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Quantization of skyrmions using instantons
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We provide a step-by-step method to construct skyrmions from instanton ADHM data, including when
the exact ADHM data is unknown. The configurations look like clusters of smaller skyrmions, and can be
used to build manifolds of skyrmions with or without symmetries. Nuclei are described by quantum states
on these manifolds. We describe the construction and quantization procedure generally, then apply the
methods in detail to the 8-skyrmion which describes the Beryllium-8 nucleus.
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I. INTRODUCTION

Skyrmions are topological solitons used to model nuclei
[1]. Each classical configuration has a topologically pro-
tected integer, N, which is identified with the baryon number
of the corresponding nucleus. To compare properties such as
energies, allowed (iso)spins, and charge radii one must
quantize the classical skyrmion. This may be done semi-
classically by selecting a low energy manifold of configu-
rations, which we will call the configuration space, and
solving a Schrodinger equation on it. In the simplest case one
chooses the minimal energy skyrmion and its zero modes:
translations, rotations, and isorotations [2,3]. But it is well
known that skyrmions and nuclei deform. Hence to improve
the approximation one should include deformations in their
configuration space. This is difficult due to the nonlinearity
of the Skyrme model. Previous studies which attempt to
include deformations are limited in different ways. They:
generated one-dimensional submanifolds using gradient
flow [4,5], made phenomenological guesses about the
space [6], or used a harmonic approximation [7,8].

In this paper we will develop a method that uses the
instanton approximation, based on ADHM data, to construct
configuration spaces in the Skyrme model; as an example we
apply this method to the quantization of the 8-skyrmion.
Atiyah and Manton first suggested that instantons, soliton
solutions of Yang-Mills theory, could be used to approximate
skyrmions [9]. The idea is powerful as instantons are
incredibly well understood. In each topological sector, there
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are 8N instantons and all can be described by (N + 1) x N
quaternionic matrices, called ADHM data [10].

There has been significant recent progress in understand-
ing the link between skyrmions and instantons. The Atiyah-
Manton approximation is understood by viewing the
Skyrme Lagrangian as the first term in an expansion relating
instantons to skyrmions coupled to vector mesons [11], and
this has been used to interpret modes in 2-skyrmion scatter-
ing [12]. A new numerical method to generate skyrmions
from instantons was developed in [13,14]; this has been used
to construct larger spaces of skyrmions from instantons than
ever before [15], and to generate explicit rational approx-
imations of skyrmions [16]. Very recently, a new formula for
calculating Finkelstein-Rubinstein constraints directly from
ADHM data has been found [17] improving on old results
which were only applicable to rigid body quantization [18].

Despite this progress, the instanton approximation is
still not widely used. Hence one aim of this paper is to write
a simple “recipe” to generate ADHM data, and hence
skyrmion spaces, quickly and easily. After briefly review-
ing the Skyrme model, Atiyah-Manton construction, and
ADHM data in Sec. II, we outline such a step-by-step guide
in Sec. III, along with a review of the quantization
procedure. These steps are applied in detail in Sec. IV,
and some more detailed (but more generic) examples are
showcased in Sec. V.

II. SKYRMIONS, INSTANTONS AND ADHM DATA

The Lagrangian density of the Skyrme model, with zero
pion mass, is given by

/2

£=—Ten

tr(L, L") + %u([g,u LA, L), (2.1)

and is written in terms of the left-invariant current
L =U"'dU, for U: R?> —s SU(2). For simplicity, we
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choose energy and length units f,/4e and 2%/ f e respec-
tively; these are called Skyrme units. Skyrmions are
energy-minimizing maps U: R*> — SU(2) of the dimen-
sionless static Skyrme energy

E(U) = —%/tr(L,-L,-+é[Ll-,Lj][Ll-,Lj]>d3x, (2.2)

satisfying the space-compactifying boundary condition
U — 1d as r — oo; this boundary condition allows for a
well-defined topological degree N €Z = 73(SU(2)),
physically identified as the baryon number, and computed
via the integral

N = ! /tr(L/\L/\L)
 24n? ’

The energy is bounded below proportionally by the charge
[19], and the choice of units has been made so that the
energy bound is E > 127%|N)|.

The Euler-Lagrange equations for (2.2) are highly non-
linear and no solutions are known analytically. A good
approximation of solutions is provided by instantons on R*
[9]. Instantons are gauge fields A on R* with anti-self-dual
curvature xF = —F which extend smoothly to the one-
point compactification $* = R* U {c0}. This boundary
condition identifies each instanton with a topological
charge N € Z called the instanton number, computed as
the second Chern number

(2.3)

N =c,(8%) = i/tr(F AF). (2.4)

- 8

For each N there is an 8| N|-dimensional moduli space Z y
of instantons modulo gauge transformations which tend to
identity at infinity [20]. The moduli spaces Zy are para-
metrized by a moduli space of matrices called ADHM data
[10]. The ADHM data may be described as follows. Let X'
denote the set of all pairs (L, M) where L is a length-N row
vector of quaternions, and M is an N X N symmetric matrix
of quaternions. For any element (L, M) € X'y, and x €H,
one may write down the associated matrix

L
A, = :
(M—XIdN>

To describe an instanton at x = x;i + xof + x3k + x41 €
H =~ R*, these data must satisfy the reality condition: that
the N x N matrix AiAx is real and invertible for all x € H.
The moduli space Ay of ADHM data is the set of all
(L, M) € Xy satisfying the reality condition, modulo the
action of O(N) given by

(2.5)

0-(L,M)=(LO"',0MO™"),  O€O(N). (2.6)

The instanton associated to any ADHM data is given by an
induced connection on ker A™; the subbundle of the trivial
quaternionic bundle R* x HVt! with fibers ker Al.
Explicitly, one solves for each x € H

ALY =0,

vy =1, ¥o=(1 0 --- 0),

(2.7)

and sets A|, = Wid¥,.

The Atiyah-Manton approximation of skyrmions [9]
generates an approximate skyrmion U: R? — SU(2) as
the holonomy of an instanton along all lines of fixed
imaginary part J(x) € J(H) = R3. In this scheme, the
instanton number N is the baryon number of the associated
Skyrme field, hence why we use the same symbol for both
quantities. In general, it is not possible to write down
instanton holonomies analytically, so one must approxi-
mate them numerically. Since instantons are understood via
ADHM data as induced connections, we may approximate
the holonomy using the methods outlined in [14]. In this
paper, we approximate the holonomy using the improved
order 3 method, the details of which may be found in [14].

III. GENERAL METHODOLOGY

Previous work has focused on finding the ADHM data that
has the same, often large, symmetry group as a known
skyrmion. We will generalize this problem and try to
construct ADHM data which looks like k-clusters of smaller
skyrmions, which can have any symmetry. These will often
be families of data, used to generate a configuration space of
skyrmions. In this section we shall discuss how to generate
ADHM data of this type. We will also discuss a semiclassical
quantization on a configuration space.

A. Constructing clustered configurations

To describe any configuration in terms of smaller clusters,
we follow a general road map outlined below. The procedure,
formulated through the framework introduced in [15], will
generate ADHM data, hence a genuine instanton, which
models the skyrmion configuration of interest.

Step 1: Understand the component -clusters and
their ADHM data. These will be k true ADHM data
(Li,M;)€Ay,i=1,... k, which describe the constituent
components. A list of ADHM data describing common
components, such as tori and cubes, may be found in [15].

Step 2: Write down specific “test data” (L7, M7) € Xy
(with N = )", N;) which describes the problem. The test
data is explicitly given by embedding each constituent of
Ay, into Xy as a block diagonal:

Ly = (piLiq7" peLai )
My = diag{q,Mq7" + aldy,. ..., iMyq;" + addy, }.

(3.1)
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The test data (3.1) will generally not be ADHM data as it
will not solve the reality condition; it is instead a building
block from which to determine true ADHM which
describes the physical system of interest. In (3.1) the
(pi»q;) €SU(2)? are unit quaternions that describe the
orientations of the components in isospace and space
respectively, and the a;€H describe the positions.
Typically one sets i (a;) = 0 so then the a; are 3-vectors
represented by imaginary quaternions; separations in the
real (holographic) direction may be relevant for parame-
trizing vector meson modes [12], but we do not consider
this possibility here.

If the system requires any inverted constituents, i.e. those
whose Skyrme fields differ by the parity transformation
U(x) — U(=x)~!, one simply replaces the relevant con-
stituent data (L;, M;) by (=L;, —M,).

Step 3: Determine the symmetry of the entire system.
The group SU(2) x SU(2) x Z, of isorotations, rotations,
and parity transformations, acts on (L, M) € Xy via

(p.q.1)- (L.M) = (pLq™',qMq™"),

(p.g.=1)-(L,M) = (=pLq~",—qMq™"). (3.2)
The test data (Ly, My) may be invariant, up to gauge
transformation, under a subgroup of these: this is the
stabilizer subgroup Sy of (3.1) in SU(2) x SU(2) x Z,.
A detailed discussion of identifying such symmetries may
be found in [15]. In brief, the symmetry is made explicit by
finding, for each generator g € S7 of the symmetry group of
(3.1), a compensating gauge transformation O, € O(N)
such that
(LTvMT) =g- (LT05170gMT0;l)- (33)
Step 4: Construct the most general (L, M) € X'y /O(N)
consistent with the system and symmetry. Starting with the
rigid body symmetries S, one may write down the most
general (L, M) € Xy with these symmetries, i.e. such that
(L,M)=g-(LO;".O,MO;") forall geSr, (3.4)
where O, are the compensating gauge transformations
identified earlier in (3.3). Our approach here contrasts with
previous work (for example in Refs. [21,22]) which found
symmetric ADHM data by fixing a symmetry group G and
performed an exhaustive search for all ADHM data with
that symmetry. In general there will be several choices of
compensating gauge transformations which allow for
solutions of (3.4) given by different N-dimensional repre-
sentations of G, and the fixed point set under the action of
G may well be disconnected in A, with some different
representations describing different components. In our
case the compensating gauge transformations are fixed in
step 3, and this guarantees we end up with data in the

connected component of the fixed point set of S; in Xy
which describes the physical system of interest.

Even after imposing symmetry, the most general

(L,M)€e Xy found in this way will likely depend on
several free parameters. Some of these will be fixed by the
reality condition in the next step, whereas others may be
redundancies due to gauge freedom and may be removed.
Note that (3.1) acts as a partial gauge fixing imposed by the
choice of gauge for the individual components (L;, M;),
and this fixes the compensating gauge transformations
arising in the symmetry. To respect this, the residual gauge
freedom may be determined explicitly as the subgroup O C
O(N) which commutes with the compensating gauge
transformations, i.e.
0 ={QeO(N): Q0O,=0,Q forall geSr}. (3.5)
Finally, the remaining free parameters may be thought of as
depending on a set of physical parameters R; which are
prescribed by the parameters of the test data. These may be
constrained by internal symmetries of the test data, man-
ifested by one-parameter families R(¢), € [0, 1], such that
there exists Q€ O(N) with

(L7(R(0)), M7(R(0)))

= (PLr(R(1))q~'Q7". QqMr(R(1))q~'Q7").  (3.6)

in the chosen gauge.

Step 5: Find the ADHM data which is closest to
Mz (R;) = (L7, M7)(R;) consistent with the symmetries.
To do so, start with the general data (L, M) e Xy/O(N)
consistent with the symmetries found in step 4. We will
parametrize this set by r;, and denote the general matrices
as M(r). We then try to minimize [|M(r;) — Mz(R;)]|,
while enforcing the reality condition, which will project
M(r) from Xy/O(N) to Ay; the space of ADHM data.
Explicitly, we need to solve

mrin||/\/l(r)—MT(R,~)|| subjectto I(M(r)MT(r)) =0.
(3.7)

Throughout, we will choose the gauge-invariant distance
function induced by the standard inner product on matrices

(A,B) = tr(A"B). (3.8)
In general, for complicated clusters, resolving the reality
condition [and hence even more so the problem (3.7)] is not

possible to do analytically, so we have developed a
numerical procedure to overcome this.

B. Quantization procedure

In Sec. IIl A above, we detailed how to generate ADHM
data describing any desired physical configuration of
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Skyrme fields. These data are parametrized by physical
parameters R; which may be thought of as coordinates for a
vibrational manifold V. Upon applying the Atiyah-Manton
construction, this family of ADHM data generates Skyrme
fields which form a finite-dimensional submanifold ) of
the true configuration space Cy = Mapsy (S, S*). The aim
is to quantize the Skyrme model on this manifold coupled
with the manifold of zero modes: the group SU(2)? of
isorotations and rotations. Naively this restricted configu-
ration space is a product manifold SU(2) x SU(2) x V,
however this may not be true globally. The correct
perspective, as pointed out by Rawlinson [23], is to view
the restricted configuration space of interest as a principal
SU(2)? bundle P — V over V. The configuration space
on which to quantize the theory is then P, which is a
(6 4 dim(V))-dimensional manifold which locally looks
like SU(2)? x V; formally, there is a surjective map
w:P =V, such that for any point R€V, there is a
neighborhood U C V of R, so that z~! () = SU(2)? x U.
We now briefly review what the quantization procedure on
‘P entails. We perform a canonical quantization on this
manifold by resolving the Schrédinger equation

h2

(3.9)
where A, and V are the Laplace-Beltrami operator and
potential on P inherited from the Skyrme Lagrangian.
Local formulas for the metric and potential are determined
by constructing a family Uy of Skyrme fields dependent on
X eSU(2)? x V as

Ux (%, X) = pUg(q-X)p~", (3.10)
where U denotes the family of Skyrme fields parametrized
purely by the vibrational coordinates R €V, and p, g are
general points in SU(2). Letting these coordinates depend

on time, we introduce angular velocity vectors associated to
the isorotations and rotations respectively:

a; = —itr(z;p~' p)b; = itr(;q7"); (3.11)

these give rise to associated right (and left resp.) invariant
one forms «; and f5; on SU(2). Here, as usual, 7; denotes the
standard (Hermitian) Pauli matrices. Inserting (3.10) into
the dimensionless Lagrangian density

1 1
L= —E/tr<LﬂL” —g[Lﬂ,Ly][L”,L”]>d3x =T,-V,
(3.12)

the local metric on P is then extracted from the kinetic
energy

1 ..
T,= Eginin,

1
gij = —/tl'(GiGj +Z[Lk7GiHLk’ Gj})d:%X, (313)

where

a;, =123,
, b, 5. i=4,5,6,

X; = (3.14)
i>7,

R,

and G;: R®> — 8u(2) is a current determined by deriv-
atives of (3.10) with respect to the coordinates X;. Because
of the (iso)rotational symmetry of the Lagrangian, the
metric terms corresponding to the SU(2)?> action are
generated by special G; that only depend on the skyrmion
at fixed ReV:

i=12,3,

G — $UR [z, Ukl
' i=4,5,6,

(i=3)imX1Lm

(3.15)

where L,, = Uz'9,,Ug. Terms corresponding to ) explic-
itly involve derivatives with respect to the parameters R;:

Gi - U};1<aR;,ﬁUR) l Z 7 (316)

Due to the SU(2)? action, we can decompose the wave
function via an expansion into spin and isospin states as

I J
Y= Z Z Wi, (R K3) ®

Ky=—I Ly=—1

J.Ly).  (3.17)

Here I and J are isospin and spin, and K5 and Lj are the
body-projected isospin and spin respectively. There are also
the space-projected isospin and spin /5 and J5 respectively,
but these have no effect on the energy spectrum, so we are
free to set I3 = J3 = 0 throughout. In this framework, the
wave function is then a function of local coordinates
R;€eU CV on the vibrational manifold taking values in
CRIHDEH | with components wy, k. (R;). However, the
formula (3.17) is only valid locally, and only extends
globally when P is trivial. In general the expansion (3.17)
gives the local formula for a section ¥ of the associated
vector bundle P xgyp CH TV F in which suitable
conditions are imposed on overlapping patches using the
transition functions on 7P [23]. In each trivialization
the wave function (3.17) can be substituted into the
Schrodinger equation (3.9), which becomes a PDE on a
manifold with dimension equal to the number of vibrational
coordinates R;.
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C. Finkelstein-Rubinstein constraints

Although we are working with a truncated configuration
space modeled by instanton moduli, ultimately this acts as
an approximation to the true configuration space of Skyrme
fields Cy = Mapsy (S, S?). The scheme outlined in the
previous section is an approximation to obtaining a
Schrodinger equation on Cy. In the untruncated picture,

the wave function is really a map1 Y. 51; — C defined on

the universal cover (/?; of Cy. Since 7, (Cy) = Z,, this is a
double cover. In particular, for any loop y: [0, 1] — Cy in
the configuration space, there is a corresponding lifted path

7:[0, 1] — Cy in the universal cover whose endpoints are
projected to the same point in Cy. At these points, the wave
function should differ only by a sign, leading to constraints:

P(7(1) = xer(r)¥(7(0)). (3.18)
Such constraints (3.18) induced by loops in configuration

space are known as Finkelstein-Rubinstein signs [24]. The
sign is determined explicitly by

1 y is contractible,

xer(r) = { (3.19)

—1 yis not contractible,

i.e. yrr(y) is the representative of y in the homotopy
group 7, (Cy).

As an example, in the rigid body quantization, the relevant
loops are those induced by symmetries: every symmetry of a
skyrmion gives rise to a constraint of the form

exp (iaii - K +ipN - L)W = (=1)Nes W, (3.20)

where the symmetry is generated by an isorotation/rotation
pair (p(a, 7i), g(8, N)) of angles a and f around fixed axes 7

-

and N respectively, and here K and L are the (body-fixed)
angular momentum operators in target space and space
respective. It is well known how to compute these types
of constraints for certain Skyrme fields, for example those
generated from rational maps [18].

When dealing with more complicated configuration
spaces, one will invariably encounter loops which do not
arise from zero-mode symmetries. For instance, as relevant
for the present work, one may construct ADHM data which
has internal symmetries of the form (3.6) which do not arise
simply from the SU(2)?> action on a single point. In
addition, the formulas from [18] only apply to rational
map skyrmions. So for a complete quantum treatment of
instanton-generated-skyrmions, we require a way to deter-
mine the Finkelstein-Rubinstein signs for all loops which
arise for Skyrme fields generated from instantons; both

lAgajn, this is a local picture; in reality ¥ is a section of a
complex line bundle over Cy.

symmetries of the form (3.4) and those internal to the
configuration space (3.6).

This problem has recently been resolved [17]. A loop in
the space of ADHM data is a one-parameter family
(L(1),M(t)) € Ay, for €0, 1] such that

(L(0),M(0)) = (L(HQ ', QM(1)Q™), (3.21)
for some Q€ O(N). This gives rise to a loop U(¢) in the
space Cy, and hence a Finkelstein-Rubinstein sign

xrr € {—1, 1}. For the Skyrme fields generated by a loop
satisfying (3.21), the sign is

XFR — det Q. (322)

In other words, a loop is contractible if and only if the
compensating gauge transformation has determinant 1, i.e.
isin SO(N) € O(N). The proof of this result may be found
in [17].

The simple formula (3.22) complements the process
outlined in Sec. IIT A since all symmetries are accounted for
along with their compensating gauge transformations. In
particular, explicit formulas for the full ADHM data are not
needed to determine these signs; the final ADHM data is
modeled on diagonal test data (3.1), and all generating
loops and symmetries (and hence the compensating gauge
transformations) are extracted from the symmetries of the
test data via (3.4) and (3.6).

IV. THE 8-SKYRMION AS TWO CUBIC
4-SKYRMIONS

To demonstrate the methods outlined in the previous
section, we shall now consider a specific example which
showcases all of the different steps required for studying a
quantum system in the Skyrme model using instantons.

A. Physical picture and configuration space

We will consider the nonlinear extension of the lowest
frequency vibrational mode of the N =8 twisted cube
skyrmion. This is also the unstable mode of the untwisted
N = 8 skyrmion. Physically, both 8-skyrmions can be
thought of as two cubic 4-skyrmions stacked atop one
another. Skyrmions are typically visualized by first plotting
an isosurface of constant baryon charge density. This is
colored to reflect the value of U(x) at that point, based
on the Runge color sphere. The skyrmions are colored white/
black when U = +iz; and red, green and blue when U =
i(zy cos(a) + 7, sin(a)) and a is 0,27/3 and 47/3 respec-
tively. The interaction of skyrmions can often be intuitively
understood using these colors, as explained in [15]. For the
twisted 8-skyrmion, the cubes are orientated so their touching
face has the same color, and their touching vertices have
either the same (twisted) or opposite (untwisted) color.

The vibrational mode we consider is the relative rotation
of the two cubes around the axis joining them. Let us fix the
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LS

FIG. 1.
7/4 from left to right.

separation vector along the z-axis and parametrize their
relative orientation with a coordinate & This path is
visualized in Fig. 1 where we plot several skyrmions for
different values of £ from 0 to 7. At £ = 0 the cubes have
the same orientation, giving the untwisted cubes, while at
¢ =7 the cubes have different orientations, giving the
twisted cubes.

Due to the symmetry of the cubes, a shift by é = £+ 7
is a symmetry of the configuration space. In this way £ = 0
and £ = 7 can be identified and so the vibrational manifold
has topology of a circle S'. The full configuration space is
then the SU(2)? bundle over S' given by acting with
rotations and isorotations. G-bundles over S! are classified
by connected components of G. As G = SU(2)? is con-
nected, the configuration space considered here is a trivial
(product) bundle SU(2) x SU(2) x S'.

B. ADHM data for the configuration space

We now execute the steps described in Sec. III A to
generate instantons describing the physical picture.

Step 1: The two clusters used are cubic 4-skyrmions
which have zero center-of-mass ADHM data, with scale
A> 0, [25]

Li=2p(1 i j k)
0 —j—k —i-k —i—j
-k 0  —i+j i-k

M= | 7T 0 T (4.1)
V2| —i—k —i+j 0 -j+k
—i—j i-k —j+k 0

This data is invariant under the cubic group O,; more
details can be found in [15]. The axes of isorotation
symmetry depend on the choice of unit quaternion
p€SU(2). We shall fix

p:\/(2_\/§;g3+\/§><\/§_11+i+(1+f2)i

V2
l(fs— 1)(\/§+2)k>,

-3 (4.2)

Configurations joining the untwisted (far left) and twisted (far right) N = 8 skyrmions. The coordinate ¢ increases from 0 to

which colors each pair of opposite faces of the cube red,
green, and blue.

Step 2: To describe the full path, we build diagonal test
data from the cubic subunits as

Ly = (Lyo(&)™" Lyw(=)~")
My = diag{w ()M 0(€)~!
+ Rldgk, o(—&)Myo(—E)~" — RId,k},  (4.3)
where
w(&) =1 cosg +k sing (4.4)

is the rotation of angle & which determines the path of the
twist, and R > 0 is a separation parameter.

Step 3: Every configuration in the configuration space
has D, symmetry, generated by

(i) A =z rotation about (1, 0, 0).

(i) A 7 rotation about (0, 0, 1) and a 7 isorotation about

(1, 0, 0).

In the gauge described by (4.1), this symmetry is res-
pected by the test data (4.3), and understood explicitly by”

7\ -1
Ly = p(ey,7n)Lrq (635) 07!,

P a\~!
MT:04Q<63,§>MTQ(6375> o;',

(e, 7)~10O5",
(e1.m)Mrq(ey, m)"' 03",

Ly =Lrq

M7 = Oyq (4.5)

with compensating gauge transformations

Here, and throughout, we employ the notation p(v,0) and
q(w, @) to denote the unit quaternion representing a rotation by
angle 6 or ¢ around the unit axis v or w respectively. Explicitly

qgw, ) = cos%l +sin§w- (i,j,k)

and similarly for p.
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0y 0 0 0)
)
0 o4 o, O
0 0O -1 0 0O 1 0 O
-1 0 0 0 -1 0 0 O
04 = » 02 =
0 0 0 1 0O 0 0 -1
0O -1 0 O 0 01 0
(4.6)
7 a\ !
LT(&):LT<£+§>Q<€37§) 0;',
Ly(&) = —p(es. n)Lp(—=€)OZ", Mr(¢) =

with compensating gauge transformations

o, 0
0, = ,
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Step 4: The symmetry equations (4.5) are equivalent to a
nullspace problem, which we solve using Mathematica.
The most general test data M(r) consistent with the Dy
symmetry can be found in the Appendix.

Step 5: We now have a set of data M (r) € Xg, consistent
with D, symmetry. To become ADHM data these must
satisfy the reality condition,

SM(r)M(r)f) =0.

which reduces to nine quadratic equations. The test
data (4.1) depends on three parameters: R, A and &. The
parameters R and A are interpreted as separation and scale,
and shall be fixed below; as such the only variable
parameter in our configuration space is the coordinate &.
We now want to find the ADHM data closest to the test
data by solving (3.7). We do this using Mathematica’s
NMinimize function. We first fix £ = z/4 and optimize 4 and
R to minimize the static Skyrme energy. We find the
minimizer at (R, 1) = (1.99, 1.142); remarkably close to
(R, 1) = (2, \/E) Now fixing these two parameters, we
find the ADHM data, and hence the skyrmions, for all other
£€0, m/4]. For each new ¢, the initial data is taken as the
previous solution. Energy density plots of these configu-
rations are displayed in Fig. 1.

(4.9)

C. Classical results from instanton approximation

Including rotational and isorotational zero modes, the
manifold of configurations is given by SU(2) x SU(2) x S™.

o

In addition to this D, symmetry, there are internal sym-
metries induced by moving through the vibrational mani-
fold. Specifically
(i) ¢+ &+ 7 and a 7 rotation about (0, 0, 1).
(i) &+ —¢&, a parity inversion, and a z isorotation about
O, 0, 1).
The data (4.3) exhibits these symmetries via

n a\ !
= 56]<€2, )MT<5+§>CI(€3,§> o,

—O_My(=&)0 (4.7)
0 0_)
o 0)
0 -1 -1 -1
31 0o -1 1
R (4.8)
311 1 0 -1
1 -1 1 0

The potential energy and metric on this manifold depend
only on the circle, “vibrational,” coordinate £&. We write the
metric in terms of moment of inertia coefficients® as

9 = 9:(£)dE + gF(Oaia; + g, (E)BiB; + gif (E)aip,
(4.10)

where a;, §; are the one forms dual to the angular velocity
vectors (3.11). We can calculate these coefficients using the
formulas in Sec. III B. Note that the cross terms gg; vanish
because of the parity symmetry (4.7). Also, because of the D,
symmetry (4.5), we find that there are only six independent
moment of inertia coefficients. In our orientation, the zero-
mode metric tensors take the form

9?1 0 0 9‘1/1 0 0
=10 d¢% ¢ | d'=]0 g, 0,
0 g% 9% 0 0 g5
9" = 03,3, (4.11)

where the mixed rotational-vibrational metric terms g%
vanish. We plot the seven independent metric components
and the potential energy in Fig. 2.

*Here we use the notation 95, gx, g% rather than the more
standard (e.g. [26]) notation U;;, V. W/, ; S0 as not to conflate
with other notation, and to empha51ze that these are metric

components.
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FIG. 2. The potential energy and the seven independent metric coefficients, as a function of &, in Skyrme units. These can be converted

to MeV using the factor f,/4e.

D. Quantization

We will now use the classical information to construct a
model of the Beryllium-8 nucleus. We have constructed the
manifold of configurations that have a rotational orienta-
tion, isorotational orientation, and a relative twist parameter
£. We will now implement a canonical quantization on this
manifold.

The Schrodinger equation is given by

hZ

(4.12)
where A, is the Laplace-Beltrami operator on SU(2) x
SU(2) x S! induced by the metric (4.10). Due to rotational-
isorotational symmetry, we can write the wave function
using an expansion in spin states

J 1
Y= > vk (@ I3 L)L I3 K3). (4.13)

Ly——J Ky=—1I

J €N is spin, I € N is isospin, J3 /I are the space-projected
spin/isospin and L;/K; are the body-projected spin/iso-
spin. The space-projected spins have no effect on the
energy spectrum, so we are free to choose J; =15 =0
and use the reduced notation

Y= Z %W & (&)

L3.K5

J.L)|LKs). (4.14)

Only certain wave functions are allowed due to the
symmetry of the system. All configurations considered
are invariant under D, symmetry, realized as a z rotation
about (1, 0, 0) and a 7 rotation about (0, 0, 1) combined with
a z isorotation about (1, 0, 0). These give the Finkelstein-
Rubinstein constraints

exp (inl,)¥ = (=1)M¥ (4.15)

exp (igﬁ3 + iﬂf(1>‘1‘ = (=1)Mw, (4.16)

Using the formula (3.22) from [17], we compute that both
compensating gauge transformations (4.6) have determi-
nant 1, and so N; = N, = 0. This matches the result
expected based on a rigid body analysis [18]. The operators
that make up these symmetry elements are simple when
applied to the spin basis:

exp (i) |1, L)L Ks) = (=11 ~L)|LKs)  (4.17)
T, oA
exp <l§L3 + lﬂK]) J, L3> I,K3>
= il (=) |J, Ly)|I, —=K3) (4.18)

The first FR constraint (4.15) implies that all rotational
wave functions must either have even spin and appear as
J,L3) + |J,—L3), or odd spin and appear in the combi-
nation |J, L3) — |J, —L;). The second FR constraint (4.16)
implies that L; must be even, and that if 7 + L5/2 is even,
the isorotational wave functions appear in pairs |/, K3) +
|I,—K3) while if I+ L;/2 is odd the isorotational wave
functions must appear as |/, K3) — |I, —K3). Overall, the
allowed wave functions take the form

( J.—=L3))(

J.Ly) + (=1)! L.K3) + (=1)"B2]1L =K3)).

(4.19)

Note that if J is odd there is no allowed state with L3 = 0
and, similarly, if 7 + L3/2 is odd there is no allowed state
with K3 = 0. In particular, there are no states with spin-
projection L; = 2 and isospin I = 0.

Next, there are combined rotational-vibrational trans-
formations exhibited explicitly via (4.7). The first is
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& &+ 7/2 combined with a z/2 rotation about (0, 0, 1).
This transformation provides the third and final FR constraint

exp (i;rﬁ3>‘P<§+72T> = ()W), (4.20)

This constraint may be determined again using the for-
mula (3.22) and the determinant of the compensating gauge
transformation O, in (4.8) corresponding to the symmetry of
the test data; this works because the test data is true ADHM
data in the limit R — oo, which can be continuously
deformed into the data we use in our work. The determinant
is 1, and as such N3 = 0. This matches physical intuition: the
transformation (4.20) corresponds to rotating one cube by 7
and leaving the other one untouched. The FR sign of a single
cube rotated by z is +1, matching the result from the new
method based on ADHM data.

Finally, there is a parity symmetry. The full parity operator
(U(x) = U(=x)7") can be combined with £ - —¢ and a &
isorotation about (0, 0, 1). So, whatever our final wave
function is, we can calculate its parity by the operator

A A

P = exp (ink3)Pe. (4.21)

It is convenient to now split the symmetries into their
(iso)rotational parts and the “vibrational” parts. The vibra-
tional transformations are just £ — &+ /2 and & > —€.
These two operations generate the group C,;,, which has
four irreducible representations: A , B, A, and B,. Each
vibrational wave function, (&), transforms as one of these.
To satisfy (4.20) the vibrational wave functions which
transform trivially under § = & + 7/2 (the A, and A, wave
functions) must be combined with the spin states with
Ly =0,4,8,...; those which pick up a sign must be
combined with the spin states with L3 =2,6,10,....
Finally, the parity of the total wave function is given by
the combined action (4.21). Vibrational wave functions
which transform as A, or B, transform trivially under
& +— —¢, while those which transform as A, or B, pick up a
sign. Then isospin wave functions with even (odd) pro-
jection K5 transform trivially (pick up a sign) under the
operator exp (izk5). So the combination of these trans-
formations give the overall parity P.

The vibrational wave functions satisfy Schrodinger’s
equation (3.9), which depends on the metric g. The results
in Fig. 2 show that ¢%; is orders of magnitude smaller than
the other metric coefficients. Further, g%, is the only term
which mixes the wave functions with different |K5|. Hence
it is physically reasonable, and theoretically simpler, to set
g% = (0 which we do from now on. The D, symmetry
ensures that

Vi ky =Viy,-Ky =WVW-L, Ky = V-Ly—K;- (4-22)

The symmetry means that each allowed state depends on
only one vibrational wave function. The Schrédinger
equation determining the wave function is

B n? i( 1 dw(&), k,
2\/9::de \\/Gez S
2

) Y EL k()

+ %EL3,K3 vk, (&) = Ewp, k,(§) (4.23)
where
Ep, k,(€) = (I K5|(J, L3 | (L. K) - (¢*)7" (&)
(LK) |1, K3)|J, Ly), (4.24)

and g¢® is the (iso)rotational, 6 x 6 submetric. The metric
contains no spin-isospin mixing (i.e. gf = diag{g", ¢"}),
so the spin and isospin parts decouple and can be
considered separately. We have that

“ “ 1 1 1
ULl (") B Ly) = 4 1)+ (—V——V) L2

11 933 911
(4.25)
while
P UVl R 1 1
(LOK - (¢V)™"-K|1,0) = +—  (4.26)
g 9
i UN-1 . f 1 1
(LA +(LIDK - (gV) - K(J1L. 1) +|1.1)) = 5 +
I 933
(4.27)
K Uy-1 . § 1 1
(LA = (L IDK - (gV)"" - R(1.1) = |1 1)) = = +
92 933
(4.28)

Finally, we can reinsert physical units and expand the &
metric term. Overall, the Schrodinger equation for each
vibrational wave function takes the form

fﬂ. ( 264 (d2 aéggg d
= Evl//Lg,Ky

) + V() + 2€4EL3,K3 (f)) Vi, K,

(4.29)

E. Results

To solve the equation (4.29) numerically, we extend the
domain from [0, z/4] to [0, z]. On the extended domain, all
the vibrational wave functions are periodic and we dis-
cretize the Schrodinger equation as such, which becomes
an eigenvalue problem. The four lowest energy solutions
when J =171=0 (and hence E; g, =0) are shown in
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FIG. 3. The four lowest energy vibrational wave functions, ordered left to right by energy, for / =7 =0 and f, = 184 MeV and
e =3.3.

Fig. 3. When spin or isospin is nonzero, the vibrational
wave functions receive a small correction. Each vibrational
wave function is labeled by an irrep, depending on how it
transforms under the vibrational group. We remind the
reader that wave functions which are invariant (pick up a
sign) under & +— & + /2 are labeled by A (resp. B) and
those that are even (odd) under £ — —¢ are sublabeled by ¢
(resp. u). Note that the wave functions A, and B, have
similar energies as they are both concentrated at the
minimum energy configuration & = z/4. The symmetry

TABLE L.

of the other wave functions forces them to vanish at the
minimum, and so they have much higher energy.

To compare with experimental data, we must fix the
physical units of the theory. We choose units to fit the first
excited state, with (1,J) = (0,2), to the first experimen-
tally observed state with the same quantum numbers.
Hence we take f, = 184 MeV and e = 3.3. The allowed
states for each isospin / =0, 1 and spin J =0, ..., 4, and
their energies, are displayed in Table I. For each spin/
isospin structure, there are two states: one with lower

List of wave functions which appear in Fig. 4. We list their isospin /, spin J, spin structure, parity P,

vibrational energy E,, spin energy E, , total energy E and (if applicable) the energy of an experimentally observed

state which they model.

1 J Wave function P E, E;. x, E Experiment
0 0 Wa,]0,0) + 0.0 0.0 0.0 0.0
0 Waul0.0) - 36.9 0.0 36.9
2 Wag|2,0) + 0.0 3.1 3.1 3.03
2 Waul2.0) - 36.9 3.1 40.0
4 Wagl4, 0) + 0.0 10.2 10.2 11.35
4 Waul4,0) - 36.9 10.2 47.1
4 wag([4, 4>+|4, —4)) + 0.0 374 37.4
4 wau(|4,4) + 4, -4)) - 36.9 37.2 74.1
1 0 wau([1,1) = [1,=1))]0,0) + 36.9 11.5 48.5
0 wag(|1,1) = [1,-1))[0,0) - 0.0 11.6 11.6
2 wa (11, 1) + [1,=1))(2,2) +]2,-2)) - 35.1 17.6 52.7
2 wea(|1.1) + N(2,2) + |2,-2)) + 0.1 17.8 17.9 16.6
2 Wil o>( 2,2) 4 |2.-2)) - 0.1 18.8 18.9
2 wiyl1.0)(]2 ,2)+|2, -2)) + 35.1 18.8 53.9
2 wau(]1. 1) = [1,=1))(|2,0)) + 36.9 14.6 51.5
2 wa (|1 1) = [1,=1))(|2.0)) - 0.0 14.7 14.7
3 wa, (|1, 1) +[1,-1))(13,2) - [3,-2)) - 35.1 20.7 55.8
3 w1 1) + 1, =1))(]3.2) — 3. -2)) + 0.1 20.9 21.0 19.1
3 waal1,0)(13,2) — |3, -2)) - 0.1 21.9 22.0
3 wa|1,0)(13,2) = [3,-2)) + 35.1 21.8 56.9
4 wau(|1.1) = [1,=1))]4,0) + 36.9 21.8 58.7
4 wa, (|1, 1) = [1,-1))[4,0) - 0.0 21.8 21.8
4 way([1, 1) + [1,=1))(|4,2) + |4, -2)) - 35.1 24.8 59.9
4 wea (|1, 1) + [1,=1))(]4,2) + |4, -2)) + 0.1 25.0 25.1
4 weal1,0)(]4,2) + |4, -2)) - 0.1 26.0 26.1
4 wi,|1,0)(|4,2) + [4,-2)) + 35.1 25.9 61.0
4 wan(|1, 1) = [1,=1))(|4.4) + |4, —4)) + 36.9 48.7 85.7
4 wa (|1 1) = [1,=1))(|4.4) + |4, —4)) - 0.0 49.0 49.0
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FIG. 4. The energy spectrum for our model of Beryllium-8.

energy and one with higher energy. The low energy states
arise from the A, and B, wave functions. These all have
rigid-rotor equivalent states in the Skyrme model [27]. The
states with B, vibrational wave function are equivalent to
the rigid body states of the untwisted cube. These have a
high energy mostly because the untwisted cube has much
higher energy than twisted cube. Finally the A, wave
function produces states which cannot be described by a
rigid rotor, and these have very high energy.

There are three low-lying states of ®Be which form a
rotational band and are seen experimentally. Our model
also contains many states with very high energy (greater
than 25 MeV). As energy increases, so does the number of
experimentally observed states. Hence it is impossible to
match our states with any observed states. The most
important fact is that our model does not introduce new
states which are not consistent with experimental data.

The energy spectrum is plotted in Fig. 4. In a harmonic,
rigid rotor approximation each classical solution gives rise
to a set of quantum states called bands, whose energy
increases with J(J + 1). Figure 4 clearly reveals that a
similar result occurs in our model but with the bands built
upon vibrational wave functions. In the / = 0 plot, we see a
band in red, built upon the A, wave function, and a higher
energy band in green built upon the B, wave function. In
the I = 1 plot there are three bands, built upon the lowest
energy B,, A, and B, wave functions.

Beryllium-8 is a difficult nucleus to study both theo-
retically and experimentally, as it is unstable to decay into
two a-particles. This fact alone motivates models which
describe the nucleus as two a-particles. The experimental
spectrum includes spin OF, 2%, and 4% states whose
energies are consistent with a quantized rigid rotor. This
provides further evidence of the basic model: two a-
particles in a central potential. This was proposed and
studied in the original a-particle paper from 1937 [28] and
the basic picture still holds in modern, more complicated,
frameworks such as the algebraic cluster model [29].

Our results at isospin 1 are more novel. Boron-8,
Beryllium-8 and Lithium-8 form an isospin 1 isotriplet.
At the level of energy spectra, the isospin symmetry implies
that our isospin 1 states should appear in all three nuclei
spectra. In particular, Boron-8 and Lithium-8 should have
approximately equal spectra. However, there are some

contradictions in experiments, where many more states
are seen for Boron-8 than Lithium-8 [30]. Spin 2%, 1" and
3% states are seen in both, and low energy states with these
spins are predicted by the Skyrme model. However, we also
predict a low-lying spin 0~ state which is not seen for either
nucleus. The shell model also predicts a state with spin-
parity 0~ at around 5 MeV (Fig. 2 of [31]; “non-normal
parity” refers to negative parity in this paper). Both our
model and the shell model in [31] predict a low energy spin
4~ state (our state with energy 21.8 MeV, 10.2 MeV above
the lowest energy isospin-1 state) which has not been seen
for either nucleus. The paper [30] reports the existence
of a spin 1~ state in Boron-8. There are also 1 states in
Beryllium-8. However, our model does not contain any
states with this spin. To construct these we would need to
include a different vibration. A good candidate is the low-
frequency 2E, vibration described in [32]; a similar state
leads to spin 1 states in a model of Carbon-12 [33].

F. Improving the instanton approximation

The instanton approximation provides the correct global
picture. That is: it produces a manifold of skyrmions with
the correct symmetries and topology. However, the energies
and metric components are not accurate when compared
with true solutions of the Skyrme model. These are known
for the twisted and untwisted skyrmions. For zero pion
mass m = 0, the twisted solution the true energy is E' =
1037 while the instanton energy is E' = 1066. The metric
terms are even worse. For example, the true value of the
rotational moment of inertia is (g};)" = 4458.7 while the
instanton approximation gives (gy,) = 1.45,(g{,)’
6461.6. Further, it is believed that a nonzero pion mass
is needed to accurately describe real physics [26]. The pion
mass is modeled by including the term

m2f2
Y

tr(ld - U) (4.30)

in the Lagrangian (2.1). The dimensionless Skyrme energy
(2.2) receives the contribution

2
e (431)

m*tr(Id — U),
e

where m =
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TABLE II. Energies and metric coefficients for the twisted and
untwisted states given by the instanton approximation (at pion
mass m = 0), and the numerical solutions with pion mass m = 0
and m = 1.

Untwisted (6 =0) E & & a1 %
Instanton 1072.4 567.3 511.4 666.9 6514.8 3627.5
m=0 1042.2 560.1 515.7 689.0 6921.6 3288.6
m=1 1210.0 289.9 282.6 346.4 43849 1677.2
Twisted (§ =7

Instanton 1066.3 541.8 528.1 618.2 6461.6 3533.1
m :0(D6d) 1037.2 589.4 510.8 578.0 4458.7 4625.0
m=1 1206.7 295.3 287.0 321.6 3825.2 1684.0

We include these terms and compute the twisted and
untwisted skyrmions for pion mass m = 1. The energy
and independent moment of inertia terms are listed for the
instanton approximation, m = 0 skyrmions and m =1
skyrmions in Table II.

However since the Skyrme properties are understood at
special points, we can use these to improve the approxi-
mation. One way to do this is to assume that the shape of
the potential and metric functions from the instanton
approximation is correct, but that the overall zero-point
energy and scale are wrong. So we can calibrate around the
true values and define a new shifted and scaled potential

energy
Vi(E) m ((V’(O) —v (%)) Vi)

wlErw-von(s).

with analogous expressions for the metric terms; here
superscript ¢ refers to the true values dictated by numerical
solutions, and superscript i are the instanton-generated
values.

We find the new potential and metric functions and solve
the Schrodinger equation using them. The updated spec-
trum is displayed in Fig. 5. We adjust the parameters
to, once again, fit our first excited state with the first
experimental state. Here, f, = 184 MeV and e = 2.7.

(4.32)

The final spectrum is very similar to the previous one.
Hence the overall effect of rescaling was undone by
choosing new physical parameters. So here, the poor match
between numerically generated skyrmions by instanton-
generated skyrmions is entirely fixed by rescaling physical
parameters. This is reassuring for those who want to use
instantons to model skyrmion configuration spaces.

Another way to improve on the instanton approximation
is to use a string, or elastic band, method. Here, the
instanton-generated skyrmions are used as initial data
which parametrize an “elastic band” of configurations.
The entire band is then flowed to minimize its total energy
while keeping the configurations separated. This was done
recently for pointlike skyrmions [34], and the instanton
method provides a way to generalize this work to the full
Skyrme model.

V. PATHS WITH NO SYMMETRY

In the previous sections, we have been very careful to
consider the symmetries and use all available information
to construct our ADHM data. In this section, we will be
significantly less careful with symmetries but show that the
same methods as before can be used to generate interesting
paths in the Skyrme configuration space. These paths could
be used as initial data in an elastic band calculation [34].
We will follow the steps of Sec. III A, but ignore consid-
erations of gauge fixing and symmetries. That is, we will
ignore steps 3 and 4.

First, consider two paths in the charge 3 sector. We can
write the tetrahedral skyrmion using the ADHM data

Rk ci+g 0
L=M1 i kYM=|ci+g¢ 0 g—oci|,
0 ¢g—ci —Rk

(5.1)

with R = /4 and ¢ = 1/+/2. In this gauge the data can be
interpreted as three 1-skyrmions with positions z = R,
0,—R. We will construct two paths which permute the
three skyrmions, starting and ending at the tetrahedron. In
the first, we permute the first and third skyrmions, leaving
the central one stationary. One such possible test dataset is
given by

=0 I=1
+ [ ]
— ] .
= 60 401 . ? v
\2/40< 1 1 e 4,
2 ° ° : * B,
£20q ° ? 01 ! * A
LS . 1 * B
01 T — 0 ; ;
0 6 20 0 6 20
J(J+1) J(T+1)
FIG. 5. The energy spectrum for the rescaled m = 1 input.
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=

FIG. 6. Families of instanton-generated skyrmions, made from the ADHM data closest to the test data defined in this section. All
test data are defined with respect to the same parameter ¢, which varies from 0 to 1 as the figure goes from left to right. A: test data
defined in (5.2). B: test data defined in (5.4). C: test data defined in (5.6). D: test data defined in (5.7).

Lu(t) = A(cos (gt>1 + sin<gt)k [ cos(%t)k
. T
+ sin <§t) 1),

M (1) = Rdiag{cos(xt)k + sin(xt)i, 0, — cos(zt)k

— sin(zt)i}. (5.2)

We find ADHM data from this diagonal data by finding the
closest data as defined in (3.7). The skyrmions generated
from this data, with R = 4 = 1, are shown in Fig. 6(A). The
initial and final states of the path are related by

My(1) = QM (0)Q7,

(5.3)

The compensating gauge transform Q has determinant —1
and hence this path is noncontractible. If this path were
included in a quantization, the wave function would pick up
a sign under this transformation. Further, Morse theory
guarantees that a saddle point exists on the energy-mini-
mized path. The true saddle configuration can be found
using elastic band methods, as was done recently in a point-
particle Skyrme model [34]. The plots of the energy density
suggest that the saddle point will be the 3-torus.

A set of test data permuting all three skyrmions is
given by

N)

Lg(t) = l(cos(Zr)l + sin(jzrt)kcos(t)i
. (T n NE AP
+s1n<§t>lcos<§t>k+sm<§t>t>,

Mp(t) = Rdiag{cos(m)k + sin(xt)i, sin’ <72z t) k

\8)

— sin(2xt)i/2, — cos (g t)k}. (5.4)
The skyrmions generated from the closest data to the
diagonal data are plotted in Fig. 6(B). The compen-
sating gauge transformation relating the endpoints is

01 0
(O 0 1 ), which has determinant 1, showing that this

1 0 0
loop is contractible.

Now consider a path which splits the cubic 4-skyrmion
into two 2-tori, rotates them both and then recombines
them into the cube. First consider the ADHM data with
cubic symmetry, in a gauge which emphasizes the 2-tori

//tlmTZ + Rk

structure [15],
Mol
Ly =A(iL, L,), M4=< )
ﬂzmi pimy2 — Rk
PR P
L,=(1 k), mTZZQ. J.)v mJ_:< . J)
— - -
(5.5)

with p; = AV/3/2, uy = /2 and R = 1. We will take A = 1
for our simulations. Test data which looks like two clusters
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being split, rotated, and recombined is given by

Le= (iqul(f)_l LzQz(’)_l>

M = diag{pu,q;(t)mg2q, (1)~

+ R(0)Idok, 1 qo (t)mp2q, (1)~ — R(1)Idk}  (5.6)

where R(7) grows linearly from 1 to 2 as 7 grows from 0 to
1/3, remains constant for € [1/3,2/3] and decreases from
2to 1 as r increases from 2/3 to 1. The rotation functions ¢,
and ¢, apply rotations around the x- and y-axes respectively
from O to 2z as t grows from 1/3 to 2/3 and are unity
otherwise. The skyrmions generated from the ADHM data
closest to (5.6) are shown in Fig. 6(C).

Finally, consider two 1-skyrmions orbiting a 4-skyrmion.
The test data is given by

Lp=(Ls (1+K)glesrmn)™ qlesmn)i=j)alermn)™ )
M, = diag{My, q(e5, zt)(Rk)q(e;, nt) ™",

gler.wt)(=Rk)g(er. x)1 ). (5.7)
As t varies from 0 to 1, the two 1-skyrmions will change
places, and swap their orientations. Hence this is a loop, and
since the compensating gauge transformation has determi-
nant —1, we find that it is noncontractible. The skyrmions
generated from the ADHM data closest to (5.7) are shown in
Fig. 6(D). In this case, the results were better if we only
included a subset of elements in the algorithm to calculate the
closest data. We only included the 4 x 4 block and the 2 x 2
block containing the two 1-skyrmions when calculating the
distance between the test data and the ADHM data.

In this section we have seen four examples of creating
paths in the Skyrme configuration space from simple test
data. We have shown that without much analytical effort, one
can create many interesting paths. The paths created are not
necessarily usable themselves; the configurations likely have
very high energy. Instead, they will help construct initial
paths for numerical schemes such as those used in [34].

VI. CONCLUSION

We have described a step-by-step procedure for how to
construct manifolds of instanton-generated skyrmions
using ADHM data. These manifolds may be used to study
the space of all Skyrme fields; most importantly, to semi-
classically quantize the model and study nuclei. Following
our own procedure, we generated a particular space which
described the nonlinear extension of the lowest vibrational

|

mode of the untwisted 8-skyrmion. Quantization on this
space produces a model of Beryllium-8. We applied a new
method to calculate the Finkelstein-Rubinstein constraints
on the space, and compared the results of our model to data.

It has been long-known that instantons provide an
excellent approximation of skyrmions, being the only
approximation that can describe skyrmions when they
are well separated and when they are coalesced into a
high-symmetry object. However, there have been few
applications in practice [4]. We hope this paper will serve
as motivation and a template for further work.

Each N-skyrmion has approximately 7N normal modes
[32]. Each of these has a nonlinear extension and should be
treatable in a similar way to the mode discussion in Sec. I'V.
Hence there is a deep well of problems for future work. It
would be interesting to develop general methods to
describe normal modes in the instanton approximation
building on past work for N = 3 [35], although there are
subtleties relating to the instanton position in the fourth,
“holographic” direction [12]. But the more difficult prob-
lem is to realize which modes should be treated carefully
and which are well-described harmonically. In this paper,
we studied a mode linking two low-energy solutions and
whose nonlinear extension is compact. Neither of these
facts are included in a harmonic approximation.

As well as our step-by-step method, we considered a
more careless ad-hoc approach for generating skyrmions
from instantons. Here, we used a numerical method to find
the ADHM data closest to some test data, without fixing
symmetries. This allowed us to quickly generate paths of
skyrmions. These could be used as initial data for elastic
band methods [34] or simply as a tool to get qualitative
insights about the skyrmion configuration space.

The data that support the findings of this article are
available upon reasonable request from the authors.
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APPENDIX: GENERAL D, SYMMETRIC DATA

The most general (L, M) that is consistent with the
symmetries (4.5) takes the form

L= (1s +it 4+ k(—=s — V2u) +j(t + V20),j(=V2s — u) + iu + k(=V2t — v) — 1v,
Ju+i(V2s +u) + 1(=V2t = v) + kv, ks —jt + 1(s +V2u) +i(t + V20),
k(—V2s —u) 4+ 1u+iv 4+ (V2 + v).,is — 11 +j(—s — V2u) + k(=1 — V2v),
s ki +i(s + V2u) + 1(=1 = V20) . ku + 1(v/2s + u) —jv +i(v/21 + v))
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and
M:(M“ M12>’ (A1)
My, Moy
with
la+ib+jc+kd le+if +jg+kh le—jf +ig+kh i +jj
y le +if +jg+kh la+jb—ic+kd i +ij le +jf —ig+ kh
" Le—jf +ig+kh —ji+ij la—jb+ic+kd —le+if +jg—kh
ii +jj le+jf—ig+kh —le+if+jg—kh la—ib—jc+kd
1k +il —jl Jjm+kn io+kp 1g +ir+jr
M, = Jjo+kp 1k +il+jl —-1g+ir—jr —im+kn
im+kn 1g+ir—jr 1k—il—jl Jjo—kp
—1g +ir+jr —io+kp Jjm —kn 1k —il +jli
la—jb—ic—kd —le—if +jg+kh —le+jf +ig+kh ji+ij
o | Plemif tiatkh latib—je~kd i —jj —le—jf —ig+kh
27| “le+jf +ig+kh i — jj la—ib+jc—kd 1le—if +jg—kh
ji+ij —le—jf—ig+kh le—if +jg—kh la+jb+ic—kd

[1] T.H.R. Skyrme, A unified field theory of mesons and
baryons, Nucl. Phys. 31, 556 (1962).

[2] G.S. Adkins, C.R. Nappi, and E. Witten, Static properties
of nucleons in the Skyrme model, Nucl. Phys. B228, 552
(1983).

[3] P. Irwin, Zero mode quantization of multi-Skyrmions, Phys.
Rev. D 61, 114024 (2000).

[4] R. A. Leese, N.S. Manton, and B.J. Schroers, Attractive
channel skyrmions and the deuteron, Nucl. Phys. B442, 228
(1995).

[5] C.J. Halcrow, Vibrational quantisation of the B = 7 Sky-
rmion, Nucl. Phys. B904, 106 (2016).

[6] C.J. Halcrow, C. King, and N. S. Manton, A dynamical a-
cluster model of '°0, Phys. Rev. C 95, 031303 (2017).

[7]1 N.R. Walet, Quantizing the B =2 and B = 3 skyrmion
systems, Nucl. Phys. A606, 429 (1996).

[8] S.B. Gudnason and C. Halcrow, Quantum binding energies
in the Skyrme model, Phys. Lett. B 850, 138526 (2024).

[9] M. F. Atiyah and N. S. Manton, Skyrmions from instantons,
Phys. Lett. B 222, 438 (1989).

[10] M. F. Atiyah, V. G. Drinfeld, N.J. Hitchin, and Y. I. Manin,
Construction of instantons, Phys. Lett. 65A, 185 (1978).

[11] P. Sutcliffe, Skyrmions, instantons and holography, J. High
Energy Phys. 08 (2010) 019.

[12] C. Halcrow and T. Winyard, A consistent two-skyrmion
configuration space from instantons, J. High Energy Phys.
12 (2021) 039.

[13] J. Cork, D. Harland, and T. Winyard, A model for gauged
skyrmions with low binding energies, J. Phys. A 55, 015204
(2021).

[14] D. Harland, Approximating the parallel transport of an
induced connection, Proc. R. Soc. A 479, 20220761 (2023).

[15] J. Cork and C. Halcrow, ADHM skyrmions, Nonlinearity
35, 3944 (2022).

[16] D. Harland and P. Sutcliffe, Rational skyrmions, J. Phys. A
56, 425401 (2023).

[17] J. Cork and D. Harland, Finkelstein-Rubinstein constraints
from ADHM data and rational maps, Phys. Lett. B 850,
138542 (2024).

[18] S. Krusch, Homotopy of rational maps and the quantization
of skyrmions, Ann. Phys. (Amsterdam) 304, 103 (2003).

[19] L. D. Faddeev, Some comments on the many-dimensional
solitons, Lett. Math. Phys. 1, 289 (1976).

[20] M. F. Atiyah, N. J. Hitchin, and I. M. Singer, Self-duality in
four-dimensional Riemannian geometry, Proc. R. Soc. A
362, 425 (1978).

[21] J.P. Allen and P. M. Sutcliffe, ADHM polytopes, J. High
Energy Phys. 05 (2013) 63.

[22] M. Furuta and Y. Hashimoto, Invariant instantons on S*,
J. Fac. Sci. Univ. Tokyo 37, 585 (1990).

[23] J.I. Rawlinson, Coriolis terms in Skyrmion quantization,
Nucl. Phys. B949, 114800 (2019).

[24] D. Finkelstein and J. Rubinstein, Connection between spin,
statistics, and kinks, J. Math. Phys. (N.Y.) 9, 1762 (1968).

016027-15


https://doi.org/10.1016/0029-5582(62)90775-7
https://doi.org/10.1016/0550-3213(83)90559-X
https://doi.org/10.1016/0550-3213(83)90559-X
https://doi.org/10.1103/PhysRevD.61.114024
https://doi.org/10.1103/PhysRevD.61.114024
https://doi.org/10.1016/0550-3213(95)00052-6
https://doi.org/10.1016/0550-3213(95)00052-6
https://doi.org/10.1016/j.nuclphysb.2016.01.011
https://doi.org/10.1103/PhysRevC.95.031303
https://doi.org/10.1016/0375-9474(96)00219-9
https://doi.org/10.1016/j.physletb.2024.138526
https://doi.org/10.1016/0370-2693(89)90340-7
https://doi.org/10.1016/0375-9601(78)90141-X
https://doi.org/10.1007/JHEP08(2010)019
https://doi.org/10.1007/JHEP08(2010)019
https://doi.org/10.1007/JHEP12(2021)039
https://doi.org/10.1007/JHEP12(2021)039
https://doi.org/10.1088/1751-8121/ac3c81
https://doi.org/10.1088/1751-8121/ac3c81
https://doi.org/10.1098/rspa.2022.0761
https://doi.org/10.1088/1361-6544/ac72e6
https://doi.org/10.1088/1361-6544/ac72e6
https://doi.org/10.1088/1751-8121/acfbcc
https://doi.org/10.1088/1751-8121/acfbcc
https://doi.org/10.1016/j.physletb.2024.138542
https://doi.org/10.1016/j.physletb.2024.138542
https://doi.org/10.1016/S0003-4916(03)00014-9
https://doi.org/10.1007/BF00398483
https://doi.org/10.1098/rspa.1978.0143
https://doi.org/10.1098/rspa.1978.0143
https://doi.org/10.1007/JHEP05(2013)063
https://doi.org/10.1007/JHEP05(2013)063
https://doi.org/10.1016/j.nuclphysb.2019.114800
https://doi.org/10.1063/1.1664510

JOSH CORK and CHRIS HALCROW

PHYS. REV. D 110, 016027 (2024)

[25] R. A. Leese and N. S. Manton, Stable instanton-generated
Skyrme fields with baryon numbers three and four, Nucl.
Phys. A572, 575 (1994).

[26] O.V. Manko, N.S. Manton, and S.W. Wood, Light
nuclei as quantized skyrmions, Phys. Rev. C 76, 055203
(2007).

[27] R. A. Battye, N. S. Manton, P. M. Sutcliffe, and S. W. Wood,
Light nuclei of even mass number in the Skyrme model,
Phys. Rev. C 80, 034323 (2009).

[28] J. A. Wheeler, Molecular viewpoints in nuclear structure,
Phys. Rev. 52, 1083 (1937).

[29] R. Bijker and F. Iachello, Cluster structure of light nuclei,
Prog. Part. Nucl. Phys. 110, 103735 (2020).

[30] H. Yamaguchi, Y. Wakabayashi, S. Kubono, G. Amadio,
H. Fujikawa, T. Teranishi, A. Saito, J.J. He, S. Nishimura,

Y. Togano et al., Low-lying non-normal parity states in *B
measured by proton elastic scattering on "Be, Phys. Lett. B
672, 230 (2009).

[31] H. D. Knox, D. A. Resler, and R. O. Lane, Reactions leading
to the 'Li and ®Li systems: Shell model and R-matrix
calculations, Nucl. Phys. A466, 245 (1987).

[32] S.B. Gudnason and C. Halcrow, Vibrational modes of
Skyrmions, Phys. Rev. D 98, 125010 (2018).

[33] J.I. Rawlinson, An alpha particle model for Carbon-12,
Nucl. Phys. A975, 122 (2018).

[34] J.M. Speight and T. Winyard, Nudged elastic bands and
lightly bound skyrmions, SIGMA 19, 073 (2023).

[35] C.J. Houghton, Instanton vibrations of the 3-Skyrmion,
Phys. Rev. D 60, 105003 (1999).

016027-16


https://doi.org/10.1016/0375-9474(94)90401-4
https://doi.org/10.1016/0375-9474(94)90401-4
https://doi.org/10.1103/PhysRevC.76.055203
https://doi.org/10.1103/PhysRevC.76.055203
https://doi.org/10.1103/PhysRevC.80.034323
https://doi.org/10.1103/PhysRev.52.1083
https://doi.org/10.1016/j.ppnp.2019.103735
https://doi.org/10.1016/j.physletb.2009.01.033
https://doi.org/10.1016/j.physletb.2009.01.033
https://doi.org/10.1016/0375-9474(87)90441-6
https://doi.org/10.1103/PhysRevD.98.125010
https://doi.org/10.1016/j.nuclphysa.2018.04.011
https://doi.org/10.3842/SIGMA.2023.073
https://doi.org/10.1103/PhysRevD.60.105003

