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The conventional Passarino-Veltman reduction is a systematic procedure based on the Lorentz
covariance, which can efficiently reduce the one-loop tensor Feynman integrals in the relativistic quantum
field theories (QFTs) at zero temperature and zero density. However, the Lorentz covariance is explicitly
broken when either of the temperature and density is finite, due to a rest reference frame of the many-body
system in which the temperature and density are measured, rendering the conventional Passarino-Veltman
reduction not applicable anymore to reduce the one-loop tensor Feynman integrals therein. In this paper, we
report a generalized Passarino-Veltman reduction which can efficiently simplify the one-loop tensor
Feynman integrals in the relativistic QFTs at finite temperature and/or finite density. The generalized
Passarino-Veltman reduction can analyze the one-loop tensor Feynman integrals in a wide range of physical
systems described by the relativistic QFTs at finite temperature and/or finite density, such as quark-gluon
plasma in nuclear physics.
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I. INTRODUCTION

Lorentz symmetry is always respected by quantum fields
with relativistic energy-momentum relation in vacuum
where the temperature and density are both zero [1].
However, this symmetry is explicitly broken when either
of the temperature and density is finite, because a rest
inertial reference frame of the many-body system is
specified in which the temperature and density are mea-
sured [2–6]. Consequently, in the relativistic quantum field
theories (QFTs) thereat, the Lorentz symmetry is violated,
which definitely dictates a series of substantial physical
consequences encoded into the corresponding transition
amplitudes and correlation functions.
One-loop Feynman diagrams play an extremely impor-

tant role in calculating the transition amplitudes and
correlation functions in many subfields of physics, includ-
ing particle physics, nuclear physics, and condensed matter
physics [1–9]. Unfortunately, the one-by-one evaluation of
one-loop Feynman diagrams is often rather cumbersome,
time-consuming, error-prone, and disposable, given the

amount of one-loop Feynman diagrams that needs to be
computed. Therefore, a very significant problem is how to
most efficiently perform the calculation of one-loop
Feynman diagrams.
Pioneering works in calculating the one-loop Feynman

diagrams for the relativistic QFTs at zero temperature and
zero density were performed by Veltman and his collab-
orators. Elaborating on the original idea of Brown and
Feynman [10], Passarino and Veltman provided a system-
atic reduction scheme of generic one-loop tensor Feynman
integrals based on the Lorentz covariance. With the help
of conventional Passarino-Veltman reduction [11], the
generic one-loop tensor Feynman integrals can be reduced
to a small number of generic one-loop scalar Feynman
integrals [11]. As a result, the calculations of a huge
number of one-loop Feynman diagrams boil down to
nothing but the automatic assembly of a small number
of generic one-loop scalar Feynman integrals [11–14].
Specifically, the generic one-loop scalar Feynman integrals
up to four-point have been analytically calculated by ‘t
Hooft and Veltman [12], and their analytical properties
have also been well studied [15–19]. Acting as the basic
building blocks, the generic one-loop scalar Feynman
integrals are reusable to the calculation of one-loop
Feynman diagrams in various physical processes and differ-
ent relativistic quantum fields. Owing to this advantage, the
conventional Passarino-Veltman reduction triggered many
variants [14,20–30], and the according program packages
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for automatic algebraic calculation [30–35] help to system-
atize the calculation of one-loop Feynman diagrams and
have been widely applied in numerous processes of high
energy physics.
The precondition of applying conventional Passarino-

Veltman reduction [11] and its variants [13,14,20–30] is that
the physical systems of interest must respect the Lorentz
symmetry, which is satisfied only for the relativistic QFTs at
zero temperature and zero density. When either the temper-
ature or the density is finite, the conventional Passarino-
Veltman reduction is not applicable any more to reduce the
generic one-loop tensor Feynman integrals due to the
explicit breaking of Lorentz symmetry therein. A natural
question follows that what the counterpart of conventional
Passarino-Veltman reduction is in the relativistic QFTs when
either of the temperature and density is finite. On the other
hand, it is known that the calculation of one-loop Feynman
diagrams in the relativistic QFTs become more complicated
when either the temperature or the density is not zero any
more [1–9]. Unfortunately, there have only been sparse
attempts [36–38] aiming at generalizing the conventional
Passarino-Veltman reduction to its counterpart at finite
temperature and/or finite density. Although several generic
one-loop scalar Feynman integrals up to three-point had
been analytically calculated [37], just as their counterparts at
zero temperature and zero density calculated by ‘t Hooft and
Veltman [12], the reduction procedure for the generic one-
loop tensor Feynman integrals still remains undeveloped,
limiting the efficient application of these generic one-loop
scalar Feynman integrals to various physical processes and
different interactions. Hence, from both the theoretical
interest and application-driven consideration, it is in need
to develop a systematic reduction for efficiently evaluating
the one-loop Feynman diagrams in the relativistic QFTs
when either of the temperature and density is finite.
Motivated by these, we report a generalized Passarino-

Veltman reduction in this work, which can simplify a huge
amount of one-loop Feynman diagrams in a wide range of
physical systems described by the relativistic QFTs at finite
temperature and/or finite density, such as quark-gluon
plasma in nuclear physics [39,40]. The rest of this paper
is organized as follows. In Sec. II, we present the general
definitions of N-point generic one-loop scalar Feynman
integrals and one-loop tensor Feynman integrals in the
relativistic QFTs at finite temperature and/or finite density,
and emphasize the explicit breaking of Lorentz covariance
due to either the finite temperature or finite density and its
consequences in the reduction of one-loop Feynman dia-
grams. We show the detailed reduction procedures of one-
point, two-point, and three-point generic one-loop tensor
Feynman integrals in Sec. III. Two demonstration appli-
cations of the generalized Passarino-Veltman reduction are
shown in Sec. IV. Our main conclusions and discussions are
presented in Sec. V. Finally, we provide three appendices to
show some detailed calculation.

II. GENERIC ONE-LOOP SCALAR AND TENSOR
FEYNMAN INTEGRALS

A direct comparison among the one-loop Feynman
diagrams in various physical processes and different
theoretical models led to an observation that any one-loop
Feynman diagrams in the relativistic QFTs can be decom-
posed into a linear combination of generic one-loop tensor
Feynman integrals and generic one-loop scalar Feynman
integrals [10,11,13,14] (see Sec. IV for demonstrations).
TheN-point generic scalar Feynman integral and generic

tensor Feynman integrals in the one-loop Feynman dia-
grams (see Fig. 1) have the general form

INðp1;…; pN−1;m1; μ1; � � � ;mN; μN ; βÞ

¼
Z

dDl

iπD=2

1

Dðl;p1;…; pN−1;m1; μ1; � � � ;mN; μNÞ
; ð1Þ

I
fρ;ρσ;ρστ;���g
N ðp1;…; pN−1;m1; μ1; � � � ;mN; μN ; βÞ

¼
Z

dDl

iπD=2

flρ; lρlσ; lρlσlτ; � � �g
Dðl;p1;…; pN−1;m1; μ1; � � � ;mN; μNÞ

; ð2Þ

where β ¼ 1=ðkBTÞ with kB the Boltzmann constant and T
the temperature, and the denominator of integrand is
defined as

DNðl;p1;…; pN−1;m1; μ1; � � � ;mN; μNÞ
¼ Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2Þ
� � �Pðl; p1 þ p2 þ � � � þ pN−1;mN; μNÞ; ð3Þ

with

Pðl; p;mn; μnÞ ¼ ðl0 þ p0 þ μnÞ2 − ½ðl þ pÞ2 þm2
n�: ð4Þ

FIG. 1. Generic N-point one-loop Feynman diagram with
external momenta pn ¼ ðp0

n; pnÞ ¼ ðp0
n; pi

nÞ. The momentum
in the first internal propagator is denoted by l ¼ ðl0; lÞ ¼
ðl0; liÞ. All Lorentz momenta are defined to be directed towards
the vertices. In addition,mn and μn represent the mass and density
(chemical potential) in the nth propagator, respectively.
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The numerator of integrand in the generic one-loop
scalar Feynman integral (rank-zero one-loop tensor
Feynman integrals) I0ðp1;…;pN−1;m1;μ1; �� � ;mN;μN ;βÞ
is replaced by lρ for the rank-one generic one-loop tensor
Feynman integralI ρðp1;…; pN−1;m1; μ1; � � � ;mN; μN ; βÞ,
by lρlσ for the rank-two generic one-loop tensor Feynman
integralI ρσðp1;…; pN−1;m1; μ1; � � � ;mN; μN ; βÞ, by lρlσlτ
for the rank-three generic one-loop tensor Feynman integral
I ρστðp1;…; pN−1;m1; μ1; � � � ;mN; μN ; βÞ, and so forth. In
addition, l ¼ ðl0; lÞ ¼ ðl0; liÞ is the momentum of the first
internal propagator, pn ¼ ðp0

n; pnÞ ¼ ðp0
n; pi

nÞ are the exter-
nal momenta, mn and μn denote the mass and density
(chemical potential) in the nth internal propagators, respec-
tively. All the Lorentz momenta are defined to be directed
towards the vertices. The temperature is encoded into the
temporal component of internal momentum, the loop
integration over which is needed to be replaced by the
summation over the Matsubara frequency [41] only
when the explicit analytical calculations of the generic
one-loop scalar Feynman integrals and the purely temporal
components of generic one-loop tensor Feynman integrals
are involved. However, such explicit analytical calculations
are beyond the scope of our present work. Throughout
this paper, we preserve the integration over l0 instead of the
summation over the Matsubara frequency, and hence the
temporal component of internal momentum is a continuous
variable allowing an arbitrary shift. Consequently, the
temperature does not explicitly influence the reduction
procedure of generic one-loop tensor Feynman integrals.
In addition, we label the spacetime (spatial) components
by Greek (Roman) letters, work in Minkowski space with
a metric, gρσ ¼ gρσ ¼ diagð1;−1;…;−1Þ, and take the
natural units where ℏ ¼ c ¼ 1.
The one-loop Feynman integrals in the relativistic QFTs

can be classified by N (the number of external momenta)
and r (the rank of tensors of loop momentum in the
numerator of integrand) [13,19]. Based on power counting
from the Feynman rules in the relativistic QFTs, one
observes that the coupling constants can regulate the rank
of tensors of the loop momenta in the numerator of
integrand in arbitrary loop Feynman diagrams therein. In

the N-point one-loop Feynman diagrams of any renorma-
lizable relativistic QFTs (such as the Standard Model and
quantum chromodynamics) or super-renormalizable rela-
tivistic QFTs, the rank of tensors of the loop momentum
turn out to be suppressed by the coupling constants of non-
negative mass dimensions. Consequently, the highest rank
(rh) of tensor of the loop momentum in the integrand does
not exceed the number (N) of external momenta, namely,
rh ≤ N. This is the reason that one usually stops at a given
rank rh ¼ N and does not need to proceed further to
arbitrarily high ranks [13,19]. In the N-point one-loop
Feynman diagrams of any nonrenormalizable relativistic
QFTs, the coupling constants of negative mass dimension
therein tend to increase the rank of tensors of the loop
momentum. As a consequence, the highest rank (rh) of
tensors of the loop momentum in the numerator of
integrand can exceed the number of external momenta,
namely, rh ≥ N. With the procedure proposed in this paper,
the reduction for tensor Feynman integral can be trivially
extended to higher ranks and hence applicable to the
one-loop tensor Feynman integrals in nonrenormalizable
theories.
Since the calculation of one-loop Feynman diagrams in

the renormalizable relativistic QFTs, such as the Standard
Model and quantum chromodynamics, is especially useful
for studying the physical systems including quark-gluon
plasma and nuclear/hadronic matter [2–6], we restrict our
attention in this work to the tensor reduction of one-loop
tensor Feynman integrals in renormalizable relativistic
QFTs, where the rank of one-loop tensor Feynman integrals
can be set to be no more than the number of external
momenta, namely, rh ≤ N.
For the sake of simplicity and without loss of generality,

we thereafter focus on the one-loop Feynman diagrams up
to three-point (N ¼ 3) for illustrating the essential spirit of
generalized Passarino-Veltman reduction, and the generali-
zation to N-point one-loop Feynman diagrams is straight-
forward. Up to three-point, any one-loop Feynman diagrams
in the renormalizable relativistic QFTs can be decomposed
into linear combinations of a series of generic one-loop
scalar Feynman integrals,

A0ðp;m1; μ1; βÞ ¼ I1ðp;m1; μ1; βÞ

¼
Z

dDl

iπD=2

1

Pðl; p;m1; μ1Þ
; ð5Þ

B0ðp1;m1; μ1;m2; μ2; βÞ ¼ I2ðp1;m1; μ1;m2; μ2; βÞ

¼
Z

dDl

iπD=2

1

Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2Þ
; ð6Þ

C0ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ ¼ I3ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

¼
Z

dDl

iπD=2

1

Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2ÞPðl; p1 þ p2;m3; μ3Þ
; ð7Þ
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and generic one-loop tensor Feynman integrals,

A ρðp;m1; μ1; βÞ ¼ I ρ
1ðp;m1; μ1; βÞ

¼
Z

dDl

iπD=2

lρ

Pðl; p;m1; μ1Þ
; ð8Þ

Bfρ;ρσgðp1;m1; μ1;m2; μ2; βÞ ¼ I
fρ;ρσg
2 ðp1;m1; μ1;m2; μ2; βÞ

¼
Z

dDl

iπD=2

flρ; lρlσg
Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2Þ

; ð9Þ

C fρ;ρσ;ρστgðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ ¼ I
fρ;ρσ;ρστg
3 ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

¼
Z

dDl

iπD=2

flρ; lρlσ; lρlσlτg
Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2ÞPðl; p1 þ p2;m3; μ3Þ

: ð10Þ

The compact notations in the definitions are explained as
follows. First, following the notation of Ref. [12], we set the
symbols of one-loop scalar Feynman integral IN and one-
loop tensor Feynman integral IN to be A0 and A for
N ¼ 1, B0 and B for N ¼ 2, and C0 and C for N ¼ 3,
respectively. Second, for the one-point one-loop tensor
Feynman integral A ρðp;m1; μ1; βÞ, the numerator of inte-
grand in the one-point one-loop scalar Feynman integral
A0ðp;m1; μ1; βÞ is replaced by lρ. Similarly for the two-
point one-loop tensor Feynman integrals Bρðp1;m1;
μ1;m2; μ2; βÞ andBρσðp1;m1; μ1;m2; μ2; βÞ, the numerator
of integrand in the two-point one-loop scalar Feynman
integral B0ðp1;m1; μ1;m2; μ2; βÞ are replaced by lρ and
lρlσ, respectively. The convention also holds for the three-
point one-loop tensor Feynman integrals C ρðp1; p2;m1; μ1;
m2; μ2;m3; μ3; βÞ, C ρσðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ,
and C ρστðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ, in which the
numerators of integrand in the three-point one-loop scalar
Feynman integral C0ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ are
replaced by lρ, lρlσ , and lρlσlτ, respectively. Third, the
generic one-loop tensor Feynman integrals Bρσðp1;m1; μ1;
m2; μ2; βÞ and C ρσðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ are
symmetric in the Lorentz tensor indices ρ and σ, and
C ρστðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ is symmetric in the
Lorentz tensor indices ρ, σ, and τ.
Before going further, we emphasize the explicit break-

ing of Lorentz covariance due to finite temperature and/or
finite density in the relativistic QFTs and its consequences.
In the vacuum where the temperature and density are both
zero, there is no preferred frame of reference. Therefore,
the Lorentz covariance always holds for the relativistic
QFTs, and consequently forces the amplitudes of one-loop
Feynman diagrams therein (and hence the generic one-
loop scalar Feynman integrals and one-loop tensor
Feynman integrals) to be convariant functions of external
momenta. Accordingly, with the help of conventional
Passarino-Veltman reduction, the generic one-loop tensor

Feynman integrals can be reduced to the generic one-loop
scalar Feynman integrals. However, in the presence of
matter, the finite temperature and/or finite density select
out a preferred rest frame of the heat bath, in which the
temperature and density of the equilibrium thermal system
are measured. The choice of this specific Lorentz frame of
the many-body system explicitly breaks the Lorentz
covariance [2–6]. Consequently, the largest continuous
spacetime symmetry of relativistic QFTs inD dimension is
no longer the SOð1; D − 1Þ (proper normal) Lorentz
symmetry but the SOðD − 1Þ spatial rotation symmetry.
Therefore, the expressions of one-loop Feynman diagrams
(and hence the generic one-loop scalar Feynman integrals
and one-loop tensor Feynman integrals) depend independ-
ently on the temporal component and the spatial compo-
nent of external momenta. This leads to two crucial
consequences regarding the incompleteness in both tensor
structures and generic one-loop scalar Feynman integrals
for reducing the generic one-loop tensor Feynman inte-
grals in the relativistic QFTs at finite temperature and/or
finite density. Firstly, the Lorentz-covariant tensor struc-
tures in the conventional Passarino-Veltman reduction are
no longer complete to expand the generic one-loop tensor
Feynman integrals which are not Lorentz covariant.
Secondly, the generic one-loop scalar Feynman integrals
A0ðp;m1; μ1; βÞ, B0ðp1;m1; μ1;m2; μ2; βÞ, and C0ðp1; p2;
m1; μ1;m2; μ2;m3; μ3; βÞ in the conventional Passarino-
Veltman reduction are incomplete to expand all the generic
one-loop tensor Feynman integrals due to the explicit
breaking of Lorentz covariance. It is stressed that these two
aspects are the essential differences between the conven-
tional Passarino-Veltman reduction and generalized
Passarino-Veltman reduction, which is also the very
motivation for the author to develop the generalized
Passarino-Veltman reduction.
The first incompleteness can be complemented by

introducing an extra D-dimensional constant vector
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uρ ¼ uρ ¼ ð1; 0;…; 0Þ in energy-momentum space, which
was widely adopted to characterize the absence of Lorentz
covariance due to the finite temperature and/or finite
density [2–6]. It is emphasized that this D-dimensional
constant vector is defined only at finite temperature and/or
finite density. By contrast, at zero temperature and zero
density, thisD-dimensional constant vector cannot play any
role and is not defined due to the lacking of preferred rest
frame [2]. Treating the spacetime components of the generic
one-loop tensor Feynman integrals on the same footing
[11,13,14] and adding the effect of Lorentz-covariance
breaking in terms of the constant vector, the generic one-
loop tensor Feynman integrals can be reduced in the
following section. For the second incompleteness, two
generic two-point one-loop tensor Feynman integrals
B0ðp1;m1; μ1;m2; μ2; βÞ and B00ðp1;m1; μ1;m2; μ2; βÞ
and three generic three-point one-loop tensor Feynman
integrals C 0ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ, C 00ðp1; p2;

m1; μ1;m2; μ2;m3; μ3; βÞ, and C 000ðp1; p2;m1; μ1;m2; μ2;
m3; μ3; βÞ must be introduced to form a complete set of
generic one-loop Feynman integrals as the building
blocks to express the form factors of the corresponding
tensor structures. These two observations motivate us to
develop the generalized Passarino-Veltman reduction in
this work for going beyond the applicability of previous
works [11,36–38].

III. REDUCTION OF GENERIC ONE-LOOP
TENSOR FEYNMAN INTEGRALS

The essential spirit of conventional Passarino-Veltman
reduction is to decompose the generic one-loop tensor
Feynman integrals into the corresponding generic one-
loop scalar Feynman integrals with the help of Lorentz-
covariant tensor structures and Lorentz-invariant generic
one-loop scalar Feynman integrals. Different from that
for the conventional Passarino-Veltman reduction, the
tensor structures for the generalized Passarino-Veltman
reduction contain the Lorentz-covariant parts and non-
Lorentz-covariant parts and the generic one-loop tensor
Feynman integrals in the generalized Passarino-Veltman
reduction must be decomposed into the corresponding
generic one-loop scalar Feynman integrals and several
purely temporal components of generic one-loop tensor
Feynman integrals. In the following, we present the
detailed reduction of one-point, two-point, and three-point
generic one-loop tensor Feynman integrals, respectively.

A. Reduction of one-point generic one-loop tensor
Feynman integral A ρðp;m1; μ1; βÞ

Before reducing the one-point generic one-loop tensor
Feynman integral A ρðp;m1; μ1; βÞ, it is interesting to
note that the one-point generic one-loop scalar Feynman
integral,

A0ðp;m1; μ1; βÞ≡
Z

dDl

iπD=2

1

Pðl; p;m1; μ1Þ

¼
Z

dDl

iπD=2

1

Pðl; 0;m1; μ1Þ
¼ A0ð0;m1; μ1; βÞ; ð11Þ

by shifting the loop momentum l to (l − p), which indicates
that A0ðp;m1; μ1; βÞ, is a function independent of external
momentum p. It is emphasized that the temperature is
encoded into the temporal component of internal momen-
tum, the loop integration over which is needed to be
replaced by the summation over the Matsubara frequency
only when the explicit analytical calculations of the generic
one-loop scalar Feynman integrals and the purely temporal
components of generic one-loop tensor Feynman integrals
are involved. However, such explicit analytical calculations
are beyond the scope of our present work. Throughout
this paper, we preserve the integration over l0 instead of the
summation over the Matsubara frequency, and hence the
temporal component of internal momentum is a continuous
variable allowing an arbitrary shift.
The temporal component and spatial component

of one-point generic one-loop tensor Feynman integral
A ρðp;m1; μ1; βÞ read

A 0ðp;m1; μ1; βÞ ¼
Z

dDl

iπD=2

ðl0 þ p0 þ μ1Þ − ðp0 þ μ1Þ
Pðl; p;m1; μ1Þ

;

ð12Þ

A iðp;m1; μ1; βÞ≡
Z

dDl

iπD=2

ðli þ piÞ − pi

Pðl; p;m1; μ1Þ
: ð13Þ

After taking the asymmetry of integrands over symmetric
domain of integrals into account, one has two relations,

Z
dDl

iπD=2

ðl0 þ p0 þ μ1Þ
Pðl; p;m1; μ1Þ

¼ 0; ð14Þ

Z
dDl

iπD=2

ðli þ piÞ
Pðl; 0;m1; μ1Þ

¼ 0; ð15Þ

which lead further to

A 0ðp;m1; μ1; βÞ ¼
Z

dDl

iπD=2

−ðp0 þ μ1Þ
Pðl; p;m1; μ1Þ

¼ −ðμ1 þ p0ÞA0ðp;m1; μ1; βÞ
¼ −ðμ1 þ p0ÞA0ð0;m1; μ1Þ; ð16Þ
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A iðp;m1; μ1; βÞ ¼
Z

dDl

iπD=2

−pi

Pðl; p;m1; μ1Þ
¼ −piA0ðp;m1; μ1; βÞ
¼ −piA0ð0;m1; μ1; βÞ: ð17Þ

In a compact form, the one-point generic one-loop tensor
Feynman integral A ρðp;m1; μ1; βÞ can be reduced as

A ρðp;m1; μ1; βÞ≡
Z

dDl

iπD=2

lρ

Pðl; p;m1; μ1Þ
¼ −ðμ1δρ0 þ pρÞA0ð0;m1; μ1; βÞ
¼ −ðμ1uρ þ pρÞA0ð0;m1; μ1; βÞ; ð18Þ

indicating that the one-point generic one-loop tensor
Feynman integral A ρðp;m1; μ1; βÞ can be expressed by
A0ð0;m1; μ1; βÞ.
By contrast, for the relativistic QFTs at zero temperature

and zero density, one has

Ã ρðp;m1;μ1 ¼ 0; β¼∞Þ ¼ −pρÃ0ð0;m1;μ1 ¼ 0; β¼∞Þ
ð19Þ

in the conventional Passarino-Veltman reduction, where
the symbols with tilde Ã0ð0;m1; μ1 ¼ 0; β ¼ ∞Þ and
˜A ρðp;m1; μ1 ¼ 0; β ¼ ∞Þ are introduced to denote the

quantities at zero temperature. Evidently, Ã0ð0;m1;μ1¼0;

β¼∞Þ is Lorentz-invariant and ˜A ρðp;m1; μ1 ¼ 0;
β ¼ ∞Þ is Lorentz covariant.

B. Reduction of two-point generic one-loop tensor
Feynman integral Bρðp1;m1; μ1;m2; μ2; βÞ

Before reducing the two-point generic one-loop tensor
Feynman integrals Bρðp1;m1; μ1;m2; μ2; βÞ and Bρσðp1;
m1; μ1;m2; μ2; βÞ, we note that the two-point generic one-
loop scalar Feynman integral B0ðp1;m1; μ1;m2; μ2; βÞ is a
function of finite temperature and/or finite density and
depends independently on p0

1 and jp1j, which is not Lorentz
invariant.
Since the two-point generic one-loop tensor Feynman

integral Bρðp1;m1; μ1;m2; μ2; βÞ is a rank-one non-
Lorentz-covariant tensor, the complete set of tensor
structures to expand it can be constructed by a rank-
one Lorentz-covariant tensor pρ

1 and a rank-one non-
Lorentz-covariant tensor uρ. Consequently,Bρðp1;m1; μ1;
m2; μ2; βÞ can be reduced as

Bρðp1;m1;μ1;m2;μ2;βÞ

¼
Z

dDl

iπD=2

lρ

Pðl;0;m1;μ1ÞPðl;p1;m2;μ2Þ
¼ pρ

1B1ðp1;m1;μ1;m2;μ2;βÞ þ uρB2ðp1;m1;μ1;m2;μ2;βÞ
ð20Þ

in the generalized Passarino-Veltman reduction.
Contracting the two-point generic tensor integral
Bρðp1;m1; μ1;m2; μ2; βÞ with p1ρ and uρ gives rise to
two equations,

Gð1Þ
B ðp1Þ

�
B1

B2

�
¼
�
F 1

F 2

�
; ð21Þ

where Gð1Þ
B ðp1Þ is the Gram matrix defined as

Gð1Þ
B ðp1Þ ¼

�
p2
1 p0

1

p0
1 1

�
: ð22Þ

In these two equations, ðp1;m1; μ1;m2; μ2; βÞ, the argu-
ments of B1ðp1;m1; μ1;m2; μ2; βÞ, B2ðp1;m1; μ1;m2; μ2;
βÞ, F 1ðp1;m1; μ1;m2; μ2; βÞ, and F 2ðp1;m1; μ1;m2; μ2; βÞ
are omitted for short, and p2

1 is defined as ðp0
1Þ2 − p21.

In addition, F 1ðp1;m1; μ1;m2; μ2; βÞ and F 2ðp1;m1; μ1;
m2; μ2; βÞ are obtained by

F 1ðp1;m1; μ1;m2; μ2; βÞ
¼ p1ρB

ρðp1;m1; μ1;m2; μ2; βÞ

¼
Z

dDl

iπD=2

p1 · l
Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2Þ

; ð23Þ

F 2ðp1;m1; μ1;m2; μ2; βÞ
¼ uρBρðp1;m1; μ1;m2; μ2; βÞ

¼
Z

dDl

iπD=2

u · l
Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2Þ

¼
Z

dDl

iπD=2

l0

Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2Þ
: ð24Þ

By solving two equations in (21), the two form factors
B1ðp1;m1; μ1;m2; μ2; βÞ and B2ðp1;m1; μ1;m2; μ2; βÞ can
be expressed in terms of F 1ðp1;m1; μ1;m2; μ2; βÞ and
F 2ðp1;m1; μ1;m2; μ2; βÞ as�

B1

B2

�
¼ 1

Δð1Þ
B ðp1Þ

�
1 −p0

1

−p0
1 p2

1

��
F 1

F 2

�
; ð25Þ

where Δð1Þ
B ðp1Þ ¼ p2

1 − ðp0
1Þ2 ¼ −p21 is the Gram determi-

nant defined by the determinant of the Gram matrix
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Gð1Þ
B ðp1Þ, F 1ðp1;m1; μ1;m2; μ2; βÞ and F 2ðp1;m1; μ1;m2; μ2; βÞ (see Appendix A for detailed evaluation) are given as

F 1ðp1;m1; μ1;m2; μ2; βÞ ¼
ðμ21 −m2

1Þ − ½ðμ2 þ p0
1Þ2 −m2

2� þ p21
2

B0ðp1;m1; μ1;m2; μ2; βÞ

− ðμ2 − μ1ÞB0ðp1;m1; μ1;m2; μ2; βÞ þ
A0ð0;m1; μ1; βÞ −A0ð0;m2; μ2; βÞ

2
; ð26Þ

and

F 2ðp1;m1;μ1;m2;μ2;βÞ ¼B0ðp1;m1;μ1;m2;μ2;βÞ: ð27Þ

Obviously, F 1ðp1;m1; μ1;m2; μ2; βÞ and F 2ðp1;m1; μ1;
m2; μ2; βÞ are functions of finite temperature and/or finite
density, and they depend independently on p0

1 and jp1j,
which are not Lorentz invariant. Consequently, the two-
point generic one-loop tensor Feynman integral Bρðp1;
m1; μ1;m2; μ2; βÞ can be decomposed as linear combina-
tions of a Lorentz-covariant tensor pρ

1 and a non-Lorentz-
covariant tensor uρ, with the non-Lorentz-invariant form
factors B1ðp1;m1; μ1;m2; μ2; βÞ and B2ðp1;m1; μ1;
m2; μ2; βÞ being expressed by the generic one-point generic
one-loop scalar Feynman integral A0ð0;m1; μ1; βÞ,
two-point generic one-loop scalar Feynman integral
B0ðp1;m1; μ1;m2; μ2; βÞ, and a temporal component of
two-point generic one-loop tensor Feynman integral
B0ðp1;m1; μ1;m2; μ2; βÞ, which are also non-Lorentz
invariant.

By contrast, in the relativistic QFTs at zero temperature
and zero density, the D-dimensional constant vector uρ

vanishes due to the Lorentz covariance, which leads to

B̃ρðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ
¼ pρ

1B̃1ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ ð28Þ

in the conventional Passarino-Veltman reduction, where the
symbols with tilde B̃1ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ
and B̃ρðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ are intro-
duced to denote the quantities at zero temperature.
Contracting the two-point genetic one-loop tensor
Feynman integral B̃ρðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ
with p1ρ gives rise to an equation, whose solution is
evidently Lorentz invariant, namely,

B̃1ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ

¼ 1

p2
1

F̃ 1ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ; ð29Þ

where

F̃ 1ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ ¼ p1ρB̃
ρðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ

¼ m2
2 −m2

1 − p2
1

2
B̃0ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ

þ Ã0ð0;m1; μ1 ¼ 0; β ¼ ∞Þ − Ã0ð0;m2; μ2 ¼ 0; β ¼ ∞Þ
2

; ð30Þ

which agrees exactly with the results presented in the
Appendix A of Ref. [13]. It is noted that B̃0ðp1;m1; μ1 ¼
0;m2; μ2; β ¼ ∞Þ and Ã0ð0;m; μ ¼ 0; β ¼ ∞Þ are Lorentz
invariant. Hence, B̃1ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ
is Lorentz invariant and B̃ρðp1;m1; μ1 ¼ 0;m2; μ2 ¼
0; β ¼ ∞Þ is Lorentz covariant. It is stressed that
F̃ 1ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ can be obtained
by directly setting μ1 ¼ μ2 ¼ 0 and T ¼ 0 in Eq. (26).

C. Reduction of two-point generic one-loop tensor
Feynman integral Bρσðp1;m1; μ1;m2; μ2; βÞ

Because the two-point generic one-loop tensor Feynman
integral Bρσðp1;m1; μ1;m2; μ2; βÞ is a symmetric rank-two
tensor, the complete set of tensor structures to expand it can
be constructed by the symmetric rank-two Lorentz-covariant
tensors gρσ and pρ

1p
σ
1 and the symmetric rank-two non-

Lorentz-covariant tensors uρuσ and ðpρ
1u

σ þ pσ
1u

ρÞ. Con-
sequently, Bρσðp1;m1; μ1;m2; μ2; βÞ can be reduced as
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Bρσðp1;m1; μ1;m2; μ2; βÞ ¼
Z

dDl

iπD=2

lρlσ

Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2Þ
¼ gρσB00ðp1;m1; μ1;m2; μ2; βÞ þ pρ

1p
σ
1B11ðp1;m1; μ1;m2; μ2; βÞ

þ ðpρ
1u

σ þ pσ
1u

ρÞB12ðp1;m1; μ1;m2; μ2; βÞ þ uρuσB22ðp1;m1; μ1;m2; μ2; βÞ ð31Þ

in the generalized Passarino-Veltman reduction, where Babðp1;m1; μ1;m2; μ2; βÞ ¼ Bbaðp1;m1; μ1;m2; μ2; βÞ.
Contracting the two-point genetic one-loop tensor Feynman integral Bρσðp1;m1; μ1;m2; μ2; βÞ with gρσ, p1ρp1σ, p1ρuσ,

and uρuσ gives rise to four equations,

Gð2Þ
B ðp1Þ

0
BBBB@

B00

B11

B12

B22

1
CCCCA ¼

0
BBBB@

F 00

F 11

F 12

F 22

1
CCCCA; ð32Þ

where Gð2Þ
B ðp1Þ is the Gram matrix defined as

Gð2Þ
B ðp1Þ ¼

0
BBBB@

D p2
1 2p0

1 1

p2
1 ðp2

1Þ2 2p0
1p

2
1 ðp0

1Þ2
p0
1 p2

1p
0
1 ðp0

1Þ2 þ p2
1 p0

1

1 ðp0
1Þ2 2p0

1 1

1
CCCCA: ð33Þ

The arguments ðp1;m1; μ1;m2; μ2; βÞ in B00ðp1;m1; μ1;m2; μ2; βÞ, B11ðp1;m1; μ1;m2; μ2; βÞ, B12ðp1;m1; μ1;m2; μ2; βÞ,
B22ðp1;m1; μ1;m2; μ2; βÞ, F 00ðp1;m1; μ1;m2; μ2; βÞ, F 11ðp1;m1; μ1;m2; μ2; βÞ, F 12ðp1;m1; μ1;m2; μ2; βÞ, and F 22ðp1;
m1; μ1;m2; μ2; βÞ are omitted for short. In addition, F 00ðp1;m1; μ1;m2; μ2; βÞ, F 11ðp1;m1; μ1;m2; μ2; βÞ,
F 12ðp1;m1; μ1;m2; μ2; βÞ, and F 22ðp1;m1; μ1;m2; μ2; βÞ are obtained by

F 00ðp1;m1; μ1;m2; μ2; βÞ ¼ gρσBρσðp1;m1; μ1;m2; μ2; βÞ

¼
Z

dDl

iπD=2

l2

Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2Þ
; ð34Þ

F 11ðp1;m1; μ1;m2; μ2; βÞ ¼ p1ρp1σB
ρσðp1;m1; μ1;m2; μ2; βÞ

¼
Z

dDl

iπD=2

ðp1 · lÞ2
Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2Þ

; ð35Þ

F 12ðp1;m1; μ1;m2; μ2; βÞ ¼ p1ρuσBρσðp1;m1; μ1;m2; μ2; βÞ

¼
Z

dDl

iπD=2

ðu · lÞðp1 · lÞ
Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2Þ

¼
Z

dDl

iπD=2

l0ðp1 · lÞ
Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2Þ

; ð36Þ

F 22ðp1;m1; μ1;m2; μ2; βÞ ¼ uρuσBρσðp1;m1; μ1;m2; μ2; βÞ

¼
Z

dDl

iπD=2

ðu · lÞðu · lÞ
Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2Þ

¼
Z

dDl

iπD=2

l0l0

Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2Þ
: ð37Þ

By solving four equations in (32), we can express the four form factors B00ðp1;m1;
μ1;m2; μ2; βÞ, B11ðp1;m1; μ1;m2; μ2; βÞ, B12ðp1;m1; μ1;m2; μ2; βÞ, and B22ðp1;m1; μ1;m2; μ2; βÞ in terms of
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F 00ðp1;m1; μ1;m2; μ2; βÞ, F 11ðp1;m1; μ1;m2; μ2; βÞ, F 12ðp1;m1; μ1;m2; μ2; βÞ, and F 22ðp1;m1; μ1;m2; μ2; βÞ as

0
BBBB@

B00

B11

B12

B22

1
CCCCA ¼ ½p2

1 − ðp0
1Þ2�2

Δð2Þ
B ðp1Þ

0
BBBBBBB@

p2
1 − ðp0

1Þ2 −1 2p0
1 −p2

1

−1 ðD−1Þ
p2
1
−ðp0

1
Þ2 − 2ðD−1Þp0

1

p2
1
−ðp0

1
Þ2

ðD−2Þðp0
1
Þ2þp2

1

p2
1
−ðp0

1
Þ2

p0
1 − ðD−1Þp0

1

p2
1
−ðp0

1
Þ2

ðD−2Þp2
1
þDðp0

1
Þ2

p2
1
−ðp0

1
Þ2 − ðD−1Þp0

1
p2
1

p2
1
−ðp0

1
Þ2

−p2
1

ðD−2Þðp0
1
Þ2þp2

1

p2
1
−ðp0

1
Þ2 − 2ðD−1Þp0

1
p2
1

p2
1
−ðp0

1
Þ2

ðD−1Þðp2
1
Þ2

p2
1
−ðp0

1
Þ2

1
CCCCCCCA

0
BBBB@

F 00

F 11

F 12

F 22

1
CCCCA; ð38Þ

whereΔð2Þ
B ðp1Þ ¼ ðD − 2Þ½p2

1 − ðp0
1Þ2�3 with p2

1 − ðp0
1Þ2 ¼

−p21 is the Gram determinant defined by the determinant of

the Gram matrix Gð2Þ
b ðp1Þ. These solutions indicate that the

generalized Passarino-Veltman reduction is singular when
D ¼ 2, which originates from the combination of the
Lorentz-covariance breaking and the (1þ 1)-dimensional
spacetime. Physically, it is unnecessary to further reduce

the one-loop tensor Feynman integrals in the (1þ 1)-
dimensional spacetime, because the space component
and the temporal component are not equivalent to each
other when the Lorentz covariance is explicitly broken.
Four axillary functions F 00ðp1;m1; μ1;m2; μ2; βÞ,

F 11ðp1;m1; μ1;m2; μ2; βÞ, F 12ðp1;m1; μ1;m2; μ2; βÞ, and
F 22ðp1;m1; μ1;m2; μ2; βÞ (see Appendix B for detailed
evaluation) can be expressed as

F 00ðp1;m1;μ1;m2;μ2;βÞ ¼−ðμ21 −m2
1ÞB0ðp1;m1;μ1;m2;μ2;βÞ− 2μ1B

0ðp1;m1;μ1;m2;μ2;βÞþA0ð0;m2;μ2;βÞ; ð39Þ

F 11ðp1;m1; μ1;m2; μ2; βÞ ¼
fðμ21 −m2

1Þ − ½ðμ2 þ p0
1Þ2 −m2

2� þ p21g2
4

B0ðp1;m1; μ1;m2; μ2; βÞ
þ ðμ2 − μ1Þ2B00ðp1;m1; μ1;m2; μ2; βÞ
− ðμ2 − μ1Þfðμ21 −m2

1Þ − ½ðμ2 þ p0
1Þ2 −m2

2� þ p21gB0ðp1;m1; μ1;m2; μ2; βÞ

þ ðm2
2 −m2

1 − p2
1Þ − ðμ1 − μ2Þ2 − 2p0

1ðμ1 þ μ2Þ
4

A0ð0;m1; μ1; βÞ

þ ðm2
1 −m2

2 þ 3p2
1Þ − ðμ1 − μ2Þ2 þ 2p0

1ðμ1 þ μ2Þ
4

A0ð0;m2; μ2; βÞ; ð40Þ

F 12ðp1;m1; μ1;m2; μ2; βÞ ¼
ðμ21 −m2

1Þ − ½ðμ2 þ p0
1Þ2 −m2

2� þ p21
2

B0ðp1;m1; μ1;m2; μ2; βÞ
− ðμ2 − μ1ÞB00ðp1;m1; μ1;m2; μ2; βÞ

þ −μ1A0ð0;m1; μ1; βÞ þ ðμ2 þ p0
1ÞA0ð0;m2; μ2; βÞ

2
; ð41Þ

and

F 22ðp1;m1; μ1;m2; μ2; βÞ ¼ B00ðp1;m1; μ1;m2; μ2; βÞ:
ð42Þ

Obviously, F 00ðp1;m1; μ1;m2; μ2; βÞ, F 11ðp1;m1; μ1;
m2; μ2; βÞ, F 12ðp1;m1; μ1;m2; μ2; βÞ, and F 22ðp1;m1; μ1;
m2; μ2; βÞ are functions of finite temperature and/or
finite density, and they depend independently on p0

1 and
jp1j, which are not Lorentz invariant. Consequently, the
two-point generic one-loop tensor Feynman integral

Bρσðp1;m1; μ1;m2; μ2; βÞ can be decomposed as linear
combinations of two Lorentz-covariant tensors gρσ and
pρ
1p

σ
1, and two Lorentz-covariant tensors uρuσ and

ðpρ
1u

σ þ pσ
1u

ρÞ, with the non-Lorentz-invariant form fac-
tors B00ðp1;m1; μ1;m2; μ2; βÞ, B11ðp1;m1; μ1;m2; μ2; βÞ,
B12ðp1;m1; μ1;m2; μ2; βÞ, and B22ðp1;m1; μ1;m2; μ2; βÞ
being expressed by the one-point generic one-loop scalar
Feynman integral A0ð0;m1; μ1; βÞ, two-point generic one-
loop scalar Feynman integral B0ðp1;m1; μ1;m2; μ2; βÞ, and
two temporal components of two-point generic one-loop
tensor Feynman integrals B0ðp1;m1; μ1;m2; μ2; βÞ and
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B00ðp1;m1; μ1;m2; μ2; βÞ, which are also non-Lorentz
invariant.
By contrast, for the relativistic QFTs at zero temperature

and zero density, the D-dimensional constant vectors uρ

and uσ vanish due to the Lorentz covariance, which leads to

B̃ρσðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ
¼ gρσB̃00ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ
þ pρ

1p
σ
1B̃11ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ ð43Þ

in the conventional Passarino-Veltman reduction, where
the symbols with tilde B̃00ðp1;m1; μ1 ¼ 0;m2; μ2 ¼
0; β ¼ ∞Þ, B̃11ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ, and
B̃ρσðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ are introduced
to denote the quantities at zero temperature. Contracting
the two-point genetic one-loop tensor Feynman integral
B̃ρσðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ with gρσ and
p1ρp1σ gives rise to two equations,

G̃ð2Þ
B ðp1Þ

 
B̃00

B̃11

!
¼
 
F̃ 00

F̃ 11

!
; ð44Þ

where G̃ð2Þ
B ðp1Þ is the Gram matrix defined as

G̃ð2Þ
B ðp1Þ ¼

 
D p2

1

p2
1 ðp2

1Þ2

!
: ð45Þ

The arguments ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; βÞ in B̃00ðp1;

m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ, B̃11ðp1;m1; μ1 ¼ 0;m2;
μ2 ¼ 0; β ¼ ∞Þ, F̃ 00ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ,
and F̃ 11ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ are omitted
for short. The solutions to these two equations are given as

 
B̃00

B̃11

!
¼ 1

Δ̃ð2Þ
B ðp1Þ

 
ðp2

1Þ2 −p2
1

−p2
1 D

! 
F̃ 00

F̃ 11

!
; ð46Þ

where Δ̃ð2Þ
B ðp1Þ ¼ ðD − 1Þðp2

1Þ2 is the Gram determinant

defined by the determinant of the Gram matrix G̃ð2Þ
B ðp1Þ.

These Lorentz-invariant solutions also indicate that the
conventional Passarino-Veltman reduction is singular when
D ¼ 1, which originates from the (1þ 0)-dimensional
spacetime. Physically, it is unnecessary to further reduce
the one-loop tensor Feynman integrals in the (1þ 0)-
dimensional spacetime, because there is no spatial compo-
nent when D ¼ 1.
For the relativistic QFTs at zero temperature and zero

density, it is obvious that

F̃ 00ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ
¼ m2

1B̃0ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; βÞ þ Ã0ð0;m2; μ2; β ¼ ∞Þ; ð47Þ

and

F̃ 11ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ

¼ ðm2
2 −m2

1 − p2
1Þ2

4
B̃0ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ

þm2
2 −m2

1 − p2
1

4
Ã0ð0;m1; μ1 ¼ 0; β ¼ ∞Þ þm2

1 −m2
2 þ 3p2

1

4
Ã0ð0;m2; μ2 ¼ 0; β ¼ ∞Þ; ð48Þ

which agree exactly with the results presented in the
Appendix A of Ref. [13]. It is stressed that F̃ 00ðp1;

m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ and F̃ 11ðp1;m1;μ1¼0;
m2;μ2¼0;β¼∞Þ can be obtained by directly setting μ1 ¼
μ2 ¼ 0 and T ¼ 0 in Eqs. (39) and (40), respectively.

D. Reduction for three-point generic one-loop tensor
Feynman integral C ρðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ
Before reducing the three-point generic one-loop tensor

Feynman integrals C ρðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ,

C ρσðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ, and C ρστðp1; p2;

m1; μ1;m2; μ2;m3; μ3; βÞ, we stress that the three-point
generic one-loop scalar Feynman integral C0ðp1; p2;

m1; μ1;m2; μ2;m3; μ3; βÞ is a non-Lorentz-invariant func-
tion depending independently on p0

1, jp1j, p0
2, and jp2j at

finite temperature and/or finite density.
Since the three-point generic one-loop tensor Feynman

integral C ρðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ is a rank-one
non-Lorentz-covariant tensor, the complete set of tensor
structures to expand it can be constructed by two rank-one
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Lorentz-covariant tensors pρ
1 and pρ

2, and a rank-one non-Lorentz-covariant tensor uρ. Consequently, C ρðp1; p2;

m1; μ1;m2; μ2;m3; μ3; βÞ can be reduced as

C ρðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ ¼
Z

dDl

iπD=2

lρ

Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2ÞPðl; p1 þ p2;m3; μ3Þ
¼ pρ

1C1ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ þ pρ
2C2ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

þ uρC3ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ: ð49Þ

Contracting the two-point genetic tensor integral C ρðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ with p1ρ, p2ρ, and uρ gives rise to
three equations,

Gð1Þ
C ðp1; p2Þ

0
B@

C1
C2
C3

1
CA ¼

0
B@

K1

K2

K3

1
CA; ð50Þ

where Gð1Þ
C ðp1; p2Þ is the Gram matrix defined by

Gð1Þ
C ðp1; p2Þ ¼

0
BB@

p2
1 p1 · p2 p0

1

p1 · p2 p2
2 p0

2

p0
1 p0

2 1

1
CCA: ð51Þ

In these three equations, the arguments ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ in C1ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ,
C2ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ, C3ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ, K1ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ, K2ðp1; p2;
m1; μ1;m2; μ2;m3; μ3; βÞ, and K3ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ are omitted for short. In addition, K1ðp1; p2;m1; μ1;
m2; μ2;m3; μ3; βÞ, K2ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ, and K3ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ are defined by

K1ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ ¼ p1ρC
ρðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

¼
Z

dDl

iπD=2

p1 · l
Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2ÞPðl; p1 þ p2;m3; μ3Þ

; ð52Þ

K2ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ ¼ p2ρC
ρðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

¼
Z

dDl

iπD=2

p2 · l
Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2ÞPðl; p1 þ p2;m3; μ3Þ

; ð53Þ

K3ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ ¼ uρC ρðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

¼
Z

dDl

iπD=2

u · l
Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2ÞPðl; p1 þ p2;m3; μ3Þ

¼
Z

dDl

iπD=2

l0

Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2ÞPðl; p1 þ p2;m3; μ3Þ
: ð54Þ

By solving three equations in (60), the form factors C1ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ, C2ðp1; p2;m1; μ1;
m2; μ2;m3; μ3; βÞ, and C3ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ can be expressed in terms of K1ðp1; p2;m1; μ1;
m2; μ2;m3; μ3; βÞ, K2ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ, and K3ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ as

0
B@

C1
C2
C3

1
CA ¼ 1

Δð1Þ
C ðp1; p2Þ

0
BB@

p2
2 − ðp0

2Þ2 p0
1p

0
2 − ðp1 · p2Þ ðp1 · p2Þp0

2 − p0
1p

2
2

p0
1p

0
2 − ðp1 · p2Þ p2

1 − ðp0
1Þ2 ðp1 · p2Þp0

1 − p2
1p

0
2

ðp1 · p2Þp0
2 − p0

1p
2
2 ðp1 · p2Þp0

1 − p2
1p

0
2 p2

1p
2
2 − ðp1 · p2Þ2

1
CCA
0
BB@

G1

G2

G3

1
CCA; ð55Þ
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where Δð1Þ
C ðp1; p2Þ is defined by Δð1Þ

c ðp1; p2Þ ¼ p2
1p

2
2 − ðp1 · p2Þ2 − ðp1p0

2 − p0
1p2Þ2, K1ðp1; p2;m1; μ1;m2; μ2;

m3; μ3; βÞ, K2ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ, and K3ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ (see Appendix C for detailed
evaluation) are given as

K1ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ ¼
ðμ21 −m2

1Þ − ððμ2 þ p0
1Þ2 −m2

2Þ þ p21
2

C0ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ
− ðμ2 − μ1ÞC 0ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

þ B0ðp1 þ p2;m1; μ1;m3; μ3; βÞ − B0ðp2;m2; μ2;m3; μ3; βÞ
2

; ð56Þ

K2ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

¼ ½ðμ2 þ p0
1Þ2 −m2

2 − p21� − ½ðμ3 þ p0
1 þ p0

2Þ2 −m2
3 − ðp1 þ p2Þ2�

2
C0ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

− ðμ3 − μ2ÞC 0ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

þ B0ðp1;m1; μ1;m2; μ2; βÞ − B0ðp1 þ p2;m1; μ1;m3; μ3; βÞ
2

; ð57Þ

and

K3ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ ¼ C 0ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ: ð58Þ

Obviously, K1ðp1;p2;m1;μ1;m2;μ2;m3;μ3;βÞ, K2ðp1; p2;
m1; μ1;m2; μ2;m3; μ3; βÞ, and K3ðp1; p2;m1; μ1;m2; μ2;
m3; μ3; βÞ are functions of finite temperature and/or finite
density, and they depend independently on p0

1, jp1j, p0
2, and

jp2j, which are not Lorentz invariant. Consequently, the
three-point generic one-loop tensor Feynman integral
C ρðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ can be decomposed
as linear combinations of two Lorentz-covariant tensors
pρ
1 and pρ

2 and a non-Lorentz-covariant tensor uρ, with the
non-Lorentz-invariant form factors C1ðp1; p2;m1; μ1;m2;
μ2;m3; μ3; βÞ, C2ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ, and
C3ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ being expressed by a
two-point generic one-loop scalar Feynman integral
B0ðp1;m1; μ1;m2; μ2; βÞ, a three-point generic one-loop
scalar Feynman integral C0ðp1; p2;m1; μ1;m2; μ2;m3;
μ3; βÞ, and a temporal component of three-point generic
one-loop tensor Feynman integral C 0ðp1; p2;m1; μ1;
m2; μ2;m3; μ3; βÞ, which are also non-Lorentz covariant.
By contrast, in the relativistic QFTs at zero temperature

and zero density, the D-dimensional constant vector uρ

vanishes due to the Lorentz covariance, which leads to

C̃ ρðp1;p2;m1;μ1 ¼ 0;m2;μ2 ¼ 0;m3;μ3 ¼ 0;β¼∞Þ
¼ pρ

1C̃1ðp1;p2;m1;μ1 ¼ 0;m2;μ2 ¼ 0;m3;μ3 ¼ 0;β¼∞Þ
þpρ

2C̃2ðp1;p2;m1;μ1 ¼ 0;m2;μ2 ¼ 0;m3;μ3 ¼ 0;β¼∞Þ
ð59Þ

in the conventional Passarino-Veltman reduction, where
the symbols with tilde C̃1ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼
0;m3; μ3 ¼ 0; β ¼ ∞Þ and C̃2ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼
0;m3; μ3 ¼ 0; β ¼ ∞Þ are introduced to denote the quan-
tities at zero temperature. Contracting the three-point
genetic one-loop tensor Feynman integral C̃ ρðp1; p2;
m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ with p1ρ and
p2ρ gives rise to two equations,

G̃ð1Þ
C ðp1; p2Þ

 
C̃1
C̃2

!
¼
 
K̃1

K̃2

!
; ð60Þ

where G̃ð1Þ
C ðp1; p2Þ is the Gram matrix defined by

G̃ð1Þ
C ðp1; p2Þ ¼

 
p2
1 p1 · p2

p1 · p2 p2
2

!
: ð61Þ

The arguments ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3;
μ3 ¼ 0; β ¼ ∞Þ in C̃1ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3;
μ3 ¼ 0; β ¼ ∞Þ, C̃2ðp1; p2; m1; μ1 ¼ 0; m2; μ2 ¼ 0;m3;
μ3 ¼ 0; β ¼ ∞Þ, K̃1ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3;
μ3 ¼ 0; β ¼ ∞Þ, and K̃2ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼
0;m3; μ3 ¼ 0; β ¼ ∞Þ are omitted for short. The solutions
to these two equations are given as
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C̃1
C̃2

!
¼ 1

Δ̃ð1Þ
C ðp1;p2Þ

 
p2
2 −p1 ·p2

−p1 ·p2 p2
1

! 
K̃1

K̃2

!
; ð62Þ

where Δ̃ð1Þ
C ðp1; p2Þ ¼ p2

1p
2
2 − ðp1 · p2Þ2 is the Gram determinant defined by the determinant of the Gram

matrix G̃ð1Þ
C ðp1; p2Þ.

For the relativistic QFTs at zero temperature and zero density, it is evident that

K̃1ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ

¼ m2
2 −m2

1 − p2
1

2
C̃0ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ

þ B̃0ðp1 þ p2;m1; μ1 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ − B̃0ðp2;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ
2

; ð63Þ

K̃2ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ

¼ m2
3 −m2

2 þ p2
1 − ðp1 þ p2Þ2
2

C̃0ðp1; p2; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ

þ B̃0ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ − B̃0ðp1 þ p2; μ1 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ
2

; ð64Þ

which agree exactly with the results presented in the Appendix A of Ref. [13]. It is stressed that K̃1ðp1; p2;m1; μ1 ¼
0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ and K̃2ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ can be obtained by directly
setting μ1 ¼ μ2 ¼ 0 and T ¼ 0 in Eqs. (39) and (40), respectively. It is evident that K̃1ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼
0;m3; μ3 ¼ 0; β ¼ ∞Þ and K̃2ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ are Lorentz invariant, and hence
C̃ρðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ is Lorentz covariant.

E. Reduction for three-point generic one-loop tensor Feynman integrals C ρσðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ
and C ρστðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

The other two three-point genetic one-loop tensor Feynman integrals can be reduced in the similar way as

C ρσðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ ¼
Z

dDl

iπD=2

lρlσ

Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2ÞPðl; p1 þ p2;m3; μ3Þ
¼ gρσC00ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ
þ pρ

1p
σ
1C11ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

þ ðpρ
1p

σ
2 þ pσ

1p
ρ
2ÞC12ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

þ pρ
2p

σ
2C22ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

þ ðpρ
1u

σ þ pσ
1u

ρÞC13ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ
þ ðpρ

2u
σ þ pσ

2u
ρÞC23ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

þ uρuσC33ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ; ð65Þ

and
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C ρστðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

¼
Z

dDl

iπD=2

lρlσlτ

Pðl; 0;m1; μ1ÞPðl; p1;m2; μ2ÞPðl; p1 þ p2;m3; μ3Þ
¼ ðpρ

1g
στ þ pσ

1g
τρ þ pτ

1g
ρσÞC001ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

þ ðpρ
2g

στ þ pσ
2g

τρ þ pτ
2g

ρσÞC002ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ
þ ðuρgστ þ uσgτρ þ uτgρσÞC003ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ
þ pρ

1p
σ
1p

τ
1C111ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

þ ðpρ
1p

σ
1p

τ
2 þ pσ

1p
τ
1p

ρ
2 þ pτ

1p
ρ
1p

σ
2ÞC112ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

þ ðpρ
1p

σ
1u

τ þ pσ
1p

τ
1u

ρ þ pτ
1p

ρ
1u

σÞC113ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ
þ ðpρ

1p
σ
2p

τ
2 þ pσ

1p
τ
2p

ρ
2 þ pτ

1p
ρ
2p

σ
2ÞC122ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

þ pρ
2p

σ
2p

τ
2C222ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

þ ðpρ
2p

σ
2u

τ þ pσ
2p

τ
2u

ρ þ pτ
2p

ρ
2u

σÞC223ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ
þ ½pρ

1ðpσ
2u

τ þ pτ
2u

σÞ þ pρ
2ðpσ

1u
τ þ pτ

1u
σÞ þ uρðpσ

1p
τ
2 þ pτ

1p
σ
2Þ�C123ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

þ ðpρ
1u

σuτ þ pσ
1u

τuρ þ pτ
1u

ρuσÞC133ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ
þ ðpρ

2u
σuτ þ pσ

2u
ρuτ þ pτ

2u
ρuσÞC233ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

þ uρuσuτC333ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ; ð66Þ

where the form factors satisfy Cab ¼ Cba, Cabc ¼ Cacb ¼ Cbac ¼ Cbca ¼ Ccab ¼ Ccba and the arguments ðp1; p2;
m1; μ1;m2; μ2;m3; μ3; βÞ in them are omitted here for short. The form factors Cab and Cabc can be expressed in terms
of generic one-loop scalar Feynman integrals and one-loop tensor Feynman integrals up to three-point.
By contrast, for the relativistic QFTs at zero temperature and zero density, theD-dimensional constant vectors uρ, uσ , and

uτ vanish due to the Lorentz covariance, which leads to

C̃ ρσðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ
¼ gρσC̃00ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ
þ pρ

1p
σ
1C̃11ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ

þ ðpρ
1p

σ
2 þ pσ

1p
ρ
2ÞC̃12ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ

þ pρ
2p

σ
2C̃22ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ; ð67Þ

and

C̃ ρστðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ
¼ ðpρ

1g
στ þ pσ

1g
τρ þ pτ

1g
ρσÞC̃001ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ

þ ðpρ
2g

στ þ pσ
2g

τρ þ pτ
2g

ρσÞC̃002ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ
þ pρ

1p
σ
1p

τ
1C̃111ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ

þ ðpρ
1p

σ
1p

τ
2 þ pσ

1p
τ
1p

ρ
2 þ pτ

1p
ρ
1p

σ
2ÞC̃112ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ

þ ðpρ
1p

σ
2p

τ
2 þ pσ

1p
τ
2p

ρ
2 þ pτ

1p
ρ
2p

σ
2ÞC̃122ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ

þ pρ
2p

σ
2p

τ
2C̃222ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ; ð68Þ

in the conventional Passarino-Veltman reduction, where the symbols with tilde are introduced to denote the quantities at
zero temperature.
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F. General tensor structures for the reduction
of N-point generic one-loop tensor Feynman integrals

The central step for the reduction of generic one-loop
tensor Feynman integrals in the generalized Passarino-
Veltman reduction is to construct a complete set of tensor
structures. For theN-point generic one-loop tensor Feynman
integrals, we construct a complete set of tensor structures by
utilizing the generic momenta p’s, the D-dimensional
constant vectors u’s, and the metric tensors g’s. In a concise
way, we use a notation in which curly braces denote
symmetrization with respect to Lorentz indices [11]. If there
are only products of m metric tensors g’s in the rank-ð2mÞ
tensor structure, then we generally have

fg � � � ggρ1ρ2ρ3ρ4���ρ2m−1ρ2m

¼ fggρ1ρ2fg � � � ggρ3ρ4���ρ2m−1ρ2m þ � � � � � � ; ð69Þ

where “� � � � � �” denotes other nonequivalent permutations of
the 2m Lorentz indices ðρ1; ρ2; ρ3; ρ4;…; ρ2m−1; ρ2mÞ.
Specifically, for m ¼ 1 and m ¼ 2, we have

fggρ1ρ2 ¼ gρ1ρ2 ; ð70Þ

fgggρ1ρ2ρ3ρ4 ¼ fggρ1ρ2fggρ3ρ4 þ fggρ1ρ3fggρ2ρ4
þ fggρ1ρ4fggρ2ρ3 : ð71Þ

If the rank-m tensor structure consists purely of m external
momenta p’s, then we generally have

fp � � �pgρ1ρ2ρ3���ρm−1ρm
i1i2i3���im ¼ pρ1

i1
fp � � �pgρ2ρ3���ρm−1ρm

i2i3���im þ � � � � � � ;
ð72Þ

where “� � � � � �” denotes other nonequivalent permutations
of the m Lorentz indices ðρ1; ρ2;…; ρm−1; ρmÞ, and
ði1; i2;…; im−1; imÞ label the momenta ðpi1 ; pi2 ;…; pim−1

;
pimÞ. Specifically, for m ¼ 1, m ¼ 2, and m ¼ 3, we have

fpgρ1i1 ¼ pρ1
i1
; ð73Þ

fppgρ1ρ2i1i2
¼ pρ1

i1
pρ2
i2
þ pρ2

i1
pρ1
i2
; ð74Þ

fpppgρ1ρ2ρ3i1i2i3
¼ pρ1

i1
fppgρ2ρ3i2i3

þpρ2
i1
fppgρ3ρ1i2i3

þpρ3
i1
fppgρ1ρ2i2i3

:

ð75Þ

When the rank-m tensor structure is purely expressed by the
product of m constant vectors u’s, we generally have

fu � � � ugρ1ρ2���ρm−1ρm ¼ uρ1uρ2 � � � uρm−1uρm: ð76Þ

Specifically, for m ¼ 1 and m ¼ 2, we have

fugρ1 ¼ uρ1 ; ð77Þ

fuugρ1ρ2 ¼ uρ1uρ2 : ð78Þ

If the rank-(mþ 2) tensor structure is defined as the
product ofm external momenta p’s and one metric tensor g,
then we generally have

fp � � �pggρ1ρ2���ρm−1ρmρmþ1ρmþ2

i1i2���im−1im

¼ fp � � �pgρ1ρ2���ρm−1ρm
i1i2���im−1im

gρmþ1ρmþ2 þ � � � � � � ; ð79Þ

where “� � � � � �” denotes other nonequivalent permutations
of the ðmþ 2) Lorentz indices ðρ1; ρ2;…; ρm−1;
ρm; ρmþ1; ρmþ2Þ, and ði1; i2;…; im−1; imÞ label the m
momenta ðpi1 ; pi2 ;…; pim−1

; pimÞ. Specifically, for m ¼ 1

and m ¼ 2, we have

fpggρ1ρ2ρ3i1
¼ pρ1

i1
fggρ2ρ3 þ pρ2

i1
fggρ3ρ1 þ pρ3

i1
fggρ1ρ2 ; ð80Þ

fppggρ1ρ2ρ3ρ4i1i2
¼ fppgρ1ρ2i1i2

fggρ3ρ4 þ fppgρ1ρ3i1i2
fggρ2ρ4

þ fppgρ1ρ4i1i2
fggρ2ρ3 þ fppgρ2ρ3i1i2

fggρ4ρ1
þ fppgρ2ρ4i1i2

fggρ1ρ3 þ fppgρ3ρ4i1i2
fggρ1ρ2 :

ð81Þ

If the rank-(mþ 2) tensor structure consists of m
constant vectors u and one metric tensor g, then we
generally have

fu � � �uggρ1���ρmρmþ1ρmþ2 ¼ fu � � �ugρ1���ρmfggρmþ1ρmþ2 þ� � � � � � ;
ð82Þ

where “� � � � � �” denotes other nonequivalent permutations
of the ðmþ 2) Lorentz indices ðρ1; ρ2;…; ρm−1; ρm; ρmþ1;
ρmþ2Þ. Specifically, for m ¼ 1 and m ¼ 2, we have

fuggρ1ρ2ρ3 ¼ uρ1fggρ2ρ3 þ uρ2fggρ3ρ1 þ uρ3fggρ1ρ2 ; ð83Þ

fuuggρ1ρ2ρ3ρ4 ¼fuugρ1ρ2fggρ3ρ4 þfuugρ1ρ3fggρ2ρ4
þfuugρ1ρ4fggρ2ρ3 þfuugρ2ρ3fggρ1ρ4
þfuugρ2ρ4fggρ1ρ3 þfuugρ3ρ4fggρ1ρ2 : ð84Þ

If there are m external momenta p’s and n constant
vectors u’s in the rank-(mþ n) tensor structure, then we
generally have

fp � � �pu � � � ugρ1���ρmρmþ1���ρmþn
i1���im

¼ fp � � �pgρ1���ρmi1���im fu � � � ugρmþ1���ρmþn þ � � � � � � ; ð85Þ

where “� � � � � �” denotes other nonequivalent permutations
of the ðmþ 2) Lorentz indices ðρ1;…; ρm−1; ρm;…; ρmþnÞ,
and ði1; i2;…; im−1; imÞ label the m momenta ðpi1 ;
pi2 ;…; pim−1

; pimÞ. Specifically, we have
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fpugρ1ρ2i1
¼ pρ1

i1
uρ2 þ uρ1pρ2

i1
; ð86Þ

fppugρ1ρ2ρ3i1i2
¼ fppgρ1ρ2i1i2

uρ3 þ fppgρ2ρ3i1i2
uρ1 þ fppgρ3ρ1i1i2

uρ2 ;

ð87Þ

fpuugρ1ρ2ρ3i1
¼ pρ1

i1
fuugρ2ρ3 þ pρ2

i1
fuugρ3ρ1 þ pρ3

i1
fuugρ1ρ2 :

ð88Þ

For the most general case in which the rank-ðmþ nþ
2lÞ tensor structure is defined as the product of m external
momenta p’s, n constant vectors u’s, and l metric tensors
g’s, we have

fp � � �pu � � � ug � � � ggρ1���ρmρmþ1���ρmþnρmþnþ1���ρmþnþ2l
i1���im

¼ fp � � �pgρ1���ρmi1���im fu � � � ugρmþ1���ρmþn

× fg � � � ggρmþnþ1���ρmþnþ2l þ � � � � � � ; ð89Þ

where “� � � � � �” denotes other nonequivalent permutations
of the ðmþ nþ 2lÞ Lorentz indices ðρ1;…; ρm; ρmþ1;…;
ρmþn; ρmþnþ1;…; ρmþnþ2lÞ, and ði1; i2;…; im−1; imÞ label
the m momenta ðpi1 ; pi2 ;…; pim−1

; pimÞ. Specifically, for
m ¼ 1, n ¼ 1, and l ¼ 1, we have

fpuggρ1ρ2ρ3ρ4i1
¼ gρ1ρ2fpugρ3ρ4i1

þ gρ2ρ3fpugρ1ρ4i1

þ gρ3ρ1fpugρ2ρ4i1
: ð90Þ

Obviously, pρ
ia
and uρ with a ¼ 1; 2;…, N − 1 form a

complete set of rank-one tensor structures for the rank-one
N-point generic one-loop tensor Feynman integrals
I ρðp1; � � � ; pN−1;m1; μ1; � � � ;mN; μN ; βÞ. Specifically, pρ

1

and uρ form a complete set of rank-one tensor structures
for the rank-one two-point (N ¼ 2) generic one-loop
tensor Feynman integrals Bρðp1;m1; μ1;m2; μ2; βÞ.
Similarly, pρ

1, pρ
2, and uρ form a complete set of

rank-one tensor structures for the rank-one three-point
(N ¼ 3) generic one-loop tensor Feynman integrals
C ρðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ.
In addition, fggρσ, fppgρσiaib , fpug

ρσ
ia
, and fuugρσ with

a; b ¼ 1; 2;…; N − 1 form a complete set of rank-two
tensor structures for the rank-two N-point generic one-
loop tensor Feynman integrals I ρσðp1; � � � ; pN−1;m1; μ1;
� � � ;mN; μN ; βÞ. Specifically, the complete set of rank-two
tensor structures for the rank-two two-point generic one-
loop tensor Feynman integrals Bρσðp1;m1; μ1;m2; μ2; βÞ
can be constructed by

fggρσ ¼ gρσ; ð91Þ

fppgρσ11 ¼ pρ
1p

σ
1; ð92Þ

fpugρσ1 ¼ pρ
1u

σ þ pσ
1u

ρ; ð93Þ

fuugρσ ¼ uρuσ: ð94Þ

Similarly, the complete set of rank-two tensor structures for
the rank-two three-point generic one-loop tensor Feynman
integrals C ρσðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ, can be con-
structed by

fggρσ ¼ gρσ; ð95Þ
fppgρσ11 ¼ pρ

1p
σ
1; ð96Þ

fppgρσ12 ¼ pρ
1p

σ
2 þ pσ

1p
ρ
2; ð97Þ

fppgρσ22 ¼ pρ
2p

σ
2; ð98Þ

fpugρσ1 ¼ pρ
1u

σ þ pσ
1u

ρ; ð99Þ

fpugρσ2 ¼ pρ
2u

σ þ pσ
2u

ρ; ð100Þ

fuugρσ ¼ uρuσ: ð101Þ

The parallel procedure can be applied to the reduction
of rank-three generic one-loop tensor Feynman integrals.
The rank-three tensor structures fpggρστia

, fuggρστ,
fpppgρστiaibic

, fppugρστiaib
, fpuugρστia

, and fuuugρστ, with
a; b; c ¼ 1; 2;…; N − 1 form a complete set for the rank-
three N-point generic one-loop tensor Feynman integrals
I ρστðp1; � � � ; pN−1;m1; μ1; � � � ;mN; μN ; βÞ. Namely, the
complete set of rank-three tensor structures for the
rank-three three-point generic one-loop tensor Feynman
integrals C ρστðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ can be
constructed by

fpggρστ1 ¼ pρ
1g

στ þ pσ
1g

τρ þ pτ
1g

ρσ; ð102Þ

fpggρστ2 ¼ pρ
2g

στ þ pσ
2g

τρ þ pτ
2g

ρσ; ð103Þ

fuggρστ ¼ uρgστ þ uσgτρ þ uτgρσ; ð104Þ

fpppgρστ111 ¼ pρ
1p

σ
1p

τ
1; ð105Þ

fpppgρστ112 ¼ pρ
1p

σ
1p

τ
2 þ pσ

1p
τ
1p

ρ
2 þ pτ

1p
ρ
1p

σ
2; ð106Þ

fppugρστ11 ¼ pρ
1p

σ
1u

τ þ pσ
1p

τ
1u

ρ þ pτ
1p

ρ
1u

σ; ð107Þ

fpppgρστ122 ¼ pρ
1p

σ
2p

τ
2 þ pσ

1p
τ
2p

ρ
2 þ pτ

1p
ρ
2p

σ
2; ð108Þ

fpppgρστ222 ¼ pρ
2p

σ
2p

τ
2; ð109Þ

fppugρστ22 ¼ pρ
2p

σ
2u

τ þ pσ
2p

τ
2u

ρ þ pτ
2p

ρ
2u

σ; ð110Þ

fpppgρστ12 ¼ pρ
1ðpσ

2u
τ þ pτ

2u
σÞ þ pρ

2ðpσ
1u

τ þ pτ
1u

σÞ
þ uρðpσ

1p
τ
2 þ pτ

1p
σ
2Þ; ð111Þ
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fpuugρστ1 ¼ pρ
1u

σuτ þ pσ
1u

τuρ þ pτ
1u

ρuσ; ð112Þ

fpuugρστ2 ¼ pρ
2u

σuτ þ pσ
2u

τuρ þ pτ
2u

ρuσ; ð113Þ

fuuugρστ ¼ uρuσuτ: ð114Þ

We end this section by emphasizing the essentials of
generalized Passarino-Veltman reduction with that of con-
ventional Passarino-Veltman reduction due to the explicit
breaking of Lorentz covariance in the relativistic QFTs at
finite temperature and/or finite density. First, besides the
Lorentz-covariant tensor structures which appeared in the
conventional Passarino-Veltman reduction [11,12], several
other non-Lorentz-covariant tensor structures where the
non-Lorentz-covariant D-dimensional constant vector uρ

appears at least once are needed in the generalized
Passarino-Veltman reduction. Second, up to N-point one-
loop Feynman diagrams, besides the generic one-loop scalar
Feynman integrals In with 1 ≤ n ≤ N which are complete
to expand the generic one-loop tensor Feynman integrals in
the conventional Passarino-Veltman reduction [11,12], sev-
eral purely temporal components of generic one-loop tensor
Feynman integrals,I 0

n ¼ uρI
ρ
n,I 00

n ¼ uρuσI
ρσ
n ,I 000

n ¼
uρuσuτI

ρστ
n and so forth with 1 ≤ n ≤ N, are also needed in

the generalized Passarino-Veltman reduction to form a
complete set of elementary one-loop Feynman integrals
for expanding the generic one-loop tensor Feynman inte-
grals I ρ

N , I
ρσ
N , I ρστ

N , and so forth. Third, in contrast to the
Lorentz-invariant counterparts depending on p2

n ¼ pn · pn
in the conventional Passarino-Veltman reduction [11,12],
the generic one-loop scalar Feynman integrals in the
generalized Passarino-Veltman reduction depend independ-

ently on p0
ia
¼ u · pia and jpia j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðu · piaÞ2 − p2

ia

q
with

a ¼ 1; 2;…; N − 1, which are no longer Lorentz-invariant
[36,37]. In addition, the purely temporal components of
generic one-loop tensor Feynman integrals are also non-
Lorentz invariant. Fourth, for the relativistic QFTs at zero
temperature and zero density, the Lorentz covariance is
restored for the absence of preferred rest reference frame.
Therefore, the D-dimensional constant vector is not defined
and always vanishes. As a consequence, one forces uρ to be

zero in the expressions of all the one-loop tensor Feynman
integrals in terms of tensor structures for the relativistic
QFTs at zero temperature and zero density, and hence the
generalized Passarino-Veltman reduction goes back to the
conventional Passarino-Veltman reduction.

IV. DEMONSTRATION APPLICATIONS

In this section, we present demonstration applications of
generalized Passarino-Veltman reduction for simplifying
the one-loop pseudoscalar polarization function in the
Nambu-Jona-Lasinio (NJL) model and the one-loop photon
self-energy in theD-dimensional quantum electrodynamics
(QED), respectively.

A. One-loop pseudoscalar polarization function
in the NJL model

As the first demonstration application, we utilize the
generalized Passarino-Veltman reduction to calculate the
one-loop pseudoscalar polarization function at finite tem-
perature and/or finite density in the NJL model [42,43]. In
the three-flavor version, the Lagrangian takes [36,37]

LNJL ¼
X

f¼u;d;s

ψ̄f½iγρ∂ρ −mf þ γ0μf�ψf

þG
X8
a¼0

h
ðψ̄λaψÞ2 þ ðψ̄iγ5λaψÞ2

i
− K½det ψ̄ð1þ γ5Þψ þ det ψ̄ð1 − γ5Þψ �; ð115Þ

where we have added the term related to the chemical
potential μf for a quark of flavor f. In this expression, G
and K are dimensionful coupling constants, λa denotes the
Gell-Mann matrices in flavor space, and mf is the flavor-
dependent current quark mass, respectively. The flavor
index f carried by the quark fields ψf is only shown in the
free part of the Lagrangian, and the color index is generally
suppressed.
Following the notations in the Refs. [36,37], we write

down the one-loop pseudoscalar polarization function in
the NJL model [see Fig. 2] as

−iΠPS
ff̄0 ðk;mf; μf;mf0 ; μf0 ; βÞ ¼ −Nc

Z
d4l
ð2πÞ4

trfγ5½lργρ þ μfγ0 þmf�γ5½ðlσ − kσÞγσ þ μf0γ0 þmf0 �gh
ðl0 þ μfÞ2 − l2 −m2

f

ih
ðl0 þ k0 þ μf0 Þ2 − ðl − kÞ2 −m2

f0

i
¼ 4Nc

Z
d4l
ð2πÞ4

gρσlρðlσ − kσÞ þ gρ0lρðμf þ μf0 Þ − gρ0kρμf þ ðμfμf0 −mfmf0 Þh
ðl0 þ μfÞ2 − l2 −m2

f

ih
ðl0 þ q0 þ μf0 Þ2 − ðl þ qÞ2 −m2

f0

i : ð116Þ
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In terms of two generic one-loop tensor Feynman integrals Bρðk;mf; μf;mf0 ; μf0 ; βÞ and Bρσðk;mf; μf;mf0 ; μf0 ; βÞ, and a
generic one-loop scalar Feynman integral B0ðk;mf; μf;mf0 ; μf0 ; βÞ, this one-loop pseudoscalar polarization function can be
decomposed into

−iΠPS
ff̄0 ðk;mf; μf;mf0 ; μf0 ; βÞ ¼

4iNc

ð4πÞ2
n
gρσ
h
Bρσðk;mf; μf;mf0 ; μf0 ; βÞ −Bρðk;mf; μf;mf0 ; μf0 Þkσ

i
þ gρ0Bρðk;mf; μf;mf0 ; μf0 ; βÞðμf þ μf0 Þ − gρ0kρB0ðk;mf; μf;mf0 ; μf0 ; βÞ
þðμfμf0 −mfmf0 ÞB0ðk;mf; μf;mf0 ; μf0 ; βÞ:

o
: ð117Þ

After inserting Bρðp1;m1; μ1;m2; μ2; βÞ and Bρσðp1;m1; μ1;m2; μ2; βÞ in Sec. III into Eq. (117) by setting μ1 ¼ μf,
μ2 ¼ μf0 , m1 ¼ mf, m2 ¼ mf0 , and p1 ¼ k, the one-loop pseudoscalar polarization function can be further written as

−iΠPS
ff̄0 ðk;mf; μf;mf0 ; μf0 ; βÞ ¼

iNc

8π2

n
:A0ð0;mf; μf; βÞ þA0ð0;mf0 ; μf0 ; βÞ

þ
h
ðmf −mf0 Þ2 − ðk0 þ μf − μf0 Þ2 − k2

i
B0ðk;mf; μf;mf0 ; μf0 ; βÞ

o
: ð118Þ

Interestingly, it is adequate to express the one-loop
pseudoscalar polarization function by utilizing the one-loop
scalar Feynman integrals A0ð0;mf; μf; βÞ, A0ð0;mf0 ;
μf0 ; βÞ, and B0ðk;mf; μf;mf0 ; μf0 ; βÞ, without resorting to
the temporal components of one-loop tensor Feynman
integrals B0ðk;mf; μf;mf0 ; μf0 ; βÞ and B00ðk;mf; μf;mf0 ;
μf0 ; βÞ. It is emphasized that the one-loop pseudoscalar
polarization function here agrees exactly with the previous
results [36,37], which can be taken as a benchmark to test
the generalized Passarino-Veltman reduction.

B. One-loop photon self-energy
in the D-dimensional QED

As the second demonstration application, we employ the
generalized Passarino-Veltman reduction to perform

the one-loop photon self-energy at finite temperature
and/or finite density in the D-dimensional QED, whose
Lagrangian in the Feynman gauge reads

LQED ¼ ψ̄ ½iγρð∂ρ þ ieAρÞ −mþ γ0μ�ψ −
1

4
FρσFρσ

−
1

2
ð∂ρAρÞ2; ð119Þ

where e, m, and μ denote the charge, mass, and chemical
potential of electrons, respectively.
The one-loop photon self-energy in the D-dimensional

QED [see Fig. 3] can be expressed as

FIG. 2. One-loop pseudoscalar polarization function
−iΠPS

ff̄0 ðk;mf; μf;mf0 ; μf0 ; βÞ in the NJL model.

FIG. 3. One-loop photon self-energy iΠλτðq;m; μ;m; μ; βÞ in
the D-dimensional QED.
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iΠλτðq;m; μ;m; μ; βÞ ¼ −e2
Z

dDl
ð2πÞD

trfγλ½lργρ þ μγ0 þm�γτ½ðlσ þ qσÞγσ þ μγ0 þm�g
½ðl0 þ μÞ2 − l2 −m2�½ðl0 þ q0 þ μÞ2 − ðl þ qÞ2 −m2�

¼ −4e2
Z

dDl
ð2πÞD

½gλρgτσ − gλτgρσ þ gλσgτρ�lρðlσ þ qσÞ
½ðl0 þ μÞ2 − l2 −m2�½ðl0 þ q0 þ μÞ2 − ðl þ qÞ2 −m2�

− 4e2
Z

dDl
ð2πÞD

½gλρgτ0 − gλτgρ0 þ gλ0g
τ
ρ�μð2lρ þ qρÞ

½ðl0 þ μÞ2 − l2 −m2�½ðl0 þ q0 þ μÞ2 − ðl þ qÞ2 −m2�

− 4e2
Z

dDl
ð2πÞD

2μ2gλ0g
τ
0 þ ðm2 − μ2Þgλτ

½ðl0 þ μÞ2 − l2 −m2�½ðl0 þ q0 þ μÞ2 − ðl þ qÞ2 −m2� : ð120Þ

In terms of two generic one-loop tensor Feynman integrals Bρðq;m; μ;m; μ; βÞ and Bρσðq;m; μ;m; μ; βÞ, and a generic
one-loop scalar Feynman integral B0ðq;m; μ;m; μ; βÞ, the one-loop photon self-energy can be recast as

iΠλτðq;m; μ;m; μ; βÞ ¼ −4ie2

ð4πÞD=2

nh
gλρgτσ − gλτgρσ þ gλσgτρ

ih
Bρσðq;m; μ;m; μ; βÞ þBρðq;m; μ;m; μ; βÞqσ

i
þ μ
h
gλρgτ0 − gλτgρ0 þ gλ0gτρ

ih
2Bρðq;m; μ;m; μ; βÞ þ qρB0ðq;m; μ;m; μ; βÞ

i
þ
h
2μ2gλ0gτ0 þ ðm2 − μ2Þgλτ

i
B0ðq;m; μ;m; μ; βÞ

o
: ð121Þ

After insertingBρðp1;m1; μ1;m2; μ2; βÞ andBρσðp1;m1; μ1;m2; μ2; βÞ in Sec. III into Eq. (121) by setting μ1 ¼ μ2 ¼ μ,
m1 ¼ m2 ¼ m, and p1 ¼ q, this one-loop photon self-energy can be straightforwardly performed by employing the
generalized Passarino-Veltman reduction. To put it differently, when B0ðq;m; μ;m; μ; βÞ, B00ðq;m; μ;m; μ; βÞ,
B0ðq;m; μ;m; μ; βÞ, and A0ð0;m; μ; βÞ were previously obtained, iΠλτðq;m; μ;m; μ; βÞ can be automatically assembled
via the generalized Passarino-Veltman reduction.
In order to further verify the generalized Passarino-Veltman reduction, we check the Ward identity of one-loop photon

self-energy at finite temperature and/or finite density. For convenience, we write down four components of
iΠλτðq;m; μ;m; μ; βÞ, namely,

iΠ00ðq;m; μ;m; μ; βÞ ¼ −4ie2

ð4πÞD=2

n
B00ðq;m; μ;m; μ; βÞ þ ð2μþ q0ÞB0ðq;m; μ;m; μ; βÞ

þ
h
μðμþ q0Þ þm2

i
B0ðq;m; μ;m; μ; βÞ − gab

h
Babðq;m; μ;m; μ; βÞ þBaðq;m; μ;m; μ; βÞqb

io
;

ð122Þ

iΠi0ðq;m; μ;m; μ; βÞ ¼ −4ie2

ð4πÞD=2

n
:B0iðq;m; μ;m; μ; βÞ þBi0ðq;m; μ;m; μ; βÞ þB0ðq;m; μ;m; μ; βÞqi

þð2μþ q0ÞBiðq;m; μ;m; μ; βÞ þ μqiB0ðq;m; μ;m; μ; βÞ:
o

¼ iΠ0iðq;m; μ;m; μ; βÞ; ð123Þ

iΠijðq;m; μ;m; μ; βÞ ¼ −4ie2

ð4πÞD=2

n
ðgiagjb − gijgab þ gibgjaÞ

h
Babðq;m; μ;m; μ; βÞ þBaðq;m; μ;m; μ; βÞqb

i
− gij

h
B00ðq;m; μ;m; μ; βÞ þ ð2μþ q0ÞB0ðq;m; μ;m; μ; βÞ

þ ðμðμþ q0Þ −m2ÞB0ðq;m; μ;m; μ; βÞ
io

: ð124Þ

Obviously, iΠ00ðq;m; μ;m; μ; βÞ, iΠi0ðq;m; μ;m; μ; βÞ, iΠ0iðq;m; μ;m; μ; βÞ, and iΠijðq;m; μ;m; μ; βÞ can be expressed
in terms of B0ðq;m; μ;m; μ; βÞ and B00ðq;m; μ;m; μ; βÞ, B0ðq;m; μ;m; μ; βÞ, and A0ð0;m; μ; βÞ. Substituting these
results into qρΠρ0ðq;m; μ;m; μ; βÞ and qρΠρjðq;m; μ;m; μ; βÞ, we have
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qρΠρ0ðq;m; μ;m; μ; βÞ ¼ q0Π00ðq;m; μ;m; μ; βÞ þ qiΠi0ðq;m; μ;m; μ; βÞ
¼ q0Π00ðq;m; μ;m; μ; βÞ − qiΠi0ðq;m; μ;m; μ; βÞ ¼ 0; ð125Þ

qρΠρjðq;m; μ;m; μ; βÞ ¼ q0Π0jðq;m; μ;m; μ; βÞ þ qiΠijðq;m; μ;m; μ; βÞ
¼ q0Π0jðq;m; μ;m; μ; βÞ − qiΠijðq;m; μ;m; μ; βÞ ¼ 0: ð126Þ

These two relations can be further written in a compacted
form as qρΠρσðq;m; μ;m; μ; βÞ ¼ 0, which is nothing but
the Ward identity. In this sense, we verified the generalized
Passarino-Veltman reduction by checking the Ward identity
of one-loop photon self-energy at finite temperature and/or
finite density.
It is subtle that besides the one-loop scalar Feynman

integrals A0ð0;m; μ; βÞ and B0ðq;m; μ;m; μ; βÞ that are
adequate for expanding the one-loop pseudoscalar polari-
zation function in the NJL model, the purely temporal
components of generic one-loop tensor Feynman integrals
B0ðq;m; μ;m; μ; βÞ and B00ðq;m; μ;m; μ; βÞ are also
needed to form a complete set of basis in the one-loop
photon self-energy in the D-dimensional QED. This differ-
ence originates from that the interaction term is −ψ̄γρψAρ

in the QED (vector-type interaction) while ðψ̄λaψÞ2 þ
ðψ̄iγ5λaψÞ2 in the NJL model (scalar-type and pseudosca-
lar-type interactions). Roughly, in the relativistic QFTs with
scalar-type or pseudoscalar-type interaction, the generic
one-loop scalar Feynman integrals form a complete set of
one-loop Feynman integrals, such as in the NJL model. By
contrast, in the theories with vector-type or tensor-type
interaction, the temporal components of generic one-loop
tensor Feynman integrals are also needed, such as in the
QED. Additionally, the generalized Passarino-Veltman
reduction presented here provides a procedure for auto-
matic algebraic calculation, which in the Rehberg’s scheme
[36,37], the procedure can only be performed by hand. In
this sense, the generalized Passarino-Veltman reduction
presented in Sec. III goes beyond the applicability of
Rehberg’s works [36,37].
We further comment on some aspects of practical

application of employing the generalized Passarino-
Veltman reduction to the calculation of one-loop photon
self-energy. In the context of QED for Weyl fermion
(setting m ¼ 0 in the Lagrangian) in D ¼ 4 dimension,
the author of the present paper explicitly calculated [38]
analytical expressions of one-loop photon self-energy
iΠρσðq; 0; μ; 0; μ; β ¼ ∞Þ at zero temperature and finite
density by utilizing the crude version of generalized
Passarino-Veltman reduction. The exact analytical
expressions in Ref. [38] automatically give rise to
iΠ00ðq; 0; μ; 0; μ; β ¼ ∞Þ [44], iΠiiðq; 0; μ; 0; μ; β ¼ ∞Þ
[diagonal component of iΠijðq; 0; μ; 0; μ; β ¼ ∞Þ] [45],
iΠ0iðq; 0; μ; 0; μ; β ¼ ∞Þ=iΠi0ðq; 0; μ; 0; μ; β ¼ ∞Þ [46],

the parity-odd part of iΠijðq; 0; μ; 0; μ; β ¼ ∞Þ [47], and
the parity-even part of iΠijðq; 0; μ; 0; μ; β ¼ ∞Þ. Besides,
under the hard dense loop approximation (μ ≫ q0; jqj), it
restores the results in Ref. [48]. All of these indicate that it
is more efficient and general to calculate the one-loop
photon energy once-for-all with the help of generalized
Passarino-Veltman reduction [38] than by the conventional
one-by-one method [44–48].

V. SUMMARY AND DISCUSSIONS

In summary, we presented a generalized Passarino-
Veltman reduction for simplifying the generic one-loop
tensor Feynman integrals in the one-loop Feynman dia-
grams of relativistic QFTs at finite temperature and/or finite
density. It is explicitly demonstrated that the generic one-
loop tensor Feynman integrals up to three-point can be
decomposed as linear combinations of symmetric Lorentz-
covariant tensor structures, non-Lorentz-covariant tensor
structures, and their hybrid terms with the form factors
being expressed by three generic one-loop scalar Feynman
integrals A0ð0;m1; μ1; βÞ, B0ðp1;m1; μ1;m2; μ2; βÞ, and
C0ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ, and five generic one-
loop tensor Feynman integrals B0ðp1;m1; μ1;m2; μ2; βÞ,
B00ðp1;m1; μ1;m2; μ2; βÞ, C 0ðp1; p2;m1; μ1;m2; μ2;m3;
μ3; βÞ, C 00ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ, and C 000ðp1;
p2;m1; μ1;m2; μ2;m3; μ3; βÞ. Since the generic one-loop
scalar Feynman integrals, A0ð0;m1; μ1; βÞ, B0ðp1;m1;
μ1;m2; μ2; βÞ, and C0ðp1;p2;m1;μ1;m2;μ2;m3;μ3;βÞ, had
already been analytically calculated in the Matsubara
formalism [37], after further analytically performing the
purely temporal components of generic one-loop tensor
Feynman integrals B0ðp1;m1; μ1;m2; μ2; βÞ, B00ðp1;m1;
μ1;m2; μ2; βÞ, C 0ðp1;p2;m1;μ1;m2;μ2;m3;μ3;βÞ, C 00ðp1;
p2;m1; μ1;m2; μ2;m3; μ3; βÞ, and C 000ðp1; p2;m1; μ1;
m2; μ2;m3; μ3; βÞ in the Matsubara formalism, one can
reduce all the one-loop Feynman diagrams up to three-point
to these generic one-loop scalar Feynman integrals and the
purely temporal components of generic one-loop tensor
Feynman integrals.
It is helpful to compare the generalized Passarino-

Veltman reduction above with its alternative representation.
Following the essential spirit of conventional Passarino-
Veltman reduction that expresses the generic one-loop
tensor Feynman integrals in terms of the Lorentz-covariant
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tensor structures dictated by the Lorentz symmetry [11,13,14], one can reduce the spatial components of generic one-loop
tensor Feynman integrals by utilizing the covariant tensor structures imposed by the SOðD − 1Þ spatial rotation symmetry.
In a spatial rotation covariant manner, the spatial components of generic one-loop tensor Feynman integrals
Bρðp1;m1; μ1;m2; μ2; βÞ and Bρσðp1;m1; μ1;m2; μ2; βÞ can be reduced on the same footing as

Biðp1;m1; μ1;m2; μ2; βÞ ¼ B1ðp1;m1; μ1;m2; μ2; βÞpi
1;

B0iðp1;m1; μ1;m2; μ2; βÞ ¼ Bi0ðp1;m1; μ1;m2; μ2; βÞ
¼ p0

1p
i
1B11ðp1;m1; μ1;m2; μ2; βÞ þ pi

1B12ðp1;m1; μ1;m2; μ2; βÞ;
Bijðp1;m1; μ1;m2; μ2; βÞ ¼ −δijB00ðp1;m1; μ1;m2; μ2; βÞ þ pi

1p
j
1B11ðp1;m1; μ1;m2; μ2; βÞ: ð127Þ

Note that the other two components of the generic one-loop tensor Feynman integrals Bρðp1;m1; μ1;m2; μ2; βÞ and
Bρσðp1;m1; μ1;m2; μ2; βÞ are nothing butB0ðp1;m1; μ1;m2; μ2; βÞ andB00ðp1;m1; μ1;m2; μ2; βÞ, which are related to the
form factors B1ðp1;m1; μ1;m2; μ2Þ, B2ðp1;m1; μ1;m2; μ2; βÞ, B00ðp1;m1; μ1;m2; μ2; βÞ, B11ðp1;m1; μ1;m2; μ2; βÞ,
B12ðp1;m1; μ1;m2; μ2; βÞ, and B22ðp1;m1; μ1;m2; μ2; βÞ as

B0ðp1;m1; μ1;m2; μ2; βÞ ¼ B1ðp1;m1; μ1;m2; μ2; βÞp0
1 þ B2ðp1;m1; μ1;m2; μ2; βÞ;

B00ðp1;m1; μ1;m2; μ2; βÞ ¼ B00ðp1;m1; μ1;m2; μ2; βÞ þ p0
1p

0
1B11ðp1;m1; μ1;m2; μ2; βÞ

þ 2p0
1B12ðp1;m1; μ1;m2; μ2; βÞ þ B22ðp1;m1; μ1;m2; μ2; βÞ: ð128Þ

Compared with the generalized Passarino-Veltman
reduction in Sec. III, which treats the spacetime compo-
nents of generic one-loop tensor Feynman integrals on the
same footing, the equivalent representation here restricts
the reduction only to the spatial component of the generic
one-loop tensor Feynman integrals, which is similar to the
naive generalization of conventional Passarino-Veltman
reduction at finite temperature and/or finite density [38]
proposed by the author of the present paper.
The framework of generalized Passarino-Veltman

reduction for the generic one-loop tensor Feynman inte-
grals can be straightforwardly extended to N-point, and
hence can efficiently evaluate a huge amount of one-loop
Feynman diagrams in physical systems described by the
renormalizable relativistic QFTs at finite temperature and/
or finite density, such as hot and dense quark matter
[39,40]. Based on the generalized Passarino-Veltman
reduction in this work, computer program packages can
be developed for automatic algebraic calculation as that in
the conventional Passarino-Veltman reduction for the
relativistic QFTs [30–35] or that in the generalization
of nonrelativistic effective field theories at zero temper-
ature and zero density [49].
It is emphasized that both the conventional Passarino-

Veltman reduction and the generalized Passarino-Veltman
reduction are based on continuous spacetime symmetry of
the system. For the conventional Passarino-Veltman reduc-
tion, it is the SOð1; D − 1Þ (proper normal) Lorentz sym-
metry. While for the generalized Passarino-Veltman
reduction, it is the SOðD − 1Þ spatial rotation symmetry

broken down from Lorentz symmetry. If the SOðD − 1Þ
symmetry further breaks down to the SOðD − 2Þ symmetry,
then one can introduce another extraD-dimensional constant
vector vρ ¼ ð0; 0;…; 0; 1Þ. Following a similar procedure,
one can then reduce the generic one-loop tensor Feynman
integrals after the symmetry-breaking of SOðD − 1Þ spatial
rotation. Furthermore, the specific value of the dimension of
spacetime D does not affect the generalized Passarino-
Veltman reduction in this work, for example, it is valid for
two distinct dimensions of physical interest, D ¼ 3 or
D ¼ 4. However, if the dimension of spacetime is D ¼ 2
or the continuous spacetime symmetry of a physical system
is less than SO(2) in D dimension, there is no advantage of
applying conventional Passarino-Veltman reduction or gen-
eralized Passarino-Veltman reduction to simplify the generic
one-loop tensor Feynman integrals. Specifically, for the
relativistic QFTs at zero temperature and zero density,
the Lorentz covariance is restored for the absence of the
preferred rest reference frame, and hence theD-dimensional
constant vector always vanishes. As a consequence, the
generalized Passarino-Veltman reduction goes back to the
conventional Passarino-Veltman reduction.
This work opens up a new realm for the reductions of

Feynman diagrams at loop level in the physical systems
without Lorentz covariance. The generalized Passarino-
Veltman reduction presented in this work can be generalized
to the physical systems of condensed matter described by
pseudorelativistic QFTs at finite temperature and/or finite
density, such as graphene [50] and silicene [51] in two
spatial dimension and Dirac/Weyl semimetals [52] in three
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spatial dimension. In addition, the generalizations include
possible extensions for one-loop tensor Feynman integrals
in nonrelativistic effective field theories and two-loop tensor
Feynman integrals in relativistic QFTs. It is interesting to
note that the reduction of one-loop tensor Feynman integrals
in nonrelativistic effective field theories at zero temperature
and zero density and the corresponding software toolkit
FeynOnium building upon FeynCalc for automatic calcu-
lations [49] could be generalized to their counterparts at
finite temperature and/or finite density by applying the
essential spirits in this work. However, these important

problems are beyond the focus of this work and deserve
further study in the future.
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APPENDIX A: EXPRESSIONS OF F 1ðp1;m1; μ1;m2; μ2; βÞ AND F 2ðp1;m1; μ1;m2; μ2; βÞ
The numerator in the integrand of F 1ðp1;m1; μ1;m2; μ2; βÞ in Eq. (23) can be decomposed as

p1 · l ¼ p0
1l

0 − l · p1 ¼ p0
1l

0 þ l2 þ p21 − ðl þ p1Þ2
2

¼ ðμ21 −m2
1Þ − ½ðμ2 þ p0

1Þ2 −m2
2� þ p21

2
− ðμ2 − μ1Þl0 þ

Pðl; p1;m2; μ2Þ − Pðl; 0;m1; μ1Þ
2

: ðA1Þ

Substituting this decomposition into the definition of F 1ðp1;m1; μ1;m2; μ2; βÞ in Eq. (23), we can directly express
F 1ðp1;m1; μ1;m2; μ2; βÞ as

F 1ðp1;m1; μ1;m2; μ2; βÞ ¼
ðμ21 −m2

1Þ − ½ðμ2 þ p0
1Þ2 −m2

2� þ p21
2

B0ðp1;m1; μ1;m2; μ2; βÞ

− ðμ2 − μ1ÞB0ðp1;m1; μ1;m2; μ2; βÞ þ
A0ð0;m1; μ1; βÞ −A0ð0;m2; μ2; βÞ

2
: ðA2Þ

Different from the procedure for expressing F 1ðp1;m1; μ1;m2; μ2; βÞ, we can straightforwardly obtain
F 2ðp1;m1; μ1;m2; μ2; βÞ by defining

F 2ðp1;m1; μ1;m2; μ2; βÞ ¼ uρBρðp1;m1; μ1;m2; μ2; βÞ ¼ B0ðp1;m1; μ1;m2; μ2; βÞ: ðA3Þ

At zero temperature and zero density, F 1ðp1;m1; μ1;m2; μ2; βÞ reduces to

F̃ 1ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ ¼ p1ρB̃
ρðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ

¼ m2
2 −m2

1 − p2
1

2
B̃0ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ

þ Ã0ð0;m1; μ1 ¼ 0; β ¼ ∞Þ − Ã0ð0;m2; μ2 ¼ 0; β ¼ ∞Þ
2

; ðA4Þ

which can be obtained by setting μ1 ¼ μ2 ¼ 0 and replacing the symbols without tilde (T > 0) by the counterparts with
tilde (T ¼ 0). Because uρ automatically vanishes for the relativistic QFTs at zero temperature and zero density, it is not
necessary to calculate F̃ 2ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ, the counterpart of F 2ðp1;m1; μ1;m2; μ2; βÞ at zero
temperature.

APPENDIX B: EXPRESSIONS OF F 00ðp1;m1; μ1;m2; μ2; βÞ, F 11ðp1;m1; μ1;m2; μ2; βÞ, F 12ðp1;m1; μ1;m2; μ2; βÞ,
AND F 22ðp1;m1; μ1;m2; μ2; βÞ

We express the numerator in the integrand of F 00ðp1;m1; μ1;m2; μ2; βÞ in Eq. (34) as

l2 ¼ ðl0Þ2 − l2 ¼ −ðμ21 −m2
1Þ − 2μ1l0 þ Pðl; 0;m1; μ1Þ: ðB1Þ
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Substituting this decomposition into the definition of F 00ðp1;m1; μ1;m2; μ2; βÞ, we have

F 00ðp1;m1;μ1;m2;μ2;βÞ ¼ gρσBρσðp1;m1;μ1;m2;μ2;βÞ
¼−ðμ21 −m2

1ÞB0ðp1;m1;μ1;m2;μ2;βÞ− 2μ1B
0ðp1;m1;μ1;m2;μ2;βÞþA0ð0;m2;μ2;βÞ: ðB2Þ

Similarly, we recast the numerator in the integrand of F 11ðp1;m1; μ1;m2; μ2; βÞ in Eq. (35) as

ðp1 · lÞ2 ¼
1

4
½Pðl; p1;m2; μ2Þ − Pðl; 0;m1; μ1Þ�2 þ

fðμ21 −m2
1Þ − ½ðμ2 þ p0

1Þ2 −m2
2� þ p21g2

4
þ ðμ2 − μ1Þ2l0l0

− ðμ2 − μ1Þ½Pðl; p1;m2; μ2Þ − Pðl; 0;m1; μ1Þ�l0

þ ðμ21 −m2
1Þ − ½ðμ2 þ p0

1Þ2 −m2
2� þ p21

2
½Pðl; p1;m2; μ2Þ − Pðl; 0;m1; μ1Þ�

− ðμ2 − μ1Þfðμ21 −m2
1Þ − ½ðμ2 þ p0

1Þ2 −m2
2� þ p21gl0: ðB3Þ

It is helpful to perform two integrations

Z
dDl

iπD=2

1

4

�
Pðl; p1;m2; μ2Þ
Pðl; 0;m1; μ1Þ

− 1

�
¼
Z

dDl

iπD=2

1

4

�
2ðμ2 þ p0

1 − μ1Þðl0 þ μ1Þ þ ðμ2 þ p0
1 − μ1Þ2 þ ðm2

1 −m2
2 − p21Þ − 2l · p1

Pðl; 0;m1; μ1Þ
�

¼ ððμ2 þ p0
1 − μ1Þ2 þ ðm2

1 −m2
2 − p21Þ

4
A0ð0;m1; μ1; βÞ; ðB4Þ

and

Z
dDl

iπD=2

1

4

�
Pðl; 0;m1; μ1Þ
Pðl; p1;m2; μ2Þ

− 1

�

¼
Z

dDl

iπD=2

1

4

�
−2ðμ2 þ p0

1 − μ1Þðl0 þ μ2 þ p0
1Þ þ ðμ2 þ p0

1 − μ1Þ2 − ðm2
1 −m2

2 − p21Þ þ 2l · p1
Pðl; p1;m2; μ2Þ

�

¼ ðμ2 þ p0
1 − μ1Þ2 − ðm2

1 −m2
2 − p21Þ − 2p21

4
A0ðp1;m2; μ2; βÞ

¼ ðμ2 þ p0
1 − μ1Þ2 − ðm2

1 −m2
2 þ p21Þ

4
A0ð0;m2; μ2; βÞ; ðB5Þ

where we have applied the following four relations:

Z
dDl

iπD=2

ðl0 þ μ1Þ
Pðl; 0;m1; μ1Þ

¼ 0; ðB6Þ

Z
dDl

iπD=2

l · p1
Pðl; 0;m1; μ1Þ

¼ 0; ðB7Þ

Z
dDl

iπD=2

ðl0 þ μ2 þ p0
1Þ

Pðl; p1;m2; μ2Þ
¼ 0; ðB8Þ

Z
dDl

iπD=2

l · p1
Pðl; p1;m2; μ2Þ

¼ −p21A0ð0;m2; μ2; βÞ: ðB9Þ

Substituting the decomposition in Eq. (B3) and two
integrations in Eqs. (B4) and (B5) into the definition of
F 11ðp1;m1; μ1;m2; μ2; βÞ in Eq. (35), we have
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F 11ðp1;m1; μ1;m2; μ2; βÞ ¼ p1ρp1σB
ρσðp1;m1; μ1;m2; μ2; βÞ

¼ fðμ21 −m2
1Þ − ½ðμ2 þ p0

1Þ2 −m2
2� þ p21g2

4
B0ðp1;m1; μ1;m2; μ2; βÞ

þ ðμ2 − μ1Þ2B00ðp1;m1; μ1;m2; μ2; βÞ
− ðμ2 − μ1Þfðμ21 −m2

1Þ − ½ðμ2 þ p0
1Þ2 −m2

2� þ p21gB0ðp1;m1; μ1;m2; μ2; βÞ
− ðμ2 − μ1Þ½A 0ð0;m1; μ1; βÞ −A 0ðp1;m2; μ2; βÞ�

þ ðμ21 −m2
1Þ − ½ðμ2 þ p0

1Þ2 −m2
2� þ p21

2
½A0ð0;m1; μ1; βÞ −A0ðp1;m2; μ2; βÞ�

þ ðμ2 þ p0
1 − μ1Þ2 þ ðm2

1 −m2
2 − p21Þ

4
A0ð0;m1; μ1; βÞ

þ ðμ2 þ p0
1 − μ1Þ2 − ðm2

1 −m2
2 þ p21Þ

4
A0ðp1;m2; μ2; βÞ: ðB10Þ

With the help of Eq. (18), we have

F 11ðp1;m1; μ1;m2; μ2; βÞ ¼
fðμ21 −m2

1Þ − ½ðμ2 þ p0
1Þ2 −m2

2� þ p21g2
4

B0ðp1;m1; μ1;m2; μ2; βÞ
þ ðμ2 − μ1Þ2B00ðp1;m1; μ1;m2; μ2; βÞ
− ðμ2 − μ1Þfðμ21 −m2

1Þ − ½ðμ2 þ p0
1Þ2 −m2

2� þ p21gB0ðp1;m1; μ1;m2; μ2; βÞ

þ ðm2
2 −m2

1 − p2
1Þ − ðμ1 − μ2Þ2 − 2p0

1ðμ1 þ μ2Þ
4

A0ð0;m1; μ1; βÞ

þ ðm2
1 −m2

2 þ 3p2
1Þ − ðμ1 − μ2Þ2 þ 2p0

1ðμ1 þ μ2Þ
4

A0ð0;m2; μ2; βÞ: ðB11Þ

The numerator in the integrand of F 12ðp1;m1; μ1;m2; μ2; βÞ in Eq. (36) can be written as

l0ðp1 · lÞ ¼
ðμ21 −m2

1Þ − ½ðμ2 þ p0
1Þ2 −m2

2� þ p21
2

l0 − ðμ2 − μ1Þl0l0 þ
Pðl; p1;m2; μ2Þl0 − Pðl; 0;m1; μ1Þl0

2
: ðB12Þ

Substituting this decomposition into the definition of F 12ðp1;m1; μ1;m2; μ2; βÞ in Eq. (36), we have

F 12ðp1;m1; μ1;m2; μ2; βÞ ¼ p1ρuσBρσðp1;m1; μ1;m2; μ2; βÞ

¼ ðμ21 −m2
1Þ − ½ðμ2 þ p0

1Þ2 −m2
2� þ p21

2
B0ðp1;m1; μ1;m2; μ2; βÞ

− ðμ2 − μ1ÞB00ðp1;m1; μ1;m2; μ2; βÞ þ
A 0ð0;m1; μ1; βÞ −A 0ðp1;m2; μ2; βÞ

2

¼ ðμ21 −m2
1Þ − ½ðμ2 þ p0

1Þ2 −m2
2� þ p21

2
B0ðp1;m1; μ1;m2; μ2; βÞ

− ðμ2 − μ1ÞB00ðp1;m1; μ1;m2; μ2; βÞ

þ −μ1A0ð0;m1; μ1; βÞ þ ðμ2 þ p0
1ÞA0ð0;m2; μ2; βÞ

2
: ðB13Þ

Different from the above decomposition procedures, F 22ðp1;m1; μ1;m2; μ2; βÞ can be straightforwardly obtained by
defining

F 22ðp1;m1; μ1;m2; μ2; βÞ ¼ uρuσBρσðp1;m1; μ1;m2; μ2; βÞ ¼ B00ðp1;m1; μ1;m2; μ2; βÞ: ðB14Þ
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At zero temperature and zero density, F 00ðp1;m1; μ1;m2; μ2; βÞ and F 11ðp1;m1; μ1;m2; μ2; βÞ can be rewritten as

F̃ 00ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ
¼ m2

1B̃0ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ þ Ã0ð0;m2; μ2 ¼ 0; β ¼ ∞Þ; ðB15Þ

F̃ 11ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ

¼ ðm2
2 −m2

1 − p2
1Þ2

4
B̃0ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ

þm2
2 −m2

1 − p2
1

4
A0ð0;m1; μ1 ¼ 0; β ¼ ∞Þ þm2

1 −m2
2 þ 3p2

1

4
Ã0ð0;m2; μ2 ¼ 0; β ¼ ∞Þ; ðB16Þ

which can be obtained by setting μ1 ¼ μ2 ¼ 0 and replacing the symbols without tilde (T > 0) by the counterparts with
tilde (T ¼ 0). Because uρ and uσ automatically vanish for the relativistic QFTs at zero temperature and zero density, it is not
necessary to calculate F̃ 12ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ and F̃ 22ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ, the counter-
parts of F 12ðp1;m1; μ1;m2; μ2Þ and F 22ðp1;m1; μ1;m2; μ2Þ at zero temperature.

APPENDIX C: EXPRESSIONS OF K1ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ, K2ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ
AND K3ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

One can express K1ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ, K2ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ, and K3ðp1; p2;m1; μ1;
m2; μ2;m3; μ3; βÞ in a parallel procedure. The numerator in the integrand of K1ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ can be
decomposed as

p1 · l ¼ p0
1l

0 − 2l · p1 ¼ p0
1l

0 þ l2 þ p21 − ðl þ p1Þ2
2

¼ ðμ21 −m2
1Þ − ððμ2 þ p0

1Þ2 −m2
2Þ þ p21

2
− ðμ2 − μ1Þl0 þ

Pðl; p1;m2; μ2Þ − Pðl; 0;m1; μ1Þ
2

: ðC1Þ

Substituting it into the definition of K1ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ in Eq. (52), we obtain

K1ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ ¼ p1ρC
ρðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

¼ ðμ21 −m2
1Þ − ððμ2 þ p0

1Þ2 −m2
2Þ þ p21

2
C0ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

− ðμ2 − μ1ÞC 0ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

þ B0ðp1 þ p2;m1; μ1;m3; μ3; βÞ − B0ðp2;m2; μ2;m3; μ3; βÞ
2

: ðC2Þ

Similarly, the numerator in the integrand of K2ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ can be recast as

p2 · l ¼
½ðμ2 þ p0

1Þ2 −m2
2 − p21� − ½ðμ3 þ p0

1 þ p0
2Þ2 −m2

3 − ðp1 þ p2Þ2�
2

− ðμ3 − μ2Þl0 þ
Pðl; p1 þ p2;m3; μ3Þ − Pðl; p1;m2; μ2Þ

2
: ðC3Þ

Substituting it into the definition of K2ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ in Eq. (53), we arrive at
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K2ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ ¼ p2ρC
ρðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

¼ ½ðμ2 þ p0
1Þ2 −m2

2 − p21� − ½ðμ3 þ p0
1 þ p0

2Þ2 −m2
3 − ðp1 þ p2Þ2�

2

× C0ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ
− ðμ3 − μ2ÞC 0ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ

þ B0ðp1;m1; μ1;m2; μ2; βÞ − B0ðp1 þ p2;m1; μ1;m3; μ3; βÞ
2

: ðC4Þ

Different from the above procedures, K3ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ can be straightforwardly obtained by defining

K3ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ ¼ uρC ρðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ
¼ C 0ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ: ðC5Þ

At zero temperature and zero density, K1ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ and K2ðp1; p2;m1; μ1;m2; μ2;m3; μ3; βÞ can
be rewritten as

K̃1ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ

¼ m2
2 −m2

1 − p2
1

2
C̃0ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ

þ B̃0ðp1 þ p2;m1; μ1 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ − B̃0ðp2;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ
2

; ðC6Þ

K̃2ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ

¼ m2
3 −m2

2 þ p2
1 − ðp1 þ p2Þ2
2

C0ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ

þ B̃0ðp1;m1; μ1 ¼ 0;m2; μ2 ¼ 0; β ¼ ∞Þ − B̃0ðp1 þ p2;m1; μ1 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ
2

; ðC7Þ

which can be obtained by setting μ1 ¼ μ2 ¼ μ3 ¼ 0 and replacing the symbols without tilde (T > 0) by the counterparts
with tilde (T ¼ 0). Because uρ automatically vanishes for the relativistic QFTs at zero temperature and zero density, it is not
necessary to calculate K̃3ðp1; p2;m1; μ1 ¼ 0;m2; μ2 ¼ 0;m3; μ3 ¼ 0; β ¼ ∞Þ, the counterpart of K3ðp1; p2;m1; μ1;
m2; μ2;m3; μ3; βÞ at zero temperature.
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