a finite
observation time.
However, for an infinite observation time (the black

curve in Fig. 6), in principle, no matter how small the GW
frequency, one can observe several GW wavelengths. Since
this regime corresponds to fTobs ≫ 1 as shown in Fig. 4,
the signal would increase with decreasing frequency. This
causes the black curve in Fig. 6 to continue to decline at low
frequencies, unlike the red curve.
In both curves of Fig. 6, we notice two significant spikes

at GW frequencies corresponding roughly to a period of a
full day and a half day. This suggests that when the GW
period is equal to a full or half Earth rotation period, for
certain parameter configurations, the signal amplitude is
greatly boosted or reduced relative to the average.
Therefore, while one averages over parameters to compute
the sensitivity curve, such special configurations act as
outliers and produce a spike in the average curve at certain
frequencies. Moreover, in the black curve, which corre-
sponds to an infinite observation time, we note that the
curve changes its slope at around the region where the
GW period equals half a day and one day, although
the curve still continues to fall gradually with decreasing
frequency. This is because, at this point, unlike before, the

GW frequency determines the signal envelope instead of
Earth’s rotation frequency, thus changing the properties of
the signal.
The red sensitivity curve of Fig. 6 should corroborate

with the curve in Fig. 4(c), as both are computed for an
observation time of 3 h and we expect them to be inversely
related. Although the general shapes of the two curves
agree with each other, their details are different, since the
sensitivity curve has been computed by averaging over
several parameters, whereas Fig. 4(c) corresponds to a fixed
set of parameters. The GW frequency of the sensitivity
curve minima matches the GW frequency of the maxima
in Fig. 4(c). In general, combining the insights from
Figs. 4 and 6, we deduce that the minima of the sensitivity
curve would occur at a GW frequency close to the inverse
of the observation time, and that this minimum would be
smaller for longer observation times. Based on the pre-
dicted astrophysical mHz GW sources, we can conclude
that the minimum observation time for an SRGO experi-
ment to be maximally sensitive to the entire mHz GW
regime would be of a few hours. This can be seen in Fig. 6,
where the minima of the sensitivity curve lies close to the
low-frequency edge of the predicted mHz GW regime.
Finally, we note from Eqs. (15) and (16) that the absolute

scale of the sensitivity curves in Fig. 6 of course scales
with σnoise=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
fsample

p
. This holds because we consider only

stochastic noise to be present in the system, and any
stochastic noise can be cut down by collecting more data
points, due to the fundamental theorem in statistics that the
variance of the mean goes as the inverse of the number of
data points.

C. SRGO observational range

In the previous sections, having simulated the response
signal of an SRGO to astrophysical GWs and having
computed the sensitivity curve, here we predict using
our models the required effective residual noise in the
system to make a detection of various different types of
GW sources. By “effective,” we mean the residual stochas-
tic noise divided by the square root of the number of data
points taken over the observation period. We do this by
computing the root mean square value of the strongest
signal expected in an SRGO, using the principle of Eq. (9),
as discussed in the previous subsection. We use a realistic
distribution of GW source types in the Universe, combined
with choosing a set of parameters for a given source that
maximizes the SRGO response.
From the ninth catalog of spectroscopic binary orbits

(SB9) [41], cross-referenced with the Gaia Data Release 3
[42–44], we find that the nearest spectroscopic binaries
within our Galaxy, including white dwarf (WD) binaries
with masses ∼0.5M⊙ and periods of a few days, are located
at distances of a few tens of parsecs. However, the nearest
spectroscopic binaries with periods of a few hours are
located at distances of several tens of parsecs. Hence, we
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choose a distance of 50 pc to mark the nearest WD binaries
that would emit mHz GWs.
The nearest neutron star (NS) binaries [45–49] with

masses ∼1M⊙ and periods of a few days, are located at
distances of a few hundreds of parsecs [50]. However, the
nearest known double neutron star system with a period of
a few hours is located at around 600 pc [51,52]. Hence, we
choose this distance to mark the nearest NS binaries that
would emit mHz GWs.
It is estimated that our Milky Way Galaxy contains

millions of stellar mass black holes [53]. From binary black
hole population simulations for Milky Way–like galaxies
[54], it is estimated that binary black holes may be present
as close as 1 kpc from Earth, although most of them would
be present 8 kpc away, near the Galactic Center. This also
happens to agree with the recent unambiguous detection via
astrometric microlensing of an isolated stellar mass black
hole [55] located 1.58 kpc from Earth. Hence, we choose
this distance as an estimate of the nearest stellar mass
binary black holes with masses ∼10M⊙.
Intermediate mass black holes (IMBHs) of 102–105M⊙

are expected to be found in globular clusters and massive
star clusters but would be more numerous within galactic
bulges of large galaxies and within dwarf galaxies [56,57].
In Milky Way–like galaxies, globular clusters containing
IMBHs of 103–104M⊙ are expected to be numerous at
distances of 10 kpc from the Galactic Center, and these
IMBHs can emit mHz GWs by merging with stellar mass

black holes [58,59]. Hence, we use the distance to the
nearest known globular cluster “M4” of 2.2 kpc to estimate
the whereabouts of the nearest ∼10M⊙ and 104M⊙ extreme
mass ratio inspirals (EMRIs).
A typical large galaxy can contain several “wandering”

SMBHs of ∼106M⊙, spread out across the galactic halo,
from near the galactic center to within the dwarf satellite
galaxies and anywhere in between [60]. The Milky Way’s
central supermassive black hole (SMBH), Sgr A*, also
happens to be of a mass ∼106M⊙ [61]. According to [62],
the most promising mHz GW scenario in the IMBH–light
SMBH mass range is of ∼103M⊙ IMBHs merging with
∼106M⊙ SMBHs. Lastly, the nearest large galaxy to us,
M31 (Andromeda), contains a ∼108M⊙ central SMBH [63].
For all of these reasons, we choose a distance of 8 kpc
(distance from Earth to Milky Way’s center, as well as to the
closest dwarf galaxy, Canis Major) to represent the location
of the nearest ∼103M⊙ and ∼106M⊙ EMRIs. We choose
0.778 Mpc (distance to M31) to represent the location of the
nearest ∼103M⊙ and ∼108M⊙ EMRIs.
The redshift evolution of the SMBH mass function

[64–66] tells us that, on average, 107M⊙ SMBH mergers
may be the most frequent. The nearest known inspiraling
SMBHs due to a galaxy merger are located at a distance of
27.4 Mpc [67]. Finally, according to [68], the first SMBH
mergers happened at around z ¼ 10 when the first galaxies
began to merge in the early Universe.
We use all this information to generate Fig. 7, which

shows the maximum response signal or, equivalently, the
upper limit on the effective residual noise allowed in an
SRGO to detect a GW source at a given distance. From
Fig. 7, we see that the largest SRGO response signals
would correspond to mHz GWs from SMBH binaries in
galaxy mergers. EMRIs involving a SMBH, typically the
central SMBH of galaxies, or even wandering SMBHs
interacting with smaller black holes would also be signifi-
cant sources. WD binaries, NS binaries, and stellar mass
BH binaries within our Galaxy would not produce great
responses, even if they were individually resolvable sources
and located as close to Earth as possible. IMBH EMRIs
within globular clusters in our Galaxy may also produce
reasonably large response amplitudes.
The linear behavior of each section of the curve in Fig. 7,

having a negative slope, comes from the inverse relation
between the GW source luminosity distance and the GW
strain (and hence also the response signal). To generate
Fig. 7, we assume an observed initial GW frequency of
0.1 mHz (the expected lower limit of the mHz regime,
which maximizes the response signal). Since the GW is
cosmologically redshifted over large distances, the emitted
GW frequency (or, equivalently, the orbital frequency of the
binary) is an order of magnitude larger at high redshifts
where z is between 1 and 10. Importantly, this causes the
chirp rate of the frequency to also be significantly higher.
Therefore, the signal amplitude reduces rapidly as the GW

FIG. 7. The maximum effective noise allowed in an SRGO to
make a detection or, equivalently, the largest SRGO response
amplitude expected in the best-case (optimum parameter choice)
scenarios which maximize the signal, due to GW sources at
various distances. The colored dash-dotted lines indicate the
nearest location of a particular type of source, i.e., these GW
sources are absent to the left of the colored lines corresponding to
them. All computations are done for a fixed observation time of
3 h, and an initial GW frequency which is at the expected lower
limit of the mHz regime, as this would maximize the SRGO
response amplitude.
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frequency increases (as discussed in Sec. IVA), which
explains the nonlinear behavior of the curve at high redshifts.
Figure 7 also tells us that an SRGO should aim for an

effective residual stochastic noise of ∼1 ps or better. Since
the effective noise depends not only on the noise of an
individual timing measurement but also on the data
sampling rate and observing time, the true residual sto-
chastic noise may be greater than ∼1 ps and can effectively
be reduced by collecting data at a higher sampling
frequency during the observing run (see Sec. IV B). At
this level of noise (or better), an SRGO could potentially
detect mHz GW events involving SMBHs starting within
our Galaxy, up to galaxy merger events at high redshifts.
Note that, while the sensitivity curve in Fig. 6 is a curve

of unity SNR for the average signal as a function of GW
frequency, Fig. 7 is a curve of unity SNR for the maximum
signal as a function of GW source distance, which also
depends on the GW source type.

V. RESULTS: GW PARAMETER ESTIMATION

We have established a mathematical model to describe a
basic SRGO, using which we have analyzed its response to
GWs, obtained its sensitivity curve, and computed upper
limits on the residual noise required to detect astrophysical
mHz GW sources. In this section, we obtain first estima-
tions on the capacity of an SRGO to constrain the physical
parameters of a GW source. We do this by performing
MCMC model fitting on synthetic noisy data generated
with our model.
The antenna pattern of a LIGO detector is largely

omnidirectional (see Fig. 2 of [69]), and the same is true
for an SRGO (see Fig. 2 of paper I). Therefore, even with a
high signal-to-noise ratio, a single stationary LIGO or
SRGO, in principle, cannot pinpoint the position of the GW
source in the sky. However, an Earth-based detector is not
stationary and continuously changes its orientation relative
to an incoming GW due to Earth’s rotation. In principle,
this should cause the GW source to sweep across the
detector’s antenna pattern and produce a corresponding
characteristic envelope in its response, breaking the degen-
eracies of omnidirectionality and thus allowing the GW
source to be pinpointed. But since LIGO is sensitive to
GWs in the kilohertz frequency range that have short
durations, it is unable to fully exploit the effect of Earth’s
rotation. Hence, three or more LIGO detectors working
together are required to triangulate the GW source position
via the relative time delays between their detections from
the same source.
On the other hand, since an ideal SRGO would be

sensitive to GWs in the mHz frequency range (where the
GW signal may last for hours, days, or much longer), it
should be able to utilize Earth’s rotation to pinpoint the GW
source position. The GW source sky localization area,
however, would obviously depend on the signal-to-noise
ratio. We demonstrate this with an example from our

simulation results, where MCMC methods have been used
to do GW parameter estimation on noisy data points that
were created by adding Gaussian noise to the SRGO
response signal.
Figure 8 is an example of the MCMC chain traces, and

the diagonal elements of the 9 × 9 joint posterior corner
plot (shown in Appendix B, Fig. 11). We see that, in
general, at sufficient PSNR values, starting with the correct
parameter values, the MCMC chains explore around this
location in the nine-dimensional parameter space.
Figure 9 corresponds to the same case as Fig. 8, and it

shows the sky localization (i.e., the joint posterior of the
right ascension and declination of the GW source) for a
case corresponding to 32 effective data points taken over
12 h at a PSNR of 100. The sky localization area is

FIG. 8. On the left are the marginalized posteriors of the fitting
parameters and on the right are the corresponding MCMC traces,
consisting of 1000 parallel chains with 1250 samples each. The
true parameter values for this case are the ones in Fig. 2, except
the initial separation between the masses which is 1 A.U.
(corresponding to an initial GW period of 3.1 h). Thirty-two
data points with artificial noise added (PSNR ¼ 100) are taken
over an observing time of 12 h.
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calculated by computing the area on the sky (in deg2) of the
posterior region.
Owing to the specifics of the MCMC setup described in

Sec. III D, we miss the antipodal sky localization region,
which should exist because placing the ring and/or the
GW source at antipodal positions and/or having the ions
circulating in the opposite direction would all produce the
same SRGO response. Although we provide flat priors and
allow the MCMC chains to explore over the full range of
the angular parameters, the chains seem to explore only
around the true parameter values. This is of course due to
the nature of the DEMC algorithm used, which is known
for converging quickly to a solution in the parameter space
and staying around it. An antipodal region would double
the sky localization area; hence, we manually do so for all
measurements of the sky localization area.
We observe that the joint posteriors we obtain are in

many cases not smooth (see Appendix B for the entire set
of joint posteriors corresponding to Fig. 9). However, a
nonsmooth posterior can still be statistically well behaved
and provide meaningful information about the parameters
of interest. The smoothness or lack thereof in a posterior
distribution does not necessarily indicate the quality
or reliability of the results. If the model is highly non-
linear or complex, it might naturally lead to nonsmooth
posteriors. The choice of MCMC sampling algorithm can
also play a role. Different algorithms have varied explo-
ration and convergence properties, which can affect the

smoothness of the obtained posteriors. The “blobbiness”
observed in our posteriors comes from a combination of
the complex model and the DEMC algorithm. We chose
the DEMC because it not only offered faster computation
times but also gave more reliable results compared to
other algorithms.
Following this brief overview, in the next subsections,

we shall explore the SRGO parameter estimation results in
greater depth.

A. Variation of parameter estimation errors

We explore the constraints derived from parameter
estimation by computing the variation of the posteriors
as functions of some controllable experiment parameters
(such as the observation time, data sampling rate, and
PSNR) for five out of the nine fitting parameters in our
model. These are the GW source component masses, m1

and m2; the GW source redshift, z; and the GW source sky
position, αsrc and δsrc. The results for αsrc and δsrc jointly
correspond to the sky localization area shown in Figs. 10(a)
and 10(b). By symmetry, the results for m1 and m2 are the
same and correspond to Figs. 10(c) and 10(d). The results
for z have been translated into the GW source luminosity
distance and correspond to Figs. 10(e) and 10(f). We chose
these five parameters as they are astrophysically the most
relevant ones.
We generate 16, 32, and 64 data points in this study for a

multitude of reasons: First, as explained in Sec. III D, we
use powers of 2 as this allows for faster computation of the
FFT. Furthermore, in our computations, 16 data points
taken over one day (or 2.666 data points per hour) happens
to be the lower limit for the Shannon-Nyquist condition to
hold for the case corresponding to Fig. 2, which is used to
generate the results in this section. Hence, this would give
us an upper limit on the constraints that can be derived from
parameter estimation for a given PSNR and observation
time. Also, although in reality it would be possible for a
timing detector to make several million measurements
within an observation time of hours to days, we use only
a small number of data points for computational efficiency.
This is justified because a smaller number of data points at a
given PSNR may be interpreted as binning a large number
of data points that correspond to a lower true PSNR, thus
giving the same effective PSNR.
Note that, for results pertaining to parameter estimation,

we chose to work with the PSNR (peak signal-to-noise
ratio) rather than an integrated SNR, such as that used for
the sensitivity curve in Sec. IV B. Integrated SNR is a
useful measure for probing the limits of detectability, but
large values can be obtained for a given signal and noise
level, simply by taking measurements over longer obser-
vation times. The PSNR, on the other hand, is independent
of the observation time. For a given noise level, the
PSNR necessarily reflects whether the signal is strong or
weak overall, unlike the integrated SNR. However, if the

FIG. 9. The GW source sky localization, i.e., the 3σ (99.7%,
purple) and 1σ (68%, green) HPD region on the joint posterior of
the GW source’s right ascension and declination. This figure
corresponds to the case shown in Fig. 8. This shows that a single
SRGO can potentially use Earth’s rotation to localize the GW
source in the sky. The other joint posteriors corresponding to this
case may be found in Appendix B.
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(a) (b)

(c) (d)

(e) (f)

FIG. 10. The parameter estimations of three parameters are shown: GW source sky localization area, relative errors of distance, and
mass estimation. (a),(c),(e): Estimation variation vs PSNR for different data sampling rates. (b),(d),(f): Estimation variation vs
observation time at a fixed data sampling rate for different values of PSNR. The circled scatter points in (b), (d), and (f) correspond to the
cases shown in Figs. 8 and 9 and Appendix B.
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observation time is fixed, then both kinds of SNR effec-
tively convey the same information.
In Fig. 10(a), we see that, for a given data sampling rate

and observation time, the sky localization area decreases
with decreasing noise and saturates at around a few
tens of deg2 for high PSNR. This is due to parameter
degeneracies that cannot be broken further, unless multi-
ple SRGOs are utilized or better models are utilized that,
for instance, account for higher-order harmonic modes of
GWs [70]. The error bars show the statistical variation of
the parameter estimation (error on the error), and they
increase with increasing noise. This is likely due to the
DEMC algorithm: at low PSNR, it would generally cause
the chains to spread over a wide range on the parameter
space, but they would sometimes tend to converge to
some spurious value on the parameter space, thus
increasing the standard deviation of the parameter esti-
mation values obtained from multiple datasets generated
for the same case.
Furthermore, at a given PSNR, the sky localization

improves upon increasing the data sampling rate. This is
because the effective noise is inversely proportional to the
square root of the total number of data points or, in other
words, the square root of the data sampling rate times the
observing time. The parameter estimation becomes unre-
liable at high levels of noise, with the sky localization area
covering almost the entire sky for PSNR values lower than
∼0.1. An effective PSNR of ∼80 seems to be the threshold
for a single SRGO to achieve its best possible sky
localization. As stated in the previous sections, “effective”
implies dividing the noise (or multiplying the PSNR)
by

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fsampleTobs

p
, i.e., the square root of the number of

data points.
For a given PSNR in Fig. 10(a), upon interpolating over

the three data points corresponding to different numbers of
samples and then extrapolating this, we plot model curves
(dotted lines) for different PSNR values in Fig. 10(b),
which show the expected variation of the sky localization
due to a change in the total number of samples taken over
different observation times at a fixed sampling rate. This
would correspond to a realistic scenario where the sampling
rate of the SRGO would be fixed, and changing the total
observation time would change the number of data samples
measured. However, when we overplot values (scatter
points) obtained by doing an MCMC fit to simulated noisy
data, we observe a deviation from the extrapolated model
curves. This deviation is greater for higher PSNR values
and for smaller observation times. In fact, this deviation
shows that changing the observing time not only has the
effect of changing the number of data samples but, further,
allows the effect of Earth’s rotation to be exploited to a
greater extent to better break some parameter degeneracies.
At small observation times, this effect is inefficient, and
hence the scatter points perform worse than the model fit.
Note that the model fit agrees with the scatter point at an

observation time of 24 h, since that was the fixed
observation time in Fig. 10(a) which was used to create
the model curves.
An exception to this trend may occur when the Shannon-

Nyquist condition is violated; i.e., for a fixed number of
data points, a smaller observation time may result in a better
parameter estimation if increasing the observation time
(reducing the data sampling rate) results in aliasing. This
scenario would typically not be relevant for a realistic
SRGO experiment, where the data sampling rate would
be orders of magnitude higher than the GW frequency.
Finally, beyond 24 h observing time, Earth’s rotation
cannot break any more parameter degeneracies in principle,
and therefore even at high effective PSNR values in
Figs. 10(a) and 10(b), the sky localization tends to saturate
at around 20 deg2.
In Figs. 10(c)–10(f), we observe similar trends for the

GW source mass and distance estimation as are observed
for the sky localization. The relative errors of mass and
distance estimation saturate at 200% for low PSNR values
only because of the bounded flat priors that we use in the
MCMC algorithm (mentioned in Sec. III D). Even at the
highest PSNR value, the errors on the mass and distance
estimation remain finite, at ∼20%. For the same reasons
mentioned previously, comparing values from a given
curve in Fig. 10(d) [Fig. 10(f)] with the corresponding
values at the same PSNR in Fig. 10(c) [Fig. 10(e)], we
notice the trend that for the same effective PSNR, increas-
ing the observation time improves parameter estimation.
However, unlike the sky localization, the errors on the mass
and distance estimations do not yet saturate at the highest
PSNR values probed but are expected to eventually saturate
at even higher PSNR values.
Gravitational wave interferometers can measure the

binary masses to a higher accuracy than obtained in our
results, as calculated in [71]. For the same SNR, the lower
accuracy of mass estimation in our results may be attributed
to using only the quadrupole moment contribution in our
GW strain model, compared to the post-Newtonian model
used in [71], which of course improves parameter estima-
tion accuracy due to the higher-order terms. Also, in our
computation, we have only considered the inspiral phase of
the GW source, avoiding the merger and ringdown phases,
which generally provide further information for accurate
parameter estimation [72].

B. Parameter degeneracies

In Appendix B, we show an example of the 36 joint
posterior pair plots for our nine model parameters. These
correspond to a case where 32 noisy data points were taken
over 12 h, at a PSNR of 100. The true parameter values for
this case are the same as in Fig. 2, except that the initial
binary separation is 1 A.U. (corresponding to an initial GW
period of 3.1 h). At such a high PSNR, the joint posterior
correlations show the degeneracies between the parameters.
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Here, we try to explain the observed correlations based on
the model details described in Sec. III A.
The joint posterior of the two binary masses [Fig. 11(a)]

shows an anticorrelation, because upon increasing one of the
masses, the other must be decreased to have the same chirp
mass. The two binary masses are also positively correlated
with the initial binary separation [Figs. 11(b) and 11(i)],
since increasing the mass increases the GW strain amplitude
and also affects the frequency evolution, which can be
countered by increasing the initial binary separation. The
positive correlation between the masses and the GW source
redshift [Figs. 11(h) and 11(k)] has already been explored in
detail in Sec. IVC. It exists because increasing the redshift
decreases the response signal, which can be countered by
increasing the mass of the binary. Instead of increasing the
binary mass, we can also counter this by increasing the initial
binary separation, which reduces the GW frequency, thus
increasing the response signal, as discussed at the beginning
of Sec. IVA. That is why the joint posterior between the
source redshift and the initial binary separation also shows a
positive correlation [Fig. 11(q)].
An interesting joint posterior to analyze is the source

redshift, z, vs the source inclination angle, i [Fig. 11(v)].
The degeneracy between the source distance, dL, and the
inclination angle is well known in GW astronomy.
Therefore, we expect them to be anticorrelated, since
increasing the source distance decreases the GW strain
amplitude, but decreasing the inclination angle can counter
this. However, in Fig. 11(v) we consider the correlation of i
with z rather than with the luminosity distance, and z also
affects the chirp mass and GW frequency. Therefore, in our
results, the z − i joint posterior shows no correlation, since
these two parameters control very different aspects of the
response signal. Further, a small change in z corresponds
to a large change in dL. If a posterior of dL and i were
computed for an approximately constant z, then the
expected degeneracy could be easily seen.
Another noteworthy joint posterior is that of the GW

polarization angle vs the GW initial phase [Fig. 11(gg)],
which shows a strong linear correlation. This can be
derived analytically for our special case of i ¼ 0. For this
case, the response signal (4) can be rewritten as follows
after substituting all the terms and collecting the common
terms into a factor h0:

ΔTGW ¼
Z

t0þT

t0

h0 sin2 θðcos ð2ψÞ cos ð2πftþ δ0Þ

þ sin ð2ψÞ sin ð2πftþ δ0ÞÞdt

¼
Z

t0þT

t0

h0 sin2 θ cos ð2πftþ δ0 − 2ψÞdt: ð17Þ

The above equation shows that i ¼ 0 corresponds to
circularly polarized GWs observed with an SRGO, which
may be interpreted as GWs with a constant phase, δ0,

whose polarization axes are rotating in a circle with an
effective GW polarization angle, ψ eff ¼ ψ − πft. Other
parameters being fixed, if we Taylor expand ψ as a function
of ψeq around its true value, then for small deviations of ψ eq

from its true value, ψ will be linear in ψ eq. Hence, the above
equation explains why the joint posterior of ψ eq and δ0
shows a linear correlation. Note that all values within the
parentheses of the above equation are in radians, while the
values shown in Fig. 11(gg) are in degrees, but these values
are consistent with the Taylor series assumption that
deviations of ψ eq from its true value, in radians, is small.
Thus, for circularly polarized GWs, changing the initial

phase of the GW can produce the same signal as changing
the GW polarization angle. If Earth were stationary, this
would be the same as beginning the observation run at a
different time.

VI. DISCUSSION

Why do we choose ultrarelativistic test mass particles?
It is currently unclear, but using ultrarelativistic ions

might be beneficial [21]. This is because a single ion
with sufficiently high energy would, in principle, by its
sheer momentum appreciably attenuate the effect of many
stochastic and deterministic noise sources that would
directly perturb the ion (some of which were explored in
paper I). This would also allow a coasting ion to deflect or
deviate less from its ideal orbit and last longer in a nonideal
vacuum, thus potentially allowing for longer SRGO obser-
vation runs.
What are the limitations and caveats of this study?
One of the primary limitations of this study is the

simplistic static Gaussian noise model for the residual
system noise, based on the assumption that our hypothetical
storage ring facility is capable of attenuating most of the (yet
unstudied) noise sources, similar to LIGO. We cannot yet
model noise sources in detail, especially their frequency and
time dependence, until a thorough study is conducted [21].
Next, our GW waveform models do not account for the

spins of the compact objects in the binary, the eccentricity
of their orbit, or other parameters corresponding to realistic
binary systems. While our model contains nine unknown
fitting parameters, realistic GW models contain around
15–17. However, as a first step toward establishing a novel
experiment concept, for the sake of consistency and ease of
analysis, it is better to use a realistic toy model for making
order-of-magnitude estimations rather than to use complex
and detailed models from the very beginning, which can
make analysis quite difficult in a topic that has not been
explored to such an extent prior to this study. Although our
GW source and ring models are simple, they are realistic
enough to provide correct orders of magnitude of the
estimates. Perhaps, incorporating detailed GW waveforms
and storage ring models is the next logical step in this series
of works.
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We also do not model the merger and ringdown phases,
and cover only the inspiral phase of the binaries. However,
because the response signal tends to decrease with increas-
ing GW frequency (Fig. 4), the merger and ringdown
phases would likely not produce an SRGO response signal
as large as the one during the inspiral phase.
Furthermore, our GW source models, which are derived

from post-Newtonian (PN) analysis, cannot accurately
model EMRIs. In Sec. IV C, Fig. 7, some GW sources
that are actually EMRIs have been estimated with our post-
Newtonian GWwaveform model, which is not optimal. But
since we are interested in order-of-magnitude estimates and
since we do not expect the difference between our model
and an EMRI GW waveform to be orders of magnitude
greater, we regard this as a justifiable simplification. This is
supported by [73], where it can be seen that the simple PN
waveform models are accurate enough to model EMRIs
for small observation times of a few hours or days, as
considered in our study.
Many of our results have been generated by averaging

over as many parameters as possible, so that the conclu-
sions interpreted from them may remain accurate and
general. However, some of our conclusions are extrapolated
based on results for a specific and arbitrary combination of
parameters, corresponding to Fig. 2 (with some variations
which are described in the sections pertaining to each
result). This was done for cases where averaging over
parameters was very difficult or computationally expen-
sive. These include results in Secs. IVA and V. However,
we do not expect the parameter-averaged results to be
different in order of magnitude for these cases, and hence
expect them to be sufficient for first estimates and general
conclusions. For instance, the results in Sec. IVA, which
are based on scaled values of the PSNR, are intrinsically
independent of some parameters, such as the GW source
mass and distance. Moreover, we can make estimates of
how some of the results would change for a different set
of parameters. For example, the results of Sec. V, for a
different set of true parameters, can be estimated by
combining the results of Secs. IVA and VA, which should
at least be correct in order of magnitude.
Lastly, we have not yet accounted in the SRGO response

formulation, the effect of the GW on the storage ring
magnetic field, which may possibly boost the response
signal. This would be included in future work [21].
How to measure the instantaneous initial ion speed, vi?
Two timing detectors placed close by would detect a

passing ion with a delay. Dividing the known distance
covered by the ion with this timing delay would give us vi.
This measurement could be made more accurate by
repeating this procedure over the first several revolutions
and then taking an average value. However, performing this
procedure with a single timing detector (i.e., dividing the
orbit circumference by the time interval between two
successive detections of the same ion by a single detector)

would be less accurate, because although the time-varying
quantities would change negligibly during a single ion
revolution, but the ion would still be affected by the
anisotropy of the spacetime. Hence, compared to the former
procedure, this way would give us a slightly worse
substitute for the quantity that we wish to measure.
How to measure ΔTGW?
Using vi and the circumference of the ion orbit, we can

predict the expected arrival times of the ion to the timing
detector. These must then be subtracted from the actual ion
arrival times that are measured by the timing detector. The
result will constitute the discrete noisy data points ΔTGW,
which when plotted against the expected arrival times will
look like Fig. 2. This is why the second term within the
integral of Eq. (4) differs from that of Eq. (1) when we

measure vi ¼ v0ð1þ hθϕψ ð0Þ
2

Þ instead of v0. Since the speed
is used to predict the times when the ion would arrive at the
detector, a different speed would change the predicted ion
arrival times, and thus also the signal (which is the observed
arrival time minus the predicted arrival time of the ion).
Do GWs affect the atomic clock of the timing detector?
Since the storage ring ion clock and the atomic/optical

clock of the timing detector would be located next to each
other, they would both be affected in the same way due to
the temporal component of the GW metric (or any other
spacetime metric). Therefore, in principle, the temporal
component of the spacetime metric cannot be measured by
a comparison between the ion clock and atomic clock
geodesics (the working principle of SRGO). However,
since the location of the atomic clock would be stationary
in the reference frame, while the ion would revolve in an
anisotropic GW spacetime, the spatial components of the
GW metric would affect the storage ring ion clock differ-
ently as compared to the atomic/optical clock. This differ-
ence would result in a response signal that could, in
principle, be measured by an SRGO. This is the reason
why, as explained in Sec. IV C, laser and atom interfer-
ometer GW detectors cannot probe the anisotropy of a
static distorted spacetime (such as very-low-frequency GW
spacetimes over short observation times), even in principle.
However, this would possible, in principle, with an SRGO,
even in the absence of Earth’s rotation. However, practi-
cally, this might never be tested because of the stochastic
gravitational wave background, which exists due to an
overlap of a large number of unresolved and incoherent
astrophysical GW sources at low frequencies [74–76].
Why did we choose MCMC methods over Fisher

information for parameter estimation?
The Fisher information matrix (FIM) can be described as

the inverse of the covariance matrix of some distribution.
It may also be interpreted as the curvature of the log-
likelihood graph. The FIM can be calculated analytically,
requiring only the model that generates the response signal.
This makes the FIM a fast and simple method of obtaining
the precision of the parameter estimation pipeline without
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actually having to make a measurement of artificial noisy
data. However, the FIM does have limitations: It assumes a
model with linearly correlated parameters, a detector with
Gaussian noise, and a high SNR. It has been shown that
for a nonspinning binary GW source model with nine
unknown parameters such as ours, at total binary mass
higher than 10.0M⊙, the standard deviation predicted by
the FIM does not agree with the standard deviation of a
fully calculated posterior by MCMC methods [77].
Further, an MCMC fit gives us the added advantage of

studying correlations between parameters, and getting a
qualitative impression of how well behaved a fit is.
What are the implications for conducting an SRGO

experiment at the Future Circular Collider (FCC)?
FCC [78] is a proposed circular particle accelerator

which will be able to accelerate ultrarelativistic ions at
even higher energies than the LHC. This could increase
the natural attenuation of any stochastic noise sources
directly acting on the ions, due to the ions having a higher
relativistic mass or momentum. However, the proposed
100 km circumference of the FCC would have implications
for noise levels from sources such as seismic noise,
gravity gradient noise, and others, which, unlike the
expected SRGO response signal, would likely be sensi-
tive to the ring size. Currently, it is unclear whether a
larger or smaller ring size would be more suitable for an
SRGO experiment. It is hoped that, upon detailed
computational modeling of the noise sources, an optimal
configuration within the parameter space can be found,
which reveals the optimal ring size [21].
However, another pertinent point regarding the FCC in

the context of this study is that innovation in particle
accelerator technology through big projects such as the
FCC would indeed help the future realization of an ideal
SRGO facility. As we recall from Sec. III B, the ideal
SRGO assumed in this study currently seems to be beyond
the frontier of modern technology, and work on the FCC
may help push that frontier in ways that serendipitously
unlock solutions for realizing an SRGO.
What are the potential implications for multimessenger

astronomy?
The yet undetected mHz GWevents are also predicted to

be associated with the emission of electromagnetic radia-
tion and neutrinos [8,79–81]. For transient astrophysical
events that correspond to high-frequency GWs such as
those detected by LIGO, the usual case for multimessenger
observations is of the event first being detected by the
omnidirectional GW detectors, which then perform fast
parameter estimations and send out real-time alerts to other
observatories, providing the estimated GW source compo-
nent types, masses, spins, and, importantly, the sky locali-
zation region. An effort is then made to quickly and
simultaneously observe the GW event via the other mes-
senger signals using the alert information. However, for
mHz GW events, fast alert response would be of lesser

concern, because most of these events would be long lasting.
Therefore, improving parameter estimation, especially the
sky localization, would be most important for multimes-
senger studies of mHz GW events. Other than improving
detector sensitivities, this is best achieved by collaboration
between multiple mHz GW detectors. It is estimated that a
proposed mHz GW detector such as LISA, by itself, would
not be good enough to pinpoint the host galaxies of mHz
GW sources [79,82]. On this front, it is clear that the
successful realization of an SRGO would greatly comple-
ment other mHz GW detectors such as LISA and improve
the GW alerts for multimessenger observations.
Assuming that a mHz GW event is detected simulta-

neously by LISA and SRGO, and further assuming that the
realized SRGO has effectively the same capabilities as the
hypothetical system considered in Sec. III B of this study,
then we can make a rough estimation of the improvement
in the GW source sky localization due to a combination of
SRGO and LISA. The LISA sky localization for massive
black holes is estimated to be 1–100 deg2, and LISAwould
be lagging Earth’s orbit by 20° [7]. In the optimistic case,
assuming that a single SRGO on Earth manages to localize
the same GW event between 4 and 40 deg2 as obtained
in Sec. VA, then by combining these data via simple 3D
geometry, we can roughly estimate that the improved sky
localization may be as good as sub-deg2 and as bad as a few
tens of deg2. Overall, this would be a very good improve-
ment, and it could be made even better by having multiple
SRGOs at different locations on Earth.
For atom interferometers sensitive to the decihertz

frequency range, suggestions for further improvement to
parameter estimation beyond the effect of Earth’s rotation
have been made, incorporating the effect of Earth’s
revolution [83]. In our case, we did not consider this effect
due to the knowledge that maintaining a coasting beam in a
storage ring beyond a few hours is currently very difficult.
In principle, if a yearlong beam could be sustained, then
further improvement to the parameter estimation by a single
detector would be possible.

VII. SUMMARY AND CONCLUSION

In Sec. I, we discuss such previous studies on storage
rings as GW detectors, highlighting what they missed and
explaining the novelty of our idea. We provide comparisons
and analogies between an SRGO and other known GW
detection techniques. We also discuss references that
support our findings and throw light on potential ways
for realizing an SRGO. In Sec. II, we provide a review of
the theory behind an SRGO and revise important formulas
to display them in a better format. Section III describes the
mathematical models and numerical procedures of our
simulation code.
In Sec. IVA, we study the variation of the response

signal with the experiment parameters, obtaining useful
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physical insights about how an SRGO works. Our results
suggest that the response signal would be maximized by
placing an SRGO at equatorial latitudes on Earth and by
having long observation times. In Sec. IV B, we numeri-
cally obtain the SRGO sensitivity curve, which shows
that an SRGO would be sensitive to the mHz GW regime
provided that a minimum observation time (run-time of
the storage ring) of at least a few hours can be achieved in
an SRGO experiment. In Sec. IV C, we find that a typical
SRGO would require an effective residual noise lower
than ∼1 ps to detect astrophysical mHz GW sources. At
this level of noise, an SRGO could potentially detect mHz
GW events involving supermassive black holes starting
from within our Galaxy, up to galaxy merger events at
high redshifts.
The results of Sec. V prove that even a single SRGO can,

in principle, perform accurate GW parameter estimation,
being able to provide a closed region on a sky map for
the GW source localization, which would improve with
increasing PSNR. In Sec. VA, we find that an effective
PSNR (i.e., true PSNR times the square root of the total
number of data points) of at least ∼80 would be required
to constrain parameters effectively with a single SRGO,
which may be achieved by a combination of noise
reduction and increasing the data measurement rate. At
this effective PSNR or higher, a single SRGO would be
capable of constraining the GW source parameters (the sky
localization area, relative distance, mass estimations, etc.)
to within a few tens of percent of their true values. In
Sec. V B, we obtain more physical insights by studying the
parameter degeneracies of an SRGO experiment.
Finally, in Sec. VI, we discuss the limitations of this

study, justify some approaches we have taken in this study,
answer fundamental questions about the working principle
of an SRGO, and discuss future implications of realizing
an SRGO.
In conclusion, SRGO seems promising as a near-future

Earth-based GW detector sensitive to the yet undetected
mHz GWs. It could complement space-based detectors
such as LISA or even make detections prior to the launch
of LISA, assuming that rapid technological development
during this decade allows a functional SRGO to be built.
The main effort required in this direction would be detailed
studies, techniques, and technologies to handle noise
sources; finding the optimum operation mode of a storage
ring for an SRGO experiment; and techniques and tech-
nologies for the timing data readout. Further studies of
single ion storage rings and improvements in vacuum
technology would also help.
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APPENDIX A: CONTRIBUTION TO ΔTGW
FROM BEAM ORBIT SHAPE DISTORTIONS

Consider a circular ion beam of radius R which gets
distorted into, say, an ellipse with axes R� ΔR, where
ΔR
R ¼ h represents the GW strain amplitude, which is much
smaller than unity.
The perimeter of a near-circular ellipse is approximated

to an excellent accuracy via Ramanujan’s formula [86],

Cellipse ¼ πðaþ bÞ
�
1þ 3λ2

10þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 3λ2

p
�
: ðA1Þ

Here, a ¼ Rþ ΔR, b ¼ R − ΔR, λ ¼ ða−bÞ
ðaþbÞ ¼ h. The error

in Ramanujan’s approximation is Oðh10Þ. Over many
revolutions, the ion circulation time deviation will be
proportional to a time integral over the difference between
the perimeters of the distorted and ideal orbit shapes,

ΔTorbit ∝
Z

t0þT

t0

ðCellipse − 2πRÞdt ∝ h2: ðA2Þ

This result is, in general, also true for more complex
beam orbit shape distortions caused by other sources (such
as seismic activity), as long as the corresponding quantity
equivalent to h is small.

APPENDIX B: CORNER PLOT SHOWN AS
INDIVIDUAL JOINT POSTERIOR PLOTS

Owing to space constraints, we show in Fig. 11 the 36
individual joint posterior pair plots corresponding to the
nondiagonal elements of the 9 × 9 corner plot. The diago-
nal elements of the corner plot have been shown in Fig. 8.
In each pair plot, we show the 1σ (68%, green) and 3σ
(99.7%, purple) HPD regions. The true parameter values
for this case correspond to those in Fig. 2, except for the
initial binary separation, which is 1 A.U. (corresponding to
an initial GW period of 3.1 h). Thirty-two data points have
been taken over an observing time of 12 h at a PSNR of
100. The results of Fig. 11 are discussed in Sec. V B.
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