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The rates of the X(3872) — 7z°2%, and X(3872) — n* 77y, decays are estimated in the model of the
triangle loop diagrams with charmed D*DD and D*DD mesons in the loops. There are the triangle
logarithmic singularities in the physical region of the X(3872) — 7°2%,, decay which manifest
themselves as narrow peaks in the 7'y, mass spectrum near the D’D° threshold. The model predicts
approximately the same branching fractions of the X(3872) — 7°2%., and X(3872) — 7"y, decays at
the level of about (0.8-1.7) x 10*. A distinct prediction of the model is the value of the ratio
R = B(X(3872) — ntny.1)/B(X(3872) — 72°2%,,) ~ 1.1. It weakly depends on the X(3872) reso-
nance parameters and indicates a significant violation of the isotopic symmetry according to which one

would expect R = 2.
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I. INTRODUCTION

The modern studies of the first candidate for exotic
charmoniumlike states X(3872) or y.;(3872) [1] advance
in the line increasing the data accuracy and expanding the
nomenclature of it production and decay channels [1-13].
For example, the BESIII [2] and Belle [3] collaborations
obtained information about the rate for the isospin-violating
decay X(3872) — 7%.,. Also the Belle [12] collaboration
and recently the BESIII [13] collaboration obtained upper
limits on the probability of the X(3872) — n"z "y, decay
which formally preserves G parity.

According to the Belle collaboration [12] and the Particle
Data Group [1] B(X(3872) — ntn y.1) <7 x 1073 at the
90% confidence level (CL). According to the BESIII
data [2,13]

B[X(3872) = atn ]

B[X(3872) = ntnJ [y

[(X(3872) » wtay.)
I'(X(3872) = 7%.)

R, = <0.18(90%CL)[13] and

R, = <0.2[2.13]. (1)

The BESIII result [13] for R; is consistent with the
measurement from the Belle collaboration [12]. An upper
limit on the ratio R, turned out to be two orders of
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expected under a pure charmonium 23P; assumption for the
X(3872) [14]. Therefore, Ref. [13] concluded that the
BESIII data favor the nonconventional charmonium nature
of the X (3872) state. But this is not quite true. The point is
that the large theoretical value for R, found in Ref. [14] is
entirely due to the tiny (~0.06 keV) decay width of
2P, - 7%, calculated in this work under the
assumption of the two-gluon production mechanism of
the #°, which is not a consequence of the hypothesis about
the nature of the X(3872). The mechanism of the isospin-
violating decay of 2P, — ggy.; — 7., considered in
Ref. [14] is not a single one, and much less the leading
one, for the 23P, charmonium state with a mass of
3872 MeV. The now known value for the decay width
'(X(3872) = 7%.,) = (0.04 £ 0.02) MeV [1,2] can be
explained, for example, by the mechanism of the 2°P, c¢
X(3872) state transition into 7%, via the intermediate
D*DD* and D*DD* mesonic loops, see Ref. [15] and
references herein. Thus, the results of the BESIII
collaboration [13] have yet to be compared with the
assumed possible variants for the nature of the X(3872)
state.

In anticipation of future experiments on the decays
X(3872) = 2%2%,, and X(3872) — nt 7y, it is inter-
esting to estimate their probabilities and, accordingly,
the deviation from the relation B(X(3872) — 7°2%.,) =
1B(X(3872) — n" " x.1) that takes place in the unbroken
isotopic symmetry. These estimates are the subject of
this work.

Earlier in the work [16], with the use a combination of
the heavy hadron chiral perturbation theory and effective

magnitude smaller than the value of
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field theory for the X(3872), the following results were
obtained:

BIX(3872) > B2l _ ¢ jo-
B[X(3872) = %] )0 7

B[X(3872) - ntn y.1] N _
< BIX(3872) — 2% >Lo ~oaes). o)

These estimates were performed with accounting the
contributions of the leading order (LO) diagrams for
the amplitudes of the transitions D°D** — 7%, and
D°D*® — zmy., [16]. Subsequently, the value of the ratio
(B[X(3872)—>7I0ﬂ0)((.]])

BX(3872)~7"x1] /LO
two orders of magnitude as a result of recalculation of the
X(3872) = 7°2%., amplitude [17]:

was adjusted towards its decrease by

0.0
(BF[X(3872) > Yan'nw ]) _29x107. (3)
Br[X(3872) = ya7’] /1o
In the present work (as in Refs. [15,18-22]), we consider
the X(3872) meson as a y.;(2P) charmonium state, which
has the equal coupling constants with the D**D° and
D**D~ channels owing to the isotopic symmetry. Its
decay into D*D + c.c. occurs [similarly to, for example,
the w(3770) — DD decay] by picking up of a light ¢g
pair from vacuum quark-antiquark fluctuations, c¢¢ —
(cg)(g¢) = D*D + c.c. Undoubtedly, the main feature
of the X(3872) resonance is that it is located directly at the
threshold of its main decay channel into D**D° + c.c. —
D°DOzY [1]. This circumstance ensures the smallness of its
width (it is ~1 MeV) and clear violation of the isotopic
symmetry against a background of the kinematically closed
decay channel of the X(3872) into D**D~ 4 c.c. (the
thresholds of the D*°D° and D** D~ channels are separated
by 8.23 MeV). Section II considers the kinematics of
the decays X(3872) — 7°2%,, and X(3872) — ntn y,,.
Section III discusses hadronic loop diagrams, which we use
to estimate the branching fractions of these processes. The
estimates themselves are given in Sec. IV. Conclusions
from the analysis performed are presented in Sec. V.

II. KINEMATICS OF THE
X(3872) — nmy,, DECAYS

Let us use the Particle Data Group data [1] and put a
mass of the X(3872) state equal to my = 3871.65 MeV,
and also m, = 3510.67 MeV, m,+ = 139.57039 MeV,
and my = 1349768 MeV. The invariant phase volumes
(PV) [23] for the three-body decays X(3872) — z°2%,
and X(3872) —» n"n"y., are equal to

PV (my: myo. my,m, ) = 0.0049718 GeV?,
PV(my;my-,m,,m, ) =0.00407956 GeV?, (4)

respectively. For comparison, we point out that the invari-
ant phase volumes for the decays X(3872) — D°D°z°
and X(3872) —» ntn~J/y are equal to 0.0000686751
and 0.225852 GeV?, respectively. The energy release
in X(3872) - 2%2%., is T,=my—2mpo—-m, =
91.0264 MeV, and that in X(3872) » atn y, T, =
my —2m,+ —m, = 81.8392 MeV. The invariant mass
of the 7%, system, my, , varies from m, +mgy to
my — My, i.e., in the near-threshold region with a width of
91.0264 MeV, and the invariant mass of the 7%y, system,
My, s varies from m, + m .+ t0 my —mg=, ie., in that
with a width of 81.8392 MeV. It is quite natural to believe
that in these regions the production amplitudes of the 7%,
and 7%y, pairs will be dominated by contributions from
the corresponding lower partial waves.

Let us denote the four-momenta of the particles in the

decay X(3872) — nzyc1 as px = P1. Py, = P2: Pz, = P3»
Px, = P4 Where m; = 7 or z™ and 7, = 73 or ™, and the
polarization four-vectors of the X(3872) and y.; mesons
as ex = ¢ and ¢, = &,. The matrix element M of the
decay X(3872) — zmy,, is described in general case by

five independent invariant amplitudes b,_; 5 and it can be

written as
M= S’fs‘é*Mﬂy
= glfslé* (g/wbl + pZyplbe + AﬂAl/b3
+A/4plub4 +p2ﬂAI/b5)’ (5)

where A=p3—py: by = bi(m%:s.t.u), s = (pr + p3)* =
(P1=pa)*s t=(P2+pa)*=(p1=p3)*s u = (p3 + ps)* =
(p1 = p2)% and s+ 1+ u = m% + m2 +2m2. Here we
indicated the dependence of the invariant amplitudes from
m% because in what follows we will need to replace m% in
M with the variable quantity S; meaning the invariant mass
squared of the virtual X(3872) state.

The zz system in the X(3872) — zzmy.; decay has the
positive C parity. As a consequence, only even orbital
moments are allowed in this system and states with the
isospin / =1 are forbidden. It is clear that the matrix
element M must be an even function of A, i.e., should not
change with the permutation of p; and p,, and the invariant
amplitudes must possess the following crossing properties:
bya3(m¥;s,t,u) =byy3(mist,s,u) and bys(mi;s, t,u) =
—b4,5(m§(;t,s, u). In the following, we will denote the
matrix elements for the decays X(3872) — 7’2z’ and
X(3872) - ntxy, as M, and M., respectively.

For the rates of the decays X(3872) — zzy,, the exact
isotopic symmetry predicts the following relation:
B(X(3872) - n°2% 1) =3B(X(3872) > "y ). As will
be shown below, it can be significantly broken in the real
situation.
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III. HADRONIC LOOP DIAGRAMS
FOR X(3872) — nmy

Currently, the mechanism of triangle loop diagrams with
charmed mesons in the loops is considered as a main one of
the two-body decay of X(3872) — 7%, see in this regard
Refs. [14—17,24-27] and references herein. We assume that
in the three-body decay X(3872) — nmy,., the final zy
system is produced mainly in a lower partial wave. This is
quite natural in the region near the zy,.; threshold. Then,
the decay of X(3872) — zmy.; can be considered as a
quasi-two-body process and applied to its description
the mechanism of the triangle loop diagrams. Examples
of such diagrams are shown in Figs. 1 and 2. These
diagrams (not all) contain so-called triangle logarithmic
singularities [28-33]. The literature is rich in examples
showing that such singularities lead to various enhancements
in two-body and three-body mass spectra in the decays of
resonances, see, for example, Refs. [21,30,32,34-42] and
references herein.

The logarithmic singularities in Figs. 1(a) and 1(b) lie along
the solid curves shown in Figs. 3(a) and 3(b), respectively. The
dependences of S| on s given by these curves follow from the
equation 2x;xyx3 +x7 +x3 +x3 —1 =0 [29,31,32,40],
where x; = (S —mj—m3)/(2mym,), x, = (s —m5 —m3)/
(2myms), and x3 = (m2 — m} —m3)/(2mim3), in the sol-
ution of which it is necessary to substitute specific values of the
masses (m, m,, ms) of particles in the loops [see notations in
Fig. 1(a)] and the mass of the outgoing 7 meson. At singularity
points, all three particles in the loops simultaneously are on the

(b)

FIG. 1. Eight triangle loop diagrams for the transition
X(3872) — 72%2%,,. (a), as well as (b), involves four diagrams
taking into account two charge-conjugate states in the loops
(D*DD and D*DD) and the permutation of identical z° mesons.

(b)

FIG. 2. Four triangle loop diagrams for the transition
X(3872) - atxy.. (), as well as (b), involves two diagrams
with charge-conjugate states in the loops (D*DD and D*DD).

mass shell [28,29,32,33,40]. Of course, this requires that at
least one of the particles corresponding to the internal lines of
the diagram is unstable [32,33,40]. Horizontal and vertical
dotted lines in Fig. 3(a) mark the thresholds for the /S| and
\/s variables (i.e., the values of /S, = mpo + mp =
3.87169 GeV and /s = 2mpo = 3.72968 GeV) above
which the matrix element M, = M, (S;s,t,u) (see
Sec. II) corresponding to Fig. I(a) has the imaginary
parts on the §; and s (or f) variables. Intervals contain-
ing the singularities, m; +m, <+/S; <
/M3 +m3 -+ myms +my(m? —m2)/ms and m, +my </s <
/m3+mi+mymy-+my(m3—m?2)/my, are bounded by the
points, where this curve touches the above lines (see,
for example, Ref. [40]). The horizontal dashed line in
Fig. 3(a) marks the nominal mass of the X(3872) state
my = 3.87165 GeV [1]. Since the width of the X(3872),
I'y,is not less than 1 MeV [1,6,8,11], and the available values
of /s lie in the range from m, + m.,0 = 3.64565 GeV to
my —my = 3.73667 GeV, then the locus of logarithmic
singularities of triangle in Fig. 1(a) completely falls into the
physical region of the X(3872) — 7°2%., decay.

Let us move on to Fig. 3(b) associated with
Fig. 1(b). The threshold values of /S| = mp-+ + mp- =
3.87992 GeV and /s = 2mp- = 3.73932 GeV marked by
horizontal and vertical dotted lines lie 8.23 and 9.64 MeV
above the thresholds of the D**D° and DD channels,
respectively. It is clear that the triangle singularities of the
diagrams with charged charmed D* and D mesons in
the loops are located outside the physical region of the
X(3872) = 7°2%., decay. However, the contribution of
Fig. 1(b), as will be shown in the next section, turns out to
be important and must be taken into account.

Let us now consider the diagrams in Fig. 2 for the decay
X(3872) - ntzy.,. In Fig. 2(a), there are no triangle
singularities, since the decay channel of the D*° into 7~ D™
is closed (mpo =2.00685 GeV, mp+ +m, - =2.00923 GeV,
and I'po ~55.6 keV [21]). Figure 2(b) have triangle

curve of
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FIG. 3. Solid curves in (a) and (b) show loci of logarithmic
singularities in the (/s,+/S;) plain for (a) and (b) in Fig. 1,
respectively. The singularities are located in (a) in the intervals
3.87169GeV < /S8, <3.87194GeV and 3.72968 GeV < /s <
3.72992 GeV, and in (b) in the intervals 3.87992 GeV < /8, <
3.88012 GeV and 3.73932 GeV < /s < 3.73951 GeV.
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singularities. But they lie in the region of 3.87992 GeV <
/S < 3.88014 GeV and 3.7345GeV < /5 <3.73471GeV
which on the /S| variable starts 8.27 MeV above the
nominal mass of the X(3872) and on the /s variable
2.42 MeV to the right of the maximum permissible value of
/s = my —m,- = 3.73208 GeV in this decay. The values
VS =3.87992 GeV and /s = 3.7345 GeV indicate the
thresholds of the D** D~ and D°D~ channels, respectively.
Thus, both of these channels are closed in the X(3872) —
atn"y. decay and the amplitude for Fig. 2(b) turns out to
be purely real (if neglect by the tiny value of I'p«+ in
the D*t meson propagator). How the contributions of
Figs. 2(a) and 2(b) correlate to each other, we will find out
in the next section.

IV. ESTIMATES OF B(X(3872) — nmy,,)

To estimate B(X (3872) — nmy,;) we restrict ourselves to
the contributions of the diagrams presented in Figs. 1 and 2.
First of all, consider the amplitude of the subprocess DD —
7y which is acomponent part of the matrix element M. We
will estimate it on the mass shell near the DD threshold and
then use the found value as an effective “coupling constant”
characterizing the DDy, vertex in the triangular loops.
The isotopic invariance of strong interactions and the
P-parity conservation allow us to write down a number of
of useful relations for the reaction DD — my,,:

Ilezll-’ Gf:—lzGi:(—l)li‘kli’
=l Pi=(=1) =Py ==(=1)V,

1,=0.2,...,
[;=13,..., (6)

where the indices i and f indicate the belonging of
quantum numbers to the initial DD and final zy,, states,
respectively; I, G, [, J, and P are the isospin, G parity, orbital
moment, total moment, and P parity, respectively. For
l; =0 (J = 0) there is only one possible value of [, = 1,
and for each [; > 2 two values [; = [; £ 1 are allowed. The
partial amplitude of the process DD — my,, with [; =0
(J/=0) and I; =1 experiences a minimal suppression
caused by the threshold factors near the threshold. This
amplitude has the form

{):Doﬂ)m = gDD’U(cl (5)&-1 (S), *)’ (7)

where p, (s) is the momentum of the y.; meson in the DD

center-of-mass system, and Z’ is the polarization vector of
the y. in its rest frame (see Ref. [43]); |p, (s)] =

\/52 —=2s(m} 4+ mk)+ (m2 —m2)?/(2y/s). It is quite
natural to assume that the factor gpp,, ~near the threshold

is a smooth function of /s. We will calculate it for
\/$ = 2mp, assuming that the reaction DD — my,, (near
the threshold) proceeds via D* exchanges in its ¢ and u
channels. In this simple model we have

2 /2

3 4+ myp/my,.
2 2 _ 2
my,  2mp + 2mp. —my

= 9ppady,pD X (3.05696 GeV~2), (8)

4mD

9Dbry,, = 90*DzYy. DD

where gp«p, and g, p-p are the coupling constants in the
interaction vertices Vpep, = gpp,(€}, pr + pp) and
V, .p'b = 9y.0p(€p:» € ). When obtaining Eq. (8), we
neglected the mass squared of the 7 meson, and also put
mp~ = mpo and mp+ = mpo. At the DD threshold, the
virtuality of the exchanged D* mesons (i.e., m%. — ¢,
where ¢ is the four-momentum of the D*) is approximately
1.343 GeV?. In order to take into account to some
extent the internal structure and the off-mass-shell effect
for the D* meson, it is necessary to introduce the form factor

into the each vertices of the D* exchange: F(q*, m3,.) =

AAZ_ :1:} [15,44-47]. Here we orient on the typical value of the
parameter @ = 2 [15] associated with the A by the relation
A =mp + algep [47], where Agep = 220 MeV. This
form factor results in decreasing the effective coupling

constant gpp,, by approximately 2.84 times in comparison
with the estimate in Eq. (8); gf) Dry., decreases by a factor of

8.06 accordingly. Next we will use for gpp,, ~the value of
9p'Dry.,p'b X (1.07647 GeV~2) obtained taking into
account the form factor. From the isotopic symmetry for
the coupling constants gp+p, and the data on the decays
D*t - (D]Z')+ [1], it follows that gp«0p0,0 = gD*ODﬂz‘/\/i =
Ip-pon /V2 = —gpeipipo #3593 [21]. The constant
9y.,p+p cannot be measured directly, but its value is
predicted theoretically within the framework of the effec-
tive theory of heavy quarks [24,2745-48]: g, pp =
2\2g, ympmpm,, = (=21.45 + 1.68) GeV [21], where
g1 is an universal constant. As a result, we get gpopoz0, =
~9D*+D=2%,., —Y9ID Dnty,, /\/ingoD‘n")m/\/Ez 137GeV™!
and will use this value as a guide.

The above structure of the DDy, vertex allows us to
write the matrix element M,,(S;;s,7, u) for the contribu-
tion of the eight diagrams in Fig. 1 as follows:

My (8135, 1.) = 25 11 (p1. Pa) (B, (5). 8)
+ Iﬂ(ph pB)(q;m (t)’ E*)
AUNAIHORS
1P 23) (B, (). 8) ©)

where the common factor 2 arises owing to the equality of
the contributions from the loops with the charge conjugated
intermediate states, § = gxgpopo99popoady, s Jgx 18 the
coupling constant of the X(3872) to D**D° in the vertex
Vypopo = gx(€x,€5.0) (the values of gy will be specified
below); the amplitude /,(p;, p4) represents the following
vector integral

016023-4
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( gm/+ 2 )(2p4y

k,)d*k

1,(p1.ps) = %/ (k> —m? ., + ie)((p,

The amplitude 1, (p;. p3), 1,(pi. ps), and I, (py, p3) havea
similar form. In so doing, I,(py,ps) and I,(pi,ps)
correspond to Fig. 1(a) which differ in the permutation
of identical #° mesons, and I,(p;.p,) and I1,(p,.ps)
correspond to similar Fig. 1(b). In Ref. [21] it was shown
that the divergent part of a vector integral of type (10) is
proportional to py, [ie.,

i

- k) m2y + i€)((k — ps)* — m2, + ie)’

(10)

X(3872) resonance] and it does not contribute to the
matrix element M, (S;;s,1,u) because (ex,p;) =0. It
was also shown in Ref. [21] that its convergent part,
1™ (py. pa), proportional to pg, is dominated by the
amplitude of the scalar triangle diagram, which we

denote here as I(S;. s), i.e., I;™(py, ps) = —2p4, (S}, 5),
the four-momentum of the  Where
|
d*k
(11)

I(SI,S) :—3

As a result, Eq. (9) takes the form

= (K =2 + i) ((py — K

—m2, +ie)((k— py)> —m2, +ie)’

-,

/\/l,.(Sl;s,Mt)=—4i (ex, ) I(S1,8) +1(S1,8)(By,, (), &) + (ex, p)I(S1, 1) +1(S1. 0)(B,, (0.8} (12)

16z

About the contributions of the scalar amplitudes I(S;, s)
and 1(S,,s) one can speak as of the s contributions from
Figs. 1(a) and 1(b), respectively, and about the contribu-
tions of the scalar amplitudes 1(S, ¢) and 1(S;,t) one can
speak as of the 7 contributions from Figs. 1(a) and 1(b) with
permutation of identical z° mesons, respectively.

To numerically calculate scalar triangle amplitudes, we
use explicit formulas obtained in Refs. [24,40] within the
framework of nonrelativistic formalism. We convinced
that the results of such a calculation are in excellent
agreement with what is given for these amplitudes the
exact expressions through dilogarithms [49]. We take
into account the finite width of the D** meson by replacing

%)*0 in its propagator with m?> po—impol'po and put
I'po =55.6 keV [21]. This leads to a significant smooth-
ing and reduction in the contributions of triangle logarith-
mic singularities to M,,(S;;s,1, u) as compared with the
hypothetical case corresponding to I'p. = 0. The finite
width of the D** meson, I'p-~ = 83.6 keV, is taken into
account in a similar way.

The differential probability of the X(3872) — z°7%,
decay which determines the distribution of events in the
Dalitz plot has the form [1]:

d*T(X(3872) = n%2%.1; 8158, 1, u)
dtds

Y IM,(Sirs ) (13)
325/ o

where summation over A and A means summation over
polarizations of the X(3872) and y.; mesons, respectively.

We write the mass spectrum of the 7%, system over
the /s variable as

dr(X(3872) = 2°2%.1; S, s)

d\/E
w815 0.0 )
dF (3872) —» 2’2’y S15 s, 1, u
=2 dt,
Vs / dtds
(14)

where 7.(S;,s) denote the boundaries of the physical
region for the ¢ variable for fixed values of s and S [1].
Figure 4(a) shows examples of the 7z’y,, unnormalized
mass spectra near the D°D? threshold for several values of
\/S. These examples illustrate the resonantlike manifes-
tations of the triangle singularities present in the amplitude
I(S,,s). Figure 4(b) shows [in the same units as in
Fig. 4(a)] all significant components of the 7’y,, mass
spectrum at /S; = 3.87172 GeV throughout the acces-
sible region of /s. Curves 1, 2, and 3 correspond to the
contributions of the amplitudes 1(S;, s) [Fig. 1(a)], I(S;. s)
[Fig. 1(b)], and their sum I(S;,s) + I(S,, s), respectively.
Curve 4 corresponds to the contribution of the amplitude
1(Sy,t) + (S}, t) [from the sum of Figs. 1(a) and 1(b) with
the transposed identical 7° mesons]. The contributions of
the amplitudes 7(S,,7) and I(S,,t) are not shown sepa-
rately so as not to clutter the figure. Curve 6 corresponds to
the contribution of interference between the amplitudes
1(Sy,s) +1(S,s) and I(S,,t) +1(S,,t) which differ by
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(b)

40

”o)(m mass spectrum (arbitrary units)

n“)(m mass spectrum (arbitrary units)

0 : - H
3729 87295 373 87305 373 30 seo  aes 37 375 874
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FIG. 4. (a) The solid curves a, b, and ¢ show the examples of the

7% .1 mass spectrum dI'(X(3872) — 7°7%,; S}, 5)/d+/s in the
region of the D°D° threshold calculated using Eq. (14) at
VS| = 3.87165, 3.87172, and 3.87177 GeV, respectively. The
the dotted vertical lines mark the /s values between which the
amplitude of the X(3872) — (D*°D° + D*'D) - 2%, de-
cay contains the logarithmic singularities which manifest them-
selves in the 7%y, mass spectrum as narrow peaks. (b) The
components of the 7%, mass spectrum at /S, = 3.87172 GeV
throughout the accessible region of +/s; description of the curves
see in the text.

permutation of identical z° mesons. It can be seen that
the interference is small for all values of /s and can
be neglected. The total contribution to the 7%, mass
spectrum from the amplitudes (I(S;,s)+1(S,.s)) and
|

(VSi=m)?

1
[(X(3872) = 2°2%.;8,) = 3 / ds /

t_(Sy.8)

(my,, +m.o)?

where the factor 1/2 takes into account the identity
of 7% mesons. In Fig. 5(a), we presented the result of
the calculation of I'(X(3872) — 7°2%.,;S,) using the
coupling constant ¢%/(16z) = 0.25 GeV? as a guide
(see Refs. [15,18,21]). The maximum of the width
[(X(3872) = 2°2% 15 S;) near the D**D° threshold is
|

11(81.5)

0.8 ~
@ s %l (b)
> o
2 06 & 08
@ C 04
k5 S
o 04 2 03
i
N @ 0.2
8 02 g
= & 0.1
Q
o
0
3869 0.7 3,671 5672 3.673 3674 5875 38705 3871 38715 3872 38725 3873
Jsi Gev) Jsi @ev)
FIG. 5. (a) The solid curve shows the width I'(X(3872) —

7°72%.1: S,) calculated using Eq. (15). The constructed example
corresponds to g%/(16z) = 0.25 GeV2. (b) An example of the
resonance distribution 2S,/(z|Dx(S,)|?) for the X(3872) at
&/(167) = 0.25 GeV? and Ty, = 1 MeV [21].

(I(Sy,t) + I(S;,1)) in neglecting their interference is
shown in Fig. 4(b) by curve 5. If the peak in the 7%,
mass spectrum over the /s variable in the vicinity of
Vs & 2mpo =~ 3.72968 GeV is due to triangle singularities
in the amplitude /(S;,s), then the peak in the region
3.65 GeV < /s < 3.6575 GeV is a manifestation in the
distribution over /s of the triangle singularities in the
amplitude 1(Sy, 7).

The width of the X(3872) — 7°2%,, decay in the
general case is determined by the expression

U PT(X(3872) = 2°7%.1: Syt u)
dtds

dr, (15)

|
caused by the presence in the amplitude of the triangle
singularities.

To estimate B(X(3872) — n°2%,) it is necessary
to weigh the energy dependent width T'(X(3872)—
2°72%.1;8,) with the resonance distribution 285,/

(7| Dx(S1)?):

B(X(3872) = n°2%.) = /

m, +2m”0

where Dy(S,) is the inverse propagator of the X(3872)
which we take from Refs. [18,21]. Note that the resonance
distribution 28, /(z|Dx(S;)|*) has good analytical and
unitary properties [18,21]. Figure 5(b) shows an example
of this distribution calculated at my = 3871.65 MeV,
g%/ (167) = 0.25 GeV?, and T, = | MeV, where [y,
approximately describes the width of the X(3872) decay

281 VSiT(X(3872) = 7°2%.1; S)) i\/5;,

T

Dx(S)P 16)

|
into all non-(D*D + D*D) channels. Of course, the main
contribution to the integral (16) comes from the narrow
region of the resonance peak. The result of integration
over the region 3.869 GeV < /S| < 3.875 GeV for the
above parameter values gives B(X(3872) — n%2%,,) ~
1.24 x 107*. Table I shows the estimates of B(X(3872) —
7°7%.,) for different values of g%/(16x) and I',, which
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1
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FIG. 6. (a) The components of the z"y., mass spectrum at
/81 = 3.87172 GeV throughout the accessible region of /s in
the same units as in Fig. 4; the curves here have the same meaning
as the curves with the corresponding numbers in Fig. 4(b), which
have been described in detail above in the text. (b) The width
I'(X(3872) - ntn y.1;S;,) as a function of +/S;. The con-
structed example corresponds to g%/(16z) = 0.25 GeV?2.

we vary in a reasonable range taking into account the
current (far from final) information about the X(3872)
obtained from the analyses of its main decay channels in
Refs. [6,8,11,15,18,21].

Let us now consider the diagrams in Fig. 2 describing the
decay of X(3872) — n"z7y,,. Although there are only four
of such diagrams, and not eight as in Fig. 1, the factor of 2 in
Eq. (9) is preserved also for the amplitude M, (S;;s,1, u)
owing to the isotopic factors in the D*Dz and DDy,
vertices, which are indicated above in the paragraph after
Eq. (8). Thus, with taking into account the replacement of
the particle masses in the loops and the masses of the final
pions, as well as the necessary changes in designations and
exclusion of the factor 1/2 from Eq. (15) when determining
the width of the X(3872) — n"z7y,., decay, we can use
Egs. (9)-(16) to calculate the z¥y., mass spectra,
['(X(3872) > ntny.1551), and B(X(3872) —» ntn~y.).
Figure 6(a) shows (in the same units as in Fig. 4) the main
components of the z*y,.; mass spectrum in the X(3872) —
atn y, decay at /S, =3.87172 GeV throughout the
accessible region of +/s. The curves here have the same
meaning as the curves with the corresponding numbers in
Fig. 4(b), which have been described in detail above in the
text. In this case, there are no triangle singularities in the
physical region of the decay and the 7%y, mass spectra are
smooth functions of /5. The energy dependent decay width
I'(X(3872) = w7 x.1;S;) [see the example shown in
Fig. 6(b)] has a characteristic break at the threshold of the
D*°D° channel.

The estimates for B(X(3872) - n"n y.) are given
in Table I. We see that the model under discussion
predicts the close values for B(X(3872) — nn y.;) and
B(X(3872) = 7°2%,,) the absolute values of which turn
out to be at the level of about 10~*. Their ratio averaged
over the variants in Table I, R=B(X(3872) > z"7"y.1)/
B(X(3872) - n°2%,,)~1.1, indicates a noticeable

TABLE I. B(X(3872) — ny,,) in units of 107,

g%/ (167) (in GeV?) 025 05 0671 025 05 0.671

l—‘non 1 MeV 2 MeV

B(X(3872) = 2°2%;) 124 1.63 1.61 0.77 0.88 0.90
B(X(3872) > atny,) 151 177 1.73 086 097 0.99
R — BXG8T)—a' 7 y0) 1.22 1.09 1.07 1.12 1.10 1.10

T B(X(3872)=7"7%.)

TABLE 1I.  B(X(3872) — zzy,;) (in units of 10~*) only for
Figs. 1(a) and 2(a).

g%/ (16z) (in GeV?) 025 0.5 0671 025 0.5 0.671
Thon 1 MeV 2 MeV

B(X(3872) — 7°7%.,) 0.662 0.741 0.731 0.338 0.393 0.404
B(X(3872) >t 7 y0) 0.526 0.614 0.602 0.296 0.337 0.342

R — BXGS2)or'ry) 0795 0.829 0.824 0.876 0.858 0.847
BX(3872)>22%.1)

violation of isotopic symmetry, according to which one
would expect R = 2.

The present calculation assumes that the X(3872) is a
pure charmonium, and this is reflected in the equal
couplings of X(3872) — D**D° and D** D~. In a molecu-
lar interpretation of the X (3872), X(3872) couples differ-
ently with D*°D® and D**D~. For example, in Ref. [16],
X(3872) — D*°DY is considered while X(3872) = D*" D~
neglected. In this regard, we present in Table II the values of
the branching fractions corresponding only to Figs. 1(a)
and 2(a). In a sense, this corresponds to the limiting variant
of the molecular model when the X(3872) is associated
only with the D**D® + c.c. channel.

V. CONCLUSION

We have obtained the tentative estimates for
B(X(3872) — n°2%,,) and B(X(3872) = ntn "y, ) in
the model of the triangle loop diagrams with charmed
D*DD and D*DD mesons in the loops. The decay rates
are predicted at the level of 10™* at the reasonable values of
the coupling constants. We would like to draw a special
attention to the fact that in this model an important con-
tribution to B(X(3872) — zzmy,,) is given by the (“heavy”)
charged D*TD~ +c.c. intermediate states, certainly,
together with the (“light””) neutral D*°D° + c.c. intermediate
states. This is obvious from Figs. 4(b) and 6(a).

Within the framework of the considered model, the
decay rates X(3872) — 7°2%,, and X(3872)—>n"rny,
are proportional to the same product of coupling constants.
The existing uncertainties in these constants, as well as
the remaining (so far) uncertainties in such characteristics
of the X(3872) resonance as its mass my and width
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Fpon [1,6,8,11,15] allow us only to hope (before the
experiment) that the model correctly predicts the order
of magnitude of the probabilities for the X(3872) —
7°7%., and X(3872) = n"n "y, decays. The ratio R =
B(X(3872) — ntrnty.,)/B(X(3872) —» n°2%.) ~ 1.1
does not depend on the product of coupling constants
included in the vertices of triangle loops and, in general,
weakly depends on the parameters of the X(3872) reso-
nance. Its value is a direct consequence of the kinematics of
the loops determined by the masses of the internal particles.
The isotopic symmetry prediction for R is noticeably

broken. The value obtained for R is a specific prediction
of the considered model, which gives an opportunity to
verify it experimentally.

ACKNOWLEDGMENTS

We thank Professor Dr. Zhiqing Liu for his interest in our
calculations of the X(3872) - z*z"y,, decay rate. The
work was carried out within the framework of the state
contract of the Sobolev Institute of Mathematics, Project
No. FWNF-2022-0021.

[1] R.L. Workman et al. (Particle Data Group), The review of
particle physics, Prog. Theor. Exp. Phys. 2022, 083C01
(2022) and 2023 update.

[2] M. Ablikim et al. (BESIII Collaboration), Observation of
the decay X(3872) — 7%, (1P), Phys. Rev. Lett. 122,
202001 (2019).

[3] V. Bhardwaj et al. (Belle Collaboration), Search for
X(3872) and X(3915) decay into y.z° in B decays at
Belle, Phys. Rev. D 99, 111101 (2019).

[4] M. Ablikim ez al. (BESIII Collaboration), Study of ete™ —
ywJ/w and observation of X(3872) — wJ/w, Phys. Rev.
Lett. 122, 232002 (2019).

[5] M. Ablikim et al. (BESIII Collaboration), Study of open-
charm decay and radiative transitions of the X(3872), Phys.
Rev. Lett. 124, 242001 (2020).

[6] R. Aaij et al. (LHCb Collaboration), Study of the lineshape
of the y.,(3872) state, Phys. Rev. D 102, 092005 (2020).

[7] J. H. Yin et al. (Belle Collaboration), Search for X(3872) —
atz 70 at Belle, Phys. Rev. D 107, 052004 (2023).

[8] H. Hirata et al. (Belle Collaboration), Study of the lineshape
of X(3872) using B decays to D°D*°K, Phys. Rev. D 107,
112011 (2023).

[9] R. Aaij et al. (LHCb Collaboration), Observation of sizeable
@ contribution to y.(3872) — "z~ J/y decays, Phys.
Rev. D 108, LO11103 (2023).

[10] K. Tanida, A new measurement of X(3872) — D°D*" at
Belle, in Proceedings of the 20th International Conference
on Hadron Spectroscopy and Structure (HADRON 2023)
(Italian Physical Society, Genova, Italy, 2023).

[11] M. Ablikim et al. (BESII Collaboration), A coupled-
channel analysis of the X(3872) lineshape with BESIII
data, Phys. Rev. Lett. 132, 151903 (2024).

[12] V. Bhardwaj et al. (Belle Collaboration), Inclusive and
exclusive measurements of B decays to y.; and y., at Belle,
Phys. Rev. D 93, 052016 (2016).

[13] M. Ablikim et al. (BESIII Collaboration), Search for the
decay X(3872) -zt 7~y .1 (1P), Phys. Rev. D 109, L071101
(2024).

[14] S. Dubynskiy and M. B. Voloshin, Pionic transitions from
X(3872) to y.;, Phys. Rev. D 77, 014013 (2008).

[15] N. N. Achasov and G. N. Shestakov, Toward an estimate of
the amplitude X(3872) — 7%, (1P), Phys. Rev. D 109,
036028 (2024).

[16] S. Fleming and T. Mehen, Hadronic decays of the X(3872)
to y.; in effective field theory, Phys. Rev. D 78, 094019
(2008).

[17] S.Fleming and T. Mehen, The decay of the X(3872) into .,
and the operator product expantion in XEFT, Phys. Rev. D
85, 014016 (2012).

[18] N.N. Achasov and E. V. Rogozina, How learn the branching
ratio X(3872) — D% D’ + c.c., Pis'ma Zh. Eksp. Teor. Fiz.
100, 252 (2014) [JETP Lett. 100, 227 (2014)].

[19] N.N. Achasov and E.V. Rogozina, X(3872),1°(J"¢) =
0*(17), as the y.1(2P) charmonium, Mod. Phys. Lett. A
30, 1550181 (2015).

[20] N.N. Achasov and E. V. Rogozina, Towards nature of the
X(3872) resonance, J. Univ. Sci. Tech. China 46, 574
(2016).

[21] N.N. Achasov and G.N. Shestakov, Decay X(3872) —
7’7zt 7~ and S-wave D°D® — 777~ scattering length, Phys.
Rev. D 99, 116023 (2019).

[22] N. N. Achasov, A. V. Kiselev, and G. N. Shestakov, Electro-
weak production of y,, states in ete™ collisions: A brief
review, Phys. Rev. D 106, 093012 (2022).

[23] E.Byckling and K. Kajantie, Particle Kinematics (John Wilen
and Sons (London, New York, Sydney, Toronto, 1973).

[24] E-K. Guo, C. Hanhart, G. Li, U.-G. Meilner, and Q. Zhao,
Effect of charmed meson loops on charmonium transitions,
Phys. Rev. D 83, 034013 (2011).

[25] T. Mehen, Hadronic loops versus factorization in effective
field theory calculations of X(3872) — y.;2°, Phys. Rev. D
92, 034019 (2015).

[26] Z.-Y. Zhou, M.-T. Yu, and Z. Xiao, Decays of X(3872) to
xesm° and J/wata™, Phys. Rev. D 100, 094025 (2019).

[27] Q. Wu, D.-Y. Chen, and T. Matsuki, A phenomenological
analysis on isospin-violating decay of X(3872), Eur. Phys.
J. C 81, 193 (2021).

[28] R. Karplus, C.M. Sommerfield, and E.H. Wichmann,
Spectral representations in perturbation theory. 1. Vertex
function, Phys. Rev. 111, 1187 (1958).

016023-8


https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1103/PhysRevLett.122.202001
https://doi.org/10.1103/PhysRevLett.122.202001
https://doi.org/10.1103/PhysRevD.99.111101
https://doi.org/10.1103/PhysRevLett.122.232002
https://doi.org/10.1103/PhysRevLett.122.232002
https://doi.org/10.1103/PhysRevLett.124.242001
https://doi.org/10.1103/PhysRevLett.124.242001
https://doi.org/10.1103/PhysRevD.102.092005
https://doi.org/10.1103/PhysRevD.107.052004
https://doi.org/10.1103/PhysRevD.107.112011
https://doi.org/10.1103/PhysRevD.107.112011
https://doi.org/10.1103/PhysRevD.108.L011103
https://doi.org/10.1103/PhysRevD.108.L011103
https://doi.org/10.1103/PhysRevLett.132.151903
https://doi.org/10.1103/PhysRevD.93.052016
https://doi.org/10.1103/PhysRevD.109.L071101
https://doi.org/10.1103/PhysRevD.109.L071101
https://doi.org/10.1103/PhysRevD.77.014013
https://doi.org/10.1103/PhysRevD.109.036028
https://doi.org/10.1103/PhysRevD.109.036028
https://doi.org/10.1103/PhysRevD.78.094019
https://doi.org/10.1103/PhysRevD.78.094019
https://doi.org/10.1103/PhysRevD.85.014016
https://doi.org/10.1103/PhysRevD.85.014016
https://doi.org/10.1134/S0021364014160024
https://doi.org/10.1142/S0217732315501813
https://doi.org/10.1142/S0217732315501813
https://doi.org/10.1103/PhysRevD.99.116023
https://doi.org/10.1103/PhysRevD.99.116023
https://doi.org/10.1103/PhysRevD.106.093012
https://doi.org/10.1103/PhysRevD.83.034013
https://doi.org/10.1103/PhysRevD.92.034019
https://doi.org/10.1103/PhysRevD.92.034019
https://doi.org/10.1103/PhysRevD.100.094025
https://doi.org/10.1140/epjc/s10052-021-08984-2
https://doi.org/10.1140/epjc/s10052-021-08984-2
https://doi.org/10.1103/PhysRev.111.1187

TENTATIVE ESTIMATES OF ...

PHYS. REV. D 110, 016023 (2024)

[29] L.D. Landau, On analytic properties of vertex parts in
quantum field theory, Nucl. Phys. 13, 181 (1959).

[30] P. V. Landshoff and S.B. Treiman, Some experimental
consequences of triangle singularities in production proc-
esses, Phys. Rev. 127, 649 (1962).

[31] C. Fronsdal and R. E. Norton, Integral representations for
vertex functions, J. Math. Phys. (N.Y.) 5, 100 (1964).

[32] B.N. Valuev, On the anomalous singularity and determi-
nation of the amplitudes of some processes, Zh. Eksp. Teor.
Fiz. 47, 649 (1964) [Sov. Phys. JETP 20, 433 (1964)].

[33] S. Coleman and R. E. Norton, Singularities in the physical
region, Nuovo Cimento 38, 438 (1965).

[34] J.-J. Wu, X.-H. Liu, Q. Zhao, and B.-S. Zou, Puzzle of
anomalously large isospin violations in 77(1405/1475) — 3,
Phys. Rev. Lett. 108, 081803 (2012).

[35] F. Aceti, W. H. Liang, E. Oset, J. J. Wu, and B. S. Zou, Isospin
breaking and f,(980) — a((980) mixing in the 7(1405) —
7°£,(980) reaction, Phys. Rev. D 86, 114007 (2012).

[36] X.-G. Wu, J.-J. Wu, Q. Zhao, and B.-S. Zou, Understanding
the property of 17(1405/1475) in the J/y radiative decay,
Phys. Rev. D 87, 014023 (2013).

[37] N.N. Achasov, A.A. Kozhevnikov, and G. N. Shestakov,
Isospin breaking decay #7(1405) — £,(980)z° — 37, Phys.
Rev. D 92, 036003 (2015).

[38] M. Bayar, F. Aceti, F.-K. Guo, and E. Oset, A discussion on
triangle singularities in the A, — J/wK~ p reaction, Phys.
Rev. D 94, 074039 (2016).

[39] M.-C. Du and Q. Zhao, Internal particle width effects on the
triangle singularity mechanism in the study of the #(1405)
and 77(1475) puzzle, Phys. Rev. D 100, 036005 (2019).

[40] F.-K. Guo, X.-H. Liu, and S. Sakai, Threshold cusps and
triangle singularities in hadronic reactions, Prog. Part. Nucl.
Phys. 112, 103757 (2020).

[41] J. Wu and Q. Huang, Detecting the pure triangle singularity
effect through the y(2S) decay, Proc. Sci., CD2021 (2024)
052.

[42] C.W. Xiao, J.M. Dias, L.R. Dai, W.H. Liang, and
E. Oset, Triangle singularity in the J/y — ¢ntag(z™n),
J/w = ¢r~af (z"n) decays, Phys. Rev. D 109, 074033
(2024).

[43] The reaction amplitude DD — 7y, can be represented as
e*[(ap +4p),a + (gp — 4p),b], where g, and g are the
four-momenta of the D and D mesons, respectively, and a
and b are the invariant amplitudes. We write the polarization

(Pry6) 2 Py (B -8)
_ Ho— Zcl Zel \Fxel
four-vector of the y., as & ( y 4+ P ).

Let us neglect here the mass difference of D° and D*
mesons, calculate the helicity amplitudes in the reaction
center-of-mass system, and expand them by the partial
waves. Taking into account Eq. (6) we obtain that near the
DD threshold a ~ 1/GeV? and b ~ (|4, | cos 6)/GeV*,
where 6 is the angle between the vectors g and p, . This
implies Eq. (7).

[44] O. Gortchakov, M. P. Locher, V. E. Markushin, and S. von
Rotz, Two meson doorway calculation for pp — ¢z in-
cluding off-shell effects and the OZI rule, Z. Phys. A 353,
447 (1996).

[45] P. Colangeloa, F. De Fazioa, and T. N. Pham, B~ — Ky
decay from charmed meson rescattering, Phys. Lett. B 542,
71 (2002).

[46] P. Colangeloa, F. De Fazioa, and T.N. Pham, Nonfactor-
izable contributions in B decays to charmonium: The case of
B~ —» K~ h,, Phys. Rev. D 69, 054023 (2004).

[47] H.-Y. Cheng, C.-K. Chua, and A. Soni, Final state inter-
actions in hadronic B decays, Phys. Rev. D 71, 014030
(2005).

[48] C. Meng and K.-T. Chao, Decays of the X(3872) and
X1 (2P) charmonium, Phys. Rev. D 75, 114002 (2007).

[49] A. Denner, Techniques for the calculation of electroweak
radiative corrections at the one-loop level and results for W
physics at LEP200, Fortschr. Phys. 41, 307 (1993).

016023-9


https://doi.org/10.1016/0029-5582(59)90154-3
https://doi.org/10.1103/PhysRev.127.649
https://doi.org/10.1063/1.1704053
https://doi.org/10.1007/BF02750472
https://doi.org/10.1103/PhysRevLett.108.081803
https://doi.org/10.1103/PhysRevD.86.114007
https://doi.org/10.1103/PhysRevD.87.014023
https://doi.org/10.1103/PhysRevD.92.036003
https://doi.org/10.1103/PhysRevD.92.036003
https://doi.org/10.1103/PhysRevD.94.074039
https://doi.org/10.1103/PhysRevD.94.074039
https://doi.org/10.1103/PhysRevD.100.036005
https://doi.org/10.1016/j.ppnp.2020.103757
https://doi.org/10.1016/j.ppnp.2020.103757
https://doi.org/10.1103/PhysRevD.109.074033
https://doi.org/10.1103/PhysRevD.109.074033
https://doi.org/10.1007/BF01285155
https://doi.org/10.1007/BF01285155
https://doi.org/10.1016/S0370-2693(02)02306-7
https://doi.org/10.1016/S0370-2693(02)02306-7
https://doi.org/10.1103/PhysRevD.69.054023
https://doi.org/10.1103/PhysRevD.71.014030
https://doi.org/10.1103/PhysRevD.71.014030
https://doi.org/10.1103/PhysRevD.75.114002

